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Abstract

This paper studies the evolution of effective pre-play communication
in games where a single communication round precedes a simultaneous-
move, complete-information game. The paper identifies stable outcomes
under population learning dynamics in which individuals with some proba-
bility replace their current strategy with a best reply against beliefs supported
on a sample of currently used strategies. It is shown that under these con-
ditions the effectiveness of one-sided pre-play communication is inversely
related to risk in the underlying game, and to the size of the message space.
Multi-sided communication can be shown to be more effective than one-
sided communication; i.e., risk and the size of the message space play no
role. This requires that all players communicate, have the same preferred
equilibrium and messages have some small a priori information content that
identifies message profiles that signal agreement on a strict equilibrium in
the underlying game.
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1 Introduction

This paper studies pre-play communication in games where a single communi-
cation round precedes a simultaneous-move, complete-information game. In the
communication round, a subset of players send a message from a finite message
space. Messages are costless and have no (or limited) a priori meaning. The main
concern of the paper is whether meaningful communication can evolve endoge-
nously under a large class of dynamic rules. We show that this is the case, even
if the dynamics are not restricted to be gradual. In addition, the departure from
gradual dynamics reveals two issues that are novel in the evolutionary literature
on pre-play communication; these are a role for risk in the underlying game, and
for the size of the message space. Both factors potentially hinder the evolution of
effective pre-play communication.

The result, that Pareto efficiency of an equilibrium alone is no guarantee for it
being reached via pre-play communication has an interesting precedent outside of
an evolutionary formulation. Aumann [1990] has argued that pre-play communi-
cation may not lead to Nash equilibrium, even if the underlying game has a unique
strict and efficient equilibrium.He illustrates his argument with a version of the
familiar Stag Huntgame, in which there is a tension between Pareto dominance
and Harsanyi and Selten’s [1988] risk dominance. It is interesting that the con-
cern about the effectiveness of pre-play communication in this game can be made
operational in a setting where messages have no a priori meaning.

The evolutionary literature on pre-play communication, as exemplified by
Bhaskar [1992], Fudenberg and Maskin [1991], Kim and Sobel [1993], Matsui
[1991], Sobel [1993] and WAfheryd [1991], has shown that meaningful com-
munication can evolve endogenously. Roughly, this approach envisions a large
population of players who are repeatedly and randomly matched to play a given
communication game. Players gradually adjust their strategies in the direction of
successful ones. If the players’ interests are sufficiently closely aligned, they will
learn over time to communicate successfully.

The evolutionary approach to pre-play communication thus far does not distin-
guish among equilibria according to their risk. In games with common interests,
the common interest outcome cannot be destabilized through evolutionary forces.
Intuitively this is so because the evolutionary process moves the population via

LFarrell [1988] argues that pre-play communication need not lead to a Nash equilibrium even
in a game with a unique Nash equilibrium.



mutations that affect only a small fraction of the entire population. Since the
mutant population is small, the strategic problem faced by the mutants in the post-
entry population reduces essentially to an optimization problem. The mutants face
no significant strategic uncertainty. This point is expressed most clearly in Sobel
[1993] where one player at a time gets to adjust his strategy while the strategies
used by the rest of the population remain unchanged.

The present paper refers to the same scenario, a large population of players
who are repeatedly and randomly matched. The paper departs from the above
mentioned evolutionary studies in not postulating that the population dynamics are
gradual. It does not rule out the possibility that large fractions of the population
adjust their strategies simultaneously or that some players try to anticipate the
population dynamics.

We propose a class of population learning dynamics where each individual
with some probability replaces its current strategy with a best reply to beliefs
that are supported on a sample of currently used strategies. The stable outcomes
of such dynamics can be conveniently characterized in terms of subsets of the
strategy spaceCurb (closed under rational behavior) retraq8asu and Weibull
[1991]) are minimal sets of strategies closed under inclusion of best replies; they
are convex and spanned by pure strategies. Curb retracts exist in every game and
always contain dcurb) equilibrium? We will show that if the dynamics reflect
multiple levels of depth of reasoning and cautious behavior among members of
the population, then in games with one-sided communication, curb equilibria will
be observed with high frequency. With multi-sided communication curb retracts
have no predictive power, unless we permit some prior differentiation of messages.
With such differentiation, curb retracts consist entirely of equilibria.

The paper contains two major results. The first deals with two-player gamesin
which only one of the players can send a message. Assume that in the underlying
game there is a unique strategy combination that maximizes the communicating
player’s payoff. Let this strategy combination be a strict equilibrium, i.e. its own
unique best reply. Fix the size of the message space and the number of strate-
gies in the underlying game. Then the payoffs associated with the communicating
player’s favorite equilibrium will be the only curb equilibrium payoffs in the com-
munication game, provided the communicating playeskat that equilibrium is
sufficiently low; with a message space of size two, the appropriate risk measure

2Hurkens [1995] examines an alternative dynamic whose stable outcomes can also be charac-
terized via curb set. His dynamic is inspired by Young's [1993] learning dynamic.



is related to, and in the case of a symmetric2-game, coincides with Harsanyi
and Selten’s [1988] definition of risk-dominance fox 2-games.

The second major result concerns multi-sided communicatioN-player
games in which all players can talk and messages hanted information con-
tent (LIC). LICis modelled via an (arbitrarily) small variation in payoffs in the
communication game that links message profiles to equilibria in the underlying
game3 We suggest a way to amend our dynamics that would generate such mes-
sage space differentiation endogenously.

WithoutLIC, the curb condition has no predictive power in games with multi-
sided communication. WithIC, the curb concept distinguishes two-sided from
one-sided communicatiohlC does not affect the results with one-sided commu-
nication. However, with two-sided communication, and a unique strict common
interest equilibrium in the underlying game, only the payoffs of that equilibrium
are curb equilibrium payoffs in the communication game.

The paper is organized as follows. The next section discusses two examples
to motivate the results on one-sided communication. Section 3 introduces the dy-
namics and characterizes their stable outcomes. Sections 4 and 5 deal with one-
and multi-sided communication, respectively. Section 6 concludes with a discus-
sion of the literature and some thoughts about the appearance of risk dominance
here and elsewhere in the literature.

2 Examples: Dodo and Stag Hunt

This section examines the evolution of effective pre-play communication for two
underlying games. The examples show that risk in the underlying game matters
under a simple adaptive rule.

For future reference it is useful to recall Harsanyi and Selten’s definition of
risk dominance. We will confine ourselves to symmetric games to simplify the
exposition. Consider the gan@&, below and assume that> ¢ andb < d such
that(U,L) and (D, R) are two strict Nash equilibria. According to Harsanyi and
Selten(U, L) risk dominategD,R) if a—c > d— b and vice versa, whera—c
(d — b) is the deviation loss associated with the risk dominant (risk dominated)
equilibrium?

3Examples in the literature where communication games are analyzed after adding such small
payoff variations include Blume, Kim and Sobel [1993] and Hurkens [1993].
4t is also true thatU, L) is risk dominant exactly when the probability of the column player

3



L R

U |aal b,c

D|cb| dd
Go

An example of such a game @&,;, which Binmore calldDodo. Assume for
the moment that players can rely on a commonly understood language. Then, itis
commonly accepted (see for example Farrell and Rabin [1996] and the references
therein) that we would expect the row player's announcement “I will playo
be believed by the column player. After all, the messagelissignalingi.e., the
row player wants it to be believed if and only if it is true. It is atsdf-committing,
because conditional on it being believed the row player prefers to conform to his
announcement.

