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Abstract

This paper addresséise relation between the degree of decentralizationpwpalation and the
probability of coordinating on an efficient outcome. An evolutionary type leameaanism
with a groupstructure thatllows players tdvote with their feet" is introduced. kontrast to
most of the recent literature (e.g. Kandori, Mailath Rath, 1993) inwhich therisk dominant
equilibrium is shown to prevail in thengrun, in this paper it is demonstrated thiaen a general
probability distribution over initiaktatesthe evolutionary learning process converges almost
always to the efficient equilibrium if interaction is decentralized enough. Furthermorsthatnis

how the model can be applied to the problem of product standardization.
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I. INTRODUCTION

The idea that efficiency can bahanced by decentralization is an @& in economics. Generally
therearetwo reasonsvhy this could happenFirst, decentralization means smaller groups and in
smaller groups individualare usually better able tmordinate because communication is easier
and agreements based on reciproargfeasible because behavior is mbkely to be observable

(see e.g. Olsor1,965). Furthermorehere may exist concefar other groupnemberghat makes
altruistic actions possible. Secoralen ifthe abovdactors do not apply (foexamplewhen
interaction is anonymous) efficiency may still be improved by decentralization because
decentralization may result incampetition amongroups, forexample through membehgoting

with their feet" It is this second possibility that | will address in this paper.

The coordination problem considered here is the simplest possible: a syr@2xizgane
with two strict Nash equilibria.Recently, the problem of equilibrium selectfon suchgames has
received much attention by a growiiigrature on evolutionary, stochastic learning procésges.
commonfeature of thesenodels isthat players areepeatedly and anonymously matciveith
other players from a large population to play a normal ffame3? Without knowing thepayoffs
of their opponents players obsepast strategyrofiles and behave myopically in the setisst
they seek to maximize their current payoffs.

Kandori, Mailath and Rob (1993) (KMR) aiveung (1993)showthat for 2x2games the
learning process converges to one of the Nash equilibria of the game. WhicNashtexjuilibria
the process converges to depends on the initial condition. Through the introduction of mutations or
mistakes (thais, players use a suboptimal strategih someprobability) a unique equilibrium
can beselected in the sendeat thisequilibrium will be observed "almoatl thetime" in the long-
run. In 2x2games with twostrict Nash equilibria this approadelects the riskdominant
equilibrium.

With respect to games which therisk dominant and the efficient equilibria do not
coincidethis implies a quite pessimistigew regarding the ability of the population to reach an
efficient equilibrium. In thenodelwithout mutations the absorbilsgate ofthe best reply process
depends on the initial condition. In thedelwith mutations the uniqustationary distribution

1 See HirschmanBxit, Voice and Loyalty1970), Tiebout's (1956nodel oflocal publicgoods

and Caplin and Nalebuff's (1992) model on the choice among institutions.

2 For example Foster and Young (1990), Canning (1990), Kandori, Mailath and Rob (1993) and
Young (1993) to name just a few.

3 See however Canning (1992) and Noéldeke and Samuelson (1993) for applications to extensive
form games.



puts probabilityone on the inefficienbut riskdominant equilibriumeven ifthe population was
initially at the efficient equilibrium.

| argue in this paper thdecentralization may enable the population to achieve an efficient
outcome. To demonstrate this | presemaglel in whichthe population is partitioned intoany
groups As in the above models B{MR and Young1993) players areandomly drawn from the
population to play a coordination game. However, in this model they are matched with members of
theirown group only. Players can notly choose whiclaction to take in the coordinatigame
but alsowhich groupthey want to join. It is this assumptitimat drives the competitiomamong
groups.

The main result of the paper is that coordination on the efficient equilibaoomes more
likely the more decentralized the interaction of players in the popuigstiorheterm "morelikely”
here meanghat in a more decentralized population thocess converges to thefficient
equilibrium for a larger set of initial conditions (where an initial condition spefifies/ery group
the number of players taking each action).

The degree of decentralization can be measured in two different ways. On way to increase
decentralization is by reducing trebsolute group sizewhile keeping the size of thiotal
population constant. An alternative way is to decreakdive group size by increasing the
number of groups (and thus total populatiamjle keepingabsolute group size constarnioth
notions of decentralization will be considered below.

