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Abstract

The Nash equilibrium solution concept for games is based on the assumption of ex-
pected utility maximization. Reference dependent utility functions (in which utility is
determined not only by an outcome, but also by the relationship of the outcome to a ref-
erence point) are a better predictor of behavior than expected utility. In particular, loss
aversion is an important element of such utility functions.

We extend games to include loss aversion characteristics of the players. We define
two types of loss-aversion equilibrium, a solution concept endogenizing reference points.
The two types reflect different types of updating of reference points during the game. In
equilibrium, reference points emerge as expressions of anticipation which are fulfilled.

We show existence of myopic loss-aversion equilibrium for any extended game, and
compare it to Nash equilibrium. Comparative statics show that an increase in loss aversion
of one player can affect her and other players’ payoffs in different directions.

Keywords: loss aversion, reference dependence, equilibrium.
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1 Introduction

Expected utility dominates the analysis of game-theoretic situations, despite overwhelming
evidence that it fails to adequately describe or predict human behavior. Kahneman and Tver-

sky’s (1979) prospect theory proposes an alternative to expected utility in which outcomes are
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evaluated with respect to a reference point. Seférence dependeantility functions are suc-
cessful in explaining many systematic deviations from the maximization of expected utility.
Rabin (1996) writes that “reference dependence deserves to be, and is gradually becoming, an

important part of economic modeling.”

The most striking result of the investigation of reference-dependent utility functions is the
existence of loss aversion. Experimental works in both the psychological and the economic
literature suggest that people are motivated to minimize losses (relative to a reference point)
much more than they are motivated to maximize gain. For example, Fishburn and Kochen-
berger (1979) empirically assessed utility functions over changes in wealth. They found that
the slope of the utility function below the reference point was on average almost five times as
steep as the slope above the reference point. Other examples emphasizing the different treat-
ment of losses and gains (and implicitly or explicitly implying reference dependence) are De
Dreu, Emans and Van de Vliert (1992), Kahneman and Tversky (1979), Kahneman, Knetsch
and Thaler (1990, 1991), Kramer (1989), Taylor (1991), and Tversky and Kaneman (1992)).
Gul (1991) axiomatizes disappointment aversion, which is closely related to loss aversion.
Gul's formula is that obtained when using a reference point for a lottery which is based on the
evaluation of the lottery. This is the path we take in the definition of consistent reference points

in Section 2.

The traditional definition of games ignores the possibility of reference dependent utility
functions, assigning for each player a single number to represent each possible (pure) outcome
resulting from a profile of pure strategies. These numbers are the von Neumann-Morgenstern
utilities of the players for the outcome given by the strategy profile. For any pair of lotteries
over outcomes, each player is assumed to prefer the lottery giving her a higher expected util-
ity. This embodies the risk-aversion characteristics of the players, but not the loss-aversion
characteristics, as can be seen from the following example. Assume that the possible (utility)
payoffs are 0, 2, and 4. With expected utility, the player is assumed to be indifferent between
a lottery giving probability 0.5 each of the outcomes 0 and 4, and receiving the outcome 2 for
sure. Assume the player was indifferent (ex ante) and chose the lottery. If the outcome was
0, ex post the player may “suffer” from the effects of loss-aversion, if her reference point was
above 0. The utility of the outcome may therefore be less than it would have been if the same

outcome were received, but it was expected for sure, and was not part of a lottery, and therefore



the reference point was zero. The loss-aversion characteristics cannot simply be embodied in
the payoff numbers of the game. This is true, as the utility of an outcome in a lottery depends
on the reference point, which would usually depend on all the possible outcomes of the lottery.
Thus an outcome will have possibly different utility values for different lotteries of which it is

a component. An example where reference dependence can help is the Allais (1953) paradox,
which demonstrates a systematic violation of expected utility maximization. Using a refer-
ence dependent utility function with loss aversion provides a robust justification for the modal

choices in the Allais paradox, as demonstrated by Example 1 in Section 4.

We extend the analysis of games to incorporate reference dependence and loss aversion.
We first give a formula, based on experimental results, that systematically relates outcomes
and reference points to utility. We assume an underlying utility function that translates out-
comes into values, and a loss aversion coefficient for each player that captures her level of loss
aversion. The values of outcomes are modified according to the reference point (and whether
they are gains or losses) and the loss-aversion coefficient to give the final utility of the outcome
for the player with respect to the reference point. The players’ preferences over lotteries are
assumed to be represented by the expectation of these final utilities (which depend on the ref-
erence point). In our solution concept we implicitly assume that the loss-aversion coefficients
of all players are common knowledge. While this may seem unrealistic, it is in fact no more
so than the standard assumption that the utilities of all possible outcomes for all players are

common knowledge.

