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Abstract

We formulate a dynamic learning-and-adjustment model of a market in which sellers
choose signals that potentially reveal their types. If the dynamic process selects a unique
limiting outcome, then that outcome must be an undefeated equilibrium; though to be
undefeated does not suffice to be the sole limiting outcome. If a Riley outcome exists
that provides*“high” type sellerswith a higher utility than any other equilibrium outcome,
then that outcome is the unigue limiting outcome of our model. In the absence of aRiley
outcome, or if high type workers obtain higher utility in apooling equilibrium than in the
Riley outcome, a unique limit outcome will only emerge under very stringent conditions.
If these conditions fail, the market will cycle between various equilibria and, possibly,
nonequilibrium outcomes.

Journal of Economic Literature Classification Numbers C70, C72, D82, D83.



LEARNING TO SIGNAL IN MARKETS
by Georg Noldeke and Larry Samuelson

1 Introduction

Signaling models, pioneered by Spence[21, 22], are plagued by acommon difficulty: very
few interesting resultshold for all of the sequential equilibrium outcomes. Inresponse, the
equilibrium refinements literature endeavorsto restrict attention to “plausible” equilibria.
Plausibility is defined by placing restrictions on out-of-equilibrium beliefs, where these
restrictions are based on the incentivesfor varioustypes of fully-rational informed players
to deviate from equilibrium.!

In thispaper, wetake adifferent approach to equilibriain signaling games. Rather than
speculate onthe beliefsthat rational playerswill adopt when faced with out-of-equilibrium
actions, we model a process by which boundedly rational players learn to play signaling
games? We examine a market containing a large number of buyers and sellers who
repeatedly (and anonymousdly) interact, with sellers sending signal's and buyers bidding to
make purchases from sellers. Buyers do not know whether a given seller isa “high” or
“low” type, though they may infer these typesfrom the sellers’ signals.

Two processes shape strategiesin thismarket. First, buyersand sellersregularly adjust
their conjectures about others' behavior in light of the observed market outcomes (while
aways playing best replies against these conjectures.) We refer to this as the learning
dynamics. Second, agents are occasionally replaced by entrants in the market. Entrants
may hold different conjectures about play at currently unreached information sets, and
hence may pursue different strategies, than their predecessors. By potentially providing
the stimulus that tips the market from one equilibrium to another, these replacements play
an important role in determining market behavior.

We study thelimiting outcome (or stationary distribution) of thislearning-and-replace-
ment process, in thelimit as the rate at which players are replaced by entrants approaches
zero. Using results developed in Noldeke and Samuelson [16], we find that we can learn
much from thefollowing “local stability” condition, whichisnecessary for an equilibrium
outcome to be the unique limiting outcome of our dynamic process:®

1See van Damme [24] for a survey of the refinements literature. Before equilibrium refinements were
unleashed in their full fury, Riley [17] and Wilson [25] proposed resolutions to the nonexistence-of-
equilibrium problem discovered by Rothschild and Stiglitz [18] in screening models. The “Riley outcome”
also appears as a sequential equilibrium outcome in signaling models and is selected by many refinement
concepts.

2Stiglitz and Weiss [23] advocate a dynamic approach to equilibriumin signaling and screening models.
Links between evol utionary model s and equilibriumrefinements have been examined inthe context of cheap
talk games. See, for example, Noldeke and Samuelson [15] and Sobel [20].

S3This intuitive account neglects some issues arising from the existence of non-singleton absorbing sets
(“cycles’) of thelearning dynamicsthat are addressed in the course of the analysis.



(I) Starting from the equilibrium outcome, the replacement of a single agent,
causing a deviation to an “out of equilibrium” signal, cannot induce learning
dynamics that lead away from the given outcome and to another equilibrium
outcome.

The requirement that replacements should not induce learning dynamicsthat lead away
from the equilibrium is reminiscent of equilibrium refinements like the intuitive criterion
of Cho and Kreps [3], where an equilibrium is rejected if an out-of-equilibrium signal
prompts belief revision that disrupts the equilibrium. However, conventional equilibrium
refinements construct arguments about belief revision by specifying how players should
interpret out-of-equilibriumsignals. These arguments are often represented in the form of
“gpeeches’ that players are imagined to deliver when making out-of-equilibrium moves.
In our model, out-of-equilibrium signals acquire meaning endogenoudly as part of the
evolutionary process. As a result, the single-crossing condition, which often plays a
central role in determining which type of the sender has most to gain from a particular
deviation and hence what buyers should believe when faced with such a deviation, is
irrelevant in our work.

The requirement in (1) that the learning dynamics be able to reach another equilibrium
is reminiscent of the “ Stiglitz critique” ([3], p.203): The mere fact that a deviation could
initially destabilize an equilibrium does not suffice to exclude that equilibrium from
consideration. Note, however, that in our model, an equilibrium fails to be the unique
limiting outcomeif it ispossible for the learning dynamicsto lead to another equilibrium;
the possibility that the learning dynamics might also return to the original equilibrium is
irrelevant.

Mailath, Okuno-Fujiwara and Postlewaite [13] have recently argued that in order
to rglect an equilibrium, an equilibrium refinement should not only identify an out-of-
equilibrium signal and belief revisionsleading awvay from the equilibrium; but should also
identify an alternative equilibrium in which this signal is sent and in which the senders of
this signal fare better than in the original equilibrium. Thisis similar to our requirement
that the learning dynamics be able to reach another equilibrium. We exploit thissimilarity
to show that a defeated equilibrium cannot be locally stable.

Being undefeated isanecessary but not sufficient condition for an equilibrium outcome
to belocally stable. Instead, many undefeated outcomes are rejected by condition (1). The
undefeated equilibrium concept rejects an equilibrium only if a belief revision process
can lead immediately to an alternative equilibrium, while equilibriain our market can be
destabilized by learning dynamics that only indirectly reach alternative equilibria. We
exploit such indirect paths to show that an equilibrium outcome can only satisfy condition
(1) if there does not exist an aternative equilibrium in which high-quality sellers send a
signal that isnot used in the given equilibrium and fare better than in the given equilibrium
outcome. We call equilibrium outcomes satisfying this condition H-dominant.

Our necessary conditions (undefeated and H-dominant) for local stability imply that
no market can have morethan onelocally stable pooling equilibrium and onelocally stable
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(partially) separating equilibrium. The unique candidate for a locally stable separating
equilibrium is (a dight modification of) the familiar Riley outcome, while the unique
candidate for a locally stable pooling equilibrium is one which gives the high-quality
seller the highest payoff among all equilibrium outcomes. When can we find sufficient
conditions for these outcomes to be locally stable, and what is the relationship between
local stability and the limiting outcome of our dynamic market process?

We first consider the case of a separating equilibrium. We show that if the Riley
outcome is H-dominant and each type of seller strictly prefers his equilibrium signal to
that of the other type, then the Riley outcomeis locally stable in the sense of (1). If itis
also the case that no other equilibrium gives high sellers a higher utility that the Riley
outcome (i.e. the Riley outcome is the unique H-dominant equilibrium outcome), then
condition |1 (introduced below) aso holds and the Riley outcome is the unique limiting
outcome of the model.

We next show that only in extraordinary caseswill pooling equilibriabe stable. If there
exists an aternative sequential equilibrium outcome (satisfying an additional technical
condition) and if there are any circumstances that would induce some type of seller to
leave the pooling equilibrium signal, then we can construct a path asin condition (1) that
leads from the pooling to the alternative equilibrium, precluding the local stability of the
pooling equilibrium.

Our model thus selects a unique equilibrium outcome if a Riley outcome exists (in
which sellersarenot indifferent between equilibrium signals) and i sthe unique H-dominant
equilibrium, i.e., isthe best possible equilibrium outcome for high-quality sellers. On the
one hand, the arguments supporting this result are reminiscent of the arguments advanced
by many equilibrium refinements for choosing separating equilibria* At the same time,
our result requires the Riley outcome to be the unique H-dominant equilibrium. Thereis
no conflict between separation and dominance arguments in such markets, and the Riley
outcome appears to be the unique “plausible” equilibrium outcome. Suppose instead that
a Riley outcome exists but is not H-dominant, with the unique H-dominant equilibrium
being apooling equilibrium.® Itisthen nolonger obviouswhich outcomeisplausible. Re-
finements such as theintuitive criterion, divinity and D1 till invoke separation arguments
to select the Riley outcome; arguing that the pooling equilibrium will be destabilized by
the high-quality seller’s incentive to deviate from the equilibrium in order to signal his
type. Others invoke dominance considerations to argue that it is implausible to select
the Riley outcome in the presence of a dominating pooling equilibrium.® The perfect se-

4For example, the intuitive criterion (Cho and Kreps[3]), divinity (Banks and Sobel [1]), and D1 (Cho
and Sobel [4]).

5The equilibrium producing the Riley outcome and a pooling equilibrium could both be H-dominant,
though only if the signal used in the pooling equilibrium is also used by low-qudity sdllers in the Riley
outcome. In thiscase, the model selects either both equilibriaor just the Riley outcome, selecting thelatter
if asingle mutation can produce learning dynamics that lead away from the pooling equilibrium.

6See, for example Fudenberg and Tirole ([8], p. 458) and Mailath, Okuno-Fujiwara and Postlewaite
[13].



guential equilibrium concept (Grossman and Perry [10] respondsto this conflict by failing
to exist.” Our dynamic model may select the pooling equilibrium in this case, but only
under extremely stringent conditions. In general, multiple equilibrium outcomes appear
in the limit, in effect replacing previous non-existence results with a set—valued solution
concept.®

The reasoning driving our results shares some similaritieswith theintuition underlying
refinement criteria, but there are al'so essentia differences. In particular, to show that an
“undominated” Riley outcome is the sole limiting outcome of our model, we must not
only verify condition (1), but must also show that

(I1) By repeatedly constructing replacement-and-learning paths of the type
appearing in step (1), every equilibrium can be linked to the undominated
Riley outcome.

This requirement has no natural counterpart in the refinement literature, which focuses
on the stability of single equilibrium outcomes. Condition (11) ensures that the limiting
outcome cannot consist of a collection of equilibrium

outcomes that form a "stable set" in the sense that the types of paths constructed in
step (1) alow the system to cycle

among the members of the set (but not to leave the set). The outcomein amarket with
both a Riley outcome and a pooling equilibrium that is H-dominant (i.e., yields a higher
utility for high sellersthan the Riley outcome and uses a signal that does not appear in the
Riley outcome) consists of just such a set.

Our work departs from previous evolutionary models in three important ways. First,
our model hasalarge number of agents, allowing individual agentsto learnfrom observing
the behavior of many other agents, but there is no random matching of agents. Instead,
all agents interact simultaneously in a market game and the resulting market outcome
provides the information agents use to adapt their behavior. We consider this to be the
most appealing economic setting in which to invoke evolutionary arguments.

Second, as is many recent evolutionary models, the agentsin our model are subject to
continual “mutations’, which take the form of new entrants into the market in our case.
However, these mutations affect only agents conjectures at unreached information sets,
with strategies always being best repliesto conjectures. Mutations then cannot move the
market from every state to every other state. As aresult, there may be multiple limiting
outcomes, with the realized outcome depending on initial conditions and the realization
of the random variable governing learning. This mutation process contrasts with that of

"The non-existence of equilibrium in the screening model of Rothschild and Stiglitz [18] is closaly
related. See van Damme [24].

81f aRiley outcome does not exist, then again we have multiple equilibrium outcomes appearing in the
limit except under exceptiona circumstances.



Kandori, Mailath and Rob [12], where mutations aff ect strategies and cause the probability
of moving between any two states to be positive.?

Third, our forma model isaMarkov process, which is again standard in evolutionary
analyses. Because nonsingleton absorbing sets are hard to handle, the common practice
when working with Markov modelsis to find conditions under which all absorbing sets
are singletons. Young's [26] acyclicity condition is in this tradition. We do not restrict
our analysis to the case in which absorbing sets are singletons, instead working directly
with nonsingleton absorbing sets.

The following section presents the model and establishes some useful preliminary
results. Section 3 investigates our learning dynamics. Section 4 examinesthe limiting be-
havior of the market when mutations can occur. Section 5 establishes necessary conditions
for local stability, yielding theinstability of defeated equilibriaas a special result. Section
6 examines the stability of the Riley outcome. Section 7 derives the stringent conditions
for pooling equilibria (and partially separating equilibria) to be stable outcomes. Section
8 concludes.

2 TheMode

2.1 Signaling Gamesand Markets

Spence [21, 22] examined signaling in the context of a labor market containing a large
number of potential workers, some of high productivity and some of low productivity.
Firms could not observe workers' productivities, but could observetheir choices of educa-
tion levels. Wage rates for each education level were set by firms engaging in “Bertrand”
price competition for the workers. Spence’s key insight was that market equilibria could
arise in which workers used education levelsto signal productivities.

Cho and Kreps [3] provide a game-theoretic analysis of Spence’'s market signaling
model. There is a single worker, who may be of high or low productivity, but whose
type cannot be observed by the firms. The proportions of high and low typesin Spence's
model are replaced by prior probabilities of the single worker’s type in Cho and Kreps.
Two firms bid for the services of the worker. Spence’s signaling market equilibrium is
now a separating sequential equilibrium of the three-player signaling game of incomplete
information.

Wefollow Cho and Kreps|[3] in modeling thesignaling market asagame. Thisreflects
our gquest for insight into equilibrium refinementsfor signaling games. However, our game
has alarge number of sellers (or workers) and buyers (or firms).1° We believe that the best

9K andori, Mailath and Rob [12] work with a normal form game where conjectures at unreached infor-
mation sets play no role. Our mutation process would not alow us to differentiate between different strict
equilibriain their model.

01N this respect, we follow Gale [9], though for quite different reasons. Gale [9] argues that it is
restrictive to replace population proportions by prior probabilities and consider a game in which there is
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hope for understanding equilibria in signaling games is to examine the learning process
by which these equilibria are achieved. In turn, we think an important aspect of such a
dynamic model isthe possibility that agents may learn from observing the actions of others
with whom they do not directly interact. A market consisting of large numbers of buyers
and sellers provides a natural setting for such information transmission. In particular,
observing the outcome in a market can provide agents with a substantial amount of
payoff-relevant information, such as information about the wage offers that appear in
response to various education levels.!t

2.2 TheMarket

We consider a market with afinite number of sellers and buyers. Each seller is endowed

with one unit of acommodity. These units can be of high or low quality. We let A denote

the set of all agents, Ag the set of buyers, A_ the set of low-quality sellers, and Ay the set

of high-quality sellers. Let

oA
[Ad| + A

be the fraction of high-quality sellers.

