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Abstract

One of the more convincingterpretations ofmixed strategy equilibria describes raixed
equilibrium as a steadstate in a large population which all players use pure strategies but the
population as avhole mimics a mixedtrategy. To beomplete, however, this interpretation
requires agood story abouthow thepopulation arrives at thappropriate distributiomover pure
strategies. In this paper | attemptdive anexplanation based on an evolutionary, stochastic
learning process.Convergenceroperties of these processes hbeen studied extensively but
almost exclusively for the case of convergence to pure Nash equilibria. Herethstudgditions
under which an evolutionaprocess converges to population mixed-strategy equilibria. 1Haid
not all mixed equilibria can be justified as the result of the evolutionary learning mroeessthe
equilibrium is unique. For symmetric2x2 and 3x3james | givenecessary and sufficient
conditionsfor convergencand for xn games | give aufficient condition.For cases imvhich the

conditions are not satisfied counterexamples are given, in which the process enters a limit cycle.
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I. INTRODUCTION

Although the concept of a mixatrategy isone of the mostmportant concepts igame theory, it

is alsoone of the moreontroversial topics. Widely usedfor itsconvenientproperty of
convexifying thestrategy space, it generally acknowledged to have a relatively weak behavioral
basis. AsAriel Rubinstein(1988, p. 9) states rather drastically: "...tleve interpretation of
mixed strategies, as an actiovhich is conditional on the outcome of a lottery executed by the
player before the game, is intuitively ridiculous."

Uneasinessiboutmixed strategy equilibria arises frothe fact thatalthough a player is
indifferent betweerall of thepure strategies ithe support of hismixed strategy, he has to
randomize over thegeure strategies in such a way tld opponentare exacthindifferent
between theistrategies. As Rubinstein (1988, p.10) points outaksimed behavidrecomes
even more problematic if there are small costs associated with using a randomization device.

This is not to sayhat playersiever consciously randomizé&lost people understartthat
in rock-scissors-paper would be foolish to becomaredictable. Thus in order #void being
outguessed players may actually randomize. This argument, of course, @pypliethe game is
played repeatedly and players choices are observable. But what would be the incentive for a player
to randomize if the game is played idaage population with anonymous matching and with no
hope of observing the past behavior of any particular opponent?

There aregwo approaches in the literatuhat interpretmixed strategy equilibria not as
states in which players randomize in each round of play but rather as steadywdtite anmixed
strategy is obtained average(either over time or in aross sectionyvhile all players actually
use pure best replies @very given period. The first ofthese approaches kitarsanyi's (1973)
purification ideathat states that a playeriigluenced bysmall, unmodelledperturbations to his
payoffs which are not observable by his opponents.every repetition of the game a player
chooses the unique, pure best reply in the corresponding game of incomplete infatepeatioing
on the realization of theperturbation. Considering the longun average othoices his opponents
are lead to believahat the player actually randomizbstween thepure strategies. Thmain
problem with thisapproach is thathe source of the perturbations remains unexplamidh is
dissatisfying since iperturbations are payoff relevant, as Harsanyi assutneg,should be
explicitly included in the model (Rubinstein, 1988).

The secon@pproach considersraixed strategy equilibrium as a steaslate in adarge
population (see, e.g., Rosenthal, 1979). A steady stagoisudation mixed-strategy equilibrium
if each pure strategy ithe support ofthe mixed equilibriunstrategy isbeing played by the

1 See Osborne and Rubinstein (forthcoming) for a more detailed discussion of this.



appropriate proportion dhe population tgive an outsid@bserver - or each individual player -
the impressiorthat the population as whole is playing a mixedtrategyeven though each
individual player uses jpure strategy. But this interpretation ahi&ed equilibrium begs another
guestion. How does the population arrive at a population mixed-strategy equiibraxpressed
differently, howcan players be coordinated sticht the right proportionare achievedeven
though each individual player has no reason to prefer a particular pure strategy?

The current papeseeks to answer this question dipploying astochastic evolutionary
learning mechanism.Suchmodels have been used extensively in the rditerditure (see, for
example, Kandori, Mailath andob, 1993 orYoung, 1993) butalmost without exceptiothey
were used tostudy convergence of the learningrocess topure (and usually, strict) Nash
equilibriaz In this paper | characterizbe conditions under which an evolutionary learning
process converges tavaxedstrategy equilibrium.

The general set up of the model is the following. Players from ablatfjeite population

arerepeatedly matched pairs to play asymmetric normal form game. After each period players

observe the percentages with which each agtmschosen. Playerare myopicin the senséhat
they seek to maximize thpayoff of the current period without taking into account the eftaets
actionsmight have on théuture development of theystem. Furthermore, thereimgrtia in the
system as playerare assumed to be able to adjust their strateglgsinfrequently. These
assumptionslefinewhat issometimes called best reply processr best response dynamisee,
for example, Kandori and Rob 1993, and Bergin and Lipman 1993).

I will consider two types obest reply processashich differ in the wayplayers are
assumed to calculate their expegbegoffs. One version, which dall thelarge population case
assumes thdahe population is sufficiently largbat players dmot bother to excludinemselves
from the strategy profile before calculating the probabilities of their opponents' strategies.
some extent this seems to be in line with the general bouatitmahlity flavor of themodel. Also,
| do not assumthat playersecessarily know thexact population sizeAll they observare the
proportions of players taking each action. Strictly speaking playersherefore, not able to
perform the calculation of subtracting themselves out of the strategy profile.

Alternatively, | consider a best reply procdss the small population casein which
players are assumed kaow theexact population size arekclude themselves from the profile
before calculating their expectpdyoff. For 2x2 and 3x8ames Ireportconvergenceesults for

2 Young(1993) showghatgameshat areweakly acyclic converge to strict Nashequilibrium.
Kandori and Rob (1993) give a convergence result for pure coordination gamesgamde®mith
strategic complementarities. #election of othepapers in this aremclude Canning(1992),
Ellison (1993), Foster and Young (1990), and Noldeke and Samuelson (1993).