Thus, given arextended gamevhich includes a game and a loss aversion coefficient for
each player, and given reference points for all the players, we can transform the game into a
new (standard) game with final utilities. This new game could be analyzed in the standard fash-
ion. However, this method sidesteps the important question of the significance of the reference
points. In experimental situations the reference points are manipulated by the experimenters
according to the framing of the outcomes. In contrast, in real life the reference points are
“manipulated” by experiences and anticipations. Kahneman (1992) provides a review of much
relevant work on reference points. We endogenize the reference points into the solution con-
cept, and in a solution the utility of the reference points will be equal to the utility of the
outcomes. This captures the “anticipation” characteristic of the reference points, that they rep-

resent beliefs about the outcome. This endogenization evaluates the utility of outcomes with



the same function as the local utility function given in Gul (1991), which is a special case of

Dekel's (1986) characterization of preferences with a weakening of the independence axiom.

We define doss-aversion equilibriunas a strategy profile in which for each player the
expected outcome (using loss aversion evaluation and thus giving higher weight to losses than
to gains) is equal to her reference point, and no unilateral deviation of a player from this strategy
can increase her utility. We define two types of loss-aversion equilibria, which are myopic loss-
aversion equilibrium and non-myopic loss-aversion equilibrium. The term myopia refers to the
updating of reference points as situations change. Since in simultaneous games there is no time
involved, the two notions are equivalent for such games, as we show in Section 3. In general
the two notions can differ in extensive form games, as shown by Examples 6 and 7 in Section 4.
The reference points have a dual interpretation in a loss aversion equilibrium: they are used to
evaluate payoffs (given values and loss aversion coefficients), and these same reference points

are equal to the expectation of the evaluated payoffs for each player.

The following results are proved in Section 3. Proposition 1 is that for simultaneous games,
the set of myopic loss-aversion equilibria is equal to the set of non-myopic loss-aversion equi-
libria. We show in Proposition 2 that any pure strategy Nash equilibrium of a game with
perfect information is also a loss aversion equilibrium (both myopic and non-myopic) of any
corresponding extended game. We prove existence of myopic loss aversion equilibria for any

game (Proposition 3).

If none of the players is loss averse then the loss aversion equilibria of an extended game
coincide with the Nash equilibria of the underlying standard game.

Loss aversion equilibrium, similarly to Nash equilibrium, does not select a unigue solution
for each games, but a set that may contain multiple elements. The number of loss aversion
equilibria in an extended game may be either higher, lower, or the same as the number of
Nash equilibria of the corresponding game before the extension (i.e. with no loss aversion).
Examples of all these cases are given, along with other examples of games and their loss-

aversion equilibria, in Section 4.

In Section 5 we perform some comparative statics, and show that an increase in loss aver-
sion of a player can affect both her and other players’ payoffs in both directions. We conclude

in Section 6 with some thoughts about possible experimental tests of the theoretical results of



the paper.

2 The Model

We deal mainly with games in extensive form. A formulation of games in extensive form can
be found in Chapter 3 of Fudenberg and Tirole (1991) We denote a gar@e bye set of
playersis |, which we take to be a finite set, thare-strategy spaces S for each playet, and

payoff functionsuive playeii’s von Neumann-Morgenstein utility (s) for each pure strategy
profilese S whereS= ]| S. We assume that these utilitiegs) are the basic values of the
outcome$, which should then be modified according to their relation to the reference points
and the loss aversion characteristics of the players, as explained in the next paragraphs. The
outcomes are assumed to be pure outcomes and not lotteries. This is without loss of generality,
as any lottery over pure outcomes can be represented by an additional level in the tree and a

move by nature.

An extended gaméG, (Aj)ic1 ) has an additional element, thess-aversion coefficients
the players. For playerA; € R, specifies the player’s degree of loss aversion. Higher values of
Ai represent more loss aversion. A value\pf= 0 characterizes an expected utility maximizer
(playeri’s utility function is not reference dependenhif= 0). Given a reference pointe R

and a basic utility valug; € R, the final (loss-aversion) utility of the player is given by

wt) = X ) o )
The utility function given by (1) is similar to the value function found experimentally by Tver-
sky and Kahneman (1992) for monetary prospects. Tversky and Kahneman found that the
value function (when the reference point is zero) has the approximatexfofor x > 0 and
—A(—x)% for x < 0. They found the median values@findA to be 0.88 and 2.25 respectively.

