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ABSTRACT. In this work we extend a result of Lehrer characterizing
the correlated equilibrium payoffs in undiscounted two player repeated
games with partial monitoring to the case in which the signals are per-
mitted to be stochastic. In particular we develop appropriate versions
of Lehrer’s concepts of “indistinguishable” and “more informative.” We
also show that any payoff associated with a (correlated) distribution on
strategy vectors in the stage game such that neither player can profitably
deviate from one of his strategies to another that is indistinguishable
and more informative is the payoff of a correlated equilibrium of the
supergame.
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1. INTRODUCTION

The folk theorem tells us that in a repeated game with perfect monitoring
any feasible and individually rational payoff is an equilibrium payoff as long
as the players are sufficiently patient. The original and cleanest version of
this result deals with undiscounted games.

Without perfect monitoring the result is not true. One may think of the
case in which no player ever learns anything about how the others played
as an extreme example. In a series of papers Lehrer (1990, 1991, 1992a,
1992b, 1992c) gave some characterization of the equilibrium payoffs in
undiscounted games with partial monitoring. Like the folk theorem (most
of) Lehrer’s results characterize the equilibrium payoffs in the repeated
game in terms of easily calculated aspects of the stage game. Lehrer’s work
deals with both two player games andn-player games. In this paper we will
deal with only the two player case.

The cleanest of Lehrer’s results deals with correlated equilibria. There is
a clear intuition as to why this should be the case. With partial monitoring
each player receives at the end of each stage some signal that depends on the
actions taken in that stage. In general different players will receive different
signals. Thus from the next stage on an equilibrium of the original game
will generate not a Nash equilibrium but rather a correlated equilibrium.

Lehrer considers the set of (correlated) distributions on vectors of moves
such that no player could gain by deviating in an undetectable way. He
shows that any payoff associated with such a distribution is achievable as a
correlated equilibrium of the supergame.

There are two aspects of the notion of a deviation being undetectable.
The first is that if player 1 changing from actions to actiont would lead
to a different signal to player 2 then that deviation would be detectable.
And even if this was only true if player 2 was taking some particular action
one could think of player 2 as occasionally taking that action to “check” on
player 1. Lehrer calls two actions of player 1 that generate the same signal
for player 2 whatever player 2 does “indistinguishable.” One might think
that a deviation that involved deviating from some action to an action that
was indistinguishable from it could not be detected. This however is not
true.

The problem is that while two actions may generate the same signal for
the other player they may not lead to the same information for the player
taking the action. Thus player 1 might get perfect information about the
action taken by player 2 if he takes actions and no information if he takes
actiont. Then player 2 could check if player 1 was playings when he was
expected to by requiring player 1 to take actions leading to different signals
to player 2 depending on what player 1 had learned about what player 2
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had done. If player 1 had deviated tot he would be unable to respond
appropriately.

Thus Lehrer defines also a notion of one strategy being “more informa-
tive” than another. A deviation from actions to t is undetectable ift is both
indistinguishable froms and more informative thans. Of course to make
the argument in the previous paragraph required player 2 to be able to tell if
player 1 was responding appropriately. Thus there must be actions by player
1 that lead to different signals to player 2. Lehrer called a game such that
each player had some possibility to communicate with the other through his
choice of action one with a “nontrivial signaling structure,” and his results
deal with games with such a signaling structure.

In this paper we extend one of Lehrer’s results. In Lehrer’s models the
signals are deterministic. That is, for given actions of the players the signals
to the players are determined. We extend the analysis to allow the signals
to be stochastic. This introduces some complications and requires some
statistical computations but the idea is in its essential features no different
than that developed by Lehrer. Much of the statistical computation is done
using Blackwell’s approachability theorem.

2. PRELIMINARIES

We start by recalling the definition of a repeated game. The notation and
definitions follow Sorin (1990) and Mertens, Sorin, and Zamir (1994).

We letI = f1;2g denote the set of players,Si for i = 1;2 the finite set of
actions for playeri in the stage game, andg : S= S1�S2 ! R

2 the payoff
function. We assume thatg is normalized to take values between 0 and 1.
We denote byG the normal form game defined byI , Si (i = 1;2) andg; by
Xi (i = 1;2) the set of mixed strategies of playeri, that is, probabilities on
Si, with X = X1�X2; and byg also the multilinear extension of the payoff
function toX.

The supergameΓ with stage gameG is played as follows: At stagen+1,
each player observes a signalai

n from some finite setAi , jointly generated
(perhaps stochasticly) bysn the vector of actions of the players in the pre-
vious stage. We assume perfect recall, that is, that each player remembers
the signals he received in the past and the actions he took. For notational
convenience we assume thatai

n reveals, at least,si
n. Thus playeri makes

his decision at stagen+1 based on the sequence of signalsfai
1;a

i
2; : : : ;a

i
ng.

Each playeri, at stagen+1, chooses a movesi
n+1 and the signalsan+1 are

generated, and each playeri is informed ofai
n+1. The game continues to

stagen+2. Finally the above description is commonly known.
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A play in the gameΓ is an infinite sequence(s1;g1;a1;s2; : : : ;an�1;sn;gn;an; : : :)
wheregn = g(sn), andan is the realization of the signal generated by the ac-
tion sn. The set of all plays is denoted byH∞. The initial part of a play end-
ing in stagen (that is, a finite sequence(s1;g1;a1;s2; : : : ;an�1;sn;gn;an)) is
called ann-history and the set of alln-histories isHn. The set of all histories
is H = [nHn.

