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Abstract

Varying quantities of a single good can be produced using at least two
and at most n factors of production. The problem of alocating the surplus
among the factors is studied in a dynamic model with adaptive behavior.
Representatives for the factors (called players) make wage demands based
on precedent and ignorant of each other’s utilitiesfor this good. Necessary
and sufficient conditions are provided under which the long-run equilibria
coincide with the core alocations. A globa convergence result is proved
to show that players do learn to reach a core alocation in the long run.
Moreover, alowing for the possibility of mistakes by the players, al the
stochastically stable outcomes are characterized. The main result showsthat
in the limit, these stable allocations for a particular set of players converges
to the allocation that maximizes the product of all the players’ utilities over
all core alocations.

*1 thank Phil Reny, Arthur Robson and Myrna Wooders for helpful comments. Of course, the
usua disclaimer applies.



1 Introduction

The problem of alocating the surplus among various factors of production, or
equivalently characteristic function bargaining has been been studied in a variety
of non-cooperative and/or axiomatic models. While there can hardly be anything
indeterminatein the predictions of axiomatic models, the story isquitedifferent for
the non-cooperative model s with three or more players. Many natural adaptations
of the Rubinstein (1982) result in a variety of folk theorems'. A problem of
consderableinterest then is as to which of the many equilibriais (are) most likely
to be played.

Analysis of strategic interaction places great demands on the knowledge and
rationality of the players. These demands are magnified when there are several
possible equilibria to choose from. Although it is true for more general games,
this problem is especially severe in bargaining situations where there are several
pareto-optimal equilibria®. For, there is a paucity of eductive explanations to
select between severa pareto-optimal equilibria. Consequently, and only recently,
the study of explicit dynamic learning processes through which agents learn the
way to play a game has commanded greater attention. The idea is to see which
equilibrium, if any, the players will learn to play under ssmple rules of behavior
and minimal assumptions on their knowledge.

In this paper, | study the allocation problemin the context of asimple dynamic
learning model. At each date a single good can be produced. The production
possibilitiesin a period are described by a characteristic function f defined on the
class of al subsets of afinite set of factors. Here, f(S) is the quantity of asingle
output that can be produced using the resources of the subset S alone. At each
date, one representativefor each factor, henceforth referred to asaplayer, demands

1See Sutton(1985) for a survey. See aso Perry and Reny (1991), Serrano and Vohra(1993),
Chatterjee et.al (1993), Winter(1992).

2For example, in Perry and Reny (1991), every coreallocationisasubgame-perfect equilibrium
of the negotiation process described therein.



a certain amount of the surplus as a wage for his services. Demands are made
simultaneoudly and players are committed to these demands for the period. There
isno assumption of common knowledge of players’ utilities. Playersuse statistical
data from a random sample from recent history to demand a wage for the current
period. Demands are made only in integral multiples of ¢, asmallest money unit.
Moreover, players are myopic and play a best response by maximizing the one
period expected utility. The best response rules of the above dynamic process,
induce astationary Markov Processreferredto as Evolutionary Bargaining Process
(EBP). This dynamic process itself is due to Young(1993a) and is a variation on
fictitious play.

There isaoneto one correspondence between the set of absorbing states of the
EBP, referred to as conventions, and the Strict Nash equilibria of a simultaneous
move demand commitment game. In this game, players ssmultaneously demand
a part of the surplus and are committed to their demands. Thisis of course the
origina Nash demand commitment game. The difference and difficulty arises
from the fact that unlikein Nash’s original demand game where apieisto be split
between several players, here players make demands over a general characteristic
function. Consequently a given set of demands can perhaps be met in severa
coalitions. This uncertainty regarding coalition formation coupled with the fact
that we are dealing with individual demands and not proposals directed towards
coalitions makes the problem interesting and somewhat more complex. In sec-
tion 2, thegameisanalyzed. It isshown that if the technology displaysincreasing
returnsto scale in the number of factors?3, then core allocations coincide with the
(strict) Nash equilibria. Needless to say, certain assumptions regarding coalition
formation are also required.

Section 3 studies the dynamics of the EBP. Theorem 1 presents sufficient
conditions under which the only persistent states are absorbing. In other words,

3Noticethat thisdoes not necessarily requireincreasing returnsin the extent of use of particular
factor(s)



under the hypotheses of Theorem 1, players learn to reach a core allocation
regardless of the starting point.

Section 3.3 then studies the dynamics of the EBP by allowing for the possi-
bility of the players making mistakes. Players play a best response with a very
high probability but with a small but positive probability, they commit errors.
Consequently there are no longer any absorbing states. It is possible to move from
one convention to another. However, some conventions are harder to displace than
others. When the probability of making errors is small, those conventions that
are hardest to displace that will be observed most often. These conventions are
referred to as Sochastically Stable Conventions, hereafter SSC, and constitute the
main notion of refinement of equilibria

Theorem 3 characterizes the set of all SSCs. There may be severa such
alocations. However, (Theorem 4) when the size of the smallest money unit ¢
shrinks to zero, the alocations in the SSCs, for a particular subset of players,
converge to the alocation that maximizes the product of all the players' utilities
over core alocations, a seeming generalization of the Nash Bargaining solution.
For the three player case however, one has uniqueness.

Young (1993b) is the closest relative of this paper. Young considers a very
special technology and restricts attention to the case of two players. With three
or more players, the possibility of cyclesin the dynamic process makes analysis
here much more complex. To obtain a tractable proof, | assume that players only
make ’'small mistakes . But thisin turn creates a different technical problem. The
perturbed EBP is no longer strongly ergodic. Since the refinements in models
that study naive behavior # are based on the convergence properties of the invari-
ant distributions of the perturbed process, their techniques are not immediately
applicable.

Binmore (1987) and Carlsson (1991) analyze perturbations of the original

4Seefor e.g., Foster and Young (1990), Kandori et.al (1993), Young (1993a and 1993b)



Nash demand game and study the properties of non-cooperative equilibria of the
perturbed game as the perturbations become very small. They show that the
Pareto optimal Nash equilibria of the perturbed game converge to the original
Nash Bargaining solution. The model presented below (as does Young (1993b))
differs from the above models in that they presuppose the equilibrium of both
the original as well as the unperturbed game. In this model on the other hand,
playersreach long-run equilibriaasthe likelihood of mistakes becomesvery small,
without any knowledge of the utilities of other players.

The paper is organized as follows. Section 2 presents the one shot demand
game and characterizes the set of equilibria. Section 3 studies the EBP. Section 4
concludes with afew examples. Most formal proofs appear in Appendix A and
Appendix B.

2 TheDemand Game

Let N ={1,2,...n} denote the set of factors of production. | will assumen > 3.
The technological possibilities are described by a non-negative functionf defined
on the class of al coalitions of N. By way of interpretation, f(S) is the total
guantity of a single good that can be produced using the services of the factorsin
Salone. | will assume that the functionisnormalized sothat f(i) = Oforall i € N.

Let A be the half open interval (0,f(N)]. One representative for each factor
of production demands a wage from A. We will refer to these representatives as
players. Let w; denote atypical wage demand of player i. Given avector of wage
demands W, let W(S) denote the total wages demanded by the codlition S. The
demands of Sare said to be compatible at W, if W(S) < f(S). The demands are
strictly compatible if the inequality is strict. Let 3(W) ( (W) ) denote the set of
all coalitionsin whose demands are compatible ( strictly compatible).

