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Abstract

Geanakoplos [14] defined a notion of bargaining set, and proved that his
bargaining set is approximately competitive in large finite transferable utility
(TU) exchange economies with smooth preferences. Shapley and Shubik [20]
showed that the Aumann-Davis-Maschler bargaining set is approximately
competitive in replica sequences of TU exchange economies with smooth
preferences. We extend Geanakoplos’ result to nontransferable utility (NTU)
exchange economies without smooth preferences, and we extend the Shapley
and Shubik result to non-replica sequences of NTU exchange economies with
smooth preferences.



1 Introduction

The bargaining set was originally defined by Aumann and Maschler [6]. Sev-
eral different definitions have been subsequently proposed; the most fre-
quently used definition was proposed by Davis and Maschler [8]. In the
exchange economy context we consider here, the core consists of all alloca-
tions such that no coalition can propose an alternative set of trades which is
feasible for the coalition on its own and which makes all of its members bet-
ter off. All definitions of the bargaining set restrict the ability of coalitions
to block (“object t0”) an allocation, by taking into account the possibility
that a second coalition might propose yet another set of trades (“counterob-
ject”) and thereby cause some members to defect from the first coalition. In
the Aumann-Maschler and Davis-Maschler definitions, the original objection
is proposed by a “leader;” any counterobjecting coalition must exclude this
leader.

Geanakoplos [14] considered sequences of TU exchange economies with
smooth preferences. He modified the Davis-Maschler definition so that the
“leader” was a group of agents containing a fixed (but small) fraction of the
number of agents in the economy; thus, as the number of agents grew along
the sequence of economies, the number of individuals in the “leader” grew
proportionately. He showed that this Geanakoplos bargaining set becomes
asymptotically competitive as the number of agents grows; the proof, which
uses Nonstandard Analysis, is quite lengthy.

In Section 3, we present two theorems showing that the Geanakoplos
bargaining set is approximately competitive in large finite NT'U exchange
economies. In addition to dropping the assumption of transferable utility,
we weaken certain other assumptions (notably smoothness of preferences)
required in Geanakoplos [14]. The first theorem (Theorem 3.4) requires as-
sumptions similar to those needed for certain core convergence results (see
Anderson [4]); no rate of convergence is established. The hypotheses of the
second theorem (Theorem 3.6) are incomparable to those of the first. The
main additional hypothesis in the second theorem is that a positive fraction
of the agents have uniformly bounded marginal ero. The second theorem includes a rate of conve

arbitrarily close to the inverse of the number of agents. Both theorems are



derived from Proposition 3.10.
Mas-Colell [19] considered exchange economies with a continuum of agents
but without transferable utility or smooth preferences. He proposed a defi-
nition of the bargaining set which does not involve the concept of a leader.
Under hypotheses similar to those of Aumann’s core equivalence theorem, he
showed that the Mas-Colell bargaining set coincides with the set of Walrasian
allocations. Since models with a continuum of agents are thought of as ideal-
1 ations of large economies, it seemed reasonable to expect that Mas-Colell’s
bargaining set would become approximately competitive in sequ hou [5] show that Mas-Colell’s b:

competitive in large finite exchange economies.

The proot of our main Proposition 3.10 is an adaptation of Mas-Colell’s
equivalence proof. The error terms that arise from substituting the Shapley-
Folkman Theorem for Richter’s Theorem can be absorbed in the Geanakoplos
leaders’ consumption at the objection, but they are sufficient to destroy the
Mas-Colell objection.

Finally, we apply our convergence argument to sequences of economies
with smooth preferences. Anderson [3], Kim [16] and Geller [15] have pre-
viously shown that economies with smooth preferences exhibit faster core
convergence rates than non-smooth economies. In the bargaining set con-
text, the rate of convergence is expressed in terms of the si e of the compet-
itive gap and the si e of the leader set. The faster convergence afforded by
smoothness allows us to restrict the leader set to be a single individual, and
thereby obtain a convergence theorem for the Aumann-Davis-Maschler bar-
gaining set. Shapley and Shubik [20] had previously shown that the Aumann-
Davis-Maschler bargaininnot in the Mas-Colell bargaining set tends

to ero. It is remarkable that the designation of a single leader should make



such a profound difference in the resulting bargaining set.

Smoothness of preferences is a strong assumption because it requires that
indifference surfaces not cut the boundary of the consumption set; in partic-
ular, it implies that at every Walrasian equilibrium, all agents with positive
income consume positive amounts of all goods. It may be possible to weaken
smoothness to a linkedness condition, as in Cheng [7], Propositions 7.4.12

and 7.4.16 of Mas-Colell [18], and Kim [16].

2 Preliminaries

We begin with some notation and definitions which will be used throughout.
Suppose z,y € R*, B C RF. 2! denotes the ith component of z; z > y means
2 >y for all 7; > y means x > y and * # y; * > y means 2° > y* for all
it el = 525y o el = max{lal].- - of}; R = {v € R : & > 0;
R: = {z e R":2 > 0}. I t € R, |t] denotes the greatest integer less
than or equal to 7.

A preference is a binary relation > on R’j_ satisfying the following condi-
tions:

1. continuity: {(x,y) € R, : x> y} is open;

2. transitivity: if x > y and y > z, then = > z;

3. negative transitivity: if « ¥ y and y # z, then a ¥ z; and
4. irreflexivity: x ¥ «.

Let P denote the set of preferences. If =€ P, define x ~ y if @ ¥ y and
y ¥ x,x>=yif o > yorax~y. Notethat the indifference relation @ ~ y is
defined from the underlying strict preference relation = > y, and is not one
of the primitives of the specification of the economy. For some purposes, we
will need additional assumptions on preferences:

5. (a) strong monotonicity: = >y = « > y; or
(b) i strong monotonicity on R : o >y e RE, = 2 > y;
ii. weak monotonicity on R’j_: T>Y=>x>Y;
iii. boundary condition: if y € R, {zx € R 1 y 2} C RE;
and



iv. semismoothness: if @ € RI—T—+7 there is an open ball B with
B > x such that z lies on the boundary of B; let p., denote
the supremum of the radii of such balls.

6. strong convexity: if « # y, then either % >~ T or HTZ’ .

Let
Pro = {=€ P : = satisfies 5a}

Pss = {=€ P : = satisfies 5b} (1)

Pse = {=€ P : = satisfies 6}.

k

A set P C Py, is said to be equisemismooth if, for every compact K C RY ,

inf{p,,: 2 € K, =€ P} > 0.

