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Abstract

We examine an evolutionary model with “local interactions,” so that some agents
may be more likely to interact than others. We show that equilibrium strategy
choices with given local interactions correspond to correlated equilibria of the
underlying game, suggesting a new interpretation for correlated equilibrium. We
then allow the pattern of interactionsitself to be shaped by evolutionary pressures.
If agents do not have the ability to avoid unwanted interactions, then heteroge-
neous outcomes can appear, including outcomes in which different groups play
different Pareto ranked equilibria. If agents do have the ability to avoid undesired
interactions, then we derive conditions under which outcomes must be not only
homogeneous but efficient.

Keywords: Loca interactions, Correlated equilibrium, Evolutionary stability,
Networks
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EVOLUTION AND ENDOGENOUSINTERACTIONS

by George J. Mailath, Larry Samuelson, and Avner Shaked

1 Introduction

“It's not what you know, it’'swho you know that counts.” We have all encountered
assertionsof thistype, stressing theimportance of interacting with theright people.
Inasimilar vein, how doesone explain thetremendous premium prospective MBAs
put on attending atop business school if oneisunconvinced that such schoolsdiffer
greatly in their value-added or in the ability of their students? A common response
isthat the real reason for obtaining an MBA from the right school is the chanceto
“network” with future captains of industry.

In this paper, we examine groupsor popul ations of playerswhointeract in pairs
to play agame. However, aplayer may not be equally likely to meet each member
of the opposing population. Instead, patterns can arise in which some pairs of
agents are more likely to interact than others. In addition, players may have both
thedesire and the ability to affect the pattern of such interactions. Hence, thegame
involves choosing a strategy that one plays whenever matched with an opponent
and also choosing an activity that will affect which opponents one is matched with
to play the game.

The existence of large populations of players who are matched to play the
game suggests an evolutionary model. We follow conventional models in assum-
ing that a player is characterized by a single pure strategy that is played against
all opponents the player happens to meet, and in alowing that strategy to be ad-
justed via an evolutionary process. We depart from conventional models both in
assuming that agents can be more likely to meet some opponents than others and
in assuming that the activities that affect these meeting patterns are themselves
subject to evolutionary pressures. We say that an evolutionary process exhibiting
the first characteristic has local interactions and a process that also has the sec-
ond characteristics exhibits endogenous local interactions or simply endogenous
interactions.



We areinterested in local interactions because we believe such interactions to
be the rule rather than the exception, and also because such interactions can have
important stability implications in an evolutionary model. In particular, local in-
teractions may cause amutant to face alocal environment that differsconsiderably
from the aggregate population. By supplying “bridgeheads’ for invasion, primar-
ily by alowing mutants to initially face a relatively high concentration of other
mutants, local interactions may allow mutants to succeed that would otherwise
be doomed to extinction.! If local interactions are important, however, then our
attention is naturally directed to the forces that determine these interactions, and
hence to endogenous interactions.

We are interested in three questions. What can we say about the rest points
of an evolutionary process with local interactions? Can an evolutionary process
with endogenous interactions lead to heterogeneous outcomes, in which different
groups of agents play different strategies and receive different payoffs? Under
what conditions will an evolutionary process with endogenous interactions yield
efficient outcomes?

We first examine the case where interactions are local but agents activities
are fixed, so that agents cannot alter the opponents with whom they play. We
aso hold evolutionary forces at bay and examine Nash equilibria in strategy
choices given the local interaction pattern. We find that Nash equilibria with
fixed (local) interactions correspond to correlated equilibria of the underlying
game. Conversdly, for any correlated equilibrium of the underlying game, we can
find a pattern of local interactions such that, fixing this pattern, there is a Nash
equilibrium in strategy choicesthat gives the correlated equilibrium outcome.

Thisresult isimportant for two reasons. First, it suggests a new interpretation
for correlated equilibrium, where the differing information partitions with which
agents observe a public signal in the conventional interpretation are replaced by
differing probabilities of meeting various opponents. Second, we want to describe
the evolution of a population with local interactions. What is the state of such a
population? A complete description of such a state involves listing the strategy
chosen by each agent as well as his pattern of interactions. Thisisacomplicated
object, and it is helpful to have a smpler statistic that captures the important
features of a state. In conventional evolutionary models, this simple statistic is
the mixed strategy profile played by the total population. In our model with local
interactions, the simple statistic is the correlated equilibrium induced by the state.

1The viscosity model of Myerson, Pollock and Swinkels[?] isin thisvein.



Our interest then turnsto the case in which interactions are endogenous, with
both strategies and activities adjusted by an evolutionary process. What properties
will stable equilibria of the evolutionary process have, and in particular will they
be either homogeneous or efficient? The answers to these questions depend upon
the extent to which agents can control their interactions. The key factor here is
whether agents can ensure that they do not meet certain opponents. If agents do
not have the ability to seclude themselves, then heterogeneous stable outcomes are
possible, including outcomes in which agents are separated into groups, some of
which play a“good” equilibrium and others of which play an inefficient, Pareto
inferior “bad” equilibrium. If agents havethe ability to seclude themsel ves without
meeting undesired opponents, then stable outcomes must be efficient as well as
homogeneous.

These results may initially appear to be counterintuitive. Heterogeneity would
appear to be most likely when secluded groups can form; while the coexistence of
good and bad equilibrium outcomes would appear to be problematic when those
playing the bad outcome cannot be excluded from interacting with those players
enjoying the good outcome. However, heterogeneity persists in the latter case,
even though agents playing the bad equilibrium can seek interactions with agents
playing the good outcome, because the former cannot avoid other agents playing
the bad equilibrium. Because some agents cannot avoid others playing the bad
equilibrium, it can be a best response to acquiesce in playing the bad equilibrium;
rather than seeking other partners with whom to play the good equilibrium and in
the process miscoordinating with those who play the bad one. Conversely, efficient
outcomes are ensured if groups of agents have the ability to segregate themselves
from others. An outcome that is not efficient can be displaced by a small group
of agents who seclude themselves and play an efficient outcome. This group will
attract other agents who then find it optimal to switch to the efficient outcome
because they are ensured of meeting only opponents playing that outcome.

These results depend heavily on the assumption that each agent must play
the same strategy against all opponents he happens to meet. In particular, an
agent could always (at least weakly) improve his outcome by making his strategy
contingent on the strategy played by the opponent he meets.? |n many cases, how-
ever, such discrimination is impossible, either because it isimpossible to discern
the opponent’s strategy before choosing one's own or because the technology of
choosing strategies allows only one choice. Thisinability to make strategies con-

2See Banerjee and Weibull [?] for amodel of “discriminating” players.



tingent on opponents is the essence of the local interaction problem. If contingent
strategies could be played, then each interaction could be treated as a separate
game and local interaction issues would be uninteresting.

To help ininterpreting the process by which agents affect their interactions, we
use the analogy of economists at the annual winter meetings of the Allied Social
Sciences Associations. Interactionsor networking are the heart of these meetings.
Those who attend the meetings often devote great attention to arranging their
activities so asto achieve desired contacts. Participantsinteract in many different
ways, including interviews, paper sessions, cocktail parties and encounters in
hotel lobbies. These activities provide quite different opportunities to control
one's pattern of meetings.