Playersare assumed to make their demands simultaneously and are committed



to their demands. A player’ demand is not met unless his services are used. By
the assumption of commitment, a player cannot have his demand met unlessthere
isacoalition Sto which he belongs and the demands of the coalition as a whole
are compatible. However, a particular W may be compatible in several coalitions.
Thus even under the reasonable hypothesis that only compatible coalition(s) will
eventually form, thereis still some uncertainty whether a player’s demand w; will
be met. To capture this uncertainty, let pi(wi|W_;) denote the probability belief
that player i’s demand w; is met if others demand W_;. This probability may be
thought of as the result of an exogenous matching process. By allowing for p to
depend on i and making assumptions directly on the p;, we allow for possibility a
certain amount of subjective uncertainty on the part of the players regarding this
matching process. The following will be assumed of the matching process (or
beliefs) at the very outset.

Assumption 1 FixW. Thenfor eachi € N,

1. Ifiisnot the member of any coalition whose demands are compatible, then
pi(wi|W_i) =0.

2. Forall w >, pi(w

W_i) > pi(w|W-)).

Assumption 1 is natural enough and requires no further comment. Now,
assuming that a player obtains zero if his demand is not met, the expected utility
of player i if he demands«w; when others have demanded W._; is

Ui (i W) = i [ WZ-i)Vi(wi) +[1 — pi(wi|W-i)]vi(0) (1

where the function v; determines the utility derived from consuming wj. | will
assume that v; is a strictly increasing, continuoudy differentiable and concave
function. Finally, assuming that playersmaximize expected utility and normalizing
Vv;(0) = 0, we have the following usual definition of astrict Nash equilibrium:



Definition 1 A vector of wage demands W isa strict Nash equilibrium iff
Ui(wi" W) > pi (i WZ)v(wi).

if wi*Zw;, for al i € N.

In this paper, Nash equilibrium will always be taken to mean the equilibrium
defined above.

Definition 2 A vector of wage demands W belongs to the core of the technology
f,

1. f(N) = W(N). (Feasibility)
2. Forall SC N, W(S > f(9. (No blocking sub- coalitions.)

Let C(f) denote the set of all core allocations.

At afirst glance it seems somewhat intuitive that the core and the set of Nash
equilibriaare related. However, recall that in this model, players make demands
and not proposals directed towards a particular coalition. When a player makes a
proposal, not only does he seek a payoff for himself, but also specifies a payoff
for a subset of other players as well. Hence, implicitly he also suggests which
codition isto form. In the present model, however, players independently and
simultaneously make their demands. Hence it it possible that individual players
may makedemandsthat are not pareto-optimal. At thispoint it may not pay for any
of them to deviate by responding with higher demands asit will, by Assumption 1,
will reduce the likelihood with which it is met. Similarly, it may aso be the case
that the players may demand wages much higher than what the grand coalition can
afford but expect to obtain these in smaller coalitions.

Examplel LetN = {1,2,3}, f(ij) = 1 for al i,j and f(123) = 2. Let v, = vfor
al i. Assumethat the matching processissuch that for agiven W, all coalitionsin
B(W) areequally likely. It may be checked, that thismatching processis consistent

6



with Assumption 1. Now consider W= = (3, 2, 3). Since the demands of all the
three two player coalitions are compatible as well as those of the grand coalition,
the payoff of player i on demanding 3 at W~ is

1, . 31
Ui(§|Wii) = ZV(E) (2

Now consider adeviationw; by 1. Clearly, sincetheset of compatiblecoalitions
does not change, a demand strictly less than 1/2 is strictly dominated by 1/2.
Furthermore, any demand © > 1/2, is strictly dominated by a demand of 1, unless
w = 1. Indeed, if he responds with 1, the new set of demands are compatible in
the {2, 3} coalition and N. Since each isequally likely to form, the payoff is

VW) = 2u() 3

For an appropriately concave v, the demand 1 can be seen to be strictly dom-
inated by 1/2. Since al players are symmetric, we have shown that on the one
hand (1/2, 1/2, 1/2) that is not in the coreis a Nash equilibrium while on the other
hand, (1, 1/2,1/2), an element of the coreis

not a Nash equilibrium.

The above example demonstrates two things. First, there is no immediate
relation between coreallocationsand Nash equilibria. Second, Assumption 1isnot
sufficient to rule out rather unintutive outcomes. Note that in the above example,
every feasible coalition is assumed to form with a strictly positive probability.
Thus, the problem is not one of beliefs which assign probability zero to coalitions
that can form. In the example, players believe that the two player coalitions
form although no player is "hurt" by the formation of the grand coalition. Since
the players are assumed to be committed to their demands, it does not seem
unreasonable to assume that ties will be broken if favor of the larger codlition.
Assumption 2 below isaweaker statement of thisintuition.

Assumption 2 Fix W. Suppose that thereisa set S such that

7



e The demands of S* are compatible,

e For every coalition T whose demands are compatible, the demandsof TU S
are also compatible.

Then, pi(wi|W_;) =1for alli € S.

The demands of S* are compatible. However, the demands of a different
coalition T may aso be compatible and this might in fact require the services of a
subset of playersin S*. Assumption 2 then requiresthat if it never "hurts' anyone
to accommodate the demands of the remaining playersin S, then all the players
in S* will be matched.

Proposition 1 Under Assumption 1 and Assumption 2, every element of the core
isa Nash equilibrium.

Proof: Let W* be an element of the core. Hence W*(N) = f(N). TakeS* = N
in Assumption 2. It then follows that pi(w;|W*;) = 1 for al i € N. A deviation
by any player i by demanding w; > w;*, implies the demands are not compatible
in any coalition containing him. Consequently, pi(wi|W*;) = 0. Hence, it is not
profitable to ask for more than w;".

The only reason that a player may ask for less than w;" if it can be met with
a higher probability than w*. But since pi(w;'|W*;) = 1, w" is the unique best
response. O

The following example showsthat the converse of Proposition 1 does not hold
without further restrictions.

Example2 Let f(12) = f(13) = 300, f(123) = 302. Assume that vi(w) = w.
Under the hypotheses of Proposition 1, all core allocations are Nash equilibria. In
any core alocation, neither player 2 nor 3 gets more than 2.

Now note that for all w > 4, al demands of the form (300 — w,w,w) are
compatible in exactly the {1,2} or {1,3} coalitions. Assume that each of these
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are equally likely to form. Again, thisis consistent with Assumptions 1 and 2. It
is straightforward to check that the above demands constitute a Nash equilibrium.
Indeed, the highest payoff of either player 2 (or 3) can get from deviation is 2
which is strictly smaller than his expected payoff with the current demands.

Proposition 2 Under Assumption 1 and 2, if the technology is convex, i.e.,
f(O+f(T) <f(SUT)+f(SNT) forall ST C N.

then a Nash equilibrium demand vector W* isin the core of the technol ogy.

Proof.  The proof involves showing that if the demands of a certain coalition
are strictly compatible at W, then it is possible to find a coadlition S* such that
whenever T is compatible, S* U T is strictly compatible. Thus, a player in this
coalition can increase hisdemand by apositive amount and yet ensurethat it ismet
with probability one, by virtue of Assumption 2. Hence, at aNash equilibrium, no
coalition’s demands are strictly compatible. However, for each player, there must
be at least one coalition in which his demands are compatible. Thisis sufficient
to now conclude that the demands must be feasible in the grand coalition. Details
appear in Appendix A.

3 Dynamic Adjustment Process. Adaptive Play

In this section | describe a dynamic process. | consider the case where the
demand game of section 2 is played repeatedly at discrete dates. Players are
assumed to be myopic, have a bounded memory and make demands based on
precedent.

