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Abstract

The purpose of this paper is to illustrate how value iteration can be used in a zero-sum
game to obtain structural results on the optimal (equilibrium) value and policy. Thisis done
through the following example. We consider the problem of dynamic flow control of arriving
customers into afinite buffer. The service rate may depend on the state of the system, may
change in time and is unknown to the controller. The goal of the controller is to design a
policy that guarantees the best performance under the worst case service conditions. The cost
is composed of a holding cost, a cost for rejecting customers and a cost that depends on the
quality of the service. We consider both discounted and expected average cost. The problem

is studied in the framework of zero-sum Markov games where the server, called player 1, is
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assumed to play against the flow controller, called player 2. Each player is assumed to have
the information of al previous actions of both players as well as the current and past states of
the system. We show that there exists an optimal policy for both players which is stationary
(that does not depend on thetime). A valueiteration algorithmis used to obtain monotonicity
properties of the optimal policies. For the case that only two actions are available to one of the
players, we show that his optimal policy is of athreshold type, and optimal policies exist for
both players that may need randomization in at most one state.

Keywords: zero-sum stochastic games, value iteration, monotonicity of optima policies,

control of queueing networks, flow control.

1 Introduction

There are many known computational methods for solving stochastic games, see e.g. the survey
paper of Raghavan and Filar [10] and referencestherein. An aternative method that could reduce
computationswould beto prove in someway that the optimal strategiesfor all playersarerestricted
to a small class of policies that have some structural properties. If we are lucky, this class of
policies may depend only on one parameter (e.g. some real number), and the calculation of the
performance under these policies might be easily done. In that case the original dynamic game

may be reduced to a simpler optimization problem over the parameter space.

Several methods have been used in different stochastic games to obtain structural results.
Altman and Shimkin considered in [3] a non zero-sum game with an infinite number of players, to
solve the problem of choosing between the use of an individual personal computer, and a central
computer whose capacity is smultaneoudly shared between different users. Using coupling and

sample-path methods, all Nash optimal policies were shown to be of threshold type. This then



enabled the computation of an optimal threshold. McNamara et al. [8] obtained a threshold type
equilibrium policy for a dynamic version of the Hawk-Dove game using dynamic programming
arguments. Hsiao and Lazar [4] obtained threshold equilibrium policies for a decentralized flow
control into a network using the product form of the network as well as Northon’s equivalent. The
threshold policy isthen obtained through aLinear Program. Kilenle[7] used dynamic programming
and especially the value iteration to solve an inventory control problem under worst case demand
conditions. He modeled the problem as a stochastic zero-sum game with full information and
identified the structure of an optimal policy of the controller, known as the (s,S) policy. Other
results on worst case control in queueing models with routing and scheduling have recently been
obtained by Altman and Koole [2], using again tools from stochastic games. Their results include
as special case the optimality of “join the shortest queue” for the routing problem, and the well

known pc-type policy for the problem of scheduling of the server.

In the present paper we consider a system where one user controls dynamically the flow of
arriving customersinto afinitebuffer. The presence of other usersaswell as congestion phenomena
ismodeled by alowing the service rate to depend on the state of the system, and to changeintime
in away that is unknown to the controller. Our goal isto design a control strategy that guarantees
the best performance under the worst case service conditions. We formulate this problem as a
zero-sum stochastic game, where the server is player one and the flow controller is player two.
Using the value iteration technique, we are abl e to establish monotonicity propertiesof the policies
that are optimal for both players, i.e. we provide not only the structure of an optimal policy for
the flow controller, but identify also the structure of a worse case service conditions. We show
that both policies are monotone decreasing in the state; the flow controller decreases the input flow
as the number of customers increases, and under the worst service conditions, the service quality
decreases with the number of customersin the queue. If one of the players has only two available

actions, then this monotonicity is shown to imply that his optimal policy is of a threshold type,



with randomization for both playersin at most one state. Related results for the case of an infinite
buffer with only two actions to each player were obtained by Altman in [1]. The case of finite

buffer seems more delicate since additional boundary conditions appear in the value iteration.

The structure of the paper is asfollows: in Section 2 we describe the model. Then basic tools
for solving the problem with discounted cost are described in Section 3, and the properties of
the optimal policies and value are derived in Section 4. The results are extended to the expected
average cost in Section 5. In Section 6 we restrict to the case where two actions are available to
each player; we use the structural results from Section 5 to reduce the original dynamic game into

asimpler static one.

2 Themodd

Considered is a discrete-time single-server queue with abuffer of size L. We assume that at most
one customer may join the system in atime dot. This arrival (if any) is assumed to occur at the

beginning of thetime dot.

