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Abstract

This paper characterizes interim efficient mechanisms for public good production and cost
allocation in a two-type environment with risk neutral, quasi-linear preferences and fixed size
projects, where the distribution of the private good, aswell asthe public goods decision, affects
social welfare. An efficient public good decision can always be accomplished by a maority
voting scheme, where the number of “YES’ votes required depends on the welfare weightsin
asimpleway. The results are shown to have a natural geometry and an intuitive interpretation.
We also extend these resultsto alow for restrictions on feasible transfer rules, ranging from the
traditional unlimited transfers to the extreme case of no transfers.

For a range of welfare weights, an optimal scheme is a two-stage procedure which com-
bines a voting stage with a second stage where an even-chance lottery is used to determine
who pays. We call this the “lottery draft mechanism”. Since such a cost-sharing scheme does
not require transfers, it follows that in many cases transfers are not necessary to achieve the
optimal allocation. For other ranges of welfare weights the second stage is more complicated,
but the voting stage remainsthe same. If transfersare completely infeasible, randomized voting
rules may be optimal. The paper also provides a geometric characterization of the effects of
voluntary participation constraints.

JEL Classification: 024, 026



Voting and Lottery Drafts as Efficient Public Goods
M echanisms

John O. Ledyard Thomas R. Palfrey*

1 Introduction

Deciding whether or not to undertake and how to distribute the cost of a public project of
fixed size is a classic problem in economics. This problem and variations on it have been at
the center of attention of much of the work on optimal mechanism design under conditions of
asymmetric information. Most of the work in the past has concentrated on the first question,*
in the sense that optimality did not depend on the allocation of the private good. Utility was
perfectly transferable through the private good, so cost distribution played a role only insofar
as transfers provided a convenient way of relaxing incentive constraints.

The results for that case have been, for the most part, rather satisfying. If utility is
transferable via a private good, then dominant strategy mechanisms exist which fit the bill2
and which do not depend on prior information the players and the planner may have about
the distribution of preferences for the public good. If the planner does have priors which are
common knowledge among the players then there exist first best mechanisms if the players
preferences are statistically and functionaly related in a particular way (d’ Aspremont and
Gerard-Varet [1979,1982], d’' Aspremont, Cremer, and Gerard-Varet [1990]).

*This paper replaces an earlier version, entitled “On the Optimality of Lottery Drafts: Characterization of
Interim Efficiency in a Public Goods Problem.” We have benefited from comments by two referees and by
seminar participants at Caltech, MIT, Northwestern, Texas, and Texas A&M, and the 1989 FRET Conference in
San Diego. We especialy wish to acknowledge useful conversations with Kim Border and Ed Green. Ledyard
gratefully acknowledges the financial support of the Flight Projects Office of the Jet Propulsion Laboratory of
NASA. Palfrey gratefully acknowl edgesthesupport of the National Science Foundation under grants SES-8718657
and SES-8815097.

1Exceptionsincludethework of Groves and Ledyard [1977b], Hurwicz[1979], and others, but their useof Nash
equilibriumis controversial when appliedin environmentswith incompl ete and asymmetric information. Recently
Jackson and Moulin[1992] have addressed distributional concerns, in acomplete information framework.

2See Groves [1973], Green and Laffont [1979], and Groves and Ledyard [19774&] for descriptions of many
of these results, and for extensive commentary on the restrictive nature of the assumptions needed for the main
results. One serious limitationisthe lack of budget balance.



All these results share two basic assumptions. First, the welfare properties of the fina
alocation depend only on the level of public good, and not on the distribution of cost shares.
Second, there are no feasibility limitations on the transfer schemes. In particular, bankruptcy
and other problemsthat could restrict the set of feasible sidepayments, areignored.

In this paper, we relax both of these assumptions in the context of a Bayesian mechanism
design problem with two preference-types, a0-1 public good decision, and statistical indepen-
dence. First, we characterize the set of al interim incentive efficient allocation rules. We show
that the earlier limitation to a welfare function that depends only on the public good allocation
is equivalent to solving the second-best allocation problem for exactly one set of (interim)
welfare weights.® For any other choice of welfare weights, distributional considerations play
arole, and the planner faces a tradeoff between using transfers to relax incentive constraints
and using transfers to achieve distributional goals. We fully characterize the set of optimal
alocation schemes for all welfare weights (Theorem 6). Second, we show that the public good
allocation rule depends on the welfare weights in a very ssimple way: The more the planner
wants to shift the payment burden towardsindividual s who value the public good more, the less
often the public good is produced (see the last two paragraphs of Section 3.1).

Third, we investigate the implications of a wide class of restrictions on transfers, ranging
from the traditional case of no limitations to the extreme case where transfers are impossible.
We find systematic effects of these restrictions, and show that the qualitative features of these
effects depend on the welfare weights. For example, in the traditional case, where welfare
weights are chosen so that there are no distributional concerns, the first best solution can be
achieved without resorting to transfersat all (see the commentary following corollary 9). More
generally, however, transfersare needed to attain the second best solution. If transfer constraints
are binding the solution is either first best or least cost in the sense that individuals who value
the public good most are taxed to the limit (see Theorem 11).

Fourth, we show that the decision whether to produce the public good can be separated from
the transfer rule, and, in the model we consider, can be accomplished by j* majority voting
scheme, where j*, the number of “YES” votes required, depends on the welfare weights. The
results are shown to have a natural geometric interpretation. Furthermore, for a wide range of
welfare weights, an optimal scheme is a two-stage procedure, where first a vote is taken on
whether to produce the public good. If the vote is to produce the public good, then a even-
chance lottery is used to determinewho pays. We call thisthe“lottery draft mechanism”. Since
such a cost-sharing scheme does not require transfers, it follows that in many cases transfers
are not necessary to achieve the optimal allocation (see corollary 9).

Finally, we investigate the implications of imposing voluntary participation constraints.
From the geometric characterization obtained earlier in the paper, it is easy to establish several
properties of the participation-constrained solution. In particular, it provides a transparent
proof of the results obtained by Mailath and Postlewaite [1990] and Rob [1989], that in large

3In asymmetric information models, these interim welfare weights depend on an individual’s private infor-
mation, or type. In our model, types are just preferences (marginal rates of substitution between the public and
private good).



economies participation constraintsimply that the public good will never be produced, unlessit
is common knowledge that alottery draft mechanism does not violate participation constraints
(see Section 4).

2 TheProblem

2.1 Feasible Allocations, Preferences, and | nfor mation

A group of N people must decide whether or not to produce a discrete public good and who
should pay for it.

A feasible allocation for this problem is any vector (xq,...,%n,Y) € XN x {0,1} such that
SN % > Ky, where x; is the transfer (tax) paid by agent i, y is the amount of public good
produced, K < N is afixed constant, and X' is the set of feasible transfers an individual may
pay. Here, y = 1if the public good is produced, y = 0 otherwise and x; isthe amount of private
good that i contributes to the production of the public good. The set X' of feasible transfers
for i depends on w, theinitial endowment, and on the possibilities for transfers of the private
good. For thispaper weassumew = 1 for al i. We consider two types of transfer assumptions.
First, we consider what happens if unlimited transfersare permissibleand X' = R, thereal line.
Second, we consider limited transfer schemes where X' ¢ ®. Two special cases are: (1) no
transfers at all,* where X' = {0, 1}, and (2) consumption lower bounds where X' = (—o0, 1],
which restricts taxation to no more than the private good endowment. In all cases we will
assumethat {0,1} C X.

Preferences of each individual depend upon whether or not the public good is produced
and how much of the private good is available to be consumed by that individual. Individuals
evaluate lotteries over outcomes using expected utility satisfying von Neuman Morgenstern
axioms. In particular we assume if the probability that the project is built isq € [0,1],i’s
endowment of the private good is W and i’s expected contribution is «; € [0,1] then i’s
preferences can be represented by:

Vi=q—Vva

Three facts should be noticed about this representation. First, as is standard, we assume that
an individual’s preferences are quasi-linear in the private good. Second, asis also standard, we
assume individuals are risk-neutral. The first implies that each utility function is of the form
g'[h'(y)+w —x]. Thesecond impliesthat expected utility must beof theformA +r'g+v (W —a')
where A, r' and V' are constants. The third fact is that we have normalized all utility functions
so that r' = 1 and to eiminate (A + Vw). An alternative normalization, used by Clarke
[1971] Groves[1973] and others, isv(g) = ¢'q — «'. Since any linear transformation preserves
preferences satisfying the axioms of expected utility, these represent the same preferences.

4This corresponds to an environment that has been studied extensively in laboratory experiments. See Palfrey
and Rosenthal [19914, 1991b] and the references cited therein.



To simplify the problem, we restrict our attention in this paper to the two-type case® where
V = {v;,v,} and 0 < v; < v,. Wewill cal v; the low type and v, the high type. To make the
problem interesting, we assume that 1 > %vl. Finally, we assumew = 1foralli.

We assume that the individual margina rates of substitution, v;, are private information,
and that these are independently drawn from an identical distribution where = € (0, 1) is the
probability of alow type.