More precisely, time is denoted by, t = 1,2,.... At each date t, players
simultaneously demand a wage. To steer clear of the complications that arise
from infinite dimensional strategy spaces, the strategy spaces are discretized.
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Towardsthisend, | first assume that each f(S) isarational number, say ps/gs. Let
M = [Is-n Os- For agiven positive integer p, the number let 6 = 1/(10°M) is the
precision® of the model. Playerswill be assumed to demand in integral multiples
of 6. Let A; denote the subset of A consisting of integral multiplesof 6. A central
concern of the paper is the behavior of model as 6 — 0 (or equivalently large
valuesof p — o0).

Let Cs(f) denote the set of core allocations with each w; € A;. It isimportant
to note that with the above method of discretization, Cs(f) can be defined exactly
likeC(f). That is, we do not encounter problems of demandsin Cs(f) being strictly
compatible in coalition because players are allowed to demand from A; only.

In the sequel, w; € As unless specified otherwise.

Let wi; and W' denote a typical demand of a player i and the vector of wage
demands at date t respectively. The complete history up to and including period
t is a sequence of demands W*, W?,... W!. Consider atypical player i who has
to make a demand at date t. Players have no knowledge or a prior regarding the
utility of the other players. To determine an optimal response, they have to rely
on the historical records.

Fix a1 < ap < ...an Where each o isarationa number. Aninteger missad
to be admissibleif ajmisaninteger for al i. Let ki = ajm

Fix an admissible m. Player i samples at random a fraction of a most «;
of the last mrecords, s= (W1 W=m2 0 W, [t is important for this model
that every subsample at most of size a;m is sampled with a positive probability.
However one need make no assumptions on the relative probabilities with which
different parts of the history are sampled. The variable «; is a measure of player
i’sinformation.

Recall that the history up to datet consisted of only past demands. In particular,
the history was silent asto which coalition hasformed when similar demandswere

5The dependence of 6 on p is suppressed for conserving on notation.
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in place. Consider a player who has picked the sample o; = (W3, W2, ... W),
Player i believes that his demand w is met with probability Fi(w|oi) where

wao=%m@mMn+mwwﬁofu+mwM&n

The expected payoff of player i upon demanding w following the sample o is

Fi(wlo)u() O

Hence if the state at timet is s, the wage demand at t + 1 must satisfy
wi+1) = argmax F(w|oi)vi(w) )

for some sample oj; of Size k; from the state s. If there are several values of w
that solve Eg. ( 5) above, then each of them is played with a strictly positive
probability.

The above model issimilar tofictitious play in the sense that players maketheir
demands naively based on empirical distributions. Unlikein fictitious play, where
a player samples the entire history, in the above process, a player samples only a
fraction of the most recent history. This process has been termed adaptive play
by Young (19934). Since players are sophisticated enough to actually play a best
response at each date, it seems that the above behaviora process, as is fictitious
play, makes sense only if one assumesthat playersdo not know each other’sutility
functions.

Theresponserulesof the players (determined by Eq. 5), determineastationary
Markov chain. The state space Q consists of all sequences s of length m. Each
entry of s, isavector of wage demands by the agents.

Let p(wi|S) denote the probability with which player i demandsw; in the state
s. For each i, p; is a best response distribution, i.e., p*(wi| S) > 0 iff w; solves
equation 5 for some samples; ins.
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For a state s= (W%, W2, ... W™), astate s= (W2, WE, ..., W™ W) is said to be
its successor. The probabilities are

P = { [Tien B (wils) if S isasuccessor of s
0 otherwise.

Let P° denote the matrix of the above transition probabilities. Asin Young
(1993b), the above Markov process, with the state space Q, and transition prob-
ability matrix P° is said to be an evolutionary bargaining process ( EBP) with
memory m, precision 6, information parameters { «; } and best reply distributions

{pr}-

3.1 Conventions

Definition 3 (Convention) A state sissaid to be a convention iff it isan absorbing
state of the evolutionary bargaining process, i.e., P = 1.

Fromagiven state, thereisapositive probability of reaching only animmediate
successor. Thus, if s isaconvention and is the state at timet, then s isthe state
at timet + 1 aswell. For thisto betrue, itisclear that s must be a sequence of m
identical demands. Now, let w denote the state in which each entry is the vector
of demandsW. Supposethat the processisin statew at timet. Then regardless of
which sample player i picks, the probability with which hisdemand will be met is
given by

Fi(w|o) = pi(wi|W-i) (6)

An easy application of Egs. 1, 4, 5 and yields Proposition 3 below.

Proposition 3 A statew isa convention iff Wisa Nash equilibrium of the demand
game.

Proposition 3 identifies the isomorphism between the conventions and Nash
equilibriaof the one shot demand game. Oncethe playersreach aconvention, they

12



are locked into playing the game in a particular way. Thus, by establishing the
global convergence from an arbitrary initial state to a convention, we describe a
particular way in which playerslearn to play the Nash equilibrium of the demand
game. Thisisthe object of the next subsection.

3.2 Convergenceof the EBP

InaMarkov Processthe set of all aperiodic states are either transient or persistent.
If the set of all persistent states are absorbing, then the EBP converges from
an arbitrary state to some absorbing state, with probability one. Theorem 1
below presents sufficient conditions under which the only persistent states are
conventions.

Theorem 1 Suppose that o; < (nTZM) for all i. Then the EBP converges with
probability one to a convention.

It is useful to point out that the bound in the Theorem is only a sufficient
condition that is independent of f. For particular cases it is possible to give a
much sharper bound. For example, for the standard Nash Bargaining game where
f(N) = 1andf(S = 0if SN, % < %issufficient. The same bound isal so sufficient
for the three player case with an arbitrary f. Thisis proved below. However, for
all subsequent results | assume that the hypothesis of Theorem 1 ismet. The proof
of the general case appearsin Appendix B.

Proof.  Assume, for ease of exposition, that o = o < 1/3for al i. Let the
processbein state s at datet. Let o denotethe last k elements of thisstate. Let W*
denote a best-response vector to the sample . Since every sample of sizek hasa
positive probability of being sampled, there is a positive probability of observing
W! at datet + 1. In fact, there is a positive probability of observing arun of W*
betweent + 1 and t + k. If w! is a convention, we are done. For, betweent + 1

13



andt + 2k all the playerswill sample the records containing W* alone and respond
with w!. Hencethereis apositive probability p of reaching aconventionin m+ 2k
periods. So the probability of not reaching a convention in r(m + 2k) periods at
most (1 — p)", which goesto zero asr — oo. Suppose that W is not in the core
but iscompatiblein at least one of the three two player coalitionssay {12}. Then,
betweent +k+ 1 andt + 2k, thereisapositive probability that players1 and 2 will
continue to sample o, while player three will sample the records consisting of W*
alone. Hisbest response®, by virtue of Assumption 2isf(123) — w; —ws. Hence,
between periodt + k + 1 and t + 2k, there is a positive probability of seeing arun
of W2 = (w1, wo, F(123) — w1 — wy).

It is useful to note that until now we needed a history of length at most 3k.
From now on will make use of samples of size k that appear from datest +k + 1
onwards.

Now betweent + 2k + 1 and t + 3k, thereis a positive probability all the three
players will sample demand W?. The best response of player 3 continues to be
f(123) — w1 —w;, whileplayer 1 and player 2 must demand f (12) —w, and f (12) — w1
respectively. Hence we will see arun of W2 = (f(12) — w5, f(12) — wy,f(123) —
w1 — wp) for k periods with a positive probability.

Between t + 3k + 1 and t + 4k, there is a positive probability of players 2
and 3 continuing to sample demands of W? alone while player 1 samples W2.
The best responses of players 2 and 3 remain unchanged while that of player
1 is now w;. Hence, there is a positive probability of seeing a run of W* =
(w1,T(12) — wq,1(123) — w1 — wo).