The following section considers fixed interaction patterns. Our analogy here
iswithinterviewsat the winter meetings, wherethereisvery little ability, once the
meetingshave started, to control one’sinteractions. We show that Nash equilibrium
strategy choices with fixed local interactions correspond to correlated equilibria
of the underlying game. Section 3 introduces the dynamics by which interactions
evolve. Sections 4 and 5 examine endogenous interactions. Section 4 shows that
stable, heterogeneous outcomes can arise if agents do not have the ability to avoid
other agents. Our analogy here is with paper sessions at the meetings, where one
can choose which sessions to attend but cannot help but interact with those who
attend one’s own sessions. Section 5 shows that stable outcomes must be efficient
if agents have the ability to interact in isolated groups. Our analogy here is with
cocktail parties and hotel |obbies at the winter meetings, where groups can aways
steal off into seclusion. Indeed, the number of societies and associations (and
corresponding cocktail parties) at the meetings has been growing steadily over the
years, presumably reflecting a desire for like-minded participants to interact with
each other (though we would hesitate to claim that the meetings are efficient).

2 Fixed Interactionsand Correlated Equilibria: In-
terviews

In this section, we explore the implications of equilibrium strategy choicesin the
presence of local interactions. The pattern of interactions between agentsis fixed,
so that agents have no freedom to affect the distribution of their opponents.

In terms of the winter meetings, our analogy here is with the interviewing



process. Agents interact according to a fixed interview schedule, with very little
ability to affect thispattern by arranging interviewsat the meetings. Theinteraction
patternislocal, however, with some pairs of agents much morelikely to meet than
others. In addition, certain aspects of one's strategy are constrained to be the same
against all opponents. For example, graduate studentstypically have only asingle
paper to present to all interviewers.

The interaction between a pair of agents is described by afinite, two—player
normal form game, denoted G = (S 7), where S= § x S isthejoint action set
and © = (71, 72) isthe reward function for the pairwise interaction.

We assume that there is afinite population N; of player 1's and afinite popu-
lation N, of player 2's. We think of these populations as being large, and require
each population to have at least as many members as there are pure strategies for
that player, i.e, [N1| > |S| and |[N;| > |S;|. Each member of each population
is associated with a pure strategy, sothats; : N; — S ands, : N, — S are
functions specifying the strategies of the members of populations 1 and 2, with
playeri € N; playing si(i) and player j € N, playing s:(j).

Players from these populations are drawn in pairs, one from each population,
to“meet” and play thegame.® These meetingsare described by alist of the number
of timesthat each pair of agents meets. Without loss of generality, we normalize
thetotal number of meetingsto one. The proportion of meetings between playersi
and j can then a so be described as the probability that, given ameeting, it involves
playersi and j. The interactions between the two populations are thus described
by aprobability distribution ; on the finite space N; x Ny, with (i, ]) interpreted
as either the proportion of all matches that are matches between i and j or as the
probability that, given a match, it involves player i from population 1 and player |
from population 2.

Definition 1 Atriple (s, S; ), consisting of an assignment of strategies to agents

(s1,s2) and an interaction pattern 4, is an equilibrium with fixed interactionsiif,
for all i € Ni,

> m(si(i), (0)e)) = D s 0)ul,)) Va e S. «y
JEN2 jEN2

andfor all j € Ny,
Y msi), s:0))u,j) = D masi(i), R)ulij) V&€ S (2
iEN iEN

3Notice that we explicitly assume asymmetric interactions, i.e., thereisroleidentification. We
can alow for no role identification at the cost of additional notational complexity.

5



In equilibrium, different members of a population may face different oppo-
nents, and hencefind different strategiesoptimal. Thishastheflavor of acorrelated
equilibrium, where different signals from a referee aso result in different actions
being optimal. We now compare the notion of an equilibrium with fixed activities
with correlated equilibrium.

Our definition of correlated equilibriumismotivated by thefollowinginterpretation.
A referee randomly determines an action profile (s;, s;) according to some distri-
bution £, and then privately recommendsthe action s, to player k. The distribution
¢ is a correlated equilibrium if it is a best reply for each player to follow the
recommendation. More formally:

Definition 2 A correlated equilibriumis a probability distribution ¢ on §; x S,
such that, for i = 1,2,i Z k= 1,2, if £(5) > O, where £(s) is the probability that
the referee recommends action § to player i, then

3 mi(s,8)6(sIs) = S (s, s)é(sls), V& €S, 3)

KEX KES

where £(s|s) isthe probability that the referee recommends s to player k condi-
tional on s being recommended to player i.

A correlated equilibrium allows a player to contemplate changing his strategy
(and requires such a change to be suboptimal), but does not allow the player to
ater the information that is conveyed by the recommendation received by the
referee. Thisisimportant, because different recommendations may give different
equilibrium payoffs.® The counterpart of thisin the model with fixed interactions
is that the player can choose a strategy, but cannot affect the mix of opponents
with whom he plays the game. This is again important, as the player may well
prefer some different mix of opponents.

Let strategiesbe given by (s;, S;) and the pattern of interactionsby . Thenthe
probability that the strategy pair (s;, S;) isplayed in ameeting between two agents
isdenoted £(s;, S;; 1) and is given by:

4There are severa equivalent definitions of correlated equilibrium. An aternative involves
specifying an information structure for the players and action choices as functions of signals
received. The equilibriumconditionisthat prescribed choices are optimal given beliefs conditional
on the players’ information (i.e., signals).

SDifferent recommendations may correspond to different conditional distributionsof the oppo-
nent’s recommendations and hence to different behavior.



Definition 3 The distribution over strategy pairs generated by (s;, S; p) IS

fomnSLS) = D > ulii) (4)
{irsa)=st} {ir20)=55)

It is straightforward to support some outcomes that are correlated but not Nash
equilibria as equilibriawith fixed interactions. Suppose each population has two
players (or two groups of players), caled « and o’ in population 1 and 3 and 5’
in population 2. Let the matching be such that players « and 5 meet and players
o and 3’ meet. Moreover, suppose the game G is a battle of the sexes. One
equilibrium in fixed activities is then for agents o and /3 to play one of the pure
strategy equilibria of the game and for agents ' and 3’ to play the other. This
equilibrium coincides with a correlated, non-Nash equilibrium of the game G.

Of moreinterest is the finding that we can support any correlated equilibrium
as an equilibrium with fixed activities:

Theorem 1 (1.1) If a triple (s1,S; 1) is an equilibrium with fixed interactions,
then (s, ; 11) isa correlated equilibrium.

(1.2) If ¢ isacorrelated equilibrium, then there exists an equilibriumwith fixed
interactions (s;, S; ) such that £(s1, S5 ) = €.

Proof (1.1) Fix an equilibrium with fixed interactions (s;,S; ). From the
definition of w«(i,]), we have

Yo mGueel.i) =) mGus) Do wdi).

JEN; KES {i's2(i)=s2}

Equation (1) can then berewritten as, for all i € Ny,

Yomsi)s) Yo wi) =Y mGus) Yo wli) ()

€S {i=()=s2} 2ES {i'=()=s2}
Fix astrategy s, that is played by some player and sum (5) over all agents playing
s;. Thisgives:

Yomse) Y, Y, i)z

€S {is(@)=s1} {j:s2()=s2}
YomBLs) > > udij).
€S {is(@)=s1} {j:s2()=s2}
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Dividing both sides by 3~y i)=s;3 2 (1,]) (> 0) yields equation (3), since by
eguation (4),

é(SzISl)=( > 2 M(i,i))/( > Zﬂ(i,i))-

{izsi(i)=s1} {i:s2()=%2} {is(i)=s1} |

(1.2) Next, suppose we have a correlated equilibrium £. First, we select ||
playersfrom population 1 and |S;| players from population 2. We refer to these as
the “active” players. Next, construct the functions s, and s, by assigning each of
the purestrategiesin S, to one of the |S;| playerswe have selected from population
1 and assigning each of the pure strategiesin S, to one of the |S;| players we have
selected from population 2. Then let «(i,]) (the probability that agents i and |
meet) be equal to zero unless both agents are in the groups of active players that
we have selected, and equal to £(si(i), s2(j)) if they are both in their respective
groups of active players. Then the inequalities contained in (3) coincide with
those of (1)-(2), and the fact that ¢ isacorrelated equilibrium impliesthat we have
constructed an equilibrium with fixed activities. O

What is the intuition behind this result? Beginning with an equilibrium with
fixed interactions, we construct a correlated equilibrium by recommending the
pure strategy combination (s;, s;) with the same probability that the equilibrium
with fixed interactions produces amatch in which (s;, ;) is played. Now suppose
player 1 receives a recommendation to play strategy s;. The distribution over S,
describing the opponent’s strategy conditional on receiving a recommendation to
play s;, isaweighted average of the distributionsover opponent strategiesfaced by
all of the population-1 agents in the equilibrium-with-fixed-interactionswho play
s;. Butif s; isabest reply to the distribution over opponent strategies facing each
of these agents, thenitisabest reply to theweighted average of these distributions.
Hence, itisabest reply to play s; whenit is recommended, ensuring that we have
acorrelated equilibrium.