By using von Neumann-Morgenstern utility values instead of monetary values and using For-
mula (1), we retain the loss-aversion aspect of the utility function, which is that the function is
steeper for losses (relative to the reference point) than for gains. However, we cannot get the
“S"-shaped value function of prospect theory. Risk aversion and risk seeking are both included

1The basic value of an outcome is the utility of the outcome when the reference point is equal to the outcome.
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as possibilities of our specification, but not as a function of the reference point. WeXattow
vary for different players to reflect the heterogeneity of loss aversion. The existence and range
of heterogeneity has not been directly investigated empirically, but as discussed in Section 6

there is evidence to indicate that there exists such heterogeneity.

For exogenously given reference points, we can transform an extended game into a standard
game by evaluating the utility of each outcome of the game according to Formula (1). Given
an extended gam@, (Ai)ic1) and a vector of reference points R!, we define the transfor-
mation (to a standard gamie)G, A,r) = (G'), whereG' differs fromG only in the utility of the
outcomes for the players. The utility of each outcome for each player is transformed according
to Formula (1), using the appropriate reference points and loss-aversion coefficients. Thus, if
Sis the set of pure strategy profiles, then$ar S, u{(s) = vi(ui(s),ri).

We extend the utility function to include mixed strategies as follows. Denotg bye set
of playeri’s mixed strategies. Denofe= i) ;. If a mixed strategy profil® € % gives
probability ps(S) to each pure action profikec S, then the utility of player from Z when he
has a reference pointis given by

w; (0, ;) = Zspo(s)vi(ui (9),ri) 2
Sc
Note that the payoffs for playemre first defined on the outcomes (as a function of the player’s
reference point) and then defined for mixtures. This sequence is important for extended games,
as the payoffs are not linear in the reference points, and the reference point is used to evaluate
each pure outcome, and not the expected value of the outcome. Note also the implicit assump-
tion that the reference point is fixed. This assumption may not be valid when we deal with
extensive games that have more than one information set for a player, as the reference points
might change as the player receives new information about the actions of the other players
(possibly including moves by nature). We do not ignore this matter and we treat it when we
discriminate between types of loss aversion equilibria.

Definition 1

We say a reference point@®nsistentvith a lottery, if the utility evaluation of the lottery with
respect to the reference point is equal to the reference point. Formally, for a bogesng
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outcomes<t, ..., x" with respective probabilitiep’, ..., p", a reference point; is consistent

for a playern with loss-aversion coefficien; if

i = ip"vi(w(x"),ri)- (3)
J=I

The value of a consistent reference point for a lottery is analogous to the utility given by the
appropriate disappointment averse utility function as defined in Gul (1991).

For an extended gam@,A) and a mixed strategy profile € Z, denoteR(0) = {r; €
R | wi(o,ri) =r;}. This is the set of reference points that are consistent for playéh the

lottery over outcomes implied by the strategies
For an extended gani&, A), definer = max{max{u;(a) } } andr = min{min{vi(u;(s),T)}}.
iel " seS iel ~scS

Thus, for any lottery over outcomes, if the reference points are all in the intervalthe eval-

uated utilities of all players will also be in this interval.

The following lemma shows that for amy | and anyo € %, R (o) contains a single value:

Lemma 1 If (G, (Ai)ie1) is an extended game, then for akt il , and for allo € Z, the corre-

spondence Ro) is single-valued, and the value is in the inter\ar].

Proof: Takei € | ando € Z. wi(g,r;), viewed as a function af € R, is non-increasing and
continuous. The following three relations hold, definin@) = 5 s-sPs(S)Ui(S):

u(o) € [r.T] (4)
(5)
(6)

wi(o,r) = ui(0)

Y
1=

wi(o,T) < ui(o)

IA
=

Therefore, sincev;(o,T) is non-increasing and continuoustin there exists a unique’ € R

satisfyingw;(o,r") = r;". Moreoverr € [r,T]. m(Lemma 1)

As a consequence of Lemma 1 we can defifig) as a function with the value of the
unique element oR;(0). This function can be evaluated not just at the root of a game tree,
but also at any information set, and will give the consistent reference point for a player at that
information set, given his belief thatis the strategy profile being played.
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Definition 2

A strategy profileo € X is amyopic loss aversion equilibriuf (G, A) if there exists € R!
such thato is a Nash equilibrium of the transformed gain@s, A,r), and the payoff to the

players from usingy in L(G,A,r) isr.

There are two aspects of myopia in this definition. The first is that all evaluation is done at
the root of the tree. The players do not take into account possible changes of the reference point
as the game proceeds. This might be a reasonable assumption for situations where reference
points adjust slowly relatively to the duration of the game (or the actions are played by agents
of the player, who therefore does not update her expectations during the play). The second
aspect is that when evaluating a deviation, the player does not change her reference point,
even though the distribution of outcomes may change if she deviates. Here too, there are
situations where we might consider the reference point to be fixed and not shift in line with
contemplated deviations. Kahneman (1992) discusses how multiple reference points might be
used, and suggests that an important problem for future research is how multiple reference

points compete and combine.
Definition 3

A strategy profilec is a non-myopic loss-aversion equilibriuof (G,A) if for all i € I, all
o] € %, and for all information setg of playeri that are reached with positive probability
underao, the evaluation gt satifies

ri(0) > ri((0-i,01)), (7)

where(o_j,a}) signifies tha all playerg € | \ {i} play oj and playeii playso;.