We let Hn be theσ-algebra generated byHn, H∞ the productσ-algebra
_nHn, andH the inducedσ-algebra onH. Similarly we letHi

n be the set of
sequences(ai

1; : : : ;a
i
n)—recall that we assume that at each stageai reveals

si. And we letH i
n be theσ-algebra onH∞ generated byHi

n andH i be player
i’s information partition onH generated by the restriction of eachH i

n to Hn.
A pure strategy for playeri is a H i-measurable function fromH to Si.

A behavior strategy for playeri is aH i-measurable function fromH to Xi.
And a mixed strategy is a probability distribution over pure strategies.

A vector of behavior strategiesσ defines a probabilityPσ on (H∞;H∞).
We let γ̄n(σ) = Eσ(

1
n ∑n

m=1gm) denote the expected average payoff for the
first n stages underσ. For some such strategies these averages may not
converge in the usual sense. Thus, in order to be able to define equilibria in
the usual sense we use the notion of a Banach limit. For any Banach limitL
and for any pair of strategies this defines the payoff to that pair of strategies
and with the payoffs well defined the concept of equilibrium is defined in
the usual way. We call such equilibriaL-equilibria.

Definition 1. Let `∞ denote the space of all bounded sequences of real
numbers. A linear functionalF : `∞!R is called aBanach limitif F(fξng)�
limsup(fξng) for all fξng in `∞ andηn= ξn+1 for all n implies thatF(fηng)=
F(fξng).

We also define a somewhat stronger notion of equilibrium thanL-equilibrium,
that of uniform equilibria.

Definition 2. The strategyσ is auniform equilibriumif γ̄i
n(σ) converges

to somēγi(σ) and for allε > 0, there existsN such for alln> N, for eachi,
and for allτi , γ̄i

n(σ�i;τi)� γ̄i(σ)+ ε.

And we define the notion of correlated equilibria as the equilibria of the
game obtained from the original game by augmenting it with a correlation
device.

Definition 3. A correlation device c(for the player setI ) is a probability
space (E;E;P) together with subσ-fields(Ei)i2I of E. The extensionΓc of
a gameΓ by c is the game where first nature selectse from E according to
P, next each playeri in I is informed of the events inEi which containe,
thenΓ is played. Acorrelated equilibriumof Γ is a pair (c, equilibrium of
Γc).
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The previous two definitions are from Mertens, Sorin, and Zamir (1994).

3. THE MODEL WITH NON-STOCHASTIC SIGNALS

Here we develop formally the model of Lehrer of games with nonstochas-
tic signals. After each moves, each playeri observesai = Qi(s), whereQi

is a mapping fromS to some finite set of signalsAi . Recall that we assume
the game has perfect recall and thatQi revealsi’s move, that is, for any
vectors of actionssandt if si 6= t i thenQi(s) 6= Qi(t).

We now define what it means for a game to have a nontrivial signaling
structure. We shall be concerned only with games satisfying this condition.
Games for which this condition is not satisfied are quite easy to deal with,
since at least one of the players never observes anything about what the
other player is doing.

Definition 4 (Nontrivial signaling structure). A game is said to have a
nontrivial signaling structureif for both playersi = 1;2 there existssi in Si

andsj , t j in Sj with j 6= i such thatQi(si;sj) 6= Qi(si; t j).

Next we define the notion of actions being indistinguishable. This means
that the other player cannot tell them apart on the basis of the signal he
receives.

Definition 5 (Indistinguishable). Two strategies of playeri, si andt i are
said to beindistinguishableif Qj(si;sj) = Qj(t i;sj) for all sj in Sj .

And finally one action is more informative than another if taking the first
action gives at least as much information about what the other has done
as taking the second action. Since we shall only be concerned with situa-
tions in which actions are indistinguishable and one is more informative we
shall include the requirement that the actions be indistinguishable part of
the definition of more informative.

Definition 6 (More informative). One strategy of playeri, si , is said to
be more informativethan another,t i, if si andt i are indistinguishable and
Qi(t i;sj) 6= Qi(t i; t j) implies thatQi(si;sj) 6= Qi(si; t j) for all sj andt j in Sj .

This definition means that playeri always gets no more information on
j ’s move by playingt i than by playingsi .

Comment 1. The indistinguishable relation is an equivalence relation
and the more informative relation is a partial order. In particular, both are
transitive.

Let P be the set of probabilities onS (correlated moves). The payoff
function is extended toP by integration. The sets of equilibrium payoffs
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are characterized in terms of the sets

A i = fP2 P j∑
sj

P(si;sj)gi(si;sj)�∑
sj

P(si;sj)gi(t i;sj)

for all si; t i in Si with t i more informative thansig

We denote the set of correlated equilibrium payoffs byC∞, and the set of
individually rational payoffs byIR. Lehrer (1992a) proves the following
theorem.

Theorem 1. The set of payoffs of correlated equilibria equals g(A1\
A2)\ IR.