L R L R
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GameG; is a version of Rousseau&ag Hunt.Just like in gamé&s, players
have common interests; i.e., there is a unique efficient payoff vector. Nevertheless
Aumann [1990] has used tt&tag Huntgame to argue that pre-play communi-
cation need not lead to Nash equilibrium. Suppose that without pre-play com-
munication players are (say by convention) coordinated on the ineffidefR)
equilibrium. This could be the result of payoffs having changed over time; e.g.,
the Pareto dominant equilibrium could correspond to switching to a technology
that has recently improved. Would it help if a player were able to make a pre-play
announcement? Not necessarily. Presumably the row player wants to convince the
column player to play. and thus might announce to playherself. The problem
is that he wants to induce the column player to glayo matter what he intends
to play herself. If he is not completely convinced that his announcement is suc-
cessful, he may well plaip. If that possibility is given sufficient weight by the
column player, he will playR himself. According this argument pre-play com-
munication is not successful in ti&tag Huntgame because a message does not

playingL which makes the row player indifferent betwaérmandL is less than 2.
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reveal anything about the intentions of the announcer; the message “l willplay
is not self-signaling.

Aumann’s analysis of his example suggests one reason for why pre-play com-
munication need not be effective in games with multiple Pareto-ranked equilibria.
It is less clear what conclusions to draw from it about the role of pre-play commu-
nication in general. There are at least four reasons for reexamining the difficulty
with pre-play communication in Aumann’s example. Two of these can be illus-
trated by varying the stag hunt gani® andG,4 below.

L R L R
Uu|99/698U |99 0,6

D (86977 D|60| 7,7
Gs3 Gy

First, Aumann’s argument does apply to ga@eand yet its force seems to
be diminished in this gaméJ is optimal for player 1 for a wide range of beliefs,
which lessens the burden on communication to discreditBh&) equilibrium?
Second, there may be reason’s for communication to be ineffective, even if Au-
mann’s argument does not apply; this is illustrated by g@neHaving made an
utterance such as “l intend to plal;” in gameGy, player one must have a high
degree of confidence in its effectiveness before following his own recommenda-
tion becaus® is a best reply against a large set of beliefs. Third, Farrell and Rabin
[1996] insist even in Aumann’s original example that sedf-committingproperty
of the message “I will play U” is enough to ensure its effectiveness. Fourth and
related to the last point, the distinction made between the roles of pre-play com-
munication inDodovs Stag Hunts informal and relies on an interpretation of the
status of a commonly understood language.

This paper attempts to formalize the concern about the effectiveness of pre-
play communication in Aumann’s example without assuming that messages have
an a priori meaning; rather, like the evolutionary literature, we ask under what
conditions meaningful communication can evolve endogenously, and show that
these conditions are related to risk in the underlying game. The above examples
show that there is no containment relationship between risk considerations and

5According to Aumann [1990] David Kreps has a raised a similar point. Aumann argues, the
fact that the efficient outcome appears likely in this game should not be attributed to a role for
communication.



Aumann’s argument. And yet, the two are relatedGg let a > d > b, and

a > c. By raisingc, we both increase the risk &f and make it more likely that
Aumann’s argument applies; loosely speaking both Aumann’s argument and the
risk argument are monotonic @

Consider two large finite equal-sized populations of communicating and silent
players. They repeatedly play the following communication game. In each period
each of the communicating players is randomly matched with a silent player. The
communicating player sends one of two messagesy m,, and then both players
play the underlying game, which is eith@q or G,. The reduced normal forms
of the communication games correspondindptmlo and Stag Hunt,denoted by
m; andm, are shown below.

LL LR RL RR LL LR RL RR
(m,U)|3,3] 3,3/ 0,0 0,0 (m,U)|9,9|99] 08 0,
(m,D)| 0,0/ 0,0] 1,2 1,1 (my,D)|8,0|8,0] 7,7 7.7
(m,U)| 3,3 0,0/ 3,3 0,0 (my,U)|9,9| 0,8 9,9 0,
(m,D)| 0,0| 1,1| 0,0 1,1 (m,D)|8,0| 7,7| 8,0 7.7

LA m

Suppose play evolves according to a simple adaptive rule. In each period each
player uses last period’s strategy with probability one-half or else moves to a best
reply against last period’s population play; if there are multiple pure best replies,
he randomizes uniformly.

What can be said about the long run properties of this dynamic process in
either game? Consider firSi. One can show that irrespective of the initial distri-
bution of population play, the postulated dynamic process will almost surely con-
verge to the seQ of strategies consisting of all mixtures @fy,U) and(mp,U)
for the row player and of all mixtures &, LR andRL for the column player. To
see this note that from any initial state, there is positive probability, bounded away
from zero, that in two steps the population moves to a state where all players of a



given kind use the same strategy. From any such state, there exists a sequence of
best-reply iterations which takes the population i@tm no more than two steps;

these sequences all have probability bounded away from zero. Thus, from any ini-
tial state, the probability that after four perio@ds not reached is bounded away

from one. This implies that from any initial stat@ s reached almost surely. Fur-
thermore, once the process has ent€etcan never leav€) because strategies
outside ofQ are never best replies against beliefs concentratégl on

Next consider the s in the gamd ,. The same argument as above shows
that from any initial stateQ is reached almost surely. However, far, the setQ
is not invariant under the dynamic process. To understand this observe that there
is a bounded number of steps, such that from any initial stafethre population
moves to a state where half of the silent players use the strafegnd the other
half uses the stratedyL. At that point none of the strategies@are a best reply
for the communicating players, and the process &xigth positive probability.

In the next section we characterize the stable outcomes of a class of dynamics
in the spirit of this example. We will use this characterization in the subsequent
sections to analyze the roles of message space size, risk and message differentia-
tion in communication games

3 Dynamics

This section proposes a class of population learning dynamics for finite games and
characterizes its stable outcomes in terms of the curb retracts of those games.
For a finite strategic form gam@ with player setP andP = #(P) let S;
be playerp’s set of pure strategies, with typical elemegtand let%, be his
set of mixed strategies, with typical elemesy. S and % are the sets of pure
and mixed strategy profileso is a strategy profile and_, a partial profile
that excludes playep’s mixed strategy. Denote the convex hull of any Zdiy
co(Z). MBRy(+) is playerp’s (mixed) best reply correspondence and MBR=
x5-1MBRp(0 ). QC ZisaretractifQ = x§_;Qp whereQ, C X, is nonempty,
closed and convex. A retra@is acurb retractif for all 0 € Q, MBR(0) C Q,
and if Q is a minimal retract with that property. A Nash equilibrium contained in
acurb retractis called acurb equilibrium.

In every finite game there is at least aneb retractand acurb equilibrium.
Curb retractsare spanned by pure strategies; i.e., with any mixed stratggy
Qp, Qp contains all pure strategies in the carrieogf Therefore we can (and will)



identify any curb retract with the set of pure strategies that span the retract. The
intersection of two retracts closed under inclusion of best replies is itself closed
under inclusion of best repliés.

Curb retracts are attractive because they conveniently characterize the stable
outcomes for a large class of learning dynamics. We propose a claspola-
tion learning dynamicgor finite games played between multiple populations of
players. We show that every dynamic in this class converges almost surely to a
set of states that is supported on a curb retract and that from states supported on
a curb retract every other state supported on the same curb retract is reached with
positive probability in finite time. Those dynamics in this class in which play-
ers are cautious and reason at sufficient depth have an additional property: If a
player has a dominant strategy in a curb retract, then conditional on reaching that
set individuals representing that player will use the dominant strategy with high
probability.

Consider any finite gamé& with player setP whose cardinality we denote
by P. P also denotes the set of populations from which individuals are drawn at
random in any given period to play the gai@elLet S, denote the finite set of
strategies available to a player from populatpa P, andS:= x pcp Sp. Assume
that #p) > #(S,) for every populatiom. For every set of strategie§, C S, let
A(Xp) stand for the set of probability distributions with suppst and forX C S
let A(X) := xpcpA(Xp) indicate the set of uncorrelated distributions supported
on X, and letA%(X) denote all those uncorrelated distributionsXrhat have
full support. LetBRy(A(X)) denote the set of playgr's pure best replies to
uncorrelated beliefs supported Brand definBR(A(X)) := x pcp BRp(A(X)).