We call these non-myopic loss-aversion equilibria, as a player considering a deviation takes
into account an appropriate change in her reference point that is consistent with her deviation.
Evaluation is done at each information set that might be reached, so all available informa-
tion is used when evaluating the lottery over outcomes implied by the strategies. Non-myopic
loss-aversion equilibria are therefore appropriate for situations where we would expect refer-
ence points to adjust swiftly (relative to the duration of the game), and where the players are
sophisticated and take into account these future expected changes in the reference point.
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Both these definitions endogenize the reference points into the model, and the reference
points serve both as comparison values to determine gains and losses, and also as anticipation

values which are rational, as they are reached in an equilibrium.

We show in Section 3 that the set of myopic loss-aversion equilibria coincides with the set
of non-myopic loss-aversion equilibria for games with only one information set for each player.
These are simultaneous games whose form is essentially captured by strategic form represen-
tation. The fact that there is no time for adjustment of reference points gives the intuition for
this result. In such games, all decisions must be taken before any relevant information about
other players’ decisions or realizations of chance moves is received. This equivalence result

does not hold in general for extensive form games as shown by Example 6 in Section 4.

3 Results

The first proposition we prove shows that non-myopic and myopic loss-aversion equilibrium
are identical for games where each player has only one information set, which is always
reached. For such games, time is not of the essence. The information available to a player
when she has to choose her action is no different from the information she had at the root of
the game tree. This proposition shows that the difference between myopic and non-myopic
loss-aversion equilibria comes from the differences in timing the updating of reference points,

and not from re-evaluating reference points when considering deviations.

Proposition 1 For any extended game where each player has exactly one information set,
which is reached on every path of play (a simultaneous game), the set of myopic loss-aversion

equilibria coincides with the set of non-myopic loss-aversion equilibria.

Proof: Take an extended gan{&,\) satisfying the requirements of the proposition. From
Definition 2 and Lemma 1, the set of myopic loss-aversion equilibrium is the se€ & that
satisfy

wi(a,ri(0)) > wi((o_i,a}),ri(o)) Viel, Vo €3;. (8)



From Definition 3 and Lemma 1, the set of non-myopic loss-aversion equilibrium is the set of
O € 2 that satisfy

wi(o,ri(0)) >wi((o_i,0)),ri((0_i,0)))) Viel, Vo] €. 9)

For this inequality we used the fact that each player has only one information set, and it is
always reached. Therefore, the information at this point is the same as the player had at the

root of the tree. From the definition of the functinfo), we have

wi(a,ri(0)) =ri(o) Viel, Vo] €3 (10)
and

wi((0_i,0)),ri((0_i,0)))) =ri((o_j,0))Vie l, Vo, € 5. (11)

We first show that (9) implies (8). Inequality (9) together with Equations (10) and (11)
impliesri(o) > ri((o_i,0})). Sincew; is continuous and monotonically non-increasing in its

second parameter, this implies
wi((o_i,0)),ri((0_i,0))) >wi((o_i,0)),ri(o)) Viel, Vo €gj. (12)

which together with (9) implies (8).

We now show the other direction. Inequality (8) and Equation (10) im{@y > w;((0_i,0}),ri(0)),
for alli € | and for alloj € %, so from continuity and monotonicity af; with respect to its
second parameter we can conclude th@) > ri((o_j,a{)), which implies (9), using Equa-
tions (10) and (11). m(Proposition 1)

The next proposition states that all pure strategy equilibria of an underlying game with
perfect information (no moves by nature) are loss-aversion equilibria of any extension of this

game.

Proposition 2 For any game G with perfect information, any pure-strategy Nash equilibrium
of G is both a myopic and a non-myopic loss-aversion equilibriug@ok) for anyA.

10



Proof: If o is a pure strategy equilibrium giving payo#s= (X )icI, theno is also a pure-
strategy equilibrium inL(G,A,x). This is true, since any deviation fromby a playeri in G
is not profitable, i.e. it gives no more than Therefore, inL(G,A,x) it also gives no more
thanx; as the payoffs il (G, A, x) are no higher than iG. Thus, the outcome af which also
givesx in L(G,A,x) cannot be improved on by a unilateral deviation, ansltherefore a loss-
aversion equilibrium. To show that the proposition holds also for non-myopic loss-aversion
equilibria, note first that with a profile of pure strateges a game of perfect information,
each information set is reached with probability one or probability zero. Exactly one terminal
node is reached with probability one, and the payoffs at this node are exactly the consistent
reference points of the players for the profile If a player has a deviation with a consistent
reference point that gives her more, then the same deviation gives a higher expected payoff
(without loss aversion evaluation) than thatoin contradiction with the assumption thats
a Nash equilibrium o6. m(Proposition 2)

Proposition 3 For any extended gam&, A), there exists a myopic loss-aversion equilibrium.