With respect to relative group size a fairly strong result can be proved. The probability
that the process converges to the efficient equilibrium can be made arbitrarily close/bemitiee
size of the population is increasetile keepinggroup size constant-or absolute grougize the
result aresomewhat more limited. Therobability thatthe sufficient conditiofior convergence to
the efficient equilibrium is satisfied increases when group size is reduced.

The paper is structured as follows. The next section contains the presentationanfethe
including the statement of the sufficient conditionconvergence to the efficient equilibrium. An
alternative best reply process is introduced in sedifiorn section IV | give the mainesults on
the relationship between decentralizatenmd efficiency. In section V the relationship to the
literature andsome possible applicationsvill be discussed followed by ahort conclusion in
section VI.



IIl. THE MODEL

Consider the symmetric coordination game CG which entails the choice betwesctions, A
and A.

Al A2
A, a
A, c d

Coordination Game CG

Assumethata + b <c+d,a>b,a>dandd > c so thgh(Aand (A,A,) are both strict Nash
equilibria with thefirst being efficient and the second bemgk dominant(Harsanyi andselten,
1988). Further assume thhere is a largéut finite population of Nplayers. This population is
partitioned into groupsG = {G,, G,....,G,...,G}. Once within agroup players interacinly with
other players in their group. Tlsgateof the system is a list diow manyplayers takesach
particular actions irach of the groups and can be described by a weetdn;} ., , -, , Where
n, is the number of players taking actiopiAgroup G LetN denote the (finitejet of all such
states.

Each period playerarerandomly matched with or@ayer from theiown group to play
CG. AstrategyS; in the stagggameconsists of choosing an action ahd of selecting a group
Gj.4 The stage game is repeated infinitely often.

The assumption of the population being figiteises various complications with respect to
integer problems and requires a mionelved notation. | think, howeveithat the assumption
should be taken seriously: real groups are finite and especially in small groups it matters whether a
player realizes thdtis own strategy igart ofthe profile he observeslhus,since players cannot
be matchedagainstthemselves, | will assumthat a player firstexcludes himself from the
population profilewhen calculating the matching probabilities Let a,, denote the relative
frequency distribution over strategies faced by a plajercurrently plays strategy k in grolip
O = {0} ey 2 o1 s Whereoy = ny/nyif j21, o = n/(n, - 1) if izk, anday, = (1 - 1)/(n - 1)°

The one-period expected payoff from taking actioadd A, respectively, in group j
for a player who used strategy I8 the previous period are given by

4 To avoid confusion notthat A and A are called actions to differentiate them from the
strategieswhich entail the choice of a group and of an action.

5 If n =0orn=1, agroup is empty or contains just one player. It seems reasonable to assume
that in this case the payoff is equal to the one in case of miscoordination, i.gisciidsen and

cif A, is chosen.



My(a_y)=ay a+a, b
My(a_) =0y c+ay; d
The set of best replies is BR(, ) = {S; DS| $ Dargmax I (ay )} -

Assumption 1:In the initial staten© the population of size N is partitioned into s groups of size n.

The general idea of evolutionary game theory -somoprisinggivenits roots inbiology - isthat
strategies that devell shouldincrease in frequency whereas stratetiesdon't do well should
decrease and eventuallgcomeextinct. [ will follow Samuelson(1991) and Kandori and Rob
(1993) informalizing this general idea by assumihgt players arenyopic optimizers who -
infrequently - have the opportunity @djust their strategies the currenenvironment. Infrequent
adjustment seems to be a reasonable assumptisituations with adjustment costsat vary
stochastically over timeFor example, many peoplauy anewcar only whentheir oldcar breaks
down. Taking the break-down time of cars to be stochastic the (opportunity) cost of switching to a
different model is lower at some infrequent points in time.

Infrequent adjustment is not a necessary assumption fomtidsl but it gives some
plausibility to the assumption of myopic behavior. If adjustment is infreqleeyers arealmost
correct in assuminthatthe strategy profile tomorroleoks like the profildoday. If inaddition
the future is discounted heavily, then seemingly myopiehavior could be based on rational
decisions.

Assumption 2: Every period each player receives the opportunitadjoist his strategyvith
probability ® > 0. If the opportunityarises, a player observi®e current strategy profite and
chooses a best reply agaiitst If thereare several best replies, a playeay choose any dfiem
with positive probability unless he is already playing a best replhich case he remains at his
current strategy.