At each timet the state of populatiop € P is the vectorwp = {St }icp Of
strategies adopted by each memibafrpopulationp. The statew = {wpt}pep at
timet is the concatenation of all timtepopulation states. Writ@ for the set of
all possible states.

The dynamic process da follows a transition rulep(-|-) where@(oy 1|ux) is
the probability that the state in peribg 1 will be w1 given that it isw in period
t. The transition rule is a function of individual agent behavior. Agents enter
periodt with their adopted strategy: and use that strategy to play the ga@e
with various random selections of players from other populations. Through these
random matches agents gain information about the strategies currently in use by
members of the different populations. With probabiNtyl > A > 0, an individual

6For more on curb sets see Basu and Weibull [1991], Balkenborg [1992] and Hurkens [1993].



is active and uses his information to update his strategy, with probab#ity e
is inactive and adopts last period’s strategy, in which sase = s;.

Denote byX;y the set of pure strategies that an active individgap observes
at timet among individuals in populatiop’. This will be a subset of the strategies
currently in use in that population. Cal; := x ycp Xy individuali’'s sample
at timet. Active individuals adopt strategies that are best replies to some belief
based on their sample.

Define the operatoB by B(X) := X UBR(A(X)) and letBX be its K-fold
iteration. For each active individuiaE p and for allp € P define

S (%it) == {Sp € Splsp € BRy(A(B (X))},

and
Sk (%) := {sp € Splsp € BRy(A%(B (X)) }-

We complete the description of individual agent behavior by imposing the
following restrictions on the rules by which active agents adopt new strategies. For
an active agentwith periodt sampleX;;, whoreasons at depth K, K 0, assume
that Prolds 1,1 = Sp|Xit } > Oifand only ifs, € S¢(Xit). Ifin addition, the agent is
g-cautiousthen Prolfs ¢ 1 € 2 (Xit)} > 1—¢, wheree € (0,1). These transition
probabilities are time-invariant. Note that we allow tiat= 0 and agents need
not bee-cautious, unless explicitly assumed otherwise.

For anyX C S, there exists & such that for alt > T, B"(X) = B'(X),
since B(-) is monotone and is finite. Let suppw) := {s€ Jvpe P, Ji €
P, = Sp} and defing(w) ;= min{t € N |[B**(supgw)) = B'(supgw))}. Then
W(w) := B! (supf{w)) is closed under the inclusion of best replies and thus
contains a curb retract for atb € Q. For any curb retracQ defineK(Q) :=
max{t(w)|supdw) € Q}.

For any curb retradf call the set of state® € Q in which every individual
I € p has adopted a strategy € Qp the curb-state sesupported orQ. The class
of dynamic processes described above consists of Markov chains with stationary
transition probabilitiesp(-|-) on the state spac@. The stable set of states for
such a process are the so caltedurrent communication classe$the process.

The recurrent communication classes are subsef® sifich that (i) from every

state there is a finite length sequence of positive probability transitions to at least
one of these classes, (ii) within each class every state can be reached from every
other state via a finite length sequence of positive probability transitions, and (iii)
no state outside one of the classes can be reached from a state inside through a

9



positive probability transition. The following result identifies the curb-state sets
as the recurrent communication classes for any population learning dy@amic

Proposition 1 (1) The curb-state sets are the recurrent communication classes of
every population learning dynamig (2) From any initial state, the population
learning dynamic converges almost surely to a curb-state set. (3)dfRis a

curb retract in which a player g P has a dominant strategy (with respect to Q)
Sp € S, and players reason at least at depti®) and areg-cautious, then for all
active ic p and t> 0, Prob(s; {11 = Sp/supfux) € Q) > 1—¢.

Proof: For anyw € Q and anyX C S ¢ induces a probability?’ (X |w) that the
support of the state periods from the present will €. There exists a number
of periodsT such thatPT (W(w)|w) > 0 Vw € Q. To see this note that each
s € BR(A(supfdwx))) has positive probability of being in the support ©f, 1.
Since 1- A > 0, any s € supfdwx) also has positive probability of being in the
support ofty ;1. Since #p) > #(Sp), there is positive probability that all strategies
in B(supdw)) are present in the population stabe ; in periodt+ 1. Let T =
max{t(w)|we Q}.

Once supfuwx) = W(w) for somew € Q, there is positive probability of all
agents being active and drawing a sample whose support is contained in the same
curb retract. Thus, from all initial states the dynamic ends up in a curb-state set
with positive probability after no more thdii = T + 1 periods. Once the dynamic
has entered a curb-state it will not leave it and sinc®T (W(w)|w) >0 Yw e
Q C Q, all states inQ are reached with positive probability from any other state
in Q.

Let O c Q be the subset of states that belong to some curb-state set. Since
there are only finitely many state$jt>0: Vo e Q,

Prob(ey ;1 € Qlay = w) > =
Prot( i ¢ QJox = 0) < (1-19*.
Therefore the probability that the dynamic process will never réaehjuals

lim (1—-mk=0.

k—o0

If supp(wx) € Q, whereQ is a curb set and players reason at least at depth
K(Q), then the support of their samp¥g will be contained imQ foralliec p, pe
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P andS(X;;) = Q. Thus, with probability of at least 4 €, active players will use
a best reply against a belief &(Q), which must be the dominant strategy with
respect td for players with such a strategy. O

Thus, in the long-run we expect the dynamic to end up in a curb-state set; once
a curb-state set is reached, the dynamic never leaves it and returns to every one
of its member states with positive probability, regardless of the initial state. This
much requires neither multiple levels of depth of reasoning nor caution on part of
the individuals. With caution and depth of reasoning, strategies that are dominated
with respect to a curb set will be used with low probability. The communication
games considered in the next section have curb sets in which every strategy profile
that does not use a strategy dominated with respect to that curb set is an equilib-
rium. This characteristic, shared with many normal form games derived from an
extensive form, lends credence to the focus on curb equilibria in our analysis.

4 One-Sided Communication

In this section we generalize our observation alidodo versusStag Hunt.First

we derive a necessary condition on message space size for one-sided communi-
cation to be effective. Next we provide a complementary sufficient condition.
Then we specialize the sufficient condition for the case of only two messages,
and finally we specialize it further for the case where the underlying game is a
symmetric 2< 2-game. In each of these cases the result is that effective commu-
nication is a stable outcome for our population learning dynamics, ifisfeof

the preferred equilibrium is low relative tastandard of comparisotihat depends

on the size of the underlying game and the size of the message space.

In the general setting the standard of comparison is inversely related to both
the size of the message space and the size of the underlying game. Both of these
factors increase the number of possible strategies, which can be interpreted as in-
creasing strategic uncertainty. With only two message the standard of comparison
becomes independent of the size of the underlying game (and trivially the mes-
sage space). If the underlying game is in addition a symmetti@-gjame, then
the appropriate condition reduces to Harsanyi and Selten’s [XB&&]ominance
criterion.

Denote the strategies of the row (column) player in the underlying gaine
i €1l (j €J). Letthe row player be player one and the column player be player
two with payoffsuk(i, j), k= 1,2. Assume that the underlying game has multiple
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strict Nash equilibria; this is the interesting case. Assume also that there is a
unique strategy combinatidn j) that maximizes the row player’s payoff, i.e.

