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Abstract

We study the continuous time Brown-Robinson fictitious play pro-
cess for non-zero sum games. We show that, in general, fictitious play
cannot converge cyclically to a mixed strategy equilibrium in which
both players use more than two pure strategies.

1 Introduction

This paper studies the “fictitious play” (FP) learning process due to Brown
[1] and Robinson [11]. The FP process was originally proposed as a com-
putational tool for determining the value of a two-person zero-sum game.
However, it can also be interpreted as a learning process for boundedly ratio-
nal agents in which each player plays a myopic best response in each period,
on the assumption that the opponent’s future actions will resemble the past.

Robinson [11] established the result that the FP process converges in
finite two-person zero-sum games. Miyasawa [9] showed the convergence of
FP in 2x2 games. However, the convergence cannot be guaranteed in general
non-zero sum games as an example due to Shapley [14] shows.

We find it convenient to work with a continuous time formulation of
fictitious play (referred to as CFP) rather than the discrete time formulation
proposed by Brown [1]. While the convergence results cited above were for
the discrete process, both hold for the continuous time process also, as does



Shapley’s counterexample. Our main result (Theorem 3) is that CFP almost
never converges cyclically to a mixed strategy equilibrium in which both
players use more than two pure strategies. In a recent paper, Hofbauer [6]
has made a related conjecture: if CFP converges to a regular mixed strategy
equilibrium, then the game is zero-sum.

As is well-known, the interpretation of mixed strategy equilibria is prob-
lematic (see, for instance, Rubinstein [13]). In two person zero sum games
a justification for mixed strategies is that the “correct” probabilities provide
the best defense against the opponent. But in non-zero sum games a justi-
fication on defensive grounds cannot be made. A point of view originating
with Harsanyi [4] takes the position that the equilibrium probabilities rep-
resent only the subjective beliefs of other players about the behavior of a
particular player; thus it is not necessary to assume that players actually
choose randomized strategies. Fictitious play and associated learning proce-
dures suggest a way in which such beliefs can form over time by means of
a gradual process. However, learning procedures can serve to justify mixed
strategy equilibria only in circumstances in which the procedures converge
to an equilibrium. Our result shows that, in general non-zero sum games,
mixed strategy equilibria cannot be limits of a fictitious play process and
thus are inherently unstable.

The behavior of dynamical processes in the presence of mixed equilibria
has previously been examined in a related context by Crawford [2]. Crawford
[2] studies a class of learning procedures in which (a) players have a finite
memory; and (b) play mixed strategies which are adjusted in response to the
difference in payoffs from playing a particular pure strategy and the mixed
strategy against the actual play in the recent past. Crawford [2] then shows
that mixed strategy equilibria are generally unstable. The procedures con-
sidered do not include the CFP; they are more akin to evolutionary processes
like the so called “replicator dynamics.”

Evolutionary dynamical systems are considered in more detail by Hof-
bauer and Sigmund [7]. Their results also suggest that mixed strategy equi-
libria are unstable in general (asymmetric) bimatrix games (see Section 27.5
of [7]).

In other, more closely related work, Fudenberg and Kreps [3] study in-
terpretational issues concerning mixed strategies and learning processes like
FP. They propose some alternative systems based on ideas stemming from
Harsanyi’s [4] purification theorem and derive convergence results for 2 x 2



games. Jordan [8] points out other difficulties in interpreting the convergence
of learning processes to mixed equilibria. In particular, he points out that
the convergence concerns players’ expectations and not strategies or payoffs.

2 Fictitious Play

Let G = (A, B) be a two-player game where A and B are [ x J matrices.
We will refer to I = {1,2,...,1} and J = {1,2,...,J} as the sets of pure
strategies available to players 1 and 2 respectively. As usual, if player 1
chooses strategy ¢ and player 2 chooses strategy j, the payoff to player 1 is
a;; and the payofl to player 2 is b;;. The sets of mixed strategies are denoted
by A(1) and A(J) respectively. Let 6; € A(I) be the mixed strategy that
assigns weight 1 to 7. We will identify ¢ with 6, and write ¢ € A([) instead
of 6; € A(])

For all ¢ € A(J), let BR(q) be the set of pure strategy best responses
for player 1 and denote by suppq = {j:q; >0} the support of q. The
mixed strategy pair (p*,¢*) is a Nash equilibrium if suppp* C BR(¢*) and
supp ¢* € BR(p™).

Fort =0,1,2,..., the sequence (p(t), q(t)) is a discrete time fictitious play
process (DFP) if

(p(0),4(0)) € A() x A(J);
and for all £ > 0,
tp(t) +1(t)
t+1
where ¢ (t) € BR(q(t)) and j(t) € BR(p(1)).
Thus, p(t + 1) is a weighted average of p(¢) and i (¢) where the weights

i 1 : : « : ”
are 77 and 7. New strategies are chosen in each “period.” Now suppose

6 > 0 is the time between adjustments. Replacing the weights by H—Lé and

tq(t) +(t)

plt+1) = o)

, qt+1) =

—t_fé, we get
tp(t) + 61 (1)
4=~~~ 7

As 6 — 0, we obtain

dp(t) _ i(t) —p(t)

dt t




This is not defined for ¢ = 0, so the continuous time version should start
at some to > 0, say to = 1. This leads to the following definition:
For t > 1, the path (p(t),q(t)) is a continuous time fictitious play process
(CFP) if
(p(1),q(1)) € A(L) x A(J);

and

dp(t) (1) —p(t) dq(t) () —q(?)

dt t Tt t
where ¢ (t) € BR(q(t)) and j(t) € BR(p(1)).

The discrete time fictitious play process (DFP) is also known as the
“Brown-Robinson Learning Process” ([1], [11]). In this paper, we find it
convenient to work with its continuous time version (CFP). We hope to ex-
plore whether our results continue to hold for the discrete process (DFP)
later.

It is well known that if the DFP (or CFP) (p(t), ¢(t)) converges to (p*, ¢*),
then (p*, ¢*) is a Nash equilibrium of G.