To



both types of best reply processes. Resultgdoeral mn gamesare only givenfor the large
population case.

The first important result of this paper is that all population mixed-strategy equilibria
can be justified on the grouniat they arethe outcome of thiest reply processFor both, the
large and the small population case themegamesfor which thebest reply process carever
converge to the mixed equilibriueventhough the equilibrium is assumed to be the unique
symmetric equilibrium. Instead, the process cycles forever around the equilibrium.

In other words there ate/o classes amixedstrategy equilibria. The equilibria in the one
class can be justified dee outcome of evolutionary learning since the process converges to an
equilibrium from any initiaktate infinite time with probability one. On the other hand there is a
class ofmixed strategy equilibria that cannpistified in this way. Whatakes them different?
Roughly speaking, the equilibria in tlater category are unstable irsensehat if the system is
off the equilibrium byjust one player, this playeneverhas arincentive toreturnthe system to
equilibrium by switching to the under-represented strategy.

For 2x2 and 3x3games | present necessary and sufficient conditions (global)
convergence to the equilibrium wittoth types of best reply processes. Clearly, a necessary
conditionfor every convergingrocess is thahere exists #ast stepto the equilibrium. In other
words there must exist a population strategy profile thatygiven the dynamics of tHeestreply
process it is possible taovefrom that profile to the equilibrium. Surprisingly, itirns out that
the existence of any suldst step is alsthe sufficientconditionfor convergence in théx3/large
population case.

The situation is somewhat different in the 3x3/small populatés®. In contrast to the
large population case not atlixed equilibria are absorbing statestbé best reply process in the
small population caseSome mixedstrategy equilibria are unstablethre senséhat if a player
excludes himself from the equilibrium profile, his alttategy is not a best reply against the
remaining profile. For this case showthat a necessary argifficient condition isthat the
equilibrium is absorbing, eondition which isstronger than the necessary and sufficiendition
for the large population case.

Finally, 1 give a sufficient conditionfor convergence in symmetricxm games. This
condition, which is callegvolutionary stability with respect to pure strategies (ESP®)lies a
restriction on the payoftructure otthe gamesuch thatfrom everystrategy profile th&ynamics
are directed toward the equilibrium.

There is a variety of studies in the literatthvat try to justifythe use oNash equilibria
based on an adaptive @volutive story rather than on introspection by perfectly rational
individuals. These adaptive approaches generally assume that individuals play the game repeatedly



while ignoring possible strategic linkbetween repetitions. It is then analyzed whether or not
relatively simple adjustmentles lead tdNash equilibria. Although someearly progress haokeen
made, inparticular inthe fictitious playliterature (Brown1951, andRobinson, 19513, research

in this direction allbut endedafter Shapleyshowedthat suchadjustment processes do not
necessarily converge.

Furthermore, as Crawford (1985) points otlte question whether such adjustment
processes converge itaxedstrategy equilibria has largely ored. Crawford1985) himself
gives a very pessimistanswer. He find¢hat a process, iwhich players adjusthe weights of
their mixed strategies according to the relative success of paghstrategy ithe past, islocally
unstable at the mixed equilibrium for almost all games.

More recently, severapapersreconsider the question of learning amiked Nash
equilibria. Fudenberg and Kreps (1993) and Jordan (1993) point out praetitbntise fictitious
play interpretation ofmixed Nash equilibria. In particular, imodels offictitious play players do
not randomizébut rathemswitch from playingone pure strategy to playing another dgicles of
ever-increasing lengthFurther, both papers, agell as Young(1993), give an example of a
version of the Battle of Sexgmme in which fictitiougplay (or adaptive play, agoung calls a
modified, stochastic version) leads to a situatiomvhich players' actions angerfectly correlated.
Players miscoordinatevery periodeventhough the relative frequency with which these each
pure strategy corresponds to the weights in the mixed strategy equilibrium.

Fudenberg and Kreps (1993) also define a new behavioral rule that leadgamence of
intended behaviaratherthenjust to convergence of empirical frequenciddut they findthat "...
while convergence to mixdzehavior is possible, it is harddee why it shouldccur." (p. 323) so
that againthey have toresort to Harsanyi's purificatioidea to justifywhy playerswho are
indifferent would randomize with the frequencies required by the migetd equilibrium. Idight
of all these problems the population mixed-strategy interpretation may be an elegant escape.

The next section introduces the details of tiarlel followed by ashort account of the
convergenceproperties of 2xZames. In Section Il a necessary and suffictemidition for
convergencdor the 3x3/large population casegisen. The same idone in section IMor the
small population caseAnd finally section \contains the prodhat ESPS is aufficient condition
for convergence of¥n games.

3 Originally, fictitious play was not interpreted as a justification for Nash equibbtiaather as
an algorithm to compute them.



IIl. THE MODEL

The basiogame considered here is a symmetko normal form game witpure strategies S =
{S;, ..., S} If a player chooses strategy &jainst strategy; ®f his opponent, he receives a
payoff of 11(S,S). This staggame is played repeatedly byaage population of N players such
that inevery period eacplayer is randomly matched witime ofhis opponent$. Thestateof the
system at time ¢an be summarized by a veawvr= {p', ..., u'.} that gives the proportion of the
population using each strategy. Htate spac® = {p 0 A™! |y, = #S/ N} is a finite set ofyrid
points in the n - 1 dimensional simplex.

