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7KH VWDQGDUG PRGHO RI UHSHDWHG JDPHV DVVXPHV SHUIHFW V\QFKURQL]DWLRQ LQ WKH WLPLQJ
RI GHFLVLRQV EHWZHHQ WKH SOD\HUV� ,Q PDQ\ QDWXUDO VHWWLQJV� KRZHYHU� FKRLFHV DUH PDGH
DV\QFKURQRXVO\ VR WKDW RQO\ RQH SOD\HU FDQ PRYH DW DQ\ JLYHQ WLPH� 7KLV SDSHU VWXGLHV
D IDPLO\ RI UHSHDWHG VHWWLQJV LQ ZKLFK FKRLFHV DUH DV\QFKURQRXV� ,QLWLDOO\� ZH H[DPLQH�
DV D FDQRQLFDO PRGHO� D VLPSOH WZR SHUVRQ DOWHUQDWLQJ PRYH JDPH RI SXUH FRRUGLQDWLRQ�
7KHUH� LW LV VKRZQ WKDW IRU VXpFLHQWO\ SDWLHQW SOD\HUV� WKHUH LV D XQLTXH SHUIHFW HTXLOLEULXP
SD\Rm ZKLFK 3DUHWR GRPLQDWHV DOO RWKHU SD\RmV� 7KH UHVXOW JHQHUDOL]HV WR DQ\ nQLWH QXPEHU
RI SOD\HUV DQG DQ\ JDPH LQ D FODVV RI DV\QFKRQURXVO\ UHSHDWHG JDPHV ZKLFK LQFOXGHV ERWK
VWRFKDVWLF DQG GHWHUPLQLVWLF UHSHWLWLRQ� 7KH UHVXOWV FRPSOHPHQW D UHFHQW )RON 7KHRUHP E\
'XWWD ������ IRU VWRFKDVWLF JDPHV ZKLFK FDQ EH DSSOLHG WR DV\QFKURQRXVO\ UHSHDWHG JDPHV LI
D IXOO GLPHQVLRQDOLW\ FRQGLWLRQ KROGV� $ FULWLFDO IHDWXUH RI WKH PRGHO LV WKH LQHUWLD LQ GHFLVLRQV�
:H VKRZ KRZ WKH LQHUWLD LQ DV\QFKURQRXV GHFLVLRQV GHWHUPLQHV WKH VHW RI HTXLOLEULXP SD\RmV�

-RXUQDO RI (FRQRPLF /LWHUDWXUH &ODVVLnFDWLRQ 1XPEHUV� &��� &���
.H\ZRUGV� UHSHDWHG JDPHV� DV\QFKURQRXVO\ UHSHDWHG JDPHV� DOWHUQDWLQJ PRYH JDPHV� SXUH
FRRUGLQDWLRQ JDPHV� VWRFKDVWLF JDPHV� LQHUWLD�

e'HSDUWPHQW RI (FRQRPLFV� *HRUJHWRZQ 8QLYHUVLW\� :DVKLQJWRQ '& ����� 86$�
\'HSDUWPHQW RI (FRQRPLFV� 8QLYHUVLW\ RI 3HQQV\OYDQLD� 3KLODGHOSKLD� 3$ ������ 86$� DQG ,QVWLWXWH RI

6RFLR�(FRQRPLF 3ODQQLQJ� 8QLYHUVLW\ RI 7VXNXED� ,EDUDNL ���� -DSDQ�
]:H ZRXOG OLNH WR WKDQN (GGLH 'HNHO� 3UDMLW 'XWWD� +VHXK�OLQJ +X\Q� +LGHVKL ,WRK� 0DPRUX .DQHNR�

3HWHU /LQKDUW� *HRUJH 0DLODWK� 6WHSKHQ 0RUULV� 5R\ 5DGQHU� 3KLO 5HQ\� $QGUHZ 3RVWOHZDLWH� $ULHO 5XELQ�

VWHLQ� DQG QXPHURXV VHPLQDU SDUWLFLSDQWV IRU PDQ\ XVHIXO GLVFXVVLRQV DQG VXJJHVWLRQV� :H DUH DOVR JUDWHIXO

IRU WKH PDQ\ XVHIXO VXJJHVWLRQV E\ WKUHH DQRQ\PRXV UHIHUHHV DQG WKH $VVRFLDWH (GLWRU� 'RXJODV *DOH�
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7KH VWDQGDUG PRGHO RI UHSHDWHG VWUDWHJLF SOD\ LV D GLVFUHWHO\ UHSHDWHG� VLPXOWDQHRXV PRYH
JDPH� 7KLV IRUPXODWLRQ DVVXPHV D SHUIHFW V\QFKURQL]DWLRQ LQ WKH WLPLQJ RI DFWLRQV EHWZHHQ
WKH SOD\HUV� $OWHUQDWLYHO\� WKLV DVVXPSWLRQ PD\ EH LQWHUSUHWHG DV KDYLQJ HDFK SOD\HU PRYH
LQ LJQRUDQFH RI WKH RWKHU SOD\HUV
 FXUUHQW PRYH� 7KH HmHFW RI WKLV DVVXPSWLRQ ZKHQ WKH
VWDJH JDPH KDV PXOWLSOH� 3DUHWR�UDQNHG HTXLOLEULD LV WKDW HDFK SOD\HU PD\ FKRRVH DQ DFWLRQ
FRQVLVWHQW ZLWK D 3DUHWR LQIHULRU VWDJH JDPH HTXLOLEULXP RQO\ EHFDXVH KH H[SHFWV WKDW RWKHU
SOD\HUV ZLOO GR WKH VDPH� 6LQFH DOO SOD\HUV PRYH DW RQFH� QR SOD\HU FDQ XQLODWHUDOO\ VLJQDO KLV
LQWHQW WR GR RWKHUZLVH�

:KLOH WKH V\QFKURQL]HG PRYH LV QRW DQ XQUHDVRQDEOH PRGHO RI UHSHWLWLRQ LQ FHUWDLQ VHW�
WLQJV� LW LV QRW FOHDU ZK\ LW VKRXOG QHFHVVDULO\ EH WKH EHQFKPDUN VHWWLQJ IRU UHSHDWHG SOD\�
)RU RQH WKLQJ� WKH WKHRU\ RI LQnQLWHO\ UHSHDWHG JDPHV RmHUV OLWWOH SUHGLFWLYH FRQWHQW� ,W
LV ZHOO NQRZQ IURP WKH )RON 7KHRUHP WKDW LQnQLWHO\ UHSHDWHG JDPHV DGPLW D PXOWLWXGH RI

�HTXLOLEULD� 0RUH LPSRUWDQWO\� LW VHHPV QDWXUDO LQ PDQ\ FRQWH[WV WKDW SOD\HUV PRYH DV\Q�
FKURQRXVO\� )RU H[DPSOH� nQDQFLDO LQYHVWPHQW GHFLVLRQV E\ VRPHRQH OLYLQJ LQ 1HZ <RUN DQG
VRPHRQH LQ 7RN\R DUH DV\QFKURQRXV IRU WKH VLPSOH UHDVRQ WKDW WKH\ DUH PDGH LQ nQDQFLDO
PDUNHWV WKDW RSHUDWH LQ GLmHUHQW WLPH ]RQHV� ,QYHVWPHQW GHFLVLRQV LQ DQ ROLJRSROLVWLF LQGXV�
WU\ ZKLFK LQYROYH VRPH LQHUWLD RU FRVWO\ XSJUDGLQJ DUH DOVR DV\QFKURQRXV� 0DVNLQ DQG 7LUROH
������ PRGHO SUHFLVHO\ WKLV VFHQDULR DV DQ DOWHUQDWLQJ PRYH JDPH EHWZHHQ GXRSROLVWV� %LUWK�
GHDWK SURFHVVHV FRPPRQ LQ WKH PRGHOV RI HYROXWLRQ DUH H[DPSOHV RI DV\QFKURQRXV GHFLVLRQ
PDNLQJ� ,QGLYLGXDOV RU nUPV DUH PRGHOOHG DV H[LWLQJ DW LQGHSHQGHQW UDQGRP WLPHV� RIWHQ WR
EH UHSODFHG E\ RWKHU LQGLYLGXDOV �QHZERUQV� ZKR PDNH LUUHYHUVLEOH GHFLVLRQV DW WKH WLPH RI
HQWU\�

7KH SXUSRVH RI WKH SUHVHQW SDSHU LV WR JLYH VRPH VXSSRUW IRU WKH VWXG\ RI D PRUH JHQHUDO
FODVV RI UHSHDWHG LQWHUDFWLRQV� WKRVH ZKLFK LQFOXGH DV\QFKURQRXV FKRLFHV� 7KH DQDO\VLV LV
LQWHQGHG WR EH PRUH VXJJHVWLYH WKDQ GHnQLWLYH� :KLOH WKH VWDQGDUG )RON 7KHRUHP ZLOO
FRQWLQXH WR EH FHQWUDO WR RXU XQGHUVWDQGLQJ RI UHSHDWHG LQWHUDFWLRQV� WKH W\SHV RI JDPHV
ZLWK DV\QFKURQRXV FKRLFH ZKLFK ZH VWXG\ ZLOO \LHOG� DW WLPHV VWULNLQJO\� GLmHUHQW UHVXOWV�

7R PRGHO DV\QFKURQRXV FKRLFH ZH nUVW FRQVLGHU D VLPSOH WZR�SOD\HU� DOWHUQDWLQJ PRYH
JDPH VLPLODU WR WKH VWXFWXUH VWXGLHG E\ 0DVNLQ DQG 7LUROH DV WKH FDQRQLFDO PRGHO� 2XU PDLQ
UHVXOW SURYHV DQ ?DQWL�)RON 7KHRUHP� IRU SXUH FRRUGLQDWLRQ VWDJH JDPHV _ VWDJH JDPHV LQ
ZKLFK SD\RmV RI DOO SOD\HUV DUH LGHQWLFDO �XS WR DQ DpQH WUDQVIRUPDWLRQ�� 7KH LPSRUWDQFH
RI WKLV FODVV RI JDPHV LV HPSKDVL]HG E\ 0DUVFKDN DQG 5DGQHU ������ ZKR WU\ WR XQGHUVWDQG
WKH QDWXUH RI WHDP SUREOHPV� :H VKRZ WKDW LI SOD\HUV DUH VXpFLHQWO\ SDWLHQW� WKHQ WKHUH LV
D XQLTXH SHUIHFW HTXLOLEULXP SD\Rm ZKLFK 3DUHWR GRPLQDWHV DOO RWKHU SD\RmV� 7KLV UHVXOW
VWDUNO\ FRQWUDVWV ZLWK WKH )RON 7KHRUHP� DV LW UXOHV RXW DOO WKH LQHpFLHQW SD\RmV� SDUWLFXODUO\
WKH LQHpFLHQW VWDJH JDPH HTXLOLEULD�

�6HH� IRU H[DPSOH� $EUHX ������ RU )XGHQEHUJ DQG 0DVNLQ ������� 5HIHUHQFHV WR HDUOLHU UHVXOWV PD\ EH

IRXQG LQ D VXUYH\ E\ $XPDQQ �������
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$V D SRLQW RI FRPSDULVRQ� QRWH WKDW LQ PDQ\ HYROXWLRQDU\ PRGHOV HpFLHQF\ VRPHWLPHV
�HPHUJHV XQLTXHO\ ZKHQ SHUSHWXDO PXWDWLRQ LQ EHKDYLRU RFFXUV LQ VRFLHW\� 7KH GLmHUHQFH

EHWZHHQ WKLV DQG WKH UHVXOWV RI VWDQGDUG UHSHDWHG JDPHV LV RIWHQ DWWULEXWHG WR WKH ODFN
RI LQWHUWHPSRUDO VWUDWHJLF LQWHUDFWLRQ LQ WKH IRUPHU� :LWKRXW VXFK LQWHUDFWLRQ� VR WKH H[�
SODQDWLRQ JRHV� WKH VHW RI RXWFRPHV DUH UHGXFHG WR WKH VHW RI 1DVK HTXLOLEULD RI RQH�VKRW
JDPHV� )URP WKHUH� WKH WHFKQLTXHV RI ORQJ UXQ HTXLOLEULD ?VHOHFW� WKH 3DUHWR HpFLHQW RXW�
FRPH LQ D WZR�E\�WZR SXUH FRRUGLQDWLRQ JDPH� <HW� WKLV H[SODQDWLRQ LV LQFRPSOHWH VLQFH LW
IDLOV WR HPSKDVL]H WKH UROH RI LQHUWLD� ,Q W\SLFDO HYROXWLRQDU\ JDPHV� RQO\ D IUDFWLRQ RI WKH
HQWLUH SRSXODWLRQ PD\ FKDQJH WKHLU DFWLRQV DW DQ\ JLYHQ WLPH� :LWKRXW VRPH IRUP RI LQHUWLD
WKH EHKDYLRU SDWWHUQ RI WKH SRSXODWLRQ GLVFRQWLQXRXVO\ FKDQJHV IURP RQH GLVWULEXWLRQ VWDWH
WR DQRWKHU� DQG WKH VWDELOLW\ DUJXPHQWV XVHG WR DWWDLQ XQLTXHQHVV DQG RSWLPDOLW\ EHFRPH
YDFXRXV� 7KH SUHVHQW SDSHU IRFXVHV RQ LQHUWLD LQ WKH IRUP RI DV\QFKURQRXV FKRLFH� 6LQFH
LQWHUWHPSRUDO VWUDWHJLF LQWHUDFWLRQ LV SUHVHQW LQ RXU PRGHO� LW LV SUHFLVHO\ WKH LQHUWLD FDXVHG
E\ DV\QFKURQRXV WLPLQJ ZKLFK LV FUXFLDO IRU XQLTXHO\ DWWDLQLQJ WKH 3DUHWR HpFLHQW RXWFRPH
LQ FHUWDLQ UHSHDWHG JDPHV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � GHVFULEHV WKH PRGHO DQG GHnQHV WKH DOWHU�
QDWLQJ PRYH JDPH DQG WKH HTXLOLEULXP FRQFHSW� 7KHUH� WKH PDLQ UHVXOW LV JLYHQ IRU JDPHV
RI SXUH FRRUGLQDWLRQ� 6HFWLRQ � SUHVHQWV JHQHUDOL]DWLRQV RI WKH FDQRQLFDO DOWHUQDWLQJ PRYH
JDPH� ,Q 6HFWLRQ � ZH GLVFXVVHV JHQHUDO VWDJH JDPHV� :H UHODWH D UHFHQW UHVXOW E\ 'XWWD
������ IRU VWRFKDVWLF JDPHV WR RXU PRGHO� :H DOVR GLVFXVV WKH UROH RI LQHUWLD IRU DV\QFKURQRXV
UHSHWLWLRQ RI JHQHUDO VWDJH JDPHV� )LQDOO\� 6HFWLRQ � GLVFXVVHV UHODWHG OLWHUDWXUH�
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&RQVLGHU DQ DOWHUQDWLQJ PRYH JDPH ZKLFK LV JLYHQ E\ *  K6 � 6 � X � X L ZKHUH 6 �L  �� ��� � � � L

LV WKH VHW RI DFWLRQV RI SOD\HU L� DQG X � 6 d 6 � � LV L
V XWLOLW\ IXQFWLRQ�L � �

$IWHU WKH nUVW GHFLVLRQ QRGH� ZKLFK RFFXUV IRU DOO SOD\HUV DW WLPH ]HUR� WKH WZR SOD\HUV
DOWHUQDWHO\ KDYH FKDQFHV WR UHYLVH WKHLU DFWLRQV� $W WKH EHJLQQLQJ RI RGG QXPEHUHG SHULRGV�
SOD\HU � KDV D FKDQFH WR UHYLVH KLV DFWLRQ� ZKHUHDV DW WKH EHJLQQLQJ RI HYHQ QXPEHUHG
SHULRGV SOD\HU � KDV D FKDQFH WR UHYLVH KHU RZQ DFWLRQ� ,Q WKH IROORZLQJ� UHYLVLRQ QRGHV UHIHU
WR WKH GHFLVLRQ QRGHV RWKHU WKDQ WKH nUVW RQH DW WLPH ]HUR� ,I SOD\HU � FKRRVHV V LQ SHULRG�

W �W  �� �� �� � � �� DQG LI SOD\HU � FKRVH V LQ WKH SUHYLRXV SHULRG� WKHQ WKH SURnOH RI DFWLRQV�

DQG WKH UHDOL]HG SD\Rm WR SOD\HU L  �� � LQ SHULRG W DUH V  �V � V � DQG X �V�� UHVSHFWLYHO\�� � L

$FWLRQ SURnOHV DQG SD\RmV LQ HYHQ SHULRGV DUH VLPLODUO\ GHnQHG H[FHSW IRU SHULRG � LQ ZKLFK
DFWLRQV DUH DVVXPHG WR EH FKRVHQ VLPXOWDQHRXVO\�

�6HH� IRU H[DPSOH� )RVWHU DQG <RXQJ ������ DQG .DQGRUL� 0DLODWK DQG 5RE� �������
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�*LYHQ D VHTXHQFH RI DFWLRQ SURnOHV IV�W�J � LQGLYLGXDOV VHHN WR PD[LPL]H WKH �QRUPDO�W �3� WL]HG� GLVFRXQWHG VXP �� b p� p X �V�W�� ZKHUH p LV D FRPPRQ GLVFRXQW IDFWRU� /HW HLW �

GHQRWH DQ HPSW\ KLVWRU\� 7KHQ OHW + �L  �� �� GHQRWH WKH VHW RI DOO KLVWRULHV DIWHU ZKLFKL

SOD\HU L PRYHV� /HW +  + > + � 1RWH WKDW + ? +  IHJ� 7KDW LV� WKH SOD\HUV PDNH� � � �

VLPXOWDQHRXV PRYHV RQO\ DIWHU WKH HPSW\ KLVWRU\� $ VWDQGDUG QRWDWLRQ GHQRWHV WKH KLVWRU\
WHQGLQJ LQ SHULRG W �LQFOXGLQJ WKH DFWLRQ SURnOH LQ W� E\ K � $Q\ KLVWRU\ K LQ� VD\� + QIHJ�

� �FDQ EH H[SUHVVHG DV K p V IRU VRPH K � + � 7KLV QRWDWLRQ H[SUHVVHV WKH IDFW WKDW SOD\HU ��� �

�WKH PRVW UHFHQW PRYHU� FKRVH DFWLRQ V DIWHU KLVWRU\ K ��

$ VWUDWHJ\ IRU SOD\HU L �L  �� �� LV D IXQFWLRQ I � + � c�6 � PDSSLQJ KLVWRULHV WRL L L
W W�~ WPL[HG DFWLRQV� *LYHQ I  �I � I � DQG D KLVWRU\ K � +� OHW aV �I MK � �~  �� �� � � �� EH� �

WD �VWRFKDVWLF� DFWLRQ SURnOH LQ WKH �W � ~�WK SHULRG LQGXFHG E\ I DIWHU KLVWRU\ K � *LYHQ
WI  �I � I �� SOD\HU L
V SD\Rm DIWHU KLVWRU\ K LV JLYHQ E\� �

� K L;
W ~ W�~ W9 �I MK � s ��b p� p ( X �aV �I MK � � � ���L L

~ �

ZKHUH (>c@ LV WKH H[SHFWDWLRQ RSHUDWRU� DQG ZH OHW X �aV�H��  � WR VLPSOLI\ QRWDWLRQ� :HL
W W WZULWH aV�K �  aV �I MK � DQG XVH D FRQYHQLHQW UHFXUVLYH UHSUHVHQWDWLRQ IRU WKH SD\Rm 9 �I MK�L

ZKLFK LV H[SUHVVHG E\

9 �I MK�  ��b p�( >X �aV�K p I �K�� �@ � p( >9 �I MK p I �K��@ � ���L L M L M

ZKHUH M � L Lm K � + �M

e e e$ VWUDWHJ\ SURnOH I  �I � I � LV FDOOHG D SHUIHFW HTXLOLEULXP �3(� LI IRU HDFK L  �� ��
� �

e eI LV D EHVW UHVSRQVH WR I �M � L� DIWHU HYHU\ KLVWRU\ K � +� L�H��L M

e e9 �I MK� w 9 �I � I MK�L L L M

IRU DQ\ RI SOD\HU L
V VWUDWHJLHV I � :H VKRZ WKDW HYHU\ DOWHUQDWLQJ PRYH JDPH KDV D 3(�L

A�iLhi4 f *LYHQ DQ\ VWDJH JDPH *� WKHUH H[LVWV D SHUIHFW HTXLOLEULXP RI WKH DOWHUQDWLQJ
PRYH UHSHWLWLRQ RI *�

�hLLu 6XSSRVH WKDW HDFK SOD\HU WDNHV D ?0DUNRYLDQ� VWUDWHJ\� LQ ZKLFK DFWLRQ GHSHQGV RQO\
RQ WKH RWKHU SOD\HU
V DFWLRQ LQ WKH SUHYLRXV SHULRG� :H FDQ UHSUHVHQW VXFK D VWUDWHJ\ RI SOD\HU

IHJ>6ML  �� � E\ WKH ?0DUNRYLDQ� IXQFWLRQ � � >c�6 �@ �M � L�� 7KH VWUDWHJ\ UHSUHVHQWHGL L

E\ � LV GHQRWHG E\ I �L �L

L L)RU HDFK L  �� �� OHW %5  �%5 � � VDWLVI\}�IHJ>6} M

L
�%5 �� �� �  DUJPD[9 �I I M K� ���L M ��} MLI ��

L

� �:H ZULWH %5  �%5 �%5 �� 7KHQ %5 LV DQ XSSHU KHPLFRQWLQXRXV FRUUHVSRQGHQFH IURP
IHJ>6 IHJ>6� �>c�6 �@ d >c�6 �@ LQWR LWVHOI ZKHUH WKH GRPDLQ LV FRPSDFW DQG FRQYH[� 7KHUHIRUH�� �

�



E\ .DNXWDQL
V n[HG SRLQW WKHRUHP� WKHUH H[LVWV � VXFK WKDW � � %5��� KROGV� 6WDQGDUG
DUJXPHQWV VKRZ WKDW WKH FRUUHVSRQGLQJ VWUDWHJ\ I LV D EHVW UHVSRQVH WR �I � ZLWKLQ WKH� � M� LL M

FODVV RI DOO VWUDWHJLHV DIWHU DQ\ KLVWRU\ K� +HQFH� I LV D SHUIHFW HTXLOLEULXP� (�
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eV xV,,,,

e, V D � D E � E,

xV F � F G � G,

$ JDPH * LV D SXUH FRRUGLQDWLRQ JDPH LI X  X  X� $ � d � H[DPSOH LV JLYHQ LQ WKH� �
e enJXUH DERYH� /HW V GHQRWH WKH SURnOH WKDW JLYHV HDFK SOD\HU KLV KLJKHVW SD\Rm X � 7KH

nUVW SDUW RI RXU PDLQ UHVXOW VWDWHV WKDW� LQGHSHQGHQWO\ RI WKH GLVFRXQW IDFWRU p� WKH XQLTXH
eFRQWLQXDWLRQ YDOXH DIWHU DQ\ KLVWRU\ LQ ZKLFK WKH FXUUHQW SURnOH LV V PXVW JLYH WKH RSWLPDO

e eSD\Rm X  X�V �

A�iLhi4 � /HW I EH DQ\ SHUIHFW HTXLOLEULXP RI DQ DOWHUQDWLQJ PRYH JDPH RI SXUH FRRUGL�
eQDWLRQ� 7KHQ� IRU DQ\ KLVWRU\ K � + ZLWK aV�K�  V � DQG IRU HDFK L  �� ��

e9 �I MK�  XL

�hLLu )L[ D SHUIHFW HTXLOLEULXP I � 2EVHUYH� nUVW� WKDW IURP WKH FRQVWUXFWLRQ RI SD\RmV LQ
H[SUHVVLRQ ��� WKDW VLQFH X  X � ZH FDQ GURS WKH VXEVFULSW L RQ FRQWLQXDWLRQ YDOXHV 9 �� � L

'HnQH
9  LQI 9 �I MK��

eIK� aV�K� V J

e7KLV LV WKH LQnPXP YDOXH RI WKH JDPH ZKHQ WKH FXUUHQW EHKDYLRU SURnOH LV V � 6LQFH WKH SD\Rm
VSDFH LV ERXQGHG IURP EHORZ� VR LV WKLV LQnPXP� )L[ q ! �� 7KHQ WKHUH H[LVWV K  K � +q

eVXFK WKDW aV�K�  V DQG
9 ! 9 �I MK�b q� ���

$VVXPH K � + � 7KH FDVH RI K � + ZLOO EH SURYHQ LQ WKH VDPH ZD\� 6LQFH I LV D SHUIHFW� �

HTXLOLEULXP VWUDWHJ\ SURnOH� LW PXVW EH WKH FDVH WKDW

e e9 �I MK� w ��b p�X � p9 �I MK p V �� ����
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e e eZKHUH WKH ULJKW KDQG VLGH LV REWDLQHG E\ WDNLQJ V DIWHU K� 7KHQ aV�K p V �  V LPSOLHV� �

e9 �I MK p V � w 9 � ����

6XEVWLWXWLQJ ��� LQWR ��� DQG XVLQJ ���� ZH REWDLQ

q
e9 ! X b � ���

�b p

e6LQFH q LV DUELWUDU\ DQG LQGHSHQGHQW RI p� 9 w X KROGV� (

e7KH NH\ WR WKLV UHVXOW LV WKDW D RQH�VKRW JDLQ IURP VWD\LQJ DW V LV JUHDWHU WKDQ D SRVVLEOH
IXWXUH ORVV� ,QGHHG� VXSSRVH WKDW 7KHRUHP � GRHV QRW KROG� L�H�� WKDW D SOD\HU� VD\� 3OD\HU

e e� VZLWFKHV IURP V DW VRPH QRGH� $W VXFK D QRGH� LI 3OD\HU � GHYLDWHV WR UHPDLQ DW V � KH
eJHWV X IRU WKDW SHULRG� 7KHUHIRUH� LQ RUGHU IRU KLP WR IROORZ WKH HTXLOLEULXP VWUDWHJ\� LW

�PXVW EH WKH FDVH WKDW KLV ORVV LQ FRQWLQXDWLRQ SD\Rm 9 RQH SHULRG DIWHU WKH GHYLDWLRQ LV
e

eJUHDWHU WKDQ WKH RQH�VKRW JDLQ� ZKLFK LV QR OHVV WKDQ �� b p�>X�V � b PD[ X�V�@� ,Q WKHV� V

FDVH RI D SXUH FRRUGLQDWLRQ JDPH� WKLV PHDQV WKDW WKH RSSRQHQW VXmHUV WKH VDPH ORVV LQ
eWKH FRQWLQXDWLRQ SD\Rm� 1RZ� DIWHU WKLV GHYLDWLRQ� 3OD\HU � KDV WR VZLWFK IURP V DW VRPH