Let X; denote the number of customersin the system at timet, t = 0,1, ...; the state space is
denoted by X ={0,1, ...,L}.

Let grax be area number satisfying 0 < gnex < 1. At the beginning of each time dot, if the
state is x then the flow control mechanism, called player 2, choosesin afinite set Gy C [0, Gmax] an
action, which isinterpreted as the probability of having one arrival in thistime dot. Therefore, if
action g ischosen at timet then a customer will enter the system in [t,t + 1) with the probability g.
We assume that when the buffer is full, no arrivals are possible, and thus G, = {0}. In all states

other than L we assume that the available actions are the same, and we denote them by G, = G.



We further assumethat 0 € G.

Let byin and byax be two real numbers satisfying 0 < byin < bmax < 1. At the end of each dot,
if the state at the beginning of the dlot is x, a successful service of a customer occurs, with some
probability b € B where B isafinite subset of [Dnin, brax] . I the service failsthe customer remains
in the queue, and if it succeeds then the customer leaves the system. The value of b, which may
represent the quality of service, may change in each time dot, and is not known to player 2. The
objective of player 2, to be described below, is to find a best strategy under the worst case service
conditions. We model the system as a zero-sum Markov game, where player 1 controlsthe service

quality.

Actionsb and g are assumed to be taken independently, based on the information on the current

state as well as the information of all past states and actions of both players.

We assume that a customer that enters an empty system may leave the system (with the

probability b) at the end of this same time dot.

The state X; denotes the number of customers in the system at timet, t € IN, and B; and G;
denote the actions of players 1 and 2 respectively. Let M(Y) be the set of probability measures on
asaty.

Thetrangitionlaw q is:

gb, ifL>x>1y=x-—1
e oo ) GbHgb fL>x>1y=x
q(y|xib’g)_ gb, |fL>XZO,y:X+1,

1—gb, ify=x=0;

(for any number ¢ € [0,1], ¢ :=1—¢).



We define an immediate payoff

C(x,b,g) := c(x) + 6(b) + p(g) (1)

foral xe X,be Bandg € G. C(x,b,g) isthe cost that player 2 pays to player 1 when the state
isx, and the actions of the playersareb and g. C generalizes a cost frequently encountered in the
literature on flow control models. In (1) c(x) isany real-valued increasing convex function on X, ¢
isareal function on B and p isarea function on G. It is natural to assume that ¢ isincreasing in
band § > 0 whereas p isdecreasing ing and p < 0. ¢(X) can be interpreted as a holding cost per
unit time, p asareward related to the acceptance of incoming customer, and § as a cost per quality

of service.

Let U (V) be the class of policies of player 1 (player 2 resp.). A policyu € U (v € V)isa
sequence u = (Up, Uy, ...) (V = (Vo, V1, ...) resp.) where u, (resp. Vv;,) is aconditiona probability on
B (resp. G) given the history of all states and actions of both players as well as the current state.
Thus each player is assumed to have the information of al last actions of both players as well as
the current and past states of the system. Both players know the action sets, the immediate cost C,
theinitial state and the transition probabilitiesq.

Let ubeapolicy of player 1 and vapolicy of player 2. Let ¢ beafixed numberin [0, 1). Define

the discounted cost:

Vel U V) = B |3 6 C0%, B GO | Xo = X | @

t=0

Define the following problem (Q,): Find u, v that achieve

Ve(X) == supinf Ve(X, u,v), vx e X. 3
ueu vev



We know ([10] Section 2) that there existsapair of stationary policies (u*, v*) that achieves (3), and

EléB\l/Q{/Vg(X,U,V) = \I/Q{/?éﬁ)Vg(X,U,V) = fggvg(x,u,\f*) = \g/vg(x,u V) = Ve(X, U™, V7).

V:(X) is called the ¢-discounted value of the game, and the policies (u*, v*) are called optimal

policies.

A pair of policies (u, V) are said to be stationary if they depend only on the current state. I1n that
case, we use the notation u = {uy, X € X}, ux € M(B), where ux(b) is the probability of choosing
b when in state x; similarly we use the notation v = {v,,x € X}, & € M(G), where v(g) is the
probability of choosing g in state x.

For any 3 € M(B) we denote b(3) := Es[b] = >° _g b - #(b). Similarly, for any v € M(G) we

denote g(7) = E,[d] = Xy 9~ 1(9).