Consistent with the evolutionary nature of thiedel the assumptionabout players'
information sets are less demanding than usual in game tH&agers are supposedkioow only
the current statg and theirown payoff matrix(even though the game is symme#i all payoff
matrices ardédentical thisfact isnot necessarilknown to theplayers). | assume that a players in
a large populatiomvho receives the informatidhat the currentstate isp will expect a payoff

next period from playing strategy &
NS =3 KN s). ()
=1

Two assumptions anenplicit in this formulation. Thdirst is that playersexpect the system to
have strong inertighat is, thathe statetomorrow is almost the same as #iate today. This
assumption is justified if the population is large #awdplayers are able tchange their strategies
each period, which is thease forthe stochastic adjustment process assumed belowsethed
assumption is thahe population is so largkat a playedoes not bother to exclude himsetim
the profile before calculating the expected payoff. Note that since players are not assmoed to
the population size N, they cannot exactly carry out such a calculation anyway.

On the other hand if population size is small and if N is assumed to be known, a player can
exclude himself from the profile and will then expegagoff from playing Swhen hewasusing
S, in the current period of

KN pN-1
NS.uy)=y NS, §)+———
K J;N—l 3

nes.,.s). 2
N6 8) 2)
wherep, denotesstrategy profilgu with oneplayersexcluded fromstrategy § Most results in
this papemwill be givenfor the large population cabat results for 2xand 3x3games are

presented for the small population case as well.

4 If N is odd, the odd-man-out is not matched and receives aadbvdrary payoff ofrt.  The
expected payoff is then equal to the expected payoff conditional on being npdish@d- 1/N)rt
All results are unchanged for this case so | will henceforth assume that N is even.



Given theplayers' expectations about next period's paybt#sset opure strategypest
repliesis
B(W) ={S 0S| $0argmaxN(S,u) }
for the large population case and
Bk ={S 0S|S0argmaxn(S,u,) }
for the small population case.

One feature thatone wouldwant every plausible learningrocess to satisfy is that
strategies thahave done well in th@astshould increase in frequency whereas strateiats
haven't should decrease. | will follow Samuel4@891) and Kandori and Rob (1993) in
formalizing this general idea by assumthgt players arenyopic optimizers who - infrequently -
have the opportunity tadjust their strategies tbhe currenenvironment. Infrequent adjustment
seems to be a reasonable assumptigitirmtions with adjustment codtsat vary stochastically
over time. For example, many peopley anewcaronly whentheir oldcarbreaksdown. Taking
the break-down time aofars to bestochastic the (opportunity) cost of switching taliterent
model is lower at some infrequent points in time.

Infrequent adjustment is not a necessary assumption fomtidsl but it gives some
plausibility to the assumption of myopic behavior. If adjustment is infreqleeydrs arealmost
correct in assuminthatthe strategy profile tomorroleoks like the profildoday. If inaddition
the future is discounted heavily, then seemingly myopiehavior could be based on rational
decisions.

Assumption (best reply processvery period each player receives the opportunigdfost his
strategy with probability > 0. If the opportunityarises, a playezhooses a best reply against the
current strategy profilg. If thereare several best replies, a playey choose any dfiem with

positive probability unless he is already playing a best reply in which case he remains at his current
strategy.

Probability 8 may depend on thetate and orthe strategy the player is currently usié@,S).
For example, it may be plausible to spediat playersvith verybad strategies can switofore
frequently. The results in this paae unaffected by this modification dsng asall 6(u,S) are
strictly positive®

The above assumption gives rise to a stationary Markov chain stateespac®l. | will
say that the process has converged @mbaorbing statén periodrt if pt = pt* for all periods & 1.

It is obvious that a state is absorbing if and only if all players use best replies.

5 See also Kandori and Rob (1993) for this observation.



To better characterize tlvenvergenceroperties of the best reply process it is useful to
define abest reply regiorR(S) which is thesubset of thetate spac# for which strategy Sis a
best reply.
RS ={u0M|SOBW}

Two properties can be immediately stated. First, the best reply regions are convex sets and second,
they cover the entire state space, thati};, ( i) Bl. LetR(S) denote the set amhich S is the

i=1.n

uniquebest reply, that iR(S) = R(S)° nR(§)¢, with "c” denoting the complement ofsat inM.
I will call R(S) the "interior" of R(§ for short.

Below | will frequently employ aliagram of thestate space fdahe case 08x3 games to
illustrate general properties of the best reply processill luse it here to show tltifference
between théest reply process foine large and the small populaticese. In figure the corners
correspond to states imhich the entirgpopulations plays the sanpere strategy anthe edge
opposite a corner correspond to states in which no one plays this particular strategy.

Figure 1

Suppose Ss the unique best reply agaipsthat isp [0 R(S;). Then any grid point iarea A can
be reached by the best reply proctssthe large populatiooase. Which point the process
actually moves to depends on whieimd how manyplayers get the opportunity to change their
strategies. Foexample, if all current Slayers get the chance to switikht noone else, the
process moves w. If all S, get the chance to switch, the proa@swes to3. Current $players,
of course,would not change thestrategyeven if theyhad the chance since thene already
playing a best reply.

In contrast, inthe small population case it is possithiat while p O R(S), p; is in
another best reply region, elg, U R(S,) because a current-Blayer afterexcluding himself from
the profile faces a profile with a lower percentage,gfl&yers. In that case, gitid point in A or
in B can be reached. For example, if giptyers get the opportunity tove, theprocessnoves
toy.



Definition 1: A population mixed-strategy equilibrium (PME) = (U*;,..., ") is a distribution
of players over strategies such that the proporfigrequal the weights easlrategyreceives in a

mixed Nash equilibrium.

Clearly, a PME caonly exist if N can be partitioned in a way so as to producevéights of the
mixed Nash equilibriumwhich excludes games wittrational payoffs from consideratiorGiven
the right N the questiois, under what conditions, if anwill a best reply processonverge to a
PME? Inthe large populatiopase, that iswith payoffs as specified in (1), each Nash
equilibrium, whethepure ormixed, is an absorbingtate ofthe best reply processdowever,
some mixecequilibria arehighly unstable and the best reply process caendtup therenless it
started there.