SRLQW LQ RUGHU WR SXQLVK 3OD\HU �� $SSO\LQJ WKH VDPH DUJXPHQW DV DERYH� ZH VHH WKDW LQ
�HTXLOLEULXP� WKHLU FRPPRQ FRQWLQXDWLRQ YDOXH DIWHU 3OD\HU �
V GHYLDWLRQ LV OHVV WKDQ 9 E\

e
eDW OHDVW �� b p�>X�V � b PD[ X�V�@� 5HSHDWLQJ WKLV DUJXPHQW� ZH JHW FRQWUDGLFWLRQ VLQFHV� V

�WKH SD\Rm LV ERXQGHG�

7KH VHFRQG SDUW RI WKH PDLQ UHVXOW LV WKDW DQ\ FRQWLQXDWLRQ YDOXH LQ D SHUIHFW HTXLOLEULXP
LV DUELWUDULO\ FORVH WR WKH 3DUHWR HpFLHQW YDOXH IRU VXpFLHQWO\ SDWLHQW SOD\HUV�

A�iLhi4 2 )RU DQ\ DOWHUQDWLQJ PRYH JDPH ZLWK SXUH FRRUGLQDWLRQ� DQG IRU DQ\ q ! ��
x xWKHUH H[LVWV p � ��� �� VXFK WKDW LI p � �p� ��� WKHQ IRU DOO SHUIHFW HTXLOLEULD I RI WKH DOWHUQDWLQJ

ePRYH JDPH� DQG IRU DOO KLVWRULHV K � +� 9 �I M K� ! X b q IRU HDFK L  �� �� DQG WKH DFWLRQL L
eSURnOH UHDFKHV V LQ D nQLWH QXPEHU RI SHULRGV�

7KH SURRI RI WKLV WKHRUHP LV VWUDLJKWIRUZDUG JLYHQ 7KHRUHP �� ,W EDVLFDOO\ VKRZV WKDW
e e3OD\HU �
V RSWLPDO DFWLRQ ZKHQ 3OD\HU � LV WDNLQJ V LV WR WDNH V � DQG WKDW NQRZLQJ WKLV�� �

e3OD\HU � KDV DQ LQFHQWLYH WR WDNH V SURYLGHG WKDW VKH LV VXpFLHQWO\ SDWLHQW��

e�hLLu $VVXPH WKDW V LV WKH XQLTXH 3DUHWR RSWLPDO DFWLRQ SURnOH� 7KH FDVHV RI PXOWLSOH
RSWLPDO SURnOHV FDQ EH SURYHG LQ DQ DQDORJRXV ZD\� )L[ q ! �� /HW X  PLQ X�V�� 7KHQ OHWe V

e e e e ex x x xp VDWLVI\ ��b p�X � pX ! X b q� 7DNH DQ\ p ! p DQG DQ\ SHUIHFW HTXLOLEULXP I  �I � I ��e � �

�
7KLV ORJLF EUHDNV GRZQ LI WKH SD\Rm FULWHULRQ LV HLWKHU WKH OLPLW RI PHDQV RU WKH RYHUWDNLQJ FULWHULRQ VLQFH

D GHFUHDVH LQ SD\Rm FDQ EH DUELWUDULO\ VPDOO VLQFH LQ WKHVH FDVHV� WKH SD\Rm YDOXH GRHV QRW KDYH WR VWULFWO\

GHFUHDVH�

�



e e e2EVHUYH QRZ WKDW IRU DQ\ K � + ZLWK aV�K�  �V � V �� I �K�  V � )RU LI QRW� SOD\HU � KDV� � � � �
eDQ LQFHQWLYH WR GHYLDWH WR WDNH V VLQFH�

e e e e e e e e e9 �I MK�  ��b p�(>X�I �K�� V �@ � p(>9 �I MK p I �K��@ � X  ��b p�X � p9 �I MK p V �� � � �

�ZKHUH WKH ODVW HTXDOLW\ FRPHV IURP 7KHRUHP �� 7KLV LPSOLHV WKDW IRU DQ\ K � + ��

e � e9 �I MK � w ��b p�X � pX �e

e �,I LW ZHUH RWKHUZLVH� 3OD\HU � ZRXOG KDYH DQ LQFHQWLYH WR VZLWFK WR V DIWHU K VLQFH KH ZRXOG�
eWKHQ VXmHU DW PRVW X IRU RQH SHULRG DQG REWDLQ X IRUHYHU DIWHUZDUG� 7KH VDPH DUJXPHQWe

� �KROGV IRU DQ\ K � + � +HQFH� IRU DQ\ K � +� ZH KDYH�

e � e9 �I MK � w X b q�

6LQFH WKLV LQHTXDOLW\ KROGV IRU DQ\ q ! �� LW PXVW EH WKH FDVH WKDW WKH DFWLRQ SURnOH UHDFKHV
eV ZLWKLQ D nQLWH QXPEHU RI SHULRGV� (

7KHRUHPV � DQG � WRJHWKHU ZLWK WKH H[LVWHQFH UHVXOW MRLQWO\ HVWDEOLVK DQ RSWLPDOLW\ UHVXOW�
e,Q HYHU\ HTXLOLEULXP� SOD\HUV FKRRVH V DW WKH EHJLQQLQJ RI WKH JDPH DQG QHYHU GHSDUW� 1RWH

eWKDW 7KHRUHP � VHHPV RQO\ WR VXJJHVW DQ DSSUR[LPDWLRQ WR V � +RZHYHU� WKLV LV EHFDXVH
�ZH VWDUW WKH SURFHVV IURP DQ DUELWUDU\ VWDWH� ,Q HTXLOLEULXP� WKH ?LQLWLDO� VWDWH K RU WKH

�VWDWH DIWHU H LV GHWHUPLQHG E\ SOD\HUV
 VLPXOWDQHRXV FKRLFH� ,Q GHWHUPLQLQJ K � WKH\ IROORZ D
eUHDVRQLQJ SURFHVV VLPLODU WR WKH RQH LQ WKH SURRI RI 7KHRUHP �� $V D UHVXOW� WKH\ WDNH V IURP

WKH EHJLQQLQJ� 1RWH DOVR WKDW ZKLOH 7KHRUHP � KDV QR TXDOLnFDWLRQ DERXW WKH GLVFRXQW IDFWRU�
e7KHRUHP � UHTXLUHV VXpFLHQW SDWLHQFH WR FRPSHQVDWH IRU WKH WHPSRUDU\ ORVV LQ UHDFKLQJ V �

� �|�ih �t)?U�hL?L�t A�4�?} 5|h�U|�hit

7KRXJK WKH RSWLPDOLW\ UHVXOWV KDYH EHHQ VWDWHG RQO\ IRU WZR�SHUVRQ DOWHUQDWLQJ PRYH JDPHV
ZLWK FHUWDLQ VWDJH JDPHV� ZH HPSKDVL]H WKDW VWDWHPHQWV FRUUHVSRQGLQJ WR 7KHRUHPV � DQG �
KROG IRU DQ\ JHQHUDO DV\QFKURQRXVO\ UHSHDWHG JDPH RI SXUH FRRUGLQDWLRQ DQG IRU DQ\ �nQLWH�
QXPEHU RI SOD\HUV� 7R FODULI\ ZKDW ZH PHDQ E\ ?JHQHUDO DV\QFKURQRXVO\ UHSHDWHG JDPH� ZH
VNHWFK D JHQHUDO PRGHO RI UHSHDWHG LQWHUDFWLRQ WKDW LQFOXGHV ERWK WKH VWDQGDUG PRGHO DQG
WKH DOWHUQDWLQJ PRYH JDPH DV VSHFLDO FDVHV�

6XSSRVH WKDW WKHUH DUH Q SOD\HUV� 7KH VWDJH JDPH LV FRQWLQXRXVO\ UHSHDWHG� \LHOGLQJ D oRZ
SD\Rm WR HDFK SOD\HU DW HDFK LQVWDQW RI WLPH� $ VHPL�0DUNRY SURFHVV LV D VWRFKDVWLF SURFHVV
ZKLFK PDNHV WUDQVLWLRQV IURP VWDWH WR VWDWH LQ DFFRUGDQFH ZLWK D 0DUNRY FKDLQ� EXW LQ ZKLFK
WKH DPRXQW RI WLPH VSHQW LQ HDFK VWDWH EHIRUH D WUDQVLWLRQ RFFXUV LV UDQGRP DQG IROORZV D
UHQHZDO SURFHVV� 'HQRWH ; �; � c c c WR EH DQ L�L�G� VHTXHQFH RI LQFUHPHQWV LQ FDOHQGDU WLPH� �

ZKLFK GHWHUPLQHV FDOHQGDU GDWHV� 7 � 7 � � � �� ZLWK 7  � DQG 7  7 �;  ; � c c c�;� � � N Nb� N � N

�



�N  �� �� � � �� DW ZKLFK GHFLVLRQ QRGHV RFFXU� 7KH 7 V DUH WKH GDWHV DW ZKLFK VRPHRQH PD\N

KDYH D FKDQFH WR UHYLVH KLV�KHU DFWLRQ� $W HDFK GHFLVLRQ GDWH 7 � QDWXUH GUDZV D VWDWH �N

�IURP D nQLWH FROOHFWLRQ l s l >l >l > c c c >l DFFRUGLQJ WR WKH 0DUNRY WUDQVLWLRQ S� � � Q � �
�ZKLFK JLYHV WKH SUREDELOLW\ RI UHDFKLQJ � JLYHQ FXUUHQW VWDWH � � 7KH VHW l LGHQWLnHV WKHL

VHW RI VWDWHV DW ZKLFK SOD\HU L FDQ FKDQJH KLV DFWLRQ� +HQFH� LI � � l LV GUDZQ DW GDWH 7L N

WKHQ L KDV D PRYH� ,I � � l WKHQ DQ LQHUWLDO VWDWH LV UHDFKHG DQG QR RQH KDV D PRYH� 7KH�

?UHSHDWHG JDPH IHDWXUH� LV FDSWXUHG E\ WKH DVVXPSWLRQ WKDW WKH SURFHVV FRPPXQLFDWHV WR
HYHU\ SOD\HU
V GHFLVLRQ VWDWH�

7KH PRGHO RI D UHSHDWHG JDPH DV D VHPL�0DUNRY SURFHVV PD\ LQFOXGH VRPH EXW QRW
QHFHVVDULO\ DOO PRYHV EHLQJ DV\QFKURQRXV� $V VSHFLDO FDVHV ZH KDYH

([DPSOH � �7KH VWDQGDUG UHSHDWHG JDPH� 7KH FDOHQGDU GDWHV DUH GHWHUPLQLVWLF� 7  �
�� 7  �� � � �� DQG DOO GHFLVLRQ VHWV FRLQFLGH� l  l IRU DOO L� M  �� �� � � � � Q�� L M

([DPSOH � �7KH DOWHUQDWLQJ PRYH JDPH� 7KHUH DUH WZR SOD\HUV� DQG DJDLQ WKH FDOHQGDU
GDWHV DUH GHWHUPLQLVWLF� 7KH VWDWHV DUH WKH QDPHV RI WKH SOD\HUV� l  I�� �J� DQG
S  � LI L� M DQG  � RWKHUZLVH�LM

([DPSOH � �3RLVVRQ UHYLVLRQV� /HW I; J IROORZ DQ H[SRQHQWLDO GLVWULEXWLRQ ZLWK SD�N
bw[UDPHWHU w ! � VR WKDW 3UREI; � [J  �b H � /HW l  I�� � � � � QJ� DQG S  S IRUN LM M

DOO L DQG M� 7KHQ SOD\HU
V GHFLVLRQ QRGHV DUH LQGHSHQGHQW RI HDFK RWKHUV DQG SOD\HU L
V
GHFLVLRQ QRGHV IROORZ D 3RLVVRQ SURFHVV DOPRVW VXUHO\ ZLWK SDUDPHWHU wS �L

([DPSOHV � DQG � PD\ EH FDOOHG DV\QFKURQRXVO\ UHSHDWHG JDPHV� 7KH\ DUH GHnQHG DV VHPL�
0DUNRY SURFHVVHV RI WKH NLQG GHVFULEHG DERYH ZKHUH l ? l  � IRU DOO L� M  �� �� � � � � Q� ,WL M

LV QRW GLpFXOW WR H[WHQG 7KHRUHPV � DQG � WR KROG IRU DQ\ VXFK DV\QFKURQRXVO\ UHSHDWHG
JDPH�

7R VHH WKLV� FRQVLGHU D UHSUHVHQWDWLRQ RI LQGLYLGXDOV
 FRQWLQXDWLRQ YDOXHV LQ WKH JHQHUDO
DV\QFKURQRXV PRGHO� 7R IRUPXODWH WKLV� GHnQH WKH VHW RI KLVWRULHV+ DQG WKH FXUUHQW EHKDYLRU

WbV�K� DW KLVWRU\ K DV EHIRUH� :H DOVR OHW K EH D FRQGLWLRQLQJ KLVWRU\ DW WLPH W� ZKLFK LQFOXGHV
WWKH VDPH LQIRUPDWLRQ DV KLVWRU\ K H[FHSW WKDW LW H[FOXGHV WKH FKRLFH PDGH DW WLPH W�

b$ VWUDWHJ\ IRU SOD\HU L LV D KLVWRU\ FRQWLQJHQW DFWLRQ JLYHQ E\ WKH IXQFWLRQ I � + �L
Wc�6 �� *LYHQ D KLVWRU\ K � + DQG D VWUDWHJ\ SURnOH I  �I � ���� I �� WKH FRQGLWLRQDOL � Q

GLVFRXQWHG H[SHFWHG SD\Rm WR SOD\HU L DW WLPH W LV QRZ JLYHQ E\

= K r sL�
W bU�~bW� W9 �I MK �  U H ( X aV�I MK ��~� G~� ���L L

W

7KH DQDO\VLV PDGH LQ WKH SUHYLRXV VHFWLRQ DSSOLHV GLUHFWO\ WR WKH SUHVHQW FDVH E\ UHSODFLQJ
WKH YDOXH IXQFWLRQV ZLWK WKRVH REWDLQHG DERYH LQ ���� 7KH VDPH RSWLPDOLW\ UHVXOW DV EHIRUH

�



�LV REWDLQHG� (YLGHQWO\� ZKDW PDWWHUV IRU VXFK JDPHV LV WKH IDFW WKDW WKH SXUH FRRUGLQDWLRQ
SUREOHP LV DV\QFKURQRXV UDWKHU WKDQ WKH VSHFLnF VWUXFWXUH RI DV\QFKURQRXV FKRLFH�

e Bi?ih@* 5|@}i B@4it

e�� #�||@<t +it�*|

6WRFKDVWLF JDPHV DUH WKRVH LQ ZKLFK WKH SDUWLFXODU VWDJH JDPH IDFHG E\ WKH SDUWLFLSDQWV
DW DQ\ JLYHQ WLPH LV UHSUHVHQWHG E\ D VWDWH YDULDEOH� 7KH HYROXWLRQ RI WKH VWDWH LV WKHQ
GHWHUPLQHG E\ D WUDQVLWLRQ IXQFWLRQ ZKLFK PDSV �SUREDELOLVWLFLDOO\� WKH FXUUHQW VWDWH DQG
DFWLRQ SURnOH LQWR QH[W SHULRG
V VWDWH� ,W LV QRW GLpFXOW WR UHFDVW DQ DOWHUQDWLQJ PRYH JDPH
DV D VWRFKDVWLF JDPH� 7KH VWDWH VSDFH LV WKH VHW 6 > 6 � ,I WKH FXUUHQW VWDWH LV ?V � IRU� � �

H[DPSOH WKHQ WKLV PHDQV WKDW LQGLYLGXDO � PRYHG LQ WKH SUHYLRXV SHULRG DQG WRRN DFWLRQ V ��
6LQFH RQO\ SOD\HU � KDV D PRYH LQ WKH FXUUHQW SHULRG� WKH VWDJH JDPH JLYH RQO\ SOD\HU � D

� �SD\Rm UHOHYHQW FKRLFH EHWZHHQ DFWLRQV� ,I KH WKHQ FKRRVHV V � 6 KLV SD\Rm LV X�V � V �� DQG� �� �

WKH WUDQVLWLRQ WDNHV WKHP WR WKH QH[W VWDJH JDPH LQ ZKLFK RQO\ WKRVH SD\RmV FRQVLVWHQW ZLWK
�?V � DUH UHDFKDEOH��

$ UHFHQW UHVXOW RI 'XWWD ������ SURYHV D )RON 7KHRUHP IRU VWRFKDVWLF JDPHV ZKLFK UHVROYHV
WKH LVVXH� KRZ JHQHUDO LV WKH ?$QWL�)RON 7KHRUHP� RI 7KHRUHPV � DQG �" ,Q RXU VHWXS�
'XWWD
V 7KHRUHP LV VWDWHG DIWHU WKH IROORZLQJ QRWDWLRQ� ,Q WKH WZR SHUVRQ DOWHUQDWLQJ PRYH
JDPH ZH GHnQH

W WP �K �  OLP LQI VXS9 �I MK � p�L L
p�� IM IL

WZKHUH ZH H[SOLFLWO\ H[SUHVV WKH GHSHQGHQFH RI 9 RQ GLVFRXQW IDFWRU p� 7KH SD\Rm P �K �L L
WGHQRWHV WKH ORQJ UXQ DYHUDJH PLQLPD[ SD\Rm IRU SOD\HU L JLYHQ KLVWRU\ K � 1RZ OHW: GHQRWH