4. THE MODEL WITH STOCHASTIC SIGNALS

In this section we describe a model in which the signals are stochastic.
That is, the actions of the players determine the distribution of the generated
signals, not the actual realization. Given the actions(si;sj) of the players we
let θ((�; �) j si;sj) be the joint distribution on the space of signalsA=Ai�Aj .
We also denote the derived distributionθ j(� j si;sj) the marginal distribution
onAj and extend this to mixed strategies of playeri in the obvious way as

θ j(� j xi;sj) = ∑
si

xi(si)θ j(� j si;sj):

Definition 7 (Nontrivial signaling structure). A game is said to have a
nontrivial signaling structureif for both playersi = 1;2 there existssi in Si

andsj , t j in Sj with j 6= i such thatθi(� j si;sj) 6= θi(� j si; t j).

Logically, perhaps, we should use mixed strategies in the previous defini-
tion but it is trivially equivalent to use pure strategies. In the definitions that
follow we do need to explicitly consider mixed strategies. In the situation
in which the signaling is deterministic if there are no pure actions that are
indistinguishable from a given action then there can be no mixed actions
that are indistinguishable either. However the same is not true in the situa-
tion with stochastic signaling. Here the relevant notion of indistinguishable
is that the actions produce the same distribution on the signals of the other
player so that the other player could with some statistical test tell, with some
degree of certainty, which of the actions was being taken. And it could well
be that while the distributions on the signals of the others from two pure ac-
tions are both different from the distribution generated by a third action that
some mixture of the first two actions might generate exactly the distribution
generated by the third action. And since we need to consider mixed actions
when defining the set of actions indistinguishable from a given action it is
also necessary to define the notion of more informative for mixed actions.
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Definition 8 (Indistinguishable). Two mixed strategies of playeri, xi and
yi are said to beindistinguishableif θ j(� j xi ;sj) = θ j(� j yi;sj) for all sj in
Sj .

As in the model with non-stochastic signaling playerj can’t tell, on the
basis of the signal he received whether playeri playedxi or yi .

We use Blackwell’s (1951) idea of one experiment being more informa-
tive than another to define a notion of one strategy being more informative
than another in the setting in which signals are stochastic. We shall first
recall Blackwell’s definition in a more general setting.

Let M be the space of parameters in which we are interested. An ex-
periment consists ofΩ a set of possible observations andYm(�) a set of
probability distributions overΩ for everym in M .

Definition 9 (Blackwell, 1951). The experimentY1 is more informative
thanY2 if there existsLω1(�) (that is, for allω1 in Ω1, a probability dis-
tribution overΩ2) such that for allm in M , for all ω in Ω2, Y2

m(ω) =

∑ω12Ω1
Y1

m(ω1)Lω1(ω).

In the definition that follows we define one action to be more informative
than another if it is more informative in the sense of Blackwell about both
the action the other takes and the signal he receives. (That is, the space
of parameters specifies both the action taken and the signal observed by the
other.) Again this differs a little from the situation with deterministic signal-
ing. There the signal of the other was completely determined by the actions
and so there was no need for an independent concern with the observation
of the other.

Definition 10 (More informative). One mixed strategyxi of player i is
said to bemore informativethan anotheryi if xi andyi are indistinguishable
and there existLai (�) in ∆Ai (that is, for allai in Ai , a probability distribution
overAi) such that for allaj in Aj and for allsj in Sj ,

θi
(� j yi ;aj ;sj

) = ∑
ai2Ai

θi
(ai j xi ;aj ;sj

)Lai (�)

whereθi(ai j yi;aj ;sj) = ∑si yi(si)θ((ai;aj) j si;sj)=∑si yi(si)θ j(aj j si;sj).

Comment 2. Again, the indistinguishable relation is an equivalence re-
lation and the more informative relation is a partial order.

We now define the sets we will use to characterize the equilibrium pay-
offs. Let P be the set of probabilities onS (correlated moves) and extend
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the payoff toP by integration. Let

Ā i =fP2 P j∑
sj

P(si;sj)gi(si;sj)�∑
sj

P(si;sj)gi(yi;sj)

for all si in Si andyi in ∆Si with yi more informative thansig

=fP2 P j∑
sj

P(si;sj)gi(si;sj)�∑
sj

∑
si0

P(si;sj)gi(si0;sj)yi(si0 j si)

for all si;si0 in Si andyi in ∆Si with yi more informative thansig;

that is, the set of correlated strategies such that, when advised to playsi,
player i cannot gain by deviating toyi in ∆Si for any yi more informative
thansi .

5. PRELIMINARY RESULTS

In this section we prove two preliminary results. Both results and both
proofs are very minor modifications of results in Mertens, Sorin, and Za-
mir (1994). The first result is Proposition 4.5 from their Chapter IV and
the proof given here is a somewhat more detailed version of their proof
with some minor modifications to make clear that it does not depend on the
assumption of nonstochastic signaling.

Proposition 1. The payoff vector d is a uniform equilibrium payoff if and
only if there exists a decreasing sequenceεm converging to 0, and sequences
Nm and σm such thatσm is an εm-equilibrium in ΓNm leading to a payoff
within εm of d.

Proof. Necessity: Suppose thatσ is a uniform equilibrium with̄γi(σ) = di.
Take any decreasing sequenceεm converging to 0 and letσm=σ. Now, let
Nm be such thatjγ̄i

Nm
(σ)� γ̄i(σ)j < εm=2 for i = 1;2 and γ̄i

Nm
(σ�i;τi) �

γ̄i(σ)+ (εm=2) for i = 1;2 and for allτi . Thus γ̄i(σ) < γ̄i
Nm

(σ)+ (εm=2).
And

γ̄i
Nm

(σ�i;τi)� γ̄i(σ)+(εm=2)< γ̄i
Nm

(σ)+(εm=2)+(εm=2) = γ̄i
Nm

(σ)+ εm

for i = 1;2 and for allτi . That is,σ is anεm-equilibrium inΓNm leading to a
payoff withinεm of d.