I will startwith the relatively simplease of 2x3yames. If theraretwo puresymmetric
equilibria, there is also mixed equilibriumy”. Butthe best reply proce$sr the large population
case camever converge tp" sincefor all p > " strategy $ is the unique best reply afat all u
< W strategy Sis the unique best replyThus,the process always convergegay fromy” to one
of thepure strategies. Cthe other hand if a ganfas aunique equilibrium it is easy to stet
the processvill converge tathis equilibriumeven if it is mixedsince the dynamics from atates
aredirected toward this unique absorbstgte. Due tthe finiteness of thstate spacehe mixed
equilibrium must be reached eventually.

The situation is similar fathe small populationase, i.ewith payoffs specified as in (2),
with the exception that in the game with e andbne mixedequilibria thelatter is noteven an
absorbing state. Teee why, notéhat a Splayer afterexcluding himself from themixed
equilibrium profiley” is not playing a best reply agaipst and wouldike to switch to Sinstead.
Hence " is not an absorbing state.

lll. 3x3 GAMES: THE LARGE POPULATION CASE

There are several resultstime literatureconcerning the convergence lmést reply processes to
pure Nash equilibria. Faxample, Young1993) showshatweakly acyclic games converge to a
(strict) Nash equilibrium. Kandori and Rob (198Bpw the saméor pure coordinatiogames
and games with strategic complementarities. An interesting question is thevbéiher the
process converges in games that fail to have a purenetricNash equilibrium. Ithe remainder
of the paper | will restrict myself to games with a unieuiged equilibrium. The main theorem of
this sectiorgives the necessary and sufficient condifmmconvergence in thease of gamewith
completely mixedNash equilibria. But before turning tat | will deal with theeasier case of



games with non-completely mixé¢ash equilibriawhich is similar to thex2 case ithe sense
that all such games converge.

Proposition 1: Lefu” be a mixed but not completely mixed Nash equilibrium. Then the best
reply process for the large population case converges alwgys to

Proof: AssumeWLOG thaty’, = 0. To showthatthe process always convergegito= (", 1-
K, 0) I will construct assequence of possibteansitions from amrbitraryinitial statept to one of
the pure strategy states and fraohere top”. This showshat all statesther than thequilibrium
are transient and, hence, the process must convargeventually.

If u O R(S), some i, Scan be reached ionestep. If not, anntermediatestep in the
interior ofone of thebest reply regions can be reached and from thpugeastrategy. Teeethat
" can be reached from any pure strategysider thébest reply graplof a game with a unique
mixed equilibrium. In the best reply graph pure strategiesoargected by a directg@dth, e.g. S
- § indicatingthat § [J B(S) and, hence, the population coutdove from a state invhich
everyoneplays $ to a state irwhich everyoneplays $ Two types of best reply graphs are
possible fogames with a unique, mixed equilibriurgither there is a cycle,S- S, - S; - S,
in whichcasep” can be reached from all pure strategies, or at éeestrategy is a best reply to
both other strategies. Ndteat S cannot be a best reply to bothad S. If it were, then due to
convexity of thebest reply regions atitates (14, 1, 0), p O [0,1], would be contained in R{S
But thisimpliesthatthe payoffs of both Sand § are flat on all states {@-p, 0), u O [0,1] since
aty” S, and S are best replies. Hence, the equilibrium would not be unique.

Suppose WLOG that,S1 R(S,) which impliesthat § O R(S) since nopure strategy
equilibria exist. The twoemaining possibleest reply graphs musiclude the following directed
paths(there may or may not m®me additiongbaths ineach graph) 5- S, - S;and § - §;

- §,. Inthe latter cagg can obviously be reached from all pure strategies. In the former case a
statey”" = (0, u*, 1-4") O R(S) can be reached from botha&hd §. p" must exist sincetherwise

there would be a second equilibrium on d¢dge connecting,3and S. Summarizing, the process

can move from $or S, to § viap" and then from Sto Y .m

The following theorem gives a necessaryd sufficient conditiofor the convergence of the best
reply process in a large population to the populatioied equilibriumfor the case 08x3 games
with a unique completely mixed equilibriyh



Theorem 1: For symmetric 3x3 games with a unique, completely mixed Nash equilibtinem
best reply process in a large population converges to the equilibrium if and only if there exists
somey 1 M and some i with the property that< p;", i, > §', j# i, and {§ = B(l).

Proof: To prove that the existencejofs a necessary conditidor convergence to the equilibrium
note that every converging process must have a last step. Relative to the equilibriupt ptiadile
penultimate statg' of any converging sequence can only have one of the following three formats:
(&) Two strategies are over-represented relatiue @od one is under-represented, that is,

[0S such thap, <y andy, > W', j # . 3)
In order to move from some satisfying (3) tq1", § must be the unique best reply agajristhat
is

O’ satisfying (3)s.t.p" O R(S). (4)
Note that (4) is just the condition of the theorem.
(b) Two strategies are under-represented and one is over-represented, that is,

[0S such thap, > p" andy, <p’, j # . )
To move fromy' satisfying (5) tqu* both of the under-represented strategies must be best replies
againsit’ and the over-represented strategy must not be a best reply, that is,

Oy’ satisfying (5p.t.p" O R(S) n R(S). (6)
(c) One strategy is over-represented and one is under-represented, that is,

Uij.k such thapy <p’, y > 1" andp, =/ (7
In this last case the equilibrium can only be reachedsfabest reply and B not:

Oy’ satisfying (7)s.t. " O R(S) n R(S)° (8)

I will now showthatwhenever condition (6) or (8) satisfied, condition (4) is satisfied a®ll.
Hence, (4) is a necessary conditfon convergence t". For notationalconvenience leM be

divided into regions as shown in figure 2.