2.2 Mechanisms

How might we choose an alocation (Xi,...,%,,Y)? Many natural possibilities exist, even
if transfers are not possible. Perhaps the most familiar such mechanism is the voluntary
contribution mechanism. Each individual voluntarily pays x and y is produced if and only
if "N, x > K. Eachi pays x. Another smple mechanism is a (conditional) lottery draft
wherey is produced with some probability, g, which does not depend on the information of
the individuals. Then if y = 1, K individuals are randomly selected and their x, = w = 1
whilex, = 0 for the others. Both the voluntary contribution mechanism and the lottery draft are
examples of mechanisms which do not use transfers of the private good between individuals.
A somewhat different no transfer mechanism is the least cost mechanism. Each i is asked to
report her marginal rate of substitution, v, of the public for the private good. If the public good
is produced, these rates are ranked and the K lowest are required to pay x, = W' = 1; the others
pay nothing. If individuals correctly report their v, this might produce superior allocationsto,
say, the lottery draft. Unfortunately there is an incentive to misreport.

Economic theory suggests that using transfers can reduce the incentive to misreport in
the last mechanism by compensating one type through taxes on the other type. Of course, if
transfers are possible then we can improve things even more by transferring (arbitrarily) large
amounts of the private good from the low V' typesto high V' types — if V' represents the social
margina cost of x;, — in which case a first best solution does not exist. Only if the welfare
function is such that the marginal social cost of a transfer is the same for both types does a
first-best solution exist, since, in thisspecial case, no socia gainsor losses result from transfers.
This is precisely what has been analyzed extensively by economists with a key contribution
being made by d’ Aspremont and Gerard-Varet [1979]. Inthisspecial case, thefirst-best solution
isany (x,y) satisfyingy = 1if andonly if :_%¥; 2 > K. A mechanism provided by d’ Aspremont
and Gerard-Varet produces the first-best choice of y and provides incentives through the cost
allocation xy, ..., X,, for eachi to correctly identify her v. To our knowledge no one has studied
how to do this generally under conditions of asymmetric information when the social costs of
transfers differ across types. We turn to that now.

To find the optimal mechanism for the public good problem one might begin by trying
to identify the space of all possible mechanisms. Luckily that is not necessary. Using the
Revelation Principle® it can be shown that any allocation rule which can be attained as the

SFor some results with continuous-types, see Ledyard and Palfrey [1989].
6See Gibbard [1973] or Harris and Townsend [1981].
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Bayes-equilibrium of some mechanism can also be attained asthe Bayes-equilibrium of adirect
revelation mechanism: direct mechanisms which satisfy Incentive Compatibility Constraints.’
Direct mechanisms (each of which uniquely defines our allocation rule) assign a probability
measure over feasible allocationsto every possible profile of types.

Now since {v, V,} isthe set of possible types, afeasible direct mechanismis
v, v N — M(2Z)

whereZ = {(x,y) € XN x {0,1} ‘Zi'\llxi > Ky}, and M(Z) isthe set of al probability measures
on Z. Because |otteries between asymmetric mechanisms are possible and we are interested in
symmetric welfare functions, we restrict attention to symmetric mechanisms whereby individ-
uals are treated differently only if they have different vi’s. Thisisjustified by lemmas 1 and 2
in the appendix.

We can represent any direct symmetric mechanism by acollection of N+1tri ples{ {ajl, a,q }}jlio,
where

a]-1= (expected) payment by alow typeif there are exactly j low typesand (N — j) high types.

a]-2= (expected) payment by a high typeif there are exactly j low typesand (N — j) high types.

g;= probability the public good is produced if there are exactly j low types and (N — j) high
types.

We represent mechanismsin thisform by

2

n=(aha?,q) =[a},...,ay,a3,...,85,00, .. ,0n].

n isfeasibleif and only if there is a feasible symmetric direct mechanism . which yields . It
isshown in the appendix, lemma 11, that 5 isfeasibleiff,fork =0,...,N,

o € [0, 1] (1.2)
kay, + (N — K)ag > Ko (1.2)
at=0,a3=0 (1.3)
and a ¢ A= CO(X) for i=1,2 (1.4)
and, fork=1,...,N -1,
ay > gumax {>_<, w} + (1 — ggmax {>_<, _(NT_k))_(} (1.5)
ac > qumax {>_<, KN%kz} + (1~ gJmax {>_<, _E)_(k} (16)

"We do, nevertheless, return to other mechanisms bel ow.
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where x = min{xeX}, X = max{xeX}, and CO(X) is the convex hull of X; that is, A = [x,X].

There are three specia cases of interest. If unlimited transfers are possible then A = X =
(—o0,+0) and (1.5) and (1.6) are never binding. If there are lower bounds on consumption
then A = X = (—o0,1] and, again, (1.5) and (1.6) do not bind. If no transfers are possible,
X ={0,1}, A=[0,1] and (1.5) and (1.6) may comeinto play asai > gumax {0, *=0=K | and
aZ > ggmax {O, K- k} The necessity for (1.5) and (1.6) arises because of the fact that ye{0, 1}.
If large subsidies or taxes are possible then lotteries and transfers can be used to convexify
everything without (1.5) and (1.6). Limited transfers and discreteness of either or both X and
feasible y requires additional care.

2.3 Feasble Reduced-form Allocation Rules:

An individual’s interim® expected utility depends only on her type and two “reduced form”
numbers representing that individual’s expected transfer and the probability of public good
production, given her type. Denoting these by (Qq, 1) and (Qz, «2) respectively for the two
types, we have

N—-1 . ] ]

Q@)=Y (N | 1) AL — m)N gy (2)
i=0
N—-1 o ] ]

Q0= (N | 1) (L — m)N g (22)
j=0

@)=Y (N 1) R — m)NItg (3.1)
o\

(@) = Nz_l (N J_ 1) (1 r)Ni-ig? 32)
i=0

We will say (Q, o) is afeasible reduced formif and only if there existsafeasible = (at, a?, q)
such that (2) and (3) are true. We will say Q isfeasibleif and only if dgx € [0, 1] vk such that
(2) istrue. Weillustrate reduced formswith three examples:

1. Lindahl-optimal public good production (Q°). According to this production rule, the
public good is produced if and only if the sum of the margina rates of substitution,
oLy Vl exceedsthe marginal rate of transformation, K. Lettingj < N denote the number

of low cost types, this saysthat g = 1if and only if £ + 8= > K, or g = 1if and only if
i>j°= max{O Yalok— N)} Thus, (Q3, Q9) is given by

j=o-1

8| nterim means i knows her own v; but not that of the others.
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N-1

=y (N

2. Conditional Lottery Draft (Q“, al). Under this rule the good is produced if and only if
] > J*, wherej* is some fixed number between 0 and n. If it isproduced, taxes are raised
by randomly “drafting” K individuals and taxing their entire endowment. Thus (Q}, Q5)
isgiven just asin Q°, except with j* replacing j°, and (af, ob) = (KQF, £ Q5).

3. Conditional Least Cost Mechanism (Q%, «'€). In this case, Q- = Q', given j*, but
whenever possible v;-types are taxed. The only time v,-types are taxed is when the
number of v;-typesislessthan K, but greater than j*. Thus:

N—1
al® = Z ( N J_ 1 ) (1 — r)N‘j‘lmin{l, 15}

=1

N-1 .
ast = > ( N J_ 1 ) (- W)N‘j‘lmax{o, —E _:}

=

Finally, observethatin all of theabove examples, the budget balances. Thisisnot required
by feasibility. For example, the disastrous reduced form mechanism Q; = Q, = 0O,
a1 = ap = 1lis afeasble reduced form. However, as we will show below, “budget
balance” isimplied by interim incentive efficiency.

2.4 Incentive Compatible Allocation Rules:

Because interim utility depends only on Q, « and vi, wecall V(Q, o, Vi) = Qi — «jV; theinterim
utility for type vi. A reduced form allocation rule (Q, «) is incentive compatible if and only
if, for al vi,v;,e T,V(Q, o,vi) > Qj — ¢yVi. Observe that incentive compatibility of (Q, «) is
independent of the particular normalization of utility.

In addition to feasibility and incentive compatibility constraints, it is a common practice
to impose some sort of requirement on the mechanism that participation be voluntary.® This
may be interpreted as either a conservative judgement by the planner respecting prior “utility
clams’ of the individual, restrictions based on legal standards respecting property rights, or
alack of sufficient enforcement power by the planner to impose such alocations. In Section
3, we will solve the optimal mechanism problem in the absence of any such constraints. In
Section 4 we will analyze exactly how these constraints affect the properties of the optimal
mechanism.

%Rob [1989] and Mailath and Postlewaite [1990] have recently analyzed these constraints in the context of
public goods problems. Much of the initial work on optimal public goods mechanisms did not impose individual
rationality constraints.



2.5 Optimality

In this paper, we characterize the interim incentive efficient frontier corresponding to all type-
dependent welfare weights that are symmetric across individuals (i.e. anonymous).X® For our
problem (see Holmstrom and Myerson [1983]), this means that for each A > 0 we look for
reduced form allocation rules that maximize

Am(Qr — viag) + (1 — 7)(Q2 — Vaa2)] (B)

subject to incentive compatibility and feasibility. One might wonder why, instead of mapping
out the (symmetric) interim efficiency frontier we do not ssimply find an ex ante optimal
symmetric mechanism asin Myerson [1981] and Myerson and Satterthwaite [1983]. Actually,
in our problem, the ex ante optimal allocation rule is smply a particular point on the interim
efficiency frontier, corresponding to A = 1. In fact, each of the other points on the frontier
(A#1) corresponds to an ex ante optimal allocation rule for a different normalization of the
utility functions.*' For example, the allocation rule that maximizes (E) subject to incentive
compatibility and feasibility when A = v,/v; correspondsto the ex ante incentive efficient rule
in the case where utility functions are normalized asin Green-Laffont or d’ Aspremont-Gerard-
Varet (r'q— ') instead of our normalization (g— V'a'). Inthissense, one can view our approach
of characterizing the symmetric interim efficient frontier as equivalent to characterizing the set
of allocation rules that are ex ante efficient for some normalization of the utility functions.'?