Finally, there is a positive probability of all three players sampling the most
recent k records consisting of W* alone. The best response of players 1 and 2
continueto bew,; andf(12) — w, respectively while player three must now demand
f(123) — f(12). It may be verified that the demands W® = (w1, f (12) — w1, f(123) —

81t may be verified that since the technology is convex, f(123) — w; is not feasible in either of
the smaller codlitionsthat contain player 3.
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f(12)) is an element of the core. Now we repeat arguments similar to those found
in the first paragraph of this proof to conclude that we the EBP converges with
probability one to a convention if the informationis less than or equal to 1/3.

Theonly other caseto consider iswhen W* isfeasibleand isstrictly compatible
in the grand coalition but is not compatible in any of the smaller coalitions. Inthis
case, it isclear that W? above isin the core.

3.3 Stochastically Stable Conventions

This section studiesthe same dynamic process asin the previoussection but allows
for the possibility of players making mistakes, much in the spirit of the modelsin
Kandori, et. a (1993), Young (1993a) and Young (1993b). Theaim of this section
is to introduce the notion of stochastic stability and provide a characterization of
such states. | start with afew definitions. Fix the sample sizesk; and the memory
m.

Definition 4 (Mistake) SupposethattheEBPisinstates= (W™ WEM2 1 W
attimetand s= (W-™2 W3 WL W). Thetransition sto s is said to in-
volve exactly one mistake, if thereis exactly one player, say i, for whomthereisno
samplein sof sizek; for which w; isa best-responsg, i.e,, p(wi|s) = 0.

Clearly the number of mistakes involved in a transition from a state to its
successor is between zero and n, depending on the number of players that have
made errors.

Suppose that the probability with which player i makes a mistake is given by
¢Ai > 0. Conditional on the fact that player i has made amistake, let g;(wi|s) bethe
probability with which he demands the wage w; in state s. Clearly, q; is different
from p". The parameter ¢ is the absolute probability with which players make
mistakes and A/} is the relative probability of playersi and j making mistakes.
The event that player i makes a mistake is assumed to be independent of the event
] makes a mistake.

15



Now suppose that the process is in state s at time t. The probability that
exactly the membersin the coalition Smake mistakesis e([Tjcs Ai) ([Tigs(1 — €Ai))-
Conditional on this event, the transition probability of moving from astate sto a
sates is

TTicsti(wi|S) TTigsP; (wil ) if s isasuccessor of s
and the demands to the far right are W

S _—
Qu =

0 otherwise.

If none of the players make mistakes, then the transition probability of moving
from state sto a state S is given by the earlier transition probabilities P‘; . This
event has the probability [Ti=; 2 3(1 — €Xi).

Allowing for the possibility of mistakes, we now obtain anew Markov process
with the same state space Q as before but with the transition function:

Py = (H(l - eAi)) P + > ST AT — ex))QS-
ieN SCN ieS igS

Let P denote the above matrix of transition probabilities. In most models
similar to the one presented here, including Kandori, et. a. (1993) and Young
(1993a) and Young (1993b), it is assumed that when players make mistakes,
every feasible strategy is played with a strictly positive probability. Mistakes
then, constantly perturb the process away from a convention. Now there are
no absorbing states. However, since the transition probabilities of the perturbed
process converge to those of the unperturbed process as ¢ converges to zero, for
small values of ¢, the perturbed process continues to be attracted to conventions,
without actually settling down. Which of the conventions that the process stays
at for the most part depends on the number of mistakes that are required to move
it far enough to a state from which it would gravitate toward a different another
convention. Hence, in the long run, if when the probability of mistakes is very
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small, the convention that is observed most of the time will be the onethat requires
the largest number of mistakes to displace.

The asymptotic (or long run) behavior of a Markov Process is captured com-
pletely by its invariant distributions. When one assumes that there is a positive
probability of every strategy being played, the perturbed processisirreducible. It
is easy to show that each of the statesis aperiodic aswell. Hence thereisaunique
invariant distribution x© for the perturbed process, for each ¢ > 0. For astate s,
isthe limit of the the relative frequency with it is observed in the first t periods as
t — oo. Sincetheinvariant distributions (perhaps along a subsequence), converge
to the invariant distribution of the unperturbed process, the conventions that are
observed most often, when the probability of mistakesis small, are those in the
support of the limit of the invariant distributions of the perturbed process (which
isof course an invariant distribution of the unperturbed process). This motivates
the following refinement of the set of conventions, first introduced by Foster and
Young (1990).

Definition 5 (Stochastically Stable Convention) A convention s is stochastically
stableif lim,_o p existsand ispositive. A stateisstrongly stable, iflim._q pg = 1.

Identification of the SSC(s) is considerably ssmplified by a certain equiva-
lence theorem initially due to Friedlin and Wentzell (1984) and adapted for finite
processes by Young (1993a). In order to introduce this, certain definitions are
required.

Definition 6 (w-tree) Fix a convention w. A w-treeis a directed graph with the
set of conventions as its vertices such that from each conventionw' # w, thereisa
unigue path directed tow and there are no cycles.

Definition 7 (Resistance) Let s be a successor of s. The resistance between these
two states, denoted by r(s,s), is the minimum number of mistakes required in the
one period transition s — s. Smilarly, for any two states s* and <%, r(s',s?) is
the minimum number of mistakes required to reach s* from st through a sequence
of one period transitions.
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The resistance of aw-treeis naturally defined as the total resistance of each of
itsedges. Let 7,, denote the set of all w-trees.

Definition 8 (Stochastic Potential) The stochastic potential of a convention w is
the least resistance among all w-trees:

7(W)=¥niTn > r(whwA).
EW(Wl,WZ)eT

Theorem A (Young (1993a)) The sequence of stationary distributions ;.“ converge
to a stationary distribution 1:° of P° ase — 0. Moreover, a states is stochastically
stableiff s=w isa convention and has the minimum stochastic potential amongst
all conventions.

In order to allow for a parsimonious construction of the tree of minimum
stochastic potential, | make the following assumption.

Assumption 3 Players only make mistakesthat are a distance 6 away from a best
response. That is, if s isthe state at timet, then for every i, g(wiw1| S) > O iff
thereisaw such the

° pi(wls)>0

o | — wi| <6.

Young (1993b) constructs a tree of minimum stochastic potential without
resorting to any assumptions on players mistakes in the two player case. With
threeor moreplayers, however, theallocation space hasisat | east two dimensional.
Consequently, one hasto contend with the possibility of cyclesthat do not arisein
Young's compact, one dimensional space.

Two further remarks are in order. First, note that Assumption 3 is made on
the players strategies rather than the payoffs. However, when in a convention,
say w*, the unique best-response is w;*. With the above assumption, player i is
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assumed to demand for w;* + 6 and w;" — 6 aswell asw;" with a positive probability.
In terms of payoffs, w; — 6 will congtitute as "small mistake" as it will be met
for sure while w* + ¢ which will be rejected for sureis a"large mistake". So, in
a sense, Assumption 3 alows only for extremes in terms of payoffs. Of course,
nothing isimplied in states that are not conventions as the payoff functionsin this
model are not continuousin strategies.

Second, recall that the definition of stochastic stability was based on the as-
sumption that the perturbed transition probability matrix had a unique invariant
distribution. With the above assumption, it is no longer clear that the P isirre-
ducible. Consequently, it isnow not immediate that auniqueinvariant distribution
exists and hence stochastic stability may be an ill-defined concept. Theorem 2
below, which uses aspecial bound on the extent of players' information establishes
the validity of the solution concept.

Theorem 2 Under Assumption 3, P admits a unique invariant distribution for
every ¢ > 0if o < L4for all i. Moreover, the support of thisinvariant distribution
containsthe set of all conventions.

Proof. See Appendix B.