Each seller has a strategy set S containing a finite number of signals. Buyers quote
prices p from afiniteset P C R.. Welet p and p be the largest and smallest pricesin P,
and assume that A (the smallest money unit) is the uniform step size of the price grid, so
that P consists of prices of the form p + kA for someinteger k.12

A strategy for asellerisasignal inS. A strategy for abuyer isaprice schedule mapping
from Sinto P.13 Throughout this paper we restrict attention to pure strategies. Since our
game has many buyers and sellers, pure strategy combinations in which different agents

€ (0,1

only one worker. For example, if there is a singleworker and two firms, then the two firms must earn zero
profits in equilibrium. In a market, one would expect the equilibrium profits of firms to depend upon the
relative numbers of firms and workers of varioustypes, possibly being positiveif the number of workersis
large relative to the number of firms.

LAn dternative is to assume that triplets of players, consisting of one worker and two buyers, are
repeatedly matched to play the Cho-Kreps signaling game. In order for current outcomes to drive strategy
choi ces, such model scommonly seek refugein the assumption that all agents play around—robintournament
in every period (Noldeke and Samuelson [16]) or that an infinite number of games is played in each period
(Kandori, Mailath and Rob [12]).

2We have modeled both buyers and sdllers as choosing from finite sets. Here, we again follow Gale
[9]. In Gal€'s case, the motivation for working with a discrete model isto employ the techniques of general
equilibrium analysis for economies with finite numbers of goods. In our case, the motivation isto employ
models of evolutionary systems as finite Markov chains.

13Buyers can condition prices on signals but cannot condition on the number or the identity of sellers
sending each signal. Thiswill be the case if, for example, buyers must determine price schedules before
observing which signals are sent. If buyers could condition prices on the identity or humber of sellers
choosing asignal, strategic issues arise that have no counterpart in the usua signaling model. See Footnote
15.



of the same type play different pure strategies will look much like mixed strategy profiles
in a Cho-Kreps game.

A seller who has chosen signal s sells his unit to one of the buyers who offers the
market price, which is the maximum price (from the finite set P) that is chosen by some
buyer for signal s. If there is more than one buyer offering the market price then the unit
is allocated to every such buyer with equal probability.

A sdler’s payoff from choosing signal sand receiving price p isgiven by

p—c(s

for L sellersand
P—Cu(9)
for H sellers, wherec.(s) : S— Rand cy(s) : S — R are functions identifying the cost
of sending signal sfor L and H sellers.
We assume that the marginal cost of switching from signal s to s is different for
different types of the seller:

Assumption 1 For all s# s
cL(s) — cL(s) Z cu(s) — cu(s). (1)

In particular, this assumption implies that we are not examining cheap talk games. As-
sumption 1 is consistent with, but much weaker than, the single crossing property, which
would require that signals can be ordered in such a way that H sellers have the lower
marginal costs of switching fromstos forany s > s.

For buyers, the payoff per unit purchased depends on the quality of the unit purchased
and may also depend on the signal used by the seller. This payoff is given by

vr(s) —p

for T € {L,H}, wherev(s) : S— R identifiesthe value of a unit offered by a T-quality
seller who sends signal s. We assume that buyers can always ensure non-negative profits
and prefer to trade with high-quality sellers:

Vse S:vu(s) > (s >p. 2
All agents arerisk neutral. Let
Vs (8) = oVH(S) + (1 — P)wi(s)
denotetheexpected value of aunit that ishigh quality with probability ¢. Notevy(s) = vi(S)

and v, () = vy(9).
We have now modeled the signaling market as agame, and werefer to thisgame asG.
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A state § is a specification of a strategy (denoted o,(¢)) and a conjecture (denoted
o_a(#)) for every agent a. For a € A_ U Ay, the strategy o4(f) is an element of S. For
a € Ag,04(f) : S— Pisafunctionassigning pricesto signals, with o4(s, #) being the price
assigned to states. For T € {L,H} and s € S the conjecture o_,(s, T,6) > 0 specifies
the number of T sellers (excluding agent a if a € Ar) that agent a believesto be choosing
ggna s, forp € P, o_a(s,p,d) > 0 specifies the number of buyers (excluding agent a if
a € Ag) that agent a believes to offer price p at signal s. We assume that all agents are
informed about the number of other agents in the market, so for all a conjectures satisfy:

Yo asT.0) = |Ar\{a}], T=LH
seS

Vs:) o_a(spd) = |As)\ {a}l.
peP

Welet BR(c_5) denote the set of best responses for agent a against the conjectures_,. We
let o2 = (0a(0), o_a(?)) describe agent a's strategy and conjecturein state ¢, and suppress
the & whenever convenient.

ForT € {L,H} let

Sr(f) = {s|da € Ar : 0a(9) = s}.
Then Sr(0) identifiesthe signals sent by type T sellersin state 4.

In our dynamic model, agents cannot observe price offersat signalsthat are not chosen
by any seller. More formally, after the game has been played agents can observe what
we call the outcome of a state ¢, denoted p(6), consisting of the distribution of sellers
across signals and the distribution of prices offered at those signals that are chosen by
some seller:

Vse ST e {L,H}: p(sT,0) =|{ac Ar|ca(d) = s}|
Vse S(O)USu(0):  p(spb) =|{ac Ag|oa(s b) = p}|.

To simplify notation we will often ssimply write p for p(d). We let p(c®) denote the
outcome that would appear if agent a plays o, and all other agents' strategies match agent
a'sconjecture o_,.

2.3 Equilibrium

An equilibrium requires that all agents play best responses against their conjectures.
Because agents can observe only outcomes and not strategies, an equilibrium does not
require that conjectures agree with the actual strategy profile, but they must induce the
same outcome:

Definition 1 A state § isan equilibriumiif:

Ya: o0, € BR(o_3) 3
va:  p(o®) = p(0). (4)
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This definition of equilibrium imposes no restrictions on the prices offered by buyers at
signals that are not used, and requires only that sellers’ conjectures about those prices be
such that the unused signals are not best replies.** Notethat if 4 isan equilibrium, then all
sellers of the same type must obtain the same expected utility level, alowing us to denote
the equilibrium utility level of atype T seller by Ur(9).1°

We will often find it convenient to refer to states that may not be equilibrium states, but
in which buyers are choosing best replies and hold correct conjectures over the outcome:

Definition 2 A state 4 is competitive if the equilibrium conditions hold for all buyers:

Vac Ag: o0a€ BR(o_y) 5)
Yac As:  p(c®) = p(0). (6)

In amodel with continuum action sets, the competition by which buyers bid for units
would ensure that in every competitive state the market price (at any signal sthat is used)
would equal the “competitive price’, by which we would mean a price just equal to the
expected value of aunit supplied at s. Thisfeatureisvery attractivein a static equilibrium
analysis. In spite of this, we eschew continuum actions sets because this same feature
raises significant problems for a dynamic analysis. In the equilibrium of a continuum-
action-set model every buyer isplaying aweakly dominated strategy, earning azero payoff
and being indifferent between the equilibrium price and any lower price. Asaresult the
pressures pushing the system toward the equilibrium outcome are weak. The system can
then drift away from the equilibrium outcome, rendering this outcome unstable.

To define the concept of a competitive price with discrete action sets, let @ be given

by
d)z{qﬁe[o,l]:¢=%forsome|AL|+|AH |>N>1and |A4| > M > 0}.

@ isthe set of all possible conjectures concerning the proportion of sellers who are type
H and choose a given signal. Then we have:

Definition 3 The competitive pricefor signal s given probability ¢ € ® of high quality is
given by
P;(s) = max{p € P: vy(s) = p}.

14This definition of equilibriumis akin to Kalai and Lehrer’s [11] notion of “private belief equilibrium”
and Fudenberg and Levine's [6] notion of “salf-confirming equilibrium”. Fudenberg and Kreps [5] and
Fudenberg and Levine [6, 7] show that when working with dynamic processes for extensive form games, it
isespecially important to take account of the information that agents can obtain from playing the game; and
show that doing so leads to self-confirming equilibrium.

AN equivalent claim would not be true if buyers could condition their responses on the number or
identities of sellers choosing each signal. Disparitiesin seller payoffs could then be enforced, for example,
by astrategy that attaches arelatively favorableresponseto signal sin equilibrium, but amuch lessfavorable
response if one additional seller chooses s.



We have assumed in (2) that the set P contains sufficiently low pricesto makethe purchase
of alow-quality unit profitable at each signal s, which in turn ensures that pj(s) exists for
al sand ¢.

We assume the price grid is sufficiently fine for it to make a difference if prior
information concerning a seller’s type is replaced by the information that the seller is
either type H or type L (recall ¢° € (0, 1)):

Assumption 2 Forall se S
P1(S) > Pjo(S) > Po(9).

We cannot be sure that competitive bidding between buyers actualy produces the
competitive price for all ¢ in our discrete model, since the profits from the competitive
price may be so close to zero that no buyer has an incentive to deviate to the competitive
priceif al other buyers are offering the next-lowest price. The following assumption and
lemma eliminate this problem:

Assumption 3 For all s€ Sand ¢ € @:

A
_ 7
|1 0
Note that for given Ay and A_, Assumption 3 will hold for generic price grids (so that
profits at the finite number of relevant competitive prices are nonzero) as long as the
number of buyersis sufficiently large.'® We use Assumption 3 to characterize competitive
states as those in which buyers hold correct conjectures and offer competitive prices:!’

Va(S) > py(s) +

Lemma 1 A state § is competitive if and only if all buyers hold correct conjectures over
the outcome (i.e., p(c?) = p(#) for all buyers) and

Vse S USy,Vae Ag: 0a(9) = P (9,
where
[{a € Anloa =s}|
[{ae ALUAG|oa=8s}|

Proof: See Appendix. O
We also impose a genericity assumption that simplifiesthe analysis:

¢(s,0) =

1%Because vy (s) — pj;(9) < A, at least three buyers are needed for (7) to hold.

1"While seemingly obvious, results of thiskind are not automatic in games with discrete choice sets and
condition (7) isrequired in the proof. Theresultin Lemma 1 will also hold if we allow for mixed strategies
for buyers. The restriction to pure strategies for sellers, however, is essential.
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Assumption 4 Theredo not exist signalss #Z s’ such that

P — cn(s) = pa(s) — cu(s)
or
p — cu(s) = pi(s) — cu(s).

Hence, there are no signals s and s’ such that the H seller is exactly indifferent between
receiving the lowest possible price at s and receiving the competitive price for either L
sellersor H sellersat s.

Finally, it will be useful to define a notion of equilibrium that requires the prices set
by buyers at unsent signals to be competitive prices against some conjecture about the
types of sellers who send that signal, and hence corresponds more closely to a sequential
equilibrium of the Cho-Kreps model. To simplify terminology we call such equilibrium
states sequential.

Definition 4 Let © be the set of states in which, for each signal s € S, all buyers offer
prices in [pg(s), p;(s)] and all agents conjecture thisto be the case. Equilibrium state ¢
is sequential if & € ©. Outcome p is a sequential equilibrium outcome if there exists a
sequential equilibrium é such that p(6) = p.

2.4 Market Dynamics

We now embed this model in a dynamic process. We view this process as a description
of how boundedly rational agents might find their way to an equilibrium. By “boundedly
rational”, we mean agents who play best replies against their conjectures, but whose
conjecturesabout others' play isshaped by experience. These conjecturesmay accordingly
be incorrect in their description of play at information sets that have only rarely been
reached.

Our dynamic process is a modified version of the evolutionary model of Noldeke
and Samuelson [16]. The most important difference is that the mutation process in [16]
affects both the conjectures and strategies of agents. Mutations can then endow agents
with strategies that are not best repliesto their conjectures. In this paper, mutations affect
only conjectures about the prices offered at signals not used in the market. This reflects
our belief that the most natural interpretation for mutations in a market model is that of
new entrants to the market, who use the information that can be obtained from the market
outcome to form conjectures and choose best replies to those conjectures, but are left to
form their own conjectures about behavior at unsent signals.

We assume that game G is played at time periodst € {0,1,2,---}. Asin the previous
section we restrict attention to pure states, i.e. states in which all agents conjecture that
al other agents are playing pure strategies and all agents play pure strategiesthat are best
responses to these conjectures. The state space of our system is given by

O = {0]Va: 5a(f) € BR(o_a(0))}.
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Let 0 be the state at the beginning of period t. In period t, the game G is played
according to the strategies 0,(#). Each agent then takes an independent random draw
determining whether the agent continues to be active in the market in period t + 1. With
probability 1 — X the agent stays in the market and proceeds to the following learning
stage; with probability A the agent is replaced by a new agent of the same type (i.e., a
buyer, type L seller or type H seller). Because our entering agents are the counterpart of
mutations in other evolutionary models, we refer to \ both as the replacement rate and
the mutation rate, and speak of a mutation occurring when an agent is replaced.

Now learning occurs. Each continuing agent (independently) learns with probability
1 € (0,1) in each period.’® Because they enter the game devoid of conjectures, all new
agents learn.

If an agent does not learn, then his strategy and conjecture remain unchanged until the
next period. If an agent learns he observes the outcome p(#) from period t. He uses this
information to update his conjecture o_, to match observed behavior. The agent receives
no information concerning the part of the strategy profile that cannot be inferred from
the market outcome, i.e., the choices of buyers at signals that were not chosen in state 4.
If the agent is a continuing agent he retains his old conjecture about buyers choices at
these signals. If the agent is an entrant his conjecture for these signals is drawn from a
probability distribution that depends only on the state # and has full support on the set of
all conjectures that result in the outcome p(9).

Given his new conjecture the agent then adjusts his strategy. In particular, new agents
adopt a best response against their conjecture, putting strictly positive probability on all
possible best responses. If a continuing agent finds that his current strategy is a best
response then the agent does not change strategies. If the current strategy is not a best
response, then

o if theagent isaseller, he switchesto asignal that isabest reply against his current
conjecture, putting strictly positive probability on every possible best reply.

o if the agent is a buyer, he switches his price a every signal at which such a switch
yields higher profits given his conjecture (i.e., at every signal sent by some seller in
period t where the buyer is not currently playing a best response), putting positive
probability on every best response that can be so achieved.®

These adjustment rulesreflect a belief that decision-making is costly, either in physical or
mental resources. Agents accordingly often proceed as they have previously played the
game, without devoting attention to the actual market outcome. When agents learn, they

18We require there to be positive probability that each agent learns in each period as well as positive
probability that the agent simply proceeds to the next period without any change in strategy or conjecture.
Within these bounds, we take no position on whether learning occurs only occasionally or quite frequently.