Figure 2

For example, W ={1 OM |y, = ;" andp, = ;" }. Condition (4) can now be written as

10



WnRES))D(YnRES))DUnRES))#D 9)

and (6) becomes

(RS) n RS n V)T (RS) nRS) n X) T (RS) nR(S) n 2)# 0 (10)
To show that (10) implies (9) assume that (10) is satisfied and, WLOG,

(R(S)n R9)n V0.
R(S,) OR(S;) cannot be contained in V due to the convexity ob#st reply regiongtherwise
R(S)) would contain W and U and, hence, would not be convex). Thus,
(R(S)OR(S))n (WO Y=0.

This can be satisfied either becauB¢S)) n W) O (R(S;) n U) # O, in which case (9) is
satisfied, or becaus®(S,) n U) O (R(S;) n W) # . In thelatter case, YJ R(S) because no
pure strateggquilibrium exists antlence S0 R(S)) and S U R(S). in either caseondition (9)
is satisfied whenever (10) is satisfied.

Condition (8) can be written as

(RE)NRE)XNYNnZ)ORGS) N RE)NWnV)DO..20.
AssumeWLOG that (R($ n R(S)°n Y n Z) # 0. Either Yn R(S) # O, in whichcase (9) is
satisfied or Yn Z forms the boundarigetween R(§ and R($) (see figure 3). Since, & R(S)
and § O R(Sy, it follows that WO R(S,), which impliesthat (9) is satisfied. Thisoncludes the
"only if" part of the proof.

Figure 3

I will now showthatthe existence of p satisfying condition (4) ialso asufficientcondition for
convergence. Given (4) is satisfied it is possiblednstruct asequence of possibteansitions
from any initial statg1' to the equilibrium, which impliethat all statesther than thequilibrium
are transient. Therefore, the process must converge to the equilibrium eventually.

To demonstratéhatthe equilibriumy” can be reached from aaybitraryinitial statep' |
will first prove the clainthatfrom anyp' each pure strategy state can be reached. Take any
M, p# . If p' O R(S), some i, then thpure strategy state 8an be reached. If ndhen an

11



intermediatestate inthe interior olsomebest replyregion can be reached and from there the
process can mover to a pure strategy.

If the best reply graph of ttgmmehas acycle involvingall three strategies, e.g, S S,
- § - S, whereagain $ » § meanshat S U B(S), thenall pure strategies can beached
starting from any ofhem. If no sucltycle exists,onestrategy, say Sis not a best reply to any
other pure strategy. SincelSB(S), Ui, this implies that S~ S,, that is, $ can be reachefdom
S, and viceversa. In this case there must ex@me ¢, 1-a, 0) O R(S;), whichcan bereached
from both S and § since otherwise there would be a second equilibrium bgsideBhus § can
be reached from,®r S via the stateq, 1-a, 0), which proves the claim.

It remains to be showthat the equilibrium can be reached fronpuae strategy state.
Assume that some satisfying condition (4) exists, that is,

OpOR(S) sty <y andpy >y, j# 1.
For notational convenience let, WLOG, i =1,
OuOR(S) s.t.p, <py’, Mg > Wy andp, >y

Taking the projection from* throughp onto the boundary & we get a poinft which must be

an element oR(S)) as well due to the convexity of the best reply regions.

Figure 4

(a) Consider first the case in which[SB(S)) or S 0 B(S).

In this casep can easily be reached from & S, respectively. In the next step the
process camovefrom [ to the equilibrium sinc@t O R(S)). Furthermore, sincg@ is in the
interior of R(S) there exists aeighborhood oft from which the equilibriuntan be reached as
well. Thus, it isnot requiredhatthe population size N is sudhat p is exactlyone of the grid

points of the state space.

(b) If neither S0 B(S,) nor S O B(S,), strategy Ss best reply region must look as in figure 5. In
this casejl cannot be reached from any of there strategies and an alternative path to the

equilibrium has to be constructed.

12



Figure 5

For this purposeonsider the poinu" = (144", W,", 0) in figure 5 and notihatp" can bereached
from S,. Since SO R(S), K" O R(S) due to convexity of the best reply regions.

If " O R(S), the equilibrium can be reached frerh If not, u* O R(S) and the best
reply regionfor S, must be to the right gi". The latter statemeritllows because R($ and
R(S) cannot have @ommonpoint on the baseline of the simplex as such a peoiid be a
second equilibrium. Hencey" = (144", 0, 4;") must be in the best repiggion of § (it cannot
be in R(S) due to convexity). Therefore, the equilibrium can be reachediffaand thus - via S

- from any arbitrary initial state, which concludes the pgpof.

For an example of how the path to the equilibrium is constructed consider the following game.

S, S, Sy
S 0 -2 3
S, 1 0
S| oo 0

The unique, completetiyixed equilibrium iqu” = (1/3, 1/3, 1/3pnd the best reply regioase as
in figure 6.

N

RS) *  R(S)
WAL 9 \g

H
Figure 6
Suppose the initial statefs= (1/6, 1/2, 1/3pnd thathere existsomep U R(S;). Sincel' is in

the best replyegion ofstrategy $ the state inwhich everyoneplays § can be reached if all
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players get the opportunity to switch their strategies. From there the processveato S. |If
now i, percent of the players get the opportunityntive,pt can be reached. Finally, fromthe

process can move to the equilibrium.

V. 3x3 GAMES: THE SMALL POPULATION CASE

In this section Will consider3x3 games in the case of a "small" populatidrich should be taken
to meanthatthe exact population sizekaownand that a playdinds it worthwhile to exclude
himself from the population before calculating an optiraply. It does not mean, howevtrat
the population so smathat the assumption of anonymous matching becomes senseless. For
technical reasons it is sufficient to assutrat N > 1j1", for all ", > 0, butone should imagine a
larger population than thatOne justificatiorfor the myopic behavior gflayers is that a player
does not thinkthat his behavior camfluence future play by his opponents. Clearly, in a
population of four players this would be a bit unrealistic.