An exchange economy is a map y : A — P X R’j_, where A is a finite
set. For a € A, let >, denote the preference of a (i.e. the projection of y(«a)
onto P) and e(a) the initial endowment of « (i.e. the projection of y(a) onto
RY). An allocation is a map f: A — R such that Y ¢4 f(a) = Y, €(a);
let A(x) denote the set of allocations of the economy y. A coalition is a
non-empty subset of A.

A price p is an element of R% with |[p|[s = 1. A denotes the set of prices,
A= {pe A:p> 0} prEA,letD(p,a):{xeR’j_;p.xg
pre(a),y =, x=p-y>p-e(a)}. Let M7 = max{|le(ar) + ...+ e(an)]|w :
ay,...,a, are distinct elements of A}.

Given ¢ € RE, (>,¢) € P x RE, and p € A, define ¢(p,z,(>,¢)) =
lp-(x —e)| +|inf{p- (y —x) : y = x}|. Note that, if > is continuous and
p > 0, then ¢(p, x, (>, €e)) = 0 implies that x is in the demand set at price p
of an agent with characteristics (>, €). ¢ gives a quantitative measurement
of the extent to which z fails to satisfy the definition of demand. By a
slight abuse of notation, we let ¢(p, f,a) = ¢(p, f(a), (>4, e(a))) if f is an
allocation, and ¢(p,z,a) = ¢(p,z, (>4, ¢(a))) if 2 € RE. Given f € A(y),
the average competitive gap of f is defined to be |,IT| Soaea O(p, fra).



3 Convergence of the Geanakoplos Bargain-
ing Set

The Davis-Maschler definition (and implicitly, the Aumann-Maschler defini-
tion) of the bargaining set require that an objection be put forward by a
leader, an individual who proposes the objection. A counterobjecting coali-
tion is then required to exclude the leader. Geanakoplos modified this defi-
nition to require that an objection be proposed by a group of leaders, none
of whom can be included in a counterobjecting coalition. If 6 € [0,1], a
6-objection is one in which the number of leaders is at most 6|A|. Formally,
we have the following definition:

Definition 3.1 (Geanakoplos) Let x : A — P x R% be an exchange
economy, f an allocation. (5,U,¢) is a é-objection to f if S is a coalition,
UcCs, 5 <6,g:9—=RE, Yoesg(a) < Yyesela), and

g(a) =, f(a) for all a € S with strict preference for at least one a.  (2)

(T, h) is a counterobjection to (S, U, g) if T is a coalition, TNU =0, h : T —
RI—T—? ZaGT h(a) S ZaeT e(a)v and

a) faeTnNS
ha) Za { ff((a)) ifaeT\s. (3)

with strict preference for at least one agent a. A dé-objection is justified if
there is no counterobjection. f is in the é-bargaining set, denoted Bs(y), if
every 6-objection to f has a counterobjection.?

We will present two main convergence theorems; the hypotheses of the the-
orems are incomparable, while the conclusions of the second theorem are
stronger than the conclusions of the first. In the first (Theorem 3.4), prefer-
ences are assumed to be strongly monotone and tight, i.e. for every o > 0,

Tt may be natural to impose additional restrictions on counterobjections. Zhou [22]
has proposed adding three restrictions: TNS # 0; T' ¢ S; and S ¢ T. The third of
these conditions is automatically satisfied provided U/ # @. Note that imposing additional
restrictions on counterobjections makes it easier to propose a justified objection, and thus
makes the bargaining set smaller. Thus, the convergence results in this paper would still
apply if Zhou’s additional restrictions were imposed.



there is a compact set K of strongly monotone preferences such that the pro-
portion of agents with preferences in K is at least 1 —o. Note that a compact
set of strongly monotone preferences is equimonotone (see Anderson [4]).
This first theorem also requires uniformly integrable endowments, though it
does not require that the social endowment of each good be bounded away
from 0. It establishes no rate of convergence. The second theorem (Theorem
3.6) assumes that there is a set P of preferences exhibiting bounded marginal
rates of substitution such that the proportion of agents with preferences in
P is bounded away from 0. Instead of uniform integrability of endowments,
we only require that the largest individual endowment be small compared
to the number of agents; however, we do require that the per capita social
endowment be bounded away from 0 in each commodity. In the event that
endowments are uniformly bounded, the rate of convergence is arbitrarily
close to the inverse of the number of agents. The essence of the proof of both
theorems is contained in a main proposition (Proposition 3.10), which ana-
lyzes a fixed finite economy. The proof of this proposition is conceptually the
same as Mas-Colell’s proof in the continuum case, with the Shapley-Folkman
Theorem substituting for Richter’s Theorem; however, the derivation of the
needed estimates is quite complex. The derivation of the second theorem
from Proposition 3.10 is quite straightforward, while the derivation of the
first theorem is somewhat indirect.

Definition 3.2 Given an allocation f and a price p, define

L(p. )= Y_ max{0,p-e(a) —inf{p- 2 : x>, f(a)}}. (4)

a€A

Our results establish bounds on L(p, f) when f is in the bargaining set. Their
significance comes from the following proposition.

Proposition 3.3 Given an allocation f,

Yaea lp- (fla) = ela)] < 2L(p, f)
Yaea | inf{p- (v —e(a)) s w=q fa)}| < 2L(p, f).

Proof: This is contained in the proof of Theorem 1 of Anderson [1]. m



Theorem 3.4 Suppose
: k
Xn * An - pmo X R_|_ (6)
is a sequence of economies satisfying the following conditions:
1. JA,| = oo;

2. e, ts uniformly integrable, i.e.

|90 — 0=
| A A

> eula) = 0; (7)

a€ESy
and
3. for all p > 0, there is a compact® set K C P,,, such that

{a € A, : =,€ K}
|An]

>1-—p. (8)

Then there exists 6, — 0 such that for all f, € Bs,(xx) Ip. € A such that

L(pn, f)
7|An| 0. 9)

Suppose \, satisfies Assumptions 1, 2 and 3, and in addition

/.
liminf . Z en(a) > 0. (10)

n—oo |An| ey
Then there is a compact set D C A° such that p, € D for all n.

Suppose \, satisfies Assumptions 1, 2 and 4, and in addition

5. Assumption 3 holds for some compact set K C P, N Pse.

2We give the set of preferences the topology of closed convergence (Hildenbrand [17],
page 96.)