The probability® may depend on thstate and ornthe strategy the player is currently using,
8(n,S;). Forexample, it may be plausible to spedifiat playerswith very bad strategies can
switch more frequently. Thesults in this paper atmaffected by this modification &g as all
8(n,S) are strictlypositive® Assumption2 givesrise to a stationary Markov chain on the state
spaceN. | will say thathe proceshasconverged to aabsorbing staten periodt if n® = nt1)

for all periods & 1.

6 See also Kandori and Rob (1993) for this observation.



From Assumption 2 it is obvious that a state is absorbing ibalydf all players use best
replies. While in generaluch best reply processes ntayverge to a mixelashequilibrium/
the following proposition showthat for the class ofgames considered here the process always
converges to either of the pure Nash equilibria of the game.

Proposition 1: The best reply process reaches an absorbing state in finite time with probability
one. In an absorbing state either all players take actipar/ll players take A

Proof: | will show first that a state imvhich bothactions areused in somgroup cannot be an
absorbing state, which proves that a mixed Nash equilibrium profile cannot constitute an absorbing
state.

Suppose to the contratlyat both actions angsed in somgroup, say group j = 1, in an
absorbing state. Since in an absorbing state all players use best replies, it must hold that

Myy(01) 2 Myy(ayy) 1)

My(0 ) 2 Myy(a) 2)
Lety” denote the mixingrobability for A in the symmetric mixetlashequilibrium of CG, that
isp'=(d-b)/(a+d-b-c). Note that if a player faces a strategy profiliam the proportion
of A,-players is higher thau', then A yields a higher payoff than,Aor this player.

(1) impliesthatthe proportion of Aplayers faced by a current-player, (q; - 1) / (1 -
1), must be at least, which impliesthat nj; / (n -1) >, where n / (n -1) isthe proportion of
A -players faced by a current-player. Hencdl,,(a ) >I,,(a,,), contradicting (2).

Next consider astate inwhich in somegroupseveryonetakes A and in theremaining
groupseveryonetakes A. Clearly, the Aplayers could switch to a group which A, is being
played and increase their payoff. Hence, in an absorbing state either everyongdakesone
takes A.

It remains to provehatthe process always converggarting from ararbitrary initial
condition. | will demonstratéhis by showingthat all non-absorbing states are transievitich
impliesthat an absorbing state mustrbached eventually. To shdtat allnon-absorbing states
are transient | will construct a sequence of possible transitions that lead to an absorbing state.

Consider any non-absorbing statandsomegroup j inwhich n; > 0 and § U BR(a ).
Such a group must exist unless thead A-players are separated into different groups, a case in
which anabsorbing state can easily B&achedwvhenall A, players get the opportunity taove.
Now suppose all Aplayers in group j (and none else) get thepportunity to switch strategies
The result is a group consisting entirely gfphayers who receive a payoff of a. In a possible next

7 For conditions under which this is possible see Oechssler (1994).



step all playersvho donot receive a payoff of a get the opportunity to swatcategieswhich
yields an absorbing state with everyone playing A

Even though in general the outcome of blest reply process metermined byboth the
initial condition and the realizations of tls¢ochastic process, there sgesmerange of initial
conditions for which the process converges deterministically to a particular absorbing state.

Proposition 2: If in the initial state there exists a group in which the proportion-pfafers
==> , whered =——,
n n a-b

then the process will subsequently converge to an absorbing state in which the efficient

i
equilibrium (A,A,) is played by all non-empty groups.

Proof: Let group j be the group with the highest proportion gplayers atime t (denoted by
H' ) and assume thaf . > (On + 1) / n | will show thatpt, .. cannot decrease with t anith
positive probability strictly increasesvery period. Thus, W, = 1 is reached eventually.
Subsequently an absorbing state mustdaehed as soon as all players had the opportunity to
adjust their strategies once.

