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Abstract

| show that if one is only interested in local results — that is, theorems about what is true at a
state — which only depend on finitely many orders of beliefs about beliefs, then the common
prior assumption is essentially irrelevant. More precisely, given any model where priors have
the same support and any finikkg there is another model with common priors which has the
sament™ order beliefs for alh < N. In this sense, priors with the same support are (locally)
approximately common.



1 Introduction

The common prior assumption — the assumption that all agents have the same prior over the
relevant state space — is used in virtually all of game theory and information economics. It is

a crucial assumption for many important results such as Aumann’s agreeing—to—disagree result
([1]), the no—trade theorem (se=g, Milgrom and Stokey [7]), and Aumann’s [2] characteri-
zation of correlated equilibria. There has been a great deal of debate regarding the assumption
— see, for example, Morris [9] for a summary of some of the arguments.

| provide a new result clarifying what the common prior assumption means as a statement
about the agents’ hierarchies of beliefs. My result, very loosely, is that the common prior
assumption has only very weak implications for beliefs of finite order — that is, beliefs about
the beliefs of others about the beliefs.ofabout the beliefs of others, where “beliefs about” is
repeated only a finite number of times. Phrasing the result differently, most priors are locally
approximately common. One implication of this is that dropping the common prior assumption
is (almost) the same thing as replacing common knowledge with a high but finite level of mutual
knowledge.

A precise statement of the result requires some background. Imagine we are given a com-
plete description of the world by an outside observer. This description includes all true state-
ments about some parameter which is unknown to the agents, the beliefs of the agents (their
first—order beliefsabout this parameter, their beliefs about the beliefs of otlsexsofd—order
beliefy, their beliefs about the others’ beliefs about the othdvisd—order belief$, etc. 1 will
refer to a specification of the true parameter together with an infinite hierarchy of beliefs for
each player as world, reserving the termstatefor a related but different notion. As Mertens
and Zamir [6] showed in their classic paper, such a description aichealworld generates a
collection ofpossibleworlds, one of which is the actual world. These other worlds can then be
seen as fictitious constructs, used to clarify our understanding of the actual’world.

The actual world also identifies a prior over the set of possible worlds for each agent. The
prior for a given agent is not unique since any prior yielding the same conditional probabilities
on the appropriate events would serve the same purpose. However, the point is that the actual
world identifies whether or not there is a single prior we could attribute to all the agents which
generates the beliefs of each agent.

In other words, the actual world — the infinite hierarchy of beliefs about beliefs for each
player — completely determines whether or not the beliefs are consistent with the common
prior assumption. Hence even though we typically think of the common prior assumption as
anex antestatement — a statement regarding the agent’s beliefs before getting information —
we can view whether or not this assumption holds as something determined at the interim level

1See Dekel and Gul [4] for a similar perspective.



— that s, in the actual world or after receipt of information.

To state the result more precisely, then, suppose the agents’ beliefs at avenddveakly
consistent in the sense that it is common knowledge that all agents’ beliefs at all levels give
positive probability to the truth. Then for any finil there is another worldpN, which is
consistent with the common prior assumption and where far @lN, n" order beliefs ato
are the same as those at wosbd In this sense, we can always approximate weakly consistent
priors by common priors, at least for local results.

This result has several implications which are discussed in detail in Section 4. One is
the implication mentioned above: dropping the common prior assumption is almost the same
thing as replacing common knowledge with a high but finite degree of mutual knowledge.
That is, given a world where a particular set of facts are common knowledge but priors are
different, we can find a model with common priors in which nothing changes except that these
facts are arbitrarily high mutual knowledge dt common knowledge. This has important
methodological implications which are discussed in more detail in Section 4.2.

The theorem also tells us where the real “bite” of the common prior assumption lies. The
theorem relies on an assumption of weak consistency — and the result is not true without this
assumption. However, the theorem shows that weak consistency is the only implication the
common prior assumption has if we are only concerned with finitely many orders of beliefs. In
this sense, the common prior assumption is primarily an “infinite order” assumption since we
know that the common prior assumption has a very significant effect at least as measured by
the kinds of theorems that are true with it and false without it.

Finally, the result enables me to show that the set of worlds consistent with common priors
is dense in the set of all worlds — that is, it is dense in the Mertens—Zamir universal belief
space. In this sensall belief hierarchies are approximately consistent with common priors.
This implication is explained in Section 4.1. This is a very surprising result in light of the
apparent generic failure of common priors when viewed differently. Suppose we fix a state
set and choose priors randomly for the agents. Clearly, the probability that we choose the
same priors for all agents is very small, suggesting that the common prior assumption, in some
sense, fails genericalfyMy result shows that when we take the set of belief hierarchies as the
relevant space, rather than the set of probability distributions on a fixed state space, we get a
startlingly different view.