2.6 Summary

Bringing together all the assumptions, comments, and observations above, we can summarize
the problem of characterizing all interim-efficient public good production and cost alocation
mechanisms. The main points follow.

1. We assume agents satisfy the expected utility hypothesis (they act as if they maximize
expected utility) with risk-neutral, quasi-linear preferences.

2. The revelation principle and the hypothesis of Bayes-Nash equilibrium behavior allow
us to restrict attention to feasible and incentive compatible direct mechanisms.

3. We restrict attention to symmetric mechanisms.

4. Thereareonly 2 types.

10wWe do not address the problem of optimal mechanisms with welfare weightsthat may depend on individual as
well astype. Also, at least in the unlimited transfer case, optimal mechanisms may fail to exist with asymmetric
weights, since optimality would call for arbitrarily large type-independent transfers between agents.

1See o’ Aspremont and Gerard-Varet [1989] for arelated discussion.

LImplicit in this statement is that the choice of normalization is the same across agents. The implications of
considering different normalizations for different individualsin the ex ante optimization problem are similar to
the implications of nonanonymous type-dependent welfare weightsin our interim optimization problem.



5. We are interested in the class of symmetric interim efficient mechanisms for the nor-
malization U' = g — Via'. Thisis equivalent to the class of symmetric ex ante efficient
mechanisms for all normalizations.

We can, therefore, solve our problem in two steps. First, for each A > 0: choose the reduced
form (Q, ) to solve

(P) max Ar(Qy — viaz) + (1 — 7)(Q2 — Vaa2)

subject to:
Q1 —Vviar > Q2 — Vi 4.1)
Q2 — Veaz 2 Q1 — Voo (4.2
(Q,0) feasible 1) - (3)

where (4.1)-(4.2) require (Q, «) to be incentive compatible. Second, construct afeasible direct
mechanism ;. which implements the optimal solution to (P). We turn to thefirst of these tasks
next.

3 Characterization of Optimal Rules

In this section we characterize the class of interim-efficient, incentive-compatible mechanisms
for public good provision and cost allocation under a variety of different assumptions about
transferability of the private good. We do thisby substituting a ssmpler but equivalent problem
for (P).

First, we rewrite (4.1) and (4.2) using two results. Incentive compatibility immediately
impliesthat Q; > Q. and «; > «p. Thisis a standard result and is proved in Lemma 3 of
the appendix. Second, in Lemmas 4, 5, and 6 we prove that any solution to (P) must satisfy
a=RQ, wherew = ra1 + (1 - m)azand Q = 7Qq + (1 — 7)Qz. That is, there is no waste.
Production always takes place on the production possibilities frontier. This smplifies the
analysis. Substituting @ = £Q into 4.1 and 4.2 gives:

a1

RQ+:(1—m)(Q1— Q) =1Cu(Q
RQ+ (11— m)(Q1— Q) =I1C(Q).

AVAR VAN

a1

Noticethat Q; > Q. = ICy(Q) > IC.(Q) whichisaso true with strict inequalities.

A second set of constraints relate to feasibility. The first such constraintison Q = (Q1, Q2)
and comesfrom(1.1), (2.1), and (2.2). Werepresent the set of feasible (Q,, Q) inthefollowing
way. For any Qi € [0,1] define Q,(Q1) = min{Qz|3q=(qo,...,qn) feasible such that
Q2 = Q2(g) and Q; =Qa(q)}. This function is well defined since the set of feasible q is

9



compact and Q1(q) and Q»(q), as defined by (2) and (3), are both continuous in g and the set
of g such that Q; = Q1(q) isnonempty for al Q; € [0, 1]. Define

Qr = {(QLQZ) 11>Q1>Q;>0andQ, > Qz(Ql)} :

It followsimmediately from definitionsthat Q € Qg if and only if Q isafeasible reduced
formand Q; > Q.. The set Qf isillustrated in Figure 1. We summarize the properties of Q¢
in the following proposition:

Proposition: Qg isaconvex polygon, with aboundary defined by N + 1 verticesthat correspond
to thej* conditional mechanisms:

Q= Nf ( Nt ) o1 — NI

TR

Q= NZl( Nl ) (1w

forj*=0,1,...,N.

Proof: By the definitions of Q; and Q. in equations (1) and (2), one can characterize Q,(Q1)
interms of g, ..., qn. Specifically, for Q; < ="', we get Q,(Q1) = 0, since we can produce
(Q1,0) in this region by setting qo,...,qn_1 al equa to 0, and setting gy = W(Ngil. For any
Q1 > 7%, Q,(Q1) must be strictly positive because g; > 0 for somei < N. For values of
Q1 > N1, Q,(Qy) is constrained by setting gy = 1 and choosing s, . . . , n—1 to minimize

N—-1 o ] ]
Q)= (N | 1) AL - m)N g

j=0
subject to

N-1

Qu(a) = > (N J_ 1) Al-o)Ngu, q€[01] j=1,...,.N—-1

=0

Since%ggj = #5 is decreasing in j, the solution to this linear minimization problem is
given by apair (j*,0) suchthat g =1forN > j>j*, g =0for0O<j<j*andq =6 forj =~

The result followsimmediately. [

10



The other constraintsinvolvejoint restrictionson Q and « that depend on the restrictionson
transfers. Specifically, we show in Lemma 7 that there exist piecewise linear functions, L(Q)
and U(Q) suchthat (Q, o) isfeasibleand@ = {Qif andonly if Q € Qr and L(Q) < o < U(Q).
This is a reduced-form representation of the constraints on transfers, and will depend on the
possibilities for transfers (the set A*). For example, with unlimited transfers, L(Q) = —oc and
U(Q) = o for al Q, so the constraints are never binding. Things are more complicated in the
no bankruptcy and no transfer s cases, which are taken up later.

From above, we can replace (1)-(3) in (P), and write asimplified reduced form problem (R)
for each A > 0, as: choose (Q, 1) to

(R) maximize 7TQ1[)\ — EVz] + (1 — 7T)Q2[1 — EVz] + 7T(V2 — )\V]_)Oél

subject to
a1 < 1Cy(Q) (4.1)
a1 > 1CL(Q) (4.2)
QeQr (5.1)
L(Q) < a1 < U(Q) (5.2)

The congtraints (5.1) and (5.2), replace (1) (2) and (3) in (P). Itis easy to show:
Theorem 1 (Q, ;) solves (R) and a; = 72-(KQ — way) if and only if (Q, &) solves (P).
Proof: Useslemmas3, 5, 6, and 7. [

Thus the solutions to (R) for (Q, «1) aswe vary A € [0, oc) characterize all interim-efficient
mechanisms. Since (5.2) depends on the set of feasible transfers, we split the characterization
into two parts. unlimited and limited transfers.

3.1 Unconstrained Transfer sof the Private Good

By unconstrained transfers, we mean thata} can be any real number. That isA* = and (a, q)
isfeasibleiff (1.1)-(1.4). Implicitly, this means that the private good is continuous rather than
lumpy, and there are no lower or upper bounds on any individual’s consumption.

Inthiscase L(Q) = —oc and U(Q) = oo, so constraint (5.2) drops out. The solution to (R)
can be split into three cases which depend on the value of ), the welfare weight placed on low
cost types.

11



Theorem 2 If A\ < x—i (Q, @) isan optimal mechanismif and only if:
a1 = 1Cy(Q)
(A) K
o = NQ

and Q maximizes

K K

7TQ1 |:)\ — NV2:| + (1 — 7T)Q2 [1 — NV2:| + 7T(V2 — )\V]_)lCU(Q)

subject to Q € Q.
Proof: Since v, > Av; we want «; to be as large as possible for any Q, subject to incentive

compatibility. Therefore a; = ICy(Q). Then (4.2) is not binding. Substitute for a4 in the
objective function and eliminate (5.2) in (R) to finish. [

Theorem 3 If A > x—j then (Q, «) isan optimal mechanismif and only if:

a1 =1CL(Q)
(A) K
o = NQ

and Q maximizes

Q1 [)\ - Evz] +(1-m)Q [1 - Evz] +m(v2 — Av1)ICL(Q)

subject to Q € Q.

Proof: Same as proof of Theorem 1 but «; is how chosen as small as possible so (4.2) binds,
and (4.1) isslack. [

Theorem 4 If A\v; = v,, then (Q, «) isan optimal mechanismif and only if:
__ K
= NQ

(A")
ICL(Q) < a1 <1Cu(Q)

and Q maximizes
lr-eara-n]

Vi

1 K
V—2 - N] Q2
subject to Q € Q.
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Proof: Substitutionof 2 for A inthe objectivefunction eliminates o from the objectivefunction,
so the optimal Q is compatlbIeW|th arangeof o’s. Thisresultsin afirst best solution, since
the incentive compatibility constraints can be satisfied with strict inequality. [

Several observations can be made. With unlimited transfers (and a linear utility structure)
the private good is used to transfer welfare subject to incentive compatibility constraints. For
example, if Av; < v, and if incentives were not an issue, optimality would require an infinite
transfer from low-cost typesto high cost types, no matter what Q is. But then low typeswould
pretend to be high types. That incentiveto misrepresent is prevented by the incentive constraint
(4.1). Thus, theprivategood isawaystransferred to the extent allowed by incentive constraints.
This determines an optimal incentive compatible financing scheme for each possible Q. Then
Q ischosen so thewelfarefrom Q net of thelossfrom itsfinancing isoptimal. At thispoint, the
only incentive constraint isQ; > Q. Thismeansthat the class of interim efficient mechanisms
is simply represented by the boundary of Qr. The only role incentive compatibility plays
is to rule out mechanisms where Q, > Q. It isnot until one wants to select a mechanism
for a particular welfare weight, A, on low types that the actual incentive constraints become
important. Then, they have a smilar effect to that noticed by Myerson [1981]. They create a
new “virtual utility” function but do not affect the feasible set.