The highest payoff that can possibly be achieved playjramywhere is d (in a groupat
consists entirely of Aplayers). If there exists a group iichp, > @n + 1) / n, then Acannot
be a best reply anywhere since all players can receive a higher payoff by play@wnsider first
players who are not currently playing. SWhen theselayerschoose $ theycanreceive a payoff
of My(a,) if theyare currently in group j di,(a,) if they are currently irsomeother group
|. Both payoffs are higher than the highest payoff they could receive from plgyangwhere:

My(a,) >My(a) >d O1#]

n, Ny
The firstinequality follows from thdact that—- >-—2. The second inequality follows because
n

if = (dn + 1)/ n >d, then
My(a_y) >3a+(1-8) b= d- Ea+(1—ﬂ’)b= d.
a_

It remains to showhat a playerwho currently plays $ cannot gain from taking action,A
anywhere. Since;f& on + 1 in group j,

Myy(0y) =0 _1a+(1— M _1)b2 on a+(1— on )bz dn-b. 4

n-1 n-1 n-1 n-1 n-1
This proves thataking A, cannot be a best reply for any playdrich impliesthat it cannot
decrease and will increase will with positive probabgity.



Proposition 2 gives a sufficient conditibor convergence to the efficient equilibriusepending
only on the initialstartingconditionn®©. It should be notethatthe condition of Proposition 2 is
not necessary as theaee initial states not satisfying tltsndition from which convergence to the
efficient equilibrium is possible. Isomecases thg@ath (andhe absorbingtate) ofthe process
depends on the order in which players have the opportunity to adjust their strategies.

It is interestingthat anequivalent sufficient conditiofor convergence to the inefficient
equilibrium does nagxist. Even if already everglayer in all groups butneuse action 4 there
is still the possibilitythat all A-players in the remainingroup switch to another grougaving
only A-players in that group. Subsequentlyje process wouldonverge to the efficient
equilibrium8

A less desirable feature of Proposition Zhmyweverthatthe sufficient conditiomlepends
on the group size n. Sing®me of theresults in section Nare based otne comparison of
populations with different group sizes, such a restriction is unfortunate. In the next sedtjon |
therefore, suggest an alternative best reply process, which does not have this feature.

[ll. AN ALTERNATIVE BEST REPLY PROCESS

Consider an extreme version of thest reply process above wlih= 1, that is, a process which
players can adjust their strategea®ry period. If irsomestaten there is a unique best reply for
all players, this processoves deterministically to theext staten’. Buteven ifthereare multiple
best replies all possible successor stateshaive the propertshatthe number of players taking a
certain strategwill increase only if ther@are more playerswho want to switch to this particular
strategy than therare playersvhowant to switch away frort. And if astrategy is a beseply
for the playersvho are currently usind, it cannot beeduced in frequency as no omants to
switch away. It is thigeneral featur€but not necessarily the possibility of switchireyery
period)that formsthe basis forthe suggested alternative best reply process Bldhgocess is
henceforth called best reply process A).

Let R(S) denote theset of strategiewhosecurrent playersvould want to switch to S
thatis R($) ={S, U S| §UBR(,), S, # S}

Assumption 3:The transition probability from stateto someother staten' is positive if andnly
if

8 Even if therewasonly one A-player left in this groupthe process converges to #ficient
equilibrium if any other player gets the opportunity to switch his strategy beforiortig\-
player.



1. §0UBR(@;) U nj2n;and
2. if 31. O BR(a_ij), then

anlznj 0O n=2p and p= p O bh<n
OR(S) SqUR(§)

Sy
Condition 1states thathe number of players of a stratabwt is besteply for the players who
currently play this strategy cannot down. Condition 2 impliethat a strategyveakly increases
in frequency if therare at least amanyplayerswho want to switch to this strategy as there are
players who want to switch away from it and vice versa. The latter condition is the main difference
betweenbest reply processes A and B. Nttat itimposes a rule on aggregate behathat -
although it seems to bepdausible assumption - cannot derived from purely individuahyopic
behavior with independefits.

Proposition 3: The best reply process B converges with probability one to an absorbing state in
which either all players take action Ar all players take action A

Proof: The proof isdivided in threeparts. First Iwill show that no state can be absorbing in
which bothactions areused in the samgroup. Second, | demonstrdtee impossibility of an
absorbing state iwhich in somegroupeveryoneuses A and insomeother groupeveryone uses
A,. And finally, | will prove that the process always converges to an absorbing state.

(1) Suppose tthe contranthat in an absorbing stateboth actions aresed in somegroup j.
Consider three cases.

(@) W >W. Thisimpliesthat S; I BR(a,), for all K # 1j. If S, is a best reply for the

current $-players, the process can move to a state wjth n, since R = K> . Hence
Sy UR(S;)

n cannot be absorbing. On the other hand; ilsShot a best reply for current-glayers, R(3) is
empty and the process can move to a state in whjchm.