It is also worth mentioning that the result shows that the line between differences in in-
formation and differences in beliefs is more blurred than one might suppose. As advocates of
the common prior assumption have long noted, the assumption is a formal statement of the
intuitive idea that differences in beliefs should all stem from differences in information. My

2This description overlooks the fact that it is only conditional beliefs that are relevant. However, as Nyarko [10]
shows, this statement can be formalized and demonstrated even taking this fact into account.



result indicates that if we only care about finitely many orders of belief, a “pure” difference
of beliefs (noncommon priors) can always be translated into a difference in beliefs stemming
from a difference in information. Section 2.2 gives an example showing how this translation
works.

2 The Model and an lllustrative Example

2.1 Model

Tan and Werlang [11] and Brandenburger and Dekel [3] have shown that we can generate any
point in the universal beliefs space by use of what | will terrpaatitions model Given a
parameter space,&nd a finite set of playeds= {1,...,1}, a partitions model consists of

1. a set oktatesQ
2. afunctionf : Q — Stelling what the unknown parameter is in each state
3. for each player € |, a partition; of Q

4. for each playere |, a priory; overQ.

| willuse M to denote a typical partitions modg®, f,{ (M, ) }ic1 ). GivenM and a state
w € Q, we can define a point in the Mertens—Zamir universal beliefs space by “unravelling.”
That is, player’s first—order beliefs ab are those induced by updatirig prior given the event
M;(w) and using the functiofi to convert this to a belief 08. Formally, the first—order beliefs
of i at statew, sayd[w)], are defined by

5w](B) = W ({of € Q| f(of) € B} | Mi(w))

for each measurabB C S. The second-order beliefs are calculated by performing the same
updating but then using the partitions for players other ttiarcalculata’s beliefs about these
players’ beliefs, etc. That is, if we have two players, then player 1's second—order beliefs at
w, sayd?[w], are a probability distribution ove8 x A(S), whereA(S) is the set of first—order
beliefs for player 2 Formally, then,

Siw](B) = i ({0 € Q| (f(w),53(w)) € B} | M1(w))

3We could equivalently define second—order beliefs to be a distributiorSove(S) x A(S) and then impose
the condition that 1 knows his own beliefs. The approach in the text follows Brandenburger and Dekel [3], while
the approach described in this footnote follows the original Mertens and Zamir formulation.
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for each measurabB C Sx A(S). Etc.

This equivalence works in reverse as well: any point in the universal beliefs space can be
constructed in this fashion from some partitions mddel.

2.2 An Example

Suppose we have two players and two possible values of the unknown paré&refes, s, }.

We also have two state®, = {wy,w,}. The functionf is given by f(w;) =sj, j = 1,2. Both
players’ partitions are triviall1l; = {Q} for i = 1,2. Player 1's prior igy(w) = 2/3, while
player 2's prior hagp(w) = 1/3. Hence we have a “pure” difference in beliefs, not stemming
from any difference in information. Lé¥#l denote this partitions model.

I now show that we can match beliefs at each state to an arbitrarily high order. | demonstrate
this by constructing a sequence of new partitions models where each model hasx staiteh
matches the beliefs ab in M up to orderN. In each of these new models, the difference in
beliefs is replaced by a difference in information. However, as we will see, this replacement is
not without cost: weeannotavoid changing the beliefs at some very high orders.

So fix an integeN and construct the new model as follows. The new set of st@fésis
taken to be _
AN=qx{1,...,2N}.
Intuitively, think of state(w, k) as thek!" copy of statew from our original model. In line with
this intuition, the new function relating states and the value of the unknown pararfiétes,
given by
fN(w, k) = f(w).

The common prior of both players is that all stateQMhare equally likely.

To generate the appropriate beliefs for player 1, then, we will have to have his informa-
tion reflect a greater likelihood of state, thanw,. Hence his partitionl‘l?, includes all
events of the form{(wy, 2k — 1), (wy, 2K), (wp,k)} for k= 1,...,2Y-1, Since player 1 “uses
up” his w; copies faster than his, copies, we will also end up with an evefiiw,, 2V +
1),...,(up,2N)}. Note that aeveryevent except this last one, player 1's beliefs oSgjive
probability 2/3 tos; and 1/3 tos;.

The partition for player 211), is analogous. Since player 2 thinks is more likely, we in-
clude every event of the forf{wy, k), (e, 2k— 1), (wp, 2k)} fork=1,...,281. Analogously
to the case of player 1, this leaves us with “extea” copies, so player 2’s partition also in-
cludes the everft(w, 2N1+1),..., (wg,2V)}. Again, at all events except this last one, player

4To be more precise, we may needfields instead of partitions. See Brandenburger and Dekel [3].
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2's beliefs overS match his beliefs from the original model. LBtN denote this partitions
model.