3 Preliminary Results

Let K bethe set of all real-valued functionson X. Definetheoperator R: X x B x G x K — IRas
R(x,b,9,f) = E[f(Xs)) X =%B =b,G =g, g € Gx
we get:

_ [ (A —gb)f(x) + gbf(x+ 1) x=0
R(x,b,g,f)—{ gbf(x— 1) + (gb+gb)f (X) +gbf(x+1) 1<x<L )

(in the above equation we shall understand O - f(L + 1) := 0). Let R(x,f) denote the matrix whose

entriesare R(x, b, g, f).

Definethe operator S: X x B x G x K — IRas

S(X’ b’g’f) = C(X’ b’g)+€R(X’ b’g’f)’ gE GX



and let x, f) denote the matrix whose entriesare S(x, b, g, f).

For any x, and functionsD : B x Gx — IR, 5 € M(B) and v € M(Gy) define

pDy =3 > B(b)v(9)D(b,9)
beB ge G,

The value of the “matrix game D" isdefined asval (D) := SUP; (B, infweM(Gx) #D~. Itisknownto
satisfy val(D) = infweM(Gx) supﬁeM(B)ﬂDy, and there are measures 3* € M(B), v* € M(Gy) such

that

val(D)= inf #"Dy= sup BD+y" = 3D+
~+eM(Gy peM(B)

#* and v* are said to be optimal for the matrix game D. We shall use the following properties of
matrix games. Given some~ € M(Gy), let supp(y) be the set of actions in the support of ~, i.e.

actions that are chosen with positive probability by v. Define similarly supp(/3).

Lemma 3.1 (i) Let (v*, 5*) be optimal for a matrix game D. Then for any g € supp(v*) and any
b € supp(37),

> 77(9)D(b,g) = val(D) = > 3" (b)D(b, ).
0eG bcB

(i) Let (v*, 5*) and (7, B*) be optimal solutionsfor amatrix gameD. Then (3*, 5*) isalso optimal.

Proof. (i) followsfrom [12] p. 36. (ii) isstraight forward. g

For any 5 € M(B),v € M(G) we shall understand with some abuse of notation

R(x, 3,7.1) == BRxf)y,  Sx8,7,f) = B, F)y.



Recall the definitions of b(3) and g(y). Weextendf : X — IRto X U {—-1} — IR and set

f(—1) = f(0). With these definitionswe have for any 0 < x < L and stationary u and v,

R(X, Uy, Vy, T) UxR(X, f)vy (5)

() b(u)f (x — 1) + (g(vx)b(ux) + g(Vx)B(Ux))f () + g(Vx)B(Ux)f (x+1).

Let T, : K — K bethe DP (Dynamic Programming) operator associated with Q;:

T:f(X) := val §x,f), x € X. (6)

Let (u(f), v(f)) be stationary policies such that the probability measures (ux(f), v«(f)) are optimal

for the matrix game S(x, f) for all x € X. We shall use the following toolsfor solving Q;:

Proposition 3.1 (i) V; satisfies V:(X) = T¢Ve(X).

(i) Let (u*,v*) be stationary policies of player 1 and 2 respectively such that for each x € X, the
probability measures uy and vy are optimal for the matrix game Sx, Ve). Then (u*, v*) are optimal
for Q;.

(iii) For every f € K0, limn_ . T{f = V.

Proof. See Shapely [11]. 4

Remark 3.1 If either u; or v; do not randomize in some state X, then neither of them needs
randomization in that state. This follows from the fact that u; and v; are solutions for the matrix

game (X, V) (we make use of [ 12] Theorem 1.16.3 p. 26).



4 Monotonicity of the optimal policies

We begin by defining the monotonicity of policies. Let u,v be stationary. Denote by**(u) := the
greatest b in the support of uy, i.e. the greatest b € B that is chosen by u with positive probability
when in state x. Denote b (u) := the smallest b in the support of uy, and define similarly g*°(v)

and g (v).

We say that a stationary policy u € U isstrongly monotoneif for any x < L and y withy <,
by (u) > bi(u). We say that astationary policy v € V isstrongly monotoneif for any x < L and
ywithy <x, g/ (v) > g*P(v).

The monotonicity of apolicy u meansthat the service quality isnonincreasing (inaprobabilistic
sense) as the number of customers in the buffer becomes larger. The monotonicity of a policy v

means that the input flow is nonincreasing as the number of customersin the buffer becomes larger.

The following is a straight forward consequence from the definition of strongly monotone

policies.

Lemma 4.1 If uisstrongly monotone then it randomizesin at most |B| — 1 states. If visstrongly

monotone then it randomizes in at most |G| — 1 states.

