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b
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b
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c
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ra
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f
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e
g
a
m
e
is
a
set
fu
n
ctio
n

th
a
t
a
ssig
n
s
to
ea
ch
co
a
litio
n
its
w
o
rth
w
h
ich
th
e
p
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b
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d
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a
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m
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f
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b
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p
a
rticu
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p
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le.
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p
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a
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b
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f
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d
erer
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9
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a
rg
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ed
th
a
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e
n
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n
-a
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m
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g
a
m
es
th
a
t
a
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m
sm
o
o
th
m
a
rk
et
eco
n
o
m
ies
h
av
e
certa
in
ch
a
ra
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in
w
h
ich
sy
m
m
etry
g
ro
u
p
co
u
ld
b
e
restricted
to
th
e
g
ro
u
p
G
(�
)
o
f
�
-m
ea
su
re

p
reserv
in
g
a
u
to
m
o
rp
h
ism
s,
w
h
ere
�
is
a
n
o
n
-a
to
m
ic
p
ro
b
a
b
ility
m
ea
su
re
o
n

th
e
u
n
it
in
terva
l
d
eterm
in
ed
b
y
th
e
d
a
ta
o
f
th
e
eco
n
o
m
y,
a
n
d
th
e
d
o
m
a
in
o
f

th
e
va
lu
e
o
p
era
to
r
ca
n
b
e
restricted
to
th
e
sp
a
ce
p
N
A
(�
),
w
h
ich
is
th
e
lin
ea
r

su
b
sp
a
ce
o
f
p
N
A
g
en
era
ted
b
y
p
ow
ers
o
f
th
is
sin
g
le
�
.
H
e
sh
ow
ed
th
a
t
a
n
y

G
(�
)-
sy
m
m
etric
a
x
io
m
a
tic
va
lu
e
o
p
era
to
r
o
n
p
N
A
(�
)
is
a
lso
sy
m
m
etric

w
ith
resp
ect
to
th
e
fu
ll
g
ro
u
p
G
.

A
u
m
a
n
n
a
n
d
S
h
a
p
ley
[1
9
7
4
]p
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ed
th
a
t
th
ere
d
o
es
n
o
t
ex
ist
G
-sy
m
m
etric

a
x
io
m
a
tic
va
lu
e
o
p
era
to
r
o
n
a
ll
o
f
B
V
.
T
h
u
s
to
h
av
e
a
va
lu
e
o
n
a
ll
o
f
B
V
,

th
e
sy
m
m
etry
a
x
io
m
m
u
st
b
e
restricted
to
a
p
ro
p
er
su
b
g
ro
u
p
.
R
u
ck
le
[1
9
8
2
]

h
a
s
sh
ow
n
th
a
t
w
h
en
th
e
sy
m
m
etry
is
restricted
to
a
n
y
"
lo
ca
lly
�
n
ite"
su
b
-

g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s,
th
ere
ex
ists
a
va
lu
e
o
p
era
to
r
o
n
a
ll
o
f
B
V
.
T
h
is

resu
lt
is
fu
rth
er
re�
n
ed
b
y
M
o
n
d
erer
a
n
d
R
u
ck
le
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9
9
0
].
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p
ro
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e
ra
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o
rd
er
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a
lu
e
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m

th
e
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th
a
t
ea
ch
p
lay
er
h
a
s
a
n
eq
u
a
l
ch
a
n
ce
o
f
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rm
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g
a
co
a
litio
n
w
ith
a
set
o
f
p
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ers
o
f
a
n
y
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a
n
d
a
n
y
n
a
m
es
a
n
d
ra
n
-

d
o
m
o
rd
er
va
lu
e
g
iv
es
ev
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p
lay
er
its
a
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era
g
e
m
a
rg
in
a
l
co
n
trib
u
tio
n
o
u
t
o
f

a
ll
su
ch
co
a
litio
n
s.
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er
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e
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u
p
o
f
a
u
to
m
o
rp
h
ism
s

o
f
th
e
p
la
y
ers
set
a
n
d
th
e
set
o
f
o
rd
erin
g
s
o
f
p
la
y
ers
g
en
era
ted
b
y
th
em
a
re

id
en
tica
l,
a
n
d
th
e
u
n
w
eig
h
ted
a
v
era
g
in
g
o
f
th
e
m
a
rg
in
a
l
co
n
trib
u
tio
n
s
o
f
a

p
la
y
er
ov
er
a
ll
o
rd
erin
g
s
g
en
era
ted
b
y
a
g
iv
en
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
b
a
si-

ca
lly
sy
m
m
etrizes
th
e
ra
n
d
o
m
o
rd
er
va
lu
e
fo
r
th
e
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s;

in
R
a
u
t
[1
9
9
3
]
I
h
a
v
e
sh
o
w
n
th
a
t
fo
r
th
e
a
v
era
g
e
m
a
rg
in
a
l
co
n
trib
u
tio
n
to

b
e
sy
m
m
etric
fo
r
a
ll
g
a
m
es
a
n
d
a
ll
p
lay
ers
it
is
n
ecessa
ry
a
n
d
su
�
cien
t

th
a
t
th
e
ra
n
d
o
m
n
ess
o
f
th
e
set
o
f
o
rd
ers
th
a
t
a
re
in
d
u
ced
b
y
th
e
sy
m
m
etry

g
ro
u
p
a
ssig
n
s
eq
u
a
l
lik
elih
o
o
d
to
ea
ch
o
rd
er,
i.e.,
a
ra
n
d
o
m

o
rd
er
h
a
s
th
e

u
n
ifo
rm
d
istrib
u
tio
n
.
I
u
se
th
ese
in
sig
h
ts
fro
m
�
n
ite
g
a
m
es
to
refo
rm
u
la
te

a
�
-sy
m
m
etric
ra
n
d
o
m
va
lu
e
fo
r
co
n
tin
u
u
m
ca
se.

W
e
b
eg
in
w
ith
a
�
x
ed
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
�
�
G
w
ith
a
n
in
va
ria
n
t

p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re
in
it.
W
e
ta
k
e
th
e
set
o
f
o
rd
ers



a
s
th
o
se
w
h
ich
a
re
d
eterm
in
ed
b
y
�
a
n
d
in
d
u
ce
a
u
n
ifo
rm
d
istrib
u
tio
n
o
n



fro
m

th
e
a
ctio
n
o
f
th
e
in
v
a
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
�
.
W
e

�
rst
sh
o
w
th
a
t
th
e
ex
p
ected
v
a
lu
e
o
f
th
e
m
a
rg
in
a
l
co
n
trib
u
tio
n
fu
n
ctio
n
o
n



is
u
n
iq
u
e
(i.e.,
in
d
ep
en
d
en
t
o
f
a
n
y
p
a
rticu
la
r
in
v
a
ria
n
t
m
ea
su
ra
b
le
g
ro
u
p

stru
ctu
re
o
n
�
)
a
n
d
it
sa
tis�
es
a
ll
th
e
a
x
io
m
s
o
f
�
-sy
m
m
etric
va
lu
e;
w
e

n
a
m
e
su
ch
a
m
a
th
em
a
tica
l
ex
p
ecta
tio
n
o
p
era
to
r
a
s
�
-
sy
m
m
etric
ra
n
d
o
m

o
rd
er
va
lu
e
o
pera
to
r
o
n
a
n
y
su
b
sp
a
ce
o
f
g
a
m
es
o
n
w
h
ich
it
is
w
ell
d
e�
n
ed
.

In
p
a
rticu
la
r
th
en
th
e
G
-sy
m
m
etric
ra
n
d
o
m
o
rd
er
va
lu
e
o
p
era
to
r
is
a
lso
a

G
-sy
m
m
etric
a
x
io
m
a
tic
va
lu
e
o
p
era
to
r.
B
u
t,
w
e
sh
a
ll
see
th
a
t
th
e
set
o
f

o
rd
ers
in
d
u
ced
b
y
G
is
a
p
ro
p
er
su
b
set
o
f
th
e
set
o
f
A
u
m
a
n
n
-S
h
a
p
ley
m
ea
-

su
ra
b
le
o
rd
ers.
C
o
u
ld
w
e
n
o
t
th
en
h
o
p
e
to
h
av
e
a
p
o
ssib
ility
resu
lt
fo
r
th
e

A
u
m
a
n
n
-S
h
a
p
ley
Im
p
o
ssib
ility
P
rin
cip
le
w
ith
resp
ect
to
th
e
G
-sy
m
m
etric

ra
n
d
o
m
o
rd
er
v
a
lu
e
o
p
era
to
r?
W
e
d
o
n
o
t
h
av
e
a
n
a
n
sw
er
to
th
is
q
u
estio
n

y
et.
H
ow
ev
er,
w
ith
th
e
h
elp
o
f
ev
en
m
o
re
restricted
set
o
f
o
rd
ers
in
d
u
ced

fro
m

a
su
ita
b
ly
co
n
stru
cted
u
n
co
u
n
ta
b
ly
la
rg
e
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
-

su
ra
b
le
g
ro
u
p
��
o
f
L
eb
esg
u
e
m
ea
su
re
p
reserv
in
g
(l.m
.p
.)
a
u
to
m
o
rp
h
ism
s,

w
e
h
a
v
e
p
ro
v
ed
a
p
o
ssib
ility
th
eo
rem

to
th
e
A
u
m
a
n
n
-S
h
a
p
ley
Im
p
o
ssib
il-

ity
P
rin
cip
le.
M
o
re
sp
eci�
ca
lly,
w
e
sh
ow
th
a
t
th
ere
ex
ists
a
u
n
iq
u
e
��
-

sy
m
m
etric
ra
n
d
o
m

o
rd
er
v
a
lu
e
o
p
era
to
r
o
n
a
la
rg
e
sp
a
ce
o
f
g
a
m
es
(w
e

n
a
m
e
it
a
s
N
B
V
)
w
h
ich
co
n
ta
in
s
m
o
st
o
f
th
e
g
a
m
es
in
B
V
a
n
d
so
m
e
o
f

th
e
n
o
n
-sm
o
o
th
g
a
m
es
th
a
t
d
id
n
o
t
b
elo
n
g
ev
en
to
A
S
Y
M
P
;
w
e
d
eriv
e
a
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d
ia
g
o
n
a
l
fo
rm
u
la
fo
r
th
e
��
-
sy
m
m
etric
ra
n
d
o
m
o
rd
er
va
lu
e
w
h
ich
co
in
cid
es

w
ith
th
e
d
ia
g
o
n
a
l
va
lu
e
fo
rm
u
la
fo
r
th
e
G
-sy
m
m
etric
A
u
m
a
n
n
a
n
d
S
h
a
p
ley

a
x
io
m
a
tic
va
lu
e
fo
r
g
a
m
es
in
p
N
A
.
T
h
u
s,
w
h
en
th
e
set
o
f
a
d
m
issib
le
o
rd
ers



a
re
su
ita
b
ly
restricted
w
e
h
av
e
a
m
ea
su
re
stru
ctu
re
o
n


w
ith
resp
ect
to

w
h
ich
th
e
ra
n
d
o
m
o
rd
er
va
lu
e
ex
ists
fo
r
a
ll
g
a
m
es
in
p
N
A
a
n
d
it
co
in
cid
es

w
ith
th
e
G
-sy
m
m
etric
a
x
io
m
a
tic
va
lu
e
o
f
A
u
m
a
n
n
a
n
d
S
h
a
p
ley.

In
sectio
n
2
w
e
la
y
o
u
t
th
e
b
a
sic
fra
m
ew
o
rk
fo
r
o
u
r
ra
n
d
o
m
o
rd
er
a
p
-

p
ro
a
ch
.
In
sectio
n
3
w
e
d
iscu
ss
th
e
releva
n
t
issu
es,
sta
te
o
u
r
m
a
in
resu
lts

a
n
d
fu
rth
er
rem
a
rk
s
fo
r
fu
tu
re
resea
rch
.
In
sectio
n
4
,
w
e
d
iscu
ss
th
e
issu
es

co
n
cern
in
g
ch
o
ice
o
f
a
su
ita
b
le
sy
m
m
etry
g
ro
u
p
,
a
n
d
sk
etch
th
e
co
n
stru
c-

tio
n
o
f
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
��
w
h
ich
w
a
s
stu
d
ied
in
m
o
re

d
eta
il
in
R
a
u
t
[1
9
9
6
].
F
in
a
lly,
sectio
n
5
g
ets
in
to
th
e
d
eta
ils
o
f
p
ro
o
fs
o
f

th
e
m
a
in
resu
lts
sta
ted
ea
rlier
a
n
d
sta
tes
a
n
d
p
rov
es
a
ll
o
th
er
su
b
sid
ia
ry

resu
lts.

2
.
T
h
e
b
a
sic
fr
a
m
e
w
o
r
k

W
e
a
d
o
p
t
th
e
co
n
v
en
tio
n
o
f
u
sin
g
a
su
b
scrip
ted
n
o
ta
tio
n
B
X

to
d
en
o
te

a
B
o
rel
�
-a
lg
eb
ra
o
f
a
to
p
o
lo
g
ica
l
sp
a
ce
X
(i.e.,
th
e
�
-a
lg
eb
ra
g
en
era
ted

b
y
th
e
cla
ss
o
f
o
p
en
sets
o
f
X
)
a
n
d
to
d
en
o
te
a
n
y
g
en
era
l
�
-a
lg
eb
ra
,
w
e

d
o
n
o
t
u
se
a
su
b
scrip
t.
L
et
I
=
[0
;1
]
�

<
b
e
th
e
set
o
f
p
lay
ers.
L
et
B
I

b
e
th
e
B
o
rel
�
-a
lg
eb
ra
o
f
I
.
T
h
e
elem
en
ts
o
f
B
I

a
re
th
e
set
o
f
a
d
m
issib
le

co
a
litio
n
s.
A
ga
m
e
is
a
set
fu
n
ctio
n
V
:
B
I
!

<
su
ch
th
a
t
V
(;
)
=
0
.
L
et
G
I

b
e
th
e
set
o
f
a
ll
g
a
m
es.
L
et
F
A
b
e
th
e
set
o
f
�
n
itely
a
d
d
itiv
e
set
fu
n
ctio
n
s

o
n
(I
;B
I ).
A
m
ea
su
re
is
a
co
u
n
ta
b
ly
a
d
d
itiv
e
set
fu
n
ctio
n
.
O
n
e
ca
n
ch
eck

ea
sily
th
a
t
G
I

a
n
d
F
A
a
re
lin
ea
r
v
ecto
r
sp
a
ces.
A
g
a
m
e
V
is
m
o
n
o
to
n
ic

if
V
(S
)
<

V
(T
)
fo
r
a
n
y
S
;T
2
B
I ,
S
�

T
.
A
B
o
rel
a
u
to
m
o
rp
h
ism

is
a

m
ea
su
ra
b
le
m
a
p
�
:
(I
;B
I )
!

(I
;B
I )
su
ch
th
a
t
it
is
o
n
e-o
n
e,
o
n
to
a
n
d
�
�

1

is
a
lso
m
ea
su
ra
b
le.
L
et
G
b
e
th
e
set
o
f
a
ll
B
o
rel
a
u
to
m
o
rp
h
ism
s
o
n
(I
;B
I ).

O
n
e
ca
n
ch
eck
th
a
t
G
is
a
n
o
n
-co
m
m
u
ta
tiv
e
(a
lso
k
n
ow
n
a
s
n
o
n
-a
b
elia
n
)

g
ro
u
p
w
ith
co
m
p
o
sitio
n
o
f
fu
n
ctio
n
s
a
s
g
ro
u
p
m
u
ltip
lica
tion
o
p
era
tio
n
a
n
d

id
en
tity
fu
n
ctio
n
a
s
th
e
g
ro
u
p
id
en
tity.

F
o
r
ea
ch
�
2
�
,
d
e�
n
e
th
e
lin
ea
r
o
p
era
to
r
�
�

:
G
I
!

G
I

b
y

(�
�
V
)(S
)
=
V
(�
�

1(S
));
8
S
2
B
I

G
iv
en
a
su
b
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s,
�
�
G
,
a
lin
ea
r
su
b
sp
a
ce
Q
�
G
I

is

sa
id
to
b
e
�
-sy
m
m
etric
if
�
�
Q
�
Q
fo
r
a
ll
�
2
�
.
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L
et
Q
b
e
a
lin
ea
r
su
b
sp
a
ce
o
f
G
I .
A
n
o
p
era
to
r
�
:
Q

!

F
A

is
sa
id

to
b
e
lin
ea
r
if
�
(�
V
1
+
V
2 )
=

�
�
(V
1 )
+
�
(V
2 )
8
V
1 ;V
2

2
Q
;�
2
<
.
�

is
sa
id
to
b
e
po
sitive
if
(�
V
)
is
m
o
n
o
to
n
ic
fo
r
a
n
y
m
o
n
o
to
n
ic
V

in
th
e

d
o
m
a
in
o
f
�
:
�
is
sa
id
to
b
e
e�
cien
t
if
�
V
(I
)
=
V
(I
)
8
V

2
Q
:
F
o
r
a

�
-sy
m
m
etric
sp
a
ce
Q
,
th
e
o
p
era
to
r
�
:
Q
!

F
A
is
sa
id
to
b
e
�
-sy
m
m
etric

if
�
�
�
V
=
�
��
V
;
8
�
2
�
;V
2
Q
.

A
�
-sy
m
m
etric
a
xio
m
a
tic
va
lu
e
o
pera
to
r
o
n
a
�
-sy
m
m
etric
lin
ea
r
sp
a
ce

o
f
g
a
m
es
Q

is
a
p
o
sitiv
e,
lin
ea
r,
e�
cien
t,
a
n
d
�
-sy
m
m
etric
o
p
era
to
r
�
:

Q
!