Itis not hard to show that" order beliefs atw, 1) in M N are the same a8 order beliefs at
win M for all n < N for bothw = w; andw = wy,. To see this, first note that we have obviously
matched first—order beliefs. In stdte, 1), player 1's first—order beliefs put probability 2/3 on
s, and 1/3 ons; or, in the obvious vector notatio2/3,1/3). This is precisely the same as
player 1's first—order beliefs ab; in the original partitions model. Similarly for player 2.

To get second-order beliefs for player 1, we must identify the events of 2's partition he
considers possible. These events are

{(wn,1), (02,1), (w2,2) }
and

{((1)1,2), ((1)2,3), ((1)2,4)}
The set of first—order beliefs for 2 at these events form the support of player 1's second—order
beliefs. Note that 2's beliefs ove$ at each of these events &i®/3,2/3), so that player 1
puts probability 1 on these being player 2’s first—order beliefs. This exactly matches player 1's
second—order beliefs ai; in the original partition model. Again, the analogous argument for
player 2 works.

More generally, we see that player 1§ order beliefs are completely determined by the
events that are — 1 “steps” from(w,1). More precisely, an event is— 1 steps from(w, 1)
if we can construct a sequencegvents starting frord (wg, 1), (wq,2), (wp,1)} such that
as we move from one event to the next, we move from an event in one player’s partition to
an intersecting event in the other player’s partition. It is not hard to see that<oN, all
events reachable this way have the same first—order beliefs as in the original model. Hence
(player 1 attaches probability 1 to player 2 attaching probability)1tmplayer 1's beliefs be-
ing (2/3,1/3) and player 2's beliefs bein@./3,2/3) as long as < N.

Note that the new partitions model is “like” the old one in the sense that beliefs at certain
states are the same as beliefs in the original model up to a high but finite order. On the other
hand, theex antemodels are quite different. In the original model, there is zero probability that,
say, player 1 puts probability 1 agn. Yet in the new model, there is a positive probability of
this occurrence. Put differently, the notion of “closeness” here is an interim notion — focusing
on the closeness of actual worlds, rather than the closenessasitemodels.

A related point is that while the new model matches statements about mutual knowledge
to a very high degree, the fact that it does so only up fioite degree means that statements
about common knowledge are not matched. In particular, in the original model, beliefs over
Sare common knowledge. In the new model, both players know that both know. thiat
both know the beliefs oves for a very large number of “know that”’s. But the beliefs auat
common knowledge.



A natural question to ask is whether this approach can be continued for all orders instead
of only up to some finite upper bound. One answer is simply that extending the construction
above does not work. If we replagewith «, we end up with a prior which is uniform on a
countable set — an impossibility.

More generally, we know from Mertens—Zamir that no such construction is possible. As
discussed in Section 1, Mertens—Zamir showed that if we specify beliefs about beliefs for all
finite orders, this completely determines whether or not the beliefs of the players are consistent
with the common prior assumption. Hence if they are not, there is no way to change the model
to one with a common prior and simultaneously maititorders of beliefs.

3 The Result

| will say that a partitions mod€lS Q, f, { (M, ) }ic1) is finite if Q is finite andcountableif
Q is finite or countably infinite. Given any probability distributipron Q, let supgp) denote
the support ofL

Definition 1 A partitions model isveakly consisterif supfi) = supfy;) foralli,jel.

In the introduction, | defined weak consistency as common knowledge that all players’
beliefs at all levels give positive probability to the truth. Certainly, a common support seems to
capture this idea to some extent. A more formal link is given in Section 4.1 where | show that
weak consistency as defined here for the partitions model is equivalent to weak consistency as
defined in the introduction for the equivalent belief hierarchies.

It is easy to see that weak consistency means that | may as well assume that every agent
puts positive probability on every stéteOtherwise, | can restrict attention to the subse®of
which is the common support for all agents’ beliefs — and the fact@hat countable will
mean that this support is countable also.

SThere is one way that this might be possible. Heifetz [5] has shown that Mertens—Zamir rely on an assumption
that we might term common knowledge of countable additivity. More specifically, he shows that while there is
a unique countably additive belief which extends all finite orders of belief, there may be many finitely additive
extensions. In light of this, it is conceivable that there are finitely additive extensions which are consistent with
common priors even when the unique countably additive extension is not. While my construction does not seem
to converge in any meaningful sense to such finitely additive extensions, it is possible that some other construction
would yield such a “continuity” result.

This overlooks the issue of how we would define beliefs on events with prior probability zero. If we simply
require all events to have positive prior probability (and if we only care about conditional probabilities, the fact
thatQ will be assumed to be countable means that we may as well assume this), then states all agents give zero
prior probability to can be ignored.