As in thelast section | will first deal with gameghat have a unique mixetut not
completely mixed equilibrium.

Proposition 2: Letu” be a mixed but not completely mixed Nash equilibrium. Then the best
reply process for the small population case converges if and qulisiBbsorbing.

The proof is essentially the same as the proof of proposition 1. There is no sigdifiessrice
between the small or tHarge population case in termsgs#tting tothe equilibrium because the
intermediatesteps are pure strategies stateshich it does nomatter whether a playeexcludes
himself ornot. Theonly difference isthat inthe small population case not mlixed Nash
equilibria are absorbing statestbé best reply proces#\nd clearly the process cannainverge
to a non-absorbing state.

For anexample of a not completetyixed equilibriumthat isnon-absorbing consider the
following game.

S, S, S
S 2 3
S| a4 0 4
S| 15 | 4 0

The unique symmetric equilibrium g8 = (2/3, 1/3, 0). Figure 7 shows the best reply regions of
the game.
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Figure 7
Given a population of Gy assumption theinimum population size is N > 14, = 3) a player
who currently plays Safterexcluding himselfaces a strategy profile of , = (3/5, 2/5, 0). This
profile, however, is already in tiest replyregion of § since3/5 < 8/13. The S$-playerwould
switch to § and, hence, the equilibrium cannot be an absorbing state.

Theorem 2: For symmetric 3x3 games with a unique, completely mixed Nash equjlibthen
best reply process in the small population case converges to the equilibrium if andonly if

an absorbing state.

Proof: It is obviousthatthe condition ofu* beingabsorbing is necessary foonvergence to a
populationmixed equilibrium. Notehat this was of n@oncern in the large population case as
there every equilibrium iabsorbing. Whenplayers excludé¢hemselves from the profile it is no
longer true thatevery mixed equilibrium isbsorbing, though, and clearly the process cannot
converge tqu" if 4" is not absorbing.

Thus, | have to showthat the condition oft" being absorbing is also sufficient for
convergence. The equilibriupd is absorbing if andnly if S O B(u,) for all i. Due to the
convexity of thebest reply regions S1 B(u,) together with SO B(u) impliesthat p' O B(u),

whereu‘=(0,1uz . %J Likewise § U B(u,) and S0 B(u) imply that p" O B(u), where
L

u"=(—*, o ,OJ. Consider now point in figure 8, where = (0, 1", 144,").
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Figure 8

| claim that if a O R(S), then the equilibriuntan be reached from For this to bepossible

current $-players must want to switch tq. SAt a the proportion of Splayers faced by a current

N(L-pp) -1
N-1

S;-player (afterexcluding himself) i I will showthat this proportion is largéhan

H'5, which implies that all point betweenandp' are contained in R(Band, hencey O R,(S)).

N((l_ “;)(1_ “*1) - U*3> > 1- u*l_lj3 =

WNA- - ) > 1=, -, -
LN > 1
The last inequality is satisfied by assumption. Tiusan be reached fromif o O R(S).
If a O R(S), thena O R(S,). By convexity cannot be in R($ and therefore3 [

R(S). Again, by the same argument as above, gihde R(S), B U R,(S;) and the equilibrium
can be reached frof

<=

It remains to provéhatfrom any initial statex andp can be reached. As in the proof of
theorem 1 some pure strategy can be reached easily and once one pure strategy is reached all others
can be reached agell. Again, if there is a cycle,;S» S, - S; - S, a andf3 can bereached
from all pure strategies. If there is no such cycle, there is a stthtgg a besteply to both
other strategies. Let,®e this strategy. This assures tth&tre is a connection on thestreply
path between Sand S and between,&nd § and, hencey and3 can be reachagl.

For an example of a unique, completely mixed equilibrium that is not an absorbing ttateest
reply process for the small population case consider the following game.

K%

S S

g
x |k |o

1
X
0
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The equilibrium is (1/31/3, 1/3). Notethat for all x < Othe equilibrium is not absorbing since S
O B(u*,). Forexample, if N =9, a Splayer faces a profile ¢2/8, 3/8, 3/8) againsthich S, is
the unique best reply. The processuld always moveaway from the equilibrium. Ioontrast,
the necessary and sufficient conditfon convergence in thiarge population case is satisfied for
all x> -1.

V. nxn GAMES

Generalizing theresults from section Il to alkymmetric games xm gameswas notyet)
completelysuccessful. While | am able togive a sufficient conditionfor convergence to the
populationmixed equilibrium in théarge population case, this sufficieaindition isprobably too
strong. | suspect that a much simpler necessary and sufficient similar to the one given in theorem 1
exists but | was unable to prove this (but neither could | find a counterexample).

I will consider symmetric ¥xn games which either givese to a uniquecompletely mixed
equilibrium or can be reduced by iteratelemination of strictly dominatedtrategies to game
with a completely mixed equilibriumThat is, Iwill consider games with a mixed equilibrium
whose carrier equals the set of rationalizable pure strategies. Let J.=,{T} denote theset of
rationalizable strategies.