We have the following summary Theorem,™® whichisillustrated in Figure 2.

Theorem 5 The set of interim efficient mechanisms for public good production and cost allo-
cation with unlimited transfers is {(Q, «)|Q € lower boundary of Qg, and (Q, «) is incentive
compatible }. For almost all )\, the interim efficient mechanismis a vertex of Q.

This completes the first step in solving (P). The second step involves identifying direct (non-
reduced form) mechanisms which yield the desired reduced form. The following result shows
how to do this.

Theorem 6 For any parameters(K, N, =, v, Vo, A) thereexistsaj* suchthat itisinterimefficient
to produce the public good if and only if j > j*.

Proof: Recall that Qr isaconvex polygon, with aboundary consisting of N + 1 vertices. Since
the objective functions are linear in Q; and Q. and the boundary of Qf is piecewise linear, the
objective function achievesits maximum at avertex for all maximization problemsin Theorems
2,3,and 4. [

We can see that there are only two kinds of mechanisms that solve our problem. In the
first kind, the good is always produced, Q; = Q. = 1, and can be financed by a lottery draft,
a) = a, = &. Pooling of typesisefficient and, in Theorem 6, j* = 0. More precisely,

13We conjecture that thistheorem is also true for a continuum of types. The only technical problemin proving
thisis characterizing Qr. See Ledyard and Palfrey [1989].
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Corollary 7 If A < 2, thenqg = 1,8 = {, & = [ Vjisan optimal solutionto (P) if and only if

K (Vo —vp)
1-—— >
[ NV1:| - )\7TV1+(1—7T)V2

Proof: From Theorem 2, if A < x—i the objective functionis

E(Q1, Qo) = 7 Qi — Kva) + (1= M)QuL— Kv2) # 7w — WA)ICu(Q)

Notice that 0E/0Q; = 7r(— — —)()\vlw +(1—7)vp) >0. ThereforeQ* = (1,1) isoptimal if and
only if 9E/0Q, > 0. The reﬂjltfollowsmmedlately since

K

OEI0Q, = (1 — 1) [(— - —) Owar + (1— m)vy) - 2= Vo]

Vi

Corollary 8 If A > 2,thenq; = 1, &' = {, & = { Vj isan optimal solution to (P) if and only if
1> %Vz.

Proof: From Theorem 3, when XA > %2, the objective functionis

_V’

E =7 Qu\ — v+ (1 - m)QuL — < V) * (v~ W)ICU(Q)

OBIOQL =7 [(v_lz — E)()\Vﬂ +(1— 7)) + %(Vz — Vi)

and K
OEI0Q, = (1— 1) [(1 - 0T + (1 W)Vz)] W,

To show (if), notlcethatlf 1> {v2 then J& > 0and 75 > 0. To show (only if), observe that
if 1< vzthen <O s0Q= (1 1) cannot beoptlmal [

For comparison to Corollary 7, note that 1 > v, iff [1 — %vl] > =) Aninteresting
implication of Corollaries7 and 8isthat if 1 < %vz then Q* = (1,1) isnever optimal. Lottery
draftswith Q = 1 are never optimal when it is ex post inefficient to produce the public good if
everyone is a high-cost type.

In the second kind of mechanism, the good is not produced unless there are sufficiently
many low cost types. This happens if it is less costly to induce revelation of preference by
restricting production when there are too many high-types than by using the private good. This
will be true if the (relative) welfare weight on the high cost type is large enough so that it is
important to avoid lotteries (pooling) and to differentiate between types (separating). More
precisely,

14



Corollary 9 If A < 2 and [1 - ] < —(2=v1) _then the optimal mechanismis to produce

Amvi+(l—m)vp !

the public good if and only if the number of low types is larger than j*, with j* equal to the
smallest j such that

i 1 (11— Bv)(Arvy + (1 — 7T)V2)
N ~ (V2 —w1)

Proof: From Figure 1 we want the smallest j such that the dope of the indifference lines of
the objective function is greater than or equal to the slope of the constraint set, given by the
boundary of Qr. That is, we want the smallest j such that

—7 [1— fva] Drva + (1 — )] . (N—j)r
[1— 7] [[1— K| Drva+ (A= m)ve] + v — vo] | — (=)

An analogousresult holdsif A > x—z In particular j* isthe smallest j such that

J > —(1— Ev)(Arvy+(1— 7T)V2)
N~ A(V2 — V1)

Therearetwointeresting special cases. If A = x—i we havethetransfer-neutral model, which
turns out to be the knife-edge case that separates Theorem 2 and Theorem 3. That is, individual
utilitiesare normalized to ;g — o' so that every type's marginal utility of the private good is 1,
and the welfare function is the expected value of ¢'q — «'. Inthiscase Axvy + (1 — 7)o = Va.
To find the optimal mechanism as in Corollary 9, we want the minimum j > 0 such that
j[1— K v+ (N=) [[1- ﬁvl] V2 — (V2 — v1)| > 0. That i, we want the minimum j such

that j [— - —] +(N —j) [— K O] or [cl— —] +(N —j) [cz— —] > 0. But thisisjust the
first best solution: thegood is produced if andonly if jc; + (N —j)c, > K.

With A = x—i the range of cost allocations which induce incentive compatibility is given in
Theorem 4. A particularly simple mechanism is a lottery* where K of the N individuals are
randomly selected to pay for the public good, whenever at least j* individuals report that they
are low-cost types. One can interpret this as a conditional lottery draft, that is preceded by a
vote between producing and not producing the public good. The vote outcome is determined
by a weighted majority rule where j* of N must vote in favor, in order for production to arise.
Low cost types vote for it and high cost types vote against it. This correspondsto «; = %Ql,
and o, = K£Q», and does satisfy incentive compatibility.

A second interesting case occurs when A = 1 (covered by Theorem 2): the problem studied
in the social dilemmaliterature.® In this case we find that, even if 1 — Xv, > 0, and therefore

141t the private good were divisible, each member could be taxed an amount K/N from their endowment
whenever the public good is produced.

15See Van de Kragt, Orbell and Dawes [1983], Palfrey and Rosenthal [1984, 1988, 1990, 1991] and Rapoport
[1985].
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it is common knowledge that benefits exceed costs with probability 1, it may be optimal not to
produce with probability 1. In fact if A < % and (v, — v1) > [1— vy [7vy + (1 — 7)v;] then
Q> < Q; < 1in the optimal mechanism.!® The reason is ssimple: The distribution of taxes is
more important than optimal production.

As ) changes, the feasible set Qr does not change but the slope of the indifference lines
of the objective function does change. As A increases, the indifference lines become steeper
(see Lemma 8 in the appendix), so the expected output of the optimal mechanism (weakly)
increases.!’ Thereis no discontinuity at Avy = V».

An increase in A implies a higher welfare weight on low cost types, who like output
relatively more than the high cost types. Only for A = (v./vy), are there no welfare gains
from redistribution of the private good. For A > (v»/v;) the low cost types are relatively more
important and, therefore, the efficient mechanism may provide an expected output higher than
first best, resulting in overproduction of the public good. For A < (v»/v;) the high cost types are
relatively more important and, therefore, the efficient mechanism provides an expected output
lower than first best, resulting in underproduction of the public good. Interim efficiency does
not necessarily imply thefirst best solution because of the trade-off between the use of transfer
payments for incentive compatibility and possible welfare gains from cost allocation.

3.2 Limited Transfersof the Private Good

In many applicationsitisillegal or impossibleto fully compensate individual swho contributeto
the production of the public good. In pure voluntary contributions situations no compensation
ispossibleso X = {0, 1} (A =[O0, 1]); an agent can only contribute or not*® (perhaps with some
probability). A less restrictive situation arises when compensation is possible but taxation is
limited by a no-bankruptcy condition so that no taxation is allowed which would |eave an agent
with negative amounts of the private good. Here X = (—oo, 1]; an agent cannot be taxed more
than theinitial endowment.

The impact of constraints on possible transfers can be easily seen by referring to the
maximization problem (R) in Section 3.0, particularly constraint (5.2). Under limited transfers
L(Q) > —oc and U(Q) < oo, and it is possible that (5.2) will bind at the optimum. If Av; < v,
then the solution to (R) will involve making «; aslarge as possible, whatever Q € Q; ischosen.
Thus o will equal the smaller of U(Q) or {Q+ (1 — 7)(Q1 — Qz). An analogous condition
holdsif Av; > v,. Of course Q must be restricted so that an o satisfying (4) and (5) exists but,
aswe will soon seg, if Q € Qr we will not need to worry about that when lottery drafts are a

16To see that these conditions are not vacuous pick 7 large, v; small, and v, closeto 1.

1t is easy to see asimilar effect happensif K is decreased or N isincreased or v, decreases or r increases. Of
course when N or 7 are increased, Qr changes.