We shall say that f € K satisfies assumption:

WC (weakly convex) if forall 0 < x<L —1,

Fx+2) — f(x+1) > f(x+1) — F(x). 7

10



SC(x) (strongly convex) if for x given,

f(x+2) —f(x+1)>f(x+1) —f(x). 8
M1 if f(X) ismonotoneincreasingin x, i.e. forany 0 < x <L,

f(x+1)>f(x) (9)

Let U™ bethe set of stationary policiesfor the service controller such that u € U* if and only if
for any x € X ux isoptimal for player 1 in thematrix game §x, V). Let V* bethe set of stationary
policiesfor theflow controller such that v € V* if and only if for any x € X vy isoptimal for player
2 inthe matrix game §(x, V). It follows from Proposition 3.1 (ii) and Lemma 3.1 (ii) that any pair

(u,v) such that u € U* and v € V* isoptimal for problem Q..

We are ready to present the main result.

Theorem 4.1 If the holding cost ¢ satisfies M, WC and either ¢(1) > ¢(0) or SC(0) then any of

the optimal policiesu € U* and v € V* are strongly monotone.
In order to prove Theorem 4.1 we need first to introduce the following two technical lemmas.

Lemma4.2 Leth: XU {—1} — IRbea nondecreasing function. Let (1, (> € [0, 1]. Then, for all
0<x<L,
F(X) = Gh(x+ 1) + (oh(X) — ¢th(¥) — (th(x— 1) > 0 (10)

Moreover, if (i) h(x + 1) > h(x) and ¢, 7 0, or (ii) if h(x) > h(x — 1) and (1 # 1, then F(x) > O.

Proof.
F(X) > h(x) — (1h(¥) — ¢ah(x — 1) = (1[h(¥) — h(x — 1)] > 0,

and the second claim followssimilarly. g

11



Lemma 4.3 Assume that the holding cost ¢ satisfies WC and M.

(1) Assume that f satisfies WC and M. Then T,f satisfies WC and M.

(i) The value function V; satisfies WC and M.

(i) If Ve satsifiesSC(x) inonestatex < L—1, thenit satisfiesSC(y) for all y > x. [fVe(1)—V:(0) > 0
then V; satisfies SC(y) for all statesy, 0 <y<L — 1.

Finally, assume that the holding cost ¢ satisfies WC, M1 and either ¢(1) > ¢(0) or SC(0). Then

(iv) V, satisfies SC(y) for all statesy, 0 <y<L — 1.

Proof. (i) Choose arbitrary u € U* and v € V*. We begin by establishing MI. Recall the
definitions of uy(f) and vy (f) before Proposition 3.1. Chooseany 0 < x < L — 1; let b := b(uk(f))
and g := g(v1(f)) (g(v) and b(5) were defined in the end of Section 2).

Tef(x+1) — Tef(x) (11)

val§(x+ 1,f) — val§x,f)

> Sx+ 1 ux(f), viea (), f) — X, Uk(F), Vieea (), )
= c(x+1) —c(x)
+¢ {gb[f(x) —f(x— D]+ (gb+gb)[f(x+1) — f(X)] +gb[f(x+2) — f(x+ 1)]}
> ¢(1)—c(0)>0 (12)

(The equation above holds indeed for x = L — 1 too since in that case g = 0; in that case, we shall
understand gf (x + 2) := 0).

Next we check WC. Choose any 0 < x < L — 2; let b := b(uw1(f)), g1 := g(w(f)). and

12



02 := g(W2(f)). Denote

F(X) =valSx+2,f) —val§x+ 1,f) — [valSx+1,f) — val§x, )],

We have

FO) =

Y

>0

SO+ 2, Ueea(F), Visz(F), F) = SOCH 1, U (F), (), ) (13)
LS00+ L, Ueon (), Vi), F) — SO U (F), W(F), )]

c(Xx+2) —c(x+1) —c(x+1)+c(x)+
4 {b[ng(X+2)+92f(X+ 1) — guf (x+ 1) — gaf (X)]

+b [Qof (X + 3) + Qof (X + 2) — Quf (X + 2) — Quf (X + 1)]

—b[gf (x+1) + Gof (X) — g2f (X) — Guf (X — 1)]

—DB[gof (X +2) + Gof (x + 1) — gyf (X + 1) — glf(x)]}

¢ {b[gz(f (x+2) — f(x+ 1)) + Go(f (x+ 1) — F(X) (14)
— 0u(f(x+ 1) — £(x)) — (F(¥) — F(x— 1))]}

+¢ {b[gz(f(x+ 3) — f(x+2)) + Ga(f (x + 2) — f(x + 1))

—Gu(f(x+2) — f(x+ 1)) — qu(f(x+1) - f(X))]}

(15)

which follows by applying twice Lemma4.2 with ¢; = g;, once with h(x) = f(x + 1) — f(x) for the

13



term in the first curly brackets, and once with h(x) = f(x + 2) — f(x — 1) for the term in the second
curly brackets. (The equation above holdsindeed for x = L — 2 too sincein that case g, = O; in that
case, we shall understand g,f (x + 3) := 0).