Theorem 1 LetM denote any weakly consistent countable partitions model. For any finite N,
there exists a countable partitions modéMN in which

1. the common prior assumption is satisfied and

2. for everyw € M, there is anw™ € M N such that ' order beliefs atw in M are the
same as # order beliefs atoN in M N for all n < N.

The proof, which is contained in the Appendix, is tedious but not difficult. It provides a
construction which generalizes the construction in the example of Section 2.2.

4 Implications

The result has a variety of implications which | now discuss in turn.

4.1 Implications for the Structure of the Universal Beliefs Space

The main result, as stated in the introduction, referred to infinite hierarchies of beliefs and used
the assumption that it is common knowledge that all players give positive probability to the
true world. But Theorem 1 was a result about partitions models and assumed that the players’
beliefs have the same support. In this section, | first show that the statement in the introduction
is, in fact, equivalent to Theorem 1. Once the theorem is restated in terms of belief hierarchies,
it is not difficult to use it to show that every world in the Mertens—Zamir universal beliefs space
is arbitrarily close to a world which satisfies in the common prior assumption. That is, the set
of worlds satisfying the common prior assumption is dense in the universal beliefs space.

I will try to minimize the extra notation needed to make these statements precise and so
will refer to Mertens—Zamir [6] for numerous technical details which are not directly relevant
for my purposes. As before, we have a set of playdrs..,|} and a parameter spaée |
assumesis compact. For any compact séflet A(X) denote the set of probability measures
on X endowed with the wedktopology. This set is compact as well. Then we can define an
infinite sequence of sets recursively by

Xo=S
Tier1 = A(X)
K1 = X X [Tk+1]|



To understand this definition, note that= A(Xp) = A(S) is the set of first—order beliefs for
an agent. Hencg; is justStimes the set of first—order beliefs for each agent. Hence this is
the set over which second—order beliefs are definedy soA(X;) is the set of second—order
beliefs, etc. LeX = Sx [Te_4[Ti]'. This is a well-defined, compact space.

The universal beliefs space, which | dendfe is the largest subset & which, in the
terminology of Brandenburger and Dekel [3], satisfies common knowledge of coherence. The
exact definition of this term is irrelevant for my purposes. | will refer to a poitd ias aworld.

The main result of Mertens—Zamir is that there exists a saymds T, such thatU is
homeomorphic t&x T ' andT is homeomorphic ta(Sx T'~1). In other words, we can think
of a world as specifying the true value of the unknown parameter and the type of each player
where a type is a probability distribution &and the types of the other players. Equivalently,
a type for player is a probability distribution on the set of worlds with the property that player
I puts probability 1 on his own true type.

If some playei at worldu has a belief which containg in its support, | will say that! is
believed possiblby i atu. A set of worlddJ C U is belief—closedf for everyu € U and every
U’ believed possible by some playenawe havel’ € U. In other words, every world believed
possible by someone at a worlduhis also inU.

Given a world,u € U, the belief-closed subspace generated big the smallest belief—
closed set containing all worlds believed possible by any player at

My analysis makes use of four facts. First, as discussed in Section 2.1, any partitions model
together with any state in that model uniquely identifies a particular world in the universal
beliefs space by the unravelling procedure described earlier.

Second, as alluded to in Section 2.1, any belief-closed sub&patd&) generates a par-
titions model. More specifically, i) is countable, we can find a partitions model with the
property that the state set in the partitions model is one—to—ondJndgthd where the infinite
hierarchy of beliefs for any given player at a given state (defined by unravelling) is precisely the
infinite hierarchy of that player at the corresponding world. (WWee uncountable, we need
o—fields in place of partitions, but this issue is irrelevant for my purposes.) When a partitions
modelM has this relationship to a belief—closeddet will say thatM andU areequivalent
Similarly, | will say that a statevin M is equivalentto a worldu € U if the unraveling ofw
generates.

Third, as notedU is a subset oK. In other words, it is a subset of an infinite product
space. For this reason, it is natural to follow Mertens—Zamir in using for a topolody the
(relativized) product topology.

The final fact | require is a trivial implication of Mertens—Zamir's Theorem 3.1. The result



is that for everyu € U, there exists a sequeng¢g™} in U converging tau such that everyN
generates a finite belief—closed set. Less formally, any woddU is arbitrarily close to a
world which generates a finite belief—closed subspace.

I now give a more precise definition of a weakly consistent world in preparation for restating
Theorem 1 for belief hierarchies.