F
A
;
w
h
en
�
is
th
e
fu
ll
g
ro
u
p
G
,
w
e
sh
a
ll
n
a
m
e
it
a
s
A
u
m
a
n
n
-S
h
a
p
ley

a
xio
m
a
tic
va
lu
e
o
pera
to
r
;
A
u
m
a
n
n
a
n
d
S
h
a
p
ley
[1
9
7
4
]
p
rov
ed
th
e
ex
isten
ce

a
n
d
u
n
iq
u
en
ess
o
f
th
is
o
p
era
to
r
a
x
io
m
a
tica
lly.

A
lth
o
u
g
h
in
o
u
r
a
n
a
ly
sis
o
f
ra
n
d
o
m

o
rd
er
va
lu
e
w
e
d
o
n
o
t
u
se
a
n
y

to
p
o
lo
g
ica
l
stru
ctu
re
o
n
th
e
sp
a
ce
o
f
g
a
m
es,
to
rela
te
o
u
r
resu
lts
to
th
e

litera
tu
re,
w
e
a
d
o
p
t
th
e
fo
llo
w
in
g
to
p
o
lo
g
ica
l
co
n
cep
ts
fro
m
A
u
m
a
n
n
a
n
d

S
h
a
p
ley
[1
9
7
4
].
A
g
a
m
e
V
is
o
f
bo
u
n
d
ed
va
ria
tio
n
if
th
ere
ex
ist
m
o
n
o
to
n
ic

g
a
m
es
U
a
n
d
W

su
ch
th
a
t
V
=
U
�
W
.
D
en
o
te
b
y
B
V
th
e
set
o
f
a
ll
g
a
m
es

o
f
b
o
u
n
d
ed
v
a
ria
tio
n
.
It
is
k
n
ow
n
th
a
t
B
V
is
a
lin
ea
r
v
ecto
r
sp
a
ce
o
v
er
<
.

D
e�
n
e
a
m
a
p
k
:
k
B
V
:
B
V
!

<
b
y

k
V
k
B
V
=
in
f
f
U
(I
)
+
W
(I
)
j
V
=
U
�
W
;
U
a
n
d
W

a
re
m
o
n
o
to
n
ic
g
a
m
esg

fo
r
ea
ch
V
2
B
V
.
It
ca
n
b
e
sh
ow
n
th
a
t
k
:
k
is
a
w
ell
d
e�
n
ed
n
o
rm
o
n
B
V

a
n
d
w
ith
th
is
n
o
rm
B
V
is
a
B
a
n
a
ch
sp
a
ce
(see
A
u
m
a
n
n
a
n
d
S
h
a
p
ley
[1
9
7
4
,

C
o
ro
lla
ry
4
.2
,
a
n
d
p
ro
p
o
sitio
n
4
.3
].
T
h
e
fo
llow
in
g
n
o
ta
tio
n
is
sta
n
d
a
rd
in

th
e
litera
tu
re:

N
A

=

set
o
f
n
o
n
-a
to
m
ic
m
ea
su
res
o
n
(I
;B
I )

N
A
1

=

set
o
f
p
ro
b
a
b
ility
m
ea
su
res
in
N
A

p
N
A

=

k
:k
B
V

�
clo
su
re
o
f
lin
ea
r
sp
a
ce
sp
a
n
n
ed
b
y
p
o
w
ers
o
f
�
2
N
A

b
v
0N
A

=

k
:k
B
V

�
clo
su
re
o
f
lin
ea
r
sp
a
ce
sp
a
n
n
ed
b
y
f
�
�
;
w
h
ere
f
:
I
!

<

is
o
f
b
o
u
n
d
ed
va
ria
tio
n
,
co
n
tin
u
o
u
s
a
t
0
a
n
d
1
,
a
n
d
f
(0
)
=
0
;a
n
d

�
is
a
n
o
n
-n
eg
a
tiv
e,
n
o
n
-a
to
m
ic
p
ro
b
a
b
ility
m
ea
su
re
o
n
(I
;B
I )

It
is
k
n
o
w
n
th
a
t
F
A
,
a
n
d
N
A
a
n
d
p
N
A
a
re
a
ll
clo
sed
su
b
sp
a
ces
o
f
B
V
.
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2
.1
.
G
e
n
e
r
a
t
io
n
o
f
R
a
n
d
o
m

o
r
d
e
r
s

T
w
o
m
a
in
fea
tu
res
o
f
th
e
ra
n
d
o
m

o
rd
er
a
p
p
ro
a
ch
to
va
lu
es
o
f
g
a
m
es

w
ith
�
n
ite
set
o
f
p
lay
ers
a
re
th
a
t
(1
)
ea
ch
a
u
to
m
o
rp
h
ism

2

g
en
era
tes
a

d
istin
ct
o
rd
erin
g
o
f
p
lay
ers,
i.e.,
th
e
set
o
f
o
rd
ers
is
th
e
sa
m
e
a
s
a
s
th
e
g
ro
u
p

o
f
a
u
to
m
o
rp
h
ism
s;
(2
)
fo
r
a
ll
g
a
m
es,
th
e
m
a
th
em
a
tica
l
ex
p
ecta
tio
n
o
f
th
e

ra
n
d
o
m
m
a
rg
in
a
l
co
n
trib
u
tio
n
set
fu
n
ctio
n
is
sy
m
m
etric
w
ith
resp
ect
to
th
e

g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
if
a
n
d
o
n
ly
if
ea
ch
ra
n
d
o
m
o
rd
erin
g
o
f
p
lay
ers
is

eq
u
a
lly
lik
ely
(see
R
a
u
t
[1
9
9
3
]).
In
th
e
�
n
ite
p
lay
ers
ca
se,
th
e
m
a
in
rea
so
n

w
h
y
th
e
ex
p
ected
m
a
rg
in
a
l
co
n
trib
u
tio
n
set
fu
n
ctio
n
b
eco
m
es
sy
m
m
etric

fo
r
a
n
y
g
a
m
e
a
n
d
w
ith
resp
ect
to
th
e
fu
ll
g
ro
u
p
o
f
p
erm
u
ta
tio
n
s
is
th
a
t

ev
ery
p
lay
er
is
eq
u
a
lly
lik
ely
to
fo
rm
a
co
a
litio
n
w
ith
a
set
o
f
p
lay
ers
o
f
a
n
y

size
a
n
d
n
a
m
es
in
a
ra
n
d
o
m
o
rd
er.
W
e
w
a
n
t
to
a
d
o
p
t
th
ese
tw
o
fea
tu
res
to

th
e
co
n
tin
u
u
m
ca
se.

E
a
ch
�
2
�
g
en
era
tes
a
b
in
a
ry
rela
tio
n
,
�
� �
I
�
I
d
e�
n
ed
b
y

fo
r
a
n
y
s;t
2
I
;

s
�
�
t
,

�(s)
>
�(t)

R
eca
ll
th
a
t
a
n
o
rd
er
�

o
n
a
set
X

is
a
lin
ea
r
o
rd
er,
w
h
ich
is
a
lso
k
n
o
w
n

a
s
to
ta
l
o
rd
er
if
fo
r
a
n
y
x
;y
2
X
,
x
6=
y
,
eith
er
x
�

y
o
r
y
�

x
,
fo
r
n
o

x
2
I
,
x
�
x
,
a
n
d
fo
r
a
n
y
x
;y
;z
2
I
,
x
�
y
,
y
�
z
)

x
�
z
.
A
to
ta
l
o
rd
er

is
a
p
a
rticu
la
r
ty
p
e
o
f
p
referen
ce
o
rd
er.
W
e
w
ill
refer
to
a
to
ta
l
o
rd
er
in

th
is
p
a
p
er
sim
p
ly
a
s
a
n
o
rd
er.
It
is
ea
sy
to
v
erify
th
a
t
th
e
b
in
a
ry
rela
tio
n

�
�

g
en
era
ted
b
y
a
n
a
u
to
m
o
rp
h
ism
�
is
a
n
o
rd
er
o
n
I
a
n
d
th
a
t
ea
ch
�
2
�

g
en
era
tes
a
d
istin
ct
o
rd
er.
L
et
�I
=
I
[
f
1
g
;
a
n
d
fo
r
a
ll
�
2
G
,
w
e
a
ssu
m
e

th
a
t
�(1
)
=
1
:
F
o
r
a
n
o
rd
er
�
� ,
�
2
G
,
a
n
d
a
s
2

�I,
d
e�
n
e
a
n
in
itia
l

segm
en
t
I
(s;�)
b
y
I
(s;�)
=
f
t
2
I
j
�(s)
>

�(t)g
.
W
e
v
iew
I
(s;�
)
a
s
th
e

set
o
f
p
lay
ers
w
h
o
a
re
b
efo
re
p
lay
er
s
in
th
e
o
rd
er
�
� .

In
th
e
co
n
tin
u
u
m

ca
se,
h
ow
ev
er,
tw
o
B
o
rel
a
u
to
m
o
rp
h
ism
s
o
f
I
m
ay

g
en
era
te
th
e
sa
m
e
o
rd
erin
g
o
f
I.
F
o
r
in
sta
n
ce,
�
2
G
;
d
e�
n
ed
b
y
�(x
)
=
x
2,

x
2
I
a
n
d
th
e
id
en
tity
elem
en
t
e
2
G
,
d
e�
n
ed
b
y
e(x
)
=
x
;x
2
I
,
b
o
th

g
en
era
te
th
e
sta
n
d
a
rd
o
rd
er
�
e .
T
h
u
s
th
e
set
o
f
o
rd
erin
g
s
o
f
p
lay
ers
a
n
d

th
e
g
ro
u
p
o
f
B
o
rel
a
u
to
m
o
rp
h
ism
s
o
f
p
lay
ers
a
re
n
o
t
th
e
sa
m
e
set.
W
e
d
eriv
e

th
e
set
o
f
o
rd
ers


th
a
t
a
re
g
en
era
ted
b
y
a
g
iv
en
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s

�
a
s
fo
llo
w
s:

2
in
th
e
�
n
ite
p
la
y
e
rs
c
a
se
a
n
a
u
to
m
o
rp
h
ism
is
k
n
o
w
n
a
s
p
e
rm
u
ta
tio
n
.

T
h
e
b
a
sic
fra
m
ew
o
rk

8

D
e�
n
e
a
n
eq
u
iv
a
len
ce
rela
tio
n
�
o
n
�
�
�
b
y,

�
1
�
�
2 ;
fo
r
�
1
;�
2
2
�
,

�
1 ;�
2
g
en
era
te
th
e
sa
m
e
o
rd
er
o
n
I

L
et
�
e
=
f
�
2
�
j�
�
eg
.
It
ca
n
b
e
ea
sily
sh
ow
n
th
a
t
�
e

is
a
su
b
g
ro
u
p
o
f

�
a
n
d
th
e
set
o
f
d
istin
ct
o
rd
ers,


,
g
en
era
ted
b
y
th
e
a
u
to
m
o
rp
h
ism
s
in
�

is
th
e
set
o
f
rig
h
t
co
ssets
g
iv
en
b
y



�
�
=
�
e
�
f
�
e �
j�
2
�
g

In
th
e
�
n
ite
p
la
y
er
ca
se,
th
e
set
o
f
a
u
to
m
o
rp
h
ism
s
o
f
p
la
y
ers
is
�
n
ite

a
n
d
fo
r
�
n
ite
sets
th
e
co
n
cep
t
o
f
eq
u
a
l
lik
elih
o
o
d
is
in
tu
itiv
e.
In
th
e
co
n
tin
-

u
u
m
ca
se,
h
ow
ev
er,
th
e
set
o
f
a
u
to
m
o
rp
h
ism
s
o
f
th
e
p
la
y
ers
is
u
n
co
u
n
ta
b
le.

A
n
a
lo
g
u
e
o
f
th
e
eq
u
a
l
lik
elih
o
o
d
in
th
e
co
n
tin
u
u
m
set
is
th
e
fo
llo
w
in
g
co
n
-

cep
t
o
f
a
n
in
va
ria
n
t
m
ea
su
ra
b
le
g
ro
u
p
o
r
in
va
ria
n
t
m
ea
su
re,
w
h
ich
req
u
ires

th
e
u
n
d
erly
in
g
sp
a
ce
to
h
a
v
e
a
g
ro
u
p
stru
ctu
re:

D
e
�
n
it
io
n
1
:
A
m
ea
su
re
sp
a
ce
(�
;A
;�
)
is
sa
id
to
b
e
a
n
in
va
ria
n
t
m
ea
-

su
ra
ble
gro
u
p
if
�
is
a
g
ro
u
p
,
th
e
m
a
p
(�
1 ;�
2 )
!

�
1 �
�

1
2

fro
m
(�
�
�
;A
�
A
)

o
n
to
(�
;A
)
is
m
ea
su
ra
b
le,
a
n
d
�
is
�
�
�
n
ite,
n
o
t
id
en
tica
lly
zero
,
a
n
d

rig
h
t
in
va
ria
n
t,
i.e.,
�
(E
�
)
=

�
(E
),
fo
r
a
ll
E

2

A
,
a
n
d
�
2

�
,
w
h
ere

E
�
�

f
�
�
j�
2
E
g
.
�
is
k
n
ow
n
a
s
righ
t
in
va
ria
n
t
m
ea
su
re.
3

W
h
en
�
is

fu
rth
erm
o
re
a
p
ro
b
a
b
ility
m
ea
su
re,
a
m
ea
su
ra
b
le
g
ro
u
p
(�
;A
;�
)
is
sa
id
to

b
e
a
righ
t
in
va
ria
n
t
p
ro
ba
bility
m
ea
su
ra
ble
gro
u
p
.

In
g
en
era
l
�
e

is
n
o
t
a
n
o
rm
a
l 4
su
b
g
ro
u
p
o
f
�
a
n
d
h
en
ce


is
n
o
t
n
ec-

essa
rily
a
g
ro
u
p
.
T
o
see
th
is,
let
�
2
G
a
n
d
�
e
2
G
�e

b
e
d
e�
n
ed
b
y

�(x
)

=

�
1
�
x

if
0
�
x
<
1
=
2

x
�
1
=
2

if
1
=
2
�
x
�
1

�
e (x
)

=

�

:0
1
x

if
0
�
x
<
:8

:0
0
8
+
4
:9
6
(x
�
:8
)

if
:8
�
x
�
1

L
et
t
=
:4
a
n
d
s
=
:3
.
T
h
u
s
�
e (s)
<
�
e (t),
b
u
t
(�
�

1�
e �)(s)
=
:5
0
7
>
:5
0
6
=

(�
�

1�
e �)(t),
th
u
s
�
�

1
�
e �
=2
G
e .

3
W
h
en
�
is
a
lo
ca
lly
co
m
p
a
ct
to
p
o
lo
g
ica
l
g
ro
u
p
,
a
n
d
A
is
th
e
B
o
rel
�
-a
lg
eb
ra
,
su
ch

th
a
t
�
(
U
)
>

0
,
fo
r
ev
ery
n
o
n
-em
p
ty
o
p
en
set
U

�
�
,
th
en
th
e
B
o
rel
m
ea
su
re
�
is
k
n
o
w
n

a
s
H
a
a
r
M
ea
su
re.

4
N
is
a
n
o
rm
a
l
su
b
g
ro
u
p
o
f
G
if
fo
r
a
ll
�
2
G
,
w
e
h
a
v
e
�
�

1
�
�
2
N
fo
r
a
ll
�
2
N
.



T
h
e
b
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o
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9

T
h
u
s
w
e
d
o
n
o
t
h
av
e
th
e
g
ro
u
p
stru
ctu
re
o
n


th
a
t
w
e
n
eed
ed
to
ex
ten
d

th
e
co
n
cep
t
o
f
eq
u
a
l
lik
elih
o
o
d
o
f
o
rd
erin
g
s
in


.
B
u
t


is
a
h
o
m
o
g
en
eo
u
s

sp
a
ce
a
cted
o
n
b
y
th
e
g
ro
u
p
�
,
a
n
d
fo
r
h
o
m
o
g
en
eo
u
s
sp
a
ces
th
ere
is
a

n
a
tu
ra
l
co
n
cep
t
o
f
in
va
ria
n
t
m
ea
su
re
(see
P
a
rth
a
sa
ra
th
y
[1
9
7
7
,
sectio
n
5
5
];

o
r
S
eg
a
l
a
n
d
K
u
n
z
[1
9
7
8
,
sectio
n
7
.4
]).
In
o
u
r
set-u
p
,
h
ow
ev
er,
w
e
ca
n
u
se

th
e
n
a
tu
ra
l
m
a
p
�
:
�
!



d
e�
n
ed
b
y
�
(�)
=
�
e �
to
in
d
u
ce
a
n
in
va
ria
n
t

p
ro
b
a
b
ility
m
ea
su
re
stru
ctu
re
(

;B
;�
)
o
n
th
e
h
o
m
o
g
en
eo
u
s
sp
a
ce



o
f

in
d
u
ced
o
rd
ers.
(

;B
;�
)
w
ill
b
e
referred
to
a
s
a
set
o
f
ra
n
d
o
m

o
rd
ers.

2
.2
.
C
o
n
n
e
c
t
io
n
w
it
h
A
u
m
a
n
n
-S
h
a
p
le
y
m
e
a
s
u
r
a
b
le
o
r
d
e
r
s

A
u
m
a
n
n
a
n
d
S
h
a
p
ley
[1
9
7
4
,
p
p
.9
4
-9
5
]
d
e�
n
ed
a
n
o
rd
er
R

o
n
I
to
b
e

m
ea
su
r
a
ble
if
th
e
�
-a
lg
eb
ra
g
en
era
ted
b
y
th
e
set
o
f
in
itia
lseg
m
en
ts
f
I
(s;R
)js
2

�Ig
co
in
cid
es
w
ith
B
I .
A
n
o
rd
er
�
�

g
en
era
ted
b
y
a
B
o
rel
a
u
to
m
o
rp
h
ism

�
2
G
is
m
ea
su
ra
b
le
in
th
e
A
u
m
a
n
n
-S
h
a
p
ley
sen
se,
b
u
t
n
o
t
ev
ery
o
rd
er

m
ea
su
ra
b
le
in
th
e
sen
se
o
f
A
u
m
a
n
n
a
n
d
S
h
a
p
ley
ca
n
b
e
rep
resen
ted
b
y
a

B
o
rel
a
u
to
m
o
rp
h
ism
.
T
o
see
th
is,
let
u
:
I
!