Sufficiency: We constructσ such thatσ is a uniform equilibrium ofΓ.
That is,γ̄i

n(σ) converges tōγi(σ), and for anyε we can findN(ε) such that if
n>N(ε), thenγ̄i

n(σ�i;τ1)� γ̄i(σ)+ε, for bothi and allτi . This is equivalent
to showing that for anyε we can findN(ε) such that ifn> N(ε) thenσ is
anε-equilibrium ofΓ.

Define superblocksMm as a sequence oflm blocks of sizeNm and letσ
be playσm on eachNm block of Mm, that is, starting with an empty history
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after each cycle ofNm moves. Chooselm such thatNm+1=(lmNm) � εm+1.
It follows that if n is in Nm, σ is anε-equilibrium ofΓn.

The total gain from deviating in the stages up to the end of superblock
Mm�1 is at most∑m�1

k=1 εklkNk; the total gain from deviating from the end of
superblockMm�1 to the end of blockNm, the block which is just before the
one containingn, is less than or equal to(n�∑m�1

k=1 lkNk)εm; andNm�1 is
an upper bound on the gain from deviating in theNm block containingn.
Thus the most that either player can gain by deviating is

1
n
[

m�1

∑
k=1

εklkNk+(n�
m�1

∑
k=1

lkNk)εm+Nm�1]

<
1
n
[

m�1

∑
k=1

εklkNk+nεm+Nm]

<
∑m�1

k=1 εklkNk

∑m�1
k=1 lkNk

+ εm+
Nm

lm�1Nm�1

�
∑m�1

k=1 εklkNk

∑m�1
k=1 lkNk

+ εm+ εm:

Thusσ is a((∑m�1
k=1 εklkNk=∑m�1

k=1 lkNk)+2εm) equilibrium ofΓn. Now

∑m�1
k=1 εklkNk

∑m�1
k=1 lkNk

=
∑m0

k=1εklkNk

∑m�1
k=1 lkNk

+
∑m�1

k=m0+1εklkNk

∑m�1
k=1 lkNk

�
∑m0

k=1εklkNk

∑m�1
k=1 lkNk

+
∑m�1

k=m0+1εklkNk

∑m�1
k=m0+1 lkNk

:(1)

Now let m0 be such thatεm0 < ε=8 and letN1(ε) be such that ifn> N1(ε)
andn is in Mm, then∑m0

k=1εklkNk=∑m�1
k=1 lkNk < ε=8. Thus the first term in

the inequality (1) is less thanε=8. Also the second term is no more than
εm0+1 < ε=8. (Recall thatεm is a decreasing sequence.) Thus, for anyε > 0
if n is in Nm andn> N1(ε),

∑m�1
k=1 εklkNk

∑m�1
k=1 lkNk

+2εm< 4(ε=8) = ε=2

and sōγi
n(σ�i;τ1)� γ̄i

n(σ)+ (ε=2). And, by construction,̄γi
n(σ) converges

to γ̄i(σ). That is, we can findN2(ε) such that ifn> N2(ε), thenjγ̄i
n(σ)�

γ̄i(σ)j< ε=2. LettingN(ε) = maxfN1(ε);N2(ε)g we obtain that ifn> N(ε)
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then

γ̄i
n(σ

�i;τ1)� γ̄i
n(σ)+

ε
2

< γ̄i(σ)+
ε
2
+

ε
2

= γ̄i(σ)+ ε
and soσ is a uniform equilibrium ofΓn. Thus the proposition is proved.

Comment 3. The result remains true if we consider equilibria of the
game augmented by a correlation device. The proof of necessity is un-
changed. In the proof of sufficiency the strategy we constructed behaved
independently on each of theNm blocks. Thus the needed correlation de-
vice for theMm superblock would be the independent productlm copies of
the correlation device for the gameΓNm and the correlation device for the
whole game would be the product of the devices for the superblocks. Be-
cause of the way that the equilibrium strategy was constructed it would not
matter if the signals of the device were announced at the beginning of the
game or at the beginning of each block.

The following lemma is a (rather trivial) extension of Lemma 4.6 of
Chapter 4 of Mertens, Sorin, and Zamir (1994) to the stochastic signaling
case.

Lemma 1. In the two-person stochastic signaling supergame, given a
pure strategyσ1, at each history h player1 can use any (mixed) action y1

rather thanσ1(h)= s1 with y1 more informative than s1, while still inducing
the same probability distribution onH 2.

Proof. The signal distributions to player 2 will be the same if player 1 plays
y1 instead ofs1 because the two strategies are indistinguishable. Now at the
next stage sincey1 is more informative thans1, player 1 can generate the
same probability distribution over his space of signals if he had playeds1

from the signals that he actually observed when playingy1 and play accord-
ingly in the future.

6. THE MAIN RESULT

In this section we prove our main result, extending Lehrer’s result to
the model with stochastic signaling. Many of the details of the proof fol-
low quite closely the proof of Theorem 1 given in Mertens, Sorin, and Za-
mir (1994).

Theorem 2. The set of payoffs of correlated equilibria equals g(Ā1\
Ā2)\ IR.