Then

Z fn pm ) Z ||fn(a) _D(pnva)Hoo — 0. (11)

a€EAn

IAn

Suppose x, satisfies

6. endowments are uniformly bounded, i.e.

sup{|le.(a)]|e : @ € A,y n € N} < 005 (12)

Then Equation (9) (under Assumptions 1, 2, 3 and 6) and Equation (11)
(under Assumptions 1, 2, 4, 5 and 6) hold for all sequences 6, such that
on|An| — o0.

Definition 3.5 We say that a set P C P,,, exhibits bounded marginal rates
of substitution if

Jda V=€ PVa,y,z € RE |21 < allyli,2 +y—z € RE
(13)
— r+y—z=2x.

Note that if P exhibits bounded marginal rates of substitution, there exists
a compact set K such that P C K C P,0.

Theorem 3.6 Suppose
Xn : An = Pro x R (14)
is a sequence of economies satisfying the following conditions:

1. JA,| = oo;

2.
sup || > ela)|l < o0; (15)
| n a€An
and n
max{|le(a)|le : @ € An} e (16)
A,
and



3. there exists 0 > 0 and a set P C 'P,,, exhibiting bounded marginal rates
of substitution such that for all 1

{a € A, :,€ P, e(a) >}

> o. 17
A (a7)

Then there exists 8, — 0 and a compact set D C A° such that for all
fn € Bs, (xn) there exists p, € D such that

L%@?)Ho. (18)

Suppose \, satisfies Assumptions 1, 2, and 3, and in addition
4. for all p > 0, there is a compact set K C P,,, N Py such that

{a € A, : =,€ K}
|An]

>1—p. (19)

Then fn(a) — D(pn,a) converges to 0 in measure, i.e.

A, - D
| Anl
Suppose \, satisfies Assumptions 1, 2, and 3, and in addition

5. endowments are uniformly bounded, i.e.

sup{|len(a@)]|c : @ € Apy n € N} < 00;5. (21)

Then Equation (18) holds for all sequences 6, such that 6,|A,| — co. More-
over, given any sequence J, — oo, there exists 6, — 0 such that

L(pn, [7) <
Anl T AL

Vfn € Bs,(xn) Ipn € D (22)

We need first to prove two lemmas.



Lemma 3.7 Suppose there is a compact set K C (P, U Pss) X R’j_, a se-
quence p, € A® with p, — p € A\ A% and a sequence of characteristics
(>n,€n) € K such that infp, - e, > 0. Then

inf{||z||oc : & € D(pny>n,€n)} — 0 (23)
as n — oo.

Proof: If the conclusion is false, we can find a subsequence such that
=€ (Ppo U Pgs), €, — € € R’j_, and there exists x, € D(p,, >, €,)
with =z, — = € R’j_.

p-x=limp, -z, < limp,-e, =p-e>0. (24)

n—oo n—odo

It there exists y with p-y < p-e and y > x, then there exists z with
p-z <p-eand z > x. For n sufficiently large, p, - 2 < p, - e, and z >, x,,
which contradicts the assumption that @, € D(p,,>,,e,). Therefore, « €
D(p,>,€e). We consider three cases:

1. If =€ P,0, then D(p,=,¢e) = 0, since p € A\ A’ contradiction.

2. It »€ Py and « € R]j__l_, then strong monotonicity on R’j__l_ and p €
A\ A® implies # & D(p, >, ¢€), contradiction.

3. It =€ Pys and = € R’j_ \R’j__l_, note there exists y € R]j__l_ such that
p-y = p-e. By the boundary condition, y > x, contradiction.

Since all three cases lead to a contradiction, the proof is complete. m
Lemma 3.8 Suppose w € R’j_, B, C Ri —w and
inf{||z]|« : v € B,} — oo, (25)

Then
inf{||z||e : © € con B,} — . (26)

Proof: If not, then we may (by taking a subsequence) find M € R and
x, € con B, with ||@,]lc < M. By Caratheodory’s Theorem, for each
n, there exist convex coefficients Ang,..., Anp and z,; € B,(0 < ¢ < k)
such that % N, = x,. Given any y € R’j_ and y1,...,y, € R’j_ with

10



y=yi+ Y g (lles + o F ymlleo) S ylloe < llyilloo -+ [yl o
Therefore,

> pmin{|zno + wlloo, - [Jear + w]lo} (27)

>+t min{||z 4+ w||w : @ € B,} — oo

Definition 3.9 Suppose x : A — P x R% and f € Bs(x). Let m = ||A|§].
It a e Aand p € A, define

I(p,a) =inf{p -z :2 =, f(a)}
L(p, f,a) = L(p,a) = max{p - e(a) — I(p,a),0}
L(p)(= L(p, f)) = Zaea L(p, a)

Alp)={ae A:|{be A: L(p,b) > L(p,a)}| < m} (28)

B(p)={ac A:{be A: L(p,b) > L(p,a)}| < m}

C(p,a) = D(p, (-a, (I(p,a),..., (p,a))))

where D is the demand as defined in section 2. Thus, I(p, ) is the minimum
income needed for a to achieve the utility level of f(a). L(p,a) is a’s income
loss at the price vector p, i.e. the amount of income a could forego while still
achieving the utility level of f(a); L(p) is the aggregate income loss over all
agents. B(p) is the set of agents with the m biggest income losses (including
agents tied for the mth biggest loss if there is a tie), while A(p) is the set of
agents with the m biggest losses, excluding agents tied for the dth biggest
loss.? Furthermore, A(p) C B(p) with equality unless the mth and m + 1st

3More precisely, fix t € Ry and let S = {a € A : L(p,a) = t}, T = {a € A :
L(p,a) > ¢}. Then S C B(p) iff |T] < m and SN B(p) = O iff [T| > m. S C A(p) iff
[TUS|<mand SNA(p) =0 iff [T'US|>m. Notice that SN A(p) #0 < S C A(p) and
SNB(p)#0< S C Bp).