19The buyer and sdller cases are worded differently because the buyer must make choices for multiple
information sets. For both the buyer and seller, the behavior strategy at an information set is changed if and
only if it is not a best response to the agent’s conjecture at that information set.
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observe the current state and then change their behavior if and only if they conjecture that
such achange will increase their payoff.

For every replacement rate A € [0,1] (fixing all other probabilities) this gives us a
Markov process, which we refer to asI()\). The process without replacement, I"(0), will
be called the lear ning dynamics.

For any state § € © we let B(0, ) denote the basin of attraction of state § under the
process(1).2° A nonempty set A C © isabsorbing for '()\) if Aisminimal with respect
to the following property:

Vo & A:ANB,A) =0.

Hence, the Markov process cannot leave A once it has entered it, but every statein A lies
in the basin of attraction of every other statein A. If an absorbing set A isasingleton, then
we refer to it as an absorbing state.

The market dynamics " (\) allow the process to reach states which are not contained
in©, i.e., in which some market prices (and conjectures about those market prices) do not
correspond to competitive prices against any conjecture. First, the replacement of agents
allows arbitrary drift of prices and conjectures about prices at unused signals. Second,
learning (without replacements) can cause prices at a signal s to fall below pj(s) if that
signal iscurrently used: If al buyers offer prices above pj () in the current state 4, then
any price below the current price is part of a best response a s. The learning dynamics
may thus reach a state in which all buyers offer p at s. We refer to such an episode as a

crash ats. If p<po(s), thenacrash at syields astate that isnot in o.

These complications could be avoided by ssmply restricting the dynamics (and the
initial state) to ©, which is easy to achieve by restricting the support of the corresponding
distributions in the learning and replacement stages of our process. Working with such
a restricted dynamics would ssmplify some of our arguments and would enforce the
sequentiality of limit outcomes (see Section 5.2), without affecting any of our main
conclusions. However, we find it difficult to motivate such a restriction on the dynamics,
and prefer to proceed with the larger state space © defined above.

3 Learning Dynamics

Our godl is to examine the limiting outcome or stationary distribution of the market
dynamicsT (}); for the case of very small replacement rates A. We do this by examining
the limit, as replacement rates go to zero, of the stationary distributions of I'(\). This
limit will be concentrated on absorbing sets of the learning dynamicsI™(0). Inthissection,
we accordingly examine the learning dynamics of our signaling market, with particular
attention paid to characterizing the absorbing sets of this process.

20The basin of attraction of state @ isthe set of states from which the Markov process can transitto ¢ ina
finite number of stepswith positive probability.
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3.1 Singleton Absorbing Sets

The following result, which is almost immediate from the definitions, gives us acomplete
characterization of singleton absorbing sets.

Proposition 1 A state ¢ is an absorbing state of the learning dynamicsif and only if ¢ is
a equilibrium state.

Proof: Because agents always play best responses against their conjectures, condition
(i) in the definition of an equilibrium state holds for al § € ©. Suppose ¢ is absorbing.
Then there can be no agent such that p(c®) # p(#) since the conjecture of such an agent
would change upon receiving a learn draw, preventing ¢ from being absorbing. Hence 6
is an equilibrium. Conversely, suppose ¢ is an equilibrium. Then no agent changes his
conjecture upon receiving alearn draw, since the conjecture is not falsified; nor does any
agent change his strategy, since the the learning dynamics call for agents to change their
strategies only when not playing a best response. Hence ¢ is absorbing. O

Propositions of this type, establishing a connection between absorbing states and
equilibria, arefamiliar in evolutionary models. Conventional evolutionary analysesfollow
such aresult by either placing sufficient restrictions on the evolutionary process to ensure
convergence to an absorbing state or establishing results conditional on such convergence.
In contrast, we address the possibility of nonconvergence with our second proposition.
It provides a characterization of nonsingleton absorbing sets, showing that each such set
contains what we call a four-state cycle. Remark 1 shows that such cycles correspond
to mixed-strategy equilibria of the underlying game. We thus have a close connection
between limit outcomes and equilibria, even though our model does not have sufficient
structure to ensure convergence.

3.2 Nonsingleton Absorbing Sets

To discuss non-singleton absorbing sets we need a definition:

Definition 5 Let § € ©. The competitive successor of #, denoted c(9), is the (unique)
state in O that is competitive and satisfies:

Yac A UA;:  o%c(0)) = o%0) (8)
VacAs: YsZ S(0)USi(0): o_a(s c(0)) = o_as,0) (9)
VacAs: Vs S(0)USu(0): aa(s c(0)) = oa(s 6). (10)

The competitive successor is then the state that emerges if sellers retain their current
signals and conjectures (thisis (8)), price competition among buyers pushes the price at
all used signals and buyers' conjecturesto the competitive price (i.e., c() is competitive),
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and buyers conjectures about and actions at unused signals remain unchanged ((9) and
(10)).

Given a state ¢, its competitive successor can be reached under the learning dynamics
through arealizationinwhich sellers’ strategiesand conjectures remain fixed while buyers
hold a Bertrand auction at each signal to purchase the commodities from sellers sending
that signal. More formally:

Lemma 2 Every state f iscontained in the basin of attraction of its competitive successor
under the learning dynamics:

V8 € ©: 60 € B(c(h),0).

Proof: It suffices to show that with positive probability, the learning dynamics leads
from 6 to c(6), i.e, there exists a finite number of periods, along with a configuration of
learn draws and choices of best replies for learning agents in those periods, that leads
from 0 to c(f). Consider the following sequence. First, a number of periods occur in
which buyer a receives the learn draw if and only if thereexistsans € § U & such that
ca(S) > Pj9(S) and ca(s) = MaXacas 7a(S). (NO sellers receive the learn draw in any of
the periods of the sequence. This ensures condition (8).) Such a buyer earns a negative
payoff at signal s, and to achieve a best reply must switch to some lower priceat signal s.
This buyer may also adjust his price at other signalss € S (0) U S4(9), but must switch
to a price which is strictly lower than the maximum of other buyers' offers, whenever
this maximum exceeds the competitive price at signal S. Hence, after afinite number of
periods, this leads to a state in which no buyer offers a price at any signal that is higher
than the competitive price at that signal. Second, there then follows a number of periods
inwhich buyer a getsthe learndraw if and only if thereexistsasignal s € S () US4(0) a
which oa(s) = MiNaepg 7a(S). If oa(S) < P} (S), then, in order to play a best reply buyer a
must increase his offer at signal s (by Assumption 3), but will never choose an offer above
Pig- Thisbuyer may again adjust hispriceat other signalss € S (9) U S4(0) (at which he
is neither playing a best response nor offering the minimal price), but it cannot be a best
response for buyer a to lower his priceto or below the minimum price at such asignal (cf.
the proof of Lemma 1). Hence, after a finite number of periods, we reach astate whichis
competitive and satisfies (8). Since learning does not affect buyers' conjectures about (or
actions at) signals not contained in S_(0) U S4(0) this state must be c(9). O

We refer to the learning sequence described in this proof, with sellers not learning
and buyers being driven to competitive prices, as a competitive learn sequence. The
ability to construct competitive learn sequences implies that we can extract a sequence of
states from the learning dynamics that resembles an alternating-best-response dynamics:
starting from a given state buyersfirst undergo a competitive learn sequence and adjust to
the competitive successor, then all sellers choose abest response?! against the competitive

2!In the formal definition we consider a particular selection from the best response correspondence if
necessary, ensuring that the resulting dynamics is deterministic.
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successor, then buyers adjust to the competitive successor, and so on. Call this sequence
the alter nating-best-response dynamics.

Since each of the transitions in the alternating-best-response dynamics occurs with
positive probability under the learning dynamics, every non-singleton absorbing set of the
learning dynamics must contain acycle of the alternating-best-response dynamics (among
many other transition possibilities). Hence, studying the relatively simple alternating-
best-response dynamics allows us to obtain a partial characterization of non-singleton
absorbing sets. In particular, we prove the following result by showing that whenever the
alternati ng-best-response dynamics does not converge to a singleton, it must converge to
the limit cycle described in the statement of the Lemma. We will refer to such acycle as
afour-statecycle.

Proposition 2 Suppose X C © isa non-singleton absorbing set of I'(0). Then X contains
afour-state cycle, i.e., a set of statesF = {¢’,¢(9'), ¢, c(#)} such that:

& eSS S0)=S(0)=Su(0) = {54} (11)

I§ A% eSS S0)={&} (12)

Yac ALUAL:  a(d) € BR(o_a(c())) (13

Yac ALUAL:  0ca(f') € BR(o_a(c(h))) (14

vacAs:  oa(f) = oa(c(0)) (15)

VYac Ag:  oa(f) = oa(c(9)). (16)

Proof: See Appendix. O

The four-state cycle is a sequence of four states with the property that H sellers send the
same signal throughout the cycle, denoted &, (see (11)), while L sellers alternate between
two signals, § or & (see (11)«(12)). The four-state cycle takes the form of L sellers
first sending the signal §_ (state #’). Buyersthen adjust strategiesto reach the competitive
successor ¢(6’) of stated’, which involvesincreasing the price at &4 to the competitiveprice
P;(54). Thismakessignal & attractive, prompting L sellersto switch to signal &, (see(11)
and (13)) while buyer actions remain unchanged (see (16)). This situation corresponds
to state /. Buyers again adjust to the competitive successor, ¢(f), this time reducing the
priceat & to p;o(icH). This prompts L sellersto switch back to § (see (14)) while buyer
actions remain unchanged (see (15)), yielding state ¢’ and starting the cycle anew.

Given a four-state cycle F we let 5 (F) denote the signal used only by L sellers and
s4(F) the signal used by all H sellers in the cycle. Let U (F) = pj(s.(F)) — c(s.(F))
denote the utility level type L sellers achieve from choosing s (F).

From the construction of the four-state cycle it is clear that there must exist pr €

[P;0(sL(F)), pi(s.(F))] such that
UL(F) = pr — cL(sn(F)). (17)
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This observation suggests that four-state cycles should correspond to equilibriaof the un-
derlying game G. Thisisindeed the case, though the equilibriain question are generically
mixed:??

Remark 1 Let F = {6',c(0'),0,c(0)} be a four-state cycle. Then there exists a mixed
strategy equilibrium of the game G, in which H sellers choose s4(F), buyers mix between
prices so asto render L sellersindifferent between signals s (F) and s4(F), and L sellers
mix between these signals.

4 Limit Setsand Stable Outcomes

We now investigate the perturbed learning dynamics. The absorbing sets of the perturbed
dynamics ' (\) are independent of A (aslong as A > 0). We can thus write {Aq, - - - A}
for the collection of absorbing sets of I'(\) for A > 0. Welet {A;(0), - - - Ay(0)} denote the
collection of absorbing sets of the learning dynamicsI(0) and let A(0) = U;A(0). Notice
that the process I (1) may have fewer absorbing sets than the learning dynamics, because
positive replacement rates may allow the system I"(A\) to move from one absorbing set of
the learning dynamic " (0) to another.

The process I'(\) may have many absorbing sets. In particular, our model places
considerable structure on the process by which mutations alter agents' strategies, so that
there may be transitions between states that cannot be accomplished viamutation. Thisis
in contrast to previous work with perturbed dynamic systems, such as Kandori, Mailath
and Rob [12], Young [26], Samuelson [19], and Noldeke and Samuelson [16], where the
mutation process is generally structured to ensure that I'(A\) has a single absorbing set
containing al states.

For every A, and A > O thereis a unique stationary distribution of the Markov process
()), denoted ¢j()), with support Ay. Since'(\) is aperiodic,? it followsthat conditional
on reaching the absorbing set A, the Markov process () convergesto ¢j()).

We are interested in the behavior of our evolutionary model as the probability of
mutations becomes small. We accordingly focus on the limit distributionslim,_g ¢j(}).
We will be interested in characterizing the supports of the limit distributions, which we
call limit sets;?*

22The proof of thefollowing result is somewhat involved and not directly relevant to the remainder of the
paper, and so isomitted. Thedifficulty in proving thisresult isthat generically (thegenericity iswith respect
to Lebesgue measure in the Euclidean space that describes the finite number of payoffs in the moddl), pr
will fail to bein P and buyers will have to mix over price offers at s4(F) to make type L sdlersindifferent
between s (F) and s4(F). Because commoditiesare sold only at the maximal price offered at agiven signal,
itisnot completely trivial to show that the appropriate mixture can indeed arise as an equilibrium outcome.

2Aperiodicity follows from the fact that, for any state, there is positive probability that no agents are
replaced and no agents receive the learn draw, causing the system to remain in its current state.

24We concentrate on the supports of the limiting distribution because, unlike the details of the limit
distributions, limit sets are independent of the probability of receiving the learn draw i and independent of
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Definition 6 Aset L* C ©isalimit set if it isthe support of alimit distribution.

Each absorbing set A; contains a unique limit set. Lemma 3, below, shows that limit sets
will usually contain large numbers of states. These states may well produce a variety of
outcomes. We will be especially interested in whether the evolutionary model selects a
“stable” outcome of G in the sense that all states appearing in alimit set of G produce the
same outcome:

Definition 7 If there is an outcome p* such that every state in a limit set L* results in
outcome p*, then we say that p* is a stable outcome for G or that p* is stable.

Even if every limit set yields a stable outcome, there may be multiple stable outcomes.
Which stable outcome characterizes the limiting behavior of the evolutionary process will
then depend on initial conditions and the realization of the random learning and mutation
processes. We can avoid these complications if there is only one stable outcome:

Definition 8 If every limit set yields the stable outcome p*, then we say that p* is the
global outcome of G or that p* is globally stable.

Wenow turn to the question of which outcomesare stable outcomesor global outcomes.
Our key result here isthat a stable outcome must be a*“locally stable” outcome. To define
this latter concept, we first identify absorbing sets of the learning dynamics that can be
linked together by single mutations. Let M(6) be the set of all states that can be reached
from state § withasingle mutation. For X C O, let M(X) denote the union of the sets M ()
for 6 € X. We then have the following definition of alocally stable component, which is
equivalent to the one given in Noldeke and Samuelson [16]:

Definition 9 A non-empty set C C A(0) isa locally stable component if it isminimal with
respect to the property:

Vo' € A(0)\ C: M(C) N B(¢',0) = 0. (18)

Outcome p* is a locally stable outcome, or p* islocally stable if there exists a locally
stable component C such that the outcome of every statein C is p*.