Since the best reply procegwesrise to a stationary Markov chain on thgte state
spaceM, M can be partitioned into transient and recurstaies. Withtime, either the process
reaches an absorbing state or it enters a recurreni@tgeslic set) oftates. Thushe process
may fail to converge only if there exists a non-singleton ergodic[Sé{lE

The aim is therefore to find a conditithrat guarantees that allgodicsets aresingletons.
Note first thatonecan restrict attention to stateswhich only rationalizable strategies avsed
since all states in which strictly dominated strategies are used must be transient (if alugiayers
a strictly dominatedstrategy get the opportunity to switch strategies, it is impos&blehe
process to return to a statewhich such adominatedstrategy is played by anyone). Therefore, if
there exists anon-singleton ergodiset E, itscarrier K(E)={S 0S|y, >0 for someu O E
cannot include strategies that are iteratively dominated, that i$ K{E)

I will now introduce a conditionthat is sufficient for convergence to the uniqumeixed
Nashequilibrium® The intuitive idea is to impose a restriction on the payeaffix such that in
any arbitrary state the adjustment dynamics are directed towards the equilibrium. Let

OW={T, 0T |w-Ww;zWw-W,Hi=1.k}

6 This condition was first introduced in an earlier paper of mine (Oechssler, 1993).
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be the set of strategies intAat arethe most over-representedsiatepl relative to the equilibrium
profile .

Definition 2: A game ievolutionary stable with respect to pure stratedESPS) if
OuOAT, pzp, OT, 0OW and TUOW) s.t. TUB(W and TU B(u).

A simpler,but overly restrictive stability condition would be to requirdaat none of the
over-represented strategies can be a best reply. This wauldt be easy to guarantdeat the
process converges to an equilibrium. ESPS requires onlgttiegtst oneof the strategiethat are
over-representetthe mosin | relative to the equilibrium profile is not a best replyt@nd that at
leastone of theébest repliesloes not belong to tistrategies that a@ver-represented the most. In
particular, ESPSmplies that if just one player deviates from the equilibrium profile, his new
strategywould not be aest reply against theew strategy profile andhence, ESPSimplies the
weaker condition of theorem 1 for 3x3 games.

Theorem 3: The best reply process for the large population case converges to the unique mixed
equilibrium for all symmetric xn n games satisfying ESPS.

As in the theorem 1 the&trategy forthe proof is to demonstratieat from any initial state a pure
strategy state can be reached. Thdaoi®e in the following lemmaSubsequently, it is showthat

there exists a possibdequence dfransitions from a pure strategyttee equilibrium. Hence, all
states other thgu are transient and the process must eventually converge to the equilibrium.

Lemma: If EO M is a non-singleton ergodic set, then there exigtsa E such thaf, =1
andy, =0,0 j# i

Proof: Again let K{1) be the carrier gii: K(u) ={S O SOy, > 0 forsome i }. Take anyu® O E
in which differentplayers use different strategies. Sipfds not an absorbing state, not all
strategies in the carrier @f° can be best replies 8. If there exists a strategy[SB(u°), with §
O K(n9), then the desired' can be reached ionestepwhenall players simultaneously switch to
S, which happens with positiygrobability. If no such Sexists, the processoves with positive
probability to some

W O{HOE |2 poif S 0O B andy, = 0 if § 0 B(u9)}.
Note thatthe carrier ofp! must be astrict subset of thearrier ofp® K(p!) O K(p°). Again, if
there exists a strategy S B(u), with § O K(u'), thenp’ can be reached. If nahen with

positive probability the process moves to some
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W O{uOE [y 2 W if S 0 B andy, = 0 if § O B},
where K(1?) 0 K(n1). Repeating this procedure, we must eventually arrive ateigedy’ since
the number of strategies is finie.

Proof of theorem 3:The strategy for provinghe theorem is to shothat all ergodicsets are
singletonsthat is,theyare absorbing statésemselves. The supposition of an ergséitbeing a
non-singleton will be shown to yield a contradiction.

Assume to the contrary thifiiere exists an ergodic settat isnot a singleton. It suffices
to consider the reduced game consisting ofstregegies in T sinc&(E) [1 T. By assumption
there exists a symmetric equilibriythsatisfying ESPS that is completely mixed on Willlshow
by construction thathe process converges from anyl E to the equilibriuny”, which is an
absorbing state, contradicting the assumption of E being an ergodic set.

As a starting point takeome p [ E such thapy, = 1, whichexists by thdemmaand can
be reached from any initial state in E since E is ergodic. WLOG let stratbgycalled T, giving
a starting profilg.® = (1,0,0,...,0).

Since T, O B(u9), all playerswould like to switch tasomeother strategyvhich is a best
reply, say T. With positive probability exactly ({i;") percent of players have the opportunity to
do so while the remaining” percent have to retain.T The resulting profile ig! = (u,", 144,", O,
0,...,0).

If pt = p*, an absorbing state is reached. If ngtTB(u') becauseu” is assumed to
satisfy ESPS: sinqe, = 141," > ", {T,} = O(uY), which implies that JLI B(uY).

The remaining possibilities are:

[1] {T } = B(KY), i.e. T, is the unique best reply. In this case playélisswitch from T, to T,
and increasg, until a profilei* is reached, such that, T, 00 B(i'). Both, T, and T, areover-
represented ini*. Notethat T, T, 0 B(H') is not possible becauge' would be a second
equilibrium. Also,ji; > " because ifi; became smaller than® at somepoint before reaching
p*, T, would be the only over-represensthtegy andaence, byESPScould not be a best reply.
Fromu' we can proceed with the construction.

[2]{T ;} # B(u) - proceed with the construction.

In either cas¢l] or [2] there must beomeother strategy, call it ;T that is a besteply
againsti® or p, respectively. There exists a strictly positive probalttigt 141" -," percent of
the players switch to;while theothers stay at ;Tand T, respectively, yielding theew profile p2
= (5 Ky 147157, 0, 0,...,0).