The following notation is useful:

gW) = ailog(vi(w))

ieN
gi(w) = da Ioag;iw(w))
) =il - 2=

r(w,é) = riEiNn ri(wi, 6).
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Theorem 3 There exists a level of precision 6* such that for all 0 < 6 < 6* a
convention W’ is stochastically stable for every admissible miff W° maximizesthe
functionr(.,é) over all

W € Cs(f).

Proof.  (Sketch) Starting from a convention w, The function [mr(W, 6)] is the
minimum number of mistakes that are required before some player has a best
response that is different from that in the convention ( Corollary B.1 ). Hence
r(w,w") cannot fall below [mr(W, §)]. The proof then involves showing that one
can construct a w’-tree that involves exactly [mr(W, §)] mistakes at each edge,
w — W. The resistance of any other w-tree must then exceed that of this
particular w® tree by at least [mr(W?, §)] — [mr(W, §)]. For large enough m, if W
is not another maximum of r(., 6), then by Theorem A, w cannot be stochastically
stable. Details appear in Appendix B.

Theorem 3 extends the results obtained by Young (1993b). The result here
is weaker than in Young (1993) in two ways. First, an upper bound on ¢ is
required. Second, there can be severa stochastically stable conventionsleading to
an indeterminacy in the allocation for a subset of players even when é converges
to zero.

Example3 Let N = {1,2,3,4}, f(12) = 100, f(N) = 101 and f(S) = 0 otherwise.
Inevery coreallocation, wy +w, > 100. Hence, r(W, 6) = min{ry(ws, ), r2(wz, )}
for acoreallocation W and attainsamaximum whenw; = w, = 50. By Theorem 3,
every conventionw withW = (50, 50, w, 1—w) withé < w < 1—¢isstochastically
stable.

Theorem 4 Let W* maximize g(.) over C(f). Let K C N bethe set of playerssuch
thati € K implies gi(w") < g(wy") for all j € N. For every every ¢ > 0, thereisa
6* > 0suchthat for all 0 < 6 < 6%, if W isstochastically stable, then

o —wi <,

for all i € K.
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Proof. See Appendix B.

4 Someexamples

4.1 Non-Convex Technology

Even when the technology is not conve, it is still relatively easy to compute the
minimum number of mistakes that are required before some player has a best
response different from the conventional one. These turn out to be functions that
look liker(., ). But now, thisminimum number of mistakesisno longer sufficient
to lead one out of the domain of attraction of the convention as the following
example demonstrates.

Note that the following example may appear somewhat terse for the reader
who has skipped Appendix B.

Example 4 InExample2, set o; = 1/4for al i. The minimum number of mistakes
f s(w) beforewhich some player hasabest response different from the conventional
demand in a convention w is

MiNi=; 23 = if Wisin thecore
235

4A —
gr(W, 0) = {

min{2, ..>—1} for aconvention such asW = (300 — w,w,w)

wherew > 4. This bound may be obtained by constructing arguments similar to
those found in Appendix B. For elementsin the core, (., 6) coincides with r(., ¢)
that appearsin Theorem 3. Among the set of conventions that are not in the core,
the fewest number of mistakes required before player 1 demands a é less is 2/ws,
whereasfor players 2 and 3 the minimum number of mistakes continuesto be 1/.;.
This is because for player 1 to demand 6 less as a best response in a convention
such as (300 — w,w,w) , werequire both player 2 and player 3 to make the mistake
of asking for w + 6. Hence, the correction of 2 for player 1.

The least player 1 obtains in the core is in the alocation (298, 2,2). In the
convention involving these demands, player 1 requires the minimum number of
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mistakes to be the first player to have a best response different from 298. This
corresponds to the case where both players 2 and 3 have demanded 298 — ¢ for
some L* periods, determined by fs. To this, the best response of player 1 isto
ask for 298 + ¢. Suppose now, that from this point on, say T, no further mistakes
occur. Assume, without loss of generality, that all mistakes actually occurred in
thelast T — L* dates.

It iseasy to see, that from this point onwards, the demands of player 1 will not
be anything other than 298 or 298 — ¢ while those of players 2 and 3, will not be
anything other than 2 or 2 + 6.

Now, consider asample of m/4 in which every demand of player 1is298 — ¢,
while that of player 3is2in m/4 — 1 entries. The one demand is2 + 6. To this
sample, ademand of 2 by player 2 will be a unique best response if

(/4 — 1) 1
2 > T8+ 2462 or

2 > (1-2m)(2+96)

Thelast inequality holdsfor an appropriates. Thus, the only samplefor which
2+ ¢ isabest-response isif player 3 always has asked for 2 and player 1 always
has asked for 2 — 6. Since (298 — 4,2 + ¢,2) is not a convention, the process
eventually returnsto (298, 2, 2) in the absence of further mistakes.

The problem in this exampl e appears due to the fact that the set of conventions
is not connected. When ¢ is small, the minimum number of mistakes required
to lead to a best response is not sufficient to lead away to a different convention.
Indeed, the number of mistakesrequiredto required to reach aconventioninvolving
demands of the form (300 — w,w,w), starting from a demand in the core, turns
out to be very large. Thisis because we require a series of mistakes on the part of
players 2 and 3 each of

them demanding a 6 higher at each instant. On the other hand, the number
of mistakes required to reach an element of the core from the convention with
demands (296, 4,4) is at least 298m/[4(298 + $)]. For afixed ¢, thisis a large
number. Hence, one cannot obtain a bound independent of 6 and m. Questions of
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existence and characterization of stochastically stable conventions for examples
such as these are left open as possibilities for future research.

4.2 Competition and Evolution

The competitive allocations of an economy continue to be the benchmark for
comparing those obtained under other mechanisms. A frequent criticism of the
Walrasian mechanism is the absence of adynamic story of adjustment ” The func-
tion f can be thought of as being the game generated by an endowment economy
in which agents have quasilinear preferences for money. The EBP can then be
thought of a process of adjustment to equilibriumin such an economy. Henceitis
of interest to compare the competitive outcomes with the SSC conventions.

Example5 Let N = {1,2,3}, o5 = 14, vi(X) = x, f(12) = f(13) = f(123) =
300 and (S = O, otherwise. The technology corresponds to the well-known
representation of a game with two sellers and one buyer. When one does not
allow for zero demands, the core of this technology is empty. But the set of
absorbing states corresponds to m repetitions of the form (300 — w, w,w), where
6 < w < 300 —¢. Player 1 obtains 300 — w in one of the two smaller coalitions
while 2 and 3 obtain w with some probability. It can also be shown that, with the
same bound as in Theorem 1, all other states are transient. Of course, it is being
assumed that both the two player coalitions are equally likely.

As mentioned before, the problem in Example 4 appears because the set of
absorbing states is not a connected set. However, when the set of absorbing states
IS a connected set, as it is here, the techniques in the proof of Theorem 3 can
still be applied. A stochastically stable convention maximizesthefunction s over
6 < w < 300 — ¢ where.

f(w)—émin{ 2 1}
b T4 300 —w'wl

The competitive outcome on the other hand, is one in which player 1 yields
the least amount to either player 2 or 3. In the present case this corresponds to
(300 — 4,46,0).

"See Gale (1987aand 1987b) however.
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When 6 — 0, the stochastically stable outcomes converge to (200, 100, 100)
whereas the competitive outcome is the one in which player 1 gets the whole
aurplus, i.e.,, (300,0,0). In expected terms, players 2 and 3 obtain 50 in the
bargai ned outcome while the competitive outcome gives them 0.