181f we assume divisibility (X = [0, 1]) then an agent can contribute part of hisendowment. SinceA = [0, 1], the
formal resultsfor the limited transfer case are the same whether or not divisibility is assumed. With divisibility, it
would be possibleto tax K/N of each individual’sprivate good endowment.
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feasible financing option, i.e. when [0, 1] C X. To formalize thisintuition define:

H(Q) = max {L(Q), ICL(Q)}

and
G(Q) =min {U(Q), ICy(Q)}

and HQ if A
_ if Avy >V,
QN = { G(Q) if )\vi < vz.

When Av; = v, let JQ, ) be any number such that®® S € [H(Q), G(Q)]. The following
theorem generalizes Theorems 2,3, and 4 to any limitations on transfers such that [0, 1] C A.

Theorem 10 Let [0,1] C A. (Q, ) isan interim efficient mechanism for A (that is, it solves
(R) if and only if o solves

a1 = 9Q, )
(A) K
o = NQ
and Q solves
© max 7 [~ K| + (170 [1- S| + (v - vy )
subject to

Qe Qr.

Proof: Case 1. Av; > vo. We need a; satisfying (4) and (5) and as small as possible. This
means that whatever Q is chosen, we want «; = H(Q). Substitute this for «; in the objective
function of (R).

We can find such an «; satisfying (4) and (5) for agiven Q if and only if
ICL(Q) <U(Q) (6.1)

1Cu(Q) = L(Q) (6.2)
By Lemma9and Lemma 10, (6.2) istruefor al Q € Qr. By Lemma10, if 1 < Kv, then (6.1)
istrueforall Q € Qg. If1 > %vz, we know from Corollary 8 that Q* = (1, 1) isoptimal if (5)
isignored. But (5) issatisfied at Q* = (1, 1).

Case 2: A\v; = V,. Using the same analysis as that following Corollary 9 in Section 3.1, thefirst
best solution is attainable with a lottery draft. (See footnote 15.)

¥When Q € Qr, £Q1 € [H(Q), G(Q)]. Soiif lottery drafts are feasible, then [H(Q), G(Q)] #0 for all Q € Q.
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Case 3. \v; < Vv,. Herewe need o aslarge as possible subject to (4) and (5). Let a3 = G(Q).
In order for such an a; to be feasible, Q must satisfy (6). By Lemmas 9 and 10, (6.2) is true
forany Q € Qr. By Lemma10,if 1 < ﬁvz then (6.1) istruefor Q € Qg. If 1> %vz, suppose
(6.1) is binding at the optimum to (R). Then IC_(Q) = U(Q) < ICy(Q) and Q, > Q. since if
Q1 = Q, then %Q = §Q1 < U(Q) and (6.1) would not bind. Now consider a change from the
optimal Q caused by increasing Q. dightly. Since «; = U(Q) < ICy(Q), the objective function
changes by

AQz . (1 — EVz)(l — 7T) + 7T(V2 — AV1)6U/8Q2 .

Sincel> %vz and 0U/0Q, > 0, an increase in Q, increases the objective function. Further the
left-hand side of (6.1) declinesas Q. increases and the right hand side increases as Q. increases.
Therefore (6.1) can not bind at an optimum. [

Several questions now arise, including:

1. When isthe interim-efficient mechanism for limited transfers the same as that for unlim-
ited transfers?

2. Isthe characterization in Theorem 6 still valid with limited transfers?

We aready know when A\v; = v,, aslong as [0, 1] C A, the first-best output financed by a
lottery-draft is an interim efficient mechanism. Limitations on transfers have no effect and the
analysis of Section 3.1 remainsvalid. If AvyZVv,, that is no longer true.

Suppose we were to solve (R) ignoring the transfer constraints (5.2). Thisisthe unlimited
transfer solution (Q*,*). If Av; < v, and U(Q*) > ICy(Q*) then Q* dso solves (R). If
Avi > v, and L(Q*) < IC.(Q*) then Q* also solves (R). Therefore, one possibility is that
transfer limitation will have no effect.

Next, define the (modified) first-best solution as that (Q, o) which solves®
K K
maXx 7TQ1()\ — NVZ) + (1 — 7T)Q2(1 — sz) + 7T(V2 — )\V]_)Oél

subject toQ € Q, @ = £Q, and L(Q) < a1 < U(Q). Suppose Av; < v,, Q** isthe modified
first best solution, and U(Q**) < ICy(Q™). Or dternatively Av; > v, and L(Q**) > IC_(Q™)
Then Q** solves (R). This gives us a second class of possible solutions.

The intuition behind these two cases is straightforward. If, for example, \v; < v, then
relatively moreweight isplaced on high cost types so that the optimal solution (without incentive
constraints) makes «; as large as possible. If transfer constraints are tight and that transfer is
incentive compatible then the modified first best solution is optimal and this is the end of the
story. If, however, large transfers are possible then as «; is increased incentive-compatibility

20A truefirst best optimizationwould allow Q; < Qs.
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eventually bites. Once that happens, transfer limits become irrelevant. For Av; < v, when
ICu(Q) < U(Q) the production Q must be financed subject to incentive compatibility.

There does remain, however, athird possibility?* where, for Av; < v,

U((Q") <I1Cy(QM)
and

U(Q™) > ICy(Q™)
Consider the revised problems and solutions where Q solves max 7Q; ()\ - %vz) +(1—
7)Q; (1 _ §v2) +7(V2 — Av1)ICu(Q) subject to Q € Qe and ICy(Q) < U(Q), and where Q
solvesmax 7Qy (A — Kvp) +(1-7)Qz (1 — Kvy) +7(v2— Avy)U(Q) subject to U(Q) < 1Cy(Q).
If either 1Cy(Q) < U(Q) or ICy(Q) > U(Q) then we are in a previous case. Therefore
1Cu(Q = U(Q) and ICy(Q) = U(Q). Thus, Q=Q.

We can now answer our first question for Avy < v,.

Theorem 11 (a) Let Q solve
max Qg (A - Evz) +(1-7)Q2 (1 - Evz) + (V2 — Avy)ICy(Q)

subject to Q € Qg and ICy(Q) < U(Q). If 1ICy(Q < U(Q) then Q isinterim efficient and Q is
the same asif there were no limits on transfers.

(b) Let Q solve max 7Q, ()\ - gvz) +(1-7)Q (1 - %vz) +7(V2 — \v)U(Q) subject to
Q € QrandU(Q) < ICy(Q). IfU(Q) < ICu(Q) + £ (1 7)(Q:— Qo) then Qisinterim-efficient
and Q isthe first best solution (subject to Q; > Q).

©) 1f 1ICy(Q) = U(Q) in (a) and if IC_(Q) = U(Q) in (b), then ® = Qisthe interim efficient
for A and may be neither first best nor identical to the unlimited transfer solution.

2IA fourth possibility, where both
U(Q") > 1Cu(Q")
and
U(Q™) < 1Cu(Q™)
with one strict inequality cannot happen. If it could, then

Q1" (A — Rvo) +(1— m)Q" (1— Kvp) + m(vo — Avy)ICy(Q”)
> 7Q™ (A — Kvp) +(1— m)Q2" (1— Ewo) +m(v2 — Aw)ICu(Q™)

Also,
QU (A = Bva) + (1 — m)Q2™ (1— Kvp) +7(v2 — Avp)U(Q™)
>7Q1" (A — jv2) +(1— m)Q2" (1— §V2) +m(va — Av))U(QY).
Thus
ICy(Q7) — U(Q") > 1Cu(Q™) — U(Q™) > 0

with one strict, which is acontradiction.
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(d) 1ICu(Q) < U(Q) and I1C_(Q) > U(Q) not possible.
Proof: See above. |

Part (a) of thetheorem characterizeswhen the unlimited transfer solution remai nsunaffected
by restrictions on transfers. For example, if a mechanism financed by lottery-draft is interim-
efficient with unlimited transfers it remains so even with tight restrictions on transfers if
[0,1] € A. Part (b) identifies when the solution is first best, in the restricted sense given the
transfer technology. Part (c) identifies when the solution differs from the unlimited transfer
case in asubstantial way.

To answer the second question about the characterization in Theorem 6 we need to explore
case (c) of the Theorem above more deeply. In particular, if Av; < vz, 1Cy(Q) = U(Q),
1Cu(Q) = U(Q), and Q Q then can it be that Q € Interior (Qr)? The answer is no.

To see this, suppose Q does not lie on the right boundary of Qr. Then there exists a point
inQr, Q = (Q;, Q) such that Q; > Q; and U(Q) > U(Q) (Lemma12). If [Q,U(Q)] satisfies
the incentive constraint for low cost types (U(Q) < ICy(Q’)) we are done since this will
contradict © maximizing #Qx ()\ — Kvo) +(1— m)Q2 (1= Kva) + (V2 — Av)U(Q) subject
to U(Q) < ICy(Q). If [Q’ U(Q)] violates incentive compatibility for low cost types, then
compare the mechanisms [, &'] with & vy = =U(Q) versus[Q &] with &, = U(Q). Since[Q, 4]
violates incentive compatibility for low types and [Q, 4] satisfies that same constraint, it must
that &; < &,. Thisimpliesthat there exists away to finance Q 0 that &% = &g, inwhich case
(Q, &) isincentive compatible. But since Q > Q this means that & 1> U(Q). Therefore, we
compare two mechanisms Q and ¢, with

1) Q=@
(2) a2=a
B &u<qQ

(4 <&y

where Q, o) satisfies (4.1) strictly and (4.2) is dlack, and in (Q,&) (4.1) is dack. Since
AVi <y, @, a') generates higher expected welfarethan (Q, &). Furthermore, forall 0 < ¢ < 1,
(Q.,4.) = €(Q,a) + (1 — €)(Q, &) generates higher expected welfare than (Q, &), and will
satisfy (4.1) and (4.2) if e iscloseto 1.