Cyclic Play Under fictitious play, each player always plays a best response
against the empirical distribution of the opponent’s play. Under CFP, there-
fore, when a player switches from one pure strategy to another he is precisely
indifferent between these two strategies. This fact is crucial for our analy-
sis. Let tg = 1 and let (¢1,12,13,...) be the times when some player switches
his/her strategy. (In an exceptional case, both players may switch at the
same instant.) Let

(Ptns Jen) = (0(2),5(1)) for 1€ (tn;lnsa)

denote the choices in the interval (¢,,,%,41). The interval (¢,,%,11) consists of
a string of consecutive plays of (iy,, i, ), referred to as a run. The run-length
18ty — 1y

The sequence of play is the sequence of pure strategy combinations:

(itovjto)v (itmjh)v (itzvjtz)v ceey (itn7jtn)7

The sequence of play is eventually cyclic if there is K and N such that
(ttnsJtn) = (Gtnyrr Jtnpre) for all n > N. Cyclic play has been called “quasi-
periodic” play by Rosenmiiller [12]. If the CFP converges to some Nash

4



equilibrium (p*,¢*) and the sequence of play is eventually a cycle, we will
refer to it as cyelic convergence.

We wish to alert the reader that cyclic play refers to the fact that pure
strategy combinations are played in a fixed pattern and not that the trajec-
tory (p(t),q(t)) reaches a limit cycle. As a simple example, note that for
“matching pennies” the sequence of play resulting from a CFP may be, for in-
stance, (H,H),(H,T),(T,T),(T, H) and is thus cyclic while the trajectory
(p(t),q(t)) converges to the unique Nash equilibrium.

3 The Main Result

Our main result is that it is rare for CFP to converge cyclically to a mixed
strategy equilibrium in which both players use more than two pure strategies.

Let I' denote the set of all I x J games. Fach game G € I' can be
associated with a point in the Euclidean space R'*7 x R™J. A property P
is said to hold generically in I' if there is an open and dense subset I of T’
in which the property holds. Similarly, a property is said to hold for generic
initial conditions if there is an open and dense subset Z of A (I) x A (.J) such
that if (p(1),¢ (1)) belong to Z the property holds.

For generic games and initial conditions, if a CFP converges cyclically to
(p";q7) then # supp p* = # supp¢” < 2.

The proof of Theorem 3 is somewhat involved and so we first present a
brief outline of the argument.

3.1 An Outline of the Proof

Fictitious play (CFP) is a continuous time non-linear and non-autonomous
dynamical system. The first step is to reformulate the system so that the
problem reduces to the study of an associated (discrete) linear and au-
tonomous system. Once this is done, standard tools can be brought to bear
on the problem. In the second step, these tools are employed to analyze the
linear difference equation system and obtain the main result.

The method we employ is to fix a particular (arbitrary) cycle of play,



where each player uses at least three different pure strategies.! We then show
that, for generic games, if this cycle is played the CFP does not converge.
Since there are only countably many possible cycles, for generic games, cyclic
convergence involves at most two pure strategies for each player.

Step 1: Reduction When the play is cyclic, a sequence of choices

(ilvjl)v (i27j2)7 (i37j3)7 sy (ivaK)

are repeated over and over in the same order. K consecutive runs corre-
sponding to the choices (i1, 71), (72, j2), (¢3,J3), ..., (1, Ji) 18 @ round. Thus,
cyclic play consists of rounds r = 1,2, 3, ... A run corresponding to the choice
(i, ji) is referred to as a k-run. Let ni(r) denote the length of the k-run in
round r, that is, ny(r) is the amount of time spent playing (¢x,jx) in round
r. Let n(r) = (ni(r),na(r),...nx(r)).
We will argue that if the CFP is cyclic, then there exists a K x K matrix
F' such that for all r
n(r+1) = Fn(r) (1)

Since CFP is completely determined by the associated system determin-
ing the run-lengths, the problem has been reduced to the study of a linear
difference equation. This reduction also appears in Rosenmiiller [12].

Step 2: Analysis of I’ The behavior of the discrete linear dynamical sys-
tem (1) is determined by Eigen roots of F', and in the long run the evolution
is determined by the dominant Figen root. The crucial fact (Lemma 5) is
that the product of the non-zero Eigen roots of I is one. Suppose each player
uses at least three pure strategies in the cycle. We show that generically, not
all Eigen roots of F' can have absolute value equal to one. Thus, there exists
an Eigen root A of F' such that |A] > 1. Then, for generic initial conditions,
the run-lengths increase exponentially, as in Shapley’s [14] example, and CFP
does not converge.

It is important to note that, in this proof, we fix a particular cycle (where
each player uses at least three pure strategies) and show that for generic
games, CFP does not converge along this cycle. But since there are only

LAs is well-known, if (p*,¢*) is an equilibrium of a generic game then # suppp* =
#suppq”.



countably many possible cycles, generically there is no cycle such that CFP
will converge.

For non-generic classes of games (such as zero sum games) it may well
happen that all non-zero Eigen roots of F' have absolute value equal to one,
which allows for convergence. We consider this issue in Section 8.

4 The Determination of the Run-Lengths

We start by assuming that CFP proceeds along a cycle

((ilvjl)v (i27j2)7 (i37j3)7 sy (Z.vaK))
We will argue that there exists a K x K matrix F' (which depends on the
particular cycle and on the payoff matrices) such that for all r,

n(r+1) = Fn(r). (2)
Let (a1, ag,...,ar) denote the I rows of A and let (81, fz, ..., Bs) denote
the J columns of B. Let P° and Q° be vectors denoting the total amount of
time each player has used each strategy prior to the start of round r. It is
convenient to write n = n(r) and n’ = n(r + 1).
Define an [ x K matrix P by:
Lifep =2
P”“_{Oifik;éi (3)
and a J x K matrix @) by:
) lifge=y
Q]’“‘{Oifjk%j ®
Observe that (Pn); is the amount of time player 1 played strategy ¢
in round r and (Qn); is the amount of time player 2 played strategy j
in round r. Notice also that «;, Q@ = (a;j,, Uiy -y Girjre) and [, P =
(bhjkv bizjw e bimk )
Let e, denote the kth K-dimensional unit vector. It is convenient to
define the K x K matrix:

Er=(e1,e2,...,€,0,...,0) (5)
whose first k& columns are the first k£ unit vectors and the last (K — k) columns

are (0. By definition, Fx = [, the identity matrix. We also have Eyn =
(n1,n2,...,nx,0,...,0).



Round r Equations Under CFP, when a player switches from one pure
strategy to another he is precisely indifferent between these two strategies.
Using this fact, we find that the players switch from (71, j1) to (¢2, j2) in round

r when:
Qi QO + Aipj; 1 — Qg QO + Qi3 11 (6)
and
6J2P0 + bi1j2 ny = 6]& PO + bi1j1 n (7)
It is convenient to rewrite these as:
(ai2 - ai1)QE1n = _(ai2 - ai1)Q0 (8)
and

(Bj, — B ) PEin = —(B, — 3;,) P° (9)

Typically, of course, only one of the two players will switch strategies in
the transition from (i1, j1) to (¢2,72), and thus only one of equations (8) or
(9) will be non-trivial. For instance, if only player 1 switches strategies, that
is, if 25 # 11 but js = jq, then (9) is trivially satisfied and hence redundant.