(i,))= arg[p_%ml(i, i

and that this strategy combination is a strict Nash equilibrium. Examples of such
games ardodo, Stag Huntand theBattle of the Sexed.et M be the message
space available to player one in the communication g, M). In this game
player one first sends a message from thd/sghen both players play the game
G. Player one’s strategies in the reduced normal form of the communication game
are of the form(m,i) with me M andi € |. Player two’s strategies are functions
f that map messages € M into actionsj € J. Let F(G,M) be the set of pure
strategies of player two in the communication game induce& tand M, and
denote the cardinality of any finite sEtby #(X). We will require M) > 2 to
ensure that the communication game does not become degenerate.

Our first result demonstrates that a restriction on the size of the message space
is a necessary condition for one-sided communication to be effective.

A

Proposition 2 For every game Gand every strict equilibriuni, |) # (f, ])in G,
if the message space M is sufficiently large, i.e.,

then there exists a curb equilibrium in the communication game with paydff ), uo(i, J)).

Thus, for any gam& we can find a message space large enough to ensure that
communication does not discriminate among the game’s strict equilibria. Note
that if the underlying gam6 is a 2x 2-game, then the bound on message space
size is the ratio of the deviation losses that enter Harsanyi and Selten’s definition
of risk dominance.

The idea of the proof is simple. First, one shows that every curb set of the
communication game contains every strategy of the silent player that responds to
one message witfiand to all other messages withThis follows from iterating
best replies and the fact that any best reply against a strategy of the sender can
be altered arbitrarily after unused messages, and still be a best reply. Second, one
considers beliefs of the communicating player that are concentrated on this set of
strategies and assign equal probability to all strategies in the set. Clearly, the more

12



messages, the more attractive &gainst such beliefs. In contrast taking action
becomes increasingly risky as the number of messages increases. How attractive
i will be depends on how weil does against mixtures gfand | versus how
well other actions do against such mixtures. This creates the trade-off between
message space size and payoffs that appears in the statement of the proposition.
Since(l, |) is a strict equilibrium, a sufficiently large message space guarantees
thati will be the unique best reply against the postulated beliefs.
Proof: First, we show that player one’s preferred equilibriin]) appears as a
continuation equilibrium in any curb retract of the communication game, regard-
less of the size of the message space.(bet) be any strategy of the sender that
is part of a curb retradd. With at least two messages, there exists a best reply,
f, for player two such thaf (m) = |, m’ # m. Therefore,(m,i) € Qi, and the
profile ((m,1), f) is a curb equilibrium.

Next we show that if the size &l satisfies the condition stated in the propo-
sition, then other strict equilibria will also appear in the curb set.(Lg} be any
other strict equilibrium of5. Consider the set of strategiEsof the form

e-ficrmfm={L fm=m 4,
{ { |

| otherwise’

Note that each of the strategiesknis in Q,, whereQ contains the curb equi-

A

librium ((n,1), f). To see this observe that the strateythat responds to all

A~

messages with) is a best reply tdn,1), and in turn all strategies of the form
(m, f) are inQ,. Each of the strategies I is a best reply against one of the latter
strategies.

The sefF is constructed such that if player one believes that player two uses a
strategy inF, but is not certain which of these strategies is used, then regardless
of which message he considers, actida very attractive. Suppose player one
has beliefs corresponding to uniform randomization over the set of strafegfes

~

player two. Against such beliefs, any stratégyi) gives player one the payoff

)+ T

Any strategy of the fornim,i), i #1, yields the payoff




The former payoff is larger than the latter exactly when

A ~ A

ug(i, J) —ua(i, )
U]_(i,j) _ul(i7j).

#M)—-1>

O

Having demonstrated that in our environment a restriction on message space
size is necessary for effective communication to emerge, we now turn to devel-
oping a sufficient condition. In doing so, we let Proposition 2 guide us. From
that proposition we learn that message space size matters because it increases the
number of strategies in which player two respondsdamemessage with (player
one’s) preferred equilibrium action but responds with other actions after differ-
ent messages. We learn also that deviation losses matter, because they provide a
measure of the payoff impact of these other actions.

Define the set of strategies of player two which sometimes respond with the
preferred action as

F(G,M) :={f e F(G,M)|(3meM: f(m) = |)}.
We will develop a sufficient condition, with an analog to the ratio of deviation
losses from Proposition 2. This will be a measure of risk. Harsanyi and Sel-
ten’s deviation losses only involve equilibrium actions. Here however, player one
has to consideall of his alternative actions if he is uncertain about which mes-
sages induce the preferred respoasdwhich responses are induced otherwise.
If effective communication is to be stable, it will be necessary that even under
unfavorable beliefs, player one does not abandon the efficient acfitve least
favorable condition for actionis one where player two is omniscient, minimizes
player one’s payoff from actionand maximizes player one’s payoff from ev-
ery other action. This concern with extreme beliefs is necessary because player
two’s responses are mediated by messages and there may be only one (unknown)
message that induces the desired respgniethat vein, define a risk measure
p((i,]),G) for the equilibrium(i, ) that trades off player one’s payoff from that
equilibrium against the possibility of facing the kind of omniscient player two
described above. Let

NN maxj Uy (i, j) —minjuy (i, j)

P 1),6) = max e e i, )

This is a measure of the risk of player one at the equilibrium). The risk of the

A A

equilibrium(i, j) to player one decreases if his payoff at that equilibrium increases
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or if the worst outcome from playing his equilibrium strategynproves. Rela-

tive to any alternative strategythe risk increases if the maximum payoff from
that strategy increases. Finally, only the maximal risk relative to any alternative
strategy matters. Note that this measure is invariant with respect to positive affine
transformations of the payoff function.

We introduce other risk measures below that are appropriate for the case of
only two messages or can be used to compare risks among multiple strict Nash
equilibria. However, the measuperemains central because it permits statements
about the most general class of games. In that regard, it may appear as a limitation
that p applies only to games in which there is a unique maximizer for player
one’s payoff and this is a strict Nash equilibrium. Thus, it is worth pointing out
that outside this class of games no general results on effective communication
are available. This follows because in every curb set of the communication game
the communicating player's maximum payoff will be attained by some strategy
combination. If in the underlying game this maximum payoff is not attained at a
strict equilibrium then iterating best replies can lead to large curb sets which may
include multiple equilibria with different payoffs. For example, take any version
of Dodoand add a dominated stratelgy(far right) for the silent (column) player
such that(D,F) maximizes the communicating (row) player's payoff. In any
corresponding communication game with at least two messages, there is a unique
curb set, which contains of all strategies of the communicating player and nearly
all strategies of the silent player (only the strategy which uses the dominated reply
after every message is ruled out). This explains our restriction on the underlying
class of games, which is reflected in our risk measure.

Our next result states that, for a given size of the message space, if risk is
sufficiently small, then communication will be effective. We will construct a curb
retractQ that for the communicating player is spanned by all strategies of the form
(m, f), and for the silent player is spanned by all strategies that respond wth
somemessage. A condition relating the risk @ff) to the size of the message
space ensures that strategies of the famyi), i # i, are never best replies against
any beliefs oveQ. The max and min operators in the risk measure come from
constructing a worst case scenario for beliefs concentrat€d onwhich player
one believes that the messagenduces player one’s favorite reply giverand
alternative messagésnduce player one’s worst reply giverwith high proba-
bility. Even in such a worst case scenario one can always find a mdstzge
induces the reply with probability of at least 1#(F (G,M)). The cardinality of
the seﬂf(G, M) is also the number of strategies of the silent play&p &nd is an
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increasing function of the number of messages; no belief concentrai®dan
assign weight less than the reciprocal of that number to all strategtg&irvl).
Thus, for any beliefs concentrated @ the communicating player can ensure
that the weight ofi, (i, ) in his expected payoffs is at least(F (G,M)) for one

of his strategies i, say (I, |) Slnce( j) is the unique profile that maximizes
her payoff, if the possible payoffs from other strategy profiie§), i #1, i, in the
underlying game are not “too high,” this suffices to maké) a strictly better
reply than(m,i). The risk measure makes the meaning of “too high” precise. The
following proposition summarizes this discussion.