I
[
f
2
g
b
e
a
B
o
rel
iso
m
o
rp
h
ism

5
a
n
d
d
e�
n
e
a
n
o
rd
er
�
u

o
n
I
b
y
x
;y
2
I
,
x
�
u

y
,

u
(x
)
>
u
(y
).
It
is
ea
sy

to
see
th
a
t
�
u

is
a
n
A
u
m
a
n
n
-S
h
a
p
ley
m
ea
su
ra
b
le
o
rd
er
b
u
t
it
ca
n
n
o
t
b
e

in
d
u
ced
b
y
a
n
a
u
to
m
o
rp
h
ism
.
T
h
e
d
i�
eren
ce
b
etw
een
a
n
A
u
m
a
n
n
-S
h
a
p
ley

m
ea
su
ra
b
le
o
rd
er
a
n
d
a
n
o
rd
er
g
en
era
ted
b
y
a
n
a
u
to
m
o
rp
h
ism
ca
n
b
e
seen

fro
m
th
e
fo
llow
in
g
co
m
p
lete
ch
a
ra
cteriza
tio
n
o
f
th
ese
o
rd
ers. 6

A
n
o
rd
er
�

is
sa
id
to
b
e
stro
n
gly
sepa
ra
ble
if
th
ere
is
a
co
u
n
ta
b
le
set

Z

�

I
so
th
a
t
fo
r
a
n
y
x
;y
2

I
,
x
�

y
,
im
p
lies
th
ere
is
a
z
2

Z

a
n
d

x
�
z
�
y
.
A
n
o
rd
er
�
is
sa
id
to
b
e
co
m
p
lete
7
if
a
n
y
n
o
n
-em
p
ty
su
b
set
o
f

E
�
I
,
w
h
ich
is
b
o
u
n
d
ed
a
b
ov
e,
h
a
s
a
lea
st
u
p
p
er
b
o
u
n
d
(l:u
:b:)
in
I.
L
et

�

o
n
I
=
[0
;1
]
b
e
a
stro
n
g
ly
sep
a
ra
b
le
co
m
p
lete
o
rd
er
w
ith
th
e
Z

b
ein
g

th
e
co
u
n
ta
b
le
su
b
set
a
sso
cia
ted
w
ith
th
e
d
e�
n
itio
n
o
f
stro
n
g
sep
a
ra
b
ility
o
f

�
:
L
et
�
e

d
en
o
te
th
e
sta
n
d
a
rd
o
rd
er
o
n
I
.
L
et
Q
I

b
e
th
e
set
o
f
ra
tio
n
a
l

n
u
m
b
ers
th
a
t
lie
in
(0
;1
).
It
is
w
ell
k
n
ow
n
th
a
t
�
e
is
stro
n
g
ly
sep
a
ra
b
le
o
n

(0
;1
)
w
ith
resp
ect
to
Q
I ,
a
n
d
th
a
t
(0
;1
)
is
co
m
p
lete.
F
o
r
ea
se
o
f
ex
p
o
sitio
n
,

5
T
h
e
B
o
re
l
iso
m
o
rp
h
ism
th
e
o
re
m
sta
te
s
th
a
t
fo
r
a
n
y
tw
o
se
ts
o
f
th
e
sa
m
e
ca
rd
in
a
lity

if
b
o
th
se
ts
a
re
B
o
re
l
su
b
se
ts
o
f
c
o
m
p
le
te
a
n
d
se
p
a
ra
b
le
m
e
tric
sp
a
ces,
th
en
th
ere
ex
ists

a
B
o
re
l
iso
m
o
rp
h
ism
b
e
tw
e
e
n
th
e
se
tw
o
se
ts,
i.e
.,
th
e
re
e
x
ists
a
n
o
n
e-o
n
e
a
n
d
o
n
to
m
a
p

b
e
tw
e
e
n
th
e
se
ts
su
ch
th
a
t
b
o
th
th
e
m
a
p
a
n
d
its
in
v
e
rse
a
re
B
o
rel
m
ea
su
ra
b
le
w
ith

re
sp
e
c
t
to
th
e
re
la
tiv
e
B
o
re
l
�
-a
lg
e
b
ra
s
o
f
th
e
se
ts.
N
o
tic
e
th
a
t
b
o
th
I
a
n
d
I
[
f
2
g
a
re

B
o
re
l
su
b
se
ts
o
f
<
,
h
e
n
c
e
th
e
re
e
x
ists
a
B
o
re
l
iso
m
o
rp
h
ism
b
e
tw
e
en
th
ese
tw
o
sets.

6
I
a
m

g
ra
te
fu
l
to
a
n
a
n
o
n
y
m
o
u
s
re
fe
re
e
fo
r
p
o
in
tin
g
o
u
t
th
is
to
m
e.

7
T
h
is
is
so
m
e
tim
e
s
a
lso
re
fe
rre
d
a
s
o
rd
e
r
c
o
m
p
le
te
a
n
d
it
is
d
istin
ct
fro
m

th
e
co
m
-

p
le
te
n
e
ss
a
x
io
m

u
se
d
in
d
e
�
n
in
g
p
re
fe
re
n
c
e
re
la
tio
n
in
u
tility
th
e
o
ry
.

T
h
e
b
a
sic
fra
m
ew
o
rk

1
0

let
(X
;�
)
to
d
en
o
te
th
e
set
X

o
rd
ered
b
y
�
:
L
et
_I
d
en
o
te
th
e
o
rd
ered
set

(I
;�
)
a
fter
its
�
rst
a
n
d
la
st
o
rd
ered
elem
en
ts
b
ein
g
rem
ov
ed
.
W
ith
o
u
t
lo
ss

o
f
g
en
era
lity
w
e
ca
n
a
ssu
m
e
th
a
t
Z
�

_I.
A
n
o
rd
er
iso
m
o
rp
h
ism
b
etw
een
tw
o

o
rd
ered
sets
is
a
n
o
n
e-o
n
e
a
n
d
o
n
to
m
a
p
b
etw
een
th
e
sets
w
h
ich
p
reserv
es

th
e
o
rd
ers
o
f
th
e
sets.
B
y
C
a
n
to
r's
th
eo
rem

w
e
k
n
ow
th
a
t
th
ere
ex
ists

a
n
o
rd
er
iso
m
o
rp
h
ism

h
:
(Z
;�
)
!

(Q
I ;�
e ).
F
o
r
ea
ch
x
2 �
_I;� �
,
let

R
(x
)
=
f
h
(z
)jz
2
Z
a
n
d
x
�
z
g
w
h
ich
is
a
su
b
set
o
f
Q
I .
It
is
ea
sy
to
n
o
te

th
a
t
R
(x
)
is
n
o
n
-em
p
ty
a
n
d
b
o
u
n
d
ed
a
b
ov
e,
a
n
d
h
en
ce
h
a
s
a
l:u
:b:
D
e�
n
e

th
e
m
a
p
f
:
_I
!

(0
;1
)
b
y
f
(x
)
�

l:u
:b:R
(x
).
S
tro
n
g
sep
a
ra
b
ility
o
f
�

im
p
lies
th
a
t
f
is
o
rd
er
p
reserv
in
g
a
n
d
h
en
ce
o
n
e-o
n
e.
C
o
m
p
leten
ess
o
f
�

im
p
lies
th
a
t
f
is
a
n
o
n
to
m
a
p
.
N
ow
w
e
ex
ten
d
th
e
m
a
p
f
to
(I
;�
)
b
y
lettin
g

it
m
a
p
th
e
�
rst
a
n
d
la
st
elem
en
ts
o
f
(I
;�
)
resp
ectiv
ely
to
0
a
n
d
1
.
N
o
tice

th
a
t
th
e
in
itia
l
seg
m
en
ts
I
(s;�
),
s
2
�I
u
n
d
er
th
e
o
rd
er
�
a
re
a
ll
o
f
th
e
fo
rm

I
(s;�
)
=
f
�

1[0
;x
),
w
h
ere
x
=
f
(s),
h
en
ce
in
itia
l
seg
m
en
ts
g
en
era
te
B
I

a
n
d
f
�

1

is
m
ea
su
ra
b
le;
sin
ce
f
is
o
n
e-o
n
e,
th
e
B
o
rel
iso
m
o
rp
h
ism
th
eo
rem

a
ssu
res
th
a
t
f
is
m
ea
su
ra
b
le,
a
n
d
h
en
ce
f
is
a
B
o
rel
a
u
to
m
o
rp
h
ism
.

C
o
n
v
ersely,
a
n
o
rd
er
g
en
era
ted
b
y
a
B
o
rel
a
u
to
m
o
rp
h
ism

is
clea
rly

stro
n
g
ly
sep
a
ra
b
le
a
n
d
co
m
p
lete.
F
o
r,
let
�
b
e
a
n
a
u
to
m
o
rp
h
ism
.
T
a
k
-

in
g
Z
=
�
�

1
(Q
I )
in
th
e
d
e�
n
itio
n
o
f
stro
n
g
sep
a
ra
b
ility,
it
is
ea
sy
to
n
o
te

th
a
t
�
�

is
stro
n
g
ly
sep
a
ra
b
le.
F
o
r
a
n
y
n
o
n
-em
p
ty
E

�

(I
;�
� )
o
n
e
ca
n

sh
o
w
th
a
t
�
�

1
(su
p
t
2

E

�
(t))
is
th
e
l:u
:b
o
f
E
.

A
n
o
rd
er
�
is
sa
id
to
b
e
w
ea
kly
sepa
ra
ble
if
th
ere
is
a
co
u
n
ta
b
le
set
Z
�
I

so
th
a
t
fo
r
a
n
y
x
;y
2
I
,
x
�
y
,
im
p
lies
th
ere
is
a
z
2
Z
a
n
d
x
�
z
�
y
.

A
u
m
a
n
n
-S
h
a
p
ley
[1
9
7
4
,
p
.1
0
7
]
h
av
e
sh
ow
n
th
a
t
�
is
a
n
A
u
m
a
n
n
-S
h
a
p
ley

m
ea
su
ra
b
le
o
rd
er
if
a
n
d
o
n
ly
if
�
is
w
ea
k
ly
sep
a
ra
b
le
a
n
d
a
ll
in
itia
lseg
m
en
ts

a
re
m
ea
su
ra
b
le.
W
e
su
m
m
a
rize
th
ese
fa
cts
in
th
e
fo
llo
w
in
g
p
ro
p
o
sitio
n
.

P
r
o
p
o
s
it
io
n
1
:

(i)
A
n
o
rd
er
�
o
n
I
a
rises
fro
m

a
B
o
rel
a
u
to
m
o
rp
h
ism

if
a
n
d
o
n
ly
if
�

is
stro
n
gly
sepa
ra
ble
a
n
d
co
m
p
lete.

(ii)
A
n
o
rd
er
�

o
n
I
is
A
u
m
a
n
n
-S
h
a
p
ley
m
ea
su
ra
ble
if
a
n
d
o
n
ly
if
�

is

w
ea
kly
sepa
ra
ble
a
n
d
a
ll
in
itia
l
segm
en
ts
a
re
m
ea
su
ra
ble.



S
ta
tem
en
t
o
f
th
e
m
a
in
resu
lts

1
1

2
.3
.
�
-s
y
m
m
e
t
r
ic
r
a
n
d
o
m

o
r
d
e
r
v
a
lu
e
o
p
e
r
a
t
o
r

G
iv
en
a
g
a
m
e
V
,
a
n
d
a
n
o
rd
er
�
� ,
�
2
G
,
a
m
a
rgin
a
l
co
n
tribu
tio
n
set

fu
n
ctio
n
,
�
�V
o
n
(I
;B
I )
is
a
m
ea
su
re
o
n
(I
;B
I )
su
ch
th
a
t

��
�V �
(I
(s;�))
=
V
(I
(s;�));
8
s
2
�I

(1
)

N
o
tice
th
a
t
fo
r
a
n
y
�
;�
0

2
�
,
su
ch
th
a
t
�
�
�
0,
w
e
h
a
v
e
I
(s;�
)
=
I
(s;�
0);

h
en
ce
it
fo
llow
s
fro
m

(1
)
th
a
t
�
�V
(S
)
=

�
�
0V

(S
)
fo
r
a
ll
S
2
B
I .
T
h
is

a
llow
s
u
s
to
u
n
a
m
b
ig
u
o
u
sly
d
e�
n
e
(�
!
V
)(S
)
=
(�
�V
)(S
)
w
h
ere
�
is
su
ch

th
a
t
!
=
�
e �.

T
h
e
expected
m
a
rgin
a
l
co
n
tribu
tio
n
set
fu
n
ctio
n
fo
r
a
ga
m
e
V

is
a
set

fu
n
ctio
n
�
�
V
d
e�
n
ed
b
y

(�
�
V
)(S
)

=

Z


(�
!
V
)(S
)d
�
(!
)

=

Z
�
(�
�V
)(S
)d
�
(�);
S
2
B
I

(2
)

T
h
e
seco
n
d
eq
u
a
lity
fo
llow
s
fro
m
th
e
ch
a
n
g
e
o
f
v
a
ria
b
le
fo
rm
u
la
fo
r
L
eb
esg
u
e

in
teg
ra
ls
a
n
d
th
e
fa
cts
in
th
e
p
rev
io
u
s
p
a
ra
g
ra
p
h
.
L
et
u
s
d
e�
n
e
th
e
sp
a
ce

o
f
g
a
m
es:

L
1
(�
;�
)
= �
V
2
G
I

j
�
�V
(S
)
in
(2
)
is
in
teg
ra
b
le
fo
r
a
ll
S
2
B
I 	
(3
)

T
h
e
m
a
in
issu
es
th
a
t
a
rise
fo
r
th
e
a
b
ov
e
fra
m
ew
o
rk
to
p
rov
id
e
a
m
ea
n
-

in
g
fu
l
ra
n
d
o
m

o
rd
er
a
p
p
ro
a
ch
a
n
d
o
u
r
m
a
in
resu
lts
co
n
cern
in
g
th
em

a
re

sta
ted
in
th
e
n
ex
t
sectio
n
.

3
.
S
ta
te
m
e
n
t
o
f
th
e
m
a
in
r
e
su
lts

F
o
r
th
e
o
p
era
to
r
�
�
d
e�
n
ed
in
(2
)
to
y
ield
a
ra
n
d
o
m
o
rd
er
va
lu
e
o
p
era
to
r

in
th
e
co
n
tin
u
u
m
ca
se,
th
ree
b
a
sic
fa
cts
m
u
st
b
e
esta
b
lish
ed
.
F
ir
s
t,
fo
r
a
n
y

g
a
m
e
V
a
n
d
a
n
y
o
rd
er
�
� ,
�
2
�
,
if
th
ere
ex
ists
a
m
ea
su
re
�
�V

sa
tisfy
in
g

(1
),
it
sh
o
u
ld
b
e
u
n
iq
u
e
so
th
a
t
fo
r
ea
ch
S
2
B
I ,
�
�V
(S
)
is
a
fu
n
ctio
n
o
f

�.
P
ro
p
o
sitio
n
2
en
su
res
th
is.
S
e
c
o
n
d
,
in
o
rd
er
fo
r
th
e
o
p
era
to
r
�
�

to
b
e

�
-sy
m
m
etricw
ith
resp
ect
to
a
g
iv
en
su
b
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s,
L
1
(�
;�
)

d
e�
n
ed
in
(3
)
m
u
st
b
e
a
�
-sy
m
m
etric
lin
ea
r
su
b
sp
a
ce
o
f
G
I ,
th
is
is
sh
o
w
n

S
ta
tem
en
t
o
f
th
e
m
a
in
resu
lts

1
2

to
b
e
tru
e
in
p
ro
p
o
sitio
n
4
.
T
h
ir
d
,
th
e
a
p
p
ro
a
ch
is
o
f
little
u
se
if
fo
r
a
g
iv
en

sy
m
m
etry
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s,�
,
tw
o
d
i�
eren
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le

stru
ctu
res
a
ssig
n
tw
o
d
i�
eren
t
�
n
itely
a
d
d
itiv
e
set
fu
n
ctio
n
s
to
a
g
a
m
e.
T
h
e

seco
n
d
p
a
rt
o
f
T
h
eo
rem
1
en
su
res
th
a
t
th
e
m
a
th
em
a
tica
lex
p
ecta
tio
n
in
(2
)

d
ep
en
d
s
o
n
ly
o
n
th
e
�
x
ed
su
b
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s,
�

b
u
t
n
o
t
o
n
a

sp
eci�
c
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re
o
n
�
.

T
h
e
o
r
e
m

1
:
L
et
(�
;A
;�
)
be
a
n
in
va
ria
n
t
p
ro
ba
bility
m
ea
su
ra
ble
gro
u
p

stru
ctu
re
o
n
a
�
xed
su
bgro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
�
�
G
.
T
h
en
th
e
o
pera
to
r

�
�

d
e�
n
ed
in
(2
)
is
po
sitive,
lin
ea
r,
e�
cien
t
a
n
d
�
-sy
m
m
etric
o
n
L
1
(�
;�
)

o
r
a
n
y
�
-sy
m
m
etric
lin
ea
r
su
bspa
ce
o
f
L
1
(�
;�
).

F
u
rth
erm
o
re,
su
p
po
se
(�
;A
0;�
0)
is
a
n
o
th
er
in
va
ria
n
t
p
ro
ba
bility
m
ea
-

su
ra
ble
gro
u
p
stru
ctu
re
o
n
�
,
th
en
�
�

=
�
�
0

o
n
th
e
lin
ea
r
spa
ce
o
f
ga
m
es

L
1
(�
;�
)
\
L
1
(�
;�
0).

F
o
r
a
g
iv
en
�
x
ed
su
b
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
�
�
G
a
n
d
a
�
-sy
m
m
etric

lin
ea
r
su
b
sp
a
ce
o
f
g
a
m
es
Q

�
G
I ,
th
e
o
p
era
to
r
�
�

:
Q

!