4.3 Doesthe Utility function matter?

AsinYoung(1993b), let (v, «;) denote the type of aplayer. An interesting result
of Young(1993b) is emergence of a fifty-fifty split as the SSC regardless of the
types of the players. In the model above, the result continues to hold in the sense
that a particular division will be observed regardless of the utilities. However, if
the technology is not convex, asit isin the earlier example, thisis not the case.

Example 6 In Example 5, suppose that the utility that player i derives from
consuming w isgiven by vi(w) = 1 — e “. Conduct the entire analysis as beforeto
deduce that the minimum number of mistakesthat are required before some player
has a best response different from the conventional one is given by

. _e—-1 2 1
tw) = == min{ o o

The stochastically stable outcome is the convention that maximizes the above
function. When 6 — 0, the stochastically stable outcome converge to (300 —
w*,w*,w") where w* solves

2(e”” — 1) = (%" — 1.

It may be checked that w* > 100.

The competitive outcome on the other hand, convergesto be (300, 0,0). Rela
tive to the competitive outcome, player 1 continues to fare worse in the stochasti-
cally stable outcome. In fact, he does worse in the stochastically stable outcomes
with constant absol ute risk-aversion than he did with under similar outcomeswhen
all the playershad linear utilitiesin Example 5.
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A Appendix

For the sake of clarity, the proof of Proposition 2 will be preceded by a couple of
lemmas. Recall that 5(W) was the set of all coalitionsin which the demands were
just compatible (at W) and B(VV), the set of all coalitions in which the demands
are strictly compatible.

BW) = {SC N:W(S < f(S)}
BW) = {SC N:W(S <f(9}.
LemmaA.l FixW. If the demands of Sand T are compatible, then
W(SNT) —f(SNT) < f(SUT)—WSUT).

Moreover, the above inequality is strict if the demands of either Sor T are strictly
compatible.
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Proof. Immediate from covexity and the fact the for every W,
W(SUT)+W(SNT) = W(S +W(T).

Corollary A.1 Suppose that the demands of Sand T are compatible but there is
no coalition whose demands are strictly compatible. Then the demandsof SN T
and SU T are also compatible.

Corollary A.2 If thereare no coalitionswhose demandsare strictly compatible at
W, then there can be at most one largest coalition whose demands are compatible.

Proof. Immediate from the Corollary A.1.

LemmaA.2 FixW andlet W(S) <f(S). Then, thereisan S* C Ssuch that

1. Thedemands of S are strictly compatible.

2. For every compatible coalition T that does not contain S, T U S* is strictly
compatible.

Proof. LetS =S IftheLemmaholdswith S = S, we are done. Otherwise
there is a compatible coalition T that does not contain S; such that W(SU T) >
f(SUT). ThenS = § N T isadrict, non-empty subset of S;. Furthermore, a
straightforward application of LemmaA.lreveasthat, S, = W(S) < f(S,). If the
Lemmaholdswith S, = S, we are done. If not, we can repeat the above process
finitely many timesto obtain an S = {i} such that w; < f(i) = 0. This contradicts
thefact that w; > 0. O

Corollary A.3 Under the hypotheses of Lemma A.2, for all i € S,

1. & > wj, wherew; = argmax p;(w|W_)vi(w).

2. 3(W)isastrict subset of 3(W), where W_; = W_; and &; isasdefined above.
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Proof. Leti € S'. By virtue of Part 2 of Lemma A.2, player i can increase his
demand by apositiveamount say tow and still ensurethat if acoalition T continues
to be compatible, then T U S is aso compatible. Hence, by Assumption 2,
p(o|W_i) = 1. This proves Part 1. Part 2 is must hold since player i must
increase his demand until one of the coalitionsin which the demandswere strictly
compatibleisjust compatible. O

Corollary A.4 Let W* bea Nash equilibrium. Then, 3(W*) = ¢.

Proof. Immediate from the definition of a Nash equilibrium and Part 1 of
Corollary A.3. O

Proof.  (Proposition 2) Let W* be a Nash equilibrium. Given Corollary A.4,
we need only show that W*(N) = f(N). It is clear that for W* to be a Nash
equilibrium, for every player i, thereis at least one S € 5(W*) that contains i.
Now use Lemma A.2 to conclude that W*(N) = f(N). O

B Appendix B

In this Appendix, players demands are in As, unless stated otherwise. All the
results from the Appendix A continue to hold with this restriction on players
demands because of our assumption the each f(S) is a rational number and the
particular method of discretization employed.

Given W, W, we will write W > W if

o _ | argmaxpi(w|Woi)vi(w) ifieS
P wi ifigs
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Lemma B.1 Suppose 3(WP)#s. If there isa set T such that whenever W(S) <
f(S), Scontains a player not in T, then there isa sequence

Lwtls L Ewet  we
such that

1. The demands of no coalition are strictly compatible at W- but there is a
unigue largest coalition whose demands are compatible.

2. Furthermore, the sequence of players above can be chosen sothati; ¢ T for
all=12,...L.

Proof. Assumethat B(VVO) #¢ (otherwisethereisnothing to prove). We canfind
an S asin LemmaA.2. By hypothesis, S* contains aplayer not in T, say i;. W*
is obtained by WP % WX, By Corollary A.3, béta(W2) is a strict subset of (WP).
Clearly 3(W")#¢ because there must be at |east one coalition in which playeri;’s
demand is compatible. Now repeat the above procedure to obtain W* to obtain i,
and W2 and so on. In finitely many steps, 3(W") = ¢. Now use Corollary A.2 to
conclude that there is a unique largest coalition at W*- in which the demands are
compatible. O

Lemma B.2 Suppose3(WP)#¢. Then, thereisasequence {W',S},1=1,2... Ly, L+
1...L2,L2+1...,LQ_1+1,...,LQ$JChthat;

1. Forall W 3 W+ forall 0< | < Lo_s.
2. S +a=N,foralk=12,...Q-1

3. The demand vector W isin the core,

Proof. SetT = ¢ inLemmaB.1 and obtain the sequence up to W-:. Let T, be
the unique largest coalition in which the demands are compatible. If T; = N, we
are done. Otherwise, consider Wt % WLi*L| Since the demands of no coalition
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are strictly compatible at W, no player will increase his demand. Moreover, by
Assumption 2, pi(w-|WH) = 1for al i € Ty Hence, wh*t = Wb, forall i € Ty.
Furthermore, a player not in T; will reduce his demand so that at W-*2, every
player will have his demand met in at least one codlition. If now B(Wt*l) = 4,
we are done as W isin the core.

Suppose A(WH*)#£6. Set T, = T, W? = WH*L in Lemma B.1 to obtain the
sequence leading to W2, Again we have a unique largest coalition T, whose
demands are compatible but the demands of no coalition are strictly compatible.
Since the demands of the playersin T; have not changed, and at least one more
player’'s demand is now being met, it followsthat T, is a strict superset of T;. If
W2 isin the core, we are done. Otherwise we need repeat the above process only
finitely many timesto reach asituation where To = N. O

Proof. (Theorem 1) Again, assume, for the sake of exposition, that o = «;. Let
sbethe state at timet and let o denote the sample consisting of the k most recent
records. Let WP be the demand vector resulting from every player sampling o.
Assume that 3(WP) is not empty. The other case will be dealt with shortly. Now,
let {W', S} bethe sequence asin LemmaB.2.

Let A be the following event:

1. Betweent andt +k, al players sampleo.

2. Betweent+lk+1andt+ (I + 1)k, all players except thosein § continueto
sample what they were sampling betweent+ (I — 1)k+ 1 andt + 1k. Players
in § sample the k most recent demands, 1 < | < Lg_;.