Condition (18) requiresthat alocally stable component be stable against single mutations
inthefollowing sense: from any state that can be reached from alocally stable component
viaasingle mutation, the learning dynamics must lead back to a state in thelocally stable
component.?® (Because C C A(0), the learning dynamics can never cause the market

the probability distributionsfrom which best responses and mutants' conjectures are selected.

2The minimality requirement in the definition of alocally stable component plays the same role as the
minimality requirement in the definition of an absorbing set. It ensuresthat alocally stable component does
not contain a subset of states from which it isimpossible to reach the other states in the component with a
single mutation.
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to leave a locally stable component without mutations.) Every absorbing set A; of the
perturbed dynamics must contain at least one locally stable component: A; must contain
at least one absorbing set of the learning dynamic. Since it is not possible to leave A;
with any number of mutations it then follows that A; must also contain a locally stable
component.

The following result states that limit sets are unions of locally stable components.

Proposition 3 Let 4 be containedinalimit set L*. Then 6 iscontained in a locally stable
component C. Furthermore, all ¢’ € C are contained in the limit set L*.

The proof of Proposition 3 is a straightforward modification of arguments developed by
Young [26] and Samuelson [19], and is omitted. To see the intuition behind this result
(which is explained in some detail in Noldeke and Samuelson [16]), note that the system
can move from one absorbing set of the learning dynamics to another only via mutations.
As the probability of a mutation gets arbitrarily small, limit sets will consist of those
absorbing sets of the learning dynamics that are the “easiest to reach” in the sense that
it takes the fewest mutations to reach them from other absorbing sets of the learning
dynamics. If states # and 6" are both singleton absorbing sets, and if a single mutation
(plus subsequent learning) sufficesto movethe system from# to §’, then 0’ must be at least
as easy to reach asf. The absorbing set ¢ will then appear in alimit set only if ¢’ does. A
similar statement applies to nonsingleton absorbing sets. Hence, if one state of alocally
stable component appears in alimit set, so do all states in the locally stable component.
Furthermore, it takes fewer mutations to move from an absorbing set that is not part of
alocally stable component to one that is contained in alocally stable component than it
takes to move in the reverse direction, so only locally stable components appear in limit
sets. Hence, limit sets are unions of locally stable components.
Proposition 3 leads to asimple necessary condition for the stability of an outcome:

Corollary 1 Outcome p* is a stable outcome only if it is a locally stable outcome. If
every statein every locally stable component resultsin an outcome p* then p* isthe global
outcome of G.

From Corollary 1, an obvious way to begin our search for stable and global outcomes
isto investigate locally stable components. We will find the implications of local stability
to be sufficiently strong that little further investigation is needed.

In verifying that a set of states is a locally stable component, we will often exploit
the fact that if alocally stable component contains an equilibrium state it must contain all
equilibriathat differ only in the prices offered at unused signals and agents' conjectures
about these prices:

Lemma 3 Let C be a locally stable component and let & € C be an equilibrium. Then C
containsall equilibria " such that

ac A UA; = aa(0) = aa(d). (19)
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Proof: Consider equilibrium state ¢ in alocally stable component C. Let equilibrium
state 0" satisfy (19). Then 0 and ¢’ differ only in prices offered at unused signals and
conjectures about these prices. Let a single mutation occur that for some agent a changes
o?(f) to o2(#"). Thismutation does not affect thesignal agent a sends (if aisaseller) or the
prices that a offers at signalsthat are sent (if a is abuyer) and thus yields an equilibrium
61 with p(01) = p(f). Hence, 0, € M(#) and since ¢, is an absorbing state of the learning
dynamics, #; € C. By asequence of such transitions, one can move from ¢ to ¢’, giving
0" € C. O

Finaly, to be alocally stable outcome is a hecessary condition for an outcome to be
a stable outcome, but is not sufficient, because (a) a limit set may consist of multiple
locally stable components yielding different outcomes and (b) there may belocally stable
components that do not appear in limit sets. However, Corollary 1 indicates that if all
locally stable components yield outcome p*, then p* is not only a stable outcome, but
also the global outcome. A special case to which this corollary obviously appliesis the
following:

Remark 2 Let there be a unique locally stable component. Then this component must be
the unique limit set. If all statesin the locally stable component give outcome p*, then p*
isthe global outcome.

5 Necessary Conditionsfor Stability

51 Minimal Equilibria

This section begins our investigation of stability by deriving asimple necessary condition
for local stability of an equilibrium outcome, namely that the equilibrium outcome be
minimal.

An equilibrium state ¢ is said to be separating if S (4) N S4(#) = 0. An equilibrium
is said to be quasi-separating if S(7) € S4(F) and S4(8) € S.(F), so that for each
type of seller thereis at least one signal sent by only that type. An equilibrium is said
to be pooling if S.(0) = S4(¢) and is said to be quasi-pooling if S () C S4(0). If an
equilibrium is neither quasi-pooling nor quasi-separating (i.e, Sy C S but § ¢ &),
then we say that it ispartially separating. We are led to these definitions by Proposition
4 below, which shows that quasi-separating and quasi-pooling equilibria are essentially
disguised separating or pooling equilibria. The same is not true for partially separating
equilibria. Wewill often devote attention to equilibriathat are either separating or partialy
separating, which we will denote as (partially) separ ating.?

28|f amarket has no equilibrium, then it has no singleton absorbing sets (Proposition 1) and every limit set
must be a union of nonsingleton absorbing sets of the learning dynamics. There isthen no stable outcome.
The most interesting games from our perspective are thus ones with an equilibrium outcome.
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Neither S (9) nor S4() needs to be a singleton in order for 6 to be an equilibrium,
though S_(9) N $4(8) must be a singleton in every equilibrium (from Assumption 1). In
particular, S (¢) = $4(#) must be asingleton in any pooling equilibrium. In order for p(9)
to be a stable outcome, however, mutations must not alow indifferent agents to “drift”
between signals. To make thisidea precise, we first need a definition:

Definition 10 A pure strategy equilibriumé isminimal if 6 is one of the following:

(10.1) A separating or pooling equilibrium in which both S (¢) and S4(¢) are
singletons.

(10.2) A partially separating equilibrium in which S;(¢) is a singleton and S_(6)
contains two elements (one of which must be the signal contained in §;(6)).

Notice that in any minimal equilibrium, thereis only one signal used by H sellers, which
we will denote s4(#). In a partially separating or pooling equilibria there will also be L
sellers using s4(¢). We will find it convenient to let s_(#) denote the signal (if it exists)
used only by L sellersin aminimal equilibrium.

By Assumption (1), all pooling equilibria must be minimal. Generically, all pure
strategy equilibriain the game G are minimal and satisfy (10.1). Additional pure strategy
equilibriaarise only out of coincidental payoff ties that render agents indifferent between
signals. While it would be easy to rule out such indifferences by assumption, we prefer
not to impose such an assumption since the partially separating equilibria described in
(10.2) mimic mixed strategy equilibriain the Cho-Kreps game.

We now show that every component containing an equilibrium also containsaminimal
equilibrium of the “same type”:

Proposition 4 Supposed isa quasi-separating (quasi-pooling, partially separating) equi-
librium state. Then there exists a minimal separating (pooling, partially separating)
equilibrium ¢’ such that

Sr(0) < Sr(9) (20)
Ur(0) > Ur(9). (21)

Furthermore, if 6 is contained in a locally stable component C, then ¢’ is also contained
inC.

Proof: See Appendix. O

To see why thisresult holds, consider first an equilibrium ¢ inwhich there are multiple
signals that are sent by type T € {L,H} and only type T sellers. Then any mutation
switching a type T seller from one to another of these signals does not affect utilities
and gives a new equilibrium contained in the same component as /. A sequence of such
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mutations yields an equilibrium in the component containing ¢ in which there is at most
one signal sent by only typeL sellers, at most one signal sent by only H types, and at most
one signal sent by both types (from Assumption 1). Let this new equilibrium be called
¢'. If 0 is quasi-separating, then all three signals are sent in §’. A further sequence of
mutations and learning can then switch sellers away from the signal sent by both typesto
the other two signals, yielding a minimal separating equilibrium. If 4 is quasi-pooling,
then only thelatter two signalsaresentin §’. A further sequence of mutationsand learning
can then switch sellers from the signal sent only by H types to the signal sent by both
types, yielding a minimal pooling equilibrium. If ¢ is partially separating, then only the
firstandthirdsignalsaresentin¢’. Inthiscase, ¢’ isaready aminimal partially separating
equilibrium. Note that it need not be the case that a partially separating equilibrium is
contained in a component that also contains either a minimal separating or a minimal
pooling equilibria.

Propositions 4 (for singleton absorbing sets) and 2 (for nonsingleton absorbing sets)
imply that every locally stable component contains a state in which at most two signals
are used. Such “minimal” states are the ones which are most vulnerable to mutations
(which only affect unused signals) and thus provide the obvious starting point to test
whether agiven component islocally stable. In addition, the following isimmediate from
Proposition 4:

Corollary 2 Every locally stable outcome is the outcome of a minimal equilibrium.

5.2 Sequential Equilibria

Our definition of equilibriumimposes no constraints on choicesat signalsthat arenot used
in an equilibrium state, and no constraints on conjectures about these choices, beyond the
requirement that the unused signals not be conjectured to be best replies. By having sellers
conjecture prices below pg at unsent signals, we may then be able to construct equilibria
which cannot be supported as sequential equilibrium outcomes (i.e., are not contained in
O).

It would appear as if such nonsequential equilibrium outcomes cannot be stable out-
comes. There must be a single mutation by some seller, endowing him with a conjecture
that aprice at least as high as p;(s) is offered at each out-of-equilibriumsignal s, that trig-
gers adeviation; with the learning dynamics then apparently raising the prices at unused
signalsto at least p;; and hence leading to an absorbing set contained in ©. However, it
may be the case that the only way to reach an absorbing set of the learning dynamics after
an initial mutation is for a crash to reduce the price at some signal s below pj(s). The
resulting absorbing set may then not be a sequential equilibrium and sequentiality is not
anecessary condition for stability.?’

2Both sequentiality of locally stable outcomes and Lemma 4 below automatically obtain if the learning
dynamicsisrestricted to statesin ©. With thisrestriction the gamein Example 1 has a uniquenon-singleton
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absorbing set containing its four-state cycle.
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To see the issues involved here, consider the following example:

p L PH p L P H
u -10 -2 1 8 -14 -6 -3 4
Uy -10 -2 1 8 -6 2 5 12
S St
Example 1

Therearetwo signals, s, and s;. At each signal thereare four prices, including pricep, the
competitive pricewhen facing only L sellers, the competitive price when facing the pool of
all sellers, and the competitive price when facing only H sellers. We label the latter three
pricesL, P, and H, and then need report only seller payoffs. The payoffs given are those
of an L seller (top row) and H seller (bottom row) for each signal and price combination.

This market has no separating equilibria. There are pooling equilibria, in which signal
S Issent and price p must be conjectured at s; by all H sellers, so that the corresponding
equilibrium outcome p* is not a sequential equilibrium outcome. There is aso a unique
four-state cycle, corresponding to a mixed strategy equilibriuminwhichH sellerssend s
and L sellersmix between sy and s;. Thisfour-state cycleis not contained in an absorbing
set, instead lying in the basin of attraction of a pooling equilibrium giving outcome p*. In
particular, at that point in the four-state cycle in which L sellers have just switched from
signal s to s, there is a positive probability that the market price at signal s; fallsto p
and all sellers switch to 5, leading to outcome p*. By Proposition 2 thisimplies that all
absorbing sets of the learning dynamics are singletons, resulting in the pooling outcome.
Consequently, the non-sequential outcome p* isthe unique locally stable outcome of the
game and also the global outcome of the game.®

The non-sequential pooling outcome p* in Example 1 can be supported by conjectures
for L (but not H) sellers which are concentrated on competitive prices. The following
lemma shows that thisis no coincidence: every locally stable component must contain a
state in which L sellers obtain a utility level which is at least:

Up = maxpy(s) — cu(9),
and hence which can be supported by “sequential conjectures’ for L sellers.
Lemma 4 Every locally stable component contains either an equilibrium ¢ satisfying
UL(9) > UL (22)

or afour-state cycle F satisfying )
UL(F) = UL. (23)

280nemay conjecture that the non-sequential pooling equilibriumisaglobal outcomein Example 1 only
because the market has no pure strategy sequentia equilibrium outcome. However, there exist games (with
more signals) in which a nonsequentia separating equilibrium is the globa outcome, even though a pure
strategy (pooling) sequentia equilibrium exists.
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Proof: See Appendix. O
The inequality in (22) must be an equality if ¢ is (quasi- or partially) separating.

5.3 Undefeated Equilibria

Lemma 4 establishes a lower bound for the utility level of L sellers in a locally stable
outcome. The resultsin this section are driven by considerationsinvolving H sellers. In
particular, it is shown that an equilibrium outcome ¢ failsto be alocally stable outcome
if it isthe case that a mutation could cause H sellers to deviate to their equilibrium signal
in adifferent minimal equilibrium 6" in which they receive a (weakly) higher utility level
thanin §. Formally, let us define:

Definition 11 A minimal equilibrium ¢’ H-dominatesa minimal equilibrium ¢ if
Un(6) > Un(9) and s4(6") & SL(0) U Sa(0). (24)
If there is no minimal equilibrium H-dominating # then we say that § is H-dominant.

Notethat the definition of H-dominance differsfrom more standard dominance notions
inthat theH sellers equilibriumsignal iné’ must beunusedind. Thisconditionisrequired
so that mutations can work on s4(¢’) to lead the market from 6 to the H-dominating
equilibrium.?®

If 6 isnot H-dominant, then p(#) cannot be a stable outcome because a single mutation
can cause an H seller to send the signal that he sendsin the equilibrium ¢’ that H-dominates
. Because this gives H sellers a higher payoff than equilibrium 6, learning dynamics
ensue that can lead to #’, precluding the stability of p(#). More precisely:

Proposition 5 If p(f) isalocally stable outcome then ¢ is H-dominant.