10 JOHN HILLAS AND MIN LIU

Proof. We shall show thatC∞ � g(Ā1\ Ā2)\ IR�C∞. To show the first in-
clusion letd = (d1;d2) be anL-equilibrium payoff not ing(Ā1\ Ā2). (The
inclusion inIR is clear, because if not, the players will always be better off
by deviating to individual rational strategies contradicting the supposition
thatd was an equilibrium payoff.)

Now we show that any strategy leading to a payoff outsideg(Ā1\ Ā2)

cannot be a correlated equilibrium. The idea is simple. From such a strategy
a player can gain by replacing any action recommended to him by his most
preferred (mixed) action among those that are more informative than the
recommended action.

The equilibrium strategiesσ together with the correlation device give,
for each stagen, an induced distribution onS, which we denotePn. We let
P̄n =

1
n∑n

m=1Pm andP̃= L(P̄n). Thusd = g(P̃).
Now, for anyP in P we defineP1 in Ā1 that results when player 1 re-

places any action by one that is most preferred among those that are more
informative. First let the mapϕ1 : S1 ! X1 be such thatϕ1(s1) maximizes
∑s2 P(s1;s2)g1(y1;s2) on the setU = fy12X1 j y1 is more informative thans1g.
Now let P1(s1;s2) = ∑t1 ϕ1(t1)(s1)P(t1;s2). (The termϕ1(t1)(s1) is the
weight that the mixed actionϕ1(t1) puts on the actions1.)

Suppose that̃P is not inĀ1. Let ϕ̃1 be the map described in the previous
paragraph whenP= P̃. Letτ1 be obtained fromσ1, the equilibrium strategy
of player 1, by using, at each stage,ϕ̃1(s1) rather thans1 and generating
for the following stages (by adding some random element, if necessary) a
signal having the same distribution as the distribution on the signals that
would have resulted from usings1. Thus from Lemma 1

L(γ̄1
n(τ

1;σ2)) = g1(P̃1)> g1(P̃)

contradicting the supposition thatσ was an equilibrium.
To show the inclusion ofg(Ā1\ Ā2)\ IR in C∞ considerP in Ā1\ Ā2

with g(P) in IR. By Proposition 1 it is enough to construct, for anyε > 0,
anε-equilibrium in a finite game with payoff withinε of g(P). Let ε = 5ε1.

We construct the finite game in the following way. First we define a
block consisting of a large number of “normal” stages followed by a phase
in which each randomly chooses for the other the stage about which he is
to report, and then each reports the signal he observed at that stage. We can
accomplish this in such a way that

1. the fraction of “normal” stages is high
2. during the “normal” stages the players play in a way that leads to the

desired payoff,
3. each player communicates to the other with high accuracy the stage

that the other is to report, and
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4. neither player can profitable deviate without substantially changing
the distribution on the signals observed by the other player.

We next consider a larger block, consisting of a large number of the pre-
viously defined blocks. Since in the smaller blocks neither player could
profitably deviate without changing the distribution on the other player’s
signals, in the larger block each player can partition his observations into
two sets so that

1. if the other player has not deviated the observation will lie, with high
probability, in the first set, while

2. if the other player has deviated in a manner giving him a significant
gain the observation will, with high probability, lie in the second set.

Finally we put a large number of these larger blocks together so that for
almost all of those blocks there remains time to punish deviations.

We first observe that the hypothesis of nontrivial signaling means that
the players can communicate with each other. Whatever information they
wish to communicate can first be encoded as a binary number. Then player
2 has at least two strategiess2 and t2 and a strategys1 of player 1 with
θ1(� j s1;s2) 6= θ1(� j s1; t2). And similarly for player 1. Now if we want
player 2 to communicate a binary number we lets2 denote “0” andt2 denote
“1”. For example, if we want to have player 2 communicate the signal that
he observed we would label each signal inA2 with a binary number and
translate this to a sequence ofs2 and t2. If we wanted the information
communicated with high probability we would have to repeat each “1” or
“0” a large number of times. (Below we see that we do wish to communicate
the randomly chosen time accurately, but do not need to communicate the
observation accurately.) For future use we letW be the number of stages,
that is, digits, the players need to report their observed signal according to
some binary code.

The strategies are defined on blocks of stages of sizeN1 = 2n+2nK+

2W. For the first 2n stages of the block the players receive a recommenda-
tion from some correlation devicēR. The correlation devicēR is the inde-
pendent product of 2n copies of the probabilityRonΩ1�Ω2 = (S1[ (S1�
S2))� (S2[ (S2�S1)). The distributionR is obtained by taking the con-
vex combination of the uniform distribution onS (with probabilityη) and
P (with probability (1�η)) and independently announcing with probability
η to one of the players the move of his opponent. That is,

R(s) = (η=(#S)+(1�η)P(s))=(1+2η)

R(s1;fs2;s1g) = ηR(s)

R(fs1;s2g;s2
) = ηR(s):
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The device operates as follows. An outcome in(Ω1�Ω2)2n
is randomly

selected according tōR. Playeri is informed of its projection on(Ωi)2n
and

is asked to follow the projection of this on(Sk)2n
. Now, at every one of the

first 2n stages each move of each player is announced with positive probabil-
ity and for each pair of recommended moves there is a positive probability
that player 1 will also be told player 2’s recommendation. And similarly
there is a positive probability that player 1 will also be told player 2’s rec-
ommendation.