11



largest losses are equal. C'(p,a) is the demand set of an agent with preference
=, and income [(p,a). For each a € A, define v, : A — R x R* by

{(0,0)} if f(a) >a D(p,a)
and a ¢ B(p)

{(0,0),(1,0)} if f(a) . D(p,a)
and a € B(p) \ A(p)

{(1,0)} if f(a) . D(p,a)
and a € A(p)

{0} x ((D(p,a) = e(a)) U{0}) il f(a) ~a D(p,a)

and a ¢ B(p)
_ ) 0,1 X ((D(p, a) — e(a)) U{0}) i fa) ~a D(p,a)
%) = and ac Bp)\ Ap) >
{1} x ((D(p,a) = e(a)) U{0}) il f(a) ~a D(p,a)
and a € A(p)
({0} x (D(p,a) — e(a))) if D(p,a) -4 f(a)
and a ¢ B(p)
({0} x (D(p, a) — e(a))) it D(p,a) »4 [f(a)
U({1} x (C(p,a) = e(a))) and a € B(p)\ A(p)
({1} x (C(p, a) — e(a))) if D(p,a) =4 f(a)
and a € A(p)
and
I(p) = Z%%(p)- (30)
Let
I"(p) = con {z € R*: (m, z) € I'(p)} (31)

12



and

Mp)={x—p-z,--p-2):2el'(p} (32)

Proposition 3.10 Suppose \ : A — (Puo U Pos) x RE. If [ € Bs(x), then
either

Ipe A% Lip, f) < MM 41 (33)
" o AL (M
T A OeF(p)&L(p,f)é(HA|5J)( > )] (34)

where C, = min{p',... p*}.* Moreover, if there is a set P C P,,, of prefer-
ences which exhibits bounded marginal rates of substitution such that

Ha € A:e(a) > 0,-,€ P}

dr > 6 do >0V
A

> 37, (35)

then there is a positive constant C' depending only on ||% e €(a)||s, o, 7,

and P, such that Equation (34) holds and C, > C'.

Proof:
1. Recall that
I"(p) = con {z € R* : (m,z) € I'(p)}. (36)

We will show that Equation (33) is satisfied or there exists p € A® and
s > 0 such that @ = (—s,---,—s) € I"(p). The argument proceeds in
several steps:

(a) If a« € B(p), then there exists x, such that (1,z,) € v,(p). Since
|B(p)| = m and |A(p)| < m, I"(p) # 0.

(b) If € I"(p), then p-x < 0.

(c) T'(p) is convex-valued for all p € A°.

(d) Forall pe A, I"(p) > — 3 caela).

1Recall M7 = max{|le(a1) + -+ e(am)||eo : @1, ... am are distinct elements of A}.

13



(e) We show that v, is upper hemicontinuous on A° for each a € A.
Suppose p € A, Then there exists a neighborhood V of p and
a > 0 such that ¢ € V = min{p',---p*} > a. If (t,2) € 7.(q) for
some q € V,wehavet € {0,1},¢-x <0andx > —3Y ,cqe(a). Ac-
cordingly, there is a compact set K containing Uyevva(¢). There-
fore, it suffices to show that 7, has closed graph at p. Accordingly,
suppose that p, — p, (t,,2,) € Ya(pn), and (¢,,2,) — . Note
that if « ¢ B(p), then a € B(p,) for n sufficiently large; and if
a € A(p), then a € A(p,,) for n sufficiently large.

i. If f(a) >4 D(p,a), then f(a) >, D(pn,a) for sufficiently large
n.
A. If a & B(p), then a ¢ B(p,) for n sufficiently large, so

Ya(Pn) = {(0,0)} = 7a(p).

B. Ifa € B(p)\A(p), then ~,(p,) is defined by either the first,
second, or third line of Equation (29), so v,(p,) C va(p)
for all sufficiently large n.

C. If a € A(p), then a € A(p,) for all sufficiently large n, so
Ya(Pn) = {(1,0)} = 7a(p).

ii. If f(a) ~, D(p,a), there are three subcases to consider:

A. If a € B(p), then a ¢ B(p,) for n sufficiently large. Ac-
cordingly, v.(p,) is defined by the first, fourth, or sev-
enth line of Equation (29). Since demand is upper hemi-
continuous, limsup v,(pn) C 7.(p) in all three cases, so
(t,2) € va(p). °

B. If a € B(p)\ A(p), Ya(pn) could be defined by any of the
nine cases in Equation (29). However, limsup D(p,,a) C
D(p,a). Moreover, I(p,,a) — I(p,a) = p- e(a) since
fla) ~, D(p,a), solimsup C(p,,a) C D(p,a). From this,
it follows that limsup v, (p,) C va(p)-

C. If a € A(p), then a € A(p,) for n sufficiently large, so
Ya(pn) is defined by the third, sixth or ninth line of Equa-
tion (29). As in item 1(e)iiB, limsup C'(p,,a) C D(p,a),
so limsup ya(pn) C 7a(p)-

SGiven a sequence of sets C,, C R*, limsup C,, = {x € R* : there is a subsequence n;
and ¢; € Cy, such that ¢; — a}.

14



iii. If D(p,a) =, f(a), then D(p,,a) =, f(a) for all n sufficiently
large.

A If a ¢ B(p), then « ¢ B(p,) for all sufficiently large
n, so Y.(p,) and v,(p) are both defined by the seventh
line of Equation (29). Since D is upper hemicontinuous,
lim sup 5a(pn) C Ya(p)-

B. If a € B(p) \ A(p), then ~,(p,) is defined by the seventh,
eighth, or ninth line of Equation (29). Since D and C' are
upper hemicontinuous, limsup v,(p,) C Y.(p)-

C. If « € A(p), then a € A(p,) for all sufficiently large
n, so Y.(p,) and ~,(p) are both defined by the ninth
line of Equation (29). Since C' is upper hemicontinuous,
limsup ya(pr) C va(p)-

(f) We will show that I'(p) is upper hemicontinuous as a function
of p € A% Suppose p, — p € A°, and x, € I'(p,). Observe
that p, -2, <0 and @, > — 3 ,c4 e(a), so there is a compact set
containing all z, for n sufficiently large. Thus, it is sufficient to
show that

z, — v =z € I'(p). (37)

By Caratheodory’s Theorem, there exist convex coefficients A,,;(0 <

i < k), and z,; € R¥ with (m,z,;) € T'(p,) such that x, =
S8 o Anini. Consequently, there exist (4,0, Znia) € Ya(pn) such

that
m = Z tia and x,; = Z Tria- (38)

a€A a€A

By taking a subsequence, we may assume without loss of gener-
ality that A,y — Aoiy Thia — foia, and T4 — Toiw as 1 — 00.
Since (toia, Toia) € Ya(p) for each ¢ € {1,...,k} and each a € A;
moreover, y_,c4 toia = m for each ¢ and a. Therefore, letting

k
Ty = Z Aoi Z Loia, (39)