(i) Choose f(x) = 0,¥x € X. By repeated application of Lemma 4.3 (i), it follows that T}f
satisfies Ml and WC for n = 1,2,...; moreover, lim,_., Tf satisfies Ml and WC. Hence by

Proposition 3.1 (iii), V, satisfies M| and WC.

(ii1) Suppose that V, satsifies SC(x-1) for somefixed 0 < x < L — 1. By subgtituting V; instead
of f in (13) and applying again Lemma 4.2 (this time we apply the second part of the Lemma;
indeed condition (ii) there holds since g; cannot be equal to one, and h(x) = V(X + 1) — V¢(X)
satisfiesh(x) > h(x— 1) by the assumption). Wethus get strict inequality in (15). Hence V; satisfies

SC(x) aswell, and similarly we conclude that it satisfies SC(y) for any y > x.

To provethe second claim, we substitute again V, instead of f in (13) and consider x = 0. Again
we have the case of the strict inequality in Lemma 4.2 since h(x) := V(X + 1) — V¢(X) satisfies
indeed h(x) — h(x — 1) = V(1) — V,(0) > 0 (recall that h(0) := 0 since V¢(—1) := V¢(0)). We thus
get again strict inequality in (15). It followsthat V. (0) satisfies SC(0), and hence by thefirst claim,
itsatisfiesSC(y) foral 0 <y<L — 1.

(iv) Fix x = 0. Assume c(1) > ¢(0). It follows that (12) holds with strict inequality for any
f satisfying M1 and in particular for f = V.. Hence V; which, by Proposition 3.1 (i), is equal to
val§(x, Ve), satisfies
Ve(1) — Ve(0) > ¢(1) — c(0) > 0.

The proof is then established by applying the second part of (iii).

Next assume that ¢ satisfies SC(0). Substituting V, into (13) and considering X = 0 we get

14



F(x) > 0 since we have a strict inequality in (14). Hence V, satisfies SC(0). The proof is then
established by applying thefirst part of (iii). g

Proof of Theorem 4.1: (i) Choose some Vv € V*. In order to establish the monotonicity of v, it

sufficesto show that for any x < L, g; < g, and any u € U*,

A(ua X) = axa uXa 92, Vf) - axa uXa gla Vf) - [ax - 1a uX—la 92, Vf) - ax - 1a uX—la gla Vf)] (16)
is positive. Indeed, we show that thisimplies that g2*P(v) < gl ,(V). Suppose A(X) is positive but

inf inf

the latter does not hold, i.e. g}™®(v) > g,_,(v). Setg; = g,_,(v) and g = giP(v). It follows from

Lemma3.1 (i) that for any u € U~
valS(x, Vi) = S(X, Uy, 02, Ve) < S(X, Uy, G1, Ve).
Hence since A(x, u) is positive, we have by (16)
SX—1,Ux-1,02, Ve) < X — 1,Ux_1,01,Ve) =valSx — 1, V)

where the last equality follows from Lemma 3.1 (i). This however contradicts the definition of
the value of the matrix game S(x — 1,V;). Hence it is indeed sufficient to show that A(u,x) > O,
Yu € U* in order to prove the monotonicity of v. Fix someu € U*.
Alx,u) = &(92 —91) (b(ux)[V£ (9 — Ve(x — 1)] + b(u)[Ve(x + 1) — Ve(X)]
— (b(U2)[Ve(x — 1) = Ve(x — 2)] + b 1)[Ve(x) — Ve(x— 1)]))

> 0 (17)

where the last inequality follows from Lemma 4.2 with (, = b(uy), (1 = b(Uux_1) and h(x) =
Ve(X) — Ve(x — 1), and since, by Lemma 4.3 (iv), V, satisfies SC(x) for all x. This establishes the

monotonicity of v.