During the nextn subsequences ofK stages, during each subsequence,
player 1 plays an independent mixture (1=2;1=2) on the moves(s1; t1) at the
first stage. Once this move (s1 or t1) is realized, he plays the same action for
the followingK�1 stages. At the same time, player 2 playss2. We choose
s1; t1 ands2 so thatθ2(� j s1;s2) 6= θ2(� j t1;s2). For the nextn subsequences
we reverse the roles of players 1 and 2. These random moves are used to
generate random timesm2 andm1 independently and uniformly distributed
on the previous 2n stages and communicate them with a precision depending
onK.

Given ε1 let η < ε1=3. The following claim says that we can letK =

K(ε1;n) be such that each playeri hears correctlymi with probability at
least 1� ε1 and letn be such that(2nK(ε1;n)+ 2W))=2n � η. We leave
its proof until after we have completed the main part of the proof of the
theorem.

Claim 1. For anyε1 and n one can choose K= K(ε1;n) so that player 2
may with probability at least1�ε1 choose correctly the stage that player 1
is trying to tell him. And similarly with the roles reversed. Moreover the
K(ε1;n)’s can be chosen so that the fraction of time spent outside the “nor-
mal” part of the block converges to zero as n goes to infinity.

Finally during the last 2W stages the previously defined code is alterna-
tively used by each playeri (i = 1;2) to report the signal he got at stagemi

(i = 1;2). Note that neither player may know very well exactly what the
report of the other player was. But since in any case the signal that the other
player saw is not precisely known it does not make the proof any easier to
repeat the message until it is very likely to be accurately heard. All that re-
ally matters here is that there is some distribution on the signals that player
1 will observe when player 2 is reporting and that player 2 cannot generate
a similar distribution if he deviates in a way that gives him significant gains.

We now show that if a large numberM of theseN1 blocks put together
then each player may make a statistical test to check if the other player is
deviating—or at least to check if he is deviating very often. These statistical
calculations could be done directly. However a corollary of the approach-
ability theorem gives us the statistics in almost exactly the form we need.
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(See Appendix A for a brief discussion of games with vector payoffs and
the approachability theorem.)

Consider an artificial game with vector payoffs with the “stages” being
N1 blocks from the original game. LetS̃1 = fs̄1g be the action set of player
1 where ¯s1 means that player 1 follows the recommendation at each stage
in the original game. Player 2’s pure strategy setS̃2 in the artificial game is
the set of his pure strategies in theN1 block in the true game (including the
correlation device). We denote the equilibrium strategy of player 2 in the
original game by ¯s2.

Let v= #S1�#S2�#A1�2n+#S1�#S2�#A1�(#A1)W. We now define
the vector payoff of dimensionv+1 for this game. Each choice of action
by player 2 leads to a distribution over the histories in theN1 block. (Recall
that player 1 has only one action.) For the firstv dimensions we describe
the map from such histories to payoffs. For the final dimension we define
the payoff directly on the strategies.

The first large block has #S1�#S2�#A1�2n dimensions. In this block,
there are 2n “periods.” For each “period,” there are #S1� #S2� #A1 di-
mensions. Thus, each dimension of each “period” is indexed by a triple
(s1;s2;a1) with s1 in S1, s2 in S2, anda1 in A1. For each periodk= 1; : : : ;2n,
if in the original game, in stagek, player 1 was recommended to plays1 and
was told that player 2’s recommendation wass2 and player 1 observed sig-
nala1, then we put 1 in the (s1;s2;a1) dimension of periodk. Otherwise we
put 0.

The second large block of the vector payoff consists of #S1�#S2�#A1

parts. Each part is indexed by a particular (s1;s2;a1), meaning that in the
stage that player 1 randomly chose for player 2 to report in the original
game, player 1 had been told both players’ recommendations (s1;s2) and
had observeda1. Each part consists of(#A1)W dimensions, each indexed
by a particular sequence of observed signals of player 1. If in the stage he
choose for player 2 to report, player 1 received the recommendation(s1;s2),
observed the signala1 and then observed a particular sequence of signals
during player 2’s reporting stage we put 1 in the dimension with this index.
Otherwise we put 0.

The third block is the simplest. It has only one dimension, and we denote
it by c. We letc be 0 if player 2 does not deviate with positive probability
to an action which gives himε=3 more than following the recommendation
and 1 otherwise. LetV2 denote the set of strategies of player 2 that involve
such a deviation. Note that we are dealing here only with pure strategies.
We use the term“with positive probability” only because of the stochastic
signals and the randomizations of the correlation device.

Thus we have a map from the action space to probability distributions
overv+1 dimensional vectors of zeros and ones, a finite subset ofR

v+1,
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as required for the version of the approachability theorem given in Appen-
dix A. We denote this map bỹϕ : S̃2 ! ∆(f0;1gv+1). Notice that both the
first and second moments of all elements ofϕ̃(s2) are bounded by 1 for ev-
erys2. Moreover, since player 1 has only one strategy we can, without loss
of generality, assume that he observes the realized payoff.

Let ν̄ be the expected value of the firstv dimensions of the payoff vector
when player 2 plays ¯s2, that is, ν̄ = projEϕ̃(s̄2)ν, where proj denotes the
projection onto the firstv dimensions.