=0 a€A

we see that xo € I(p) and 2 = lim,,—c @,. This shows that " is
upper hemicontinuous on A°.
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(g) Suppose p, — p € A\ A’. We will show that either Equation
(33) is satisfied or

min{||z||o : @ € I'(p,)} — 0. (40)

Let (m,x,) € I'(pn). Then m = 3 catng and &, = 3 c 4 Tpg With
(tnas Tna) € Ya(pn)-

1. Choose a sequence a,, with ., =0 and
L(pn,a,) > L(p,,a) for all @ with t,, = 0. (41)

A. If there is a subsequence p,. such that L(p,,,a,,) — 0,
then

L(pm‘) = ZaeA L(pm‘ ) a)

< Yaea tnaL(payy @) + (|A] = m) L(pn,, an,)
(42)
S ZU«EA tniapn,' ) 6(@) —I_ |A|L(pn17anz)

<M+ 1

for n sufficiently large, which establishes Equation (33).
B. If there exists p > 0 such that L(p,, a,) > p for all n, then
pn-€(an) > pfor all n. Since L(p,,a,) > 0, D(pn, an) >a,
flag); since ty, =0, Tpa, € D(pn,a,) —elay,). Since =,
comes from the finite family {>,: a € A} C (P, U Pys)
and p, - e(a,) > p, min{||z||. : @ € D(pp,a,)} — oo by
Lemma 3.7. Since in addition x,, > —e(a) for all « € A,

min{||2||e : (m,2) € I'(pn)} — 0 (43)
Then
il : & € T(p)} — o0 (14)
by Lemma 3.8.

ii. Suppose Equation (35) is satisfied. Find P which exhibits
bounded marginal rates of substitution (with constant «) and
T > 6,0 >0, such that

’ {a € A: e(a)i > 0, -,€ P}

v
4]

> 37. (45)
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Let )
M = 5l Zaeaela)ls

S, ={a€Aip, cla)>7, (46)

||f(a)||1 < M7 tna = 07 —aC P}

A. We claim that % > 7. To see this, note that there exists
7, such that p;" > % Then
1S, >Ha€ A:e(a) >0, =, P}
—{aeA:|fla)ls =2 M} —{a € Aty =1}

> 3T|A| . ||Zae],\44f(a)”1 —m

> 37| A] — TAM _ 714 = 7| A

(47)
B. For n sufficiently large, there exists z,, such that
in o7 (48)
Pr = oM
Let
Yo = (0,...,0,aM,0,...0), (49)
where the non-zero entry occurs in the (7,,)" component.
Then
o o
Yy, < M= —.
Po o = (kaM) M= (50)

Ifae€ S,y = f(a) + Yn — f(a) ~a f(a)v since ||yn||1 =
aM > o f(a)|li. Therefore, if a € S, D(pn,a) =, f(a)
and t,, =0, 80 ¥4 € D(pn,a) — e(a). Therefore,

Ty = ZaeA Tpg 2 Zaesn Lpg — ZaeA\Sn e(a)
(51)
= Zaesn(wna + e(a)) — 2 acA e(a).
Observe that

1 aes, @na + ela)]o

Z%%ﬁWWmWED@mh@wwe>;>e?»
52
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SO

Il

> Tinf{||z]|e : @ € p(pm —.€), pp-e> 5, =€ P}
—[Ii Zaeaela)]

(53)
which tends to infinity by Lemma 3.7. Therefore,
min{”ﬁiro :(m,x) € U(pn)} — o0, (54)
S0
min{”ﬁir : (m,z) € M(py)} — o0 (55)

by Lemma 3.8. Note that the rate depends only on o, 7,
P, and 4l Soes )]
(h) Recall that

D)= {e—(p-zv-p-a)ia € ')} (56)

The following properties of I'” follow from the corresponding prop-
erties of I":

i. If @ € I'(p), then p-ax = 0.

ii. I'(p) is nonempty and convex-valued for all p € A°.

iii. T”(p) is upper hemicontinuous as a function of p € A°.

iv. If p, — p e A\ AY then min{||z| : v € T"(p,)} — .
Therefore, by Theorem 8 on page 722 of Debreu [9], there exists
p € A% such that 0 € T”(p). But then there exists € T'(p) such
that @ = (—s,...,—s) for some s > 0.

(i) Suppose Equation (35) holds. By item 1(g)ii, there is a positive
constant C' (depending only on o, 7, P and |,IT||| >aca €(a@)||s) such
that if C, < C, then © € I'(p) implies ||#]|cc > || P aca €(@)]|co-
But if p is chosen as in item 1h, there exists x € I"(p) with = < 0.

Since ¥ > =3 ,caela), [|#]lce £ || Xaea€(@)]|co, contradiction.
Hence, C, > C.
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. Let A =sup{s: (—s,...,—s) € '(p)}, 2 = (—A,...,=)), n = |A|®
We claim that
L(p) < - P (57)

By the definition of z, there exists A’ such that (X,..., X)) € I'(p) and
p-z<p-(N,---, )= X. By the definition of I"(p) (Equation 31),
(V,...,X) €con {z € RF: (m,z) € (p)}. (58)

Therefore, there exists (m,x) € I'(p) such that p-a >p-(X,...,\) =
A > p-z. There exist (f,, 24) € Ya(p) such that (m,x) =3 ,c4(ta, Ta).
Ift, =0, then x, € (D(p,a) U{0}), so p-x, = 0. We will show that,
Whenever to=1,p-x, = —L(p,a). Suppose t, = 1.
(a) If D(p,a) =, f(a), then x, € C(p,a) — e(a) and thus p -z, =
I(p,a) —p-e(a) = —L(p,a).

(b) If f(a) ~, D(p,a), then z, € (D(p,a) —e(a)) U{0}, so p-x, =
0=—L(p,a).
(c¢) If f(a) >, D(p,a), then z, =0,s80 p-2, =0=—L(p,a).