15



Choose some u € U*. From similar arguments as in the first part of the proof, it sufficesin

order to establish the monotonicity of u, to show that for any x < L, b, > by, v € V*,

A(x, V) = S(X, b2, W, Ve) — S(X, b, W, Ve) — [S(X— 1, b2, W1, Ve) — S(X— 1, b1, W1, Ve)] <0 (18)
Indeed, we show that thisimplies that b2P(u) < b (u). Suppose A(x, V) is negative but the latter
does not hold, i.e. b2*(u) > bl (u). Set by = b\, (u) and b, = b2P(u).

It followsfrom Lemma 3.1 (i) that for any v € V* we have
valS(X, Ve) = (X, bo, Wy, Ve) > S(X, ba, iy, Ve).
Hence since A(x) IS negative, we have by (18)
SX—1,bp, v_1,Ve) > X — 1,b1, V-1, Ve) = valSx — 1,V;)

where the last equality followsfrom Lemma 3.1 (i). This however contradicts the definition of the

value of the matrix game §(x — 1, V). Hence it isindeed sufficient to show that A(x) < 0inorder

to prove the monotonicity of u. Fix somev € V*.
AX) = —€(bz— br) (GWIIVe(X) — Ve(x — )] +gw)[Ve(x+ 1) — Ve(¥)]

— (OO DIVe(X — 1) — Ve(x— 2)] + g [V — Ve(x — 1))
<0 (29)

where the last inequality follows from Lemma 4.2 with (; = g(w), (1 = 9(W%_1) and h(x) =
Ve(X) — Ve(x — 1), and since V; satisfies SC(x) for al x. (Recal that G. = {0}. Hencein the
above equation, when x = L, g(w)[V:(x + 1) — V¢(X)] is understood to be zero). This establishes

the monotonicity of u. g

Lemma4.1, Theorem 4.1 and Remark 3.1 imply the following

16



Corollary 4.1 If the holding cost ¢ satisfies MI, WC and either ¢(1) > c¢(0) or SC(0) then there
exist optimal stationary u* and v* that require randomization in not more than min(|B|, |G|) — 1

states.

In the next Corollary, we specify two cases where one of the players (or both) have in fact a
threshold type optimal policy. The proof isadirect application of Theorem the previous Corollary

aswell as Remark 3.1.

We consider the casewhereB = {b;, b,} (i.e. the server has only two possible actions); we then
use the notation uy = (Uy(1), ux(2)). We show for this case that the server has an optimal stationary

policy of athreshold type.

Similarly, we may consider the case whereG = {g;, 0.}, i.e. theflow controller hastwo actions
in al states excluding state L (where the only available action is 0), and g; = 0. We show that v* is

of threshold type. We use the notation vy = (V(1), v(2)) for this case.

Corollary 4.2 Assume that the holding cost ¢ satisfies MI, WC and either ¢(1) > c¢(0) or SC(0).
(i) Assume that B = {b,, b,} where by < b,. Then there existsm, € X such that

(Qu,Qu) ifx=my (20)

(1,0) if x>m,
Uy =
(0,2) if x<m,

where g, € [0, 1] is some constant. Moreover, v; needs no randomizations in any state except for
(perhaps) x = my,.
(i) Assume that G = {0, g} where g > 0. Then there existssm, € X such that

(v, qv) ifx=m, (21)

(4,00 ifx>m,
(0,1) ifx<m,
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where g, € [0, 1] is some constant. Moreover, U needs no randomizations in any state except for

(perhaps) x = m,.

Remark 4.1 It follows from Corollary 4.2 that if B = {b;,b,} and G = {01,0.} and if m;, # m,
then no randomization is needed at any state by both u* and v*. If m, = m, then randomization

may be needed only at x = m, = m,.

Corollary 4.3 Assume that the holding cost ¢ satisfies M, WC and either ¢(1) > ¢(0) or SC(0).
Assume that G = {0,g}. Let u*,v* be optimal policies where v* isasin Corollary 4.2. Let m, be
the threshold used by v and assume that m, < L — 2. Consider the problem with all parameters

the same, except that the buffer size L satisfiesm, < L < L. Then &, * are optimal policies for the

new problem, where (i := uz, ¥ := v forall 0 < x < L.

Proof. We shall use “hat" to denote quantities that correspond to the buffer L. Choose any
X, 0 < x < L. Sincem, < L, it follows that for any stationary u, the policies (1 and ¥* (that are the

restriction of u and v* to the states {0, ..., L }) satisfy V;(x, u,v*) = V(x, 0, v*). Hence

Ve (X, U%, V) = sup Ve (X, U, V) = sup Ve (X, 0, ) = Ve (x, 07, 7).
ueu uel

Consider the class of policies (for the system L) denoted by V' where player two always chooses 0

atany x > L. Thenforany v e V', Ve(x,u",v) = Ve(x, 0, V). Sincev* € V', we haveforx < L

Ve (X, U, ) = Ve (X, U5, V°) = \ilg‘/vg(x, us,v) = Jen\];/ Ve (X, U, V) = \ilggvg(x, o, ).