Theorem 12 If [0,1] C A*, then for any parameters (K, N, 7, vi, V», A) there exists j* such
that it isinterim efficient to produce the public good iff the number of low types (v = v;) is> J*.
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4 Extensions

4.1 LargePopulations

We consider a sequence of economies indexed by the number of agents in the population. As
N increases, the total amount of private good needed to produce the public good is denoted
K(N) < N. We assume limsup M =liminf K = k and assumethat 0 < k < 1.
N—oo o
There arethree parts of the optimization problem that can change asN grows:. the objective
function, the feasible set, and the incentive constraints. We first consider the effects on the
feasible set.

Because the right hand boundary of Qr is piecewise linear for every N, the maximum
difference Q; — Q; is achieved at one of the vertices. This difference at a vertex is easy to
compute. From equations (2) and (3) and the characterization of QF before Theorem 1 we can
characterize the sequence of feasible sets { QN }. At each vertex except (0, 0), we have, for some
me {0,...,N—1}

Q= NZ_l ( Nj_l ) m(L— o)t

Q= ( N ,-_ ! ) A - 7)N-?

Recall that vertex m corresponds to a mechanism whereby the public good is produced if and
only if there are at least mlow-cost-types. The next theorem followsimmediately.

Theorem 13 Fix r € (0,1). For any ¢ > 0, N* such that for all N > N*

(QuQ) € QF = |Q1 — Qy <.

Proof: From above, for every N,
Ql - QZ < maXx ( 2: i ) ﬂ.m—l(l . 7_‘_)N—m
m=1...,N—-1

It iswell known that the right hand side, which is the likelihood of the most likely number of
successes out of N independent Bernoulli trials, convergesto 0, as N gets larger. [

Therefore, in the limit both types (interim) expect the same public good production, i.e.
Qr converges to the set of all convex combinations between full production (Q = 1) and no
production (Q = 0). It isimportant to note that this result depends only on the feasibility of
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allowing output to depend on the number of low types. The result does not even depend on
K(N). It says nothing about whether the free rider problem gets better or worse in N, since
incentive constraints play no role.

By the linearity of the objective function, the interim efficient output will be an extreme
point. If (A\r+1—7) < k[Axvy+(1—7)Vo] then, inthelimit, theinterim efficient mechanism will
have zero production. If (A\r+1—x) > k[ Arvy+(1— 7)Vvo] then, inthelimit, theinterim efficient
mechanism will have full production. Thisis essentially alaw of large numbers result. The
proportion of vi-types convergesto = aimost surely in N. Consequently, in the limit economy
the optimal Q isknown to be either 0 or 1, depending on the direction of the above inequality.?
Since Q; — Q; convergesto 0in thelimit, incentive compatibility thenimpliesthat, in the limit,
for any feasible Q, both types must have the same expected transfer. Optimality then implies
that either a3 = ap = 0 or a3 — a2 = Kk, depending on whether Q is0 or 1. Thus, incentive
compatibility and feasibility imply that in the limit only lottery drafts (or equal paymentsif the
endowments are divisible) are possible.?3

4.2 Individual Rationality

A natural constraint to impose on the choice of a mechanism is that, given the rules (Q, «)
and given a player’s observation of type, v;, the player should agree to play the game. This
leads to what are called interim individual rationality constraints. One interim individual
rationality constraint is Q, > Vza,. By incentive compatibility, whenever this constraint is
satisfied, low-cost types vy will also automatically satisfy interim individual rationality, since
Q1 — viar > Qy — viarz > Q > 0. More specifically, since the incentive compatibility
congtraint, for o = %Q ISICL(Q) < a1 < ICy(Q), theinterim individual rationality constraint
for high-cost types may be written:

o (2) (5o o) 20

or

1 1-7 K/1_-
> —— +— | — }
= V2Q2 ™ N (FQ)

It ispossible to find oy satisfying al of thisif and only if

® @) el 1l fewl]=o

Thus as long as %vz < 1, incentive compatibility guarantees that (IR) is not binding since
Q: > Q2 = (IR). Notice that %vz < 1 meansthat it would be ex post efficient to produce even
if all N players had high costs.

2|n the borderline case where k = % then in the limit every Q isoptimal.
2Moreprecisdly, only mechanismsthat generate the sameinterim expected utilitiesasalottery draft are possible

in the limit.
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Geometrically (IR) definesalinethroughtheoriginin(Q,, Q) space, withthe (IR) constraint
requiring Q to lie to the lower right of thisline. If %vz < 1, then the line has lope greater than
1 and lies above Q. If %vz > 1, then the line has dlope less than 1 and cuts through Qe. If IR
cuts the boundary of Qr above the unconstrained solution, Q*, it is not binding. If IR cuts the
boundary below Q*, it is binding and results in lower production (i.e. Qjr < Q*). See Figure
3. Inno case will IR lead to greater production than Q*. Notice that if the dope of IR isless
than 1, the only mechanism that treats both types the same (Q; = Q) involves zero production.
Therefore in large populations, individual rationality constraints drive the optimal solution to
zero production (Qu = Q; = 0) whenever lim Ky, > 1.

This provides a ssmple geometric interpretation for the findingsin Mailath and Postlewaite
[1990]%* and Rob [1989]: in Bayesian public goods environments with independent types and
some other minor restrictions (that rule out cases similar to I\Ilim MNMVz < 1), the probability

the public good will be produced goes to zero in the number of agents if interim individual
rationality isimposed. Feasibility implies that, for any mechanism Q; ~ Q, when nislarge.
By incentive compatibility, Q; ~ Q, implies a; ~ a,. By individual nationality, 1 > kv,
implies Q; =~ Q. = 0 isthe only possible mechanism.

5 Concluding Remarks

The central finding of the paper is that interim efficient public goods provision is aways of a
particularly ssmpleform: Given awelfarecriterion \, the public good should be produced if the
fraction of low cost typesin the population is greater than or equal to J% Theresult continues
to hold up when there are restricted transfers, even if transfers are entirely ruled out.?®

Furthermore, j*(\) is decreasing in A, the welfare weight on low-cost types. This has a
intuitive interpretation. There is a natural benchmark, A = 2, where total welfare is neutral
with respect to transfers and the public good is produced if and only if the sum of the benefits
exceed its total production cost. Call this “efficient production.” When A increases relative
to this, there is awelfare gain by shifting the burden of the cost onto the high cost types, and
by over-producing relative to efficient production (since low types favor production). When
A decreases, there is a welfare gain to shifting the burden onto low-cost types and (when v,
is sufficiently high) to reducing production of the public good. In many ways the latter case
(A < x—i) is a useful case to focus on. It corresponds to the common welfare criterion that
“those who benefit the most should pay the most.” Our result establishes that doing so entails
a production inefficiency in the form of restricted output of the public good.

A second set of findingsrelatesto practical aspects of mechanismdesign. Thisiseasily seen
in the case of avery smple optimal mechanism when X = x—i In that case the optimal solution
can be implemented by ssimply having a vote between production and non-production. If the

Thisisalso closdy related to an earlier result in Guth and Hellwig [1986, Prop. 4.5].
2When there are restrictionson transfers, then the good may aso be produced with some probability 0 < g < 1
when the fraction of low-cost types exactly equals ’(TA)
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number voting in favor exceedsthe critical level, j*(%)’ corresponding to production efficiency,
then the good is financed by randomly selecting K of N individualsto share the cost equally, a
(conditional) lottery draft mechanism. Incentive compatibility impliesthat an equilibrium of
this simple mechanism isfor all low typesto vote “yes’ and al high typesto vote “no.” %

Only dlightly more complicated mechanisms are needed for other )‘ﬂ_i and in the case of

transfer limitations. A 'N majority rulecan still be used to determine whether the public good is
to be produced, but a random tie-breaking rule when the number of Yes votes exactly equalsj*
may be needed when there are restricted transfers. In addition, lottery drafts are not generally
optimal financing schemes unlessj* = 0, A = x—i or j* > K. Inthelast of these cases, then
lottery draft financing may be optimal when the U(Q) transfer constraint is binding. In that
case the lottery selects K out of the j* yes voters. The optimality of these ssmple mechanisms
hinges on our assumption of only two types. More complicated mechanisms will typically be
required to achieve optimality with more types, at least in small populations.

Thislast kind of lottery is aspecial case of amore general type of financing that is optimal
with limited transfers when the U(Q) transfer constraint is binding. We refer to this as “least
cost,” and it involves always producing the public good in away that taxes high-cost types as
little as possible, and low-cost types as much as possible. Theorem 11 establishes that if the
transfer constraints are binding, then the solution is either first-best (i.e. incentive constraints
are not binding) or least cost.

An important feature of all of these smple 2-stage mechanisms is that the stages separate
the production decision (the voting stage) from the cost allocation decision (the lottery, or
transfer, stage). In order for this separation to work, it may be important that the planners have
confiscatory power. If v, islarge (or if a; or ay islarge), then some players might not wish to
make the transfers required in the second stage, or may not be willing to partake in the lottery.
These ex post individual rationality problems are severe. In fact the last section of the paper
shows the comparatively mild constraint of interim individual rationality generally leads to
gross inefficiency in large populations. While we do not work out the details of the stronger ex
post participation constraints on mechanisms, it is clear that a similar, negative result for large
populations will emerge since ex post constraints are stronger than interim constraints.