In general, for k& = 1,2,..., K, when the players switch from (i, ji) to
({k+1,Jk41) We have:

k k
102 P QO + Z Aijp17:Ts = Qg QO + Z Aipj s (10)
s=1 s=1
and
k k
Binan PT 4D bijns = B, PP+ bijons (11)
s=1 s=1

which can be rewritten as:

(aik+1 - alk)QEkn = _(aik+1 - aik)QO (12)

and
(6jk+1 - 6]k)PEkn = _(6jk+1 - 6jk)P0 (13)

where we always write K +1 = 1.



Round (r4+1) Equations By the earlier arguments, for & = 1,2,..., K,
when the players switch from (ig, jx) to (ix41,Jk41) in round r 4+ 1 we have:

(aik+1 - aik)QEkn/ = _(aik+1 - O‘%)Q” - (aik+1 - aik)QO (14)

and

(6jk+1 - 6]k)PEkn/ = _(6jk+1 - 6]1@)Pn - (6jk+1 - 6jk)P0 (15)

The Basic Difference Equation By substituting (12) and (13) into (14)
and (15) respectively, we obtain for k =1,2,..., K :

(aik+1 - aik)QEkn/ = _(aik+1 - alk)Q(] - Ek)n (16)

(6jk+1 - 6]k)PEkn/ = _(ﬂjk_l_l — ﬂ]k)P(] — Ek)n (17)
where
] — Ek = [0, 0, ceey €k+1, €k+27 ceey GK] .

Assumption The game (A, B) lies in an open and dense subset of I' such
that for all k, in the switch from (ix,jx) to (ix41,Jk4+1) only one player
switches strategies.

Let o(k) € {1,2} denote the player who switches after k:

Lifip # ippn
k) = o .
o(%) { 2t Jk # Jrst

For convenience, we usually assume player one is the first to switch in
each round (o(1) = 1) and player 2 the last (o(K) = 2).

Consider the system of equations that results when out of equations (16)
and (17), for each k, only the kth equation corresponding to the switching
player o(k) is considered. This results in a system of equations of the form

(18)

Cn' = Dn (19)
The kth row of C' is

(Qipyy — @i )JQE =

Qigprgr = Qig g1y Qigyrge = iy goo ooy Liggrgp — iy gro 07 07 <o 0]

(20)
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if o(k) =1, and is

(6jk+1 - 6]k)PEk = (21)
[bi1jk+1 - bi1 Ik bi21k+1 - biz Jko bikjk+1 - bik Jk 07 07 ey 0]

if o(k) = 2. Therefore, C is a lower-triangular matrix (that is, for all k& <
l, Cpl — 0)
The kth row of D is

—(@iy, —ay)QU — Ey) =
[07 07 <o 07 Qigirinsr — Uiy grgr Viggrdegr — Yig Jryor oo Qigqaje — Qi jI\"]

(22)

if o(k) =1, and is

_(6jk+1 - 6]k)P(] - Ek) =

— biyyy i b —b (23)

- [07 0,...,0, bik+1jk+1 Tkl Jko YVikgodkt T2 JEO 0 bi}cjk+1 - biK jk]

if o(k) = 2. Thus, D is a strictly upper-triangular matrix (that is, for all
k>1, dy=0).

The diagonal elements of C' are all strictly positive (Monderer and Sella
[10] call this the “better response property”). Thus, C' is invertible and we
can write

n'=C 'Dn (24)

This establishes that the run-lengths are determined by a first-order lin-
ear difference equation. The behavior of the difference equation (24) is de-
termined by the Eigen roots of the matrix C~'D.

5 The Eigen Roots of C~'D

Notice from (23) that the first column of D is 0. Thus C~'D is singular and
Ao = 0 is an Eigen root of C~'D. Our first result concerns the non-zero roots
of C7'D.

For generic games, the product of the non-zero Eigen roots of C~!'D is

10



Proof. Write:

. C11 0
o-[ el
where C is the triangular (K — 1) x (K — 1) submatrix of C in the lower
right corner and ¢ = [¢a1, ¢31, ...,cKl]T. The diagonal elements of C' are all
strictly positive.
Similarly, write:
0 d
D‘loﬁ]

where D is the (K — 1) x (K — 1) submatrix of D in the lower right corner
and d = [dlg, d13, ceey dlj(]. Now:
0 id
CT'D = (25)
0 T (D-Led)

Let I denote the £ x k identity matrix. The characteristic polynomial of
C7'D is:

0 = det ()\]K—C‘lD)

A —id
= det
0 Mg —C " (F ~ icd)
= ) x det ()\]K_l —o! (ﬁ — Lcd)) (26)
€11
using (25).
Claim:

det (6_1 (E — Lcal)) =1 (27)

C11
or equivalently: det (E — icd) = det C.
Proof of claim. Observe that

— 1
D — —cd

€11

11



0 d23 d24 de 021d12 021d13 021d14 C21d1K
0 0 d34 te dSK 1 C31d12 C31d13 C31d14 te C31d1K
= 0 0 0 d4K - — C41d12 C41d13 C41d14 C41d1K
€11
L 0 0 o - 0 ] L cxi1diy cxrdiz cxidia 0 cgidix ]

By repeated use of the rule that if a column of a matrix is the sum of
two column vectors then the determinant is the sum of two determinants, we
obtain:

_C2ld12 d23 d24 de |
1 1 —031d12 0 d34 te dSK
det (ﬁ — —cd) — —det| —C€sadiz 0 O dar
€11 €11 . ..
L —CK1d12 0 0 0 ]

Evaluating the determinant by expanding along the last row yields:
_ 1 - 1
det (D — —cd) = (—1)B+1 —cg1digdazdsg...di -1,k
n n
But now recognize that from equations (20) to (23), for all &k, dir11 = —cik
and cx1 = exx. (Recall that if o(k) = 1 then jp = jr1 and if o(k) = 2 then
ik = tpy1.) Thus:
— 1 i1 1
det (D= —ed) = (=) —ex (=eur) (=ems) (=) o (—ex-1,10-1)
11 C11
(—1)2B €22€33...CK-1,K-1 CKK
= detC (28)
This establishes the claim.
By (26), A # 0 is an Eigen root of C'™'D if and only if it is an Eigen root
of O (E — icd). Thus, the claim implies that the product of the non-zero

roots of C~1D is one.