The converse is demonstrated by noting that, given a correlated equilibrium,
we can simply assign each pure strategy to a single player and then construct
interactions between these players so that the probabilities with which any two
players meet matches the probability with which the correlated equilibrium pairs
the strategies played by these players. This construction potentially leaves large
numbers of players with no possibility for meeting others and playing the game.
As the following example shows, however, it is straightforward to bring these



playersinto the game by replacing the individual playersin our construction with
groups of players.

Example1l Consder the following version of the game*chicken”:
L R

T(14,4|1,5
B|151/00

GameG1

Nash equilibriaof thisgameinclude (B, L) and (T, R), aswell asthe mixed strategy
(.5T + 5B, .5L + .5R), for payoffs of (5,1), (1,5), and (5/2,5/2). There are dso
a number of correlated equilibria that are not Nash equilibria. The symmetric
efficient one places probability 1/3 on each of the outcomes (B,L), (T,L), and
(T,R).

We construct two modelsof local interactionswith equilibriathat coincidewith
the symmetric efficient correlated equilibrium. First, let each population consist
of two players (or select two players from each population). In population 1, one
of these players plays T and one plays B. In population 2, one of these players
plays L and one plays R The selected players in population 1 we name “player
1,” and “player 1,” and those in population 2 we name “ player 2,” and “player
2,". Then let i be given by the following, where the number in each cell is the
probability that the corresponding row and column player meet and where each
player’s strategy is shown in parentheses:

Player 2, (L) Player 2, (R)
Player 1, (T)
Player 1, (B)

QO wlir

WIFPWIF-

Thisyieldsan equilibriumwith fixed interactionsthat coi ncideswith the symmetric
efficient correlated equilibrium.

Since each population may contain more than two players, this construction
may leave most players with no opportunity for playing the game. We can avoid
this by dividing the matching probabilities over multiple agents. For example, let
there be three active playersin each population with strategies and interactions be
given by:



Player 2, (L) Player 2, (L) Player 2. (R)

Player 1, (T) : 0 :
Player 1, (T) 0 : s
Player 1. (B) : g 0

This again yields an equilibrium with fixed interactions that corresponds to the
symmetric efficient correlated equilibrium of game (G1). Similar constructions
alow al playersto be active. O

Correlated equilibriarequirethat playersmaketheir strategy choices contingent
upon the signals they receive. How are these signals generated? While the
existence of apublicly observed randomizing deviceis plausible in many contexts
(such as a coin toss to resolve the battle of the sexes), many correlated equilibria
(such as in Example 1) require that the randomization device produce private
signals. Threeinterpretations of the randomizing device have appeared.

Firgt, this correlation device may represent a referee who recommends strate-
giesto players. Thisreferee hasthe option of making recommendations contingent
on the realization of a random event, and can make recommendations with the
property that different players may infer different information from a given rec-
ommendation. Second, the players may be basing their choices on the observation
of a random event, with the circumstances under which the players observe this
random event causing them to have different partitions. A common analogy isthat
of two agents who base their strategies on the state of the weather and who look
out of windows on different sides of a building to collect this information. Third,
it may be that the players use pre-play communication to explicitly construct a
correlation device (see, for example, Barany [?7]).

The equivalence between equilibriawith fixed activitiesand correlated equilib-
ria provides another interpretation of correlated equilibrium. Here, the differing
partitions of the two players reflect the differing possibilities for meeting other
playersthat arise out of the local nature of the interactions.

In some cases, the pattern of interactions may be fixed by restrictionsinherent
in the environment. For example, population 1 may be buyers and population 2
sellers of adurablegood. Population 1 includes dealerswho buy for later resale as
well as consumerswho buy for private use. Population 2 aso includes dealersand
private consumers. Examples are the marketsfor antiques, worksof art, used cars,
or financial assets. Dealers buy from and sell to both consumers and dealers, but
consumerstypically interact only with dealers, yielding alocal interaction pattern.

10



In other cases, the interaction pattern may arise endogenously out of the actions
taken by agents. We turn to thisin the next section.

3 Evolution

The equivalence between equilibriawith fixed activities and correlated equilibria
depends upon the fact the pattern of interactions is indeed fixed, so that agents
cannot choose or affect the distribution of their opponents. This restriction is
important, because some opponents may provide higher payoffs than others, so
that switching between opponentswould occur if it were possible. We now expand
the model to allow agents to affect their pattern of interactions.

We areinterested in two types of questions. First, what patterns of interactions
evolve? Second, we know from Theorem 1 that correlated equilibria are likely
candidates for rest points of the evolutionary process. Which correlated equilibria
will be selected?

We now find it convenient to assume that the players are drawn from infinite
populations, so that thereisan infinite popul ation of row players (population 1) and
a population of column players (population 2), each of which has measure 1. We
allow population 1 to consist of J; distinct subpopulations or groups. Similarly,
population 2 consists of J, distinct subpopulations. We think of these groups
as being observable labels that are irrelevant to the payoffs of the game and are
exogenoudly attached to players. For example, the groups may be characterized
by ethnicity or culture. At the winter meetings, these groups may be fields of
specialization among economists or may be departmental affiliations. The role
played in the analysis by these groups will depend upon the details of the process
by which interactions evolve.

We assume that interactions are determined by some features, characteristics,
or choices of the players, which we refer to as activities. At the winter meetings,
these activities may include attending particular paper sessions or cocktail parties.
Denote by Al thefinite set of activitiesfor groupj € J; inpopulationi (i = 1,2) and
define A = U;Al. To simplify notation, we assume Al N A" = () for al j # j* and
i = 1,25 Thisincludes the case in which different groups can choose the same
activity, since we can ssmply give these activities different names.

For any activity o; € A and action s € §, we denote by q,,5 the proportion

5We now use theindex i and k for populationsand j for groups.
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of agents of populationi with activity «; and action 5. A specification of q,,s for
each activity, action, and population comprises astate of the system. We denote a
state by ¢ and the state space by ©. It isalso convenient to define

Qozi = Z qaiS '
S€S
so that Q,,, isthe proportion of population i with activity «;.