F
A
d
e�
n
ed
in

(2
)
w
ith
resp
ect
to
a
n
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re

(�
;A
;�
)
o
n
�
su
ch
th
a
t
Q
�
L
1
(�
;�
)
is
sa
id
to
b
e
a
�
-sy
m
m
etric
ra
n
d
o
m

o
rd
er
va
lu
e
o
pera
to
r
o
n
Q
.
T
h
eo
rem
1
a
ssu
res
th
a
t
w
h
en
su
ch
a
n
o
p
era
to
r

ex
ists,
it
is
in
d
ep
en
d
en
t
o
f
a
sp
eci�
c
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p

stru
ctu
re
o
n
�
a
n
d
it
co
in
cid
es
w
ith
th
e
�
-sy
m
m
etric
a
x
io
m
a
tic
v
a
lu
e
o
p
-

era
to
r
o
n
Q
.
In
fa
ct,
a
�
-sy
m
m
etric
ra
n
d
o
m

o
rd
er
v
a
lu
e
o
p
era
to
r
is
a

p
a
rticu
la
r
ch
a
ra
cteriza
tio
n
o
f
th
e
�
-sy
m
m
etric
a
x
io
m
a
tic
va
lu
e
o
p
era
to
r.

In
p
a
rticu
la
r,
th
erefo
re,
if
w
e
ta
k
e
�
to
b
e
th
e
fu
ll
a
u
to
m
o
rp
h
ism
g
ro
u
p
G
,

th
en
th
e
ex
isten
ce
o
f
a
n
A
u
m
a
n
n
-S
h
a
p
ley
a
x
io
m
a
tic
va
lu
e
o
p
era
to
r
o
n
Q

ca
n
b
e
red
u
ced
to
th
e
q
u
estio
n
o
f
th
e
ex
isten
ce
o
f
a
n
in
v
a
ria
n
t
p
ro
b
a
b
ility

m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re,
(G
;B
;�
),
w
ith
th
e
p
ro
p
erty
th
a
t
Q
�
L
1
(G
;�
).

In
o
u
r
ra
n
d
o
m

o
rd
er
a
p
p
ro
a
ch
,
th
e
set
o
f
o
rd
ers
in
d
u
ced
b
y
G
is
a

p
ro
p
er
su
b
set
o
f
th
e
set
o
f
m
ea
su
ra
b
le
o
rd
ers
co
n
sid
ered
b
y
A
u
m
a
n
n
a
n
d

S
h
a
p
ley
in
th
eir
ra
n
d
o
m

o
rd
er
a
p
p
ro
a
ch
.
T
h
erefo
re
w
e
m
ay
reca
st
th
e

A
u
m
a
n
n
-S
h
a
p
ley
im
p
o
ssib
ility
issu
e
a
n
d
ex
p
ect
a
p
o
ssib
ility
resu
lt
in
o
u
r

fra
m
ew
o
rk
:

Q
u
e
s
t
io
n
1
:
C
o
u
ld
th
ere
exist
a
n
in
va
ria
n
t
p
ro
ba
bility
m
ea
su
ra
ble
gro
u
p

stru
ctu
re
o
n
G
,
su
ch
th
a
t
p
N
A
�
L
1
(G
;�
)?

In
d
eed
,
o
n
a
n
y
g
ro
u
p
�
,
th
ere
a
lw
a
y
s
ex
ists
a
rig
h
t
in
va
ria
n
t
p
ro
b
a
b
il-

ity
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re,
fo
r
in
sta
n
ce,
th
e
triv
ia
l,
co
a
rsest
�
-a
lg
eb
ra
,



S
ta
tem
en
t
o
f
th
e
m
a
in
resu
lts

1
3

B
=
f
;
;�
g
w
ith
a
triv
ia
l
p
ro
b
a
b
ility
m
ea
su
re
th
a
t
a
ssig
n
s
0
to
em
p
ty
set

a
n
d
1
to
th
e
w
h
o
le
set.
T
h
e
co
a
rser
th
e
�
-a
lg
eb
ra
,
th
e
m
ea
g
er
a
re
th
e
sets

o
f
m
ea
su
ra
b
le
a
n
d
in
teg
ra
b
le
fu
n
ctio
n
s,
a
n
d
h
en
ce
few
er
g
a
m
es
b
elo
n
g
to

L
1
(�
;�
)
w
h
ich
m
ay
n
o
t
in
clu
d
e
g
a
m
es
in
p
N
A
.
If
th
e
a
n
sw
er
is
still
n
eg
a
-

tiv
e,
w
e
m
ay
�
n
d
a
p
o
sitiv
e
a
n
sw
er
w
h
en
w
e
restrict
th
e
q
u
estio
n
to
o
th
er

p
o
ssib
ly
sm
a
ller
cla
ss
o
f
eco
n
o
m
ica
lly
im
p
o
rta
n
t
g
a
m
es
th
a
n
p
N
A
.
I
g
u
ess

th
e
p
ro
o
f
o
f
A
u
m
a
n
n
-S
h
a
p
ley
im
p
o
ssib
ility
th
eo
rem

co
u
ld
b
e
a
d
o
p
ted
to

th
e
p
resen
t
fra
m
ew
o
rk
to
p
ro
d
u
ce
a
n
eg
a
tiv
e
a
n
sw
er
to
th
e
a
b
ov
e
q
u
estio
n
.

V
ery
little
is
k
n
ow
n
a
b
o
u
t
th
e
stru
ctu
re
o
f
th
e
g
ro
u
p
G
th
a
t
ca
n
sh
ed
lig
h
t

o
n
th
e
a
b
ov
e
issu
es,
a
n
d
I
h
av
e
n
o
t
p
u
rsu
ed
th
ese
issu
es
a
n
y
fu
rth
er
in
th
is

p
a
p
er
eith
er.
In
stea
d
,
I
ca
rry
o
u
t
m
y
in
v
estig
a
tio
n
a
lo
n
g
th
e
fo
llow
in
g
lin
e:

Q
u
e
s
t
io
n
2
:
If
w
e
restrict
th
e
sy
m
m
etry
o
f
th
e
va
lu
e
o
pera
to
r
to
a
"
rea
so
n
-

a
ble"
p
ro
per
su
bgro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
�
,
co
u
ld
w
e
co
n
stru
ct
a
p
ro
ba
bility

m
ea
su
ra
ble
gro
u
p
str
u
ctu
r
e;(�
;A
;�
)
o
n
�
su
ch
th
a
t
L
1
(�
;�
)
co
n
ta
in
s
a

la
rge
set
o
f
ga
m
es
in
clu
d
in
g
p
N
A
a
n
d
o
n
a
la
rge
cla
ss
o
f
eco
n
o
m
ica
lly
im
-

po
rta
n
t
ga
m
es
in
clu
d
in
g
p
N
A
,
�
-sy
m
m
etric
ra
n
d
o
m

o
rd
er
va
lu
e
o
pera
to
r

co
in
cid
es
w
ith
th
e
A
u
m
a
n
n
-S
h
a
p
ley
a
xio
m
a
tic
va
lu
e
o
pera
to
r?

In
sectio
n
4
,
I
co
n
stru
ct
a
n
u
n
co
u
n
ta
b
ly
la
rg
e
su
b
g
ro
u
p
��
o
f
th
e
g
ro
u
p

o
f
l.m
.p
.
a
u
to
m
o
rp
h
ism
s
a
n
d
th
e
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p

stru
ctu
re, �
��
;
�B;
�� �
.

W
e
ca
rry
o
u
t
o
u
r
a
b
ov
e
ty
p
e
o
f
en
q
u
iry
fo
r
th
e

��
-sy
m
m
etric
ra
n
d
o
m
o
rd
er
va
lu
e
o
p
era
to
r
�
��
.

In
th
e
co
n
tex
t
o
f
restrictin
g
th
e
sy
m
m
etry
g
ro
u
p
,
tw
o
ty
p
es
o
f
issu
es
a
re

a
d
d
ressed
in
th
e
a
x
io
m
a
tic
a
p
p
ro
a
ch
to
va
lu
e.
F
ir
s
t,
T
h
e
la
rg
est
su
b
sp
a
ce

o
f
B
V
o
n
w
h
ich
A
u
m
a
n
n
-S
h
a
p
ley
esta
b
lish
ed
th
e
ex
isten
ce
a
n
d
u
n
iq
u
en
ess

o
f
G
-sy
m
m
etric
a
x
io
m
a
tic
va
lu
e
o
p
era
to
r
is
b
v
0N
A
,
a
n
d
th
ey
a
lso
sh
ow
ed

th
a
t
th
ere
ca
n
n
o
t
ex
ist
a
G
-sy
m
m
etric
a
x
io
m
a
tic
va
lu
e
o
p
era
to
r
o
n
a
ll
o
f

B
V
.
R
u
ck
le
[1
9
8
2
]
a
d
d
ressed
th
e
q
u
estio
n
:
If
th
e
sy
m
m
etry
o
f
th
e
va
lu
e

o
p
era
to
r
is
restricted
to
a
p
ro
p
er
su
b
g
ro
u
p
,
co
u
ld
th
ere
ex
ist
a
n
a
x
io
m
a
tic

va
lu
e
o
p
era
to
r
o
n
a
ll
o
f
B
V
?
R
u
ck
le
h
a
s
sh
ow
n
th
a
t
if
�
is
ta
k
en
to
b
e

a
n
y
"
lo
ca
lly
�
n
ite"
g
ro
u
p
th
en
th
ere
ex
ists
a
�
-sy
m
m
etric
a
x
io
m
a
tic
va
lu
e

o
p
era
to
r
o
n
a
ll
o
f
B
V
.
A
g
ro
u
p
is
sa
id
to
b
e
loca
lly
�
n
ite
if
fo
r
a
n
y
�
n
ite

n
u
m
b
er
o
f
elem
en
ts
fro
m
th
e
g
ro
u
p
th
ere
is
a
�
n
ite
su
b
g
ro
u
p
w
h
ich
co
n
ta
in
s

th
ese
elem
en
ts.
M
o
n
d
erer
a
n
d
R
u
ck
le
[1
9
9
0
]
g
a
v
e
fu
rth
er
re�
n
em
en
t
o
f
th
is

resu
lt.
W
e
h
av
e
a
n
a
n
a
lo
g
o
u
s
resu
lt
a
s
fo
llow
s:

D
e
�
n
it
io
n
2

:
A

set
fu
n
ctio
n
V

2

G
I

is
sa
id
to
b
e
n
o
rm
a
lized
if
(i)

V
(A
n
)
!

0
a
s
n
!

1

fo
r
a
n
y
seq
u
en
ce
o
f
sets,
A
n

2
B
I ,
A
n

#
;
a
s
n
!

1
,

S
ta
tem
en
t
o
f
th
e
m
a
in
resu
lts

1
4

a
n
d
(ii)
V
(A
n
)
!

V
(A
)
a
s
n
!

1

fo
r
a
n
y
seq
u
en
ce
o
f
sets,
A
n

2
B
I ,

A
n

"
A
a
s
n
!

1
,
w
h
ere
A
2
B
I .

L
et
u
s
d
en
o
te
b
y
N
B
V
=
th
e
set
o
f
n
o
rm
a
lized
set
fu
n
ctio
n
s
fro
m
B
V
.

It
ca
n
b
e
ea
sily
seen
th
a
t
N
B
V
is
a
lin
ea
r
sp
a
ce.

T
h
e
o
r
e
m

2
:
T
h
ere
exists
a
u
n
iqu
e
��
-sy
m
m
etric
ra
n
d
o
m

o
rd
er
va
lu
e
�
��

o
n
N
B
V
.

S
e
c
o
n
d
,
M
o
n
d
erer
[1
9
8
6
],
[1
9
8
9
]
a
d
d
ressed
th
e
q
u
estio
n
:
If
�

is
a

p
ro
p
er
su
b
g
ro
u
p
o
f
G
,
th
en
o
n
w
h
ich
lin
ea
r
su
b
sp
a
ce
o
f
p
N
A
,
d
o
es
th
ere

ex
ist
a
u
n
iq
u
e
�
-sy
m
m
etric
v
a
lu
e
o
p
era
to
r?

O
r
eq
u
iva
len
tly,
o
n
w
h
ich

su
b
sp
a
ce
o
f
g
a
m
es
in
p
N
A
,
�
-sy
m
m
etric
va
lu
e
o
p
era
to
r
co
in
cid
es
w
ith
th
e

A
u
m
a
n
n
-S
h
a
p
ley
a
x
io
m
a
tic
v
a
lu
e
o
p
era
to
r?
H
e
h
a
s
sh
o
w
n
th
a
t
w
h
en
�
is

ta
k
en
to
b
e
th
e
g
ro
u
p
o
f
�
-m
ea
su
re
(�
2
N
A
)
p
reserv
in
g
a
u
to
m
o
rp
h
ism
s

a
n
d
th
e
lin
ea
r
sp
a
ce
o
f
g
a
m
es
restricted
to
p
N
A
(�
)
(th
e
clo
sed
su
b
sp
a
ce
o
f

p
N
A
sp
a
n
n
ed
b
y
a
sin
g
le
p
ro
b
a
b
ility
m
ea
su
re
�
2
N
A
1),
8
th
en
th
ere
ex
ists

a
u
n
iq
u
e
�
-sy
m
m
etric
a
x
io
m
a
tic
v
a
lu
e
o
p
era
to
r
sa
tisfy
in
g
d
u
m
m
y
a
x
io
m

o
n
p
N
A
(�
).
W
e
h
av
e
ev
en
a
stro
n
g
er
resu
lt
a
lo
n
g
th
is
lin
e
in
th
e
fo
llow
in
g

th
eo
rem
:

T
h
e
o
r
e
m

3
:
L
et
f
:
I
!

<
be
a
bso
lu
tely
co
n
tin
u
o
u
s,
a
n
d
�
2
N
A
1,
th
en

th
e
u
n
iqu
e
��
-sy
m
m
etric
ra
n
d
o
m

o
rd
er
va
lu
e
o
f
th
e
sca
la
r
m
ea
su
re
ga
m
e

f
�
�
y
ield
s
th
e
fo
llo
w
in
g
d
ia
go
n
a
l
fo
rm
u
la
:

�
��
[f
�
�
](S
)
=
�
(S
) Z

1
0

f
0(t)d
�
(t)

(4
)

T
h
u
s,
th
e
��
-sy
m
m
etric
ra
n
d
o
m
o
rd
er
va
lu
e
o
pera
to
r
�
��

co
in
cid
es
w
ith
th
e

A
u
m
a
n
n
-S
h
a
p
ley
a
xio
m
a
tic
va
lu
e
o
pera
to
r
o
n
a
ll
o
f
p
N
A
.

3
.1
.
F
u
r
t
h
e
r
r
e
m
a
r
k
s

R
e
m
a
r
k
1

:
T
h
ere
a
re
eco
n
o
m
ica
lly
im
p
o
rta
n
t
n
o
n
-sm
o
o
th
g
a
m
es
w
h
ich

n
eith
er
b
elo
n
g
to
b
v
0N
A
,
M
IX
,
n
o
r
ev
en
to
A
S
Y
M
P
.
M
erten
s
[1
9
8
8
]
ex
-

ten
d
ed
th
e
d
ia
g
o
n
a
l
fo
rm
u
la
fo
r
va
lu
e
to
a
v
ery
p
ow
erfu
l
clo
sed
su
b
sp
a
ce

8
S
ee
h
is
eco
n
o
m
ic
ju
sti�
ca
tio
n
s
fo
r
restrictin
g
th
e
sy
m
m
etry
g
ro
u
p
a
n
d
th
e
cla
ss
o
f

g
a
m
es
in
th
is
p
a
rticu
la
r
w
a
y
so
th
a
t
h
is
th
eo
ry
a
p
p
lies
to
a
la
rg
e
cla
ss
o
f
m
a
rk
et
g
a
m
es.



S
ta
tem
en
t
o
f
th
e
m
a
in
resu
lts

1
5

o
f
g
a
m
es
in
B
V
,
k
n
ow
n
a
s
M
erten
s
spa
ce,
o
n
w
h
ich
th
e
ex
ten
d
ed
d
ia
g
o
-

n
a
l
fo
rm
u
la
p
rov
id
es
a
va
lu
e
o
p
era
to
r
o
f
n
o
rm

1
a
n
d
th
e
M
erten
s
sp
a
ce

w
a
s
sh
ow
n
to
in
clu
d
e
a
ll
w
ell
k
n
ow
n
sp
a
ces
su
ch
a
s
b
v
0N
A
,
A
S
Y
M
P
,
D
IF
F

a
n
d
D
IA
G
.
J
.F
.
M
erten
s
a
n
d
A
b
ra
h
a
m

N
ey
m
a
n
su
g
g
ested
to
m
e
to
ex
-

a
m
in
e
if
M
erten
s
sp
a
ce
b
elo
n
g
s
to
L
1
(
��
;
��
).
I
h
av
e
n
o
t
tried
to
g
et
a

g
en
era
l
a
n
sw
er
to
th
is
q
u
estio
n
,
in
stea
d
I
sh
ow
th
a
t
th
e
��
-sy
m
m
etric
ra
n
-

d
o
m
o
rd
er
va
lu
e
ex
ists
fo
r
th
e
n
o
n
-sm
o
o
th
g
a
m
e
o
f
"
n
-h
a
n
d
ed
g
lov
es
m
a
r-

k
ets"
co
n
sid
ered
in
ex
a
m
p
le
1
9
.2
o
f
A
u
m
a
n
n
a
n
d
S
h
a
p
ely
[1
9
7
4
,
p
.1
3
6
]:

V
(S
)
=
m
in
f
�
1 (S
);�
2 (S
);:::;�
n
(S
)g
,
�
i
2
N
A
1,
i
=
1
;2
;:::n
;
a
n
d
S
2
B
I .