(b) p <p’. Inthis case U BR(a,), for all K # 2j. Again, if S is not a best reply for

the current Zplayers or ify;, = 1/2, Ny < n; and the process canove to astate inwhich
S UR(S))

ny <ng If < 1/2and § 0 BR(a ), thereare more playerswho want to switch to ;5 than
thereare playersvho want to switch away from it andpnsequently, atate can beeached in
which n; > ny,.

(c) If no group exists in which (a) or (b) applies, all groupshith bothactions areised
must have a proportion of Alayers of exactly”. Notethat none of thestrategies irthese



groups is a best reply to itself egeryplayer can gain by switching to the other strategy in his
group. Hence, the state is not absorbing.

(2) Suppose there is an absorbstgte inwhich in somegroup everyoneplays A and insome

other groupeveryoneplays A,. Clearly, for all §, ng =0<n,. Therefore, the process can
Sy UR(S))

move to a state in which,n= 0, yielding a contradiction.

(3) To provethat the process always converges to an absodbatg Iwill again construct a

sequence of possibleansitions to an absorbing state starting from any non-absataiteg Any
non-absorbing statemust have a group j with a strategy(EBR(a ;), Z ng < nyand r >0,
S UR(S)

k # i, unless the Aplayers and the Aplayers are separateddifferentgroups, a case jusealt
with in (2). A new state’ can be reached in whichsa 0. If k =1, all playersvho donotreceive

a payoff of a may then switch in the next period.j@8d an absorbing state is reached. If k = 2,
then either 301 BR(a ) and an absorbing statevifich everyonglays A can be reached oy, S

U BR(a ). Inthe latter case there must exist some stratg@yBR(a ), which implies that g

0 BR(a ). Thus, if all §-players get tanove, , = 0, and an absorbing state carrdsmched if

all other players switch to,qm

Proposition 4: If in the initial state there exists a group in which the proportion-pfefers

K> 0
then the process will subsequently converge to an absorbing state in which the efficient
equilibrium (A,A,) is played by all non-empty group.

Proof: The proof is very similar to thene ofProposition 2. Lept  be defined as above and
assume that®,, > 8. | will show that more players would like to switch totBan want to switch
away from it (if any) andhat noonewants to switch to Sbut all players currentiplaying S,
want to switch away frorit. Given the definition of theest reply process B thisipliesthat n,
canonly increaseand B, canonly decrease. Hencg!,,, cannot decrease and will increagth
strictly positive probability.

To showthatthe number of Splayers cannot decrease ntitat §; is a best reply for all
players bu{possibly) the ones currently playing. Sit suffices to showthatr,(a ) > M, (a ) >
d since d is the highest paydifiat can possibly bachieved by playing A The firstinequality
follows from the fact that

LTEPYN LT 'L PO E LN Y
n-1 n-1 n n



The second inequality follows becaus, ,, > and therefore

d-b d-b
M. (a,)>oéa+(1-0)b= a+|1-—— |b=d.
o) > 8as (1-8)b=1"Pa+(1-=)

Thus, = N- i, > 1, which implies that f'z n,,.
S UR(S))

It remains to provéhat S; U BR(a ) for any K. Sincep®, ., >0> ', My(a,) > My(a
w) forall i # 1j. Thusthe only candidate remainifigr having S, as a best reply is an,flayer
in group |.

Recall thap®__ is the proportion of Aplayers faced by an outsider to the group raotd
thatp® > o impliesthatp® . = (| ™ | +1) / n,where |x| denotes tit@rgest integer less than or
equal to x. After excluding himselfayer currently playing Sfaces a proportion of Aplayers
that is higher than |or{ / (n -1). Thus,

N3]

3|
My(a,) <—70pc+|1-—— |d.
2]( lj) n-1 ( n-1

If the same player went instead to join any other group k, he would face a proportion of ai|most |n

/' n A-players (because in any other group there is atdeasf-player less than in j). Therefore,
My(ay) >My(a ) which implies that 50 BR(@_;;).m

V. DECENTRALIZATION AND EFFICIENCY

The purpose of this section is to clarify the relabetween the degree of decentralizatod the
likelihood of achieving efficiency. Sind®th, thedegree of decentralizati@nd thdikelihood of
convergence to the efficient equilibrium, allowaiety of interpretations,will first discusgshese
terms.