Proposition 3 Letl1(G, M) be a one-sided communication game with underlying
game G and message space,Mnd riskp((i, |),G) at player one’s preferred
equilibrium. Suppose the following relation holds betwgé(, j),G) and the
cardinality #(F (G,M)) of player two’s set of strategies that respond wjithfter
some message. .

= > p((i,]),G).
wFew -1 Do
Then (a) the retract Q= Qq x Qo := {cof{ (M) }mem} x {CO{F (G,M)}} is the
unique curb retract il ;1 (G,M), and (b) the payoffs in all curb equilibria of the
communication game; (G, M) are yc(i, j), k= 1,2.

Proof: We begin showing thad is closed under inclusion of best replies. Con-
sider player two. By assumption,is player two’s unique best reply idan the
underlying game. Thus, against beliefs concentrate@gnas defined in the
statement of the proposition, any stratefgyvnh f'(m) # j Vme M has a strictly
lower expected payoff thahwheref(m) = | Yme M.

Turn to player one and suppose, to derive a contradiction(tha}, i #1, is
a best reply for player one against belidfsoncentrated o@,. Let A(f) be the
probability assigned to stratedyby A. Let F(m, j) := {f € F(G,M)|f(m) = j};
this is the set of all strategies ﬁ(G, M) that respond to messagewith actionj.
Then the payoffs from strategiés,i) andl, | satisfy

> > wErn=3 3 ur(f, DA(F) VI #m.
JeJ feF(m,j) Jedfer(l,))
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Note that finiteness df(G,M) implies that at least one strategy in this set has
probability bounded away from zero, i.e.

max A(f)> !

.- >
feF(GM) #(F(G,M))

Letf carg ma ¢ g m) A(f) be a strategy with maximum probability#{G, M),
and without loss of generality Idte F (1, J). Then the above payoff relation be-
tween strategie@n,i) and(l,i) implies that

ug(i, F(mM)A(F) + (1—A(f))mjaxu1(i, j)>

uy(i, DA(F) + (1= A()) mjinul(f, j)-
For this condition to be satisfied it is necessary ¥di < 1; thus we can rewrite

it as ~
1i(;()1?)(ul(f,f) m]axul( J))<mjaxu1(| j)— mjinul(faj),

which implies

TR L]

in violation of the condition in the proposition. Thus, for a stratégyi) out-
side of Q; to be a best reply to beliefs concentrated@mn the condition in the
proposition must be violated. If it hold3is closed under inclusion of best replies.

To see tha@ is minimal among retracts closed under inclusion of best replies
consider the following: The strategly(m) = j Vme M is a best reply to any
strategy inQ;. All strategies inQ; are best replies té(m) = j Yme M. Any
strategy inQ, is a best reply to some strategy@j by construction.

To establish uniqueness it suffices to show that for an@seQ that is closed
under best replleQﬂQ;«é O:1f (M) e Q,i #1,andj is a best reply to, then
there exists arf € Q, such thatf (M) = j, and f( m) = | ¥Ym+ m. Thus for all
m #m, {(m,i), f} € QN Q. This shows tha@ is the unique curb retract in the
communication game.

It remains to show that all equilibria in the game restricte@toave payoffs
uk(T, J). Since(i, J) is a strict Nash equilibrium in the underlying garog(l, J) is
player two’s maximal payoff in the communication game restricteQ.t®layer
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two can guarantee himself that payoff@ Whenever player two get%z(f, f),
player one gets (i, |) in the game restricted 10. O

The preceding two propositions concern the impact of message space size on
the dynamic stability of efficient communication outcomes. And yet, it takes only
two messages to destabilize inefficient outcomes. Moreover, we will show that
with only two messages we can employ a less conservative risk measure. Define

this alternative risk measure as

This measure turns out to be closely related Harsanyi and Selten’s definition of
risk dominance in two-player games. The motivation for the megsigsimilar

as forp; the valued((i, J), G) is low whenever is an “acceptable” reply not only

to | but also to other strategigslt is easily verified thap((1, ), G) > p((1, |), G).

In this sense the risk measupas less conservative thgm Like p this measure

is invariant under positive affine transformations. The differences between the
two measures are threefolah.(i, f) replaces mapuy (i, j) in the numerator, which
means that less weight is given to the best possible outcome under an alternative
strategyi. The other two differences concern the rangesg o¥er which the min

in the numerator and the max in the denominator are taken. {griddyoth cases

j is excluded, which means that a (weakly) higher payoff is considered under the
status quo and a weakly lower payoff under the alternative. In the symmetéc 2
game discussed in Section 2 there is only one alternative and therefore there is no
need to maximize over alternatives. Moreover in this case the limitations on the
range of the max and min operators imply that these operators can be dropped. By

doing so one arrives at what one might call the Harsanyi-Selten risk measure

pHS((iA, J")7 G) - Ul(;\, J,\) - Ul(!, J)

for 2 x 2 games. Note that in such a game the equilibr(ﬁ,rﬁ) is risk dominant
in the Harsanyi-Selten sense if

A A A

ur(i, ) —us(i, ) > wa (i, j) — w(is ),

which is equivalent to

A A

prs((i,1),6) < 1.
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The following result resembles Proposition 3, with three differences. They
concern the cardinality of the message space (two messages instead of finitely
many), the risk measurg (nstead op) and the standard of comparison (1 instead

1
EEET =Y
Proposition 4 For any one-sided communication gamgG, M) with underlying
game G and size of the message SpHbde) = 2, suppose that player one’s risk,
p((1,]),G), at his preferred equilibrium satisfies

1> p((i,]).G).
Then (a) the retract @ Q1 x Q2 1=

{co{(m,)) }mem} x {cofF (G,M)}}

is the unique curbﬁrgtract im1(G,M), and (b) the payoffs in all curb equilibria
of M1(G,M) are (1, ]), k=1,2.

Proof: The proof of Proposition 2 is identical to the proof of Proposition 1 with
one exception that concerns showing tkats closed under inclusion of best
replies.

LetM :={m,m,}. Suppose, in order to derive a contradiction, {mat i), i #
I, is a best reply against the belletoncentrated of,. With only two messages
it is convenient to represent a strategy of player two as a végtoj?) with the
first (second) element being the response to messagém,). Let A(j1, %) be
the probability assigned to strategjt, j2) by A. Then, sincgmy,i), i # i, must
be at least as good a reply( 1) to the belief\, we have

> wi, DAL D)+ Y w(i, DAL D) =

i#1 i#1
> wi, DAL D+ Y (i, DAGL ),
i#1 i#1
where we have used the fact thati, J) > u(i, J).
Therefore
[ug (i, ) — ta(i, )] DY M ) <
i#i
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[maxua (i, j) — minug (i ]Z)\ i)
i#] i#i iZi

Together with the condition £ p((i, j), G), this implies

J#] J#]
since at least one of these sums must be positivérfari), i # i, to be a best
reply.

Since(my,i), i # I, must be at least as good a reply(es, f) we also have the
following condition

> wi, DAL D+ Y w(i, DAL D) =

i#] J#]
> ur (1, AT, ) + > (1, DA, |
i#] J#]

Therefore

[ua (i, ) —maxug (i, )] Y AGH, D)
7] J#]

(U (i, J) — minuy (i DIy A I 0)-
i#] iZ]

Together with the condition ® p((i, }), G), this implies

RN EDRIN)!