T
h
is
k
in
d
o
f
n
o
n
-sm
o
o
th
g
a
m
es
a
rise
in
eco
n
o
m
ies
w
ith
stro
n
g
co
m
p
lem
en
-

ta
rities.
A
u
m
a
n
n
a
n
d
S
h
a
p
ley
sh
ow
ed
th
a
t
th
is
g
a
m
e
d
id
n
o
t
b
elo
n
g
ev
en

to
A
S
Y
M
P
w
h
en
n
>
2
.
O
n
e
o
f
th
e
m
o
tiva
tio
n
s
fo
r
M
erten
s
[1
9
8
8
]
to
ex
-

ten
d
th
e
d
ia
g
o
n
a
l
fo
rm
u
la
to
th
e
M
erten
s
sp
a
ce
w
a
s
to
in
clu
d
e
su
ch
g
a
m
es

in
th
e
sp
a
ce.
N
o
tice
th
a
t
V
is
o
f
b
o
u
n
d
ed
va
ria
tio
n
.
S
in
ce
ea
ch
�
i
is
a

n
o
n
-a
to
m
ic
p
ro
b
a
b
ility
m
ea
su
re,
th
e
g
a
m
e
V
(S
)
is
n
o
rm
a
lized
a
n
d
h
en
ce

b
elo
n
g
s
to
N
B
V
.
T
h
u
s
th
ere
ex
ists
a
u
n
iq
u
e
��
-sy
m
m
etric
ra
n
d
o
m

o
rd
er

va
lu
e
fo
r
V
.

R
e
m
a
r
k
2
:
A
n
im
p
o
rta
n
t
issu
e
reg
a
rd
in
g
th
e
refo
rm
u
la
ted
ra
n
d
o
m
o
rd
er

a
p
p
ro
a
ch
o
f
th
is
p
a
p
er
is:
W
h
a
t
ch
a
ra
cteristics
o
f
th
e
g
ro
u
p
��
th
a
t
m
a
k
es

th
e
ra
n
d
o
m

o
rd
er
va
lu
e
co
in
cid
es
w
ith
th
e
a
x
io
m
a
tic
va
lu
e
o
n
p
N
A
?
In

sectio
n
4
I
a
rg
u
e
th
a
t
a
ra
n
d
o
m
o
rd
er
g
en
era
ted
a
cco
rd
in
g
to
th
e
p
ro
b
a
b
ility

m
o
d
el �
��
;
�B;
�� �
h
a
s
th
e
ch
a
ra
cteristics
th
a
t
th
e
ra
n
d
o
m
set
o
f
p
lay
ers
th
a
t

is
p
la
ced
b
efo
re
a
n
y
g
iv
en
p
lay
er
is
eq
u
a
lly
lik
ely
to
b
e
o
f
a
n
y
size
s
2
[0
;1
];

th
e
a
n
o
n
y
m
o
u
s
g
a
m
es
in
w
h
ich
w
o
rth
o
f
a
co
a
litio
n
d
ep
en
d
s
o
n
ly
th
ro
u
g
h
its

size
n
o
t
n
a
m
es
su
ch
a
s
g
a
m
es
in
p
N
A
,
ea
ch
p
lay
er
g
ets
th
e
av
era
g
e
o
f
th
e
set

o
f
a
ll
p
o
ssib
le
m
a
rg
in
a
l
co
n
trib
u
tio
n
s
a
n
d
th
u
s
av
era
g
e
is
fu
lly
sy
m
m
etrized

in
th
e
sen
se
th
a
t
th
e
va
lu
e
th
u
s
o
b
ta
in
ed
is
sy
m
m
etric
w
ith
resp
ect
to

th
e
fu
ll
g
ro
u
p
o
f
a
u
to
m
o
rp
h
ism
s.
L
o
ca
lly
�
n
ite
g
ro
u
p
s
o
f
a
u
to
m
o
rp
h
ism
s

m
ay
n
o
t
d
o
th
e
jo
b
,
a
s
w
e
h
av
e
illu
stra
ted
in
sectio
n
4
.
T
h
e
g
a
m
es
th
a
t

a
rise
in
m
o
st
eco
n
o
m
ic
a
p
p
lica
tio
n
s
a
re
a
n
o
n
y
m
o
u
s.
H
ow
ev
er,
fo
r
a
n
w
id
er

a
p
p
lica
b
ility
o
f
th
e
p
resen
t
a
p
p
ro
a
ch
,
w
e
m
u
st
co
n
stru
ct
a
la
rg
er
in
va
ria
n
t

p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re
(�
;B
;�
)
th
a
n �
��
;
�B;
�� �
,
so
th
a
t

th
e
ra
n
d
o
m

o
rd
er
va
lu
e
�
�
(V
)
w
ith
resp
ect
to
it
a
lso
fu
lly
sy
m
m
etrizes

n
o
n
-a
n
o
n
y
m
o
u
s
g
a
m
es.

R
e
m
a
r
k
3
:
R
o
b
ert
A
u
m
a
n
n
p
o
in
ted
o
u
t
to
m
e
th
a
t
fo
r
a
n
a
ltern
a
tiv
e

refo
rm
u
la
tio
n
o
f
ra
n
d
o
m

o
rd
er
a
p
p
ro
a
ch
to
v
a
lu
e,
o
n
e
m
ig
h
t
g
iv
e
u
p
th
e

O
n
th
e
sy
m
m
etry
su
b
g
ro
u
p
��

1
6

m
ea
su
re
th
eo
retic
m
o
d
el
o
f
th
e
p
lay
er
set,
i.e.,
(I
;B
I ),
a
n
d
in
stea
d
co
n
-

sid
er
th
e
p
la
y
er
sp
a
ce
to
b
e
to
ru
s
o
r
o
th
er
to
p
o
lo
g
ica
l
sp
a
ces
w
ith
m
o
re

w
ell-b
eh
a
v
ed
a
u
to
m
o
rp
h
ism
g
ro
u
p
s.
It
sh
o
u
ld
b
e
n
o
ted
th
a
t
th
ere
ca
n
ex
-

ist
o
n
ly
tw
o
o
rd
ers
o
n
a
n
y
to
p
o
lo
g
ica
l
sp
a
ce
th
a
t
is
co
n
n
ected
.
T
h
is,
fo
r

in
sta
n
ce,
w
ill
g
rea
tly
sim
p
lify
o
u
r
a
n
a
ly
sis
o
f
ra
n
d
o
m
o
rd
er
va
lu
e.
W
e
d
o

n
o
t
k
n
o
w
,
h
ow
ev
er,
w
h
a
t
k
in
d
o
f
fa
irn
ess
su
ch
sy
m
m
etry
g
ro
u
p
en
ta
ils
a
n
d

w
h
a
t
k
in
d
o
f
eco
n
o
m
ic
situ
a
tio
n
s
a
re
a
p
p
ro
p
ria
te
fo
r
su
ch
m
o
d
els;
m
o
st
o
f

th
e
eco
n
o
m
ic
m
o
d
els
w
ith
a
co
n
tin
u
u
m
o
f
a
g
en
ts,
h
ow
ev
er,
h
a
v
e
em
p
lo
y
ed

m
ea
su
re
th
eo
retic
stru
ctu
res
fo
r
th
e
sp
a
ce
o
f
a
g
en
ts,
a
n
d
th
u
s
w
e
m
u
st
b
e-

g
in
to
im
a
g
in
e
th
e
n
a
tu
re
a
n
d
stu
d
y
th
e
im
p
lica
tio
n
s
o
f
eco
n
o
m
ic
m
o
d
els

w
ith
a
to
p
o
lo
g
ica
lly
sp
a
ce
o
f
a
g
en
ts.

W
e
k
eep
th
e
a
b
o
v
e
u
n
reso
lv
ed
issu
es
fo
r
fu
tu
re
resea
rch
to
sh
ed
m
o
re

lig
h
t
o
n
.

4
.
O
n
th
e
sy
m
m
e
tr
y
su
b
g
r
o
u
p

��

T
h
e
essen
ce
o
f
th
e
su
ccess
o
f
th
e
ra
n
d
o
m
o
rd
er
a
p
p
ro
a
ch
to
ch
a
ra
cterize

th
e
S
h
a
p
ley
v
a
lu
e
o
f
g
a
m
es
w
ith
�
n
ite
set
o
f
p
lay
ers
a
sk
th
e
fo
llow
in
g
q
u
es-

tio
n
:
D
oes
th
ere
exist
a
n
u
n
co
u
n
ta
bly
la
rge
su
bgro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
in

G
th
a
t
ca
n
be
equ
ip
ped
w
ith
a
n
in
va
ria
n
t
p
ro
ba
bility
m
ea
su
ra
ble
gro
u
p
stru
c-

tu
re,
(�
;A
;�
),
su
ch
th
a
t
in
a
ra
n
d
o
m
ly
selected
o
rd
er
every
p
la
y
er
is
equ
a
lly

likely
to
h
a
ve
p
la
ced
befo
re
it
a
set
o
f
p
la
y
ers
o
f
a
n
y
size
co
n
ta
in
in
g
p
la
y
ers

fro
m

a
n
y
w
h
ere
in
th
e
u
n
it
in
terva
l?
T
h
is
n
o
tio
n
b
eck
o
n
s
to
th
e
stro
n
g
ly

m
ix
in
g
a
u
to
m
o
rp
h
ism
s.
T
o
�
x
id
ea
s,
let
u
s
co
n
sid
er
m
ix
in
g
w
ith
resp
ect

to
L
eb
esg
u
e
m
ea
su
re
�
.
A
L
eb
esg
u
e
m
ea
su
re
p
reserv
in
g
a
u
to
m
o
rp
h
ism
,

�
2
G
,
is
sa
id
to
b
e
stro
n
gly
m
ixin
g
if
lim
n
!

1

�
(�
�

n
E
\
F
)
=
�
(E
\
F
),

fo
r
a
ll
E
;F

2
B
I .
In
essen
ce
a
stro
n
g
ly
m
ix
in
g
a
u
to
m
o
rp
h
ism
,
�,
a
llow
s

th
o
ro
u
g
h
m
ix
in
g
o
f
a
n
y
set
o
f
p
lay
ers
t
2
E

w
ith
a
n
y
o
th
er
p
lay
er
in
th
e

u
n
it
in
terva
l
I
b
y
p
ro
d
u
cin
g
a
n
o
rb
it
Q
(E
)
=
f
�
n
tjt
2
E
;n
=
0
;1
;
::g
w
h
ich

is
d
en
se
a
n
d
u
n
ifo
rm
ly
sp
rea
d
a
llo
v
er
I
.
A
l.m
.p
.
a
u
to
m
o
rp
h
ism
is
w
ea
kly

m
ixin
g
if
lim
n
!

1

1n P
nj

=
1
� ��
�

jE
\
F �
=
�
(E
\
F
)
It
is
k
n
ow
n
th
a
t
w
ith

resp
ect
to
th
e
"
w
ea
k
to
p
o
lo
g
y
"
,
th
e
set
o
f
su
ch
a
u
to
m
o
rp
h
ism
s
is
o
f
th
e
�
rst

ca
teg
o
ry
a
n
d
th
e
set
o
f
w
ea
k
ly
m
ix
in
g
a
u
to
m
o
rp
h
ism
s
is
o
f
th
e
seco
n
d
ca
t-

eg
o
ry.
T
h
is
m
ea
n
s
th
a
t
g
en
erica
lly
a
m
ea
su
re
p
reserv
in
g
a
u
to
m
o
rp
h
ism
is

a
w
ea
k
ly
m
ix
in
g
b
u
t
n
o
t
stro
n
g
ly
m
ix
in
g
.
A
u
m
a
n
n
[1
9
6
7
]
9
h
a
s
sh
o
w
n
th
a
t

it
is
im
p
o
ssib
le
to
�
n
d
a
n
in
v
a
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re

9
I
a
m

g
ra
tefu
l
to
P
ro
fesso
r
R
o
b
ert
A
u
m
a
n
n
fo
r
d
ra
w
in
g
m
y
a
tten
tio
n
to
th
is
resu
lt.



O
n
th
e
sy
m
m
etry
su
b
g
ro
u
p
��

1
7

o
n
th
e
w
h
o
le
g
ro
u
p
o
f
l.m
.p
.
a
u
to
m
o
rp
h
ism
s
w
h
ich
sa
tis�
es
fu
rth
er
co
n
d
i-

tio
n
th
a
t
th
e
rea
l
va
lu
ed
fu
n
ctio
n
f
(�)
�
�
(E
\
�
F
)
is
m
ea
su
ra
b
le
fo
r
a
ll

E
;F
2
B
I .

T
h
u
s
in
o
u
r
a
p
p
ro
a
ch
,
w
e
seek
to
a
ch
iev
e
th
o
ro
u
g
h
m
ix
in
g
o
f
p
lay
ers

w
ith
th
e
h
elp
o
f
a
ctio
n
s
o
f
a
n
u
n
co
u
n
ta
b
ly
la
rg
e
su
b
g
ro
u
p
��
o
f
l.m
.p
.
a
u
to
-

m
o
rp
h
ism
s.
T
h
is
w
e
o
b
ta
in
a
s
a
(p
ro
jectiv
e)
lim
it
o
f
a
n
in
crea
sin
g
seq
u
en
ce

o
f
"
ca
refu
lly
co
n
stru
cted
"
in
crea
sin
g
�
n
ite
su
b
g
ro
u
p
s,
�
n
,
n
�
0
o
f
l.m
.p
.

a
u
to
m
o
rp
h
ism
s.
W
e
d
escrib
e
th
e
co
n
stru
ctio
n
o
f
��
b
rie

y
in
th
is
sectio
n
,

(fo
r
d
eta
ils,
see
R
a
u
t
[1
9
9
6
]).
It
is,
h
ow
ev
er,
in
terestin
g
to
n
o
te
th
a
t
in
o
u
r

co
n
stru
ctio
n
w
e
g
et
th
o
ro
u
g
h
m
ix
in
g
w
ith
th
e
h
elp
o
f
a
u
to
m
o
rp
h
ism
s
in

�
0n
s
w
h
ich
a
re
a
ll
recu
rren
t
o
f
p
erio
d
n
.

W
e
a
lso
w
a
n
t
to
eq
u
ip
��
w
ith
a
�
n
e
en
o
u
g
h
m
ea
su
ra
b
le
g
ro
u
p
stru
c-

tu
re �
��
;
�B;
�� �
so
th
a
t
it
a
llow
s
su
�
cien
tly
rich
set
o
f
g
a
m
es
in
L
1
(
��
;
��
).

W
e
im
p
o
se
th
e
fo
llow
in
g
sep
a
ra
b
ility
req
u
irem
en
t
o
n
o
u
r
m
ea
su
ra
b
le
g
ro
u
p

stru
ctu
re:

D
e
�
n
it
io
n
3

:
A
m
ea
su
ra
b
le
g
ro
u
p
(�
;A
;�
)
is
sepa
ra
ted
1
0

if
8
�
2
�
,

�
6=
e,
th
ere
ex
ists
E
2
A
�

su
ch
th
a
t
0
<
�
(E
)
<
1

a
n
d
�
(E
��
E
)
>
0
,

w
h
ere
�
is
th
e
sy
m
m
etric
d
i�
eren
ce
o
p
era
to
r
b
etw
een
tw
o
sets.

W
e
d
e�
n
e
th
e
in
crea
sin
g
seq
u
en
ce
o
f
�
n
ite
g
ro
u
p
s,
�
n
,
n
�

0
ea
ch

co
n
ta
in
in
g
l.m
.p
.
a
u
to
m
o
rp
h
ism
s
th
a
t
a
re
d
isco
n
tin
u
o
u
s
a
t
o
n
ly
a
�
n
ite

n
u
m
b
er
o
f
p
o
in
ts
o
f
I
.
In
th
e
n
-th
a
u
to
m
o
rp
h
ism
g
ro
u
p
,
�
n
,
th
e
d
isco
n
ti-

n
u
ities
o
f
th
e
a
u
to
m
o
rp
h
ism
s
a
re
a
t
th
e
p
o
in
ts
k2

n

;k
=
1
;:::;2
n
�
1
.
T
h
ese

2
n
�
1
p
o
in
ts
in
I
d
eterm
in
e
2
n

d
y
a
d
ic
su
b
in
terva
ls
o
f
I:

I
k
= �
k2

n

;
k
+
1

2
n �,

k
=
0
;1
;:::;2
n
�
1
.
In
o
rd
er
fo
r
th
e
a
u
to
m
o
rp
h
ism
s
to
b
e
L
eb
esg
u
e
m
ea
su
re

p
reserv
in
g
,
w
e
a
ssu
m
e
th
a
t
in
ea
ch
su
b
in
terva
l
I
k ,
th
e
a
u
to
m
o
rp
h
ism
s
a
re

lin
ea
r
w
ith
slo
p
e
�
1
.

L
et
N
n

=
f
0
;1
;2
;:::;2
n
�
1
g
.
W
e
rep
resen
t
ea
ch
a
u
to
m
o
rp
h
ism
in
�
n

b
y
a
p
a
ir
o
f
fu
n
ctio
n
s,
�
n

a
n
d
O
n

su
ch
th
a
t
�
n

:
N
n

!

N
n

is
a
p
erm
u
ta
-

tio
n
o
f
N
n

a
n
d
O
n

:
N
n

!

f
�
1
;1
g
is
a
m
a
p
a
s
fo
llo
w
s:
F
o
r
ea
ch
k
2
N
n
;

�
n
(k
)
sp
eci�
es
w
h
ich
su
b
in
terva
l
o
f
th
e
u
n
it
in
terva
l
th
e
im
a
g
e
o
f
th
e
k
th

su
b
in
terva
l
b
e
m
a
p
p
ed
to
,
a
n
d
O
n

�
�
n
(k
)
sp
eci�
es
th
e
slo
p
e
o
f
th
e
a
u
to
-

m
o
rp
h
ism
th
a
t
th
e
im
a
g
e
su
b
in
terva
l
w
ill
ta
k
e.
S
o
m
etim
es
w
e
w
ill
refer
to

O
n

a
s
th
e
slo
pe
m
a
p
.
W
e
d
en
o
te
su
ch
a
n
a
u
to
m
o
rp
h
ism
a
s
d
escrib
ed
a
b
ov
e

1
0
T
h
is
se
p
a
ra
tio
n
n
o
tio
n
fo
r
m
e
a
su
ra
b
le
g
ro
u
p
s
is
th
e
a
n
a
lo
g
u
e
o
f
H
a
u
sd
o
r�
sep
a
ra
tio
n

a
x
io
m

fo
r
to
p
o
lo
g
ic
a
l
sp
a
c
e
s,
se
e
H
a
lm
o
s
[1
9
5
0
,
p
p
.2
7
3
].