It is easy to verify that if the A were to occur, it will lead to k repetitions of
WP between t + 1 and t + k, followed successively by k repetitions of W* between
t+k+1andt+ 2k and so on finaly ending with k repetitions of W2 between
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t+Lo_1k+21andt+ Lok. Indeed, given our assumptions that each player samples
every k samplewith a positive probability, the event A would occur with a positive
probability if the initial sample o were availablein its entirety between until date
t+k(L, + 1) and since S, = N, for the next k(Lq + 1) periods W' were available.
This would be possible if m > maxq{(Lq + 2)k}. Note that Lq's depend only on
the number of coalitions in which the demands were strictly compatible. Hence,
Lg < W‘z;ll which is the number of two player coalitions with n players.

Now, assuming that the bound on k/mismet, thereisthen a positive probability
of observing k repetitionsof We, whichisacoreallocation, infinitely many stages.
Furthermore, now there is a positive probability that all the players sample this
k-run of We to achieve another k-run of W= and so on to finally obtain the
convention w-e in some M periods altogether.

Thus, there is a positive probability p, bounded awvay from zero by our as-
sumption of stationarity, and an integer M, such that a convention is established
in M periods. Hence the probability of not reaching a conventioninrM periodsis
(1 —p)", which goesto zeroasr — oo.

Now suppose 3(WP) = ¢. If WP isin the core, we are done. If the demands
of no coalition are compatible at WP, then consider W 5 WP and conduct the
above analysis starting from somewhere in the middl e of the sequence obtained in
Corollary B.1. O

Lemma B.3 Fix a convention w*. Starting from this convention, the minimum
number of mistakes required for player ip to be the first player to have a best
response different fromw;" for the first timeis given by

o — 0
Vi (wiy )]}

Vio(wis)

min{ KoV ()
Vig(wiy + (N — 1)6)’

kio[l_

Proof.  Starting from a convention w*, let s be the first state in which player i
isthefirst player to have a best-response different from the conventional demand.
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For concreteness, set ip = 1. Note that by the definition of s, every W_; in s that
isnot W*, involves at |least one mistake. Let there be L such demands that differ
fromW*,. Infact, without loss of generality assume that these

are be the L most recent demands. Let w denote the best response of player 1.

Case 1. (w < w;") Now consider asample of sizek; froms that includes the L
demands. Thus (k; — L) of the demands in this sample are W*; while the last L
demandsareW' ;,1 =1,2,... L. By playing w; player 1's expected utility is

kq
- M+ S PleWu) @
1 L=k;—L+1
which is no larger than
L K
(1= val@) + > @MW (@), (8)
1 I=ky—L+1

the payoff if he plays®.
Define
s= (] s )
SeB(WH),1€S

Since there are no strictly compatible coalitions at W*, Corollary A.1 applies
and, W*(S;) = f(S). Without loss of generality, assumethat 2 € S,. Consider a
new demand vector W that differsfrom W+ only in the demand of player 2. Player
2 demands wj + (wj — w).

Now consider the new sample constructed from the original sample with the
last L entries as W. Note well that this new sample has exactly L mistakes, no
more than those in the original sample. These are of course the L demands of
player 2 that differ fromws;. | will now show that given© is abest-response to the
original sample, w is abest-response to this new sample.

Note that by our choice of player 2, player 1's demand wj is not compatible
in any coalition when 2 demands w3 + (w; — w). The payoff of player 1, then on
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playing wj is by
L
(1= vales).
1

However on demanding @, he obtains it for sure and hence achieves a payoff
of vi(w). Sincethe expressionin Eq. 8isat least aslargeasthat in Eq. 7, itis
easy to see that

vi(w) > (1 - kLl)vl(wI).

Hence, if & was a best response to the initial sample, it continues to be a best
response to the new sample. Thus,

vi(w)
vi(wy)

L> ki1~ ]

> mry(wj,d). (10)

Case 2: (w > wj) Asbefore consider asampleof sizek; fromthe state s for which
w isabest response. Now as in the earlier case the payoff on demanding wj is
given by Eq. 7. However on demanding «, the payoff is

kq
> pu(@WEva(). (11)

I=n+1
Sincew isabest response, Eq. (11) isat least aslarge as EqQ.( 7).

As in the earlier case, construct a new sample from the initial sample by
replacing the last L demands of every player except 2 with ;. Replace those of
player 2withw, = w3 — (v —w7). Inthisnew sample, there are exactly L mistakes,
no larger than those in theinitial sample.

Now, it remains to show that & continues to be a best response for player 1 in
thisnew sample. That is, we need to show that

L ~ *
k—Vl(w) > Vl(wl)-
1
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The above follows from the following sequence of inequalities.

L @) = viwd) kil[vl(@) )] - (- kil)vl(wz)

G
kq
>3 W (@) D] - (1 i)
I=kg—L+1 1
kq
> N PL(&|W (@) —
I=ky —L+1
kq
S P ~ (- D) (12
I=ki—L+1 1
> 0.

Eq. ( 12) followsfrom Assumption 1 and the non-negativity follows from the
fact that the expression in Eq. (11) isat least aslarge asthat in Eqg. ( 7). Hence,
the number of mistakesis given by

L > kavi(wi)Vi(&).

The minimum number occurs when & takes the maximum value. But since
we alow only for small mistakes, it follows that the largest value of & cannot be
more than w; + (n — 1)é. So, the number of mistakes cannot fall below

Vi (w™®)
(o + (N — 1)6)°

The proof iscomplete on taking the minimum of thetwo lower bounds obtained
in the two different cases above. O

LemmaB.4 Let 0< 6 < asf (N)/(ann?). If wisa convention, then

Vi (wi)
“erm-ng -




Proof. Using concavity of v; and the fact that «; > 6, we have
o Vi(wi) _— wi
Vilwi +(n—=1)8) ~ wi+(n—1)6

o}
> 1
n

Again by concavity of v; and the fact that thereis at least onew; > f(N)/n, we
have

r(w,s) < ri(wi,0)
a;jd

Wi
oNay,

f(N)

Therest of the proof isimmediate upon comparing the above two inequalities.
O

IA

IA

Corollary B.1 Let0<é < aif (N)/(ann?). At aconvention w and for any statess,
r(ws) > [mr(W, )]

Proof. By virtue of the previous two lemmas, [Mri(wi, 6)] is the minimum
number of mistakes for player i to be the first player to have a best response
different fromw; in the conventionw. Hence, r (w,s) cannot fall below [mr (W, 6)],
the minimum number of mistakes required before some player has a different best
response for thefirst time. O

Now, let g; denote the vector in R} where the ith component is —4, the jth
component is 6 and every other component is zero. Given a convention w, the
convention w+g; (if it isaconvention) involves atransfer of 6 from playeritoj.

LemmaB.5 Let § < aif (N)/(ann?) and W, W + e; € Cs(f). Suppose that
r(W,é) = ri,(wi,, 0). Then

L. r(wwte;) = [mr(W, 6)] = [mriy(wi,, 6)], if j#io and

2. r(ww+ej) < minig,[ri(wi, )], ifj = io.
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Proof. | will prove only Part 1 of the Lemma. Part 2 can be proved by
constructing arguments almost identical to those of provided for Part 1 below.

For concreteness, takeip = 1 and pick 2 € S where S, is obtained asin Eq. 9.
Now consider the following three demand vectors:

1. W differsfrom W= only in player 1's demand: wi = wj — ¢.

2. W differsfrom W* only player j's demand: wjf =wi + 6.

By Corollary B.1, it sufficesto exhibit apath betweenw and w+g; that involves
exactly [mr(W, 6) mistakes.

Supposethe EBPisin statew at timet. Now, suppose that between timet + 1
andt* =t+[mr(W, $)] player 2 playsw; + 6 instead of w;. Each of these demands
isamistake. Let o denote the sample consisting of the k = max;<y ki most recent
demands. By our choice of player 1, o contains a subsample for which the best
response of every player other than 1 continuesto bew;". For player 1, given our
choice of player 2, the best response isw; — 6.