The degree of decentralizatiatan be measured either in terms of absolute or relative
group size. In particulaone couldcompare the property of the best reply proéess given N
but varying absolute group sizes n. Alternativadpe could keep thebsolute group size n
constant butncrease N (and thereby the number of gralpsDecentralization would then be
higher in the sendhat groupsize relative to théotal population decreases. Both interpretations
will be considered below.

Measuring thdikelihood of convergence to the efficient equilibrium depearrdsially on
the assumed distribution over initsthtesn©, i.e. the distribution of Aplayers in the initiastate.
When the degree of decentralization is measuregdrins of relative group size, ix@hen N is
changedor agiven n, | will suppose thathere existsomedistribution function Rf, n) = prob
{n,;/n<p} over the proportion of Aplayers in each group j, withi5(n) < 1 for allp < 1. Note

10



that F(1, n) may depend on tligoup sizebut not on the identity of thgroup. It is assumed that
distributions across groups are independent of each other.

Probably the most natural assumption to make about this distribution function is that in the
initial state each player uses each actigth certain probability, i.e. each individual player is
“born™ with an initial action - with probability p action And with probability g = 1- p action,A
If groups are formed randomly, then for each giobpas a binomial distribution with

Fu, ) = Bn, ) = (3) P,
y=0

Even though a binomial distribution seems to be the madstral assumption, other distributions
areconceivable.For exampleone coulcassume thavhengroups ardormed any number of A
playersbetween Gand n is equalliikely to occur,which givesrise to a uniform (flat) distribution

) [nd +1]
for p with F@u,n) =——— .
H (T9))) 1

The next proposition showhat if the degree of decentralization is measurddrims of
relative group size, a strong statement cammagleaboutthe probability otonvergence to the
efficient equilibrium. Roughly speaking, if group sbEcomes very small relative to N, then the
process converges almost always to the efficient equilibrium regardless of the distoletion
initial states. The proposition holds for both best reply processes, A and B.

Proposition 5: Fix a group size n and a distribution functiop,®). Then, foany € > 0, there
exists an N large enough such that the probability of convergence,£9)(& higher than Ie.

Proof: By Proposition 2 a sufficient conditiéor convergence dbest reply process A to ()

is the existence of at leaste group inwhich theproportion of A-playersexceedsdn +1) / n.
The equivalent sufficient conditidor best reply process gven inProposition 4 is the existence
of a group with a proportion of /layers of at leasd. Since §n + 1) / n >, process B
converges to the efficient equilibrium whenepavcess A does. L&t(N) denote theprobability
that a group witl, > (dn + 1) / n exists. Since the condition is sufficiéx{ty) > 1-¢& impliesthat
the probability ofconvergence to (AA,) exceeds 1le. The probability that all grougsave less
than or equal tdn + 1 A-players is F( |®+1] / n, n)". Hence,A(N) =1 - F(|®+1|/n, n)/n >

1 - for N large enough sin@e< 1 and Hg, n) < 1 for allp < 1 by assumptiog.

I will now turn tothe second way in which decentralizatiam be measured, that is in terms of
absolutegroup size. Since in this case group size chasgedor agiventotal population N, |
will assumethatthere exists a distribution function over the proportion gplayers in the total
population, G,N) with G(,N) < 1 for allp < 1. In three aspecthe resultdor thisnotion of

11



decentralization are more limited in scope than the results with respect to relative grokpsize.
resultswill only be givenfor changing group size by an intedactor. Second, resultsoncern
only theprobability withwhich the sufficient conditiofor convergence to the efficient equilibrium
is satisfied. Notehat thisdoes not necessarily imply a statemapoutthe probability of the
efficient equilibrium occurring. And finally, Proposition 6 holds only for best reply process B.

Proposition 6: Let x be the number of-glayers in the total population at the initial state.
Given any x the probability that the sufficient condition for convergence of best reply process B
to the efficient equilibrium given in Proposition 4 is satisfied strictly decreakes the group

size n is doubled unless this probability is zero or one, in which case it decreases weakly.

An analogous argument applies if group size is multiplied by any integer instead of doubled.