O
n
th
e
sy
m
m
etry
su
b
g
ro
u
p
��

1
8

b
y
th
e
sy
m
b
o
l

�
n

=
(�
n
(k
);O
n
�
�
n
(k
))
2
n

�

1

k
=
0

(5
)

A
n
eq
u
iva
len
t
d
escrip
tio
n
o
f
th
e
a
b
o
v
e
a
u
to
m
o
rp
h
ism

th
a
t
w
e
w
ill
o
ften

u
se
is
th
e
fo
llow
in
g
:

�
n
(x
)
= 8>><>>:

�
n

(k
)

2
n

�

k2
n

+
x

if
x
2
I
k

a
n
d
O
n
(�
n
(k
))
=
+
1

�
n

(k
)+
1

2
n

�

k2
n

�
x

if
x
2
I
k

a
n
d
O
n
(�
n
(k
))
=
�
1

k
=
0
;1
;:::2
n
�
1

(6
)

W
e
u
se
�
n

to
m
ea
n
th
e
rep
resen
ta
tio
n
(5
)
a
n
d
�
n
(:)
o
r
�
n
(x
)
to
m
ea
n
th
e

rep
resen
ta
tio
n
(6
)
o
f
a
n
elem
en
t
in
�
n
.

L
et
=
=
f
+
1
;�
1
g
d
en
o
te
th
e
set
o
f
slo
p
es.
W
ith
th
e
u
su
a
l
m
u
ltip
lica
-

tio
n
o
p
era
tio
n
o
f
rea
l
n
u
m
b
ers
a
n
d
w
ith
+
1
a
s
th
e
id
en
tity
elem
en
t,
it
is

triv
ia
l
to
sh
ow
th
a
t
=
is
a
g
ro
u
p
.

L
et

�
n

= �
�
n

:
I
!

I
;
d
e�
n
ed
b
y
(6
)
j
�
n

is
a
p
erm
u
ta
tio
n
o
f
N
n

a
n
d
O
n

is
a
n
o
rien
ta
tio
n
o
f
th
e
2
n
su
b
-in
terva
ls

�

T
h
ere
a
re
(2
2
n

:2
n
!)
to
ta
l
n
u
m
b
er
o
f
elem
en
ts
in
�
n
.
It
ca
n
b
e
ea
sily

seen
th
a
t
�
n

is
a
su
b
g
ro
u
p
o
f
l.m
.p
.
a
u
to
m
o
rp
h
ism
s.
F
o
r
in
sta
n
ce,
w
h
en

n
=
0
,
th
ere
is
n
o
su
b
d
iv
isio
n
o
f
I
,
a
n
d
th
u
s

�
0
=
f
�
0
=
(�
0 (0
);O
0 (0
))
j
O
0 (0
)
2
=
g

.
N
o
te
th
a
t
�
0

h
a
s
o
n
ly
tw
o
elem
en
ts.

F
o
r
fu
rth
er
illu
stra
tio
n
o
f
th
e
a
b
ov
e
co
n
cep
ts,
in
p
a
n
el
(a
)
o
f
�
g
u
re
1
,
w
e

h
a
v
e
sh
o
w
n
th
e
g
ra
p
h
o
f
�
2 (x
)
co
rresp
o
n
d
in
g
to
th
e
p
erm
u
ta
tio
n
,
�
2 (1
)
=
2
,

�
2 (2
)
=

4
,
�
2 (3
)
=

1
a
n
d
�
2 (4
)
=

3
,
a
n
d
th
e
o
rien
ta
tio
n
,
O
2 (1
)
=

+
1
,

O
2 (2
)
=
�
1
,
O
2 (3
)
=
+
1
,
a
n
d
O
2 (4
)
=
�
1
.

L
et
u
s
ex
a
m
in
e
th
e
k
in
d
o
f
ra
n
d
o
m
iza
tio
n
o
f
th
e
p
lay
ers
th
a
t
a
re
p
er-

fo
rm
ed
b
y
th
e
ra
n
d
o
m
o
rd
ers
in
�
n

fo
r
la
rg
e
n
.
F
o
r
illu
stra
tio
n
p
u
rp
o
se,

let
u
s
co
n
sid
er
th
e
a
u
to
m
o
rp
h
ism
�
2

2
�
2

th
a
t
is
d
ep
icted
in
p
a
n
el
(a
)
o
f
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F
ig
u
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1
:

O
n
th
e
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m
m
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b
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u
p
��

2
0

�
g
u
re
1
.
N
o
te
th
a
t
th
e
set
o
f
p
la
y
ers
th
a
t
a
re
p
la
ced
b
efo
re
p
la
y
er
t,
t
2
I

in
th
e
ra
n
d
o
m
o
rd
er
�
2
2
�
2
is
g
iv
en
b
y

I
(f
tg
;�
2 )
= 8>><>>:

[0
;t)
[
I
3

if
t
2
I
1

I
1
[
(t;
12
)
[
I
3
[
I
4

if
t
2
I
2

[
12
;t)

if
t
2
I
3

I
1
[
I
3
[
(t;1
]

if
t
2
I
4

N
o
te
th
a
t
th
e
n
a
tu
re
o
f
ra
n
d
o
m
iza
tio
n
p
ro
d
u
ced
b
y
a
n
elem
en
t
o
f
�
n

d
e-

p
en
d
s
o
n
th
e
p
erm
u
ta
tio
n
�
a
n
d
th
e
o
rien
ta
tio
n
O
.
L
et
u
s
�
x
a
t
2
I
a
n
d

su
p
p
o
se
t
2
I
1 .
C
o
n
sid
er
th
e
in
itia
l
seg
m
en
ts
o
f
p
lay
er
t
in
ea
ch
o
f
th
e

ra
n
d
o
m
o
rd
ers
�
n

2
�
n
,
th
a
t
h
a
s
th
e
sa
m
e
v
a
lu
e
fo
r
t,
say
�
n
(t)
=
t
0 .
A
ll

o
f
th
ese
ra
n
d
o
m
o
rd
ers
w
ill
h
av
e
eith
er
p
o
sitiv
e
o
rien
ta
tio
n
o
r
n
eg
a
tiv
e
o
ri-

en
ta
tio
n
.
L
et
u
s
a
ssu
m
e
th
a
t
th
ey
h
a
v
e
p
o
sitiv
e
o
rien
ta
tio
n
.
L
et
u
s
d
en
o
te

b
y
[x
],
x
2
<
,
a
s
th
e
g
rea
test
in
teg
er
in
x
.
T
h
e
w
ay
th
e
in
itia
l
seg
m
en
ts
a
re

ra
n
d
o
m
ized
b
y
th
ese
ra
n
d
o
m
o
rd
ers
is
th
a
t
[
2
n

t
0

]
su
b
-in
terva
ls
fro
m
th
e
set

o
f
a
ll
su
b
-in
terva
ls
ex
cep
t
I
1
a
re
ra
n
d
o
m
ly
selected
a
n
d
th
en
p
la
ced
b
efo
re

th
e
set
o
f
p
o
in
ts
[0
,t)
in
a
ll
p
o
ssib
le
p
erm
u
ta
tio
n
s.
F
o
r
v
ery
la
rg
e
n
,
size
o
f

ea
ch
su
b
-in
terva
ls
is
v
ery
sm
a
ll,
a
n
d
h
en
ce
fo
r
la
rg
e
n
,
a
ll
th
ese
�
0n
s
w
ith

�
x
ed
v
a
lu
e
o
f
�
n
(t)
=
t
0
a
re
p
la
cin
g
a
lm
o
st
a
n
y
in
�
n
itesim
a
lly
sm
a
ll
su
b
in
-

terva
ls
o
f
I
th
a
t
ca
n
�
t
in
a
n
in
terva
l
o
f
size
[0
;
t
0 ].
T
h
e
size
o
f
th
e
in
terva
l

a
lso
va
ries
a
s
w
e
v
a
ry
t
0
in
th
e
o
rb
it
Q
n

=
f
�
(t
0 )
j
�
2
�
n
g
.

In
p
a
n
el
(b
)
o
f
�
g
u
re
(1
),
w
e
h
a
v
e
g
ra
p
h
ed
a
ll
th
e
elem
en
ts
o
f
�
2 .
T
h
e

set
Q
2

is
sh
o
w
n
a
s
th
e
in
tersectio
n
o
f
th
e
d
a
sh
lin
es
w
ith
th
e
y
-a
x
is.
It
is

triv
ia
l
to
n
o
te
th
a
t
�
n

�
�
n
+
1

a
n
d
a
s
n
!

1
,
th
e
n
u
m
b
er
o
f
elem
en
ts
in

Q
n

b
eco
m
es
la
rg
e
a
n
d
a
re
sp
rea
d
u
n
ifo
rm
ly
ov
er
I
:

It
ca
n
b
e
ea
sily
sh
ow
n
th
a
t
th
e
lim
itin
g
set,
�
�
[
1n

=
1 �
n

=
lim
n
!

1

�
n

is
a
g
ro
u
p
o
f
l.m
.p
.
a
u
to
m
o
rp
h
ism
s,
b
u
t
co
n
ta
in
s
o
n
ly
co
u
n
ta
b
le
n
u
m
b
er

o
f
elem
en
ts,
a
n
d
th
u
s
ca
n
n
o
t
a
d
m
it
a
n
in
v
a
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le

stru
ctu
re.
It
is
in
terestin
g
to
n
o
te,
h
o
w
ev
er,
th
a
t
�
is
lo
ca
lly
�
n
ite.
T
h
u
s

w
e
h
a
v
e
a
n
ex
a
m
p
le
o
f
a
lo
ca
lly
�
n
ite
sy
m
m
etry
g
ro
u
p
�
su
ch
th
a
t
th
ere

d
o
es
n
o
t
ex
ist
a
�
-sy
m
m
etric
ra
n
d
o
m
o
rd
er
v
a
lu
e
o
p
era
to
r
o
n
a
n
y
sp
a
ce
o
f

g
a
m
es
a
t
a
ll.

W
e
ca
n
,
h
ow
ev
er,
co
n
stru
ct
a
la
rg
e
su
b
g
ro
u
p
o
f
l.m
.p
.
a
u
to
m
o
rp
h
ism
s

w
ith
a
d
i�
eren
t
k
in
d
o
f
lim
it,
n
em
ely,
th
e
p
ro
jectiv
e
lim
it
o
f
th
e
a
b
ov
e

seq
u
en
ce
o
f
�
n

lim
itin
g
fu
rth
er
th
e
elem
en
ts
in
ea
ch
o
f
th
em
a
s
fo
llow
s:
W
e

u
se
^�
n

to
d
en
o
te
th
e
m
o
d
ei�
ed
�
n
.
^�
n
;n
�
0
a
re
recu
rsiv
ely
co
n
stru
cted

a
s
fo
llow
s:
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F
ig
u
re
2
:

O
n
th
e
sy
m
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etry
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g
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2
2

F
o
r
n
=
0
,
ta
k
e
^�
0
=
�
0 .
T
o
d
e�
n
e
^�
1 ,
n
o
te
th
a
t
w
e
h
av
e
tw
o
d
y
a
d
ic

su
b
-in
terva
ls
o
f
I
d
en
o
ted
a
s
I
0

a
n
d
I
1 .
E
a
ch
�
0

2

^�
0 ,
in
d
u
ces
a
u
n
iq
u
e

p
erm
u
ta
tio
n
�
1
;�
0

o
f
N
1
=
f
0
;1
g
d
e�
n
ed
b
y

�
1
;�
0 (j)
=
i

if
fo
r
a
ll
x
2
I
j ;
�
0 (x
)
2
I
i ;
i;j
2
N
1

G
iv
en
�
0
2
^�
0 ,
let
u
s
d
en
o
te
b
y

A
1 (�
0 )
= n
�
1
=
(�
1
;�
0 (k
);O
1 (�
1
;�
0 )(k
))
1k

=
0

j
O
1 (�
1
;�
0 )(j)
2
=
;j
=
0
;1 o

W
e
n
o
w
d
e�
n
e
^�
1

b
y

^�
1
=

[�
0
2

^�
0

A
1 (�
0 )

N
o
te
th
a
t
ea
ch
A
1 (�
0 )
h
a
s
2
�
2
=
4
elem
en
ts
a
n
d
h
en
ce
^�
1

h
a
s
2
�
4
=
8

elem
en
ts.

L
et
u
s
su
p
p
o
se
th
a
t
w
e
h
a
v
e
a
lrea
d
y
d
e�
n
ed
^�
n
�

1 .
W
e
n
o
w
d
e�
n
e
^�
n

fro
m

^�
n
�

1 .

L
et
th
e
2
n

d
y
a
d
ic
su
b
-in
terva
ls
a
t
sta
g
e
n
b
e
d
en
o
ted
a
s
I
0 ;...
I
2
n

�

1.

E
a
ch
�
n
�

1

2

^�
n
�

1

in
d
u
ces
a
u
n
iq
u
e
p
erm
u
ta
tio
n
�
n
;�
n

�

1

o
f
th
e
set
N
n

d
e�
n
ed
b
y�

n
;�
n

�

1 (j)
=
i
if
fo
r
a
ll
x
2
I
j ;
�
n
�

1 (x
)
2
I
i ;
i;j
2
N
n

(7
)

F
o
r
ea
ch
�
n
�

1
2
^�
n
�

1 ,
w
e
d
e�
n
e

A
n
(�
n
�

1 )
= 8<:
�
n

= �
�
n
;�
n

�

1 (k
);O
n
(�
n
;�
n

�

1 )(k
) �
2
n

�

1

k
=
0

j

O
n
(�
n
;�
n

�

1 )(i)
2
=
8
i
2
N
n

9=;

a
n
d

^�
n

=

[
�
n

�

1
2

^�
n

�

1

A
n
(�
n
�

1 )



O
n
th
e
sy
m
m
etry
su
b
g
ro
u
p
��

2
3

F
o
r
ea
ch
n
�
1
,
w
e
d
e�
n
e
th
e
m
u
ltip
lica
tio
n
o
p
era
tio
n
in
^�
n

a
s
th
e
co
m
-

p
o
sitio
n
o
f
fu
n
ctio
n
s,
n
a
m
ely,fo
r
^�
n
,
^�
0n

2
^�
n
,
w
e
d
e�
n
e
^�
n
^�
0n

=
^�
n �
^�
0n
(x
) �
,

x
2
I
,
a
n
d
fo
r
ea
ch
n
�
1
,
w
e
d
e�
n
e
th
e
p
ro
jectio
n
m
a
p
s
f
n

:
^�
n

!

^�
n
�

1 ,

f
n
(�
n
)
=
�
n
�

1 ,
w
h
ere
�
n
�

1
is
su
ch
th
a
t
�
n

2
A
n
(�
n
�

1 ).

T
o
g
et
a
n
id
ea
a
b
o
u
t
th
ese
p
ro
jectio
n
m
a
p
s,
in
p
a
n
el
(b
)
o
f
�
g
u
re
2
,
w
e

h
av
e
d
raw
n
a
�
3
2
^�
3

w
h
o
se
p
ro
jectio
n
u
sin
g
th
e
m
a
p
f
3

is
�
2
2
^�
2 .

D
en
o
te
b
y

��
= n
��
=
(�
0 ;�
1 ;�
2 ;::::)
j
�
n

2
^�
n
;8
n
�
0
a
n
d
f
n
(�
n
)
=
�
n
�

1 ;8
n
�
1 o

F
o
r
a
n
y
tw
o
elem
en
ts
��
=
(�
0
;�
1 ;�
2 ;::::)
a
n
d
��
0

=
(�
00 ;�
01 ;�
02 ;::::)
fro
m

��
,

d
e�
n
e
th
e
m
u
ltip
lica
tio
n
o
p
era
tio
n
��
�
��
0

b
y

��
�
��
0

=
(�
0
�
00 ;�

1 �
01 ;�

2 �
02 ;:::)

B
y
P
ro
p
o
sitio
n
3
in
R
a
u
t[1
9
9
6
],
f
n
(�
n
�
0n
)
=
f
n
(�
n
)f
n
(�
0n
)
2
^�
n
�

1 .
H
en
ce,

���
��
0

2
��
.
W
ith
��
�

1
=
(�
�

1
0

;�
�

1
1

;�
�

1
2

;::::)
a
s
th
e
in
v
erse
o
f
��
=
(�
0 ;�
1 ;�
2 ;::::),

a
n
d
w
ith
�e
=
(e
0 ;e
1 ;:::),
w
h
ere
e
n

is
th
e
id
en
tity
elem
en
t
o
f
^�
n

a
s
th
e
u
n
it

elem
en
t,
w
e
n
o
te
th
a
t
��
is
a
g
ro
u
p
.

D
e�
n
e
fo
r
n
�
0
th
e
p
ro
jectio
n
m
a
p
s
�
n

:
��
!

^�
n

b
y

�
n
( ��)
=
�
n
;
w
h
er
e
��
=
(�
0 ;�
1 ;�
2 ;::::)

L
et
F
=
[
1n

=
1 �
�

1
n

(B
n
).
It
ca
n
b
e
ea
sily
sh
ow
n
th
a
t
F
is
a
B
o
o
lea
n
a
lg
eb
ra
.