6 Unit Roots of C~'D

Observe that the Eigen roots of C~'D are determined by the solutions to
the equation:

At = C'Dx (29)
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where x # 0 is an Figen vector, which are the same as the solutions to:
(M= D)x=0 (30)

Suppose player 1 plays strategy ¢, in run kg, then plays some other
strategies (but not ¢x,) for a while, and then returns to playing iy, = tx, in
run kq in the same round. That is, kg < k1 — 1, g, = tx,, and 7, # 13, for all
k such that ky < k < ky. If this happens we say that a reversion to strategy
1k, occurs in run ky. Suppose that there are p; reversions for player z in each
round. Let p = p; + po. Notice that there is always at least one reversion for
each player, since K + 1 = 1 by definition and hence p > 2.

Suppose the matrix C~1D has S distinct Eigen roots A;, Ag, ..., Ag so that
we can write the characteristic polynomial of C~!'D in the form:

S
M = 7D = [T\ = V) =0

s=1

The number «ay is called the algebraic multiplicity of the root A,.
For generic games, if each player uses at least three different pure strate-
gies in the cycle, the algebraic multiplicity of the unit root of C71D is p.

Proof.  The proof is by induction on p, the number of reversions in the
cycle of play.

Initial Step (p =2) In this step we show that, generically, if p = 2 then
the algebraic multiplicity of the unit root is two. It is useful to initially
consider the simple cycle where the players alternate in switching strategies.
That is, for all k, o(k) # o(k +1).

We may assume without loss of generality that o(k) =1 if and only if &
is odd, and perhaps after a relabeling of strategies, write the cycle as

((1,51)s (22, 72), (13, 73), (14, Ja)s oo (1K, T 1)) (31)
= ((1,1),(2,1),(2,2),(3,2), ..., (k, &), (1, k))

where by assumption the number of pure strategies used by each player is

K = % > 2. In this case, (ig, ji) = (kZi, kzi) if kis odd, (ux, i) = (% + 1, %)
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if k is even. Call such a cycle simple. For a simple cycle we have:

14

C =
i o1 — 11 0 0 0 0 0 1
big — b1y bay — by 0 0 0 0
31 — d21 31 — d21 32 — G2 0 0 0
bis — by bas — bay bas — by 0 0 0
blﬁ - blﬁ—l 62/1 - 62/1—1 62/1 - 62/1—1 bikﬁ - bikﬁ—l 0 0
11 — dg1 11 — dg1 (12 — g2 15, — Qgjy A1k — Uki 0
bll - blﬁ 621 - 62/1 621 - 62/1 bikl - bikﬁ bﬁl - bﬁﬁ bll - blﬁ 1
and
—-D =
[0 (91 — d11 G2 — d12 G5, — A1 5, oy — A1g oy — A1x |
0 0 by — by bik2 - bikl beo — b1 big — b1y
0 0 0 35, — G5, a3x — Uag a3x — Uagk
0 0 0 bikS - bik2 bz — bio bis — big
0 0 0 0 bﬁﬁ - bﬁﬁ—l blﬁ - blﬁ—l
0 0 0 0 0 1p — Ogp
0 0 0 0 0 0
Thus,
[\C' — D] =
A (Gzl - Cln) (91 — 411 oy — d12 G5, — A1 5, Uox — A1k
A (512 - 511) A (522 - 521) by — by bik2 - bikl big — b1y
A (Cl31 - Cl21) A (Cl31 - Cl21) A (Cl32 - Gzz) 35, — G5, a3x — U2
A (513 - 512) A (523 - 522) A (523 - 522) bikS - bik2 bis — big
A (blﬁ - blﬁ—l) A (62/1 - 62/1—1) A (62/1 - 62/1—1) A (blkﬁ - bikﬁ—l) blﬁ - blﬁ—l
A (Cln - %1) A (Cln - %1) A (Cl12 - %2) A (aljk - aﬁjk) A1k — Uki
A(bir = b)) A(bar —baw)  A(bar — bay) A(bi1 — biy) A by = byy) |




Observe that for this matrix:

row 1 +rtow 3 +row 5+ ... +row K —1
= (07 (1 - )‘) (a21 - all) ) (1 - )‘) (a22 - al?) PREED) (1 - )‘) (aik]k - al]k) ) "70)

row 24+ rtow 4 +row 6+ ... + row K
= (0707 (1 - )‘) (622 - 621) PIRRE) (1 - )‘) (blk]k - blkl) PIRRE) (1 - )‘) (blﬁ - bll))

Therefore, we can add the odd-numbered rows to row 1 and the even-
numbered rows to row 2 to obtain

IANC — D] =
0 (1 —=X)x (1 —=X)x (=X 0
(az — ai) (@ije — @1j,) (@rs — @1x)

0 0 (1 —=X)x (1 —X)x (1 —=X)x
(bikjk - bikl) (bm - bﬁl) (blm - bll)

Aasi —an)  A(asi — ax) asj, — Gz, a3, — Qo A3r — Qo

A (513 - 512) A (523 - 522) T bikS - bik2 T bus — b2 b1z — b1
A (blﬁ - blﬁ—l) A (62/1 - 62/1—1) e A (blkﬁ - bikﬁ—l) T bﬁﬁ - bﬁﬁ—l blﬁ - blﬁ—l

Alary = ag) Aar — ax) Aarj, — axjy) Aars — apy) A1k — Ogk
A(bin —bix)  Albar —ba) - A(biyy —biw) o0 A(ber = bex)  A(b1n — bik)

= A (1= X2 < |L(N)]
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where

[L(A)] =
0 21 — d11 Tt A5, — A1gy Tt Upry — Q1 0
0 0 by, — bij1 b — a1 bix — b1y
31 — d21 A (Cl31 - Cl21) 35, — G5, a3x — Uagk a3x — U2
bis — big A (523 - 522) bikS - bik2 bz — bio bis — big
blﬁ - blﬁ—l )‘ (62/1 - 62/1—1) )‘ (blkﬁ - bikﬁ—l) bﬁﬁ - bﬁﬁ—l blﬁ - blﬁ—l
ayg — axr Alann —aer) o A(ayg, — akjy) o A@ie = Gee) G — Gug
bll - blﬁ A (621 - 62/1) A (bzkl - blkﬁ) A (bﬁl - bﬁﬁ) A (bll - blﬁ)