The activities of players affect the identities of their opponents. In particular,
interactions between players are described by afunction (: © x A; x A; — [0, 1].
We interpret ( (0, a1, a2) asthe probability that, given state ¢, a match occurs and
is between agents with activities o; and . Hence, for al 0,

Y. ((B,a1,a2) <L (6)

(Oz]_,ozz)EA]_XAz
We assume that the matching configuration depends only on the proportion of
agentswith eachactivity, and not ontheir actions. Hence, for al (a1, az) € Ay x Ay,

Qus(0) = Quy(0), Qur(0) = Quy(0) = ((0,01,02) = (¢, 01,02).  (7)

Finally, we assume that agents choosing a given activity are randomly selected to
participatein matches, so that the probability that an agent of activity «; ismatched
IS aeen C(0, ai, aa)/Q,,. Hence, for k Z i we must have

Z C(G,O&i,ak) < Qozi' (8)
ak€A

Weview ( (0, a1, a2) asatechnol ogical phenomenon, determined by the society
or environment inwhich the agentsinteract. Thefunction( (9, a1, «2) isthusfixed.
However, agents can potentialy alter the opponents with whom they interact by
altering their choice of activity, and the pattern of interactions may evolve as
agents choices of activities evolve.

The evolutionary process by which agents change both actions and activitiesis
given by 4(t, 0p), adifferentiable dynamic system on the state space ©, with (t, o)
identifying the state of the system at timet given that the initial condition was 6.
We often write 0(t, 6o) as 0(t). We take 0(t, §p) to be a continuous-time system.

Let 7.5 bethe expected payoff to an agent who chooses action 5 and activity
«; (wesuppressthe dependence of thispayoff onthe state). We assume that 4(t, o)
IS monotonic, by which we mean:

Tais (0(1) > (5) ma,g (0(0) =

d9.,s(0() 1 =) dasg (6(1) 1

dt Ouis dt q&is’ (9)

12



foral ai,éi € Al, 5,5 €S,j €J,i=127 The key feature of these dynamics
is that action/activity pairs that currently earn higher payoffs grow faster. The
best-known dynamic process satisfying this condition is the replicator dynamics.

There are severa possible interpretations of these dynamics. It may be that
individual agents play the game only once, with new agents constantly replacing
old ones, but with new agents choosing their strategies on the basis of the payoffs
in the previous generation. This may be especially appropriate if the matches are
taken to be choices of mates. Alternatively, it may be that agents play the game
repeatedly, adjusting their payoffs over timein response to their experience. This
may be the appropriate model if the matchings represent social interactions. For
more discussion of the various justifications of thistype of dynamic anayss, see
Mailath [?] and Selten [?].

We define an evolutionary rest point to be a state ¢ with dé(t)/dt = 0. This
definition leads immediately to a straightforward but important observation con-
cerning evolutionary rest points:

Remark 1 If all agentsin a population have access to the same set of activities,
thenin an evolutionary rest point, all agents (of the same population) must receive
the same payoff (otherwise at least one agent would change activity or action).

If activities are fixed, then every equilibrium with fixed activitiesis an evolu-
tionary rest point. The converse need not hold. Every pure state, meaning every
state in which all of the agents in a given population play the same strategy, is
an evolutionary rest point for the replicator dynamics (for example), but not all
of these will be equilibria with fixed activities. The difficulty is that there are
pure states in which some agents are not playing best replies (because not all pure
strategy combinations are Nash equilibria of the underlying game). These

states are not equilibriawith fixed activities, but they are stationary points and
hence evolutionary rest points under the replicator dynamics. In particular, the
replicator dynamicsinduces no movement toward best replies aslong as these best
replies are currently played by a zero proportion of the population. One suspects
that these evolutionary rest points will have poor stability properties, with asmall
perturbation in the direction of a best reply prompting dynamics that lead away
from the evolutionary rest points.

"Notice that o; and &; are both taken to be dements of A in (9). Hence, we are explicitly
restricting each group of agents to playing only activitiesthat are available to that group.
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We accordingly require that rest points be asymptotically stable. An asymp-
totically stable state is a state with the property that if the process starts nearby,
then it stays nearby (so that the state is stable) and the process converges to the
state in question. There may be many states that are stable, meaning smiply that
if the system starts nearby, then it stays nearby, (though it may not convergeto the
state in question). Asymptotically stable states are unlikely to exist because the
multitude of activities allows ample opportunity for the system to drift between
states. We therefore consider a set—valued notion, which is that a set of states,
each of whichisindividually stable, be collectively asymptotically stable:®

Definition 4 Theset @ C ©isasymptotically stableif @ isclosed and connected,
and if

(4.2) for every 6 € @, dd/dt = 0;

(4.2) for every 6 € © and every open set V containing 6, there exists an open
set U with 9§ € U suchthat 9o € U = 4(t,0p) € V Vt; and

(4.3) there exists an open set U’ with @ C U’ such that 6y € U’ = 0(t, 0g) —
@ ast — oo.

A stable set is thus a collection of states with the property that each of the states
is an evolutionary equilibrium (4.1), the dynamics surrounding each state in the
set cannot lead the system too far away from that state (4.2), the dynamics take
states near the set to the set (4.3), and points within the set can be viewed as
connected via a drift process (the latter is the connectedness assumption). It is
the possibility of drift to move the system along a connected set of states, without
creating any dynamicforces, that forcesusto use aset—valued rather than singleton
valued stability notion. A number of papers have recently used similar stability
conditions, including Kim and Sobel [?], Matsui [?], Noldeke and Samuelson [?],
Sobel [?], and Swinkels[?, ?, ?].°

8An aternative formulation woul d be to replace (4.2) with aminimality requirement.

9Gilboa and Matsui [?] consider a stability concept that shares a similar spirit of being set—
valued, but allows movements between members of the set to arise out of forces other than genetic
drift.
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4 Endogenous|Interactions. Paper Sessions

4.1 Interactions

We now examine a model with endogenousinteractions. Our first model of inter-
actionsisbased on theideathat agents may have preferences over the groupsfrom
which their opponentsare drawn, prompting usto refer to thisasthe “preferences’
model. These preferences are induced by the possibility that agents in different
groups may choose different actions.

There are many ways that a person’s actions may affect the set of opponents
with whom the person is likely to interact. We examine a particularly simple
model of such activities. Each activity for an agent designates one group from the
opposing population with whom the agent seeksto interact. This choicewill make
it more likely that one's opponents are drawn from the preferred group. However,
each agent i belongsto a group that opponents may be seeking, and agent i cannot
be assured of avoiding meetings with opponents who are seeking i’s group, even
if i prefersto avoid such meetings.

Continuing with our analogy, we think of discussions held at paper sessions at
the winter meetings. The groups consist of those working in the various fields of
economics, such as game theory, macroeconomics, labor economics, and so on.
Activitiesconsist of choices of paper sessions. Hence, agame theorist may prefer
to talk with other game theorists. This objective can be advanced by attending
and asking questions at game theory sessions. However, the game theorist must
present apaper at his own session, and cannot preclude the possibility of questions
from macroeconomists at that session.

To model this type of interaction, we associate with each group of agents a
distinct “location”. We will often speak of these asif they are physical locations,
though other interpretations are possible. An activity consists of an attempt to
visit another location to meet members of the group associated with that location.
However, there is a positive probability that any agent will be matched at his
“home” location with agents from the other population who have chosen to visit
that location.

Moreformally, each agent in group j of population 1 has available J, activities
(corresponding to the locations or sessions of the other population). We can then
denote an activity for population 1 agents by «;,, where ¢, represents an attempt
by a member of group j to be matched with a member of group /. Similarly,
each member of group ¢ in population 2 has available J; activities, denoted 3,
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where /3, represents an attempt by amember of group ¢ in population 2 to meet an
opponent from group j in population 1. We let |J;| denote the size of the jth group
in population 1 and |J,| the size of the ¢th group in population 2.