Number the agents in A so that
L(pval) ZL(pch?) > ZL(p,Cln) (59)

If B(p)\ A(p) # 0, let L be the common value of L(p,a) for a €
B(p) \ Alp).

p-zSp-r=-— ZaeA ta[f(pva) = - [ZaeA(p) L(p,a) + (m - |A(p)|)[/]

= Y7, Lp,a;) < =" L(p),

(60)
so L(p) < —="p-z.
. We claim there exists (¢,2) € I'(p) with 0 <¢ < m such that
Mk-l—l Mk-l—l
< T 61
&€ J— z —I_ ( Cp 2 2 Cp ) ( )

®One can show that z € I'(p), but we will only use the fact that z € T'(p).
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(a) Fixe > 0,and choose y € I"(p) with y < z+(e,...,€). Thus, there
exist convex coefficients Ao, ..., A; and (m,yo),...,(m,yx) € I'(p)
such that

y = Z: Aiyis (62)
(m,y) = ;Mm,yi) € con Z;l%(p)- (63)

(b) By the Shapley-Folkman Theorem, we can find {aq,...,ap} C A
with & < k and

7a(P) ifa g ao,... ap}
(S, ¥a) € { con v,(p) if a € {ag,...,ap} oy
such that

(myy) = D (S, Ya). (65)

a€A

Choose
(ta,, Ta;) € Ya,(p) with t,, < S, if 7 € {0,...,k'} (66)

and let
(fara) = (SasYa) if @ & {ao, ... a'}. (67)
Let t = S,eats and 2 = Socq @y Then 0 <t = Y a4ty <

YacaSe = m and (t,,z,) € v.(p) for all @ € A. Therefore,
(,2) € T(p).

()
v =y 4 Ty (v, = Ya) = y+ o ((we, + ela)) — (Yo, + e(ar)))

<yt T (, + eai)) Sy + D (e )

M;z-l-l M;z-l-l
<z (e g+ (M0 M)
(68)
Since € is arbitrary,
Mk-l—l Mk-l—l
< e 69
T Z —I_ ( Cp Y Y Cp ) ( )



4. Suppose there exists (¢, 2) with 0 < ¢ < m and @ < 0 with (¢,2) € I'(p).
We will show that f ¢ Bs(y), a contradiction.

(a) There exists (4, 2,) in 74(p) (@ € A) such that 3 ,cs(te,2,) =
(t, ). Let

S={a€A:x,+e(a) € D(p,a)UC(p,a)},

(70)
U={ae S:t,=1}.
Since x # 0, S # (). Fix ag € S and define
z, + e(a) if a € S\ {ao}
gla) = (71)
Tao +e(ag) —a if a = ag

We will show that (S,U,g) is a justified 6-objection to f, and
hence f & Bs(y), a contradiction.

i. Observe that

LS Ta S A= A =8 (72)

Moreover,
:gg(a) = Zg(:z;a +e(a)) —x=a+ de(a) —x = de(a).
ac ac a€ ag (73)

We need to show that g(a) =, f(a) for all a € S, with strict
preference for some a € S. We need to consider two cases:

A. Case I: a € S\ {ap}. Either
g(a) = D(p,a) za f(a) or g(a) = C(p,a) ~a f(a), (T4)

so g(a) =, f(a).
B. Case II: a = ag. Either

9(ao) = D(p,ao) — x> D(p,ao) =ao f(ao) or  (75)

g(ag) = C(p,ag) — x> C(p,ag) ~a, flao)- (76)
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Since =40 € PoUPgs, =4, 18 weakly monotonic on R’j_; by
Lemma 2.1 of Anderson, Trockel and Zhou [5], g(ag) >,

f(ao).
Therefore (5, U, g) is a é-objection to f.
ii. Suppose (T, k) is a counterobjection to (S, U, g), so TNU = .
Then

h(a) =, g(a) € D(p,a)
>p

= p-h(a) -_ea(a) fora e TN(S\ {ao})

h(ao) %4, g(a0) € D(p,a0) — x
=p- h(ao)g> P e(ao)pif ag €T (77)

h(a) =, f(a) =4 D(p,a)
= p-hla) >p-e(a) foraeT\S,

with strict inequality for at least one a € T'. Accordingly,

p-Zh(a):Zp-h(a)>Zp-e(a):p-Ze(a). (78)

a€T a€T a€T a€T

Since p € A, this contradicts Y_,cr h(a) < 3, cre(a).

Thus, (S,U, g) is a é-objection to f with no counterobjection, and
f & Bs(x), a contradiction.

5. Combining steps 3 and 4, we conclude that there exists 2 such that

) Mk-l—l
2> (79)
Cy
But z = (=A,...,=}), so
Mk-l—l Mk-l—l
e [ ) (80)
o
Therefore,
Mk-l—l
X
Cy
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nM;z"'l

2
mC),

by Equation (57), establishing Equation (34) and completing the proof.

L(p) < (82)

]
Proof of Theorem 3.4: Suppose that Assumptions 1, 2 and 3 hold. Since
|A,| — oo, |kAi1| — 0. Since the endowment map is uniformly integrable,
Mk-l—l
—xr_ (). (83)
| Anl

Therefore, we can choose 6, — 0 sufficiently slowly that

k+1
6 An] — 0o and —*— — 0. (84)

[6n] Anl]
Notice further that if Assumption 6 is satisfied, then Equation (84) is satisfied

for any sequence 6,, such that 6,|A,| — oc.
Suppose we are given 6, such that Equation (84) is satisfied and f, €

BSn(Xn)'

1. If 6, # 0, we can choose ¢/, < 6, such that 6 — 0 and Equation
(84) is still satisfied. Since 8/, < 6, Bs,(xn) C Bs: (xn), s0 fn € Bs:.
Therefore, we can assume without loss of generality that 6, — 0. Since
the endowments are uniformly integrable,

M LonlAnl]

—_—e s (), (85)
|Anl

2. Let p, be chosen with respect to f, as in Proposition 3.10. We say
L(pn, fn,-) converges to 0 in measure if

{a € An: Lipn, fu,a) > p}l

Vp >0
| Anl

— 0. (86)

There are two cases to consider:
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(a)

If L(pn, fn,-) does converge to 0 in measure, then since L(p,, f,,a) <
Pnen(a) < len(a)]| oo is uniformly integrable, L(p,, f,,-) converges
to 0 in mean, i.e.

ZaGAn L(pTM f?”m Cl)
| Al

0, (87)

which establishes Equation (9).

If L(py, fn,-) does not converge to 0 in measure, we will use Propo-
sition 3.10 to derive a contradiction. There exists p > 0 such that

Ha € A : Lpn, foya) > p}|
|An]

> 4p (88)

for infinitely many n; by taking a subsequence, we may assume
without loss of generality that Equation (88) holds for all n. From
Proposition 3.10, we are in one of two cases:

1.