Proof:2 The proof is by the use of Kakutani’s fixed point theorem. Assume an extended
game(G,\). We define the correspondenédrom = x [r,7]! to itself as follows. (¢’,1') €
f(o,r) if of is a best response to ; in the gamd.(G,A,r) for all i € I, andr/ is the payoff to

i from (o],0_;) in the gamd_(G,A,r) foralli e I.

To apply Kakutani’s fixed point theorem we need to show that the domain is non-empty,
compact and convex and that the correspondence is nonempty, convex valued, and has a closed

graph.

Both the strategy space af[dr]' are non-empty, compact and convex, and therefore so is
their product. The correspondence is non-empty as for e\@m) and eachi there exists a
best response (at least one pure strategy is a best response)_; in L(G,A,r), and taking
ri as the payoff from(o],0_;) in L(G,A,r) we have an elemerft’,r’) in f(o,r). If there is
more than one best response for a playeghen all give the same payoff, and so does any
convex combination of the best responses, therefore the correspondence is convex valued. The
correspondence has a closed graph from the continuity of the payoffs as a functamdathe
fact that the best-response function has a closed graph.

2This proof was suggested by J-F. Mertens.
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Therefore, applying Kakutani’s fixed point theorem, there exisindr* such thaf{o*,r*) €
f(o*,r*). From the definition off, we have that™* is a myopic loss-aversion equilibrium of

(G,\), giving payoffs ofr*. m(Proposition 3)

The existence of non-myopic loss-aversion equilibrium is not guaranteed for non-simultaneous
games. An example of a game with no non-myopic loss-aversion equilibria is Example 7 in
Section 4. This might lead us to believe that we have used too restrictive a definition, as
non-emptiness is surely a desirable property of any solution concept. The basic cause of the
non-existence is as follows. The value of a final outcome that is possible given a strategy profile
could be different when evaluated as part of different lotteries (depending on how disappoint-
ing the outcome is, relative to the entire lottery). Requiring that the strategy of each player be
preferred to any other strategy (taking the strategies of the other players as fixed) at more than
one information set can lead to no strategies being preferred at all information sets. Without
an appropriate notion of timing of the game, it is difficult to suggest how to balance different
preferences at different nodes. This problem is sidestepped with the myopic concept, as time
doesn't enter in the evaluation and the reference point is fixed (as a function of the strategy
profile) before play starts. Another approach is that of Ferreira, Gilboa and Maschler (1995),
which deals with games with preferences that change during the play of the game. They give
a solution concept (credible equilibrium) that always exists. However, this concept makes as-
sumptions about the updating of preferences that are not suitable for the reference-dependent

utility function we use.

Remark: For any extended gam(&, ) with A; = 0 for alli € I, the set of loss aversion
equilbria (either myopic or non-myopic) ¢6,) coincides with the set of Nash equilibria of
G. This is obvious from the definitions, as the evaluation of any lottery for a playeiywit

gives the expected utility of this lottery.

4 Examples

This section provides some examples that clarify and exemplify the previous sections. Exam-
ple 1 demonstrates that the Allais paradox is no longer a paradox when loss aversion is taken
into account. Examples 2 and 3 examine two classical games, and shows how different levels
of loss aversion affect the equilibria of these games. Examples 4 and 5 are extreme cases show-
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ing that the number of Nash equilibria can be either greater or smaller than the number of loss
aversion equilibria. In Example 4 there is a unique loss aversion equilibrium and a continuum
of Nash equilibria. Example 5 gives the opposite situation, with a unique Nash equilibrium
and a continuum of loss aversion equilibria. Example 6 is an extensive form game where there
exists a uniqgue non-myopic loss aversion equilbrium and a unique myopic loss-aversion equi-
Ibrium, but they are completely different. Except for Examples 6 and 7, all the examples are
given in normal form, with the understanding that they represent simultaneous games, where

each player has a single information set.

