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1 Introduction

This paper presents a very general result on continuous linear representability of binary
relations on topological vector spaces.

Important applications of this result include individual decision making under uncer-
tainty (expected utility theory) and collective decision making (utilitaristic social welfare
functions). In the latter area, the paper adds to known results on the existence of social
welfare functionals; see e.g. Maskin [1978], Roberts [1980], or d’ Aspremont [1985].
In addition to alowing for infinitely many individuals, it demonstrates the power of a
trand ation-invariance assumption which allowsto considerably weaken other assumptions,
which are usually made in this context, as completeness, transitivity, and continuity of the
social planner’s preferences (or, in the expected utility case, the individual’s).

Theresult isin the spirit of Schmeidler’s[1971] who derives completeness from strong
continuity properties of partial transitive preferences. We use an assumption, to be called
indifference-invariance, which is strictly weaker than transitivity.® This assumption, to-
gether with the trand ation-invariance postul ate, allows us to get compl eteness, transitivity,
and continuous representability from much weaker assumptions on the relation.

For the sake of clarity and ease of exposition, we postpone a more detailed discussion
until we have presented the formal set-up and the Proposition.

2 Notation and basic definitions

Let V be atopological vector space and R be abinary relation on V. By | and P we denote
the strict and the indifference relations, respectively, derived fromR:

Yx,yeV : xPy & xRyandnotyRX;
xly & xRyandyRXx

1Therelation of that assumption to transitivity has been studied earlier by Rader [1963] and Sonnenschein
[1965] for the case of complete preferences.



We shall employ the following notation for al x € V:

RX) = {yeV|xRy} lowercontour set of x;
RIx) = {yeV]|yRx} uppercontour set of x;
Px) = {yeV|xPy} worsesetofx;

P1x) = {yeV]|yPx} better setof x;

| (X) = {yeV|xly} indifferenceset of x.

By definition, | issymmetric, i.e. x| yimpliesy | xfor all x,y € V, and P isirreflexive,
i.e. x ¢ P(x) foral x € V.

Definition 1 AbinaryrelationRonV iscalledtrandation-invariantiff Vy,z € V: R(y)+z C
R(y + 2).

Definition 2 AbinaryrelationRonV iscalledindifference-invariantiff Vx,y € V: xPy =
1(x) < 1(y) € P~X(y) x P().

Clearly, indifference-invarianceof arelationisstrictly weaker thanitstransitivity. Rader
[1963] and Sonnenschein [1965] give conditions under which transitivity and indifference-
invariance of Rareinfact equivalent. They use completeness, continuity, and connectedness
assumptions on R and one half of indifference-invariance,i.e. xPy = 1(X) C P~Y(y) for
al x,y € V, toobtain that equivalence. In our set-up, alocal continuity assumption on and
tranglation-invariance of R allow us to get an even stronger result.

Note that, for trandation-invariant relations R, indifference-invariance of P is charac-
terized by P(0) + 1(0)  P(0). We will use thisfact later on without explicitly mentioning
it.

Definition 3 Abinary relation Ron V iscalled lower closed (resp. lower open) at x € V iff
R(X) is closed (resp. P(x) isopen). Itislower continuousat x € V iff it islower closed and
lower open at x € V.

Upper continuity is defined symmetrically. Note that arelation is called continuous if
it islower continuous and upper continuous at all x € V.

3 Result and Discussion

Proposition: Let Rbe atrandation- and indifference-invariant binary relation on V which
islower continuousat somepoint of V. If P Z ¢, then Risa continuous compl ete preordering,
representable by a continuous linear utility function.

In the case of expected utility theory, V contains the set of lotteries available to an
individual decision maker with a preference R. Here, our result asserts the existence of
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a continuous linear utility function for an a priori partial, locally continuous, and non-
ordered preference on the set of lotteries. In contrast, earlier work as in Theorem 4.2.2
of Blackwell-Girshick [1954], in Theorem 2 of Grandmont [1972], and the resultsin Einy
[1989], Trockel [1992], and Candeal-Indurain [1994] al require complete, transitive, and
globally continuous preferences.

Our result does not imply (nor isit implied by) Theorem 8 in Herstein-Milnor [1953].
They assume completeness and trangitivity of the relation while we do not. Our set of
aternatives is a linear topological space while theirs is a mixture set and may not have
a topology. Our local continuity assumption plays the same role as their Archimedian
axiom which amounts to a continuity assumption when the mixture set equals R". While,
in general, the question of continuity of the utility may be meaningless in their setup, the
utility may not be continuous even if the mixture set can be embedded in or is a linear
topological space.?