L
et
�B
b
e
th
e
�
�
a
lg
eb
ra
g
en
era
ted
b
y
F
. �
��
;
�B �
is
ca
lled
th
e
p
ro
jective

lim
it
o
f
th
e
seq
u
en
ce
o
f
m
ea
su
re
sp
a
ces,
(
^�
n
B
n
),
n
�
0
th
ro
u
g
h
th
e
m
a
p
s

f
n
;n
�
1
.

T
h
e
resu
lts
in
th
e
fo
llow
in
g
th
eo
rem
a
re
p
rov
ed
in
R
a
u
t
[1
9
9
6
].

T
h
e
o
r
e
m

4
:[R
a
u
t(1
9
9
6
)]

T
h
ere
exists
a
u
n
iqu
e
righ
t
in
va
ria
n
t
p
ro
ba
bility
m
ea
su
re,
��
o
n
th
e
p
ro
-

jective
lim
it,
(
��
;
�B)
o
f
th
e
sequ
en
ce
o
f
m
ea
su
ra
ble
gro
u
p
s, �
^�
n
;B
n
;�
n �
10

,

th
ro
u
gh
th
e
sequ
en
ce
o
f
h
o
m
o
m
o
rp
h
ism
s,
f
f
n
g
10

,
su
ch
th
a
t

(i
)
��
�
�

1
n

=
�
n

O
n
th
e
sy
m
m
etry
su
b
g
ro
u
p
��

2
4

(ii
) �
��
;
�B;
�� �
is
a
n
u
n
co
u
n
ta
bly
la
rge
sepa
ra
ted
p
ro
ba
bility
m
ea
su
ra
ble

gro
u
p
.

(iii)
F
o
r
ea
ch
��
=

(�
0
;�
1 ;
:::;�
n
;:::)
2

��
,
th
e
lim
it
��(t)
=
lim
n
!

1

�
n
(t)

exists
fo
r
a
ll
t
2
I
a
n
d
th
e
lim
it
fu
n
ctio
n
�
:
I
!

I
is
a
L
ebesgu
e

m
ea
su
re
p
reservin
g
a
u
to
m
o
rp
h
ism
.

T
w
o
m
ea
su
re
sp
a
ces,
(X
i ;B
i ;�
i ),
i
=
1
;2
a
re
sa
id
to
b
e
iso
m
o
rp
h
ic
if

th
ere
ex
ists
tw
o
sets
N
i
�
X
i ,
�
i (N
i )
=
0
,
i
=
1
;2
a
n
d
a
B
o
rel
a
u
to
m
o
r-

p
h
ism
T
:
X
1 n
N
1
!

X
2 n
N
2
su
ch
th
a
t
�
1 T
�

1
=
�
2 .
In
th
is
p
a
p
er
w
e
p
rov
e

th
e
fo
llow
in
g
iso
m
o
rp
h
ism
th
eo
rem
fo
r
th
e
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le

g
ro
u
p �
��
;
�B;
�� �
.

T
h
e
o
r
e
m

5
:[Iso
m
o
rp
h
ism

T
h
eo
rem
]

T
h
e
p
ro
jective
lim
it
gro
u
p �
��
;
�B;
�� �
is
iso
m
o
rp
h
ic
to
th
e
u
n
it
in
terva
l

w
ith
L
ebesgu
e
m
ea
su
re,
(I
;B
I ;
�
).

W
e
w
ill
u
tilize
th
e
a
b
ov
e
tw
o
th
eo
rem
s
to
d
eriv
e
d
ia
g
o
n
a
l
fo
rm
u
la
fo
r

ra
n
d
o
m
o
rd
er
v
a
lu
e
o
p
era
to
r
fo
r
a
la
rg
er
cla
ss
o
f
g
a
m
es
th
a
n
in
R
a
u
t
[1
9
9
6
],

a
n
d
to
p
ro
v
e
th
eo
rem
s
2
a
n
d
3
sta
ted
ea
rlier.

P
r
o
o
f
o
f
T
h
e
o
r
e
m

5
:
L
et
L
2 (I
)
b
e
th
e
H
ilb
ert
sp
a
ce
o
f
sq
u
a
re
in
teg
ra
b
le

fu
n
ctio
n
s
w
ith
resp
ect
to
L
eb
esg
u
e
m
ea
su
re
o
n
(I
;B
I ).
L
et
U
d
en
o
te
th
e

set
o
f
a
ll
o
p
era
to
rs
U

o
n
L
2 (I
),
su
ch
th
a
t
U

is
o
n
to
a
n
d
U

is
iso
m
etric,

i.e.
(U
(f
);U
(g
))
=

(f
;
g
),
f
;
g
2

L
2 (I
)
w
h
ere
(;)
is
th
e
in
n
er-p
ro
d
u
ct

o
p
era
tio
n
o
f
L
2 (I
).
S
u
ch
a
n
o
p
era
to
r
U

o
f
L
2 (I
)
is
k
n
ow
n
a
s
u
n
ita
ry
o
p
-

era
to
r.
It
is
k
n
o
w
n
th
a
t
w
ith
resp
ect
to
th
e
stro
n
g
o
p
era
to
r
to
p
o
lo
g
y,

i.e.,
m
etric
o
f
th
e
B
a
n
a
ch
sp
a
ce
o
f
b
o
u
n
d
ed
o
p
era
to
rs
o
n
L
2 (I
),
U

is
a

co
m
p
lete,
sep
a
ra
b
le
m
etric
sp
a
ce.
E
a
ch
l.m
.p
.
a
u
to
m
o
rp
h
ism
�
d
e�
n
es
a

u
n
ita
ry
o
p
era
to
r
U
(�
)
2
U
b
y
(U
(�)f
)
(x
)
=
f
(�(x
))
;
f
2
L
2 (I
).
A
B
o
rel

sp
a
ce
is
sa
id
to
b
e
sta
n
d
a
rd
if
it
is
B
o
rel
iso
m
o
rp
h
ic
to
th
e
B
o
rel
sp
a
ce

o
f
a
B
o
rel
m
ea
su
ra
b
le
su
b
set
o
f
a
co
m
p
lete
sep
a
ra
b
le
m
etric
sp
a
ce.
T
h
u
s,

ea
ch �
^�
n
;B
n
;�
n �
is
sta
n
d
a
rd
a
n
d
h
en
ce
th
eir
co
u
n
ta
b
le
C
a
rtesia
n
p
ro
d
-

u
ct �
��
;
�B;
�� �
is
a
lso
sta
n
d
a
rd
(M
a
ck
ey
[1
9
5
7
,
T
h
eo
rem
3
.1
]).
N
o
tice
th
a
t

fo
r
a
n
y
��
=
(�
0 ;�
1 ;:::;�
n
;:::)
2
��
,
w
e
h
a
v
e n
�� o
=
lim
n
!

1

�
�

1
n

(�
n
).
H
en
ce

�� �
f
��g �
=
lim
n
!

1

��
�
�

1
n

(�
n
)
=
lim
n
!

1

�
n
(f
�
n
g
)
=
0
,
fo
r
a
ll
��
2
��
.
T
h
u
s,



D
eta
ils

2
5

�
��
;
�B;
�� �
is
iso
m
o
rp
h
ic
to
(I
;B
I ;�
)
(see
P
a
rth
a
sa
ra
th
y
[1
9
7
7
,
P
ro
p
o
sitio
n

2
6
.6
].

Q
.E
.D
.

L
et
u
s
ex
a
m
in
e
th
e
lim
ita
tio
n
s
th
a
t
a
re
im
p
o
sed
o
n
th
e
p
a
ttern
o
f
ra
n
-

d
o
m
iza
tio
n
b
y
th
e
p
ro
jectiv
e
lim
it
g
ro
u
p
a
s
co
m
p
a
red
to
th
e
lim
it
g
ro
u
p
�

th
a
t
w
e
d
iscu
ssed
ea
rlier.
L
et
u
s
�
x
a
t
2
I
a
n
d
su
p
p
o
se
t
2
I
1 .
C
o
n
sid
er

th
e
in
itia
l
seg
m
en
ts
o
f
p
lay
er
t
in
ea
ch
o
f
th
e
ra
n
d
o
m
o
rd
ers
�
n

2
~�
n
,
th
a
t

h
a
s
th
e
sa
m
e
va
lu
e
fo
r
t,
say
�
n
(t)
=
t
0 .
F
ro
m
�
g
u
re
2
it
is
clea
r
th
a
t
a
ll

th
ese
ra
n
d
o
m
o
rd
ers
p
la
ce
a
p
a
rticu
la
r
ty
p
e
o
f
sets
o
f
L
eb
esg
u
e
m
ea
su
re
t
0

b
efo
re
p
lay
er
t;
a
n
d
th
e
ty
p
e
o
f
th
e
sets
d
ep
en
d
s
o
n
t
0 ,
a
n
d
th
e
o
rd
er
o
f

th
e
d
y
a
d
ic
su
b
d
iv
isio
n
,
n
.
F
o
r
ex
a
m
p
le,
su
p
p
o
se
t
0

<

1
=
2
,
th
en
a
ll
th
ese

ra
n
d
o
m

o
rd
ers
d
o
n
o
t
p
la
ce
a
n
y
p
lay
ers
fro
m

th
e
in
terva
l
[1
/
2
,1
].
T
h
u
s

fo
r
a
g
iv
en
size
t
0 ;
0
�

t
0

�

1
,
th
e
ra
n
d
o
m

o
rd
ers
in
��
a
llow
t
to
fo
rm

co
a
litio
n
o
n
ly
w
ith
certa
in
sets
o
f
p
lay
ers
o
f
size
t
0

b
u
t
n
o
t
ev
ery
(B
o
rel)

set
o
f
p
lay
ers
w
h
o
se
size
is
t
0 .
O
n
th
e
o
th
er
h
a
n
d
,
t
g
ets
to
h
av
e
a
n
y
g
iv
en

p
lay
er
p
la
ced
b
efo
re
h
im
in
a
su
ita
b
le
ra
n
d
o
m
o
rd
er
a
n
d
a
su
ita
b
le
size
t
0 .

F
o
r
g
a
m
es
in
w
h
ich
th
e
w
o
rth
o
f
a
co
a
litio
n
d
ep
en
d
s
o
n
ly
th
ro
u
g
h
its
size

b
u
t
n
o
t
th
ro
u
g
h
a
n
y
o
f
th
eir
o
th
er
id
en
tities,
i.e.,
fo
r
a
n
o
n
y
m
o
u
s
g
a
m
es
su
ch

fo
r
in
sta
n
ce
a
s
th
e
g
a
m
es
in
p
N
A
,
w
e
ex
p
ect
a
n
d
w
e
w
ill
fo
rm
a
lly
sh
ow
th
a
t

th
e
ex
p
ected
m
a
rg
in
a
l
co
n
trib
u
tio
n
o
f
a
p
lay
er
w
ith
resp
ect
to
th
e
g
ro
u
p

o
f
ra
n
d
o
m
o
rd
ers, �
��
;
�B;
�� �
,
co
in
cid
es
w
ith
th
e
a
x
io
m
a
tic
va
lu
e
fo
r
th
ese

g
a
m
es
a
s
ch
a
ra
cterized
b
y
A
u
m
a
n
n
a
n
d
S
h
a
p
ley
[1
9
7
4
].
S
ee
T
h
eo
rem
3
fo
r

d
eta
ils.

5
.
D
e
ta
ils

F
o
r
eq
u
a
tio
n
(2
)
to
b
e
m
ea
n
in
g
fu
l,
th
e
m
a
rg
in
a
l
co
n
trib
u
tio
n
set
fu
n
c-

tio
n
�
�V
sh
o
u
ld
b
e
u
n
iq
u
e
so
th
a
t
it
is
a
fu
n
ctio
n
o
f
�
n
o
t
a
co
rresp
o
n
d
en
ce.

T
h
e
fo
llow
in
g
p
ro
p
o
sitio
n
p
rov
es
th
is,
a
n
d
p
rov
id
es
co
n
d
itio
n
s
u
n
d
er
w
h
ich

�
�V
ex
ists
fo
r
a
ll
�
2
G
fo
r
a
la
rg
e
cla
ss
o
f
g
a
m
es
in
B
V
.
T
h
e
seco
n
d
p
a
rt

o
f
p
ro
p
o
sitio
n
2
is
u
sed
in
th
e
p
ro
o
f
o
f
T
h
eo
rem
2
.

P
r
o
p
o
s
it
io
n
2

:

(i)

F
o
r
a
ga
m
e
V

in
G
I

a
n
d
a
n
o
rd
er
�
� ,
�
2
G
,
if
a
m
a
rgin
a
l
co
n
tribu
-

tio
n
set
fu
n
ctio
n
�
[V
](S
;�);S
2
B
I

exists,
it
is
u
n
iqu
e.

D
eta
ils

2
6

(ii)
F
o
r
a
n
y
V

2
N
B
V
,
a
n
d
fo
r
a
n
y
�
2
G
,
th
e
m
a
rgin
a
l
co
n
tribu
tio
n

set
fu
n
ctio
n
,
�
�V

exists
a
n
d
it
is
co
u
n
ta
bly
a
d
d
itive;
fu
rth
erm
o
re,

fo
r
ea
ch
�
2
G
,
�
�

:
N
B
V
!

N
B
V

is
a
bo
u
n
d
ed
lin
ea
r
o
pera
to
r
in

th
e
k
:k
B
V

n
o
rm

o
n
N
B
V

a
n
d
fo
r
V

2
N
B
V
,
k
�
�V
k
B
V

�

k
V
k
B
V

u
n
ifo
rm
ly
fo
r
a
ll
�
2
G
.

P
r
o
o
f
o
f
P
r
o
p
o
s
it
io
n
2
:
L
et
u
s
d
en
o
te
b
y
[s;t)
�
=
f
j
2
I
j
�
(s)
�
�(j)
<

�(t)g
.
D
en
o
te
b
y
D
�

= �
[s;t)
�

j
s
2
I
;t
2
�I 	
.
O
n
e
ca
n
ea
sily
v
erify
th
a
t

D
�
is
th
e
sm
a
llest
B
o
o
lea
n
sem
i
a
lg
eb
ra
co
n
ta
in
in
g
a
ll
in
itia
l
seg
m
en
ts
I
�
=

�
I
(s;�
)
j
s
2
�I 	
.
W
ith
o
u
t
lo
ss
o
f
g
en
era
lity
a
ssu
m
e
th
a
t
V
is
m
o
n
o
to
n
ic.

T
h
ere
is
a
u
n
iq
u
e
ex
ten
sio
n
o
f
�
�V
fro
m
I
�
to
D
�
su
ch
th
a
t
�
�V
is
�
n
itely

a
d
d
itiv
e
o
n
D
�

a
n
d
eq
u
a
tio
n
(1
)
is
sa
tis�
ed
.
M
o
re
p
recisely,
n
o
te
th
a
t
fo
r

th
e
in
itia
l
seg
m
en
ts
in
D
� ,
eq
u
a
tio
n
(1
)
d
e�
n
es
�
�V
,
a
n
d
fo
r
a
ll
o
th
er
sets

in
D
� ;
th
ere
is
o
n
ly
o
n
e
w
a
y
�
�V

ca
n
b
e
d
e�
n
ed
a
s
fo
llow
s:

(�
�V
)
([s;
t)
� )
=
V
(I
(t;�))
�
V
(I
(s
;�
))
fo
r
s
2
I
,
t
2
�I:

It
is
k
n
o
w
n
th
a
t
su
ch
a
�
�V
ca
n
b
e
u
n
iq
u
ely
ex
ten
d
ed
to
a
m
ea
su
re
o
n
B
I

(see,
fo
r
in
sta
n
ce,
co
ro
lla
ry
1
6
.9
in
P
a
rth
a
sa
ra
th
y
[1
9
7
7
]).

W
e
n
ow
p
ro
v
e
p
a
rt
(ii).
F
o
r
a
n
y
�
2
G
,
d
e�
n
e
th
e
rea
l
va
lu
ed
fu
n
ctio
n

F
�

:
�I
!

R

b
y
F
� (x
)
=
V ��
�

1
([0
;x
)) �.
N
o
te
th
a
t
fo
r
a
n
y
seq
u
en
ce
o
f

rea
l
n
u
m
b
ers
x
n
;
n
�
0
fro
m

�I
su
ch
th
a
t
x
n

#
0
,
w
e
h
av
e
�
�

1[0
;x
n
)
#
;
a
s

n
!

1
,
a
n
d
sin
ce
V
2
N
B
V
,
w
e
h
a
v
e
th
a
t
F
� (x
n
)
=
V ��
�

1
([0
;x
n
)) �
!

0

a
s
n
!

1
.
S
im
ila
rly,
fo
r
a
n
y
seq
u
en
ce
o
f
rea
l
n
u
m
b
ers
x
n

"
x
,
in
�I,
w
e

h
a
v
e
F
� (x
n
)
!

F
� (x
),
h
en
ce
b
y
R
u
d
in
[1
9
6
6
,
T
h
eo
rem
8
.1
4
],
w
e
k
n
ow
th
a
t

th
ere
ex
ists
a
u
n
iq
u
e
sig
n
ed
m
ea
su
re
�
�

o
n
B
I

su
ch
th
a
t

�
�
([0
;t))
=
F
� (t)
8
t
2
�I

T
a
k
in
g
t
=
�(s),
s
2
�I,
n
o
tin
g
th
a
t
I
(s;�)
=
�
�

1[0
;�(s)),
a
n
d
d
e�
n
in
g
th
e

m
ea
su
re
�
�V

o
n
B
I

b
y ��
�V �
�
�
� �
�

1,
w
e
h
av
e

��
�V �
(I
(s;�))
=
V
(I
(s;�))
8
s
2
�I

H
en
ce
th
ere
ex
ists
a
u
n
iq
u
e
(u
n
iq
u
en
ess
fo
llow
s
fro
m
p
a
rt
(i)
o
f
th
e
p
ro
p
o
-

sitio
n
)
m
a
rg
in
a
l
co
n
trib
u
tio
n
m
ea
su
re
fo
r
�
2
G
.
It
is
ea
sy
to
ch
eck
th
a
t

�
�
:
N
B
V
!