Proof:  See Appendix. O

Together, Proposition 4, Lemma 4, and Proposition 5 have strong implications for the
number of locally stable outcomes:

Corollary 3 No game G has more than two locally stable outcomes. If a game has two
locally stable outcomes, p and p’, then one of themis the outcome of a minimal pooling
equilibriumé’ and the other isthe outcome of a minimal (partially) separating equilibrium
¢ satisfying
sL(9) = ().
2%The ability of unused signals to upset equilibriaand the conditions under which such signal's exist has

been a major theme of the chesp talk literature (see, e.g., Nachbar [14], Blume, Kim and Sobdl [2], and
Sobel [20]).
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Proof: ~ Wefirst note that there can be at most one locally stable pooling equilibrium
outcome. In particular, if there were more than one such outcome, then one would
H-dominate the other, contrary to Proposition 5.

We next show that there can be at most one locally stable (partially) separating equi-
librium. Suppose ¢ is (partially) separating and p(6) islocally stable. Then 6 is minimal
(Corollary 2), and H-dominant (Proposition5). Let S = {s: p5(s) — c.(s) = U }. We
arguethat s (9) istheuniquesignal in S.. First, Lemma4impliesthat 5 (9) € S.. Second,
by Assumption 2,

D050 (SH(0)) > Po(Su(6)),

and since U (A) = U > P05y (SH(0)) — cL(su(P)) (because § is an equilibrium), we
must then have s4(0) ¢ S.. So, if s .(#) were not the unique element in S_ then any other
s € S would be unused in the minimal equilibrium ¢. Suppose such asignal s exists.
Consider a single mutation that causes an L seller (by endowing him with the conjecture
that a price p(S) is offered at ) to switch from s (¢) to S. Then let a competitive learn
sequence occur. |If

Un(9) > po(s) — cu(s),

then a subsequent learn draw for all sellersestablishes an equilibriuminwhichthelL seller
continues to send s, contradicting local stability of p. If thisinequality is reversed, then
there must exist apooling equilibrium at signal s' that H-dominates ¢, again contradicting
the local stability of 9 (Proposition 5). Hence, s_(0) isthe unique element of S .

Now suppose there exists a locally stable outcome p(8') Z p(f). If ¢ is (partialy)
separating then the preceding argument showss_(0') = s (). Furthermore, s4(9) = s4(0")
since otherwise § and ¢’ cannot both be H-dominant. Thisin turnimplies

Poo.sa0) ($1(9)) = Phar .01 (S (0)),

and it is then easy to see that § and ¢’ must lie in the same locally stable component,
contradicting the local stability of both p(#) and p(9’). Hence, there can be at most one
(partially) separating locally stable equilibrium outcome.

Finally, if 6 is a (partially) separating, locally stable outcome and ¢’ is a partially
stable, pooling equilibrium outcome, then §” must be a pool at either s () or s4(9), since
otherwise either 0 or ¢’ would fail to be H-dominant. If ' wereapool at s4(), then, from
Assumption 2, U, (") < UL (#) = UL. A strict inequality contradicts Lemma 4 for ', If
equality holds, # and §" are contained in the same component, contradicting local stability
of both p(#) and p(9"). O

Notice that this proof establishes:

Remark 3 No (partially) separating outcome is a locally stable outcome if there are
multiple signals s at which U, = pg(s) — c.(9).
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Example 3 below shows that markets exist in which there are two stable outcomes.

Mailath, Okuno-Fujiwara and Postlewaite [13] have recently introduced the notion
of one equilibrium defeating another in a Cho-Kreps signaling game. The following
definition is a dight modification of the one offered by Mailath, Okuno-Fujiwara and
Postlewaite [13].%°

Definition 12 Let states # and 6’ be minimal equilibrium statesin ©. Then ¢’ defeats 6 if
there existsa signal s, unused in # but used in ¢" such that, for T € {L,H},

s € §(0") = Ur(¢) = Ur(0) (25)

with at least one strict inequality. A minimal equilibrium ¢ is undefeated is there is no
minimal equilibrium defeating it.

The intuition behind this definitionis that, beginning with the defeated equilibrium, a
seller can send an out-of-equilibrium signal that promptsbelief revisionsthat not only lead
away from the defeated equilibrium (as is the case in most refinements) but also leads to
the defeating equilibrium. While Mailath, Okuno-Fujiwara, and Postlewaite develop this
intuition in a model with rational agents, the following result shows that our evolutionary
approach provides an alternative justification for focusing on undefeated equilibria.

Corollary 4 If p(6) isalocally stable outcome, then equilibrium ¢ is undefeated.

Proof: Let p(#) bealocally stableoutcomeandlet § bedefeated by ¢’. From Lemma4, we
have UL (9) > U.. Then ¢’ candefeat 6 only if Uy (0’) > Un(9) and sy (0') € S.(0) U S (0),
ensuring that ¢ is not H-dominant and hence (Proposition 5) that p(¢) isnot alocally stable
outcome. O

6 Stable Separating Equilibria

The results in the previous section establish necessary conditions for an outcome to be a
locally stable outcome. In this section we search for sufficient conditions under which a
separating equilibrium outcome is either alocally stable outcome or the globally stable
outcome.

From Remark 3 it is without loss of generality to require, throughout this section:

Assumption 5 Thereexistsa uniquesignal s such that

UL = p5p(s) — ceu(s) (26)

30Mailath, Okuno-Fujiwara and Postlewaite restrict attention to sequentia equilibriain the Cho-Kreps
game and requirethat Sr(¢) and Sr(¢') both be singletonsfor each T (so that they exclude minimal partially
separating equilibria from the discussion). They also require more stringent conditions for defeat if the
inequality in (25) isweak for onetype.
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Our first Lemmacombines previousresults to establish that we can limit our search to
outcomes that are Riley outcomesin the sense of the following definition:

Definition 13 Anoutcomep* isthe Riley outcomeof G if there existsa minimal separating
equilibrium 6 with p(#) = p* such that

UL(9) = UL
and for all quasi-separating equilibria 6’ with p(¢’) # p*:
Un(9") < Un(h).

Note that a game satisfying condition (26) cannot have more than one Riley outcome,
so that we can speak of the Riley outcome. We let s; denote the signal used by type T in
the Riley outcome.

Lemma5 Supposep* isalocally stable outcome of a quasi-separating equilibrium. Then
p* isthe Riley outcome of G.

Proof: Let ¢ be a quasi-separating equilibrium with locally stable outcome p*. Then
0 is minimal (Corollary 2) and hence separating, and U, () = U_ (Lemma 4). Suppose
there exists a quasi-separating equilibrium 6’ with p(¢') # p* satisfying U, (6") = U, and
Un (0" > Uu(9). Sinced is H-dominant (Proposition 5), it cannot be that ¢’ is separating
and satisfies S4(0") 7 {s4(0)}; since otherwise there would exist a minimal separating
equilibrium H-dominating ¢ (cf. the proof of Proposition 4). Similarly, if ¢ is not
separating, it must satisfy Sr(6’) = {sr(0),s} for somes € S\ {s.(4),s4(0)}. Itisthen
easy to see that ¢’ and # are contained in the same locally stable component, contradicting
the fact that 6 isalocally stable outcome. Hence p* must be the Riley outcome. O

The only possible locally stable separating equilibrium outcome is thus the Riley
outcome. From Proposition 5 and Corollary 4, however, we know that a Riley outcome
need not be locally stable. In particular, there may be pooling equilibria H-dominating or
defeating the Riley outcome, in which case our market doesnot choose the Riley outcome.

Even an H-dominant Riley outcome may fail to be localy stable. Consider the
following example:

L P H L P H
Uu 2 5 8 -8 -3 2
Uy 2 5 8 -4 1 6
S St
Example 2

31This outcome may be produced by a large number of different states, where these states differ in
conjectures and behavior at unsent signals.
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This game has a pooling equilibrium in which all sellers send signal s, yielding payoffs
(Ur,Up) = (5,5); aswell asaseparating equilibriuminwhich L sellerssend signal s while
H sdlers send s, for payoffs (2,6). The separating equilibrium yields an H-dominant
Riley outcome but is not a locally stable outcome. In particular, given the separating
equilibrium, mutations can shift L sellers to signal s; without leaving the component
containing the separating equilibrium outcome. This can continue until such a mutation
takes the system outside this component, at which point buyers are prompted to switch to
price P a signa s;. Learning can now induce all sellersto switch to signal s, giving the
pooling equilibrium and precluding local stability of the separating equilibrium.

The key to the instability of the Riley outcome in Example 2 isthat L type sellers are
indifferent between their equilibrium signal and the signal sent by H sellers. If we exclude
such indifferences, we achieve local stability:

Proposition 6 Let p* = p(#*) be an H-dominant Riley outcome. If §* satisfies

Po(s) —auls) > pi(sy) —au(sy) (27)
Pa(S) — G (sh) > Po(S) — cu(s), (28)

then p* isa locally stable outcome.

To see the intuition behind this result, let state 6* correspond to the Riley outcome.
While amutation can result in astate that induces sellersto leavetheir equilibriumsignals,
subsequent adjustments can never cause buyersto deviate from the competitive pricesthat
they offered at the equilibrium signals. The essential steps in establishing this are that
the equilibrium 0* is separating and (27)—28) hold with strict inequality. In particular,
separation ensures that no matter which subset of sellers leave their equilibrium signal,
the competitive price at the signal remains unchanged; and the strict inequalities ensure
that all sellers will prefer to return to their equilibrium signals instead of mimicking the
equilibrium signal of the other type.3? Hence, just as it is presumed in most refinement
concepts, the origina equilibrium payoff aways remains “available” for sellers after
a deviation from a separating equilibrium has occurred. The availability of the original
equilibrium payoff ensuresthat the learning dynamicscannot convergeto an equilibriumin
which some type of the seller recelvesalower payoff than in the original equilibrium. The
remainder of the proof then consists of showing that because the separating equilibrium
yielding the Riley outcome is H-dominant, the learning dynamics cannot converge to an
equilibrium (or reach anon-singleton absorbing set) that gives sometype of seller ahigher
payoff. Consequently, the learning dynamics must return to a state yielding the Riley

%Noticethat if pi(sy) = prAHll(lAHlﬂ)(s‘;),which will holdif the population of sellersissufficiently large,
then (27)-(28) are necessary for the local stability of a separating equilibrium outcome; since otherwise
mutations could allow indifferent sellers to drift between equilibrium signals without affecting prices,
leading to new equilibriathat vitiate the local stability of 6*.
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outcome. Hence, thereisalocally stable component in which every state yields outcome
p(07).
Proof: It sufficesto show that there existsaset X € © with the following properties:

(6.1) X isclosed under the learning dynamic I (0).

(6.2) If 0 isasingleton absorbing set of '(0) with p(8) = p*, then every state that
can be reached from # viaa single mutation is contained in X.

(6.3) All absorbing sets of '(0) contained in X are singletons giving outcome p*.

Let X be the set of states § that satisfy:

ca=Sr=achA, T=LH (29)

ac A = oa(s) = Po() (30)

a € Ag = oa(s)) = Pa(sh) (31)

acAr = o_a(s,p5(s)) =|As|, T=L,H (32)
acAr=o_a(s,Pi(sy) = |As|, T=L,H. (33)

(29) states that any sellers that send signal s° (if any do) are L type sdllers, while s, is
sent (if at all) by H sellers. (30)-(31) state that all buyers offer the competitive price at
signa s (given that only L types send this signal) and s, (given that only H types send
thissignal). (32)-(33) state that seller conjectures match this behavior.

(6.1) We need to show that X is closed under the learning dynamics, i.e., V8 € X and
0" € ©,wehaveld € B(#',0) = 0’ € X. To verify this, fix astate §; € X and consider the
state ;.1 to which the learning dynamics might move the market. Noticefirst that abuyer
who receives the learn draw will change conjectures about the sellers who send signalss
and s, only if some sellers send these signals. Because only type T sellers send signal s;
(from (29)), the new conjectures must make prices p;(s°) and p;(s;) optimal, and hence
conditions (30) and (31) must hold in 0.;. Because buyers' offer prices according to (30)
and (31) in state 6;, then sellers’ conjectures about the prices at §° and s/, cannot change,
so that conditions (32) and (33) must be satisfied in 6., Given these conjectures, by (27)
S isabetter response for L sellersthan s, and by (28) s, a better response for H sellers
than s°. Hence, no seller will adopt the equilibrium signal of the other type, implying that
(29) also holdsin 6., and giving the result.

(6.2) Next, suppose ¢ is an absorbing state of the learning dynamics and p(6) = p*.
Then by construction ¢ is contained in X. In addition, conditions (27) and (28) ensure
that a single mutation cannot induce an L seller to adopt signal s, or an H seller to adopt
s. Nor, since these signals are used, can a mutation affect prices at these signals or
conjectures about these prices. Hence, every state that can be reached fromé viaasingle
mutation is contained in X.
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(6.3) It remainsto show that if an absorbing set of the learning dynamicsis contained
in X, then that absorbing set is a singleton resulting in the Riley outcome.

Absorbing states. First, we show that there cannot be an absorbing state §” € X such
that p(0') = p’ 7 p*. If such a state were to exist, by Proposition 1, p’ is an equilibrium
outcome. Because 0’ € X, we have U, (0") > U, (0*) and Uy (9’) > Un(0*) (because a
type T seller could earn payoff U+ (#*) by choosing signal s;) and s; ¢ Sri(0') for T Z T'.
Now suppose s, ¢ Sy(¢'). By Proposition 4 there then exists a minimal equilibrium 6”
withs4(0”) € {57, s} and Uy (6") > Uy (0') > Uyx(9*), contradicting the assumption that
¢ isH-dominant. It then followsthat s, € S4(6"). We now consider three possibilities.

Case 1: ¢’ cannot be quasi-separating, because the existence of a quasi-separating
equilibrium outcome satisfying U (9") > U, () and Uy () > Uy(9) contradicts the
assumption that p* isthe Riley outcome.

Case 2. ¢’ cannot be pooling, because every pooling equilibrium is minimal and
hence 5, € S4(¢") implies s.(#) = s, contradicting #" € X. If §’ were quasi-pooling,
there would exist aunique signal s ¢ {s', s, } used by both typesin ¢’ and the proof of
Proposition 4 then shows that there exists a pooling equilibrium at S H-dominating the
Riley outcome, a contradiction.