In the case of the application of our Proposition to a social choice problem, the vector
spaceV isthe space of utility allocationsto the individuals making up society. Therelation
Ron V isasocia welfare ordering, i.e. aplanner’s preference on utility alocations. Our
Proposition gives a very genera utilitarianism result for the social welfare ordering R.
In contrast to the set-up usually considered, it allows for infinitely many individualsin a
society as well as for a priori partial, non-ordered preferences of the social planner. In
particular, our indifference-invariant social relations do a priori not exclude cycles® They
only require that, in choice situations between two utility alloca

tions, either one of them can be replaced by an indifferent one without influencing the
choice. Thus, no rationality assumptions are required for the planner’s preference.

Thetrand ation-invariance hererepresentscardinality and unit comparability with afixed
unit. Itisthepower of thisassumptionwhich allowsusto deduce continuity from local semi-
continuity and indifference-invariance, and even implies R to be a linearly representable
(thustransitive and complete) social welfare ordering.

In this literature, a distinction is made between weak and strong utilitarianism results.
Thestrong notion requiresrepresentation of the planner’spreferenceRby alinear functional,
while the weak notion only requires R to be included in the relation generated by the
functional. The “weak notion” results (see e.g. d' Aspremont-Gevers[1977] and Roberts
[1980]), usualy rely on Theorem 4.3.1 in Blackwell-Girshick [1954] which does not
require continuity assumptions (and does not yield continuity of the representation). Our
Proposition, thus, does not strengthen these results. 1t, however, generalizes the version of

2To verify this and, thus, that our result does not imply theirs, observe that any linear topological space
isamixture set, in particular, any £P. It iswell known (see e.g. Rudin [1991]) that, for p € (0, 1), the latter
spaces have only atrivial topologica dual. Therefore, linear utility representations exist due to their result,
but continuousdo not.

3Indeed, indifference-invariance of R is consistent with cycles. 1t would be quite a natural property of a
non-transitive social preference rel ation because the ranking of two socia aternatives could be influenced by
areplacement of two socially indifferent subgtitutes.



this theorem, which includes semi-continuity as an assumption, on page 120 in Blackwell-
Girshick [1954], and extends it to infinite dimensions. Therefore, our result allows the
derivation of a more desirable strong utilitarianism result with a continuous social welfare
functional.

It is natural, to compare this result with that of Maskin [1978], whose approach is
quite different. He starts with a product space of utility functions and assumptions on
the social welfare functional and derives, with the help of the welfarism theorem (see
d’ Aspremont-Gevers[1977]), asocial welfareordering on the (finite-dimensional) space of
utility allocations and proves its representability. We apply our Proposition directly to the
latter space (allowing for infinite dimension). Maskin's assumption of full comparability
is replaced by our assumption of trandation-invariance. Neither one of these assumptions
isimplied by the other. This substitution, however, has the interesting and pleasant conse-
guence that the strong separation property needed in Maskin's paper can be dispensed with
and that (as already pointed out) continuity can be derived from local semi-continuity.

In closing we note that, in view of Trockel’s [1989] classification of Cobb-Douglas
representable utility functions, our present result may be trandated into one giving minimal
requirements for a binary relation on R, to be representable by a Cobb-Douglas utility
function.

4  Proof of the Proposition

Proof: (a) First we show that | istransitive.t
By trandation-invariance, R(0) = —R~%(0), P(0) = —P~%(0), 1(0) = —1(0), and R(X) =
x+R(0), P(x) = x+P(0), 1 (x) = x+1(0) for any x € V. Hence, lower continuity at one point
implies (global) continuity.

There exists x € P(0). We will show® that

V = P(0) U P~1(x) = R(0) U R (). (1)

Because the middle term is open and non-empty and the last term is closed, equality of the
twoinfactimpliesthat both termsequal the connected set V. Toprove(1),lety € 1(0)UI(X).
If y € 1(0), then —y € 1(0) and indifference-invarianceimpliesx — y € P(0), i.e. X € P(y),
thusy € P(x). If y € I(X), theny — x € I(0) and, again by indifference-invariance,
y =X+ (y— X) € P(0).