Example 1

We start with a single-player decision problem, the Allais paradox, from Allais (1953), and
demonstrate that if we assume subjects are loss-averse there is no paradox. This was done in
Gul (1991), with disappointment aversion. Subjects were presented with two pairs of lotteries,
and asked to choose one from each pair. The first pair, lotteries A and B, are the following (in

Francs):

Lottery A

0 100m 500m
0 1 0

Outcome
Probability

Lottery B

0 100n 500m
0.01 089 01

Outcome
Probability

The second pair, lotteries C and D, are the following:
Lottery C

Outcome 0 100m 500m
Probability| 0.89 011 0

13



Lottery D

Outcome 0 100n 500m
Probability| 0.9 0 01

The modal choice was lotteries A and D, even though this selection is not consistent with
expected utility maximization for any utility values of the outcomes. However, for a subject
with a loss-aversion coefficient in the rar@ 10), which is the case with virtually all experi-

mental results, this selection of lotteries does not cause any contradictions.

We assume that a subject will evaluate a lottery using a reference point that is consistent
with the lottery (which is unique from Lemma 1). Thus, a lottery that has a higher consistent
reference point is preferred over a lottery with a lower consistent reference point. If the values
of the outcomes are 0 fon 1 for 500nand Q91 for 100n, then any subject with a loss aver-
sion coefficient abové will choose A over B, and any subject with a loss aversion coefficient

below 10 will choose D over C.

The remaining examples are of games with more than one player. The elements in each
square of the payoff matrices in the following examples are the values of the outcomes of the
relevant pure strategies. These values are transformed into final utilities (for given reference

points) according to Formula (1).
Example 2 The Battle of the Sexes

Boxing | Ballet
Boxing| 2,1 0,0
Ballet 0,0 1,2

The battle of the sexes has two pure-strategy Nash equilibria, (Boxing,Boxing) and (Bal-
let,Ballet), and one mixed strategy equilibrium with each player playing the strategy with

his/her most preferred outcome with probabi%ty

Both pure strategy equilibria are also loss aversion equilibria (Proposition 2). There is also
a mixed strategy equilibrium. It can be calculated by solving the following equations, which

14



specify that each player is indifferent between both of his/her strategies, given his/her reference
point, and that the reference point is equal to the utility of the expected outqgorepresents

the probability that player 1 plays Boxing agdhe probability that player 2 plays Boxing.
20+ (=Mr1)(1-0g) = -Ariq+(1-qg)=r (13)
—PA2rz+(1—p) = (—A2r2)p+2(1-p)=ry (14)

With the restriction thap andg are in[0, 1], there is a unique solution to these equations, which

is given (forA > 0) by®

_ —3—-2\+ \/9—1—8)\2(2—1—)\2)

0 _3_2)\1+\§\3+8?\1(2+7\1) (16)
1
o o_ T3VOEBNEEA) L, (17)

2\ (2+ M)

It can be verified thap is decreasing as a function & andq is increasing as a function of

A1. Eachr; is decreasing as a function ®f This means that a player who becomes more loss
averse has a higher probability of receiving his/her preferred outcome in the mixed-strategy
equilibrium, but receives a lower utility. A change in a player’s loss-aversion coefficient does

not affect the other player’s payoff in the mixed strategy loss-aversion equilibrium.

Example 3 Matching Pennies

For any values ofA; and Ay, the only loss-aversion equilibrium strategies in extended

matching pennies are for each player to play each pure strategy with prob%.b‘ll’lh]je payoffs

3There is a unique solution also for the case wigee 0, which is the limit of Equations (15)-(17) astends
to zero.
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and the reference points ate= ﬁ thus as a player becomes more loss averse, she receives

a lower payoff. The payoff of each player is not affected by a change in the loss-aversion
coefficient of the other player. We show in Section 5 that neither of these properties holds in
general.

We now give two examples to show that the number of loss-aversion equilibria in an ex-

tended game can be either higher or lower than the number of Nash equilibria in the underlying

game.
Example 4
L R
A|1,0|01
B|{O01|10
C|20|-1,1
D|-1,1| 2,0

This game has a continuum of Nash equilibria. In all of them player 2 mixes his two

strategies with probabilities, 3). Player 1's strategy is of the forta, B, —a, 2 — B), where

a andp are in|0, %]. WhenA = (1,1), there is only one loss-aversion equilibrium. Player 2

still mixes with probabilitieg 3, 3). Player 1 uses the mixed strate@y 3.,0,0).
Example 5

L R
1,0 ] 0,1
0,1 1,0
04,2/ 04,2

A
B
C

This game has a unique Nash equilibrium. Player 2 mixes his two strategies with proba-
bilities (3, 3). Player 1's strategy i63, 3,0). The extended game with= (1,1) has a contin-
uum of loss-aversion equilibria. In these, player 2 mixes with probabilities — o), where

% <a< ‘7‘, and player 1 plays the pure strategy C.