WKH FRQYH[ KXOO RI WKH VWDJH JDPH SD\Rm YHFWRUV DQG GHnQH
nQ RnW W) �K �  Z � : n Z ! P �K �� L  �� �L L

WZKLFK LV WKH VHW RI IHDVLEOH SD\RmV JLYHQ K WKDW VWULFWO\ GRPLQDWH WKH ORQJ UXQ PLQLPD[
SD\Rm�

W WA�iLhi4 � �'XWWD ������� 6XSSRVH WKDW IRU HDFK L  �� � DQG DOO KLVWRULHV K � P �K �  PL L

W xDQG ) �K �  ) ZLWK GLP�) �  �� )RU DQ\ Z � ) DQG DQ\ q ! � WKHUH LV D p VXFK WKDW LI
W Wxp w p� WKHQ WKHUH LV D WKHUH LV D 3HUIHFW HTXLOLEULXP I VXFK WKDW 9 �I MK � p� ! Z bq� �K � +�L L

$FFRUGLQJ WR WKLV UHVXOW DQ\ SD\Rm LQ ) FDQ EH DUELWUDULO\ DSSUR[LPDWHG DV D 3HUIHFW
HTXLOLEULXP SD\Rm IRU VXpFLHQWO\ SDWLHQW SOD\HUV LI WKH IHDVLEOH SD\RmV DQG WKH PLQLPD[

�)RU GHWDLOV� VHH /DJXQRm DQG 0DWVXL �����E��

�



�SD\RmV GR QRW YDU\ DFURVV VWDWHV DQG LI WKH JDPH KDV IXOO GLPHQVLRQ� 1RWH WKDW WKH PLQLPD[
EHQFKPDUN LQ D VWRFKDVWLF JDPH QHHG QRW FRLQFLGH ZLWK WKH PLQLPD[ LQ DQ\ RI LWV VWDWH
FRQWLQJHQW VWDJH JDPHV� ,Q WKH DOWHUQDWLQJ PRYH JDPH WKLV PHDQV WKDW WKH ORZHU ERXQG P
IRU HTXLOLEULXP SD\RmV QHHG QRW FRLQFLGH ZLWK WKH PLQLPD[ RI WKH VWDJH JDPH�

$V IRU WKH DSSOLFDWLRQ WR WKH SUHVHQW PRGHO� WKH VXpFLHQW FRQGLWLRQV RI 'XWWD
V 7KHRUHP
KROG LQ DQ\ DOWHUQDWLQJ PRYH JDPH RI IXOO GLPHQVLRQ� 7KH SHUIHFW FRRUGLQDWLRQ JDPHV DUH
H[FHSWLRQV WR WKH IXOO GLPHQVLRQDOLW\ FRQGLWLRQ� 7KH FRQFOXVLRQ RI WKH 'XWWD )RON 7KHRUHP
WKHQ DSSOLHV WR DOO RWKHU VWDJH JDPHV RI IXOO GLPHQVLRQ DQG ZKLFK DUH UHSHDWHG LQ DOWHUQDWLQJ
PRYHV� 7KLV LV SHUKDSV QRW WRR VXUSULVLQJ VLQFH IXOO GLPHQVLRQDOLW\ FRQGLWLRQV DUH W\SLFDOO\

�UHTXLUHG IRU WKH )RON 7KHRUHP� 7KH GLmHUHQFH LV WKDW LQ VWDQGDUG UHSHDWHG JDPHV ZLWK
V\QFKURQL]HG FKRLFH WKH\ DUH UHTXLUHG RQO\ IRU JDPHV RI PRUH WKDQ WZR SOD\HUV� DQG WKDW WKH
GLPHQVLRQDOLW\ FRQGLWLRQ LV QRW QHHGHG LI ZKDW VKRXOG EH SURYHG LV WKDW DQ\ SD\Rm QR ZRUVH
WKDQ VRPH RQH�VKRW 1DVK HTXLOLEULXP SD\Rm LV VXSSRUWHG LQ HTXLOLEULXP� )XGHQEHUJ DQG
0DVNLQ
V ������ )RON 7KHRUHP� IRU H[DPSOH� KROGV SHUIHFWO\ ZHOO ZLWKRXW IXOO GLPHQVLRQDOLW\
ZKHQ WKHUH DUH WZR SOD\HUV� %\ FRQWUDVW� LQ RXU PRGHO IXOO GLPHQVLRQDOLW\ LV UHTXLUHG IRU D
)RON 7KHRUHP LQ WZR SHUVRQ JDPHV�

e�2 W?ih|�@ @?_ �T|�4@*�|) �? Bi?ih@* �LLh_�?@|�L? B@4it

'XWWD
V UHVXOW GHPRQVWUDWHV D QRQJHQHULFLW\ RI UHVXOWV LQ 6HFWLRQ � ZKHQ SOD\HU DUH YHU\
SDWLHQW� ,Q RXU PRGHO� WKLV FRUUHVSRQGV WR WKH FDVH ZKHQ WKHUH LV YHU\ OLWWOH LQHUWLD� ,W
PDNHV VHQVH� WKHQ� WR UH�H[DPLQH WKH RSWLPDOLW\ UHVXOWV IRU D ZLGHU FODVV RI VWDJH JDPHV
ZKHQ SOD\HUV
 GLVFRXQW IDFWRUV DUH ERXQGHG DZD\ IURP ��

$ PRUH JHQHUDO FODVV RI FRRUGLQDWLRQ SUREOHPV LV FDSWXUHG E\ JDPHV RI FRPPRQ LQWHUHVW�
$ �WZR�SHUVRQ� QRUPDO IRUP JDPH LV VDLG WR EH D JDPH RI FRPPRQ LQWHUHVW LI WKHUH LV D

e eXQLTXH DFWLRQ SURnOH V GRPLQDWLQJ DOO RWKHU SURnOHV� L�H�� X �V � ! X �V� IRU DOO L  �� �L L

eDQG DOO V � V � ,I WKH SOD\HUV DUH LPSDWLHQW� V\QFKURQRXV UHSHWLWLRQ DQG DV\QFKURQRXV
UHSHWLWLRQ LQGXFH TXDOLWDWLYHO\ GLmHUHQW UHVXOWV LQ FRPPRQ LQWHUHVW JDPHV� 2Q RQH KDQG� LQ
D V\QFKURQRXVO\ UHSHDWHG JDPH� DQ\ 1DVK HTXLOLEULXP RI WKH VWDJH JDPH PD\ EH WDNHQ LQ
HTXLOLEULXP DIWHU DQ\ KLVWRU\� 2Q WKH RWKHU KDQG� ZLWK DV\QFKURQRXV UHYLVLRQ IRU D VXpFLHQWO\
VPDOO GLVFRXQW IDFWRU� DQ\ VWULFW 1DVK HTXLOLEULXP LV DEVRUELQJ� 7KHUHIRUH� RQFH WKH DFWLRQ

eSURnOH UHDFKHV V � LW ZLOO VWD\ WKHUH IRUHYHU� +RZHYHU� WKLV DOVR PHDQV WKDW 3DUHWR LQIHULRU
VWULFW 1DVK HTXLOLEULD DUH DOVR DEVRUELQJ�

�)XOO GLPHQVLRQDOLW\ KHUH PHDQV WKDW WKH GLPHQVLRQ RI WKH VHW RI IHDVLEOH SD\RmV FRLQFLGHV ZLWK WKH QXPEHU

RI SOD\HUV�
�1RWH WKDW LQ WKH OLWHUDWXUH RQ VWDQGDUG UHSHDWHG JDPHV� WKH GLPHQVLRQ RI WKH IHDVLEOH SD\RmV QHHG EH

RQO\ WKH QXPEHU RI SOD\HUV PLQXV RQH� ,Q IDFW� $EUHX� 'XWWD� DQG 6PLWK ������ UHTXLUH DQ HYHQ ZHDNHU

FRQGLWLRQ� WKDW WKHUH LV D GLVWLQFW IHDVLEOH SD\Rm SURnOH IRU HDFK SOD\HU LQ ZKLFK WKDW SOD\HU UHFHLYHV D SD\Rm

EHORZ WKDW RI DQ\ RWKHU SURnOH�

�



$ QDWXUDO TXHVWLRQ LV� ZKHQ �IRU ZKDW FRQGLWLRQV� LV WKH RSWLPDOLW\ UHVXOW REWDLQHG" $V
ZH KDYH DOUHDG\ VHHQ� SXUH FRRUGLQDWLRQ DQG D ODUJH GLVFRXQW IDFWRU DUH VXpFLHQW FRQGLWLRQV�
7KRXJK D IXOO FKDUDFWHUL]DWLRQ IRU DOO VWDJH JDPHV LV EH\RQG WKH VFRSH RI WKH SUHVHQW SDSHU� ZH
SURYLGH D VLPSOH VXpFLHQW FRQGLWLRQ IRU FRPPRQ LQWHUHVW VWDJH JDPHV LQ ZKLFK WKH RSWLPDOLW\
UHVXOW KROGV IRU VRPH GLVFRXQW IDFWRU�

e7R VHH WKLV� OHW xX  PD[ PD[IX �V�� X �V�J� L�H�� WKH VHFRQG KLJKHVW SD\Rm� /HW DOVRV� V � �

X e  PLQ X �V�� L�H�� WKH VPDOOHVW SD\Rm IRU SOD\HU L� $VVXPH WKDW E\ DpQH WUDQVIRUPDWLRQ�L V L

e e eZH KDYH X �V �  X �V �  X DQG X  X  X � /HW� � �e �e e

em  �xXb X � �X b X ��e e

7KH ODUJHU WKH m� WKH FORVHU WKH VHFRQG KLJKHVW SD\Rm LV WR WKH KLJKHVW RQH UHODWLYH WR WKH
ORZHVW SD\Rm� 7KHQ ZH KDYH WKH IROORZLQJ VWDWHPHQW�

A�iLhi4 e ,Q DQ DOWHUQDWLQJ PRYH JDPH ZLWK LWV VWDJH JDPH EHLQJ D JDPH RI FRPPRQ
LQWHUHVW� WKHUH H[LVWV D QHLJKERUKRRG RI GLVFRXQW IDFWRUV p � ��� �� XQGHU ZKLFK WKH RSWLPDO

eRXWFRPH V LV WKH XQLTXH RXWFRPH LI

� ��m� m b m � �� ���

)RU H[DPSOH� WKH DERYH FRQGLWLRQ KROGV LI m � ���� 1RWH WKDW WKLV VWDWHPHQW KDV QR
UHVWULFWLRQ RQ SD\Rm GLmHUHQFHV H[FHSW� RI FRXUVH� WKDW LW FDQQRW H[FHHG xXb X �e

e�hLLu 6XSSRVH WKDW WKH FXUUHQW DFWLRQ SURnOH LV V � 7KHQ WKH ZRUVW FRQWLQXDWLRQ YDOXH IRU
e eWKH QH[W PRYHU ZKHQ KH NHHSV V LV DW OHDVW �� b p�X � pX � 2Q WKH RWKHU KDQG� WKH EHVWe

� eFRQWLQXDWLRQ YDOXH ZKHQ KH VZLWFKHV KLV DFWLRQ LV QRW PRUH WKDQ ��bp�xX � p��bp�xX � p X �
e7KHUHIRUH� WKH SOD\HU DOZD\V FKRRVHV WR VWD\ DW V ZKHQHYHU

���b p ���b m� ! p� ����

e1H[W� ZH FKDUDFWHUL]H SDUDPHWHUV LQ ZKLFK SOD\HUV PRYH WRZDUG V � 6XSSRVH WKDW ����
eKROGV� ,I SOD\HU L
V KDV PRYH DQG WKH FXUUHQW DFWLRQ SURnOH LV �V � V �� WKHQ KH VKRXOG VZLWFKL M

e eWR V LPPHGLDWHO\ VLQFH KH WKHQ ZLOO JHW X IRUHYHU DIWHU� .QRZLQJ WKLV� SOD\HU M ZLOO VZLWFKL
e e eWR V ZKHQ LW LV KLV WXUQ WR PRYH IURP DQ\ SURnOH V  �V � V � ZLWK V � V DQG V � V � LI� � � �M � �

e��b p�X � pX ! xX�e

7KLV FRQGLWLRQ KROGV LI DQG RQO\ LI p ! m� &RPELQLQJ WKLV LQHTXDOLW\ ZLWK ����� ZH REWDLQ ���
eDV D VXpFLHQW FRQGLWLRQ XQGHU ZKLFK WKH XQLTXH HTXLOLEULXP RXWFRPH LV WR SOD\ V DOZD\V� (

)RU DQ\ JDPH RI FRPPRQ LQWHUHVW ZKLFK VDWLVnHV ���� ZH WKHUHIRUH KDYH WKUHH FDVHV� GH�
�SHQGLQJ XSRQ WKH YDOXH RI WKH GLVFRXQW IDFWRU� ��� ,I p LV VXpFLHQWO\ ODUJH� DQ\ LQGLYLGXDOO\

�7KH QHFHVVLW\ RI SDWLHQFH LV DOVR VHHQ LQ /DJXQRm DQG 0DWVXL �����D�� 0DWVXL DQG 0DWVX\DPD ������

0DWVXL DQG 5RE ������� 2WKHU PHFKDQLVPV LQFOXGH FRQVWDQW PXWDWLRQ RI )RVWHU DQG <RXQJ ������ DQG

.DQGRUL� 0DLODWK DQG 5RE ������� DQG VHFUHW KDQGVKDNH RI 5REVRQ ������ DQG FKHDS�WDON RI 0DWVXL �������

��



UDWLRQDO SD\Rm SDLU FDQ EH DWWDLQHG LQ 3( �WKH )RON 7KHRUHP� LQ D FRPPRQ LQWHUHVW JDPH
RI IXOO GLPHQVLRQ� ��� LI p LV VXpFLHQWO\ VPDOO� WKHQ DOO VWULFW 1DVK HTXLOLEULD DUH DEVRUELQJ
�D UHVXOW ZKLFK LV RIWHQ DWWDLQHG LQ GHWHUPLQLVWLF G\QDPLFV LQ HYROXWLRQDU\ JDPH WKHRU\�� ���
LI p OLHV LQ VRPH LQWHUPHGLDWH UDQJH� WKHQ WKH RSWLPDO RXWFRPH LV XQLTXHO\ DWWDLQHG LQ 3(�

D +i*@|i_ w�|ih@|�hi

0RGHOV RI DV\QFKURQRXV FKRLFH KDYH EHHQ VWXGLHG HOVHZKHUH� 0DVNLQ DQG 7LUROH �����D�E� LV
D SULPDU\ H[DPSOH� $QRWKHU LV 5XELQVWHLQ DQG :ROLQVN\ ������ ZKRVH UHVXOWV DUH VLPLODU WR
RXU UHVXOWV RI 6HFWLRQ �� 7KH\ FRQVLGHU D VWDQGDUG LQnQLWH UHSHWLWLRQ RI DQ H[WHQVLYH IRUP
JDPH RI SXUH FRRUGLQDWLRQ� ,Q WKHLU PRGHO WKH RSWLPDO RXWFRPH LV DOVR XQLTXHO\ REWDLQHG�
6WULFWO\ VSHDNLQJ� WKHLUV LV QRW DQ DV\QFKURQRXVO\ UHSHDWHG JDPH VLQFH SD\RmV RQO\ RFFXU
DW WKH HQG RI HDFK SHULRG� 6LQFH WKH SHUIHFW HTXLOLEULXP RI WKHLU H[WHQVLYH IRUP VWDJH JDPH
LV XQLTXH� WKH VHW RI HTXLOLEULXP SD\RmV GRHV QRW VKULQN ZLWK UHSHWLWLRQ� 1HYHUWKHOHVV� WKH
H[WHQVLYH IRUP VWDJH JDPH EUHDNV WKH ?V\QFKURQL]HG PLVWDNH� LQ PXFK WKH VDPH ZD\ DV LQ
RXU PRGHO�

7KH FXUUHQW PRGHO DOVR UHODWHV 0DWVXL DQG 5RE ������� /DJXQRm DQG 0DWVXL �����D��
DQG /DJXQRm ������ ZKLFK H[DPLQH HYROXWLRQDU\ SURFHVVHV ZLWK ORQJ UXQ UDWLRQDO SOD\HUV�

�2SWLPDO RXWFRPHV ZHUH VKRZQ WR UHVXOW LQ VRPH W\SHV RI FRRUGLQDWLRQ SUREOHPV� 2QH FUXFLDO
GLmHUHQFH EHWZHHQ WKHVH SDSHUV DQG WKH FXUUHQW RQH LV WKDW WKH SUHVHQW SDSHU GRHV QRW UHTXLUH
PXWDWLRQ WR HVFDSH ORFDOO\ RSWLPDO SURnOHV�

,QVWHDG� ZH XVH D EDFNZDUG LQGXFWLRQ DUJXPHQW� 6LPLODU DUJXPHQWV FDQ EH IRXQG LQ )DU�
UHOO DQG 6DORQHU ������� *DOH ������� DQG 0RUULV ������� 7KH\ VWXG\ Q�SHUVRQ FRRUGLQDWLRQ
JDPHV ZLWK LUUHYHUVLEOH VHTXHQWLDO FKRLFHV� ,Q *DOH� IRU H[DPSOH� EDFNZDUG LQGXFWLRQ LV XVHG
WR HVWDEOLVK WKDW ZKHQ� VD\� WKH nUVW N � Q SOD\HUV FRRSHUDWH� WKH �N � ��WK SOD\HU DOVR
FRRSHUDWHV� %\ FRQWUDVW� 0RUULV VKRZV WKDW V\QFKURQL]HG FRRUGLQDWLRQ XQUDYHOV ZKHQ WKH
WLPLQJ RI PRYHV LV QRW FRPPRQ NQRZOHGJH� 7KRXJK WKHLU ORJLF ORRNV VLPLODU WR RXUV DW nUVW
JODQFH� LW LV YHU\ GLmHUHQW� 1RQH RI WKHVH DUH UHSHDWHG VHWWLQJV VR WKDW WKHUH LV QR IHDU RI
?UHWDOLDWLRQ� LQ WKH ODVW SHULRG� %\ FRQWUDVW� LQ WKH UHSHDWHG FRRUGLQDWLRQ JDPH� GHFLVLRQV
DUH QHYHU LUUHYHUVLEOH� DQG VR WKHUH LV DOZD\V D FKDQFH RI ?UHWDOLDWLRQ IRU EDG EHKDYLRU�� ,W
MXVW KDSSHQV WKDW ZKHQ WKH JDPH LV RQH RI SXUH FRRUGLQDWLRQ JDPH� WKLV ?UHWDOLDWLRQ�� WKRXJK
IHDVLEOH� GRHV QRW ZRUN VLQFH RQH ZKR ?UHWDOLDWHV� DOVR KDUPV KLPVHOI WR WKH VDPH GHJUHH�

)LQDOO\� D QDWXUDO H[WHQVLRQ LV WR FRQVLGHU UHSHDWHG VHWWLQJV LQ ZKLFK WKH WLPLQJ LV HQGRJH�
QRXV� 3HUU\ DQG 5HQ\
V EDUJDLQLQJ PRGHO ������ ZLWK HQGRJHQRXV WLPLQJ LV D XVHIXO VWDUWLQJ

�5HODWHG ZRUN LQFOXGHV %OXPH ������� 0DWVXL ������� DQG 0DWVXL DQG 0DWVX\DPD ������� ,QGLYLGXDOV


GHFLVLRQV LQ WKHVH SDSHUV DUH DV\QFKURQRXV� KRZHYHU� WKH SOD\HUV DUH HLWKHU DVVXPHG WR EH P\RSLF� RU DUH

UDQGRPO\ PDWFKHG LQ D ODUJH SRSXODWLRQ VR WKDW QR SOD\HU DFFRXQWV IRU WKH LQWHUWHPSRUDO HmHFWV RI KLV RZQ

EHKDYLRU�

��



SRLQW� 7KH\ IRUPXODWH D FRQWLQXRXV WLPH EDUJDLQLQJ PRGHO IRU D XQLW VXUSOXV� ,QGLYLGXDOV
FDQ PDNH DQ RmHU DW DQ\ WLPH� ZLWK D VPDOO GHOD\ DIWHU HDFK RmHU� 7KH\ VKRZ WKDW LI SOD\HUV
FDQ UHDFW WR RmHUV LQVWDQWDQHRXVO\ WKHQ WKH HTXLOLEULXP SD\RmV DUH ERXQGHG E\ WKH nUVW
DQG VHFRQG PRYHU SD\RmV� UHVSHFWLYHO\� RI WKH 5XELQVWHLQ EDUJDLQLQJ PRGHO� :H OHDYH WKH
H[WHQVLRQ IRU IXWXUH UHVHDUFK�

+iuihi?Uit

>�@ $EUHX� '� ������� ?2Q WKH 7KHRU\ RI ,QnQLWHO\ 5HSHDWHG *DPHV ZLWK 'LVFRXQWLQJ��
(FRQRPHWULFD� ��� ��������

>�@ $EUHX� '�� 3� 'XWWD� DQG /� 6PLWK ������� ?7KH )RON 7KHRUHP IRU 5 HSHDWHG *DPHV�
$ 1(8 &RQGLWLRQ�� (FRQRPHWULFD� ��� �������

>�@ $XPDQQ� 5� ������� ?6XUYH\ RI 5HSHDWHG *DPHV�� LQ (VVD\V LQ *DPH 7KHRU\ DQG
0DWKHPDWLFDO (FRQRPLFV LQ +RQRU RI 2VNDU 0RUJHQVWHUQ� 0DQKHLP� %LEOLRJUDSKLVFKHV
,QVWLWXW�

>�@ %OXPH� /� ������� ?7KH 6WDWLVWLFDO 0HFKDQLFV RI 6WUDWHJLF ,QWHUDFWLRQ�� *DPHV DQG
(FRQRPLF %HKDYLRU� �� ��������

>�@ 'XWWD� 3� ������� ?$ )RON 7KHRUHP IRU 6WRFKDVWLF *DPHV�� -RXUQDO RI (FRQRPLF 7KHRU\�
��� �����

>�@ )DUUHOO� -� DQG *� 6DORQHU ������� ?6WDQGDUGL]DWLRQ� &RPSDWLELOLW\� DQG ,QQRYDWLRQ��
5DQG -RXUQDO RI (FRQRPLFV� ��� ������

>�@ )RVWHU� '�� DQG +�3� <RXQJ ������� ?6WRFKDVWLF (YROXWLRQDU\ *DPH '\QDPLFV�� 7KHR�
UHWLFDO 3RSXODWLRQ %LRORJ\� ��� ��������

>�@ )XGHQEHUJ� '� DQG (� 0DVNLQ ������� ?7KH )RON 7KHRUHP LQ 5HSHDWHG *DPHV ZLWK
'LVFRXQWLQJ RU ZLWK ,QFRPSOHWH ,QIRUPDWLRQ�� (FRQRPHWULFD� ��� �������

>�@ *DOH� '� ������� ?'\QDPLF &RRUGLQDWLRQ *DPHV�� (FRQRPLF 7KHRU\� �� �����

>��@ .DQGRUL� 0�� *�-� 0DLODWK� DQG 5� 5RE ������� ?/HDUQLQJ� 0XWDWLRQ� DQG /RQJ 5XQ
(TXLOLEULD LQ *DPHV�� (FRQRPHWULFD� ��� ������

>��@ /DJXQRm� 5� ������� ?2Q WKH (YROXWLRQ RI 3DUHWR 2SWLPDO %HKDYLRU LQ 5HSHDWHG &RRU�
GLQDWLRQ 3UREOHPV�� PLPHR� 8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ /DJXQRm� 5� DQG $� 0DWVXL �����D�� ?(YROXWLRQ LQ 0HFKDQLVPV IRU 3XEOLF 3URMHFWV��
(FRQRPLF 7KHRU\� �� ��������
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>��@ /DJXQRm� 5� DQG $� 0DWVXL �����E�� ?$Q C$QWL�)RON 7KHRUHP
 IRU D &ODVV RI $V\Q�
FKURQRXVO\ 5HSHDWHG *DPHV�� 'LVFXVVLRQ 3DSHU� 8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ 0DUVFKDN� -� DQG 5� 5DGQHU ������� 7KH (FRQRPLF 7KHRU\ RI 7HDPV� <DOH 8QLYHUVLW\
3UHVV� 1HZ +DYHQ�

>��@ 0DVNLQ� (� DQG -� 7LUROH �����D�� ?$ 7KHRU\ RI '\QDPLF 2OLJRSRO\� ,� 2YHUYLHZ DQG
4XDQWLW\ &RPSHWLWLRQ ZLWK /DUJH )L[HG &RVWV�� (FRQRPHWULFD� ��� �������

>��@ 0DVNLQ� (� DQG -� 7LUROH �����E�� ?$ 7KHRU\ RI '\QDPLF 2OLJRSRO\� ,,� 3ULFH &RPSH�
WLWLRQ� .LQNHG 'HPDQG &XUYHV DQG )L[HG &RVWV� � (FRQRPHWULFD� ��� ���� ����

>��@ 0DWVXL� $� ������� ?&KHDS�7DON DQG &RRSHUDWLRQ LQ D 6RFLHW\�� -RXUQDO RI (FRQRPLF
7KHRU\� ��� ��������

>��@ 0DWVXL� $� ������� ?(YROXWLRQ DQG 5DWLRQDOL]DELOW\�� PLPHR� 8QLYHUVLW\ RI 3HQQV\OYDQLD�
0DUFK�

>��@ 0DWVXL� $� DQG .� 0DWVX\DPD ������� ?$Q $SSURDFK WR (TXLOLEULXP 6HOHFWLRQ�� -RXUQDO
RI (FRQRPLF 7KHRU\� ��� �������

>��@ 0DWVXL� $� DQG 5� 5RE ������� ?(YROXWLRQ ZLWK )RUZDUG /RRNLQJ 3OD\HUV�� PLPHR�
8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ 0RUULV� 6� ������� ?&RRSHUDWLRQ DQG 7LPLQJ�� PLPHR� 8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ 3HUU\� 0� DQG 3� 5HQ\ ������� ?$ 1RQ�FRRSHUDWLYH %DUJDLQLQJ 0RGHO ZLWK 6WUDWHJLFDOO\
7LPHG 2mHUV�� -RXUQDO RI (FRQRPLF 7KHRU\� ��� ������

>��@ 5REVRQ� $� ������� ?(pFLHQF\ LQ (YROXWLRQDU\ *DPHV� 'DUZLQ� 1DVK DQG WKH 6HFUHW
+DQGVKDNH�� -RXUQDO RI 7KHRUHWLFDO %LRORJ\� ���� ��������

>��@ 5XELQVWHLQ� $� DQG $� :ROLQVN\ ������� ?5HPDUNV RQ ,QnQLWHO\ 5HSHDWHG ([WHQVLYH�
)RUP *DPHV�� *DPHV DQG (FRQRPLF %HKDYLRU� �� ��������
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