Definition 2 Let ue U generate belief—closed subspace U. Then u is weakly consistent if for
allu’ e U U {u}, every player believes possible at U

Intuitively, if every player believes the true world possible, this means that each player’s
first—order beliefs contain the true parameter in its support, each player’s second—order beliefs
contain the pair giving the true parameter value and true first—order beliefs in its support, etc. If
this holds at every world in a belief—closed set, it means that every player knows that this holds,
every player knows that every player knows it, etc. In other words, as stated in the introduction,
weak consistency simply means that it is common knowledge that every player puts positive
probability on the truth at every level of belief.

The following lemma uses the first two facts above and enables me to relate Theorem 1 to
the version of the result stated in the introduction. The proof is in the Appendix.

Lemma 1 If u € U is weakly consistent and generates a countable belief—closed subspace U,
then U is equivalent to a weakly consistent countable partitions model.

One more definition is required.

Definition 3 A world ue U is consistent with the common prior assumptibmhe belief—
closed subspace it generates is equivalent to a partitions model with common priors.

Theorem 2 If u € U is weakly consistent and generates a countable belief—closed set U, then
there is a sequence of worldsN} converging to u such that each' us consistent with the
common prior assumption.

Proof. Fix such au and letU be the belief—closed set it generates. By Lemma 1, it has an
equivalent partitions model, sayl , which is weakly consistent. Obviouslly] is countable
sinceQ andU must be one—to—one. Let be the state il which is equivalent tai. By
Theorem 1, for any, we can find a partitions model satisfying common priors and a efate
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in that model such that the" order beliefs atoN are the same as thosedaffor all n < N.
Let uN be the world inU which is generated fromN by unraveling. By definitionuN is
consistent with the common prior assumption. Becatise the world generated by, uM
has the same parameter valueiamd has the sam#" order beliefs for each player agor all
n < N. HenceuN converges ta pointwise as\ — . That is,uN — u. |

In other words, every weakly consistent world which generates a countable belief-closed
set is arbitrarily close to a world with common priors.

In fact, every world is arbitrarily close to one which is weakly consistent and generates a
finite belief—closed set. Hen@veryworld is arbitrarily close to one consistent with common
priors. The proof of the following lemma is in the Appendix.

Lemma 2 For any world uc U, there exists a sequence of worldg'} converging to u such
that each I is weakly consistent and generates a finite belief—closed set.

Putting these results together gives

Theorem 3 For any world uc U, there exists a sequence of worldé'} converging to u such
that each ¥ is consistent with the common prior assumption. Hence the closure of the set of
worlds consistent with common priorslis

Proof. Fix any worldu € U. By Lemma 2, we know that this world is arbitrarily close to a
weakly consistent world generating a finite belief—closed subspace. By Theorem 2, each such
world is arbitrarily close to a world which is consistent with common priprs.

4.2 Methodological Implications

In a sense, this result says that dropping the common prior assumption adds (weakly) fewer
possibilities than dropping common knowledge assumptions. In other words, any prediction
we could obtain from a model with common knowledge and noncommon priors could also be
generated without common knowledge but with common priors, while the reverse may not be
true. In this sense, if we wish to generalize from the usual common knowledge and common
prior assumptions but to maintain as much predictive power as possible, it is better to drop
the common prior assumption than the common knowledge assumptions. To see the point,
suppose we knew that a particular outcome was possible in some state where certain facts were
common knowledge but priors were not the same. If these priors satisfy weak consistency, then
it would necessarily be true that this same outcome would be possible in a model with common
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priors but where the common knowledge facts are now only mutual knowledge of some high
but finite order.

Another methodological implication: If we are willing to assume weak consistency and
only care about beliefs up to some finite order, then there is no reason not to assume common
priors. Put differently, any (local) result which only depends on finitely many orders of belief
and which is proved with the common prior assumption is also true if we replace the common
prior assumption by weak consistency.

By “local,” | mean a result which is true about a state, not about the model as a whole. For
example, Aumann’s [1] agreeing to disagree result is a local result. The theorem hypothesizes
that posterior beliefs are common knowledge at a state and asks what else must be true at that
state. Similarly, no—trade theorems begin with the hypothesis that it is common knowledge at
a state that a particular trade is mutually beneficial and characterize other things which must
be true at that state. By contrast, Aumann’s [2] result characterizing correlated equilibrium
is a global result since it says what must be true in expectation over the entire set of states.
My result says nothing about global results since the translation | do requires changing global
properties of the model in order to preserve local properties.

Rephrasing this last methodological implication, we see that any result which requires com-
mon priors must depend on infinitely many orders of beliefs and hence on common knowledge
assumptions. For example, the fact that the agreeing to disagree result and no—trade theorems
don't hold without common priofsindicates that these results must also rely on their common
knowledge assumptions, a fact which is well-known.