MLnlAnl] 4 q
L(pa, fn) < ( o + ) o
Ayl | Ayl

by Equation (85); but this implies Equation (86), contradic-

tion.
el < (o) ()

Pn

(89)

il.

where

0eTM(pn). (91)

If we knew that C, were bounded away from 0, Equations
(84) and (90) would imply Equation (87), which in turn im-
plies Equation (86), a contradiction. Thus, we shall show
that C,, is bounded away from 0. If not, we may (by taking
a further subsequence) assume without loss of generality that

pn — p € AN\AY I ([6,]AL]], x0) € T(pn), there exist t,,

and z,, such that
x, = Z Tpas (92)
a€An
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where (t,q,%na) € Ya(pn) and Y e, tha < 0,|A,|. Since the
endowments are uniformly integrable, there exists M such
that for all n,

ol X el <0 (9%)

a€An

so that .
[{a € Ayt [len(a) ]l < 57}

| Ay
There is a compact set K C P,, such that the following
inequalities hold for sufficiently large n:

>1—p. (94)

H{e€An: L(pn,frn,a)>p}| > 4p

[An]
|{aeA,|il:|a6K}| S1—)p
. (95)
Ha€An: |len(a)lloa <22
] >1—p
|{a€A|nAzr|La:0}| > 1 _ p
Therefore, if
S, ={a€A,: L(pnéﬂj},a) > p, =€ K, (96)
len(a)]loe < %7 ta = 0},
then 5|
> . 97
a7 (97)

For all « € S,, ., € D(pn,a) — e,(a) and p, - e, (a) >
L(pny fu,a) > p, so min{||@,u]|e : @ € S} — 00 as n — oo
by Lemma 3.7. Since

1
Z Tna = _|A | Z en(a) (98)

|An| a€An\Sn nla€An,

which is bounded, ||z,||c — oo. Thus,

nf{|[z[|o : ([6n]Anl];2) € T(pn))} — o0 (99)
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By Lemma 3.8, inf{||z||.ax € I'"(p,)} — oo, which shows
that 0 ¢ I'(p,.), a contradiction.

3. Step 2 established Equation (9). Now suppose Assumptions 1, 2, 3 and
4 hold. The proof” of Lemma 4 of Anderson [2] shows that there is a
compact set D C A such that, for any sequence (f,,,p,) € A(x,)x A°
satisfying Equation (9), {p, : n € N} C D.

4. Now suppose that Assumptions 1, 2, 4 and 5 hold. The proof of Theo-
rem 3 of Anderson [2] shows that for any sequence (f,,p,) € A(xn) X D
satisfying Equation (9), (f,,p.) satisfies Equation (11).

m
Proof of Theorem 3.6:

1. Suppose that assumptions 1-3 hold. Since

max{|le(a)|le : @ € An}

— 0, (100)
|Anl
Mk-l—l

M), (101)
| Anl

Therefore, we can choose 6, — 0 sufficiently slowly that

Mk-l—l

x5 (. (102)

[6n]Anl]

Notice further that if Assumption 5 is satisfied, then Equation (102)
holds for any sequence ¢, such that é,|A,| — oo.

2. Suppose we are given 6, such that Equation (102) is satisfied and f, €
Bs, (Xn). As in the Proof of Theorem 3.4, we can assume without loss
of generality that 6, — 0. Therefore, for n sufficiently large, we have

on < Z. Let 7= 2.

7 The statement of Lemma 4 assumes that preferences come from a equiconvex fam-
ily. In the proof, equiconvexity is only applied to pairs of vectors of the form # and
z+(1,0,...,0) to show there is a ball of radius bounded away from 0 around x—i—(%,O, ...,0)
which is preferred to #; a compact family of monotone preferences directly implies the
existence of such a ball. Lemma 4 also requires that there exist v > 0 such that
[{a€A, e

W > 7, but this is implied by Assumptions 2 and 4.
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3. By Proposition 3.10, because ¢ = 37, we may choose p, such that

0€I"(p,) and
et < () (25) o

Pn

where (), is bounded below by a positive constant depending only on

o, P, and ﬁ” >uea, €(a)]|s. This shows that W - 0.

4. Suppose Assumptions 1, 2, 3, and 4 hold. The proof of Theorem 3
of Anderson [2] shows that for any sequence (f,,p,) € A(x,) x D
satisfying Equation (18), (f,,p,) satisfies Equation (20).

5. Suppose Assumptions 1, 2, 3 and 5 hold and J, — co. We can assume

without loss of generality that |i"| — 0. Let

k41
M

O = —2—.
00,

(104)
Since M;z;"l is bounded, €, is bounded away from 0, and J,, — oo, it

follows that ¢, — 0, and é,|A,| — oo. It follows from Equation (103)

that I J
(Pn> fn) < I
A, A,

(105)

4 Convergence of the Aumann-Davis-Maschler
Bargaining Set

Definition 4.1 Suppose y : A — P X R’j_ is an exchange economy. The
Aumann-Davis-Maschler bargaining set, denoted Bapas(y), is the Geanako-
plos bargaining set in which the set of leaders is required to consist of a single
individual,

BADM(X) = BL(X) (106)

[4]
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Remark 4.2 Aumann, Davis and Maschler actually require that an objec-
tion be proposed against a single person, who is then required to belong to
the counterobjecting coalition. Since Definition 4.1 permits more potential
counterobjections, it makes it harder to mount a justified objection, and thus
results in a larger bargaining set than the original Aumann-Davis-Maschler
definition. Thus, our convergence result inplies convergence of the Aumann-
Davis-Maschler bargaining set, as originally defined.

Remark 4.3 Some comment on the relationship between the Aumann-Dayvis-
Maschler and Geanakoplos bargaining sets is in order.

1. In a game with an atomless measure space of agents, an individual
player makes no difference to the game. Hence, if one interprets the
leader as a single individual, there is no difference between the Mas-
Colell and Aumann-Davis-Maschler bargaining sets in atomless games.
This motivated Geanakoplos to consider leader sets of small positive
measure as the appropriate extension of the Aumann-Davis-Maschler
bargaining set to continuum games. However, in the nonstandard hy-
perfinite games considered by Geanakoplos (as well, of course, in large
finite games), an individual leader makes sense. What is surprising
is that, given smooth preferences, an individual leader makes a differ-
ence. In the light of the nonconvergence example for the Mas-Colell
bargaining set in Anderson, Trockel and Zhou [5], which satisfies all
the assumptions of Theorem 4.4, we see that allowing a single leader
can shrink the bargaining set from essentially every individually ra-
tional Pareto optimal allocation to a set of allocations which are ap-
proximately competitive. There appears to be no way to capture the
importance of a single leader in a continuum model.