We assume that «j, causes an agent from groupj in population 1 to be assigned
to location j in population 1 with probability 1/2, and to location ¢ in population
2 with probability 1/2. The agent then interacts with the agents from the other
population who are also assigned to the location to which he has been assigned.
This specification is designed to capture the fact that agents can pursue their
preferencesfor matching partners, but cannot completely escape potential matches
who are seeking them. Hence, the rich may prefer to meet the rich, but cannot
completely escape the poor. The probability 1/2 that a population 1 agent from
group j is assigned to location j in population 1 is then interpreted as stating that
with probability 1/2, theagent ismatched asaresult of apopulation 2 agent seeking
amatchwithgroupj. The 1/2 probability of being assigned to apopulation 2 group
representsthe probability of being matched as aresult of one’s own effortsto meet
acertain opponent.°

Noticethat we force agentsto seek amatch with some group from the opposing
population, i.e., we do not allow players the option of endeavoring to not play the
game a al. In some cases, this restriction may be undesirable from the player’s
point of view, because every possible match may yield a lower payoff than not
playing. Our opinion isthat if players are to have the choice of hiding from the
world and not playing the game, then this should be modeled as one of the choices
in the game. We return to the importance of the payoff of not playing the game
below.

Given a particular pattern of activities, each location has a collection of popu-
lation 1 agents, of size H,, and of population 2 agents, of size H,. The probability
that an agent from population i is matched is given by the function p'(Hy, Ha),
i =1,2. Oneimportant example is the proportional matching rule, which hasthe
property that all agents on the “short side” of the market are matched:

p'(Hy, Hp) = min{1, H/H;} . (10)

10The 1/2' sare motivated by theequal populationsizes. A number of aternativesreadily suggest
themselves. For example, agents may be able to identify a number of groups from the opposing
populationwith whom they would liketo play the game, possibly with weights. Agentsmight aso
be able to choose the mix of probabilities between being assigned to one’s own location and being
assigned to alocation in the other population. A higher probability of being assigned to the other
population would beinterpreted as an increased ability to avoid matches with unsought partners.
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Note that the same matching function is used at al locations, with the matching
probabilities at alocation determined only by the relative sizes of the collections
of population 1 agents and population 2 agents at that location.

We assume that matching is anonymous within groups. Hence, an agent in
population 1 can attempt to meet a member of group ¢ in population 2, but has no
control over which member of that group he will meet. Hence, the distribution of
the strategies of the opponents he meets is given by the distribution of opponents
strategies in the group to which he is assigned. This reflects our assumption that
groups represent observable labels, so that agents can readily seek certain groups
from the opposing population, but that agents cannot distinguish between different
members of a group and cannot observe their opponents strategies before play.
Thisisimportant because the members of that group may play different actions.

Consider an agent of population 1 who chooses activity «j,, meaning that the
agent belongs to group j and would like to meet an opponent from group /. The
probability that this agent is matched is given by:

1 1 1 1 12
é (pl(EZ:;Qaﬁw §|J€|)) + é ( l( |'JJ ZQ@/»J ) .

The first term represents the probability of being matched as a result of being
assigned to location ¢ in population 2; the second term asaresult of being assigned
tolocationj in population 1. The arguments of p! in thefirst term are the measure
of the population-1 agents who are assigned to location ¢, which is 1/2 of al the
agents who attempt to meet members of group ¢ (which is given by 7L, Q,, );
and the number of population-2 agentsassigned to that location, which is1/2 of the
population-2 agents who are members of group ¢ (whichis|J,|). The arguments
of p* in the second term are analogous.

The probability that a match with an opponent from the desired group ¢ of
population 2 occursis given by:

1/ ,,1& 1 1(,1.. 1% Q@J
> (P (E ;Qaw §|J£|)) + > (P (§|J 5 ZQBHJ Qﬁ,ﬂ (11)
The probability that a match with an opponent from group h # ¢ occursis:
1(,1. 1 Qﬁm
> (p CLIFPICH ) N (12)
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An extraterm appearsin (11) that does not appear in (12) because the population-1
agent in question is seeking a meeting with an opponent from group ¢, and hence
hastwo possibilitiesfor such ameeting, arising out of hisattempt to meet amember
of group ¢ or an attempt by a group-¢ member to meet the population-1 agent. In
contrast, the population-1 agent does not seek a meeting with group h Z ¢, and
such a meeting potentially occurs only out of the efforts of the group h agent.

4.2 HeterogeneousOutcomes

In this section, we discuss three examples showing that given the matching tech-
nology described in the previous section, asymptotically stable states can give
heterogeneous outcomes.

Example 2 Consider the following game:
L R

T 44 |-1,-1
B|—-1,-1] 22

L et the matching rule be proportional. Each population is divided into two groups
of equal sizes, denoted groups a and b. Suppose group a agents play T (in
population 1) and L (in population 2), and they seek each other. Suppose group b
agents play B (in population 1) and R (in population 2) and they seek each other.*
We can represent this schematically as:

1. (T) <= 2a (L)

1, (B) &= 2, (R

Asaresault, half of the agents earn apayoff of 4 (the“rich”, or group-a agentsfrom
both populations), while half earn a payoff of 2 (the “poor”, or group-b agents
from both populations). Rich agents meet other rich agents (and play the good
equilibrium—thisiswhy they are“rich”), while poor agents meet other poor agents
(who, in turn, play the bad equilibrium). This state, considered as a singleton, is
asymptotically stable. O

LFormally, OopT = 08ml = Jans = UswR = 3-
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How can the equilibrium in Example 2 be stable when poor agents receive an
inferior payoff? Given that poor agents are most likely to meet other poor agents,
itisintheir best intereststo continue to play the bad equilibrium. But why do the
poor agents not simply seek rich agents with which to play the good equilibrium
of thegame? Equivaently, why isn’t the movement in the direction of some group
b agents in population 1 choosing (apaT) rather than (ap,B) destabilizing? The
rich agents are indifferent between playing against group a agents who choose T
and group b agents who choose T, and hence are happy to meet the poor. The
difficulty, however, is that the rich are not seeking the poor, and other poor are
seeking the poor. No matter how much apoor agent desires to play the game with
rich agents, he cannot escape the fact that nearly half of his matches are going to
be with poor agentswho play the bad equilibrium, and it isthen not abest response
to switch to seeking rich agents and playing the good equilibrium.

In particular, the payoff to a poor agent i in population 1 from playing T and
seeking rich agents is 4 + 2(—1), which falls short of the payoff of 2 garnered
from playing B and seeking other poor agents. The key hereisthat agenti can be
identified as belonging to group b. Other agents expect group b agentsto play B.
Hence, population 2 agents who play R attempt to meet the agent i, and i cannot
avoid such meetings. These meetings occur often enough that i’s best response is
to surrender to playing B and receiving the bad-equilibrium payoff.

This example provides some insight into the questions of equality and income
distribution. Attention has recently been devoted to the question of how an
economy consisting of agents who are ex ante identical can give rise to persistent
income inequality.’? Existing theories have shown that as long as economic
outcomes are stochastic, different outcome realizations can lead initially identical
agents to different incomes. But why do these differences persist rather than
being eliminated by the propensity of independent random processes to regress
to the mean? The conventional explanation invokes externalities to create a link
between current income and future prospects (e.g., Durlauf [?]). For example,
low incomes can lead to low investment in children’s education which leads to
low future incomes. If there is aso a link between community income levels
and the effectiveness of education (perhaps because different income levels lead
to different academic habits and norms of achievement), then this cycle can be
reinforced and can create an absorbing “poverty trap”.

Our example suggests that a poverty trap can arise without externaities (or,

12See Durlauf [?] for adiscussion and references.
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depending upon one's interpretation, from externalities in the matching process).
Poor agents are poor, and will remain poor, simply because most of their interac-
tions are with other poor people who happen to have coordinated on alow—payoff
equilibrium; and because one’'s wealth or social status is sufficiently correlated
with observable characteristics that one cannot ssmply decideto hereafter be taken
for arich person and interact only with other rich people. This exampleillustrates
the argument that a poverty program serving only a few of the poor and leaving
them in their current environment ignores potentially important factors. In partic-
ular, to the extent that our example is capturing a crucial feature, it suggests that
breaking the“ cycle of poverty” will require either amassive intervention to switch
the poor groupsto the good equilibriumor will require removing poor agentsfrom
their environments and putting them into environments where they will be sought
by (aswell as being able to seek) rich agents.