Oneextension would beto allow for continuousrather than discrete production technol ogies
and continuous levels of contribution. Aslong as we restrict attention to linear technologies
the main results remain unchanged.

A second direction would be to allow for continuous types. As noted earlier, the character-
ization of optimal mechanisms relies on the restriction to two types. Elsewhere (Ledyard and
Palfrey [1989]) we have begun to investigate the continuous type case when aregularity condi-
tion on thedistribution of typesissatisfied. That paper derives analogous versions of Corollary
7 and Corollary 8. When the continuous version of the inequality in Corollary 7 or Corollary
8 fails to hold, “feasible implementation” constraints on the reduced form corresponding to

260bserve how much simpler thisis compared with the very complicated schemes based on Clarke-taxes. (See,
for example, Laffont and Maskin [1982] p. 76.)
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Qr,U(Q) and L(Q) play arole. Preliminary work on this indicates that those feasibility con-
straints are closely related to the conditions found in the auction literature (Matthews [1984],
Maskin and Riley [1984], and Border [1991]).

Finaly, a more difficult set of issues arise if we drop the assumption of quasi-linear
preferences. The existence of income effects, arising from non-separability or from risk
aversion due to nonlinearities in the valuation of the private good, poses formidable technical
difficultiesin the analysis.
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Appendix: Some Lemmata

We establish afew simplebut useful propertiesabout the set of feasible and incentive compatible
mechanisms.

Lemma 1: Let (Q,a) = {(Q, o) }}, and (Q, ') = {Q",a")}N, betwo feasible and incentive
compatible (but not necessarily symmetric) mechanisms. Then p € [0,1] = [pQ + (1 —
pP)Q, pa + (1 — p)o’] isaso feasible and incentive compatible.

Proof: Incentive compatibility of the new mechanism follows from the linearity of utility in
Vi, o and Q;. Feasibility followsbecause one can producethenew allocation rule asacompound
lottery in the following way. First, everyone reportstheir types; then the planner uses a public
randomizing deviceto choose (Q, ) with probability p and (Q', ') with probability (1 —p). B

Lemma2: Let P = {(Qi, )}V, befeasibleand let

L ArVI(QL alve) + (L= 1)V by v2)]

Z|

N
w=>
i=1

There exists afeasible symmetric mechanism P = (Q, &) such that 7 A(Q1 — viéi1) + (1 — 7)(Qr—
Vod) = w. Furthermore, if P isincentive compatible then P is incentive compatible.

Proof: By the symmetry of the problem (i.e. theform of everyone'sutility functionisthe same
and everyone has symmetric priors) {Q*0, a#M}N, is feasible and incentive compatible for
every p: {1,...,N} — {1,...,N} that isone-to-one (i.e. every permutation operator). By the
convexity property established in Lemma 3, every mechanism in the convex hull of the set of
al such permutations of P is feasible and incentive compatible. Let P be the equally weighted
[byﬁ] convex combination of the permutations. Then Q' = 25N, Q' foraliandd' = 2 o
for al i, so P is symmetric both mechanisms generate the same ex ante social value. [

In view of Lemma 1 and Lemma 2, we can restrict attention to symmetric mechanisms.
The next lemmalis standard for incentive compatible mechanisms.

Lemma 3: Letv; <vy. If (Q, @) isincentive compatible then:

Q>Q (A1)
a1 > ap (A2
V(Q, a, V]_) Z V(Q, a, Vz) (AS)
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Proof: By incentive compatibility we have:
V(Q,a,v1) = Q2 — iz
V(Q,a,Vv2) = Q1 — Voo
Sincev; < v,, we get
Q1 —Vviar > Q2 —Viap > Q2 — Voaz > Q1 — Voo
Therefore, (A.3) followsimmediately; (A.4) followsfrom
[Q1 — vica] — [Q1 — Vaas] > [Q2 — Viaz] — [Q2 — V2a].

(A.1) thenfollowsfrom (A.4) and fromQ; > Q,+Vvi[a; — ap]. We need to show that efficiency
requires balanced budgets. [

Lemma 4: If (Q, «) isfeasible then
a >

Q

ZI X

Proof: Suppose not. Then contributions are on average insufficient to produce the output on
the right hand side of the inequality. This means that for somej,jajl +(N — j)aj2 < Kqj, which
violates feasibility. [

Lemma 5. Suppose (a',a% q) is feasible. Thenja' + (N — j)a” = Kg; for al j if and only if
a = NQ

Proof: Followsimmediately from the feasibility constraint that ja| + (N — j)a’ > Kq; and from
eguations (2) and (3). [

Lemma6: If (o, Q) solves(P) thena = KO, wherea = rag+(1—7)aandQ = 7Q+(1—7)Qz.
That is interim efficient mechanisms do not waste resources.

Proof: Suppose («, Q) solves (P) but that @ > £Q. By Lemmas 4 and 5, there is some
k' € {0,...,N} such that
k/a&/ + (N — k/)aﬁ/ > qu/

We will show thisimplies (Q, «) cannot solve (P). We consider four cases.

Case l: Atthe Optl mum (Q, Oé), Ql — Vi > Q2 — Vi and Q2 —\Voaip > Ql — V(1. Then at the
optimum neither (4.1) nor (4.2) isbinding. Therefore, increase g alittle or lower one of aj, or
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a2 alittle. Thisisnot possibleonly if g = 1, &}, = max{a K=(N—kja N‘”‘} and a2, = max {Q, K;,ka}-
K- (N k)a} then a'k’ a>a. Therefore aﬁ/ = K ka and a‘k’ a. ThUS,

Ifa&,zmax{a
Ka,+(N—K)a2 =K — (N-K)a+K —kKa=2K —Na
and
Ka,+(N—K)aZ =Ka+(N—K)a=Na
ThereforeNa = K. But Na> K. If a,, =athena? =aand

qu/ < k/a{(/ + (N - k/)a{(/ = NQ. S O
But g > 0, which isacontradiction.

Case2: At theopti mum, Ql_ a1Vy = Qz— oV and Qz— o\ = Ql_ a1Vo. Thus Ql = Q2 = 6
and a; = ap = @. Supposethat @ > KQ. Let a1 = d, = KQ. (Q, &) isfeasiblesince one can let
af = a} = Lok Then

E = Ar[Qu — vada] + (1 — m)[Q2 — Vody] =
(Ar+(1— 71'))9 — (A +(1— ﬂ')vz)Q% >
(Ar+(1—7)Q— (Arvi+ (1 — m)vo)an.

Therefore (Q, o) was not optimal.

Case 3: At the optimum, (Q; — Q) < Vo(ay1 — ap) and (Q1 — Q) = va(a1 — a2). A decrease
in a1, keeping Q1, Q2, az constant will improve E and satisfy (4) if feasible. If k > 0
and a}, > ggmax {)_(, w} + (1 — gmax {)_(, W} then such a change is feasible by
reducing aj. If K =0oral = qkmax{x HN—"‘B} +(1— qk)max{x M} then a2 >

gkmax {x ) k) + (1 — gymax {x, N k} so we need to show that one can feasibly reduce a2,

and for some k" #k’ (k” < N) increase a2, in such away that ., remains unchanged, and at the
same time reduce a;,. Such ak” exists unless, for al k#zk’ (k < N) either

%} + - agmin{x, =% )
K= (N KX
k

(1) & =gamax {

or (2) & =0gmin {

~(N— k))‘(}

or (3) k=0, a; = ggmax {)_(, } + (1 — g)max {)_(, k

If (1), then a} < gk, so (N — KiaZ > Kok If (2) or (3), then a} < aZ. Therefore,
NaZ > ka}+ (N — k)a > Kok fork=0,1,...,N — 1and NaZ > K'q« whichimpliesa, > £Q..
But V]_(Oél — Oéz) = (Ql — Qz) < V2(Oé1 — Oéz) ImplleS a1 > Qo. Therefore a1 > ap > %Qz
If a1 > £Qi then let 41 = £Qy, and a2 = £Q,. Then (Q, &) yields a higher value for E
than (Q, o) and we have a contradiction as long as (Q, «) is incentive compatible. If (Q, &)
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IS not incentive compatible, then for same ¢ close to 0, (Q, &.) is incentive compatible, where
G = eca+(1—¢)a. Since(Q, &.) yieldsahigher value of E than (Q, «), we have a contradiction.
Thus %Ql > o> ap > %Qz Thus

E(Ql —Q2)>a1—az Or VIE(QI — Q2) > Va1 — )

But 1> Xvy. Therefore (Qu — Q2) > vi(ay — ), acontradiction.