Let f̃ (s2) = Eϕ̃(s̄2)ν andZ = Cof f̃ (s2) j s2 2 S̃2g. Now (ν̄;0) = f̃ (s̄2) is
in Z. And (ν̄;δ) is not inZ for anyδ > 0. For suppose that(ν̄;δ) was inZ,
then(ν̄;δ) = ∑s22S̃2 αs2 f̃ (s2) with 0� αs2 � 1 and∑s2 αs2 = 1. The vector
(αs2) is essentially a mixed action putting positive weight on those strategies
involving positive probability of a deviation to an̄ε-gaining strategy (since
δ > 0). This means, the mixed action at one of the 2n stages of the original
game must involve distribution over player 2’s actions that gains him at
leastε̄ compared to his recommended action. By the construction ofĀ2,
this mixed action cannot be more informative than his recommended action.
“Not more informative” involves two possibilities. One possibility is that
the mixed action is not indistinguishable from the recommended action,
which gives different distributions over player 1’s signals and then leads to
a different distribution on one of the first blocks of the vector payoff. The
other possibility is that the distribution over player 2’s signals gives him less
information about player 1’s action and signal distribution. This means,
there is no function from his observation to his actions in the reporting
stage that will give the same distribution over his action as if he had played
as recommended, thus not the same distribution over player 1’s signals in
the reporting phase. This will make the second block of the vector payoff
different from(ν̄;δ).

Now letZδ = fν 2 Z j νv+1� δg. and letZ0 be the projection on the first
v dimensions ofZ(ε1=4). Clearlyν̄ is not inZ0 andZ0 is a closed and convex
set. Letd(Z0; ν̄) = 3q and letO0 be the openq-ball aroundZ0. (That is,
O0 = [z2Z0Bq(z).)

Let O1 = fν 2 [0;1]v+1 j eitherνv+1 < (ε1=3) or (ν1; : : : ;νv) 2O0g. No-
tice thatZ is contained inO1. Also let δn0 = d(Z; ν̄n0), whereν̄n0 is the
average payoff for the firstn0 stages of the artificial game.

Now, by Corollary 1 of Appendix A, Pr(supn0�Ma
δn0 � q) � 8=(q2Ma)

for any ε1 > 0 and any integerMa. In order to have 8=(q2Ma) � ε1, we
need to chooseMa� 8=(ε1q2).

We also want to make sure that if player 2 does follow the recommenda-
tion there will be a large probability that̄νn0 will be very close to the point
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(ν̄;0). Fork= 1; : : : ;v, by the Chebyshev Inequality,

Pr(j ν̄n0;k�E(ν̄n0;k) j�
q
p

v
)�

Var(ν̄n0;k)

(
qp
v)

2 �
v

n0q2

since Var(ν̄n0;k)� (1=n0). Also Pr(jν̄n0;v+1�E(ν̄n0;v+1)j= 0) = 1. Thus

Pr(j ν̄n0 �E(ν̄n0) j� q) = Pr(
q

(ν̄n0;1�E(ν̄n0;1))
2+ � � �+(ν̄n0;v�E(ν̄n0;v))

2� q)

= Pr(((ν̄n0;1�E(ν̄n0;1))
2+ � � �+(ν̄n0;v�E(ν̄n0;v))

2)� q2)

�
v

∑
k=1

Pr((ν̄n0;k�E(ν̄n0;k))
2�

q2

v
)

=

v

∑
k=1

Pr(jν̄n0;k�E(ν̄n0;k)j �
q
p

v
)

�
v2

n0q2 :

If we want this probability to be very small (at mostε1
2) the number of

stages has to be at leastMb = v2=(ε1
2q2).

Now the most that player 2 can gain in the final 2K(ε1;n)+2W stages is
ε1=3. And the most he can gain without playing a strategy inV2 is ε1=3.
Thus if he is to gainε1 he must deviate to a strategy inV2 at leastε1=3
fraction of the time. If he does this and is withinq of Z then(ν1; : : : ;νv)

must lie inO0. Also if ν̄n0 is within q of ν̄ then it is not inO0.
Let M �maxfMa;Mbg and letN2 = MN1 Thus in anN2 superblock, any

deviation from the recommended strategy which gives player 2 at leastε1
gain will be detected by player 1 with probability at least 1� ε1. If player
1 detects a deviation by player 2 he will hold player 2 to his individually
rational level for the rest of the game.

Let M0 be the smallest integer greater than 1=ε1 so that the relative size
of a blockN2 in games of lengthN = M0N2 is (almost exactly)ε1. Then for
any strategyτ2 and for the strategyσ1 we have described for player 1

γ̄2
N(σ

1;τ2)� ε1+(1� ε1)(γ2(P)+ ε1+
1
M

)+2ε1

= ε1+ γ2(P)+ ε1+
1
M
� ε1γ2(P)� ε2

1�
ε1

M
+2ε1

� γ1
(P)+5ε1

= γ1(P)+ ε0:

The reasoning is as follows. The firstN2 block in which player 2 deviates to
a strategy inV2 he will be undetected with probability at mostε1 in which
case he could obtain at most 1 (in every period). If he is detected in the first
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N2 block in which he deviated to a strategy inV2 he could have gained at
mostε1 by deviating to strategies not inV2 and could gain at most 1 for the
1=M of time of that block. Also, by construction, the equilibrium strategies
lead to a payoff that is within 2ε1 of γ2(P). (When following the described
strategies in anN1 block the equilibrium payoff differs by at mostε1 from
γ2(P) and the probability of player 1 observing a signal inO0 in someN1
block, and so punishing player 2, is at mostε1—or more accuratelyMε1

2

which is almost exactly the same thing.)