Case 3. ¢’ cannot be partially separating, because S4(¢') C S (¢') contradicts the
assumption ¢’ € X.

Nonsingleton absorbing sets. Second, there cannot be a nonsingleton absorbing set
Y in X. If such a set existed, then Proposition 2 would alow us to conclude that there
exists a four-state cycle F C Y. Because F C X, we must have U_(F) > U_(6*) and
hence (by Assumption 5) s (F) = 5. In addition, s4(F) # 5, (because s4(F) = s/, would
make it impossiblefor L sellersto switch to s, (by (27)). Furthermore, we must have, for
T e {L,H},

P — cr(sH(F)) < Ur(07). (34)

For type H, thisinequality followsfrom the fact that * isan equilibrium and Assumption
4. For typelL, the inequality follows because it is a best response to switchto s (F) = 5
when p;o(sH (F)) > pisoffered at s4(F). But these inequalities contradict the assumption
that the four-state cycle F is contained in an absorbing set: Consider the state 4 in F,
and let a crash reduce the price at s4(F) to p. Then let dl sellerslearn. Since the payoff
U+t (07) is available, al sellers will leave s4(F). Once they have left, sellers can never
return to sy (F) since (34) implies that choosing s; is always a strictly better response in
any subsequent statein X. O

The following example shows that the conditions of Proposition 6 do not suffice to
ensure that the Riley outcome isaglobal outcome. This example also shows that markets
exist in which there are two stable outcomes, so that the limit of at most two stable
outcomes established in Corollary 3 istight.
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L P H L P H
Uu 2 5 8 -6 -3 0
Uy 2 5 8 -2 1 4
S S
Example 3

This game has two limit distributions. One gives the pooling equilibrium outcome
(in which signal s is sent) as the stable outcome, the other the separating equilibrium
(in which L sdllers send 55 and H sdllers send s;), which is the Riley outcome. Two
limit distributions exist because mutations cannot lead the system from the pooling to the
separating equilibrium or vice versa. Mutations cannot lead the market away from the
pooling equilibrium because the pooling equilibrium provides higher payoffs than any
payoff available from signal s;, and hence no conjecture can induce a seller to abandon
the pooling payoff at signal s, to send signal s;. Similarly, no mutation can induce either
seller to leave his separating equilibrium signal, since doing so requires sending the other
signal that, by the construction of a separating equilibrium, must earn a lower payoff .3

The difficulty in Example 3 is that the pooling equilibrium (as well as the Riley
outcome) is H-dominant, making it impossible for a single mutation to move the market
from the pooling to the separating equilibrium. If no H-dominant pooling equilibrium
exigts, then it isimmediate from Corollary 3 that, under the conditions of Proposition 6,
the Riley outcome is the unique locally stable outcome. In fact, we can show that there
isno other locally stable component in such a case, yielding the much stronger result that
the Riley outcomeis the global outcome:

Proposition 7 Suppose p* satisfies the assumptions of Proposition 6 and there exists no
H-dominant pooling equilibrium. Then p* isthe global outcome of G.

The intuition for this result is that every locally stable component must contain a
minimal equilibrium (or four-state cycle) in which type L sellers receive at least U,.
Consider a component containing such an equilibrium outcome p(¢) (the argument for
the case of afour-state cycle is smilar) that is not the Riley outcome. Since the Riley
outcome is the unique H-dominant outcome, H-type sellersreceive alower utility in p(6)
than in the Riley outcome. H-type sellers thus have an incentive to leave such an 6§ for
their equilibrium signal in the Riley outcome. L-type sellersin turn do not want to mimic
such a deviation as long as they conjecture that they are guaranteed the competitive price
against L typesat any signal. Consequently, asingle mutation by an H-type seller suffices
to reach the basin of attraction of an equilibrium yielding the Riley outcome, implying
that the original component is not locally stable. There is then only one locally stable
component, giving the Riley outcome, which is thus the global outcome.

33glightly more complicated versions of thisexample, with more signals, can be constructed in which the
separating equilibrium does not use al of the signals.
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Proof: We will show that every locally stable component must intersect the set X intro-
duced in the proof of Proposition 6. Our claim follows, since minimality of locally stable
components then impliesthat every locally stable component must be contained in X and
hence must yield the Riley outcome p*.

Lemma4 impliesthat every locally stable component C contains either an equilibrium
0 satisfying U, (9) > U, or afour-statecycleF satisfyingU, (F) > U,. Let usfirst consider
the case in which C contains an equilibrium ¢ satisfying this condition. By Proposition 4
we may assume that this equilibrium is minimal. Suppose p() Z p*. Then we must have
s4(9) # s since there is no equilibrium satisfying U (6) > U_ in which type L sellers
choose 5, (from (27)), implying that if s4(9) = s}, then § must be separating in order to be
minimal and hencemust yield the Riley outcome. Because thereisno H-dominant pooling
equilibrium (by assumption) and ¢ is H-dominant, we must have Uy () < Uy(6*). By
Lemma 3 we can obtain a state ¢’ in C that has the same outcome as ¢ but has all buyers
offering p;(s;) a . We can also suppose that in ¢’ all L sellers conjecture to receive
ps(s) at al signals not used in §. Given such a state ¢’ € C a single mutation by an H
seller that causes him to conjecture that p;(s),) is offered at s/, will cause this seller to
send signal s7. The following learning sequence then reaches a state in X: First, all H
sellers receive the learn draw and switch to s7,. Next, buyers receive a competitive learn
sequence, which can reduce the price at 5 no lower than pj(s'), since there are either no
sellers sending s° (yielding no price revision) or only L sellers (yielding p;(s’)). Then
all sellerslearn, causing all L sellersto send s, which must be the unique best response
against their conjectures, and all H sdllers to remain at 5. Another competitive learn
sequence for buyers establishes a state in X.

We now consider the case in which C contains afour-state cycle F satisfying U, (F) >
UL. By Assumption (5) such a cycle must satisfy 5. (F) = 5. Because 5 isused by L-
types, the price pi(s’) must be offered at s, and conjectures must match this action. The
signal chosen by H types cannot be 5}, because L sellers would not leave the competitive
priceat s° to accept price p;(s;), asrequired by the four-statecycle. Consider state§ < F.
Suppose a crash yields a state in C at which the price has been reduced to p at s4(F).
Now let a single mutation cause an H seller to adapt the conjecture that p is offered at
all unused signals, except for 7, where he conjectures that p;(s);) is offered. Because §*
is an equilibrium it must be a best reply for this seller to switch to s7,. Now let buyers
receive a competitive learn sequence. Buyerswill then offer pj(s’) at s° and p;(s)) at s5;.
Furthermore, only L sellersareusing 5¢ and only (one) H seller isusing 5. A learn draw
for al buyers must then yield astate in X, establishing that C intersects X. O

7 Pooling and Partially Separating Equilibria

The previous section has shown that the unique candidate for alocally stable separating
equilibrium outcome, namely an H-dominant Riley equilibrium, is indeed locally stable
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as long as no buyer is indifferent between the two signals used in the equilibrium. If this
isthe only H-dominant equilibria, then its outcome is a global outcome.

Are similar results true for H-dominant pooling or partially separating equilibrium
outcomes? This section answers this question negatively.

The following example shows that an H-dominant pooling equilibrium may not only
fail to be localy stable (even though its payoff strictly dominates every other available
equilibrium payoff), but may not even appear in alimit set.

L P H L P H L P H
Uu 2 5 8 -6 -3 0 -8 -2 4
Uy 2 5 8 -2 1 4 -6 0 6
S St S
Example 4

This market contains a H-dominant pooling equilibrium (in which signal s is sent) but
yields a unique limit set and global outcome, consisting of the separating equilibrium
(with L sending s, and H sending ;). To see that the pooling equilibrium is not contained
in the limit set, let the pool be supported by conjectures of priceH at signal s; and either
pricePor L at signa s,. Consider thefollowing sequence that |eads away from the pooling
equilibrium. First, amutation causes an H seller to send signa s,. Buyersthen receive a
competitive learn sequence, setting price H at signal ;. H sellersthen learn, switching to
S,. Buyers again face a competitive learn sequence, switching to priceL at &. L sellers
now learn, switching to s,. A competitive learn sequence now switches buyers to price
P a s,. Seller learning then switches L sellersto sy and H sellersto s, at which point
we have the separating equilibrium, ensuring that the pooling equilibrium outcomeis not
locally stable.

One cannot similarly construct a path from the separating equilibrium to the pooling
equilibrium, and the separating equilibrium outcome is a globa outcome. The difficulty
isthat H sellerswill never switch to signal s, and L sellers will never switchto s; aslong
as price L is conjectured at s; while price L will be conjectured at 55 unless H sellers
switch to &.

Exploiting theforcesthat appear in thisexample, we can show that only under extraor-
dinary circumstances will pooling or partially separating equilibrium outcomes be locally
stable. In particular, if thereis any possibility for mutations to induce any seller to leave
hisequilibrium signal and if there exists any alternative minimal sequential equilibriumin
which H sellers send a currently unused signal, then an H-dominant pooling or partially
separating equilibrium outcome fails to be locally stable:®*

34The requirement that the alternative equilibrium be sequential can be substantially relaxed, but at the
cost of amore complicated statement of the result and aless intuitive proof.



Proposition 8 Let # be a pooling or partially separating equilibrium. Then p(6) failsto
be a locally stable outcome if there exist
(81)asignal s ¢ S () U S4(F) and atype T such that

p—cr(s) > Ur(9)
(8.2) and a minimal sequential equilibrium ¢’ such that
s4(0) & SL(6) U Sa(0).

Notice that p(¢) is not alocally stable outcome even in the case that ¢ is H-dominant
and hence the alternative equilibrium 6’ givesH sellers alower utility than doesé. p(8) is
not alocally stable outcome because mutations can cause sellersto deviate to signal s in
guest of the payoff p — cr(S). This payoff cannot be supported as part of an equilibrium,
causing subsequent strategy adjustments, but these adjustments can lead to 6’ rather than
0, ensuring that p(f) is not locally stable.®®

Proof: Because they are necessary conditions for local stability, we can assume that 6
isminimal (Corollary 2), H-dominant (Proposition 5) and satisfies U (¢) > U, (Lemma
4). From Lemma 3 we can assume that at each signal not used in ¢, all buyers offer the
equilibriumpricefrom #’, except at S whereall buyersoffer p. Sinceé isnot H-dominated
we can assume that all H sellers hold conjectures about price offers at signals unused in
6 which match the actual offersfrom ¢’. We then show that a single mutation can induce
learning dynamics that lead to an equilibrium with outcome p(6’), precluding the local
stability of 4.

Pooling Equilibria. Assume that ¢’ is a pooling equilibrium. By Lemma 3, we can
assume that all L sellers in state § conjecture the competitive price p;(s) at any unused
signal s. Suppose that condition (8.1) holds for type H. Then a single mutation by an H
seller, endowing the seller with the conjecture that price p is offered at s will trigger a
deviation by this seller to S. Thereafter let all H sellers learn, who will then all switch
tos. A competitive learn sequence then establishes a state, say 6", in which pg(sq(9)) is
offered at 54(¢) (and pg(s.(6)) at s.(9) if it exists) and p;(S) isofferedat . First, suppose
S isnot a best reply for H sellers in state §”. Then " must be a pooling equilibrium
at some message other than s. Let H sellers receive the learn draw, which must cause
them to switch to the equilibrium message in state ¢’; and let a competitive learn sequence
establish price p;(s4(9’)) at s4(#). Then letting L sellersreceive the learn draw will cause
them to switch to the equilibrium message in state 6 (because §' is sequential), after which
a competitive learn sequence yields an equilibrium with outcome p(#’). Second, suppose
that s isabest reply for H sellersin state #”. Then alearn draw for L sellers must now
induce them to switchto s.. (If thiswere not the case, then the existing state would be an

3SProposition 8 clearly implies the weaker result that # cannot be locally stable if (8.2) holds and some
seller can be tempted away from ¢ by some competitive price, i.e., if (8.1) holdswith p replaced by p; (S).
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equilibrium and would H-dominate ¢, acontradiction.) If §’ isapooling equilibriumat s,
then afurther competitivelearn sequence will establish an equilibrium with outcome p(9").
(Inparticular, sequentiality of § ensuresthat S remainsabest responsefor all sellerswhen
the competitive price against the pool isoffered at S.) If §’ isa pooling equilibrium at a
different signa, let buyer learning create a crash that reduces the pricetop at s. Given
their conjectures, it must then be abest response for H sellersto switch to the equilibrium
signal in#’. The sequentiality of 6’ then ensures that after a competitive learn sequence, a
learn draw for L sellers and then another competitive learn sequence, an equilibrium with
outcome p(6’) is established.

Next, suppose condition (8.1) holdsonly for type L. Following an argument anal ogous
to that of the preceding case (with a mutation and subsequent learn draw by L rather than
H sellers, followed by a competitive learn sequence), we can then

reach a state in which all L sellers choose s, al H sellers choose s4(f), price pg(S)
isoffered at s, and price p;(s4(#)) is offered at s4(#) (note that these price offersare the
reverse of what they werein the previouscase). If L sellers now receive alearn draw they
must switch to s4(#). (This holds because L sellers can receive at most U, at signal s/,
while U, (9) > U, and the price offered at s (#) hasincreased fromitslevel in equilibrium
6, which (from the proof of Corollary 3) must be less than p;, to p;.) A crash at s4(f)
then establishes a state which is in the basin of attraction of equilibrium with outcome
p(0"). Inparticular, by sequentiality of §’ and Assumption 4 it becomes a best response for
H sellers to switch to s4(6’), where they still conjecture to receive the equilibrium price
from #" (since they have not yet received alearn draw and s4(¢’) is unused in the current
state). The sequentiality of ¢’ then ensuresthat after acompetitivelearn sequence, alearn
draw for L sellers will induce them to switch to s (') = s4(¢’), and a competitive learn
sequence then gives an equilibrium with outcome p(¢’).