2. The leaders in an Aumann-Davis-Maschler or Geanakoplos objection
play a coordinating role. An allocation not in the core may yet emerge
from a bargaining process because a coalition which can object to it
does not form, either because the members of the coaltion are unaware
that it is feasible for them to object, or because the members of the
coalition cannot agree on how to divide the surplus available to them
from objecting. A leader’s lot is not a happy one. In the proof of
convergence of the Aumann-Davis-Maschler and Geanakoplos bargain-
ing sets, the leaders achieve the same utility at the objection ¢ as at
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the prevailing allocation f. By sacrificing their interests in dividing
the surplus to be gained by objecting, the leaders enhance the welfare
of the remaining members of the objecting coalition, thus immunizing
these non-leaders from the blandishments of a counterobjection. More-
over, the leaders precommit not to join a counterobjection, even if it
would be in their interests to do so; in effect, like the signers of the
American Declaration of Independence, the leaders pledge their “lives,
fortunes and sacred honors” to the principle that the prevailing allo-
cation is unfair. This creates a serious free rider problem; each player
in the potential objecting coalition would prefer to have other people
assume the leadership role. Given the dubious benefits of becoming a
leader, a justified objection with a few leaders (or better yet, just one
leader) seems inherently more likely to form than one requiring many
leaders, even if the many leaders represent a small fraction of the popu-
lation. Any unmodeled benefit of leadership (such as popular acclaim)
will likely be greater to each leader if the num or these reasons, the Geanakoplos bargaini

too small as a positive solution concept for the bargaining problem, and
establishing convergence of the Aumann-Davis-Maschler bargaining set
is desirable.

Theorem 4.4 Suppose
Xnt Ap — Pos x RE (107)
is a sequence of economies satisfying the following conditions:
1. JA,| = oo;
2. endowments are uniformly bounded, i.e.

sup max ||e(a)]|co < 005 (108)
nEN a€An

and
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3. there is a compact equisemismooth set P C P,, and a compact set
K C R]j__l_ such that

{a € A, :>,€ Pe,(a) € K} .
|An]

1. (109)

Then there is a compact set D C A° such that for all f, € Bapny(X,) Ipn € D

such that
L(pn, fn)
| Anl
Suppose \, satisfies Assumptions 1 and 2, and in addition

— 0. (110)

4. Assumption 3 holds for some compact set K C Py, NP,

Then
1 1
|A | Z fn(a) - D(pma) < |A | Z ||fn(a) - D(pTHa)Hoo — 0. (111)
nl |lacd, ~ nl aeA,
Proof:

1. irst, we show that given f, € Bapuy(xn), we can find p, € A® such
that Equation (110) holds.
(a) By Proposition 3.10, there exists p, € A such that either

1.

L(pa, fn) _ My, +1
[Anl T [As
by Assumptions 1 and 2; or
. 0 € 1"(p,).
Thus, for the purpose of establishing Equation (110), we can as-

—0 (112)

sume without loss of generality that 0 € I''(p,,) for all n.
(b) Let 4, 1 ollow item 2 of the proof of Theorem 3.4, sub-

= Aal
k41
stituting P,, for P,,.; since % need not tend to zero, this

does not produce a COHtI’ELdiCthIrll, but it does show that there is a
compact set D C A° such that p, € D.
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()

{a€An:(>aen(a))gPx K}
[An|

Since — 0, we may find r, such that

Tn

— 0
[An]

(113)
r,—{a €A, : (=, e.(a)) & Px K} — .

By Assumption 2, % — 0. If there exists ¢, € A° such that
{a € A, : D(¢,,a) =, fu(a)}| <r,, then

Lgn f) M
< P g, 114
Al S T4 (114)

Hence, we can assume without loss of generality that
VneN Vge A {a € A, : D(pn,a) =, fula)}| >r,.  (115)

By item 3 of the proof of Proposition 3.10, there exists (¢,,,) €
I'(p,) with t,, € {0,1} such that

Mk-l—l Mk-l—l
. ) | (116)

< Xn
xn_Zn—I_(C 2 b Cpn

Pn

where z, lies on the negative diagonal and % < —pu - Zn.
Note that p, -z, > =M ;500 > z, > —(M] ..., M} ). A
slight rearrangement of the argument (in particular, in item 3c)

shows that - -
M M
Ty 2 Zp — - P - )7 (117)
( Cpn Cpn
so
k1
[Znlloo < llznlloc + c (118)
Therefore,
k41
sup ||z, |[oe < sup Mi + - < ool (119)
nelN neN " Cpn
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(e) Since (t,,x,) € I'(p,), there exists g, : A, — R’j_ and 1, : A —
{0,1} such that > c4 gn(a) —e,(a) =z, and 3,4, to(a) = 1.
Let S, = {a € A, : gn(fz) # e(a)}, and 4,(a) = {y € R’j_ Ly,
gn(a)} for a € S, and I';, = 3,5, An(a). Item 4 of the proof of
Proposition 3.10 shows that there is no y in I', with y < 0.

(f) |S,| > 7. Let
Sy ={a €8, :(~aena)) € PxK, t,(a)=0}. (120)
Then
15, > 71— {a € A, i (asen(a)) € Px K} —1— o0, (121)
Lemma 3.6 of Anderson [3] shows that

|z ]” |z |*

(122)

2 Zaesn p>a9n(a) 2 Zaeén p>a9n(a)
Iface gn, gn(a) = D(pn,a) =4 en(a), and p, - go(a) < p, - eq(a),
0 gn(a) €

{yER’j_:EI#EPEIeEKyEe,

’ 123
1l < sup, Gy, sup{flafle < = € K}} (123)

which is a compact subset of RI—T—+7 since P is a compact subset of
P,, and K is a compact subset of R’j__l_. Since P is equisemismooth,

there exists a > 0 such that p, ;. ) = «a for all ¢ € S, so

P+ 2p — 0, 50 W — 0, establishing Equation (110).

2. Assumption (3) implies that liminf,_ . ﬁzaeAn e (a) > 0. The
proof® of Lemma 4 of Anderson [2] shows that there is a compact set
D C AY such that, for any sequence (f,.,p.) € A(x,) x A° satisfying
Equation (9), {p, : n € N} C D.

3. The proof of Theorem 3 of Anderson [2] shows that for any sequence
(fn,pn) € A(xn) x D satisfying Equation (110), (f,, p.) satisfies Equa-
tion (111).

8See footnote 7 for further details.
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