Hence O, v are optimal when the buffer sizeisL. g
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5 Theaverage cost
Define the expected average cost
1 s—1
W(X,U,V) = SILTO gEu’V Z C()({,B[,Gt)|X0:X ' (22)
t=0

Define the problem Q : Find u, v that achieve

W(X) := supinf W(x, u,V), vx e X. (23)
ueU vev

Theorem 5.1 (i) There exists a pair of stationary policies (u*,v*) that achieves (23) such that

W = W(x) does not depend on x, and

?eJB\I/Q{/W(X’u’V) = \'/Q{/S‘EJBW(X’U’V) = flélBW(X,u,W) = \Q‘/W(x,u V) = W(X, u™, V). (24)

(ii) If the holding cost ¢ satisfies M1, WC and either ¢(1) > ¢(0) or SC(0) then there exist stationary

u* and v* satisfying (24) which are strongly monotone policies.

In the above theorem, W(X) is called the expected average value of the game and the policies

(u*,v*) are said to be optimal policies.

Proof. (i) followsfrom [9] Theorem 2.2. The only condition that should be verified is that there
exists some state X, such that under any policies u and v, the state process reaches eventually Xo. It

iseasily seen that this condition isindeed verified, with xo = 0.

(ii) Dueto (i), we may restrict the search of u* and v* to stationary policies (where the l[imsup

in (22) is achieved as a limit). The claim then follows from Theorem 4.1 and [5] Corollary 3.2.
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that shows that any limit of the discounted optimal policies convergesto a policy which is expected
average optimal, as the discount factor goes to one. It remainsto check Assumption A1 or A2 of
that Corollary. However, it is shown in [5] Theorem 3 that the following weaker conditions imply

Al
A5(i) thereexistsaset K € X and afinite number 5 such that under any pair of stationary policies

uand v and any initial state x, the mean first passage timeto K isat most 5.

AS5(ii) For each stationary u and v, the Markov chain has no two digoint closed sets.

In our model, A5(ii) clearly holds, since from every state we can reach O under any stationary
uandv. A5(i) is satisfied too by choosing K = {0}. To see that, define T(x) to be the supremum
over all policiesin (U, V) of the expected hitting time of state zero starting from state x. Consider
the transition probabilities

vl o by = ) AY[Xgb) ifx#0
Then T(x) = sup,, >-s=; PyY(Xs 7 0). It follows by Theorem 3.2.1 in Kallenberg [6] that there exist
stationary (u,v) that achieve that sup. However, for any stationary (u,v), O is arecurrent state that

is reachable from any other state, the expected hitting time of 0 under (u,v) is finite, and hence

T(X)<oo. g

If one of the player has only two actions, we get in particular the following.

Corollary 5.1 Assume that the holding cost ¢ satisfies MI, WC and either ¢(1) > c¢(0) or SC(0).
Assumethat B = {b;,b,} (or G = {g1,0.}). Thena stationary optimal policy u* (or v* respectively)
exists which hasthe threshold structure described in Corollary 4.2.

It iseasily seen that Corollary 4.1 and 4.3 extend also to the expected average case.

20



Remark 5.1 All the results of this Section hold also for the case that the expected average cost

(22) is defined through a liminf instead of limsup.

6 Calculatingthe optimal policies

In this Section we assume that both players have only two actions. In particular, the flow controller
may either use action 0 or action g = gnex. The server may choose between b; and by, where
b; = bin and by = brax. We show how to use the previous structural resultsin order to compute the
optimal policies. We restrict to the expected average cost criterion and assume that the conditions
of Corollary 5.1 hold. We know from Corollary 5.1 that there exist optimal threshold policies
for both players (given in Corollary 4.2). Hence we may restrict our problem to searching for
optimal stationary policies among all threshold ones. We thus calculate the cost under a pair u, v
of threshold policies that are characterized by the parameters m, g, and m,, g, respectively (see
definitionsin Corollary 4.2).

We first calculate the costs for the case that g, = g, = 1, and then obtain the general case.
Clearly, we need only to consider the case that m, < L. Note that the policy where the flow
controller aways chooses g can beidentified withm, = L. We note that for agiven policy m, of the
flow controller, al the policies such that m, > m, have the same cost. In particular, for g, = g, = 1,

all the policies such that m, > m, have the same cost.