(Partially) separating equilibria. Suppose now that ¢’ is (partially) separating. This
implies U (9") = U_ < U_(0) and we can thus suppose that L sellers' conjectures match
the actions from #’. Suppose condition (@) holds for type H. The argument is the same
as in the case in which ¢’ is pooling up to the point in which H sellers have chosen
s and p;(S) is offered at s, which we again call state ”. First, suppose s is a best
reply for H sellersin state 6”. Let L sellers receive the learn draw, at which point they
must switchto s (otherwise we have an equilibrium that H-dominates , a contradiction).
Supposes(¢') = s, which can only occur if ¢’ ispartially separating rather than separating
(otherwise " would H-dominate §). Inthiscase, after acompetitivelearn sequence, it will
become a best response for L sellers to switch to s (9"). Assuming that the appropriate
proportion of L sellers receives the learn draw, followed by a competitive learn sequence,
then allows us to reach an equilibrium state with outcome p(¢'). If s4(0) # S, then let
acrash at s occur. Type H sellers will then switch to s4(9') and, by sequentiality, stay
there after a competitive learn sequence has raised the price at S’ back to pg(s). If ¢ is
separating, then afurther learn draw for L sellers and afurther competitive learn sequence
for buyers establishes a separating equilibrium. If 6" is partially separating, then L sellers
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will first switch to s4(¢) and the argument then continuesasinthe case s4(9) = s. Second,
suppose s isnot abest reply for H sellersin state 6. Then let H sellersreceive the learn
draw, which must prompt them to switch to state s(#’). The argument then proceeds as
in the case of s being abest reply for H sellersin state 0.

If condition (&) holds only for L, the argument from the case in which 6’ was a pooling
equilibrium can be adjusted in an equivalent way. O

Proposition 8 indicates that H-dominant pooling or partially separating equilibriawill
be locally stable only if stringent conditions are met.3® Hence, pooling and partially
separating equilibria generally appear in limit sets, if at al, only if other outcomes also
appear, with the market then cycling between varying outcomes.

Proposition 8 requires that thereis an alternative equilibrium, but the absence of such
an equilibrium is not sufficient to imply that an H-dominant pooling equilibrium outcome
islocadly stable:

L P H L P H
u 0 2 4 -3 -1 1
Uy 0 2 4 1 3 5
S S
Example5

This market has an H-dominant pooling equilibrium, in which signal 5 is sent. There
are no other equilibria, so that condition (8.2) in Proposition 8 fails, though there is a
four-state cycle F with 5 (F) = 59 and s4(F) = ;. The pooling equilibrium is not locally
stable. To see this, notice that the component containing the pooling equilibrium contains
a state in which buyers offer price H at signal s;. Then a mutation causing an H seller
to send signa s, followed by first H sellers receiving the learn draw and switching to s,
and then a competitive learn sequence reducing the price at signal sy to L, yieldsastatein
the four-state cycle. This four-state cycleis contained in an absorbing set of the learning
dynamics, precluding the local stability of the pooling equilibrium.

If pressed, we can find sufficient conditions for pooling equilibriato be locally stable,
but they are nearly trivial. In particular, if thereis no possibility for mutationsto induce a
seller to switch from his equilibrium signal, then a minimal pooling equilibrium must be
locally stable:®”

36The proof of Proposition 8 pointsto a strengthening of Proposition 7. A Riley outcome satisfying the
conditionsof Proposition 6 isaglobal outcome even in the existence of an H-dominant pooling outcome as
long as the pool occursat signal 5 and satisfies condition (8.1)-(8.2).

37Strong as they are, the assumptions of Remark 4 do not suffice for the local stability of a partialy
separating equilibria. In such equilibria there is always the possibility that L types drift from s (0) to
s4(#), causing a crash at s4(¢) and opening the possibility to destabilize the equilibrium. The only
sufficient conditionsfor local stability of partially separating equilibriawe could find are so strong as to be
uninteresting.
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Remark 4 Suppose 4 isa minimal pooling equilibriumand for all signalss # s4(9)
p—cr(s) <Ur(¥), T=L,H. (35
Then p(0) islocally stable.

Even the extremely strong assumptionsin Remark 4 are not sufficient to imply that the
pooling equilibrium outcomeis a global outcome. Condition (35) is satisfied in Example
3, but the pooling equilibrium is not aglobal outcome.

These results lead us to conclude that in the absence of a Riley outcome satisfying
the conditions from Proposition 7, the outcome of the market is extremely unlikely to be
nicely behaved, in the sense that it is extremely unlikely to have a either aglobal outcome
or even locally stable outcomes.

8 Conclusion

The outcome of our signaling market will be nicely behaved aslong asa“good” separating
equilibrium exists. In particular, if the Riley outcome provides H-sellers with a higher
utility than any other equilibrium (and each type of seller strictly prefersits own signal to
that of the other type), then the limiting outcome consists entirely of the Riley outcome.
If aRiley outcome satisfying these conditions does not exist, however, aswill occur when
the Riley outcome is H-dominated, then only under extremely stringent conditions will
the limiting outcome be single-valued. The limiting outcome in these cases will generally
cycle between various equilibriaand, possibly, nonequilibrium outcomes.

Our results allow some interesting contrasts with the refinements literature. First, our
argument that an equilibrium is not locally stable begins by identifying conditions under
which a seller would prefer to deviate from the equilibrium path. Similar considerations
pervade the refinement literature. However, most refinements rest heavily on arguments
concerning which types of seller have the greatest incentive to deviate. These considera-
tions are irrelevant for our analysis, being replaced by considerations of whether thereis
another equilibrium (or absorbing set) upon which the process can settle.

While separating equilibriaprovide the best hope for stability in our market, Corollary
4 shows that a separating equilibrium cannot be stable if it is defeated. Our analysis thus
lends little support to the intuitive criterion of Cho and Kreps[3] (and the refinements of
this concept), which show a proclivity to select separating equilibria even when they are
defeated by pooling equilibria.

Our results (e.g., Corollary 4) lend some support to the undefeated equilibrium con-
cept. At the same time, our results indicate that the undefeated equilibrium concept is
too demanding in the conditions it requires to eliminate an equilibrium from considera-
tion. The undefeated concept rejects an equilibrium if the path leading away from the
equilibrium leads immediately to a new equilibrium. This certainly sufficesto ensure the
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equilibrium is not a stable outcome. However, there are other, indirect ways to escape
an equilibrium. The pooling equilibrium in Example 4 is undefeated, because no path
immediately leads to an alternative equilibrium, but this equilibrium is excluded from our
limit distribution because of the possibility of indirectly reaching another equilibrium.®

Becausethey generally produceaglobal outcomeonly if an H-dominant Riley outcome
exists, the dynamicsof our model may appear to be somewhat volatile. How aretheresults
affected if we put additional restrictions on either the type of mutations that can occur or
the transitions that the learning dynamics can accomplish? Placing further restrictions on
the mutation process, by making it more difficult for mutations to destabilize absorbing
sets, might create new locally stable outcomes. There is atradeoff here, however, since at
the same time the H-dominant Riley outcome may no longer be a global outcome, with
the new locally stable outcomes created by restrictions on mutations disrupting the proof
of Proposition 7. Similarly, placing restrictions on the learning dynamics holds out the
promise of creating new locally stable outcomes, but aso the risk of causing previously
locally stable outcomes to no longer be locally stable. In particular, arestricted learning
dynamicwill yield moreabsorbing sets, including especially more nonsingleton absorbing
sets. Some of these sets may lie a single mutation away from a previously locally stable
outcome, causing the latter to no longer be locally stable. There is thus no immediately
obvious panaceafor the volatility or our model.

9 Appendix

Proof of Lemmal: A statesatisfyingthe stated propertiesisclearly competitive: buyers

conjectures are correct by assumption and buyers are playing a best response, as a price
higher than the competitive price ensures negative profitswhile alower price ensures zero
profits. It remains to show the reverse implication, for which it suffices to show that a
collection of mutual best replies to any signal used by sellers must call for al buyersto
offer the competitive price. Consider any s € S U §;. It cannot be a best response for
any buyer to offer a price strictly greater than pj;(s) because profits are then negative.
Suppose some buyer a offersa price p strictly lower than pj ¢ (s). Let p bethelowest such
price. If the maximum offer of other buyers exceeds p, then a can improve upon his (zero)
payoff by simply offering the competitive price, which ensures a strictly positive payoff
(since no other buyer can be offering a higher price). If all other buyers also offer p, then
consider a deviation by buyer a to offering p + A. The payoff from the original strategy,

38|t may appear paradoxical to claim that undefeated requires overly strong conditions to eliminate
equilibria from consideration, given that there are games in which undefeated equilibria do not exist.
Notice, however, that a limit distribution always exists in our market. If al equilibria are defeated, then
thereis no locally stable outcome and the market will cycle between various equilibriain the limit.
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conditional on offering p, was

1
———(Vg(e)(9) —
since all other buyers must also be offering p. The corresponding payoff from the new
strategy is

Vo9(S) —p—A
The new strategy is then superior if
Vo(9) > p+ MA =p+A+ A. (36)
| As | -1 Al — 1

Since p < pj9(s) — A, Assumption 3 ensures that (36) holds. Thus the new strategy is
a strict improvement. Hence, in a competitive state all buyers must offer the competitive
priceat al used signals. O

Proof of Proposition 2: We consider adeterministic dynamic processon © that arisesas
one possible realization of the stochastic learning process. Given a state 6;, 6., is defined
asfollows. Firgt, let buyers receive a competitive learn sequence, giving the competitive
successor c(f;). Next, let all sellers receive the learn draw. If seller a € At finds that
he is not playing a best reply to his current conjecture, then seller a switches to a signa
contained in Sr(c(6y)) if Sr(c(f;)) contains a best reply to a's conjecture, and chooses a
signa from the complement of Sr(c(¢;)) otherwise. Letk = 1,---,|S be an indexing of
theset S Seller a chooses the lowest-indexed best reply in Sr(c(6;)) (if abest reply exists
in Sr(c(6y)) and otherwise chooses the lowest-indexed best reply in the complement of
Sr(c(6)). This“lowest-index rule” determines a unique successor to ¢(6;) and this stateis
0+1. The process then begins again with a buyer competitive learn sequence.

We refer to this sequence of learn draws and best-reply choices as the “aternating-
best-response” dynamics and denoteit by ['*. Because a non-singleton absorbing set X is
closed under the learning dynamics, X isalso closed under I'*. Because X isfinite, it must
then contain acycle A of . This cycle cannot be a singleton, because every steady

state of I'* is an equilibrium state and thus cannot be contained in X.

Let the set A C X denote a non-singleton cycle of the alternating best response
dynamics and Sr(A\) = UgeaSr(9). The following arguments will make heavy use of the
fact that for every state in A it must be the case that all sellers hold the same conjectures
about price offers a signals in S (A) U S4(A\) (because when any seller learns in the
alternating-best-reply sequence, all sellerslearn). Inparticular, inany statein/A al sellers
of agiven type agree on the set of best responses contained in Sr(A).

The three following steps show that every nonsingleton cycle of '™ has exactly two
states - corresponding to states # and ¢’ in the statement of the proposition:

(2.1): Each type of seller sends only one signal in each state of the cycle, i.e., for
T e {L,H} andforal § € A, Sr(9) isasingleton.

40



(2.2): H sellers send the same signal in every state of the cycle, i.e., there exists §4
such that for all 8 € A\ : s4(0) = &4.

(2.3): L sdllersalternate between two signals over the cycle, and the statesin which
these signalsaresent correspond to statesd and ¢’ in the statement of the proposition.

(21) ForT € {L,H} andfor all # € A, Sr(f) isasingleton.

To establish this, first note that if there exists any state # in /A such that Sr(9) is a
singleton, then for al 6 in A\, Sr(9) must be asingleton. In particular, if al type T sellers
currently use the same signal and onetype T seller switchesto asignal sthen the lowest
index ruleimpliesthat all type T sellerswill switchto s.

Second, thelowest index rule alsoimpliesthat if therearestatesd, 8’ € A : ds € Sr(9')
such that s ¢ Sr(6), then for al cycle states St must be a singleton. In particular, there
must be a first state appearing after 4 in the cycle at which some type T seller chooses
signa s ¢ Sr(6). But thenall type T sellersmust switch to sat this state, implying that for
the subsequent state, and thus by the previous observation for all states, Sy is asingleton.

Hence, if thereexistsastate§ € A suchthat Sr(#) isnot asingleton then we must have

V0 € N Sr(0) = St(N). (37)

Now noticethat if Sr(#) isnot asingleton for some T and 4, then all signalsin Sr(A) are
best responses for al type T sellersin all statesin A. Thisin turn implies that no type
T seller ever switches signals during the cycle. This observation implies that there can
be at most one type T for whom there is a state § € A with Sr(#) a nonsingleton, since
otherwise no sellerswould ever switch strategies and /A would consist of asingle state.
We now have two cases to consider. Suppose first that thereisastate € A at which
S4(#) is not a singleton, so that condition (37) holds for type H, but S (9) is a singleton
for all cycle states . Weuse s () to denotethe signal used by all typeL sellersin state 6.
There must exist states 4,6’ € A\ such that s (9) 7 s.(¢’) (otherwise L sellers never switch
strategies and /A consists of a single state). It cannot be the case that 5. (9) ¢ S4(A\) and

s .(0") € S4(N). Inparticular, if
Po(sc(0) — cu(s(9) > pa(sc(f)) — cu(s(9)), (38)

theninall cycle statesL sellers must conjecturethat astrictly higher utility can be obtained
from choosing s (¢') instead of s (0) (since neither of these signalsis ever used by atype
H seller, conjecturesabout pricesat s (#) and s.(¢") must awaysbe given by the pg(s.(9))
and p3(s.(¢'))). Hence s.(9) ¢ S.(A), acontradiction. An analogous argument rules out
the possibility that the inequality in (38) isreversed. Finally, if equality holdsin (38), in
the cycle learning can never cause L sellers to switch from s (9) to s_(¢) or vice versa
Hence, either 5. () € S4(A) or s.(¢') € S4(N).
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Let us suppose, without loss of generdity, that 5. (9) € S4(A\). There must be a state
in the cycle at which L sellers areinduced to switch to s (9). The utility they expect from
choosing s_(9) must be given by

p1(sL(9)) — cu(s(9))

since only H type sellers are currently sending s (¢). After L sellers have switched and
buyers have received the competitive learn sequence, the utility typeL sellerswill receive
from choosing s (¢) is given by

P, (sL(9)) — cu(sL(9)),

where ¢’ < #° isthe probability that results from a mixture of all L sellers and the fixed
number of H sellers choosing s (). It then follows from Assumption 2 that

Pa(s.(9)) > p;(sL(9)) (39)

and it follows that H type sellers’ utility from choosing s (¢) decreases after L sellers
have made the switch to s_(#). Sinceat all other signalsin S;(A\) prices cannot have been
decreasing, (39) impliesthat s_(#) must cease to be abest responsefor typeH sellers. This
contradicts (37). Hence, there cannot be a state § € A at which s4(6) isnot a singleton.