We need only attach labels such as “black” and “white” to the groups in
Example 2 to obtain an outcome in which one group appears to be the victim of
discrimination. “ Statistical” theoriesof discrimination have produced modelswith
equilibriainwhich blacksfarelesswell then whites even thoughthelatter entertain
no antipathy for theformer.’® Example 2 suggestsyet another such theory, with the
statistical discrimination taking the form of white agents not seeking interactions
with blacks because the latter play the bad equilibria, while blacks play the bad
equilibria because whites do not seek interactions with them. Once again, the
key isthat certain behaviors have come to be associated with the labels black and
white. For a black agent i, switching behavior does not alter the fact that others
still observe simply that i is black, and play against i as they would against other
blacks.

One'sfirstimpression isthat affirmative action policies, by vitiating the statisti-
cal profileof the oppressed group, should be ableto eliminate such discrimination.
Coate and Loury [?] show that the effectiveness of affirmative actions in such
situations, and especially the question of whether atemporary affirmative action
policy can have permanent effects, depends critically upon how the policy affects
whites' beliefsabout blacks. They find that in some cases only permanent affirma-
tive action policieswill be effective. In our case, the affirmative action would have
to involve ensuring blacks sufficient access to interactions with whites to allow
the good equilibrium to become a best reply for the former. Once blacks were
induced to play the good equilibrium, the policy would be unnecessary.

13See Coate and Loury [?] for adiscussion and references.
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Example 3 Consider Game G1. Again we suppose that the each populations
is divided into two groups, denoted groups a and b. Consider the state in which
group a agents play T (population 1) and L (population 2) and seek each other,
while group b agents play B (population 1) and R (population 2) and seek group a
from the opposing population. Thisis described schematically by:

L(T) <= 2. (L)

) )
2 (R 1, (B)

Assume, however, that group a in each population is of size x while group b
isof sze 1 — x.1 It is straightforward to verify that if 1/4 < x < 1/3, then each
agent’sactivity-action choiceisastrict best reply, and so the stateisasymptotically
stable.® Conditional on being matched, agroup a agent in population 1ismatched
with apopulation 2 agent choosing L with probability 2x/(1+x). Also, conditional
on being matched, agroup b agent in population 1 is matched with a population 2
agent choosing L with probability 1. Thus, for x close to (but less than) 1/3, the
conditional distributions are closeto those in the correl ated distribution that places
egual probabilities on the three profiles TL, TR, and BL. a

In contrast to the fixed activities case of Example 1, there is a positive proba-
bility that an agent will not be matched in the equilibrium described in Example 3.
For exampl e, group-b agents are not matched when the matching process allocates
them to their own location (which occurs with probability 1/2). In addition, the
entire population is attempting to match with group-a agents of the opposing pop-
ulation, but only afraction x can succeed at that location. Thus, group b agentsin
each population are not matched with aprobability of 1/2+(1—x)/2 = 1—x/2. An
analogous cal culation shows that group a agents are not matched with probability
(1 —x)/2.

As long as interactions are endogenous, so that agents have some ability to
affect the identity of their opponents, then we must take serioudly the possibility
that some agents are not matched or, equivaently, that some agents are matched
more often than others. The desired matching plans of all agents may not be
compatible or feasible, and the result may be that some agents are frustrated in

YFormally, 0ot = sl = X, @0 Qupp = Ogr = 1 — X.

B1f x > 1/3, then aa,B is abest reply for group a agents and if x < 1/4, then ag,T is a best
reply for group a agents of population 1 (and similarly for population 2). Moreovey, if x < 1/5,
app T isabest reply for group b agentsin population 1 (and similarly for population 2).
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their efforts to meet others. In calculating the payoff to an activity, agents must
then include the possibility that they are not matched, with its attendant payoff.

Asaresult, the payoffsin a game do not provide a complete description of the
strategic situation until the payoff to not being matched is specified. Whileit is
tempting to set this payoff to zero, thisis not the only possibility. The following
example shows how the magnitude of this payoff can affect the outcome of the
evolutionary process.

Example 4 Suppose that we alter the payoff to not being matched in Game
G1 to be 1 rather than 0. We can then normalize the payoffs in the new game
by subtracting 1 from each payoff, including the payoff of not being matched,
to obtain a game in which the payoff to not being matched is zero and the other
payoffs are;'®

L R
T(3,3| 04
B{40|-1,-1

Asin Example 3, suppose population 1 isdivided into two groups, asis population
2. Let x denote the size of thefirst group (assume that it is the same size for each
population). Again suppose al groups wish to meet the opposing group a’s; and
therow group a's choose T and group b’s choose B; the column group a's choose
L and the group b’'s choose R.

Isthis an asymptotically stable state when 1/4 < x < 1/3, asit wasin Example
3? Consider agroup a player from population 1. Choosing ;T Yyields payoffs:t’

2000 maT,) + (L= %) % ma(TR) + 2 (¢ (T, )
1 1
=§(x><3+(1—x) X O)+§(x><3):3x.
The pair aa,B yields:

:_2L(x><4+(1—x)><(—1))+:—2L(x><4)=:—2L(9x—1).

16This example is thus equivalent to G1 with the payoff to not being matched set at 1.

7Since with probability 1/2, the player is a his own location, is not rationed and faces the
distribution x of group a and (1 — x) of group b; and with probability 1/2, the player is at the
opponent group a’s location and only matches with probability x.
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The pair aan T yields (notethat the player is now never rationed):
:—ZL(x>< 3+(1-x) ><O)+:—2L(O)=gx.
Finaly, asB yields:
:—ZL(x x4+ (1—X) x (=1)+ :_ZL (-1 = %(5X— 2).

The pair a,T Yields a strictly higher payoff than the other choicesif x < 1/3. It
isalso straightforward to verify that the group b’s strictly prefer a,,B to the other
choices (and similarly for population 2) if x < 1/3. We thus have an equilibrium
that resembles that of Example 3, but this equilibrium is an asymptotically stable
state as long as x < 1/3 (rather than also requiring /4 < x, asin Example 3). The
difference is that the value of not being matched is higher in Example 4 than in
Example 3. This makesit more attractive to endure the rationing associated with
aaal INquest of the relatively high payoff =1(T, L) (rather than avoiding rationing
by choosing aan T and settling for the relatively low payoff 71(T, R)). Asaresult,
the constraint 1/4 < x, needed in Example 3 to ensure that agents choosing s T
are not too severely rationed, is not needed here.® 0

5 Endogenous Interactions. Cocktail Parties and
Hotel L obbies

5.1 Interactions

In the preferences model of the previous section, agents could express preferences
over desired matches but could not avoid undesired matches. \We now examine a
model in which agents can sometimes be assured of avoiding certain other agents.
We will find it convenient to again describe the interaction technology in terms of
locations, and will refer to this as the “location” model.

In our winter meetings parable, the locations are cocktail parties and hotel
lobbies. Agentsfrequent alocation inan attempt to meet other agents, and interact

18Notice that the payoff to not playing the game does not affect the relative payoffsto strategies
aaal and «gaB, since these involved identical rationing frequencies, so that the equilibria in
Examples 3 and 4 share the constraint x < 1/3, needed to ensure that the payoff of a,,T exceeds
that of agpB.
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with others who appear at that location. By finding a suitably secluded corner or
hotel suite, agents can aways ensure that they are not found by those they prefer
not to meet. However, this ability to avoid others carrieswith it alessened ability
to ensure any meeting. There is now no guarantee that any agents of the other
populationwill be at any particular location. One need not attend even the cocktail
party of one’'s own department if one prefers not to, unlike paper sessions.