Our claim is that for generic games

[L(D)] # 0

and this implies that there does not exist a third unit root. Since |L(1)| is
a polynomial function of the payoffs (a;j;, b;;), |[L(1)| = 0 on an open set in
R¥ x R¥ if and only if [L(1)| = 0 identically on R* x R~ But this is false
since if A and B are defined by

0 ifi=j=1
a;; = 1 ife=53>1 (32)
0 ifizy
=1 ifi=
@f_{ 0 ifij (33)
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then we obtain

o o 1 0 1 0 1 0o 1 0
0o 0 -1 0 -1 0 -1 0o -1 1
6o 0 -1 -1 1 1 0 0o 0 0
6o 1 1 -1 -1 0 0 0o 0 0
o 0 0 0 -1 -1 1 0o 0 0
o 0o 0 1 1 -1 -1 0o 0 0
o 0o 0 o0 0 0 -1 0o 0 0
L= . :
o 0o 0 o0 0 0 O I 0 0
o 0o 0 o0 0 0 O 0o 0 0
o 0o 0 o0 0 0 O -1 1 1
o 0o 0 o0 0 0 O -1 -1 0
o 0o 0 o0 0 0 O 0 -1 -1
-10 0 0 0 0 0 11 -1

=—3(r=2)(k=1) #0

recalling that x > 2. (See Appendix A for the explicit evaluation of this
determinant.)

So far we have only considered the simple cycle (31). However, the analy-
sis for more complicated switching patterns is similar. A cycle where players
switch several times consecutively results, after some rearrangement of rows
and columns, in a matrix similar to L (1). One then checks that a deter-
minant similar to (34) is not zero. The somewhat laborious details can be
found in Appendix B.

We have thus established that for generic games, when p = 2, the alge-
braic multiplicity of the unit root is 2.

The Induction Step Suppose there exists p > 2 such that the statement
of Lemma 6 is true for any cycle such that p; + p; = p. Now consider an
arbitrary cycle c of length K in which the number of reversals is p; +p; = p+1.
Since p+ 1 > 3, there is a player, say player 1, who switches “back” to some
strategy during the cycle. We may, for simplicity, suppose that this occurs
in run K — 1. Moreover, we can relabel the strategies so that the cycle ¢ is
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of the form:

c= <111, s /ii'oko Yo (m;_lz) Ry B /Ii1>
The numbers under the strategy labels are the runs; thus player 1 uses
strategy £ # 1 in run ko, then plays some other strategies, and then switches
back (“reverts”) to playing x again in run K — 1.2
Consider the matrix C' — D that corresponds to the cycle c.
Add column K —2 of €' — D to column K and subtract column K —1

from column K. Add row K —2 to row K. Call the resulting matrix X.
For k # K, the kth element in the Kth column of X is

(aik+1ﬁ - aikﬁ) - (aik+1ﬁ - aikﬁ) —I_ (aik+11 - a’ikl) — (aik+11 - a’ikl) (35)

if o(k) =1, and

(b(ﬁ—l)jk+1 - b(ﬁ—l)jk) - (bljk+1 - bl]k)+(bljk+1 - bl]k) = (b(ﬁ—l)jk+1 - b(ﬁ—l)jk)
(36)
if o(k) = 2.
Similarly, for k£ # K, the kth element in the Kth row of X is

(aljk - aﬁjk) + (aﬁjk - aH—L]k) = Q15 — Gr—14, (37)

Finally, delete row K —2 and column K — 1 from X. Call the new matrix
X.
Now consider the K — 1 cycle

= <111, e Kk s s (R = 1)K, (ﬁ;—1)1> (38)

ko K-2 K-1

which is the same as ¢ except that the sequence ((k — 1)k, Kk, k1) at the end
has been replaced by the shorter sequence ((k — 1)k, (k — 1)1). In @ player
1 makes a direct transition from strategy (k — 1) to strategy 1. Otherwise
the cycle is as before.

2For ease of notation, we are assuming that the players alternate in switching in the last
three runs of the cycle (that is, player 1 switches from x — 1 to &, then player 2 switches
from & to 1, and finally player 1 switches from & to 1), but it should be clear that results
do not depend on this.
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Note that the number of reversions in ¢ is 7. Let C'— D denote the matrix
corresponding to the cycle c.

We now claim that X = C — D. Indeed, the elements in (35) and (36)
are the entries in the last column of X, and they correspond to a run where
player 1 uses k — 1 and player 2 uses 1. This is precisely the last run in the
cycle ¢. Similarly, the last row of the matrix X corresponds to a switch from
strategy x — 1 to strategy 1 by player 1. The other rows and columns have
not been disturbed, and hence X = C — D.

We have shown that we can write

C—D ~
a B

since the operations we have performed on C'— D do not affect the determi-

C D= ‘ (39)

B
is the (K — 1)th column of X, and [ a f ] is the (K —2)th row of X. Thus
in particular, 8 = a,, — ay_1 4.

In the form (39), 7 is a linear combination of the columns of C'— D, and
« 1s a linear combination of the rows. That is, there exist 6 and 7 such that:

nant. In (39), C — D is the matrix resulting from the smaller cycle ¢, l I ]

oz—l—5(€—ﬁ):0

7+ (C-D)y=0 (40)

More precisely, we can assume (without loss of generality) that (ko) = 1.

Then 5 is defined by:

—1 k:ko
) -1 itk <k<K-20k—-1)=2and o(k)=1
=Y 1 iky<k<K-2o0(k—1)=1and o(k) =2

0 otherwise

and ¢ is defined by:

0 otherwise.

5 {1 if ko <k<K-—2and o(k)=1
=

It can then be checked that (40) holds.
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Now consider the matrix 7'(A) that results when the row and column
operations described above are performed on A\C'— D (rather than on C'— D).