The steady state probabilities

From standard balance arguments we have the following relations between the steady state proba-
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bilities r(my, 1, m,, 1) (i.e., the steady state probabilitieswhen usingm,,m,,q, = g, = 1).

mx(my, 1, my, 1)gb,
mx(my, 1, my, 1)gb,
mx(my, 1, my, 1)gby
mx(my, 1, my, 1)gby
mx(my, 1, my, 1)gb,
mx(My, 1, my, 1)gh,

Denote
Cl
(2
CS
Ca
We get
mx(My, 1,m,, 1) =

mx1(My, 1, my, Dgb, 0 < x<min(m,,m,) — 1
Txe1(My, 1, My, 1)ghy X=m,—1m,<m,
mxr1(My, 1, my, 1)gby m, <x<m,—1
Txe1(My, 1, My, by X=m,—1m<m,
Txe1(My, 1, My, by X=m,—-1m=m,
Txe1(My, 1, My, by X=m,—-1m>m,

gb.

gb,

9—bz if m, <m,, 1otherwise

gb;

9—b1 ifm,<m,—1, 1otherwiseg

gb;

g—blifnrvu<nr1¢, g—bzifmu=nr1¢, g—bzifmu>nr1¢.
bl bl b2

mo(My, 1, m,, 1)¢§
mo(My, 1, my, )¢ memI=teycx-m
mo(my, 1, my, D¢mmmI=io,cv-mte,

Since the steady state probabilities sum to one, (25) yields

mo(my, 1, my, 1)

(1 — d”ﬂ(rm,m,)

1-G

1-G
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0 < x<min(my,, m,)
m, < X<m,

X=m,

otherwise

nimmy-1, (1= G N
T Cz( e 44)]

(25)

[min(my,m,)—1 _ m—m,—1 -1
S G mematic ( > g+ g\’_w_lﬁ)] (26)
x=0 x=0



The steady state probabilities are now obtained by substituting (26) into (25).

The expected aver age costs
When both uandv areof thresholdtype, wedenote (with someabuse of notation) W(my, qu, m,, Q) :=
W(x, u, V). The expected average cost is given by

W(m,, 1, m,1)
= > c(X)me(my, 1,my, 1)
x=0
my—1 my
+0(b2) > mx(my, 1,my, 1) +6(by) > m(my, 1,my, 1)
x=0 X=my

+p(9)(1 — 7m,(My, 1, My, 1)) + p(O)7m,(My, 1, My, 1)

Next we calculatefor any q,, and g, = 1. To do that, we consider the regeneration points as the
timesthat X; = m,. Wecall a“cycle" the duration between two consecutive visits to that state. The
expected cost is then given by the expected cost per cycle divided by the expected cycle duration.
We observe that with probability q,, (respectively q,) the expected cost per cycle is equal to the
one obtained if the server uses the policy (my, 1), (respectively, (my,0) = (my, + 1,1)); moreover,
with probability q,, (respectively q,) the expected cycle duration is equal to the one obtained if the
server usesthe policy (my, 1), (respectively, (my, 0) = (my+1, 1)). Finally, we notethat the expected
cycledurations are just the inverse of the steady state probabilities of visiting statem,. Thisyields

W(m.la qUa m/’ 1) =

qUW(mJa 1a m/’ 1)7Tr?hl(m.la 1a m/’ 1) + qUW(mJ + 1a 1a m/’ 1)7Tr?hl(m,l + 1a 1a m/’ 1)
Trr?hl(m.la qUa m/’ 1)
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where
Trr?hl(m.la qUa m/’ 1) = quﬂ—r?hl(m.la 1a m/’ 1) + C]uﬂ'r?hl(mu + 1a 1a m/’ 1)
Finally, we get by similar argumentsthe cost for any g, and g,. We consider the regeneration points
asthetimesthat X; = m,. We thus get
W(my, gu, my, Q) = (27)

WMy, Qu, My, D H(my, O, My, 1) + qW(my, gu, my + 1, D (my + 1, g0, my, 1)
O (M, Qu, My, 1) + Gy (M, Qu, My + 1, 1)

Thus the original dynamic game reduces to the problem of

max minW(my, qu, m,, Qv) (28)

My,qu My,Qv

where W(my, q,, m,, qv) isgivenin (27). It followsfrom Corollary 5.1 that in order to solve (28) it

sufficesto restrict to the cases where eitherm, =m, or q, = q, = 1.
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