More formally, suppose there are a finite number of locations, denoted A =
{l1,...,0 }. Inits smplest form, a choice of an activity consists of a choice
of location. In genera, however, this choice of location may be random, with an
activity inducing aprobability distribution over locationsrather than corresponding
toasinglelocation. For example, an activity might be adecision to frequent one of
the convention hotels on a certain day. Once there, this may induce a distribution
concerning the likelihood that one is to be found in various locations, including
cocktail parties, book displays, bars and the hotel lobby. At each location, other
agents are likely to be encountered. Finaly, notice that a location need not be
a physical location in the usual sense of the word, though the latter provides a
convenient interpretation that we shall adopt when describing the model.

The meeting technol ogy is specified by acollection of probabilitiesof theform
v € [0,1], where~,, isthe probability that an agent choosing activity « arrives
at location ¢, so that 3", 7.« = 1. Let H,s, denote the proportion of population 1
agents who play action s; and arrive at location /:

Hes, = Z qisﬂ/aﬁ-
aEMAq
The measure of population 1 agents arriving at location £ iS¢ s, Hss,. Normal-
izing to obtain a probability distribution, we have h,s, as the proportion of player
1 agents at location ¢ who play action s;:

= 7H£Sl
Zs’lesl Hes,

hys,

The agents at each location are randomly matched to play, with the possibility
arising that not all agents are matched. We let p!, be the probability that an agent
from population i who arrives at location ¢ is matched. We assume, as in the
previous section, that this probability is a function only of the total numbers of

agents from populations 1 and 2 who arrive at location /:
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Py =p (Z Hes,, HeSQ) ,
SIES €S,
wherep!:[0,1]? — [0, 1]. Werequire !, to becontinuouson[0, 1]%\ {(0,0)},*° and
that the number of matches by population 1 agents equal the number of population
2 matches:

Pz} (Z Hes,, Z HKSQ) Z Hes, = P% (Z Hes,, Z HKSQ) Z Hes,.
S1€S RES $1€S $1ES RES RES

We also assume that p} isincreasing in its first argument and decreasing in its
second, while p? is decreasing in its first argument and increasing in its second.
Thisimpliesthat an agent is more likely to be matched the fewer agents from his
own population at the location and the more agents from the other population at
the location.

We restrict attention to the case in which p} is homogeneous of degree zero,
so that there are no congestion effects at locations. We refer to this as the case of
constant returnsto scale, in the sense that increasing the number of agents at a
location yields alike increase in the expected number of matches at that location.
The proportional matching rule used in the previous section is an example of
a constant returns to scale rule. Other interesting possibilities are increasing
returnsto scale:  pl(ang,any) > pl(ny,ny) Va > 1; and decreasing returns to
scale:  pl(ang, any) < ph(ng,nz) vYa > 1. Increasing returns to scale capture the
idea that more agents at a location make it more likely that agents will *meet”
each other (such as in search models), while decreasing returns to scale capture
congestion effects—more agents at a location make it less likely that agents will
“meet” each other.

The preference model of the previous section is a special case of the location
model. To obtain the preference model we let J; be the set of locations associated
with population 1, J, the set of locations associated with population 2, J; N J, = 0,
andfori € Ji,j € Jz, voy0 = V2if £ =1,], and O otherwise.

More generaly, the matching function ¢ implied by thelocation model isgiven

_ 1t is necessary to exclude (0,0) from the domain where continuity is required: Suppose
py(n1,n2) is given by the proportional matching rule of the previous section. Then, as nj and
Ne — 0, p, (N1, n2) — Oif ni/nj — 0 while g} (N1, n2) = 1if ne > .
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5.2 Efficient Outcomes

We now derive conditions under which the outcome in the location model is not
only homogeneous, but also satisfies an efficiency condition. The sufficient con-
ditionsfor efficiency comein three parts. First, we need the matching technology
to be unrestricted, meaning that al agents have access to the same set of activities.
Second, we need it to be possible that an isolated group of agents can form. Third,
we require that neither large nor small groups are penalized in terms of matching
probabilities, which holds if the matching technology exhibits constant returnsto
scale?

Isolated groups of agents will be able to form if the matching technology
contains pure activities:

Definition 5 An activity « ispureif there exists alocation ¢ with the property that
Yot = 1

Theorem 2 Let all agents (of both populations) have access to the same set of
activities in the location model. Suppose that game G has a Nash equilibrium
whose payoffs strictly dominate the payoffs of all other correlated equilibria.
Suppose that the matching process exhibits constant returns. Let there be at
least three locations, with a pure activity for each population associated with
each location. Then in every state in an asymptotically stable set, every agent is
choosing the efficient equilibrium action.

The proof appearsin the Appendix. To see why the result holds, consider first
astateinwhich thereisa*“free”’ location, meaning that thereis alocation at which
no agents appear. Suppose further that there is a pure activity corresponding to
thislocation for each population, and that agents are currently earning less than the

2Notethat number of matches by apopulation 1 agents choosing avy a £ iSp} - Ya,¢ Qas, thetotal
number of matchesat ¢ isp}- Za;eAl Va4t Qqs, andthenumber of matches at ¢ between apopulation

1 agent choosing a; and an opponent choosing a2 iS p3 - Va1 Quy * Vant Qas/ (Za’zeAz ’Va;zQa'Z) .
2l\We assume throughout that equilibriaexist that give all agents higher payoffs than not being
matched, so that efficiency requiresthat the game be played.
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efficient payoff. Then the existing state is not part of an asymptotically stable set.
Instead, consider a perturbation that attaches a small number of agents from both
populations to the pure activity corresponding to the vacant location, with these
agents playing the actions of the efficient equilibrium. This activity/action pair
will earn a higher payoff than any other activity/action pair, attracting agents to
the previously vacant location and the efficient equilibrium and thus destabilizing
the existing state and precluding its membership in an asymptotically stable set.

The potential difficulty isthat the current state may entail agentsvisiting every
location, so that thereis no free location with which to work. However, we show
that every candidate for an asymptotically stable set of states includes states with
unused locations. Intuitively, the system can drift among the states in the stable
set, until a state is reached with an unused location. We refer to this process
as “freeing a location”. The assumption of constant returns to scale is used in
this demonstration, as it allows agents to drift between locations without creating
congestion affects at these locations. Once a state with afreelocation is reached,
the perturbation described in the previous paragraph prompts dynamics that lead
away from the state, precluding its stability.

In order to conclude that asymptotically stable sets are efficient, Theorem 2
assumestheexistenceof an equilibriumthat strictly dominatesall other equilibrium
payoffs. We cannot reduce this requirement to weak domination. Suppose, for
example, that the stage gameis given by:

L R
T11,1(21
B{1,2]|22

Then evolution puts no pressure on strategy choices and the only candidate for an
asymptotically stable set is the entire state space, not all of which is efficient.

The forces ruling out inefficient behavior are analogous to those appearing
in cheap talk games, including Kim and Sobel [?], Matsui [?], and Sobel [7].
Consider amodel in which around of communicationis allowed beforeagameis
played. Consider an equilibrium that is not efficient, and suppose a state yielding
this equilibrium belongs to a stable set. If the message space is rich enough
to ensure that some messages are not sent, then the stable set contains a state
featuring the same play of the game, but in which all agents would respond to
the unsent message by playing their part of the Pareto dominating equilibrium. A
perturbation that causes that message to be sent now creates dynamics that lead
away from the alegedly stable set, which is a contradiction.
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A similar mechanism is at work in our model. The place of the unsent
message is taken by an unused location with a matching pair of pure activities.
The condition that the message space be sufficiently rich to ensure that there is
an unsent message is replaced by the condition that there exists at least three
locations with pure activities, which we show is sufficient for drift to be able to
free alocation.??