To be precise, we have

N — D] =
) (Gzl - Cln) te G5, — A1 5, te Uox — A1k Uox — A1k (91 — d11
)\(aﬁl - ak—l,l) )\(aﬁjk — lg-1 ]k) )\(aﬁﬁ - aﬁ—lﬁ) Grr — U1k Grl — Gr—11
A (bll - blﬁ) A (bzkl - blkﬁ) )\(bﬁ—l,l - bﬁ—l,ﬁ) )\(bﬁl - bﬁﬁ) bﬁl - bﬁﬁ
Man —ax) 0 Aay, —awj) 0 AMae = rs) M@ — rs)  Alan — ap1) |

The operations are: add column K —2 to column K and subtract column
K — 1 from column K. Add row K — 2 to row K. Finally interchange row
K — 2 and row K, and column K — 1 and column K. The result is

T(A) =
[ A (Gzl - Cln) te G5, — A1 5, te (91 — d11 Uox — A1k 1
)\Cl —CLH_H—l— )\aﬁ_aﬁﬁ—l_
Man =) M=oy (Ot AT )

(=N b= b+

N (i
Mawt = aga1) -+ Mawj, = ar1j) oo (A —aﬁll)(_“j:__lé:—‘“) e

Observe that |T'(A\)| = [AC' — D] . From (39) it follows that:

[T 20
=[5 ] (4”

where L;(\) is a(K — 1) x (K — 1) matrix with the property that L;(1) =
C - D.
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Now add ¢ [ Li(A) (N ] to the last row of T'(A), and add l Iozl(()?\)) ] n

to the last column of T'(A). By (40), this results in a matrix:

Il A 1—A 0
Ti(A) = [ (1 —()\))Oéo El - )‘S;O ]

where again we have that [T1(A)| = [A\C' — D|.
Consider the form of ;. After adding ¢ [ Li(A) v\ ] to the last row
of T'(X), the last row is:

(0y o0y Oy ey (T = X) (@ipgy — @i i)y eees (L= X) (o1 — @)y (1 = A) (@1s — @ux), 0)

where we observe that the jth entry is zero if j < ky. Multiplying this row
by n, the result is

(1=N)B0 = (1= X)) > melaij, — axjy,)

Observe that for generic games, Gy # 0 .
We now investigate the unit roots of the matrix C~'D. Since

(42)

AT —C7D| = | e - D)

we can equally well investigate the roots of the polynomial |AC'— D| = 0.
We can write:

AC—D| =BV
= (1= \) [Li(V)] (43)

where [f()\) Ho ]
L1()\)— 1 — A)o

N (&%) 50

Hence there is at least one unit root. If there is another one, then
|L1(1)| = 0 and there exists a vector y = (¥, yx) # 0 such that

Li(l)y = [E“) 0 ]y — 0 (1)

Qg Bo
Since L(1) = C — D, this implies that

(C-D)y=0

B (45)
aoy + yxPo =10
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If y =0, then yx # 0. Since By # 0, this contradicts (45). Thus, y # 0.
Suppose without loss of generality that y; = 1 for some j < K.
Since L1(1)y = 0, we have

Li(Ny = (1 = Ao

for some vector v. Replace the jth column of L;(X) by (1 — A)v and call the
resulting matrix T(\). Let

Ly(\) = fa?((;)) (1 _ﬁj)%

be the matrix that obtains when the jth column of L;()) is replaced by v.
Then

AC = DI = (1= N|Li(M] = (1 =N [LA)] = (1 =) [La(A)]  (46)

Suppose that there is a third unit root. Then |L2(1)| = 0 and there is
z = (Z,zx) # 0 such that

| L(1) 0 _
Ly(1)z = l a(l) By ] z=0 (47)

Again By # Oimplies that z # 0. Therefore, as in (46), we can use z to

show that
AC = D] = (1= AP [Ly(\)

for some matrix L3(A). This procedure can be repeated until [Li(1)] # 0 for
some k.

Now we note that one unit root resulted directly from (43). After that
each step of the procedure corresponds not only to a unit root of |A\C' — D| =
0, but clearly also to a unit root of ‘)\6 — E‘ = 0, where the matrix [A\C' — D]

comes from the smaller cycle ¢. By the induction hypothesis, C' ~'D has
exactly p unit roots. Therefore, we can repeat the argument precisely p
times. Therefore,

AC = D] = (1= X)"" [Lz(M)]

and |L5(1)| # 0. This completes the induction step and the proof of Lemma
6.
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7 Non-convergence

We can now complete the proof of Theorem 3.

Proof of Theorem 3 Let the cycle be such that there are p reversions.
As a result of Lemma 6 we know that for generic games, Ay = 0 is an Eigen
root of C™'D and there are exactly p unit roots:

There are K — p — 1 remaining Eigen roots. Since K = 2x 4+ p — 2, the
number of remaining roots is odd. Since the number of complex roots is
always even, there is an odd number of real roots. Not all of these can equal
—1 since from Lemma 5 we have,

)‘p-l-l X )‘p-l-? X oo X )\](_1 =1

This implies that there is a non-zero real root, say A,11, such that A, # 1
or —1 and hence |A,41| # 1. Since the product of all non-zero roots is one,
there exists a root, A; such that |A;] > 1. Let Ag be the dominant root,
that is, the root with the largest absolute value. If Ag is either negative or
complex, the cycle cannot persist since run-lengths would become negative.
Thus As must be real and positive and hence Ag > 1.

The final step of the argument is similar to that used by Shapley [14].

Consider the (arbitrary) vectors P° and Q° that describe the “initial
conditions” before the cycle begins. Let n(0) be the vector of run lengths in
the initial round that the cycle is played. We know from (12) and (13) that:

(aik+1 - alk)QEkn(O) = _(aik+1 - aik)QO

and
(6]k+1 - 6]k)PEkn(0) = _(6jk+1 - 6jk)P0

which can be rewritten as:
n(0) = (1= C7'D) m (0)

where m (0) € R is a vector determined by the initial conditions P° and

Q°.
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Thus:
n(r) = (C7'D)" (I-=C7'D)m(0) = (I —C7'D) (C7'D) m (0)

Define m (r) = (C7'D)" m (0). By the Jordan decomposition theorem
(see Hirsch and Smale [5]) we can write:

m(r) = cimy (r) + cama (1) + ... + esms (1)

where each m; (r) corresponds to a different Eigen roots As of C™'D and is
of the form:

where each x,; is a generalized Eigen vector (x5 € ker (A1 — C_ID)i).
Then n(r) = (I —C7'D)m(r) is also a sum of similar terms, one of
which 1s:

csAs (1= C7'D) wgo # 0

where as above, Ag is the dominant root.

Since Ag > 1 the run-lengths grow exponentially. Hence, as in Shapley
[14], for generic initial conditions, CFP cannot converge.

This completes the proof of Theorem 3.

8 Discussion

The class of 2 x 2 games forms an exception to our main result: there is
open set of 2 x 2 games with a unique equilibrium in mixed strategies for
which every CFP is convergent. However, it can be shown that every 2 x
2 game with a unique equilibrium in mixed strategies has the same best-
response correspondence as a zero-sum game. Since CFP depends only on
the best-response correspondence, the 2 x 2 exception is a consequence of
this equivalence.