J#] J#]

Therefore we have reached a contradiction. Hef(gg,i), i # i, cannot be a

best reply to any beliefs concentrated op,. An analogous argument works for

(Mg, i), i 1. O
Proposition 4 shows that with only two messages a less stringent risk measure,

P, can be used to formulate a condition guaranteeing effective communication.

We argued before that this measure is a generalization of the Harsanyi-Selten risk

measurepys While for p, which we used for general message space sizes, the

link to risk dominance is more tenuous. For that reason let me examing@why

and notp is the appropriate risk measure in games with more than two messages.

Consider the following version ddodo
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where 2> x > 1. We will analyze the communication game where only the row
player can talk and the cardinality of the message space equals three. The reduced
normal form of this game is given by

LLL LLR LRL LRR RLL RLR RRL RRR

mU | XX | XX | X,x| X,x| 0,0f 0,00 0, 0,0

mD |00/ 00 00 00 1,1 1,1 11 11

mU | xx|x,x|0,0] 0,00 x,x x,x 0, 0,0

mD (0000 1,14 1,4 0,0 00 1,1 1)1

mgU | x,x|0,0| x,x| 0,0 x,x 0, x,x 0,0

mD |00 1,1 00 1,12 0,0 1,1 00 1)1

It is evident that in this game any curb retract that supports the efficient out-
come in the underlying game must contain all strategies that support the efficient
outcome in the communication game. This means that for example the strategies
RLRandRRL for player two must be included in the curb retract. However, if
player one believes that player two uses only these two strategies and uses them
with equal probability, then the strategyD is a best reply, from which it follows
easily that in fact all strategies will be in any curb retract. Only if we made
larger than 2 would this argument not work. It is this distinction that is captured
by the risk measurp. Note thatp(x) = 0 ¥x > 1 andp(x) = 517 Vx> 1; the risk
associated with the equilibriuthL gets large ag approaches one.
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This example does not show why in addition to changing the risk measure we
need to change our standard of comparison as we increase the number of messages
sincep(x) < 1 is equivalent to the condition that> 2. The reader may check
however that if we add another messageeeds to increase for it to be the unique
curb equilibrium payoff in the communication game.

The risk measures introduced up to this point are all structurally similar to
p. This measure relies o(ri, f) being the unique strategy profile that maximizes
player one’s payoff in the underlying game. Therefore it is worth pointing out
that instead op we could have considered an alternative measure in Proposition
4. For anarbitrary finite game andnystrict equilibrium(f, f), this equilibrium’s
risk can be measured by

max. ,~uy(i, ) —min._, ~uq(l, j
PGHs -= Max il l(.n .A) .H.fl 1( J)
i# U1(|,])_U1(|,])

The attraction of this measure is that it can both repfaae Proposition 4 and

be used to compare risk across different strict equilibria. We will refer to this
as the Generalized Harsanyi-Selten measure of risk. Section 6 contains a brief
discussion on the relation of this measure to some examples from the literature on
stochastic evolutionary game dynamics.

5 Multi-Sided Communication

In this section we introduce multi-sided communication and compare it to one-
sided communication. The result of this comparison turns out to depend on
whether or not we allow the population learning dynamic to introduce permanent
asymmetries into the message space.

So far we have examined a class of population learning dynamics in which
individuals make only limited use of the desymmetrizing effects of history. They
learn to distinguish messages according to payoff differences in their current envi-
ronment. They do not however develop an affection for messages that have served
them well for a long time or impute meaning (beyond the current use in the pop-
ulation) to messages that have had a long association with an equilibrium in the
underlying game. This is a useful benchmark in the analysis of cheap-talk games
but not very realistic. One ought to at least acknowledge a secondary, tie-breaking
role for such behaviors.
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For the central result of this section we leave the population learning dynamics
unchanged and work with a message space that is already differentiated. This
allows us to capitalize on our investment in establishing a link between the stable
outcomes of population learning dynamics and curb retracts. Later, we propose a
modification of the population learning dynamics with an endogenous process of
message space differentiation.

To capture message space differentiation through minor alterations of the com-
munication game, we assume that associations of message profiles and equilibria
induce minute differences in payoffs. This link between message profiles and
equilibria introducesind formalizes small measure @& priori meaning of mes-
sages, which we refer to &imited information content (LIC)To formalizeLIC,
we focus on the recipients of messages. The small payoff changes that we intro-
duce make players in their roles as recipients of messages slightly more “gullible;”
if all messages sent agree on the same equilibrium, then the recipients become
more favorably inclined toward their corresponding equilibrium actforis.is
useful to emphasize that the meaning appears via a minimal differentiation of the
message space, which itself can be endogenized without much difficulty.

Two observations emerge. If costless messages have no a priori meaning what-
soever, multi-sided communication lssseffective than one-sided communica-
tion. Multi-sided communication imore effective if all players communicate,
have the same preferred equilibrium, and there is some a priori information con-
tent of messages, however small, that identifies message profiles that signal agree-
ment on a strict equilibrium in the underlying game.

Consider the first of these claims. With multi-sided communication, and a pri-
ori meaningless messages, there is no result of the form: “If the risk of an efficient
equilibrium in the stage game is sufficiently low, it will be the only curb equilib-
rium in the communication game.” To see this consider the following example of
a communication game derived from a versiomboio.

’Gullibility of receivers is different from a “disincentive to lie” for senders and from the nomi-
nal message costs employed by Hurkens [1993]. The latter are concernsgmdtpreferences
and have stronger implications than gullibility in games where only a subset of the players send
messages.
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mLL  mLR  nRL nmRR mLL mLR  nmRL  niRR
mUU XX |Xx100]|00]| x,x| x,x| 0,0l 0,0

myUD XX |xx|00[00]|0,0{ 00 1,24 1,1

my DU 0,0 0,0 1,11 1,1 x,X| X, X 0,0 0,(

m; DD 00/00(1,2/21 00 00 1,1 11

muU X,X 10,0 x,x| 0,0] x,x OQ|x,x|00

mUD x,x|0,0] xx| 0,0000(11|00]|11

myDU 00/ 1,1 00 1,1 xx @|x,x| 00

myDD 00411 00 1,100/11(00|11

In this game two players simultaneously exchange messages before playing
Dodo; with x > 1. The cardinality of each player's message space equals two. It
is easily checked that any curb retract that supports the efficient outcome must
include all strategies that are consistent with efficiency. However, the game in-
duced by the retract that is formed by all such strategies contains an equilibrium
in which the row player usesyUD andnmp,DU with equal probability and the
column player usesy LR andnt,RL with equal probability. Thus, for anythere
is a curb equilibrium with payoffég—l for each player. Hence, within the class
of population learning dynamics considered above, we cannot rule out inefficient
outcomes.

Now assume instead that the message space is differentiated, that message
exchanges alter, if only marginally, the players’ perception of the underlying
game. In the example assume that once players have exchanged the message pair
(my, ), they are somewhat more inclined to use actidrendL respectively in
the underlying game. Model this increased inclination as an enlargement of the
range of beliefs for which the actiobksandL are optimal in the underlying game.

That is, for the row player, for any given distribution okeandR, the actionU
yields a slightly higher payoff than it would without the prior exchange of mes-
sagesm; andmy. Let there be a similar link between the message (raj;n,)
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and the action paifD, R) so that there is no bias in favor of either equilibridm.

In the example such a payoff boost affects the bold entries in the above represen-
tation of the communication game. It is easily checked that for any sufficiently
small positive payoff boost, there is a unigque curb retract in the communication
game and it consists entirely of equilibria that support the efficient outcome.