We will now show that | istrangitive, i.e. 1(0) +1(0) C 1(0).
Because of (1), 3x € P(0) U P~(x). We will show that 3x € P(0), which is clear if

x ¢ P(x). If %X € P71(X), i.e. x € P(3x), then, by trandation-invariance, 3x € P(0).

4Notethat completeness of an indifference-invariant relation trivially impliesthis result. Here we show it
without first showing the completeness of the relation.
SThis argument borrows from Schmeidler [1971].
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Since (1) istrue for any z € P(0), iterations of this argument show that 0 € clP(0), where
cl denotes the closure operator in the topology of V.

Next we will show that R(0) = clP(0). Because R(0) is closed, we only have to show
that 1(0) C clP(0). To thisend, let z € 1(0). Then

z=0+2z e cP(0) +1(0) C cl(P(0) +1(0)) C clP(0), where the last inclusion holds
because of indifference-invariance.

Thisimpliesthat R(0) + 1(0) = cIP(0) + 1(0) C cl(P(0) +1(0)) C clP(0) = R(0), hence,
1 (0)+1(0) C R(0). By trandation-invariance, we also have R1(0) +1(0) C R~*(0), whence
1(0) +1(0) € R%(0) and we are done.

(b) Secondly, we show that R is complete.

Assume that thisis not the case, i.e. there exists x € V not comparableto 0. By (1), this
impliesx € P~1(x). Thiswill allow usto prove

R(X) N R(0) = P(x) N P(0). )

In fact, if z € 1(X) N P(0) or z € 1(0) N P(x), then, by indifference-invariance, x € P(0)
or x € P~1(0), respectively — a contradiction to our assumption. If z € 1(x) N 1(0), then
trangitivity of | impliesx € 1(0) —again a contradiction.

Because the set described in (2) does not own x, it is closed, open, and not the whole
space. Thereforeit is empty, acontradiction to x € P(0) N P(X).

(c) Next we show that 1 (0) isaclosed linear subspace of V.

Infact, let x1 O,y | 0. Trandation-invariance of R and transitivity of | giveusOl — xand
thus —x +y 1 y. Trangtiviy of | implies—x+y 1 0, and I (0) isagroup.

It is left to show that x € 1(0) implies Ax € 1(0) for any A € R.. We will show that
x 1 0 implies 3x | 0. Assume not. Then by completeness, 2x € P(0) or 3x € P~(0);
say %x € P(0). Trandation-invarianceyields —x 1 0, and indifferenceinvariance—%x =
Ix—x € P(0), i.e. 3x € P~(0), acontradiction to the fact that P is asymmetric. Iterations
of this argument yield 2—1kx | Oforal k € N. The group property of I(0) alows usto infer
that 5x € 1(0) forall n,k € N. Because the set of these pointsisdensein R, - x and because
1 (0) isclosed as the intersection of the closed sets R=1(0) and R(0), we are done.

(d) Finaly, we prove linear continuous representability.

Let W be an algebraic complement of 1(0), i.e. W is a linear subspace of V with
1(0) "W = {0}, and V = 1(0) + W. By non-triviality of R, W # {0}. Then, C:= W\ {0}
clearly is a subset of P(0) U P~1(0), and, thus, cannot be connected. However, if dim
W > 2, then C is connected as the union of finitely many connected sets with mutu-
aly non-empty intersections. Hence dim W = 1 and 1(0) is a hyperplane. Therefore,
there exists a continuous linear functional p with p(xX) < 0 and HP: = Kerp = 1(0)
(Robertson and Robertson, 1964, Chapter I1). Let H?: = {y ¢ V | p(y) < 0}
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and H? := —HP . Either one of these open halfspaces is non-empty and connected. Because
Ris complete, H? = (HP n P(0)) U (H? N P~%(0)). Because x € H” N P(0) and the sets
P(0) and P~1(0) are open, H® N P~1(0) = . ThusHP C P(0). By trandation-invariance,
this gives H? = —H? < —P(0) = P~1(0). Hence (HP,H%, HP) and (1(0), P~(0), P(0))
both are partitions of V with HY ¢ P~%(0) and H® < P(0), and 1(0) = HP. Therefore,
these partitions areidentical and p is (up to multiplication by a positive scalar) the uniquely
determined continuous linear functional representing R. In particular, R must be transitive
and continuous in addition to being complete. [ |
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