We now present an example in order to demonstrate that there exist
(non-generic) non-zero sum games and initial conditions for which CFP can
converge to a mixed strategy equilibrium in which more than two strategies
are used.
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“Rock-Paper-Scissors”:

R P S
R| 0,0 | -1, | a,—1
Pl a-1] 0,0 | -1, «
S|-1,a| a-1] 0,0

There exists a unique equilibrium which is completely mixed: each player
assigns equal probabilities to each of the three pure strategies.

The game is symmetric and hence non-generic. Consider a CFP pro-
cess with an initial condition satisfying p(1) = ¢(1). Notice that the initial
condition is also non-generic.

It can be shown that if & > 1, any such CFP converges in a cyclical
manner; both players play the same pure strategy at all times and follow the
cycle: (R,R) — (P, P)— (S,5).

For this cyclical CFP we have:

0 —a~ ! 1+ a !
C'D=1]0 — (oz_1 + oz_z) l4+at4+a?
0 —(at+a?+a™®) I+at+a?+a™?

and the Eigen roots of this matrix are: 0,1 and o™. For o > 1, the largest
root is, therefore, 1. This implies that the run-lengths are, in the limit, con-
stant and the CFP converges.

Notice that if @ > 1, the product of the non-zero roots is less than 1; and
thus the conclusion of Lemma 5 does not hold. This is because in the cycle
given above, both players switch simultaneously. Recall that the assumption
that the players did not switch simultaneously played an important role in
the proof of Lemma 5.

Thus we have a family of games in which CFP converges cyclically to
a mixed strategy equilibrium with more than two strategies; of course, the
class of games is non-generic, as are the initial conditions.
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9 Appendix A

Consider the determinant of the form

0 0 6 0 o6 0 63 0 o6x1 O
0 0 —51 0 —52 0 —53 0 —5,1_1 50
0 0 -1 -1 1 1 0 0 0 0
o1 1 -1 -1 0 0 0 0 0
0 0 0 0 -1 -1 1 0 0 0
0 0 0 1 I -1 -1 0 0 0
0 0 0 0 0 0 -1 0 0 0
D=| . (48)
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 —1 1 1
0 0 0 0 0 0 0 -1 -1 0
0 0 0 0 0 0 0 0 -1 -1
-1 0 0 0 0 0 0 1 1 -1

where each ¢; is either zero or one.

D =316 — 30 (s — 1)6;.

i=1

Proof.  Multiply the even numbered columns by (—1), add row 1 to the
row 2, and finally expand by the first column (which has only one non-zero
entry). The result is:
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0 6 0 o6 0 o3 0 641 O
o o0 0 0 0 0 0 0 -1
o -1 1 1 -1 0 0 0 0
-1 1 1 -1 0 0 0 0 0
o o0 0 -1 1 1 0 0 0
6o o0 -1 1 1 -1 0 0 0
p=|0 0 0 0 0 -1 0 0 0
o o0 0 0 0 0 -1 0 0
o o0 0 0 0 0 0 0 0
o o0 0 0 0 0 1 1 -1
o o0 0 0 0 0 1 =1 0
o o0 0 0 0 0 0o -1 1

To column 1, add all the remaining columns. To column 2, add the all
the columns except column 1, etc. The result is:

Z;;ll 5] Z;;ll 5] Z;;Ql 5] Z;;Ql 5] e 5/1—1 + 5/1—2 5/1—1 + 5/1—2 5/1—1 5/1—1 0

-1 -1 -1 -1 -1 -1 -1 -1 -1
0 0 1 0 0 0 0 0 0

0 1 0 —1 0 0 0 0 0

D =

0 0 0 0 1 0 —1 0 0

0 0 0 0 0 —1 0 0 0

0 0 0 0 0 0 1 0 -1
0 0 0 0 0 1 0 -1

0 0 0 0 0 0 0 0 1

Add the second last column to the fourth last, the fourth last to the sixth
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last ete. to get

ST S8 S5y iU —1)6 e 20,0 4+ 8kms 6
1 —(k—1) -1 “(k—2) 2 1
0 0 1 0 0 0
0 0 0 -1 0 0
D=
0 0 0 0 0 —1
0 0 0 0 -1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
Thus,
YETL 6 Y16 -1 k1
D= = _jo— D (k—1)4 (49)
B R D B = =

Since 6; € {0,1} by assumption, we have:

D =0if and only if 6y =6, = ... = 0,_o = 0.

Finally, observe that |L(1)| from (34) is of the form (48) with each 6; = 1.
Thus,

L0 =T = T = 1) = L =1 = =) (=2
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10 Appendix B

In this appendix we consider the case when p; 4+ p; = 2 but there is at least
one k such that o(k) = o(k + 1). That is, at least one player switches twice
in succession. We claim that the algebraic multiplicity of the unit root of

C7'D is still 2.

Consider first a cycle
(11,21,31,32,33,43, ..., kK, 1K)

where player 1 switches twice in succession (from 1 to 2 to 3), after which
player 2 also switches twice in succession (from 1 to 2 to 3). For this cycle,
we have

[\C — D] =
[ A (Gzl - Cln) (91 — 411 (91 — d11 oy — d12 te oy — A1g
A (Cl31 - Cl21) (Cl31 - Cl21) 31 — d21 (32 — U22 a3x — Uag
A (512 - 511) (522 - 521) A (532 - 531) by — b3y big — b1y
A (513 - 512) (523 - 522) A (533 - 532) A (533 - 532) bis — by
)\(G41 - Cl31) (Cl41 - Cl31) )\(G41 - Cl31) )\(G42 - Cl32)
)‘ (blﬁ - blﬁ—l) )‘ (62/1 - 62/1—1) )‘ (63/1 - bSﬁ—l) )‘ (63/1 - bSﬁ—l) blﬁ - blﬁ—l
A (Cln - %1) A (Cln - %1) A (Cln - %1) A (Cl12 - %2) A1k — Grg
A(bir = b)) A(bar —bow)  A(bsy —bse)  A(bsy —bse) -+ A(byy — bik) |

If column 3 of this matrix is replaced by (column 2— column 3+column
4), and rows 2 and 3 are interchanged, we obtain the matrix:
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(Gzl - Cln) (91 — d11 oy — d12 te Uox — A1k
(512 - 511) A (522 - 521) A (522 - 521) + (1 - )\) (532 - 531) bia — by
(Cl31 - Cl21) A (Cl31 - Cl21) ()\ - 1) (Cl31 - Cl21) + azo — ag2 a3, — Uag
(513 - 512) A (523 - 522) A (523 - 522) bis — biy
A (bm - 515—1) A (bzﬁ - 525—1) A (bzﬁ - 525—1) b — b1
A (Cln - %1) A (Cln - %1) A (Cl12 - %2) A1k — Grg
A(bir —bix)  A(bar — bay) A (b1 — bay) oo A (b — b)) |