In Examples 2 and 3 the number of Nash equilibria is equal to the number of loss aversion
equilibria in any extension of these games. We therefore see that there is no fixed relationship
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Figure 1: The tree for Example 6

between the quantity of Nash equilibria in the underlying basic game and the number of loss

aversion equilibria in the extended games.

The following is an example of a one-player extensive form game which has different

myopic loss-aversion equilibria and non-myopic loss-aversion equilibria.
Example 6

The tree for this example is given in Figure 1.

There is one player, with = 1. There are two nodes belonging to nature (the hollow cir-
cles), and one decision node of the player (the solid square). We first calculate the myopic
loss-aversion equilibria. If the player chooses R, he faces the lottery giving O with probability
% and 21 with probability%, i.e. (0,0.5; 210.5). The reference point consistent with this
lottery is 7. If the player chooses L she faces the lot{€.5; 40 0.25; 100.25). The con-
sistent rerference point of this lottery i%,&so choosing L is the uniqgue myopic loss-aversion
equilibrium. We now calculate the non-myopic loss-aversion equilibria. Starting at the subtree
headed by the decision node, R gives 21 for sure, so has a consistent reference point of 21. L
gives(0.5,40; 05,10), with a consistent reference point of 20, so the only non-myopic loss-
aversion equilibrium is to choose R. We therefore see that the game has different non-myopic
and myopic loss-aversion equilibria. This difference can be understood as follows. In the non-
myopic equilibrium, when the player is called on to choose at her decision node, he adusts her
expectations to reflect the fact that she will not receive 0, and her reference point takes this
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Figure 2: The tree for Example 7

into account. In the myopic equilibrium, the player still has the 0 figuring in the calculation
of her reference point when she chooses between L and R, even though she will not receive
it. This happens when we have slow adjustment of reference points. Another interpretation
could be that a player (the principal) sends agents to play for her at her information sets, and
they are given their instructions in advance. If the principal is not sophisticated, she does not
take into account that when an agent will be called upon, this might convey information about
what has occurred in the game and this leads to myopic behavior. For this example, using a
reference point which still considers the possibility of receiving 0 makes the 10 of the second
lottery more attractive than it would be with a higher reference point, and therefore the lottery
is preferred to the sure 20 for this case.

The following is an example of a one-player extensive form game which has no non-myopic

loss-aversion equilibria.

Example 7

The tree for this example is given in Figure 2.

There is one player, with = 1. There are two nodes belonging to nature (the hollow
circles), and two decision nodes of the player (the solid squares). Note that if the player starts
with L then she is in the situation of Example 6. The following story is behind the decision
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tree. The first decision is whether to study at Harvard business sdhgadr(to get a job at
McDonalds Ry). If the business school is chosen, with probab%it;he fails in her studies (the

right branch) and gets a very low payoff, having spent much time and money. If she succeeds,
and is awarded her MBA (the left branch), she now has to decide whether to accept a job on
Wall street Ry) or try for a PhD [,), with probability of success equal §) The player has 4

pure strategies, which ac# = (L1, L), 62 = (L1,Ry), 63 = (R, L») anda* = (Ry, Ry). There

are no non-myopic loss-aversion equilibria in this game, according to the following reasoning.
At the first decision node, the player strictly prefersto all other strategies, as she evaluates

this outcome as equivalent to a sur§ 8rherefore, this is the only possible candidate for a

non-myopic loss-aversion equilibrium. However, at the second decisionafoidepreferred

to ol and therefores? is not a non-myopic loss-aversion equilibrium. The uniguadible
equilibrium of this game (see Ferreira, Gilboa and Maschler, 1995),is/hich is to take the

job at McDonalds, as the player is sophisticated enough to know that if she succeeded to get
her MBA, she would go for the job on Wall street, and she prefers the sure thing of McDonalds
to the 50:50 gamble between Wall street and failure.

5 Comparative Statics

It is not obvious how to compare loss-aversion equilibria of games with varying loss-aversion
coefficients, as the correspondence between loss aversion coefficients in extended games and
their respective loss-aversion equilibria is not continuous (similar to regular games and Nash

equilibria).

However, we can provide a number of examples which have unique loss-aversion equilibria
which show that increasing loss aversion of a player can either increase or decrease the payoffs

for the player herself and for the other players.

Example 3 (matching pennies) has a unique loss-aversion equilibrium for each value of

(A1,A2). This equilibrium gives payoffs o(fﬁ, lez). Thus, in this example, when a player
becomes more loss averse, she receives a lower payoff and the payoff of the other player re-
mains the same. The same happens in the payoffs of the mixed equilibrium of Example 2 (the

battle of the sexes).