4.3 Interpretation of the Common Prior Assumption

Given the controversial nature of the common prior assumption, it is natural to ask whether my
results are a defense or a criticism of the assumption. | believe one can find ammunition for
either position.

The points which support the common prior assumption are obvious. First, if we are only
interested in finitely many orders of beliefs about beliefs, then the common prior assumption
is really no stronger than weak consistency. Second, there is a sense in which every world is
arbitrarily close to one in which the common prior assumption holds.

On the other hand, we typically aret only interested in finitely many orders of beliefs
about beliefs. If we restrict attention to finitely many orders, we cannot discuss common
knowledge, making it obvious that this is quite a severe restriction. Similarly, the “closeness”

’See Morris [8] for a characterization how relaxations of the common prior assumption affect no—trade results.
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of a world with common priors is misleading: the topology in which we obtain this result is not
a topology in which our results are continuous. In other words, even though all possible beliefs
hierarchies are “close” to satisfying the common prior assumption, this does not say that all
behavior based on belief hierarchies is “close” to the behavior predicted by common priors.

One implication of the result can be taken as a criticism of the common prior assumption.
The result clearly shows that the common prior assumption is, primarily, an “infinite order”
restriction. That is, since it only imposes a minimal restriction on beliefs up to any finite order,
the primary bite of the assumption is on the full infinite hierarchy of beliefs. Since we know
that the common prior assumption has quite a lot of bite to it, the infinite order restrictions
must be strong. This fact makes clear that a (nontrivial) characterization of what the common
prior assumption means in terms of the hierarchies of beliefs at the actual world is likely to be
extremely difficult and perhaps uninterpretable.

12



A Proof of Theorem 1

Fix an arbitrary integeN. As noted in the text, weak consistency means that we may as
well assumey;(w) > 0 for all w e Q and alli € . For eachw, define a permutation(w) =
(11(w),..., 1 (w)) of {1,...,1} such that

H,(co)((*)) SMH]_(Q))(O‘))? J:177| -1

In other wordsj (w) renumbers the agents so that lower numbered agents give less prior prob-
ability to .

Define
and forj=2,....1,

Let

|
max(w) = _Zléj(w) = max{y (W), .., K (W)}
=

It is useful to define a functiof(i, w) giving the “rank”1 assigns to for w —that s, j(i,w) is
defined by

Lii (.o)((*)) =1

Note for future use that

j(i,0)

Y £5(00) = ()

=1
Also, let ‘) ()

B max w) —41(w
B=l+max—0 @

Let

ON=Qx{1,...,NI}.
Naturally, Ietf_N(co, k) = f(w). The common priop™ is given by
i (00, K) = az(w)
wherea > 0 is a constant to be determined ag(tw) is defined as follows. Fdt=1,...,1,
7(w) = £ (w)
Also,
z.,1(w) = (B+1)41(w) — max w).
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Finally, fork > | + 2,
2(00) = (B+1)Zi ().
If all the z’s are positive, then we can chooseso that thes¥’s sum to 1 and ensure that this

is a probability distribution. By constructiofi(w) > O for all k, strictly so fork = 1. Hence
this is a legitimate probability distribution as long as

Bl1(w) > max ) — £1(w)
which is guaranteed for adb from the definition ofp.
The partitions are as follows. First,
NN(W,1) = {(w,k) | we Mi(w) and k< j(w,i)}.

Forn=1,...,N—1,

B o w € Mj(w) and
I'IiN(w’,(n—l)|+J('7w)+1):{(w’k)‘ ke {(n=DI+j(i,0) + 1.1+ (i, 0)} }

Finally, for o’ such thatj(i,w') <1,
NN, (N= 1)1 +j(i,0)+1) = {(,K) | j(i,w) <1 andk e {(N=1)I +j(i,0) +1,...,NI}}.

It is not difficult to verify that the events so defined form a partitiorﬁé‘f. Let M N denote the
partitions model so constructed.

The key property of this construction is that certain conditional beliefs are preserved. The
following definition specifies the events for which these conditional beliefs are appropriately
preserved.

Definition 4 An event EC QN is Q—measurablé there exists BC Q such that
E={(wk) Q" |weB}.

In this case, call B th& projectionof E. An event E- QN is conditionallyQ—measurable for
i at (w, k) if there exists aff2—measurable event F such that

En NNwk)=F n NN(wk).
In this case, define th@ projection of E to be th€ projection of F.
Intuitively, if an eventE in QN is of the form{(w, k) | w € B}, then it naturally corresponds

to the evenB in Q — hence the nam@-measurable. Even E is notQ—measurable, it may
be true that conditional ors information,E may as well be in the sense that the conditional
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probability I attaches tcE is the same as what he would give to some event whid-s
measurable.