Next, supposethat therolesof thesellersarereversed, sothereisastate) € A at which
S (9) is not a singleton, so that condition (37) holds for type L, but $4(¢) is a singleton
for al cycle states . Then an argument analogous to the preceding argument, with roles
reversed, shows that at some cycle state type H must switch into asignal that is currently
only used by L sellers. However, if typeH sellerswere ever to switchtoasignal in S (M),
then the subsequent competitivelearn sequence on part of the buyers ensuresthat the price
at this signal increases and hence H can never subsequently leave that signal; implying
that H sellers, and hence all sellers, never change signals, and hence that A has only a
single state, yielding a contradiction.

Having established that both S (¢) and S4(9) must be singletonsin all cycle states, we
may use sr(#) to denote the signal used by all type T sellersin cycle state 6.

(2.2) There exists &y such that for all € A @ s4(0) = &.

Since dl type T sellers are using the same signal in every cycle state, then for all
se S (AU S(A) and all cycle states, the price that is offered at s and conjectures about
that price must be one of p;(s), Pi(s), or Pjo(s). Refer totheseasthelow, high, and pooling
competitive price.

First, there can be no cycle state in which type H sellers switch out of asigna s at
which the high competitive price is offered: When H sellers switched to s they cannot
have conjectured a better price from choosing s than the high competitive price. Since
pricesat signals other than scannot increase whileall H sellersarechoosing s, thisimplies
that s must continue to be a best response for H sellers as long as the high competitive
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priceisoffered. It followsthat if H sellers ever leave asignal sduring the cycle, they must
do so while receiving the pooling competitive price (aslong as H sellers use s the price
offered at s cannot fall below the pooling competitive price). Second, whenever H sellers
switch toasigna s, they must conjecturethelow or pooling competitive priceat thissignal
(they cannot conjecture the high competitive price, since there must have been a previous
state in the cycle at which they left s, fixing their conjectures at the pooling competitive
price). But then H sellers cannot switch out of sagain: Aslong asH sellers use s they
must receive at least the pooling competitive priceat s. Sinceonly L sellers use any other
signal, H’s conjectures about prices at other signals cannot increase, implying that s must
continue to be a best response for H throughout the cycle. Hence, no subsequent switch
away from s can occur. Hence, there must exist &4 with sy(0) = &, forall 8 € A.

(2.3) Given that s4(¢) is constant, s (/) cannot be constant (otherwise we would have an
equilibrium and hence A\ containsonly asingle state). Hence, L sellers must be alternating
between & and asingle alternative signal § . In particular, from Step 1, there cannot be
multiple signals other than &, sent by L sellers, because the L seller must conjecture the
low competitive price at each of these signals, and the only one to which the L seller will
switch is then the one with the lowest index among the set that maximizes the seller’s
payoff. Given the specification of the alternating best response dynamicsIl™, we then have
afour-state cycle with the desired properties. O

Proof of Proposition 4:

Quasi-separating equilibria. Suppose that 0 is a quasi-separating equilibrium. By
Assumption 1, thereis asingle signal, say S, sent by both types of seller. We can aso
assume that thereisasingle signal s_ sent by only L sellersand asingle signal sy sent by
only H sellers. For example, if there were two (or more) signals sent by only L sellers,
then asequence of mutations, switching L sellersto only one of these signalswouldyield a
new quasi-separating equilibrium contained in the component C and satisfying (20)-(21).
Now consider a mutation that switches an H seller from signal s to s, followed by a
competitive learn sequence. If the latter reduces the market price at signal s, then seller
learning can switch al L sellerstos. and H sellersto sy, yielding a separating equilibrium
in component C satisfying (20)-(21). If the price at S’ does not fall, then we have a new
quasi-separating equilibrium in component C satisfying (20)-(21) in which one less seller
sendssignal s. We can then repeat the argument, considering another mutation switching
an H sdler (if there exists an H seller sending signal s, and otherwise an L seller) avay
fromsignal s, and can continue until the desired separating equilibrium is reached.

Quasi-poolingequilibria. Leté beaquasi-poolingequilibrium. Thenthereisasingle
(by Assumption 1) signal, say s4(9), with s4(0) € S.(0) N S4(9) and S (0) = {s4(8)}. If
0 isnot minimal, then there are other signals that are sent by someH sellers (and only by
H sellers). We can assume that there is only one such signal, say s, since a sequence of
mutations switching the H sellers from messages other than s, to S’ yields an equilibrium
in C that preserves (20)-(21) and in which only signalss and s, are sent. Now consider a
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mutation that causes an H seller to switch from signal s so 4. Let this be followed by a
competitive learn sequence. If this sequence increases the market price at signal s4, then
abuyer learning will switch all buyersto signal sy, and a competitive learn sequence then
yields aminimal pooling equilibrium at signal s4 contained in C and satisfying (20)-(21).
If the market price at signal s4 does not change, then we have a new equilibrium in the
component C, satisfying (20)-(21), with one lessH seller sending signal s. We can then
repeat the argument, considering another mutation switching an H seller form s so s,
and can continue until the desired minimal pooling equilibriumis reached.

Partially separating equilibria. Let § be a partially separating equilibrium. Then
thereisasingle (by Assumption 1) signal, say s4, sent by both L and H sellers, aswell asa
collection {sy,...,s,} of additional signals sent only by L sellers. Then any mutation that
switches an L seller fromasignal in {s,...,S.-1} tosigna s, yields a new equilibrium
in the component C satisfying (20)—(21), and a sequence of such mutations then yields a
minimal partially separating equilibrium inwhich only the signals s, and s4 are sent, with
this equilibrium contained in the component C and satisfying (20)-(21). O

Proof of Lemma4: Let
S ={seS:py(s) — (e =UL}.

By Propositions4 and 2 every locally stable component must contain either aminimal
equilibrium or a four-state cycle. To prove the result it thus suffices to show that from
every minimal equilibrium (or four-state cycle) that violates condition (22) (or condition
(23)), a single mutation suffices to reach the basin of attraction of either an equilibrium
or a non-singleton absorbing set containing a four-state cycle satisfying the required
inequalities.

Let § be either a minimal equilibrium violating (22), or a state in a four- state cycle
violating (23), with c(#) in the latter case being the state where sellers are both choosing
s4(F) and buyers are offering price pjo(su(F)). If 6 isan equilibrium, then s (9) ¢ S.A
single mutation by atype L seller can then endow the seller with the conjecture that price
p;(s) isofferedat signal s¢ € S (leaving all other conjecturesunchanged). This mutation
will causetheL seller toswitchto s because, by assumption, p5(s7) —cL(s7) = UL > U (6).
Similarly, if F isafour statecycle, thens_ (F) € S.. Whenthecycleisin statec(d), thena
single mutation can again cause L sellersto switch to s, since the four-state cycle callsfor
this seller to switch to signal s (F) in order to receive utility p5(s.(F)) — c.(s.(F)) < UL.

Once this mutation has occurred, consider the aternating-best-response-dynamics,
beginning with buyers. Buyers will first switch to the competitive price pg(s’) at signal
s . The argument used in the proof of Proposition 2 then alows us to conclude that this
learning sequence leads either to an equilibrium or to a four-state cycle F’. Because the
competitive learn sequences embedded in the alternating-best-response dynamics cannot
drive pricesat st below pg(s°), we must have U, (¢') > U, in the case the dynamicsreach
an equilibrium state ¢’. For the same reason we must have U (F’) > U.. No further
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argument would be required if F’ is contained in an absorbing set. Unfortunately, we
cannot be sure of this. The unrestricted learning dynamics alows the possibility that
a crash at sy(F’) causes the market price a s4(F’) to fall below pjo(s+(F)), inducing
sellers to leave s (F’) and leading to an absorbing set, possibly even an equilibrium, that
contains F’ in its basin of attraction. However, it suffices to show that every four-state
cycle satisfying s (F') € S_liesin the basin of attraction of an absorbing set satisfying
(22)-(23). We consider two cases.*

[Case 1] Let there exist a signal s such that p — cy(s) > pg(s.(F)) — cu(s.(F')).
Then, the learning dynamics can never induce an H seller to send signa s (F). Hence,
learning can affect neither beliefs nor buyers actions at s_(F'). Every absorbing set that
can be reached from the cycle must then contain either an equilibrium satisfying (22) or a
four-state cycle satisfying (23).

[Case 2] Suppose for dl signalsin S\ {s (F')}, we have p — cy(9) < p;(s.(F)) —
cu(s.(F")). Consider the following learning sequence, beginning in the four-state cycle
withthestated € F' inwhich L and H sellers send the signal s4(F’), with buyers offering
price p;(s4(F’)). Let acrash occur, i.e. let the buyersall receive the learn draw, discover
that their profits are negative at signal s4(F’), and switch to price p, followed by alearn
draw for al sellers (which induces all of them to leave s (F’)) and then the alternating-
best-response dynamics. If the alternating best response dynamics reaches an equilibrium
¢, then the equilibrium state must satisfy U, (') > U, since the alternating-best-response
dynamics can never endow sellers with a conjecture that prices less than pg(s.(F’)) are
offered at s (F'). If the alternating best response dynamics reaches a four-state cycle
F”, then no seller can use the signal s4(F’), because whenever sellers learn during the
alternating best response dynamics s (F’) isastrictly better response than s4(F’), where
all sellers conjecture p to be offered. (For L sellers this claim follows from s4(F) € S,
as otherwise L sellers would never switch to 5. (F’) in the original four-state cycle.)

If F” is contained in an absorbing set or satisfies the condition from Case 1 (which
could occur because L sellers might be choosing adifferent signal containedin S ), we are
done. If the new cycle satisfies the condition from Case 2, a crash occurring at the signal
s1(F"), followed by the alternating-best-reply-dynamics, must reach either an equilibrium
satisfying (22) or a four-state cycle in which neither s4(F’) nor s4(F”) are used by any
seller. This process can be repeated (if it does not first reach an absorbing set) until only
one signal remains that has not been the object of a crash. This signal must be contained
in S and must be chosen by all sellers, ensuring that we have reached an equilibrium
satisfying (22).

Proof of Proposition5:  Suppose ¢ isnot H-dominant but p(9) islocally stable. Lemma
4 and the local stability of p(9) then imply U_(6) > U,.

We first argue that ¢ is H-dominated by an equilibrium ¢’ satisfying U, (¢") > UL,.
We know that there exists a minimal equilibrium ¢’ that H-dominates 6, so that s4(0') ¢

39Assumption 4 ensures that these cases are exhaustive.
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S (9) U S4(9) and Uy (9') > Un(). Suppose ¢ does not satisfy U (9') > U.. Let
S €S ={seS:p;s) — c(s) =U.}. Consider astate that differsfrom 6’ only in that L
sellerschoose s° (which must differ from both s (6”) and s4(¢’) for 6 to be an equilibrium
with U (¢") < U.) and receive the competitive price p5(s) at this signal, with matching
conjectures. Then this state is either a separating equilibrium state, which we denote 6",
or

P5(ST) — CH(S) > Un(8) > Un(9), (40)

which implies that there exists a pooling equilibrium a s, which we denote 6. In
the first case, 9" is a separating equilibrium that H-dominates § because U (") > U,
Un(0”) = Un(0), and s4(8”) = s4(F). In the second case, it follows immediately from
(40) that 5 must have been unused in §. Furthermore, we have Uy (6) > Uy(0'), so that
6" H-dominates 6.

Hence, ¢ is H-dominated by an equilibrium, which we now call ¢, that satisfies
UL(9) > UL. From Lemma 3 we can suppose that ¢ satisfies the condition that all L
sellers conjecture to receive price p(s) at all signals that are not used in §. Furthermore,
we can also suppose that ind all sellersoffer pricep;(sq(9’)) at s4(9'). Wethen distinguish
two cases.

Casel: Suppose?’ isseparating. Beginning with state 4, let a single mutation occur,
causing an H seller to switchto signal s4(6'), followed by acompetitivelearn sequence. If
either p;(s4(6")) — cu(sa(9')) > Un(9) or the competitive learn sequence causes the price
at s4(0) to decline, let all H sellers receive the learn draw, which will cause all H sellers
to switch to s4(9’). Another competitive learn sequence and learn draw for all sellers
will cause H sdllers to remain at s4(¢") while L sellers choose some signal in S, giving
a separating equilibrium outcome that is not p(#) and hence precluding the local stability
of p(9). If pi(su(9’)) — cu(s4(8)) = Un(P) and the competitive learn sequence does not
affect the price at s4(9), then we have immediately reached a new equilibrium outcome
that is not p(6), again precluding local stability of the latter.

Case 2: Suppose ¢’ is a pooling or partially separating equilibrium. Then by
Assumption 2, we have pi(si(0')) — cu(9) > pjo(s(8)) — cu(®) = Un(0). If 0" isa
pooling equilibrium thisimplies p;(s4(0)) — cu(6") > Un(0). If ¢’ isapartially separating
equilibrium, then we can also assume that p; (s« (¢)) — cq(9") > Up(0).*° Beginning with
state 4, let a mutation cause an H seller to switch to signal s4(6’). Now let al H sellers
receive the learn drawn, which will cause them to switch to s4(¢’). A competitive learn
sequence for buyers then results in a state in which the unique best response for al sellers
isto choose s4(¢'). If 0" isapooling equilibrium, seller learning and a competitive learn
sequence then gives a pooling equilibrium at s4(6") with outcome p(¢). If 6’ is partially
separating, let only the equilibrium proportion of L sellers learn and switch to s4(¢9').

401t could bethat ¢’ isapartially separating equilibriumwith p; (s4(8”)) — cu (6”) = Un(8), but then it must
be that p(s4(6")) = Pjs. (61,01 (SH(0")). Switchingal L sellersto s (¢') then gives us aminimal separating
equilibriumthat H-dominates# and satisfies U, (¢') > Uy, in which case we can apply theargument of Case
1
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After afurther competitive learn sequence it becomes a best response for the remaining L
sellersto switchto s, (¢) (since U (9") > U, impliesthat s_(¢') € S and L sellershold the
appropriate conjectures). A further learn draw for all agents then yields an equilibrium
with outcometo #’. Ineither casetheability of thelearning processto reach an equilibrium
with an outcome different from p(#) precludes local stability of p(6). 0
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