The assumption of constant returns to scale in the matching technology plays
two roles in the argument. It ensures that a location can be freed and that agents
can be relocated to the freed location. If p!, exhibits decreasing returns to scale,
so that locations suffer from congestion, it may be difficult to free a location by
adding agents to other, populated locations?® If p!, exhibits increasing returnsto
scale, then it may be difficult to attract agents to playing the efficient outcome at
afreed location.?*

Our result says nothing about the existence of asymptotically stable sets. Gen-
era sufficient conditions for existence of an asymptotically stable set in evolu-
tionary models are severe. In particular, evolutionary modelsreadily yield charac-
terization results but only grudgingly offer general existence results. A trade-off
then arises. Existence can be ensured under mild conditions by appealing to a
solution concept that places little structure on the resulting “ stable” sets, allowing
these sets to be large and placing little structure on the states that appear in such
sets. Alternatively, one can ask for well-behaved stable sets, such as asking that
each state in such a set be arest point of the dynamics (our condition (4.1)), but
existence can then be ensured only under strong assumptions. For example, Kim

22The destabilizing perturbation in cheap talk models requires agents from a single population
to adopt an unused message, even if both populations have the opportunity to send messages
before play. In contrast, our destabilizing perturbation sends agents of both populationsto the free
location. If our dynamics allowed the population proportion playing a strategy to grow whenever
that strategy isabest reply, evenif it iscurrently played by azero proportionof the population, then
it would suffice for members of a single population to switch to a vacant location (at which point
members of the other popul ation would be drawn to the new location). Noticethat because actions
in a cheap talk model are contingent on messages, the sending of a new message is equivaent to
switching both agents to a new location. Moreover, if a population-1 agent deviates to the new
message in a cheap talk model, then it is possible that drift within the equilibrium component
has aready endowed popul ation-2 agents with the behavior at this new message that is needed to
destabilize the current component.

23While the payoff conditional on matching is unchanged as agents are added to alocation, the
payoff from the corresponding activity falls since the probability of matching has fallen.

24The payoff conditional on matching is high at this location, but the payoff from the corre-
sponding activity islow because the probability of matching islow.
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and Sobel [?] (in amodel of cheap talk games) and Noldeke and Samuelson[?]
(in amodel of extensive form games) find that demanding conditions, involving
essentially the existence of an outcome whose payoffs strictly dominate the pay-
offsof every other outcome, are needed to establish the existence of well-behaved
stable sets.?® In the presence of endogenousinteractions, where thereare activities
that affect payoffs only indirectly through their effect on the matching process,
additional strong assumptionson the matching technology would berequired, such
as assumptions that the matching schemeisproportional and all activitiesare pure.

6 Conclusion

Our results provide two main insights into local interactions. First, they give
rise to correlated equilibria, providing a new interpretation for the latter. Second,
outcomes can depend crucially on the ability of agentsto affect their interactions.
We have seen that the ability to avoid undesired matches can make the difference
between efficient outcomes and outcomes that doom some agents to inferior pay-
offs. This suggests that more attention might usefully be devoted to the process
by which agents are matched to play games; a topic we hope to pursue further.

7 Appendix: Proof of Theorem 2

Let s be the strategy profile of the strict Nash equilibrium identified in the Theo-
rem. Suppose @' is an asymptotically stable set and § € ©@'. Because al agents
have access to the same activities, al agents of populationi must receive the same
payoff in state ¢ (otherwiseit cannot be that dd/dt = 0); let = denote this payoff.
Let s be the efficient Nash equilibrium. We now suppose that #{ < =i(s*) and
derive acontradiction.

By hypothesis, there are three locations associated with pure activities; 1abel
them as 1,2, and 3. Let H) = Y. His, the size of the population of player i
agents at location /.

25To see thedifficultiesthat can arise, noticethat Ritzberger and Weibull [?] present an example
(Figure 3) of agame with a unique Nash equilibrium component that satisfies condition (4.3) from
our definition of stability but not (4.2). In a norma form game, this type of outcome could be
excluded by requiring the Nash equilibrium to be strict. In the presence of cheap talk or in an
extensive form game, strict equilibria generally do not exist, so that a very strong condition on
payoffs, such as an outcome producing payoffs strictly higher than any other, is needed.
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Suppose that at one of the locations, say 1,H] = 0, for i = 1,2, so that no
agents arrive at that location under ¢’. Then consider the following perturbation
of state . Reduce by afactor ¢ the proportions of agents at every activity/action
combination for each population. (Since the ratio of the population of player 1
agentsto the size of the population of player 2 agents at each location isunchanged
by this, the payoffs to the activity/action choices in " have not changed.) Place
these agents at the pure activity associated with location 1, and have them play s*.
Thisyieldsa payoff at location 1 that isstrictly higher than the payoff under 6. As
aresult, the dynamics will convergeto astate in which all agents are choosing the
pure activity associated with location 1 and playing s°. This ensures that 4 is not
stable (i.e., fails condition (4.2)) and hence that @' is not asymptotically stable.?

It remains to show that @ contains a state in which H, = 0 for i = 1,2 and
some ( € {1,2,3}. Supposg, first, that @ contains a state ¢’ in which H} = H?
for some ¢ € {1,2,3}. Without loss of generality, suppose thisis location 1. Let
f1 denote the distribution of actions faced by aplayerj (j # i) agent at location 1.
Now consider the following perturbation. Reduce by ¢ the proportions of agents
at every activity/action combination for each population. (As before, since H/H?
for al ¢ isunchanged by this, the payoffsto the activity/action choicesin ¢’ have
not changed.) Place these agents at the pure activity associated with location 1,
and have the agents of player i play choose actions in accordance with f. Since
Hi = H2?, the payoffs at this pure activity have not changed. This perturbed vector
is thus also an element of ©’. Continuing in this way will eventually result in
a state, contained in @', in which al agents choose the pure activity associated
with location 1, ensuring that no agents choose the pure activities associated with
locations 2 and 3.

Finally, suppose, H} # H? for al ¢ € {1,2,3}. Without loss of generdlity,
suppose H}/H? is maximized at location 1 and minimized at location 2. Notein
particular that n; = HY/H? > 1 and 5, = HY/H3 < 1, sothat 7 = ((1 2 ¢ (0,1).
Let f* denote the distribution of actions faced by aplayerj (j # i) agent at location
(. Consider the following perturbation. Reduce by é the proportions of agents at
every activity/action combination for each population. (As before, since H/H?
for al ¢ isunchanged by this, the payoffsto the activity/action choicesin ¢’ have
not changed.) Assign afraction 71, of the player 1 population and a fraction ~ of

2Note that the rate of inflow to location 1 may be different for the two populations, and hence
rationing at location 1 may occur. However, the non-rationed popul ation will still have an inflow,
eventually relieving the rationing of the other population at location 1.
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the player 2 population to location 1, and a fraction 1 — 77, = (1 — 7)n, of the
player 1 population and a fraction (1 — 7) of the player 2 population to location
2. Specify that the agents of player i at location ¢ play in accordance with f‘. By
construction, the ratio of the size of the population of player 1 agents to the size
of the population of player 2 agents at locations 1 and 2 have not changed, and so
the payoffs at these locations have not changed. Thus the perturbed vector is an
element of @'. The argument is now completed as in the previous paragraph. O
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