The construction given above guarantees that conditional probabilities attached to the con-
ditionally Q—measurable events correspond appropriately to the conditional probabilities given
the analogous events (. The following lemma states this more precisely.

Lemma 3 Forall w,uf € Q, alli,and all K < (N—1)I + j(i,of) + 1,

Zﬁ“[(w, k) | N (0, K)] = Wi[w| Mi(e)).

Hence for any i, angy, any K < (N—1)I + j(i,) + 1, and any event E which is conditionally
Q-measurable by i atw',K'), the probability i gives to E afw/, k') in M N is the same as the
probability i gives to the projection of E atw atM .

Proof of LemmapFirst, note that ito ¢ N;(«'), then the statement of the lemma holds trivially
since both sides of the equation are zero. So suppasé€l;(«f). Then we wish to show that

N (w,k i (w)

)
= (1)
keRi%Y,k’) 3 (@ keerior oy B (WK S e o) H(0))

whereR; (o, K) is the set ok such that(w, k) € MN(w/,K'). (Note that this is independent of
w as long aw € M;j(w').) To show this, first consideéd < j(i,«f). Fork' in this range, the
left—hand side of (1) is

2N _ z"“’“’)azk( )
W [(wk) | MY (W, 1)] = =L
kZl ' 2 e (af Zk 2 oz (o)
M(w)

> oen; (o) M (W)’
as was to be shown.

For k' strictly betweenj(i,w) and (N — 1)l + j(i,«f) + 1, the eveni'_IiN(w(,k’) takes the
form NN(o, (n— 1)1 + j(i,w) + 1) for somenin {1,...,N —1}. Analogously to the above,
for w e N;i(w'),

nl+j(i,w)

2N _ o
T (w0 | TN, (1 D) +j(,0) 1) = 2 ”n.i'f.’&f")“ 2
K1 2 W'eM;i (o) Zkfn Ik 42 OZ(@)
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After cancellinga from numerator and denominator, the numerator is

j(i,w)+I

|
B+ Yy Zk(w):(3+1)n—l{ > AW +z1(w)+(B+1) ;ék }
k=i o)+

k=] (o) +1

where, to cover the case ¢fi,w) = 1, we treatzﬁzzxk = 0 for anyx, sequence. (The de-
nominator is analogous, whes# replaceso and we sum ovew’ in IM;(w').) Substituting for
7. 1(w) on the right—hand side and rearranging gives

[ i(i,0)
<B+1>n—1{ > K@+@+D 3 Mw)—max(w)}
k=j(i)+1 k=1
(i,0)
= B+1)"™ {Zﬁk +B]z l(w max(w)}
i)
— (B+1)”*1[3 kz (W)
=1
= (B+1)" 'Bui(w).
Hence
2N . Hi ()
Z [(c,k) [ MY (o, (n—= D)1+ j(i,w) +1)] =

& S wren(uw) li(w’)’
as was to be showp.

| now use this lemma to show that for aay € Q, n'" order beliefs at stat, 1) in MN
are the same as" order beliefs aty in M for all n < N. | show this by demonstrating the
stronger statement that for al< N, all i, all o € Q, and allk' < (N —n)l + j(i,w), r's n"
order beliefs aty' in M are the same as hid order beliefs a((d K') in MN. This is shown
by simply establishing that all relevant event€Il are condltlonallp—measurable and then
appealing to Lemma 3.

The proof is by induction om. So first considen = 1. Note that the value of at a state
(w, k) is independent df. That is, for any value of, the event that the parameter takes on this
value isQ—measurable. Hence by Lemma 3, forigdll f, and allk’ < (N —1)I + j(i, o)+ 1,

I's first—order beliefs atw/, k') must be the same as his first-order belief&/at

So suppose we have established that for,all ' € Q, and allk’ < (N —n)I + j(i, o),
I's n" order beliefs at«/,k') in MN are the same as hig" order beliefs at' in M for
n=1,...,n—21wheren— 1< N. | now show that this implies that the same is truerfes n.

So fix anyi, anyw/, and anyk’ < (N —n)l + j(i,w). Recall that's n'" order beliefs are a
probability distribution on tuples consisting s&nd then™ order beliefs of the other players
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for all n < n. Fix any such tuple and |& denote the event where the parameter and lower order
beliefs take on this value. Suppo&e k) € E N MN(w/,K). Clearly, then, at everyw,k”),

we have the same value of the parameter since its value is independeniote from the
construction of partitions, that we must hadve (N —n)l + j(i,«'). Sincej(i,w) <1 for all

I, we have

K<(N=n)I+j(i,0d) < (N=n)I +1 < (N=(n=1)l +j(j, ).