We now prove the claim that we made, but did not prove, above. This
will complete the proof of the result.

Proof of Claim 1.We divide player 1’s signal spaceA1 into two categories,
A1

0 andA1
1, according to the ratio of Pr(a1 j s1;s2)=Pr(a1 j s1; t2). If the ratio

is between 0 and 1 thena1 is in A1
1; if the ratio is larger than 1 thena1 is in

A1
0. Thus Pr(A1

0 j s
1;s2)> Pr(A1

0 j s
1; t2) and Pr(A1

1 j s
1;s2)< Pr(A1

1 j s
1; t2).

Let Y be the number of times in the sequence ofK trials that the observed
signal is inA1

0. Let Ps = Pr(A1
0 j s

1;s2);Pt = Pr(A1
0 j s

1; t2). If player 2 plays
s2, KPs = E(Y j s1;s2), and if player 2 playst2, KPt = E(Y j s1; t2).

We will next selectK so that Pr(Y � K(Ps+Pt)=2 j s1;s2) � ε1=n and
Pr(Y� K(Ps+Pt)=2 j s1; t2)� ε1=n. Then the probability that in any of the
n K-blocks thatYn will be in the wrong set is less thanε1.

If player 1 playss1 and player 2 playss2 thenE(Y j s1;s2) = KPs and
Var(Y j s1;s2) = KPs(1�Ps). Thus, from the Chebyshev Inequality,

Pr(Y � K(Ps+Pt)=2 j s1;s2) = Pr(Y�KPs� K(Pt �Ps)=2 j s1;s2)

� Pr(jY�KPs j� K(Ps�Pt)=2 j s1;s2
)

�
KPs(1�Ps)

(K(Ps�Pt)=2)2 =
4Ps(1�Ps)

K(Ps�Pt)
2 :

Similarly

Pr(Y �
1
2

K(Ps+Pt) j s
1; t2)�

4Pt(1�Pt)

K(Ps�Pt)
2 :

And so if we chooseK to be (the smallest integer greater than) 4n=(ε1(Ps�
Pt)

2)) then both probabilities will be less thanε1=n.
Also, K < (4n=(ε1(Ps�Pt)

2)))+1 and so

lim
n!∞

nK
2n � lim

n!∞

�
4n2

2nε1(Ps�Pt)
2 +

n
2n

�
= 0:

So (2nK(ε1;n)+ 2W)=2n converges to 0 asn goes to infinity and we can
choosen so that this is less thanη.
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Comment 4. In fact the set of payoffs to communication equilibria (see
Forges (1986)) is also the same set. Since the notion of communication
equilibrium is more general than that of correlated equilibrium one needs
only to check the inclusion ing(Ā1\ Ā2)\ IR. This proof is essentially
no different than the proof given for the inclusion of the set of payoffs to
correlated equilibria.

Comment 5. In the proof we used the notion ofL-equilibrium in prov-
ing the first inclusion and the notion of uniform equilibrium in proving the
second. In both cases this was the stronger result. Thus the result is proved
for both notions of equilibrium.

APPENDIX A. THE APPROACHABILITY THEOREM

In this appendix we give some of the basic results concerning matrix
games with vector payoffs. The results are due to Blackwell (1956) and
our treatment follows (in a less general setting) that of Mertens, Sorin, and
Zamir (1994).

As before we consider a finite stage game with pure action setsS1 andS2

and mixed action setsX1 andX2. Rather than having a payoff associated
with each pair of strategies we assume that there is a functionϕ from S=

S1�S2 to the set of probability distributions over some finite subset ofR
k.

The game is played more or less as before. At each stagen playeri chooses
an action inSi and then a pointgn is chosen at random according toϕ(s1

n;s
2
n).

Both players then obtain some signal that reveals for player 1, at least,gn.
We letḡn =

1
n ∑n

t=1gt .

Definition 11 (Approachable). A setC in Rk is said to beapproachable
by player 1 if there is a strategy for player 1 in the infinitely repeated game
for whichd(ḡn;C) converges to zero almost surely.

Let f (s1;s2) be the expected value ofϕ(s1;s2) and for anyx1 in X1 let
Z(x1) be the convex hull of the points inf∑s12S1 x1(s1) f (s1;s2) j s2 2 S2g.

Theorem 3(The approachability theorem). Let C be any closed set in
R

k. Suppose that for any g not in C there is x1 (= x1(g)) in X1 such that
the hyperplane through h(g) a closest point in C to g perpendicular to the
line segment between g and h(g) separates g from Z(x1(g)). Then C is ap-
proachable by player 1 using strategyσ1(�), a strategy depending on the
history only through̄gn where

σ1(ḡn) =

(
x1(ḡn) if n > 0 andḡn 62C;

arbitrary otherwise:
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With that strategy,

E(d(ḡn;C)2)� 4K=n(2)

and

P(sup
n�N

d(ḡn;C)� ε)� 8K=(ε2N):(3)

where K is a bound on the second order moments ofϕ(s1;s2) for all s1 and
s2.

We need, in fact, only one relatively simple implication of the approach-
ability theorem.

Corollary 1 (Mertens, Sorin, and Zamir, 1994, Corollary II.4.4). For any
x1 in X1 the set Z(x1) is approachable by player 1 using the constant strat-
egyσ1(�) = x1. And, again, with this strategy inequalities (2) and (3) hold.
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