Proof: Notefirst that for x <| dn | +1 the sufficient condition cannot be satiséeen ifall A-
players areconcentrated irone of thesmall groups. Thus the probability of the sufficient
condition being satisfied is zefor both small and large groupkikewise, if x > | 2n | s/2there
are so many Aplayers that the sufficient condition is satisfied with probability one even with large
groups. Irthe following it is shownthatthe probability of the sufficient conditidoeing satisfied
decreases strictly when group size is doubled for all x With 1< x < | 25n | s/2.

Consider the ways in which the x-players can be ordered in tlo¢al population. The N
players can be arranged in N! ways. Since we ddaa to distinguish the Aand A-players
amongst themselves, theege in factonly (N) distinguishable permutationsAll of these

permutations are equally likely.

Without loss of generality let players 1 througlbeiong togroup one, players n + 1
through 2n to group etcWhengroup size igloubled let the newarger groups contain players 1
through 2n, 2n + 1 through 4n etc.

Since all permutationsreequally likely, a statement is more likely if ittrsie for a larger
number of permutations. Therefore,@lkhas toshow isthat for any permutation favhich the
sufficient condition is satisfied with larggoups it is also satisfied with small groupsg that the
reverse is not generaltyue. The sufficientondition is satisfiedor large groups if at least one
group contains at leastdr2| +1 A-players. If | 8n | + 1 is an evenumber, then |0 | = 2 [n |
+1. Thuseven ifboth subgroups contain both exactly halthef A-players from the large group,

the sufficient condition is satisfied because both sgnaiips have at IeageSSLI+1 =[on +1 A-

players. If | 8n | +1is odd, |& | = 2 |dn |. Thuseven if A-players are splinto groups of ¥z |

12



26n | + 1 and %2 |&h |, the sufficient condition is satisfied becauskeattonesmall group must
have atleast %2 p@ |+ 1 =pn | + 1.

In order to showthatthe reverse of the above statement istnoet | will construct for
every xsuch that pn | +1< x < | Bn | s/2 gpermutation© for which the sufficient condition is
satisfied for small grougsut not for large ones. If x < pPA | s/2 or if | 8n | is even, consider a
permutation defined by

n; <[on|+1,00]
n;<f|on|,0]odd
n,=|on|+1
For small groups the sufficierdondition is clearly satisfied igroup two. Howeverfor large
groups the maximal number of-players in any group is D | which does not exceed tréical
value.

If x =]20n | s/2and | 2n | is odd, take a permutation with+|dn | +1 for jevenand n;
=|on | for j odd. Thus,the number of Aplayers in any of the large groups isé | +1 = | 2n |
which again does not satisfy the sufficient condigon.

Corollary: If the number of Aplayers in the total population is distributed according to a
binomial distribution, then the probability that the sufficient condition is satisfied decreases
when group size is doubled.

Proof: If x is distributed binomially wittB(N,x,p), it isindependent of thgroup size n. The
resultthen follows immediately frorRroposition 5 sincéor all x < |dn | +1 and for all x > |&h |
s/2the probability of the sufficient condition is unchangedfanall [&n | +1< x < | 2n | s/2 the
probability decreases when group size is doyjgled.

V. POSSIBLE APPLICATIONS AND RELATED WORK

One of the most important fields of applicationsnfmdels of théype analyzed in thigaper is the
economics ofstandardization (see Oechssl@893b for more details). Thditerature on
standardization based on network externalities addresses the issue from two different viewpoints.
Oneapproach considetie supply side, iparticular,the waystandards arehosen and promoted

by producers (seléatz and Shapiro, 1985 and 1986). Tiieer approacktartsfrom thedemand

side and considers the coordination problem among conswamers - before making their
purchases have to anticipatevhich standard iggoing to prevail in thefuture (seeFarrell and
Saloner, 1985 and 1986). Especiallytfarlatter approach $ee a potential tapply evolutionary

game theory in a productive way.
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Farrell and Saloner show that the standardization problem can often be redusietpbte a
coordination game with multiplestrict equilibria. In such gameplayers face the difficulty of
forming expectationaboutwhich equilibrium is going to badopted. In contrast the traditional
game theory of equilibrium refinements, which cannot select freat af strict Nash equilibrfa,
evolutionary game theory provides a usefadelwith which tostudy the consumers' problem in
this case.