19



We now give a 3-player game with a unique loss-aversion equilibrium for most values of
A (there are always unigue equilibrium strategies for players 1 and 2, and for almost all values
of A player 3 has a unique equilibrium strategy), and in which when player 1 becomes more

loss-averse, her payoff increases and the payoff of another player decreases.
Example 8

R L R
0,1,1 T14,0,045
1,0,1 B|O 2045
F S

The strategy sets of this game are as follows: Player 1 chooses either T or B. Player 2 chooses

2
B|O,

N O™

, 0 0,1,0.45
, 0 , 2,0,0.45

L or R, and player 3 chooses either F (the first matrix) or S (the second one). We now show
that the game extended with= (1,1, 1) has a unique loss-aversion equilibrium, and the same

applies for the game extended wikh= (2,1,1).

There are no pure-strategy equilibria for this game. We calculate the loss-aversion equilib-
rium as follows: using the calculations for Example 2 (note that the payoffs for players 1 and 2
are similar to those of the battle of the sexes for either choice of player 3), we find that in any
loss-aversion equilibrium the probability of player 1 playing T is

_ —3—-2A\+ \/9—1—8)\2(2—1—)\2)

=1 18

p o (18)
and the probability of player 2 playing L is

qzl_—3—2)\1+\/9+8)\1(2+)\1) (19)

2\

Faced with these strategies of players 1 and 2, playing F gives player 3 a pa@ﬁ’,cﬂnd
playing S gives player 3 a payoff of 0.45. Thereforeﬁ% # 0.45 there is a unique loss-

aversion equilibrium of the game.

ForA = (1,1,1), g = =>£Y38 ~ 0.37228, so playing F gives player 3 a payoff of approxi-
mately 0.457427, which is greater than 0.45. With player 3 playing F, players 1 and 2 also re-

ceive a payoff of#ﬁ ~ 0.457427. Therefore, the loss-aversion equilibrium¥er (1,1,1)
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hasp =g~ 0.37228, player 3 choosing F, and the payoffs are approximately 0.457427 for each
player.

For A = (2,1,1), p remains unchanged, amp= —75Y73 ~ 0.38600, so playing F gives
player 3 a payoff of approximately 0.44300, which is less than 0.45. Therefore, player 3

will play S. With player 3 playing S, players 2 receives a payoffiéﬁé#*—\/?’_3 ~ 0.457427,

and player 1 receives—i?jﬁ—\ﬁ_3 ~ 0.69300. Therefore, the loss-aversion equilibrium Xoe

(2,1,1) hasp~ 0.37228,g ~ 0.38600, player 3 choosing S, and the payoffs are approximately
(0.457427,0.69300,0.45).

In summary, as player 1's loss-aversion increased, her payoff increased, that of player 3
decreased and that of player 2 remained the same (by multiplying the payoffs of player 2 in the
second matrix by a positive constant, we could have her payoff increasing or decreasing). This
is not too surprising, recalling that the result is analogous to what occurs in the following pair

of three player games, using regular expected utility.

Example 9
Game 1:

L R L R
T/200/01,1 T]14,0,0.6/0,1,0.6
B|0,20|10,1 B|0,2,0.6/20,0.6

F S
Game 2

L R L R
T/1,0,0/0,1,1 T]120,0.6|0,1,0.6
B|10,20|10,1 B|0,2,0.6/2,0,0.6

F S

These are 3-player games differing only in two of player 1's payoffs which are lower in the
second game than in the first. Each game has a unique Nash equilibrium. The payoffs for the

Nash equilibrium of game 1 at(%, %, %). The payoffs for the Nash equilibrium of game 2 are

(1, %,0.6). Player 1's payoff is higher in the equilibrium of the second game (in which she had

lower payoffs), while player 3's payoff is lower in the equilibrium of the second game.
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6 Directions for future research

One of the goals of game theory is to make predictions. In the previous sections we have made
predictions of outcomes of games, when reference dependence and loss aversion are taken into
consideration. A first step in testing these results is to measure the loss aversion of individu-
als. Virtually all work on loss aversion has looked for averages, and not dealt with variations
between individuals. Significant differences between averages in different experiments could
indicate heterogeneity. A related project is to try to correlate the level of loss aversion of an
individual with factors such as age, social status, gender, culture etc. Such work has been
done on risk aversion, and experimental and empirical evidence shows that women are more
risk averse than mehSince many gambles naturally include outcomes both above and below
one’s reference point, increased loss aversion would lead to a higher measure of risk aversion.
An interesting hypothesis therefore, is that women are more loss averse than men. Once loss
aversion has been measured, experimental games could test the predictions of this paper. The
games would be such that differing levels of loss aversion would lead to different equilibrium
strategies. Since the results are based on the assumption that the loss-aversion characteristics
(as well as the payoffs) are common knowledge, there would have to be a stage where the

players learn about each other’s level of loss aversion.
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