N
B
V
is
lin
ea
r.
S
in
ce
o
rd
ers
g
en
era
ted
b
y
a
u
to
m
o
rp
h
ism
s
a
re

a
lso
A
u
m
a
n
n
-S
h
a
p
ley
m
ea
su
ra
b
le
o
rd
ers,
th
e
rest
o
f
th
e
p
ro
p
o
sitio
n
fo
llow
s

fro
m
th
eir
p
ro
p
o
sitio
n
1
2
.8
.



D
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2
7

Q
.E
.D
.

T
h
e
seco
n
d
p
a
rt
o
f
th
e
a
b
ov
e
p
ro
p
o
sitio
n
esta
b
lish
es
th
a
t
th
e
m
a
rg
in
a
l

co
n
trib
u
tio
n
set
fu
n
ctio
n
is
a
m
ea
su
re.
T
h
e
fo
llow
in
g
p
ro
p
o
sitio
n
sh
ow
s

th
e
a
lg
eb
ra
ic
in
terp
lay
o
f
a
g
a
m
e
V

a
n
d
th
e
a
ctio
n
s
o
f
a
n
y
su
b
g
ro
u
p
o
f

a
u
to
m
o
rp
h
ism
s
�
in
th
e
a
rg
u
m
en
ts,
�
;V
;S
,
o
f
th
e
m
a
rg
in
a
l
co
n
trib
u
tio
n

m
ea
su
re,
(�
�V
)(S
).
T
h
e
seco
n
d
p
a
rt
o
f
th
e
p
ro
p
o
sitio
n
p
rov
id
es
a
co
m
p
u
-

ta
tio
n
a
l
fo
rm
u
la
fo
r
th
e
m
a
rg
in
a
l
co
n
trib
u
tio
n
m
ea
su
re
fo
r
a
la
rg
e
cla
ss
o
f

sca
la
r
m
ea
su
re
va
lu
ed
g
a
m
es.
F
irst
p
a
rt
o
f
p
ro
p
o
sitio
n
3
is
u
sed
in
p
rov
in
g

th
e
�
-sy
m
m
etry
o
f
th
e
lin
ea
r
sp
a
ce
o
f
g
a
m
es,
L
1
(�
;�
),
in
p
ro
p
o
sitio
n
4

a
n
d
th
e
�
-sy
m
m
etry
o
f
th
e
o
p
era
to
r
�
�

in
th
eo
rem

1
;
th
e
seco
n
d
p
a
rt
o
f

p
ro
p
o
sitio
n
3
is
u
sed
to
esta
b
lish
th
e
d
ia
g
o
n
a
l
fo
rm
u
la
(6
)
in
th
eo
rem
3
.

P
r
o
p
o
s
it
io
n
3

:

(i)

L
et
�
be
a
n
y
�
xed
su
bgro
u
p
o
f
a
u
to
m
o
rp
h
ism
s
in
G
.
S
u
p
po
se
fo
r
a

ga
m
e
V

2
G
I ;
th
e
m
a
rgin
a
l
co
n
tribu
tio
n
m
ea
su
re
�
�V

exists
fo
r
a
ll

�
2

�
.

T
h
en
fo
r
a
n
y
�
2

�
,
th
e
m
a
rgin
a
l
co
n
tribu
tio
n
m
ea
su
re

�
�(�
�
V
)
fo
r
th
e
ga
m
e
�
�V

a
lso
exists
fo
r
a
ll
�
2
�
,
a
n
d
it
is
rela
ted

to
th
e
m
a
rgin
a
l
co
n
tribu
tio
n
m
ea
su
re
o
f
V
by
,

�
�(�
�V
)(S
)
=
(�
�
�
V
) ��
�

1(S
) �
;8
S
2
B
I

(8
)

(ii)
L
et
f
:
I
!

<
be
a
bso
lu
tely
co
n
tin
u
o
u
s,
a
n
d
�
be
a
n
y
L
ebesgu
e
m
ea
-

su
re
p
reservin
g
a
u
to
m
o
rp
h
ism

o
n
I
,
th
en
th
e
m
a
rgin
a
l
co
n
tribu
tio
n

m
ea
su
re
o
f
th
e
sca
la
r
m
ea
su
re
va
lu
ed
ga
m
e
f
�
�
is
given
by
:

�
�(f
�
�
)
(S
)
= Z

S
f
0(�(t)d
�
(t)

(9
)

T
h
e
fo
llow
in
g
lem
m
a
w
ill
b
e
u
sed
in
p
rov
in
g
p
ro
p
o
sitio
n
3
a
n
d
o
th
er

resu
lts:

L
e
m
m
a
1
:
L
et
S

�

<
,
a
n
d
�
:
S

!

S
,
a
n
d
�
:
S

!

S

be
tw
o
a
u
-

to
m
o
rp
h
ism
s
o
f
S
.

D
en
o
te
by
I
(s;�)
=

f
t
2

S

j
�(t)
<

�(s)g
fo
r
a
n

a
u
to
m
o
rp
h
ism
,
�
.
T
h
en
,
�
�

1
(I
(s;�))
=
I ��
�

1(s);�
� �
.

P
r
o
o
f
o
f
le
m
m
a
1
:
It
fo
llo
w
s
fro
m
th
e
fo
llow
in
g
eq
u
iva
len
t
sta
tem
en
ts.

x
2
�
�

1
(I
(s;�))

,

�
(x
)
2
I
(s;�)

D
eta
ils

2
8

,

�
(�
(x
))
<
�
(s)

,

(�
�
)(x
)
<
(�
�
)�
�

1(s)

,

x
2
I �
�
�

1(s);
�
� �

Q
.E
.D
.

P
r
o
o
f
o
f
P
r
o
p
o
s
it
io
n
3
:

T
o
p
ro
v
e
(i)
n
o
te
th
a
t
fo
r
a
n
y
s
2
I
;

(�
�(�
�V
))(I
(s;�
))

=

(�
�V
)(I
(s;�))
b
y
d
e�
n
itio
n
o
f
�
�

=

V ��
�

1
I
(s;�) �
b
y
d
e�
n
itio
n
o
f
�
�

=

V �I �
�
�

1(s);�
� ��
b
y
lem
m
a
1

=

(�
�
�
V
) �
I
(�
�

1(s);�
�
) �
b
y
d
e�
n
itio
n
o
f
�
�
�

=

((�
�
�
V
)�
�

1)
(I
(s;�))
b
y
lem
m
a
1

S
in
ce
th
ey
a
g
ree
o
n
th
e
in
itia
l
seg
m
en
ts
in
I
� ,
th
ey
a
g
ree
o
n
B
I .
T
h
u
s

th
e
m
ea
su
re
(�
��
�

V
)
ex
ists
w
h
en
ev
er
th
e
m
ea
su
re
(�
�
�
V
�
�

1)
ex
ists.
S
in
ce

�
�
2
�
,
b
y
h
y
p
o
th
esis
o
f
th
e
p
ro
p
o
sitio
n
(�
�
�
V
)
ex
ists,
a
n
d
sin
ce
(�
�
�
V
)�
�

1

is
a
m
ea
su
re
w
h
en
ev
er
(�
�
�
V
)
is
a
m
ea
su
re,
w
e
co
n
clu
d
e
th
a
t
�
�(�
�V
)
ex
-

ists
fo
r
a
ll
�
2
�
a
n
d
is
g
iv
en
b
y
th
e
rig
h
t
h
a
n
d
sid
e
o
f
eq
u
a
tio
n
(8
).

P
a
rt
(ii)
o
f
th
e
p
ro
p
o
sitio
n
fo
llo
w
s
fro
m
R
a
u
t
[1
9
9
6
,
P
ro
p
o
sitio
n
5
].

Q
.E
.D
.

P
r
o
p
o
s
it
io
n
4
:
L
1
(�
;�
)
is
a
lin
ea
r
sy
m
m
etric
su
bspa
ce
o
f
G
I .

P
r
o
o
f
o
f
P
r
o
p
o
s
it
io
n

4
:
It
is
ea
sy
to
ch
eck
th
a
t
L
1
(�
;�
)
is
a
lin
ea
r

sp
a
ce.
W
e
sh
ow
th
a
t
it
is
�
-sy
m
m
etric.
L
et
�
2
�
,
a
n
d
V
2
L
1
(�
;�
).
W
e

w
a
n
t
to
sh
o
w
th
a
t
�
�V

2
L
1
(�
;�
).
F
ro
m
p
ro
p
o
sitio
n
3
(i),
w
e
k
n
ow
th
a
t

�
�(�
�V
)(S
)
ex
ists
fo
r
a
ll
�
2
�
a
n
d
S
2
B
I
a
n
d
is
g
iv
en
b
y
(�
�
�
V
) ��
�

1(S
) �.

B
u
t
sin
ce
(�
;A
;�
)
is
a
n
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
,
it
h
a
s
th
e

p
ro
p
erty
th
a
t
fo
r
a
n
y
�
x
ed
�
2
�
if
h
(�)
is
in
teg
ra
b
le
th
en
th
e
rig
h
t
tra
n
s-

la
tio
n
o
f
th
e
fu
n
ctio
n
h
(�
�
)
is
a
lso
in
teg
ra
b
le
a
n
d
b
o
th
h
av
e
th
e
sa
m
e

in
teg
ra
l.
S
in
ce
(�
�V
) ��
�

1(S
) �
is
in
teg
ra
b
le
b
y
a
ssu
m
p
tio
n
,
it
fo
llo
w
s
th
a
t

�
�V

2

L
1
(�
;�
).
F
o
r
fu
rth
er
d
eta
ils,
see
th
e
�
rst
p
a
rt
o
f
th
e
p
ro
o
f
o
f

th
eo
rem
1
.



D
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ils

2
9

Q
.E
.D
.

P
r
o
o
f
o
f
T
h
e
o
r
e
m

1
:

It
is
ea
sy
to
see
th
a
t
�
�

is
lin
ea
r,
p
o
sitiv
e

a
n
d
e�
cien
t.
W
e
w
a
n
t
to
sh
ow
th
a
t
th
e
rig
h
t
in
va
ria
n
ce
o
f
�
im
p
lies
th
e

�
-sy
m
m
etry
o
f
�
�
.
N
o
te
th
a
t

�
�
(�
�
V
)
(S
)

=

Z
�

�
(�
�V
)(S
;�)d
�
(�)

=

Z
�
(�
V
) �
�
�

1(S
);�
� �
d
�
(�);
b
y
p
ro
p
o
sitio
n
3
(i)

=

Z
�
(�
V
) �
�
�

1(S
);�
� �
d
�
(�
�
)
sin
ce
�
is
rig
h
t
in
va
ria
n
t

=

(�
�
V
)(�
�

1(S
))

=

�
�(�

�
V
)(S
);
S
2
B
I ;
a
n
d
V
2
L
1
(�
;�
)

H
en
ce,
�
�
�
�

=
�
��

�
.

T
o
p
rov
e
th
e
seco
n
d
p
a
rt
o
f
th
e
th
eo
rem
,
su
p
p
o
se
V

2

L
1
(�
;�
)
\

L
1
(�
;�
0).
T
h
en
�
�V
is
m
ea
su
ra
b
le
w
ith
resp
ect
to
th
e
in
va
ria
n
t
�
-a
lg
eb
ra

A
0

=
A
\
A
0,
a
n
d
fu
rth
erm
o
re,
th
e
ex
p
ected
va
lu
e
o
f
th
e
m
a
rg
in
a
l
co
n
-

trib
u
tio
n
set
fu
n
ctio
n
(�
�V
)(S
)
w
ill
b
e
th
e
sa
m
e
w
ith
resp
ect
to
(�
;A
;�
)

a
n
d
(�
;A
0 ;�
0 )
w
h
ere
�
0

is
th
e
restrictio
n
o
f
�
o
n
A
0 .
N
o
te
th
a
t
A
0
is
a
n

in
va
ria
n
t
�
-a
lg
eb
ra
o
n
�
a
n
d
w
e
h
av
e
tw
o
p
ro
b
a
b
ility
m
ea
su
res
�
0
a
n
d
�
00

w
h
ich
a
re
resp
ectiv
ely
th
e
restrictio
n
s
o
f
�
a
n
d
�
0

to
A
0 .
H
en
ce
a
n
a
p
p
lica
-

tio
n
o
f
H
a
lm
o
s
[1
9
5
0
,
T
h
eo
rem
B
,
sectio
n
6
0
,
ta
k
in
g
h
is
E
to
b
e
th
e
w
h
o
le

set
�
],
w
e
h
av
e
th
a
t
�
0 (F
)
=
�
00 (F
)
fo
r
a
ll
F

2
A
0 .
T
h
u
s
th
e
ex
p
ected

va
lu
es
o
f ��
�V �
(S
)
w
ith
resp
ect
to
b
o
th
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le

g
ro
u
p
stru
ctu
res,
(�
;A
;�
)
a
n
d
(�
;A
0;�
0)
a
re
sa
m
e.

Q
.E
.D
.

P
r
o
o
f
o
f
T
h
e
o
r
e
m

2
:

L
et
V

2
N
B
V
.
L
et
S
2
B
I

b
e
a
n
a
rb
itra
rily

�
x
ed
co
a
litio
n
.
W
e
k
n
ow �
�
��V �
(S
)
ex
ists
fo
r
a
ll
��
2

��
.
L
et
u
s
d
en
o
te

b
y
h
( ��)
� �
�
��V �
(S
).
W
e
w
a
n
t
to
sh
ow
th
a
t
h
is
in
teg
ra
b
le
w
ith
resp
ect

to
th
e
in
va
ria
n
t
p
ro
b
a
b
ility
m
ea
su
ra
b
le
g
ro
u
p
stru
ctu
re �
��
;
�B;
�� �
.
T
o
th
a
t

en
d
,
fo
r
a
n
y
��
=
(�
0 ;�
1 ;:::;�
n
;�
n
+
1 ;::)
2
��
,
d
e�
n
e
a
seq
u
en
ce
��
n
,
n
�
0
o
f

D
eta
ils

3
0

elem
en
ts
in
��
b
y
��
n

�
(�
0 ;
�
1 ;:::;
�
n
;�
n
:::),
a
n
d
fo
r
a
n
y
fu
n
ctio
n
h
:
��
!

<
,

d
e�
n
e
a
seq
u
en
ce
o
f
fu
n
ctio
n
s,
h
n

:
��
!

<
b
y
h
n
( ��)
�
h
( ��
n
).
It
is
th
en

clea
r
th
a
t
lim
n
!

1

h
n
( ��)
=
h
( ��)
fo
r
a
ll
��
2
��
.
It
is
a
lso
clea
r
th
a
t
h
n
( ��)
is

�
�

1
n

(B
n
)
m
ea
su
ra
b
le,
a
n
d
h
en
ce
h
n
( ��)
is
m
ea
su
ra
b
le
w
ith
resp
ect
to �
��
;
�B �

fo
r
a
ll
n
�
0
.
F
u
rth
erm
o
re,
w
e
h
av
e

jh
n
( ��)j
=
j(�
��
n

V
)(S
)j
�
k
�
��
n

V
k
B
V

�
k
V
k
B
V

T
h
u
s
b
y
L
eb
esg
u
e's
d
o
m
in
a
ted
co
n
v
erg
en
ce
th
eo
rem
,
th
e
fu
n
ctio
n
h
( ��)

w
h
ich
is
th
e
p
o
in
t-w
ise
lim
it
o
f
a
seq
u
en
ce
o
f
m
ea
su
ra
b
le
fu
n
ctio
n
s
d
o
m
i-

n
a
ted
b
y
a
co
n
sta
n
t
is
in
teg
ra
b
le
w
ith
resp
ect
to �
��
;
�B;
�� �
.

Q
.E
.D
.

P
r
o
o
f
o
f
T
h
e
o
r
e
m

3
:

L
et
u
s
�
rst
ta
k
e
�
to
b
e
th
e
L
eb
esg
u
e
m
ea
su
re
�
.

N
o
te
th
a
t

�
��
(f
�
�
)(S
)

=

Z
�� �
�
��(f
�
�
) �
(S
)d
��
( ��)

=

Z
�� Z
S
f
0( ��(t))d
�
(t)d
��
( ��);
b
y
(9
)

=

Z
S �Z
��

f
0( ��(t))d
��
( ��) �
d
�
(t);
b
y
F
u
b
in
i's
th
eo
rem

=

Z
S �Z

1
0

f
0(x
)d
�
(x
) �
d
�
(t);
b
y
a
p
p
ly
in
g
th
eo
rem
5
&
sin
ce
f
0

2
L

=

�
(S
) Z

1
0

f
0(x
)d
�
(x
)

T
h
u
s
(4
)
is
tru
e
w
h
en
�
is
th
e
L
eb
esg
u
e
m
ea
su
re.

N
o
te
th
a
t
fo
r
a
n
y

�
2
G
,
�
��
(�
�

(f
�
�
))
(S
)
=

�
��
(f
�
�
) ��
�

1(S
) �
=

� ��
�

1(S
) �R
10

f
0(x
)d
x

=
�
��

��
(f
�
�
)
(S
).
T
h
u
s
��
-sy
m
m
etric
ra
n
d
o
m

o
rd
er
v
a
lu
e
o
f
a
g
a
m
e
o
f

th
e
fo
rm
(f
�
�
)(S
)
is
sy
m
m
etric
w
ith
resp
ect
to
th
e
fu
ll
g
ro
u
p
o
f
a
u
to
m
o
r-

p
h
ism
s,
G
.

F
o
r
a
g
en
era
l
n
o
n
-a
to
m
ic
m
ea
su
re
�
,
w
e
k
n
ow
b
y
th
e
iso
m
o
rp
h
ism
th
e-

o
rem

o
f
m
ea
su
re
th
eo
ry
(see
P
a
rth
a
sa
ra
th
y
[1
9
7
7
,
p
ro
p
o
sitio
n
2
6
.6
])
th
a
t



D
eta
ils

3
1

th
ere
ex
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