Consumers faced with the problemdiride which of two competing technologies will be
predominant in thdéuture (and thusill produce higher network externalities) migtgapitulate
given the complexities auch forecastsEvenexpert industry analystgenerally have &ardtime
predicting which of two competing systems will prove nmerecessful (who could have predicted
whether VHS or Betavould become thetandard for VCR's?). It is probably a fassumption
thatconsumers decide quite myopicallysimch casesyhich makes thapplication of evolutionary
game theory possible.

A simple example of how atandardization problem can bwdeled as @oordination
game might be helpful. Considersduation inwhich consumers have the choice between two
incompatibleproducts, e.g. computevdth different operating systems. Supptsst consumers
interact frequently with each other and positive network externalitieswdsiita consumeneets
another with the same operating system (e.g. becauseahegwap data or software). they
meet auser ofthe other operating system, no network externalities materialize. Assume further
that product 1 isnore expensive,,P P,, but that it alsg/ields higher network externalities,JU
which morethan compensates ftre higheiprice, U - P, > U, - P,. The intrinsic value (autarky
value) of both products is the same andnstted from the payoffnatrix. If wedenote a = U-
P,b=-B c=-B and d = - P, we get exactly the assumed paysiifucture of the
coordination game CG above.

An alternative application for evolutionamgodels with agroup structure ishe labor-
management relationship in firms as suggested by Boyer and Qi#2®) andvVega-Redondo
(1993). In each firmemployeesplay a coordinatiorgame with thestrategies "cooperate” and
"don't cooperate”. On the grolgvel firms compete in a markédr their products.Although the
modelingapproach inthesepapers differsquite significantly from theone presentedere, both
papers find that competition among firms helps to achieve the efficient equilibrium.

Several other papeltmve madaise of a group structure showthat efficient equilibria
can be the@utcome of myopic learningrocessesIndependenthMailath, Samuelson ar8haked
(1993) and Oechssler (1993#veloped thapproachollowed in thecurrent paper, imvhich the

9 Harsanyi and Selten's (1988) theory is exceptionbut itdoes not really belong to the
traditional refinements literature.
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competition amongroups isdriven by the freedom gflayers tochoose agroup towhich they
want tobelong!® Canals and/ega-Redondq1993) present a similanodel in whichthe best
reply process is replaced by an imitation proceszh operates nobnly on the individualevel
but also orthe groudevel (at certain times a group dissolved and then replaced byewgroup
that imitates the (mixed) strategy profile of the currently most successful koup).

Another relatecapproach is based on cheap-talk (Matsui 188&also Kim and Sobel
1992, andSobel1993). Inthese models player cansend a costless and non-bindmgssage
regarding the strategy he proposeplay. Cheap-talk works as a "sednandshakethat allows
players to escape fromefficient equilibria incommoninterest games and symmetric coordination
games. In thesmodelscheap-talk fulfills a role very similar to the grospucture inthe other
models by allowingplayers to interaahore withplayerswho use the same cooperative strategy as
they do.

VI. CONCLUSION

This paper investigatele relation between the degree of decentralizatiorpopalation and the
probability with which the populatiorcan coordinate on afficient equilibrium. The general
setup washe following. Players from a largbut finite populationare repeatedly and randomly
matched to play a 2x2 normal form game with two pure equilibria, one of which being efficient, the
other beingisk dominant. Interaction is decentralized ingbasehatthe population is splihto
manygroups and players interamly with otherplayers from theiown group. A strategy in this
game consists of both the choice of an action in the 2x2 game as well as the choice of a group.

In contrast to most athe recenpapers orevolutionary type learning mechanisms (e.g.
Kandori, Mailath and Rob, 1993 antbung, 1993) inwhich therisk dominant equilibrium is
shown to prevail in thiong run, in this paper it is demonstrated ttta learning process almost
always converges to the efficient equilibrium if interaction is decentralized enough.

Possible applications of the model include the economimflardization. In the case of
two competingproduct standardthe probabilitythat the more efficienstandard iseventually
adopted is higher if consumers are more decentralized.

10 See, however, Ellisof1993)who applies KMR'smodel to asetting in whichplayers interact
only with their neighbors. Since in msodelplayers cannothoose their neighbors, there is no
competition among groups and the risk dominant equilibrium prevails in the long run.

11 The general idea of growgelectionhasbeen used in biologfor quitesome time (Hamilton,
1964). Compare also Axelrod (1984) and Robson (1993).
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