For a general definition dimited information content (LIC)ve want to intro-
duce some minimal message space differentiation that links messages with equi-
libria in the underlying game. To this end, we let messages have a marginal effect
on the players’ perception of the game following the message exchange. This
introduces a measure of effective communication when a message is sent that is
independent of the current use of the message. It appears essential for effective
communication to occur that the sender’s message affect the receiver’s perception.
In contrast, while the act of sending a message may also have a self-committing
effect on receivers, such an effect does not seem to be equally central to the notion
of effective communication. The effect on senders of messages having been ex-
changed appears to be indirect. For a message to alter the receiver’s perception, it
has to be “believed.” On the other hand, for a message to alter the sender’s percep-
tion, the sender must “believe” that the message is “believed” by the receiver, and
thus solve annference problemTherefore we take the position that the primary
effect of the message exchange is on receivers’ beliefs.

Another issue that we have to address is that players may be both senders and
receivers of messages. Therefore, it can occur that a player sends a message linked
to one equilibrium and at the same time receives a message linked to another
equilibrium. In that case it appears reasonable that perceptions remain unaltered.

Accordingly, the formal definition oEIC reflects two principles, (1) that the
primary effect of message exchange is on perceptions of receivers, and (2) that
any effect on perceptions requires unanimity among senders.

These principles have strong implications for the impact of one- vs two-sided
communication in two player games. If only one player communicates, only the
receiving player will be swayed by an LIC message. If both players communicate,
they will bothbe swayed by LIC messages, as long as there is no ambiguity. Two-
sided communication avoids the above mentioned inference problem of senders.

We express the altered perception of the underlying game, following a mes-
sage profile linked to an equilibrium in that game, by making the associated equi-

8This second link is present only to demonstrate that we can allow for a whole range of mean-
ings. It does not affect our conclusions.
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librium actions more attractive. An action in the underlying game becomes more
attractive if its payoffs increase. Therefore we will expressdlithéed informa-

tion contentof a message profile as afincrease in payoffs from corresponding
equilibrium actions in the underlying game.

Since the main result refers to &player game, we adopt a somewhat more
general notation in this section than in the previous one. Let each player’s set
of pure strategies in the underlying game be denotefiby € P, and lets, be
a typical element of playep’s strategy set. Analogous to the previous section
assume that there is a strategy combinai;ienn{“ép}lFO’:l in the underlying game
such that

§=arg rr;amp(s) VpeP;

i.e., for every playep € P, §is the unique strategy combination that gives
maximum payoff in the game. Let there be aG&t P of communicating players.

Let E denote the set of strict Nash equilibria in the underlying game, and for
each communicating playgx let1, be an injective function

lp: E — Mp,

which will be referred to as playgr's LIC mapping. Thus, for each strict equilib-
rium, playerp has exactly one message linked to that equilibrium. This implicitly
assumes that a communicating player's message space is at least as large as the
number of strict equilibria in the underlying game. L&t be the vector of all
LIC mappings for all the communicating players.

Using theLIC mappings, we can defindC preferences with agypayoff boost
in the communication game as follows. Denote payoffs in the communication
game byJp(m, f) and let

up(f(m))+¢, ifdecE,1(e)=m e,= fy(m)andP\pCC;
Up(m, ) = {ug(f(m)), otherwise. P

TheLIC mapping establishes the meaning of messages but only thtdGgh
preferences do these meanings become operational. Witt©preferences, the
game is completely unchanged, and even Wit preferences, the meanings play
a limited role because none of the equilibrium outcomes change and all messages
can acquire all meanings, in equilibrium. According to this formulation of LIC
preferences, communication makes an equilibrium more attractive for a player
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if all other players communicate, and all communicating players, “agree” on the
equilibrium in question.

It is easy to check that this way of introducing small a priori information con-
tent has no effect with one-sided communication. Even with only one-sided com-
munication, an LIC message does alter perceptions. However, it does so only for
the receiver. As a consequence, the sender’s payoffs in the communication game
(including all ties) are exactly as before and the results of the previous section go
through virtually unchanged.

For the remainder of this section assume that C. Denote byl p(G,M) the
communication game in which the play of the underlying ga&s preceded
by one round of simultaneous communication in whichPatilayers announce a
message from their respective message spdges

The following proposition generalizes our example. If all players commu-
nicate and have LIC preferences, every strategy in the unique curb retract is an
efficient equilibrium.

Proposition 5 Let 'p(G,M) be a multi-sided communication game with player
setP, underlying game Gunique efficient profil& in G and message spaces
Mp, p € P, where all players havelC preferences. Then there exists a bound
£ > 0 on the LIC payoff boost such that the retract @ xf)’lep, where Q :=
co{(mp, fp)|mp € Mp, 1(f(m)) =m, f(m) = §}, is the unique curb retract in
p(G,M), forall € > € > 0.

Proof. Against any belief concentrated @, playerp can achieve a payoff of
up($) + € by using one of the strategies@j. Any other strategy will at most yield
a payoff ofuy($). This shows tha@ is closed under inclusion of best replies.

Every strategy combination iQ gives playerp his maximal payoff in the
communication game. Therefore no strict subs&) of closed under inclusion of
best replies, which shows th@tis minimal.

It remains to show uniqueness. We will show thafifis curb, thenQn
Q+# 0. Let(m, f) € Q\Q. Then there exists a strategyt, f') € Q with f}(ff) =
$p Vp, Vi # m_p. Against(m, f') playerp can guarantee that the other players
will play S_p in the underlying game by not sending messageHence, there
exists(m'’, ) € Qwith f”(m’) = § which implies that there exists1’, /) € Q
with f}'(1f) = &, Vp, ViM_p. Hence (i, £) € Q, for h=1($). But (i, f”) € Q.

O

27



Proposition 5 relies on message space differentiation already having been es-
tablished. One could model this differentiation as arising endogenously. Here
is an example of one message profile becoming distinct from all others: Con-
sider a variation on our population learning dynamic applieB-fayer games,
in which (conforming to the central result of this section) all players communicate
and the underlying game has a unique efficient strategy combirsatia éach
population member behave exactly as in our basic population learning dynamic,
with one exception: For any strategy profijle*, f*) with f*(m*) = €* € E, de-
fine the se§(m*, *) := {(mp, fp())|Vp € P, mp = my, fp(m*) = f5(m*)} of all
strategies in which playgy sends message;, and takes the equilibrium actieg
when the profilan® is sent. Suppose that individuplk sample consists entirely
of strategies ir§(m*, f*). Then, for any messagﬁp # mp,, let the probability of
individuali € p adopting the strategy, f/(-)) equal zero, iup(f(mp, M’ )) <
up(f*(m*)), for all f such thatim, f) € S(m*, f*). That is, if an individual be-
lieves he can induce strict equilibriuewith certainty by sending the message
he believes everyone in his population to send, he will send the same message
unless sending an alternative message strictly raises his payoff. Consider any set
of states in which all individuals use strategiesSim*, f*) for some(m®, f*). It
is straightforward (although tedious) to check that (1) outside such sets of states,
the dynamic behaves just like the original population learning dynamic, (2) the
dynamic will leave any such set of states whéfrém®) is an inefficient equilib-
rium, and will never leave such a set whdiém*) is the unique efficient strategy
profile. Adapting the proof of Proposition 5 to explicit dynamics, these observa-
tion can be shown to imply that the altered class of dynamics converge to a set of
efficient equilibria almost surely. In the limit players use a single endogenously
determined message even if they believe other messages to lead to the same pay-
offs.

Evidently, the dramatic effect of differentiating the message space derives
from its breaking of some of the numerous payoff ties in the communication game.
Not all plausible tie-breaking rules will guarantee efficiency in the limit. Say,
players develop a slight preference (in the almgense) for strategies that ignore
messages. Itis easy to check that in that case every strict equilibrium of the under-
lying game gives rise to its own curb retract in the communication game. Other
plausible behaviors give rise to stronger results than Proposition 5. For example,
one can model a “disincentive to lie” by linking a player’s actions to a subset his
messages. Then the player gefgenalized for not following a given message
with the appropriate action. In that case both one- and two-sided communication
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lead to efficiency. The same strong efficiency result is derived by Hurkens [1993]
who differentiates messages by nhominal message costs.