For this matrix:

row 1 +rtow 3 +row 5+ ... +row K —1
= (0,(1 = A)(az1 —an), (1 = A) (@32 — arz — (a1 — az1)) 5., (1 = A) (a5, — a1z,) . -, 0)

row 24+ rtow 4 +row 6+ ... + row K
= (0707 (1 - )‘) (632 - b31) PIRRE) (1 - )‘) (blk]k - blkl) PIRRE) (1 - )‘) (blﬁ - bll))

Therefore, we can add the odd-numbered rows to row 1 and the even-
numbered rows to row 2 to obtain

IAC — D =X (1—=))x

0 (91 — d11 [(G32 - Glz) te Grr — A1x 0
—(Cl31 - Gzl)]
0 0 bsy — b3y b — b1 bi. — b1y
31 — d21 A (Cl31 - Cl21) [()\ - 1) (Cl31 - Cl21) a3x — U2 a3x — Uagk
+ (a2 — az)]
bis — biy A (523 - 522) A (523 - 522) bz — bua bis — biy
bip — bie—1 A (bzﬁ - 525—1) A (bzﬁ - 525—1) brr — brr—1 b — b1
11 — dg1 A (Cln - %1) A (Cl12 - %2) A (Gm - Clm) A1k — Uki
bin — b A(b2 — ba) A (b1 — bay) oo A (b — bix) /?(631-— bix)
50

= A1 = \)? < |M(N)|
If we use the payoff matrix given by (32) and (33), i.e.

0 ifi=j=1
a;; = 1 le:j>1

0 if i
, [ 1=
VT 0 i
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then

o 0 0 0 1 0 1 0 1 0
o 0 0 0 -1 0 -1 0 -1 1
6o 0 -1 -1 1 1 0 0o 0 0
6o 1 1 -1 -1 0 O 0o 0 0
o 0 0 0 -1 -1 1 0o 0 0
o 0 0 1 1 -1 -1 0o 0 0
o 0 0 0 0 0 -1 0o 0 0
(M) =| . N : (51)
o 0 0 0 0 0 O I 0 0
o 0 0 0 0 0 O 0 0
o 0 0 0 0 0 O -1 1 1
o 0 0 0 0 0 O -1 -1 0
o 0 0 0 0 0 O 0o -1 -1
-10 0 0 0 0 O 1 1 -1

Thus, |M(1)] is of the form (48), and by the corollary to Lemma 9,
|M(1)] # 0. Thus, again the algebraic multiplicity of the unit root is 2 (for
generic games).

Similarly, if there are several places in the cycle where a player switches
twice in a row, we can reduce the matrix |[A\C' — D] to the form (48). This
procedure is the same as the one that resulted in (50). Each time we “reduce”
a sequential switch, in the first two rows one of the ¢; will change from one
to zero, just as 6; became zero in (51). However, because sometime between
run 2 and run K — 1 there must exist two consecutive runs where first player
2 switches and then player 1 switches, not all of 61, 63,...,0._2 will be zero.
For example, if the cycle is

(11,21,31,32,33,43,53,54, ..) (52)

then the “reduction” will simulate the cycle (11,21,22,32,33,43,44,54, ...).
Then, in columns 3 and 7, the 6; and 63 will change from 1 to zero, but in
column 5, 63 = 1. By the corollary to Lemma 9, the determinant is still non-
zero. Thus, if during the cycle any number of times players switch twice in a
row, the algebraic multiplicity of the unit root is still 2 (for generic games).

If some player switches three or more consecutive times, the procedure
is the same. By rearranging rows and columns, we can obtain a matrix of
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the form (48) which is non-singular. Note that there must exist a run &,

1 < k* < k, such that (i) o(k*) =2 and o(k*+ 1) =1, and (ii) 1) =" # 1

and ji» = 7* # 1. This is because player one cannot switch from strategy 1

to 2 to ... back to 1 again consecutively, but player 2 must make some switch

in-between, and a similarly player 1 cannot make consecutive switches from

1 to 2 to ... back to 1. (In the case of (52) take k* = 5, whence ¢* = j* = 3).
It will suffice to illustrate this with the cycle

(11,21,31,41,42,43, ..(*, 57 — 1), (i, ), (& + 1,57), ooy 15)

Here player 1 switches thrice in succession (from 1 to 2 to 3 to 4) and then
player 2 switches three times. In this case, we operate on the matrix A\C' — D
as follows. If we replace column 4 by (column 3 — column 4 + column 5)
and interchange rows 3 and 4, we obtain a matrix M;(A) which, for A = 1,
is identical to the matrix |C' — D| corresponding to the cycle

(11,21,31,32,42,43, ..., (i*, ;" = 1), (i*,5%), (" + 1,57), coon, 55, 16

Next, in M;(X) replace column 3 by (column 2— column 34 column 4) and
interchange rows 2 and 3. The result is a matrix My(\) which, for A =1, is
identical to the matrix |C' — D| corresponding to the cycle

(11,21,22,32,42,43, ..., (i*, ;= = 1), (i*, 5%), (i + 1,57), o0, 65, 16

Finally, in M3(\) replace column 5 by (column 4— column 54 column 6) and
interchange rows 4 and 5. The result is a matrix M3(\) which, for A = 1, is
identical to the matrix |C' — D| corresponding to the cycle

(11,21,22,32,33,43, ..., (i*, ;= = 1), (i*, 5%), (i" + 1,57), .., 55, 16

It is clear how to proceed this way, to obtain a matrix M(\) which,
when A = 1, corresponds to the matrix A\C' — D for the simple cycle where
o(k) # o(k+1). In fact, for any A, columns &*—1, k* and k*+1 of M () will
be identical to columns £* — 1, k*, k" + 1 of the matrix A\C' — D for the simple
cycle. This is because none of the operations will have affected these columns.
Refer to the case (52), where columns 4, 5 and 6 remained unchanged.

If we then, in the matrix M (1) sum the rows corresponding to player 1’s
(resp. player 2’s) switches to obtain a matrix of the form (48), at least one
of the ¢; for j < k — 1 will be non-zero (viz. in the column £, since this was
true for the matrix corresponding to the simple cycle). By the corollary to

Lemma 9, |[M(1)] # 0.
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