By the induction hypothesis, then, for apy i, m's lower order beliefs atw, k) must be the
same as his lower order beliefs (@b, k”) for all K’ < (N —n+ 1)l + j(j,w) since both must
match his lower order beliefs atin the original model. Since, as shown above,

(N=n)l + j(i,w) < (N=n+1)I +j(j,w),

this implies thatE is conditionallyQ—measurable forat (', k). Hence by Lemma 3s nt"
order beliefs a{w, k') in MN must equal his'" order beliefs aty in M, completing the
proof.|1

B Proof of Lemmal

Supposear* is weakly consistent and generates a countable belief—closed suhkpldefine

a partitions model which is equivalent to it and is consistent. SQ letU. Definef by setting

f(u) equal to the projection af onto Sfor eachu € U. Define playen’s partition by setting
Mi(u) equal to the set af’ € U such that the projection af onto the type space faris the

same as the projection af In other wordsy’ € M;(u) if and only if I's type atu’ is the same
as his type atl. Obviously, this gives a partition for each player.

To define priors, first fix a probability distributiap on IM; for eachi where we require
@(m) > 0 for all e M. Then defina’s prior probability onu to be @ (M;(u)) times the
probability his type ati puts onu. It is easy to see that this definition gives a partitions model
which is equivalent tdJ. Also, by weak consistency, we know that every playat every
world u puts strictly positive probability on. Hencep; (u) > O for alli and allu € Q. Hence
the partitions model is weakly consisteht.

C Proof of Lemma 2

In light of Mertens—Zamir’s Theorem 3.1, we only need to show that given any world gen-
erating a finite belief—closed subspace, there is another arbitrarily nearby which is weakly
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consistent. Leu* denote a world which generates a finite belief—closed subspace ddd let
denote this subspace. Note that the finiteness$ fufr each player, everyu € U, and ever,
I's k" order beliefs ati have a finite support.

So fix a sequencéen} converging to zero from above. For eagke U, | construct a
sequence of worldéu"(u)} as follows. Lets(u) be the parameter value @{the projection of
uontoS). Lets(u) also be the parameter valuewd{u) for all n and allu. For any playet,
let I’s first—order beliefs ati"(u) be a convex combination of his first-order beliefsiand a
degenerate distribution with probability 1 sfu) with weight 1— €, on the former and,, on
the latter.

Second—order beliefs are slightly more complex. Plagesecond—order beliefs at'(u)
give the pair consisting a§(u) and the true first—order beliefs at(u) probability equal to
€n plus 1— g, times the probability’s second—order beliefs atgave to the pais(u) and the
true first—order beliefs at For the pair consisting &f{u’) and the first—order beliefs at(u'),
playeri gives probability 1- €, times the probability his second—order beliefs gave tos(U')
and the true first—order beliefs @t Probability 0 is given to any other pair.

We proceed analogously to this for higher levels. That s, pley&t” order beliefs ati"(u)
give the tuple consisting &{u) and the true lower order beliefsuait(u) probability equal tE,
plus 1— &, times the probability his beliefs atgave to the pair consisting sfu) and the true
lower order beliefs at. His beliefs give the tuple consisting sfu’) and the true lower order
beliefs atu"(u’) probability equal to 1- € times the probability his beliefs atgaves(u’) and
the true lower order beliefs at. Probability O is given to any other tuple.

It is easy to show that the following construction on the types space is equivalent. We
simply defineu"(u) to be the world with parametetu) and where the type of playeis the
one with beliefs equal to a convex combination of probability Ltu) and a distribution, say
&', described shortly, with weigle, on the former and % €, on the latter. The distributiod’
simply givesu"(u’) the same probability tha's type gaves’ at worldu.

By this construction, we see that these beliefs do indeed satisfy common knowledge of
coherence in the sense of Brandenburger and Dekel [3}'@0 € U for all n and allu €
U. The construction shows that eaghu) has the property that every player beliewBu)
possible at"(u) and that for each, U" = {u"(u) |u€ U } is belief—closed. Hence for eveny
andu € U, u"(u) is weakly consistent.

It is not hard to show by induction thaf'(u) — u asn — . To see this, note that for
any playern and anyu, I's first—order beliefs along the sequerfaé(u)} always have a finite
support. For any point, sa&), in the support of’s first—order beliefs at, there is a sequence of
points, say{s"} in the supports of his beliefs &t"(u)} converging tos' and the sequence of
probabilities given ta" converges to the probability giveshatu. This is, of course, sufficient
for convergence in the weakopology. Hence first—order beliefs for every player converge. But
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then this establishes precisely the analogous property for second—order beliefs, so that for every

playeri, I's second—order beliefs along the sequefiggu)} converge to his second—order

beliefs atu, etc. Hences"(u) converges pointwise — and therefore in the product topology —
tou.]
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