If u2 =y, an absorbing state is reached. If nqQt[JTB(u?) due toESPS. Bythe same
logic as above, either
1] {T, T} [0 B(u?) - proceed.
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[2] {T, T,} OB(u?, i.e., either Tor T, or both are the only best replies.
[2.1] Considerfirst the case {], T,} = B(p?). With positive probability the processoves to a
statep’ = (', 1, 13, 0, 0, ..., 0), where
My~ Hy = 5 — Mo = g — s, (11)

Since Of') = {T,, T,, T;}, by ESPSthere exists a ,JU B(4) and at leasbne T 0 O('), s.t. T O
B(). Three cases can occur:
[2.11] T, O B(W), di=1,2,3 - proceed.
[2.12] Only onestrategy remains a best reply. Assume, without loss of geneitadityl;, T, [l
B(p"). Due to the upper hemi-continuity of the best reply correspondence,

Op"=(y,' -€ W, -¢ Yy, 2,0,..,0), s.t. T T,0BW").
Since Of") = {T,}, ESPS implies that JJL B(u"). Furthermore, there exists g M B(u"). If T,
OB(u"), let T, = T,. Otherwise, everyone currently playingsivitches to T proceed.
[2.13] Two strategies remain a best reply. This case can be handled by applying [2.12] twice.
[2.2] Theremainingcases are {Jf = B(py? or {T,} = B(p?). Assume, WLOG, {T} = B(p?).

With positive probability the processoves tou™ = (", i,’, 4", 0, 0,..., 0),where they,

are
defined as in equation (11). ESPSeither T, or T, is not a best reply tp™. If both are not a
best reply againgt" - proceed. Ifone of thentemains a best reply, assume, WLOG, [T
B(u") and T, 0 B(u™).

[2.21] T, O BE™). If T, OBW"), i= (" -€, W', 43" +¢€, 0, ..,0) can beeached wherg is
such that TO B({i) and T, O B(f1). Since Ofi) = {T.}, by ESPS, T B({1). Hencey' can be
reached and one can proceed as in [2.1].

[2.22] T, O B(u™). In this cas&eSPSimpliesthatthere exists a ,JO B(u™). [2.11] and [2.12]
can then be applied analogously.

For all the above casesnhve showrthat a state can beached in which none of the
strategies in {T, T,,T;} is a best reply. The construction candestinued from thistate,since
there is a positive probability thad—p, -p," percent of players switch tg, While all others stay
put, yielding® = (", 1y, By, 1-2 147, 0, 0,...,0).

Continuing in this fashion it is clettrtat an absorbing state mustrbached startinffom
KO in a finite number of steps with some probability g > 0. Siic¢eE, it will be visitednfinitely
often if E is an ergodic set as assumed. Hence, the probability of not reaching an ab&igding
from PO after u visits tqu, (1-q), approaches zero as-u~. Therefore, E must be a singleggn.

The following example might be helpful tanderstand the logic of th@oof. Consider the 4x4
game in figure 9.

7 Since the game is symmetric, only player I's payoffs are shown.

20



A B C D

A 0 10 0

B | 10 0

C 10 0

D 4 -2
Figure 9

The unique, completelyixed equilibrium of the game | = (1/4,1/4,1/4,1/4). It carasily be
checked that the game satisfies ESPS. The following table gives the sequence of transitions.

statep! B(uH step in proof
(1,0,0,0) B

(1/4, 3/4, 0, Q) C

(1/4, 1/4, 1/2, Q) A [2.2]

(3/8, 1/4, 3/8, 0) AB [2.21]

(3/8, 1/4k, 3/8-¢, 0) B

(1/3, 1/3, 1/3, Q) D [2.11]

(1/4, 1/4, 1/4, 1/4) A,B,C.D

Starting from ararbitrary pure strategy state, spy = (1,0,0,0),the process follows the steps
outlined in the proof. Since B is the unique best reply againte proportion of B-players must
increase. With positive probability exac8f4 of playergiet the opportunity to switch and the
new profile becomeg1/4, 3/4, 0, 0). Against this profile C is the best reply and the transition to
thestate (1/4, 1/4, 1/2, 0) {gossible. This situation corresponds to stage [2.2ja@rproofsince
against (1/4, 1/4, 1/2, 0) strategy Athe best replythat is, a strategy that is already atright'’
proportion. Thus, as in [2.2] a staté = (3/8, 1/4, 3/8, 0) ithe nexistep. Againsp™ C is not a
best reply, but Aand Bare, which corresponds toase [2.21] irnthe proof. [fjust one player
switches from C to B, B becomes the unigest reply. Hence, as [R.11] a stateu' = (1/3, 1/3
,1/3, 0) can beeached. Finally, since D is the unique best reply'tothe equilibrium can be
reached from there.

As mentioned before tHeSPScondition is not a necessary condition aad mostikely
be weakened.. Thellowing example showthat thereare 4x4games (any ¥x game could be

constructed in a similar way) that converge with probability one even if they do not satisfy ESPS.
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A B C D
A 0 0 -1 1
B 0 -1
Cl a 1
D1l o -1

The unique symmetric equilibriumys = (1/4, 1/4, 1/4, 1/4). Teeethatthe game violateS8SPS
consider the profilg' = (0, 1/2, 1/2, 0) fowhich both B and Greover-represented the most, i.e.,
{B, C} = O(W). The unique best reply agaipsis C, i.e., {C} = B(t'). Since there is no strategy
outside of Q) that is a best reply, ESPS is violated.

However, it is easy to sdbat the best reply proce&sr thisgame converges from all
initial states tgqu". From any initial state a pure strategy state care&ehed either directly or
indirectly through an intermediate step. Since the best reply gpapbcts alpure strategiewith
the cycle A~ B - C - D - A, onecanstartWLOG at thestate (1, 0, 0, 0) againathich B is
the best reply.Thus,the process camove to(1/4, 3/4, 0, Oand C becomes theest replywhich
makes it possible to rea¢lv/4, 1/4, 1/2, 0).Against this state both B and D are lregilies and,

hence, the equilibrium can be reached when 1/4 of the population switches from C to D.
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