Now thereisa positive probability betweent* + 1 and t* + k all the playerswill
sample from & leading to a run of k repetitions of W*. It is useful to remind the
reader, that the entire sample o will beavailable until datet*+3k by our assumption
that k < nv/4.

Following thisrun of W2, thereis a positive probability that betweent* + k + 1
and t* + 2k all the players except 1 and j will continue to sample o while 1 and |
sample from the k most recent records consisting of W*. It is straightforward to
check that this should lead to a run of k demands of Wi.

Betweent* +2k+ 1 andt* + 3k, thereisapositive probability that all the players
except players 1,i and j will sample o; players 1 and j continue to sample W* as
before and player i samples the k most recent records consisting of Wi. It may be
checked that thiswill lead to arun of W + g;.
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Finaly, fromt* + 3k onwards, thereis apositive probability that all the players
will sample the k most records consisting of W + g; thereby establishing the
convention w+e; in due course. Since the above path involved a best response by
the players at every stage following the first t* — t mistakes by player 2, the proof
iscomplete. O

Proof. (Theorem 2)® Consider an aperiodic Markov Chain with state space Q.
A state can either be persistent or transient. Now, we know from that the persistent
states of a finite Markov chain can be uniquely decomposed into digoint closed
sets, Cy, Cy, ... Ck such that from any state of a given set Cy, all states of this set
and no other can be reached. In particular, if we show that the decomposition
must involve a unique closed set, say Q*,

it then follows that all the states Q \ Q* are transient and that the states
corresponding to Q* form an irreducible sub- chain. This sub-chain admits a
unique stationary distribution. Since a transient state cannot be in the support
of a stationary distribution of the original Markov Chain, it then follows that
there is a unique stationary distribution of the original chain; thisis of course the
invariant distribution corresponding to the the states in Q* extended with zeros
corresponding to the statesin Q \ Q*.

That the perturbed EBP is aperiodic is obvious, from an arbitrary state, a
convention can bereached followingwhich areturnto theoriginal stateif possible,
can be achieved in either an even number or an odd number of periods. | now claim
that thereis a unique closed set of recurrent states, say Q*, for the perturbed EBP
and this contains all conventions. Indeed, let Cy,C,, ... Cx the decomposition.
Let sbeastatein Cy. By Theorem 1, there is a positive probability of reaching a
convention in finitely many steps. Hence, Cx must contain at |east one convention,

8In this proof, | use, without providing formal definitions and proofs certain terminology and
assertions that are rather standard in the theory of finite Markov Processes. See for eg. Feller
(1957)
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say w. Moreover, by virtue of Lemma B.5, from a given convention w, thereis
a positive probability of reaching every convention of the form w+e;. Since the
core is a convex set, it follows that any convention w' can be reached from an
arbitrary convention w. Hence C, must in fact contain al the conventions. Since
Cy was arbitrarily chosen, it followsthat the decomposition must involve aunique
closed set of persistent states. The proof is now complete by the arguments of the
preceding paragraph.

Lemma B.6 Supposethat W’ maximizesr(., &) over Cs(f). Let W & Cs(f) be such
that w; < w?. Thenr(W, §) < ri(wi, ).

Proof.  Suppose, by way of contradiction, that r (W, 6) = ri(wi, 6). Sincer;(.,6)is
astrictly decreasing function, r(W, &) > ri(w?, 8) > r(W¢, §), thereby contradicting
the fact that W° maximizesr (., ).

Proof. (Theorem 3) Let W’ beamaximumof r(., §). Now construct aw;-treeby
placing a directed edge from each w (# w;) to a convention w+g;, where w; > w?
and w; < wf . Intuitively, this procedure involves transferring ¢ at each stage from
player i who is demanding "too much” to aplayer j who is demanding "too little".
Sincethe coreisaconvex set, this"equalizing” principle can befollowed to obtain
aw’-tree. Let T* denote thistree.

At an edge w— w+ej, «j < wf. Hence by Lemma B.6, r(W,6) < rj(W,3).

Hence, by Part 1 of LemmaB.5, the resistance of each edgeinthetreeT* is
r(ww+e;) = r(W,9).
So, the resistance of thetree T* is
> [mr(W, 6)]. (13)

WAW*
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For any other convention, say W, the resistance of aw-tree, say T is

doorwtwA) > DT [mr(W,6)]

(whw?)et WA
> Y [mr(W,9)].
WAWS
The first inequality follows from Corollary B.1 and the second inequality is strict
if W does not maximizer(., §).

Hence, w’ hastheleast stochastic potential with the resistance given Eq. ( 13).
By Theorem A, it is then a Stochastically stable state.

If there are severa maximaof r(.4), each of themisa SSC.

Proof. (Theorem 4) Let W* € C(f) be the maximum of g and let K be asin the
statement of the Theorem. For aplayeri, let S denote the smallest coalition Sthat
containsi and W*(S) = f(S). Such an § iswell defined by Corollary A.1.

For concreteness, supposethat 1 € K. Since, gi(wy) < gj(w)) foralj € N, it
is easy to show?® that for every ¢; > 0, there exists an ¢, in the open interval (0, ¢1)
such that

Oi(wy +€1) < giw) +€2). (14

Now, suppose that there is a player j71 such that 1 € §. (The case when no
such j exists will be analyzed shortly.) At W* then, we can reduce the demand
of | by an arbitrarily small ¢ > 0 and correspondingly increase the demand of 1
and yet remain in the core. Hence for all 0 < ¢; < ¢; < ¢/(n+ 1), there exists
aW € C(f) such that wi + €1 < w1 < wj+el(n+1) and wj < w + ¢y, for al
j#1. Note that with our method of discretization, Cs(f) C C,/(f) when § < ¢" and
UsCs(f) = C(f). Hence, we can find aé* > 0 and aW € Cs«(f) so that for al

0<o,witea <wy—06<wi <wjte(n+l)andforj(#l) € N,w; < wi+ez. In

9Using continuity and the fact that g;’s are strictly decreasing
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fact, pick ¢; and ¢, such that Eq. 14 issatisfied. Then,

ri(wi,8) < 0gu(wi +e1)
< g(w +e)
<

rj(wj, 6), (15)
foral j € N. Hence, r(W, ¢) = ri(ws1,6). Now apply Lemma B.6 to conclude that
if W maximizesr(., ) over Cs(f), then

c
n+1

wi <wi+ (16)

Now if 1 £ S for every j#Z1, then § C N\ 1. Apply Corollary A.1 to conclude
that W*(N \ 1) = f(N \ 1) and hencew; =f(N) — f(N \ 1), thelargest payoff that
player 1 can obtain in the core. Hence, Eq. 16 followsimmediately.

To obtain alower bound on w4, first note that there in no loss in generality in
assuming that Eq. 16 holdsfor all playersin K for the same ¢. Second, | claim that
W+(K) = f(K). To seethis, consider aplayer j € §. If gi(w]) < gj(w), we can
increase the demand of player j by asmall amount while decreasing the demand of
player 1whileremaininginthecore. By'° doingthis, weincreasethevalueof gand
this contradicts the fact that g is maximized at W*. Hence, g(w") < gi(w7). But
thisimplies S, C K. Hence UicxS = K and using Corollary A.1, W*(K) = f(K).

Itisnow easy to verify that if wi < wj — ¢, thentheremust beaplayerj € K
such that w? > w* + -, thereby violating Eq. 16.

J n+1’

Hence, foral i € K, andforall 0 <¢é < ¢,

ol —uf [<c.

10A formal argument involves a standard application of Taylor’s theorem
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