Whether message space differentiation occurs and in which form is an empir-
ical matter that should be addressed experimentally. The point of this section was
to show that (1) without message space differentiation communication remains
ineffective with multi-sided communication and (2) that message space differen-
tiation can lead to an interesting reversion in the effectiveness of one- and multi-
sided communication.

6 Related Literature

This section discusses three strands of literature relevant to this paper. It first
looks at some experimental evidence on pre-play communication. Then follows
an overview of the evolutionary approach to pre-play communication. The sec-
tion concludes with comments on the literature on stochastic evolutionary game
dynamics and its relation to generalized risk measures.

Cooper, DeJong, Forsythe and Ross (CDFR) [1992] report on experiments
they conducted on a version of tBeag Hungame 6= 1000 b= 0, c=800,d =
800 in gameGg). They repeatedly let players play one-shot communication
games, where messages had an exogenously given meaning. They find that with-
out communication the risk dominant equilibrium will be played. With one-way
communication the frequency of the Pareto-efficient equilibrium increases but
there are also a significant number of coordination failures. Two-way communi-
cation resolves the coordination problem; almost exclusively the Pareto-efficient
equilibrium is played.

Analogous to LIC preferences, one can interpret CDFR’s results as indicat-
ing that the unanimous assertion to play according to the preferred equilibrium
is enough to reduce strategic uncertainty; on the other hand, if only one player
communicates he maybe less confident of the response of the listener. It makes
a difference whether one is informed about someone’s intent, rather than having
to make an inference about this intent. In the words of CDFR: “This doubt about
the action of a receiver is overcome by the two-way communication design since
both players receive information about the likely play of their opponents.” [1992,
p.757]

While refinements in the spirit of strategic stability have little power in games
with pre-play communication the evolutionary approach yields sensible predic-
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tions in common interest games. Several authors have used versions of Maynard
Smith and Price’s [1973] notion of avolutionarily stable strategy (ES®B)these
games. Roughly, in a symmetric game a strategy is evolutionarily stable if it is a
symmetric Nash equilibrium and, if it is played by all members of a large popu-
lation, it cannot be invaded by a small population of mutants who use a different
strategy. AESSmust be a best reply to itself, and it must be a better reply to the
post-entry population than any potential entrant.

Warneryd [1991] studieBodopreceded by one round of pre-play communi-
cation in which each player sends a message from a common finite message space
that contains at least two messagesarkiéiyd shows that anyeutrally stable
strategy (NSS{a variant of em ESS) iDodo preceded by one round of simulta-
neous pre-play communication leads to the efficient equilibrium in the underlying
game. Warneryd’s analysis does not extend to more general games because there
the use of unused messages may get penalized deterring players from introduc-
ing them. Matsui [1991] arrives at similar conclusions for a different solution
concept,cyclically stable sets (CS$pilboa and Matsui, 1991]. Unlik&SSs,
CSSare set valued and exist in every game. Kim and Sobel [1993] obtain simi-
lar results as \W&ineryd for more general games tHaodo by using a set-valued
solution concept, Swinkels’ [199Hquilibrium Evolutionarily Stable (EES) Set

These evolutionary solutions assume that only a small fraction of the popula-
tion moves at any given pointintime. This reduces the possibility for coordination
failures significantly. In the case of common interest games, once the evolution-
ary process reaches the efficient point, any potential invader must also play an
efficient strategy in order to maximize its payoff against the post-entry popula-
tion. The problem of a mutant in this situation is reduced to a simple optimization
problem with no strategic component. Sobel [1993] has a particularly transpar-
ent version of the evolutionary argument. In his model only one player at a time
adjusts his strategy.

With simultaneous adjustments as in the present paper, either one has to ac-
knowledge the role of risk and strategic uncertainty, or one must introduce some
other source of inertia if one wants to ensure that only efficient outcomes are sta-
ble. In Section 5 we examined one such form of inertia. Hurkens [1993] gets very
strong result for the same solution concept, curb retracts, and a different form
of inertia, namely nominal message costs. He shows that in two-player games
the same result holds for persistent equilibria, which were defined by Kalai and
Samet [1984]. Since messages are costly in Hurkens’ paper his work also pro-
vides a link with the work on “burning money” by Ben-Porath and Dekel [1992]
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and van Damme [1989]. The players who are given the opportunity to burn money
can achieve their preferred outcome, and no money is actually burned in equilib-
rium. Ben-Porath and Dekel use iterative deletion of weakly dominated strategies
as their solution concept and require that message costs be nonnegligible.

Risk becomes an issue in this paper because of the relative ease with which
one can travel from one strategy combination to another. This is a consequence of
the low entry requirements for new strategies in our dynamic and the absence of
other sources of friction such as message costs, as in Hurkens®\@mk.reason
it is so easy to travel from one profile to another is that communication turns strict
equilibriainto weak ones. Thus communication creates an escape route from strict
equilibria. An alternative escape route is analyzed in the literature on stochastic
evolutionary game dynamics, as for example in Kandori, Mailath and Rob [1993],
Young [1993] and Ellison [1993]. There too, risk plays a rl&andori, Mailath
and Rob for example prove that in two-player two-strategy coordination games the
limit of the stationary distributions of their dynamics as the noise vanishes puts
all probability weight on the risk dominant equilibrium. Young [1993] examines
a similar kind of dynamics and comes to similar conclusions. He also points that
while in two-strategy games a characterization of stochastically stable equilibria
in terms of risk dominance is possible no such characterization may be available
for games with three or more strategies. He gives the following example.

L C R
6,6| 0,5 0,0

M |50 7,7 55

0,0] 5,5/ 8,8

Young points out that while the equilibriufb, R) pairwise risk dominates
the other two pure strategy equilibria in this game, there are plausible dynam-
ics under which(M, C) is the unique stochastically stable equilibrium. Against

9Hurkens’ results holds also for the weaker solution concept “closed under inclusion of better
replies.” Such a solution concept poses even less stringent entry requirements than curb retracts.
In Hurkens work this permissiveness is balanced by the cost of messages. For a discussion and
characterization of this solution concept see Ritzberger and Weibull [1993].
10Risk dominance also plays a role ix2 games with small payoff uncertainty and incomplete
information. This has been demonstrated in a recent paper by Carlsson and van Damme [1993].
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this background it is perhaps interesting to calculate the Generalized Harsanyi-
Selten measures for this game. They@gs(U,L) =7, peus(M,C) = 3/2, and
pcHs(D,R) = 7/3. Therefore the equilibrium picked by Young’s dynamics is also
the one with the lowest GHS risk measure. This phenomenon does not generalize.
Moreover, Ellison [1993] points out that variations in matching rules (e.g. more
frequent matching with close neighbors vs. uniform matching) alter the long-run
predictions in games similar to the example. Despite the weakness of the link
to stochastic evolutionary game dynamics, we believe that the GHS risk measure
identifies some of the dynamic forces acting on multiple Pareto-ranked strict Nash
equilibria.

7 Conclusion

The chances for pre-play communication to allow players to coordinate on effi-
cient equilibria are tied to the risk associated with these equilibria. This observa-
tion can be formally expressed through examining stable outcomes of a class of
best reply dynamics that permit simultaneous strategy adjustments among a large
fraction of the population. This contrasts with and complements results from the
evolutionary literature on pre-play communication in which risk plays no role.
One benefit of this approach is that it permits one to make a distinction between
one- and two-sided communication, which parallels some experimental results.
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