Case 4. At the optimum (Q; — Q2) = Vo(az — a3) and (Qy — Q) > vi(ay — ap). A decrease
in a, keeping Q and a1 fixed will improve E and satisfy (4) if feasible. If K < N and
a2 >qkmax{x K+ (1- qk)max{x, -k k}thenwchachangelsfeasbleby reducinga2. If
k' =N or a2 = ggmax {x s k) +(1— qk)max{x, - k} then al, > gymax {x JN—"L} +(1—

Oj)max {)_(, ij_kL} So we need to show that one can feasibly lower a}, and, for some k” #K’

(kK" > 0), increase a}, in such away that a; remains unchanged, and at the same time reduce
aZ,. Such ak” exists, unlessfor all k#k’ (k > 0) either:

kx —kx
1) & qkmax{ (*f\l k)} (- gomax {x, |, k<N

or (2) & qkmln{ M}*L(l—qk)min{ —(N —k)}

k K
or (3 kwﬂbz%ﬂ“{éw { . k)x}

} + (1 — g)max

If (1), then af > & so kaj > Kak. If (2) or (3), then a2 < a}. Following a similar
argument to Case 3, we get

N(Ql Qz) <y —az OF
Vo (Q1 — Q2) < Va(ag — a2)

If 1 < v, then (Q1 — Q2) < Va(e1 — ), a contradiction. If 1 > Kv, then Q, = Q; at the
optimum. But then a1 = a», acontradiction. QED. [

Finally we provideavery useful lemmaabout feasible and efficient mechanismswith limited
transfers which allows us to work entirely in the space of reduced-form mechanisms. First,
given afeasible Q = (Q1, Qz), we define two vaues, U(Q) and L(Q), which correspond to the
maximum and minimum expected payment of a low type.

U(Q) = max «a; subject to (2), (3.1) andfork=0,...,N, g« € [0,1] and

K—(':l(—k)>_<} —(N—k)>_<}.

(*) ax < qumin {)‘(, +(1— gq)min {)‘(, .
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L(Q) = min a; subject to (2), (3.1) andfork =0,...,N, gke[0, 1] and

K — (N — k)X ~(N— k))‘(}

” } +(1 — ggmax {>_<, ”

(%) af < gmax {>_<,

Lemma 7: Supposea = %Q (Q,) isfeasbleif and only if Qisfeasbleand L(Q) < a3 <

U(Q).

Proof: (only if) Since (Q, «) isfeasible, 3 feasible (g, al, a?) such that kal + (N — kK)a2 = Kg
fork=0,...,N. Sincea = KQ, a = “*=(""W& for 4l k. Since (a,0) is feasible (1.5) and
(1.6) aretrue. (1.6) implies (xx) while (1.5) implies (x). Thus, L(Q) < a1 < U(Q).

(if) Given Q feasible, we know by definition that (Q, «") and (Q, o‘) are feasible where
ay = U(Q), of = L(Q), o) = [%Q—Wo}l"] (ﬁ), and o5 = [%Q—ﬂ'a'ﬂ (ﬁ) That
is, there are feasible [qV, alV, a?!] which with (Q, oY) satisfy (2) and (3). Similarly, there
are feasible [g-, alt, @] which with (Q, ') satisfy (2) and (3). Thus if Q is feasible and
L(Q) < a1 < U(Q) and @ = KQthen thereisay € [0, 1] suchthat a; = uL(Q) + (1 — x)U(Q).
Therefore, u[qV,alV,a?!] + (1 — p)[d-, alt, a®] isfeasible and, together with (Q, ), satisfies
(2) and (3). |

Lemma 8: Let S be the dope of the indifference lines of the objective function for the
maximization problemsin Theorems 2, 3, 4. 050X > 0or Q* = 1.

Proof: A < wo/vy implies
JEIOQ) _ (¢ — MOt + (1= m)Vvy)

COEOQ (1) [ — E)Owar + (L — m)vg) — L]

Vi

S=

where the denominator is> 0. Differentiation and ssimplification give:

(Vo —vp)

sgn(9S9)) = sgn [ ] >0,

For A > %, if 1> Kv, then Q* = 1 and we are done. For 1 < £v,,
_T [(é - %) (Avir + (1 — 7)v) + 3_2(\,2 _ Vl)]
~(=7) (é - %) (Avim + (1 — m)Vvo)

Differentiation and ssimplification give:

sgn (g—f) = sgn|- (V_12 -~ )@ -wa-m]>o
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Lemma 9: If [0, 1]eA" and 1> Kv,, then for al QeQ,

L@ < Q1 < 1C(Q) < 1C)(Q)

Proof: Thelast inequality followsfromv; < v, and Q; > Q,, sSince QeQr. Now at the solution

o L(Q),

3 = Gmax {’-(’ W} +(1 — ggmax {>_<, #} < Eqk.
Thus L(Q) < KQu. Finally KQu < ICL(Q)if andonly if 0 < (£ — &) (1— 7)(Qu— Q) if and
only if 1> Sv,. .

Lemma 10: If [0, 1]eA* and 1 > vy, then for all QeQg,

U@ > Ka > 16
and

L@ < Ko< 16,(Q.

Proof: Since [0, 1]¢A”, a} > &gy is aways feasible. Thus U(Q) > KQ; > L(Q). The rest
followsfrom Qy > Qa, vy < Vo, vy <1 < Kvs. |

Lemma ll: Lety = (a,q) =[&,...,a%,83,...,85,00,---,0n] aSin Section 2.2. y isfeasible
if and only if

o € [0, 1] (1.2)
kay + (N — K)ag > Ko (12)
a=0a3=0 (1.3)
and a, ¢ A*=CO(X) for i =1,2 (1.4)
and, fork=1,...,N -1,
K — (N — k)X —(N = k)X
ay > gumax {>_<, %} + (1 — g)max {>_<, %} (1.5
K — kx —kx
8 > gmax {>_<, N Kk } + (1 - ggmax {>_<, — k} (1.6)
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Proof: We need to show; there is a feasible symmetric direct mechanism g yielding n =
(al,a?,q) if and only if (1.1)-(1.6). The set of feasible symmetric direct mechanisms when
therearetwo typesisS= {x : {0,...,N} — M(Z;)} where x(k) isthe measure Z, thefeasible
(X,y), when thereareexactly kv equal tovy. u € Syieldsy if andonly if (k) yields (at, a2, o)
fork=0,.

(only if) Suppose 1 € Syields . Then g = u(K)({z € Zly = 1}), and &, = S(x‘|\_/i =
vj, 1(K)), the expected value of X under the measure (k) conditional on V' = v;. Let %, =
EXRV =v, u(k),y=1),fort = 0, 1, the conditional expected value of X for (k) conditional on
Vi =y andy=t. Thenaz{( qu1k+(1 qk)x0k It isnow easy to see that (1.1) (1.3) and (1.4)
aretrue. (1.2) followsfrom the fact that ki, + (N — K)%3, > 0 and k¢, + (N — k)53, > K. It
also follows from these facts and co(X) = [x,X], that

(1.5) and (1.6) follow from these.

(if) (Given (a, q) satisfying (1.1)-(1.6), we need to identify an appropriate . € S. Given
(1.5) and (1.6) we can choose ¥, € co(X) forj =1,2andt = 0, 1 such that

ajk = qk)A(jlk +(1- Qk)ijk

and
kg (N — K)5G > tK.

Now let jii(k) € M(XN) be the measure on {(x,...,%x)} such that the probability is one that,
for al i, X = %, if V. = v;. Then let (k) be the measure where 1((x,Y)) = akiia(K)(X) if y = 1
and p((xY)) = (1 — aio(K)(X) if y = 0. i

To see why (1.5) and (1.6) are necessary consider an example: X = {0,1}, K =3, N =
10, k= 2. Fory = 0, theonly feasiblex = Ofor v/ = v; and V' = v,. Therefore, %, = O. For
y = 1, the largest % is 1 and the smallest is 0. The corresponding values of 53, are 1 and 3
respectively. Now (1.5) isa} > gmax{0, Jl} O0and (1.6) isaZ > qkmax{O, £} = qkl If
we were to try to find a feasible direct mechanism to implement g = £, af = 1, a; = 0 which
satisfies kat + (N — K)aZ2 = gcK we would not be able to do it even though (1.1) to (1.4) are
satisfied. Because a; = 1, % = 1 for j = 0, 1. Therefore it must be true that 5§, = —3 but x*
must be either 0 or 1. Constraints (1.5) and (1.6) protect against this.

Lemma 12: Suppose A" = [0,1]. Let Q € Qr and Q,(Q1) < Q2 < Q; < 1. Then there exists
Q} such that:

@ Q>Q
(b) Q'=(Q,Q) € Qr
(© U(Q)=U(Q
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Proof: Let {(g,ak, as)}N., beamechanism for whichthereduced form outputsareQ = (Q1, Q,)
and the reduced form taxes are o = (a1, a2) With a3 = U(Q), and & = %Q. First note that since
Qisintheinterior of Qg, there exist ki, ko with k; > k, > 0 such that g € (0, 1] and qf“ < 1.
This follows from the characterization of Qg given in the proof of Theorem 6. Furthermore,
since oy = U(Q), we must have a§ = gy min{¥,1} fork = 1,...,N. Consider an increase of ¢
to g = gk + AL, and a corresponding decrease of g to ' = g2 — A2, such that Q, remains
fixed, so:

At ( Nt ) R ( Nt ) re(L— Nt
1 1

Thisresultsin anew value Q;, given by
Q& - Ql +Al ( Nk— 1 ) 7Tk1_1(1— 7_‘_)N—kl o A2 ( Nk— 1 ) 7Tk2_1(1— 7_‘_)N—kz > Ql
1 1

To establish (c), observe that it is feasible to finance (Q}, Q,) exactly as (Q1,Q.) was
financed, except:

/ . K

at = a'{1+A1m|n{—,1}
Ky

/ . K

a? = a‘{z—Azmm{—,l}
ko

Using asimilar argument as before, it follows from k; > k; that:

. (K —
ay = a1+Almln{—,l} N-1 a1 — )Nk
k]_ kl

—N\? min{kE, 1} ( Nk_l 1 ) (1 — p)NRe > .
2

Therefore U(Q') > U(Q). [
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