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Abstract

We develop a unifying approach for approximating a “limit" zero-sum game by a sequence

of approximating games. We discuss both the convergence of the values and the convergence

of optimal (or “almost" optimal) strategies. Moreover, based on optimal policies for the limit

game, we construct policies which are almost optimal for the approximating games. We then

apply the general framework to state approximations of stochastic games, to convergence of

finite horizon problems to infinite horizon problems, to convergence in the discount factor and

in the immediate reward.
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1 Introduction

In many cases, one encounters dynamic games for which time and space are continuous, and

possibly unbounded. In general, numerical solution of such games involve discretization both in

time and in space. In pursuit evasion games in particular (see Bardi et al. [6] and Pourtallier and

Tidball [21]), and in differential games in general (see Pourtallier and Tolwinsky, [22], Tidball

and González [24]), the time and space discretization often lead to dynamic programming that

has a stochastic game interpretation. The numerical solution then typically requires a finite state

approximation.

Approximations in dynamic games has therefore been an active area of research for several

decades. Several schemes for discretization of time and space and for approximations have been

developed for differential games [6, 7, 21, 22, 24]. In stochastic games, much attention was devoted

to approximations of infinite horizon problems by (long) finite horizon ones, e.g. [14, 20, 18, 26];

discretization of the action and state space have further been considered by Whitt [30, 31]. Except

for [30], all the above references consider approximation of the value function of the games.

The aim of this paper is to study in a systematic way approximations in games, not only of

the values but also for the policies. We begin by developing a general framework for establishing

the convergence of the upper and lower values of a sequence of games Gn, n = 1, 2, ..., to a value

R (which we assume that exists) of a limit game G1. We are further interested in the following

questions: (i) do (almost) optimal policies converge (in some sense)? (ii) Assume that u and v are

(almost) optimal for some approximating game Gn (where n is large enough in some sense). Can

we construct from these almost optimal policies for the limit game? (iii) Assume that u and v are

(almost) optimal for the limit game. Can we use them to construct almost optimal policies for the

approximating game Gn for n large enough?

Problem (ii) above arizes in the following situation. Suppose that two players use some

approximating numerical schemes to obtain “good" policies, e.g. time discretization. Each player

might be using a different discretization scheme. Yet, each player would like to ensure that

regardless of the discretization scheme used by the other player, he or she can guarantee some
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value, which would be “almost" the value of the non-discretized game. In fact, since the real game

that is played is the non-discretized one, the desired discretization should perform well even if the

adversary uses an optimal policy for the non-discretized game.

Problem (iii), on the other hand, arizes in the opposite situation, and this serves as an additional

motivation for studying approximations in games. There are many example of dynamic games

where one can solve easier an infinite limiting game, where problems related to the boundaries are

avoided. Indeed, examples are given in Section 8 of stochastic games with (large) finite state space

for which the natural approach for constructing almost optimal policies is to solve a limit game

with a countable state space.

After establishing the general theory for approximations in Section 2, we apply it to several

approximation problems in discrete time stochastic games with discounted reward and denumerable

state space. Applications to other dynamic games are the subject of future research. The basic

model of the stochastic games is presented in Section 3. We then present three schemes for state

approximation in Section 4 for the case of infinite horizon. This generalizes many results on the

convergence of the optimal value in Markov Decision Processes (i.e. stochastic games with a single

player), e.g. [11, 15, 16, 28, 29]. Other related work on finite state approximations in Markov

Decision Processes are [1, 2, 25]. In Section 5 we extend the results on state approximations for

infinite horizon to the case of finite horizon, by a transformation of the state space. In Section 6 we

study the convergence of the finite horizon problem to the infinite horizon one, and we combine

state approximations with approximation of the horizon. In Section 7 we study the stability of

stochastic games in the discount factor and in the immediate reward. Applications of approximation

methods developed in this paper are presented in Section 8, and some generalizations are finally

discussed in Section 9.

2 Key Theorems for approximations

We consider the following sequence Gn = (Sn, Un, Vn) n = 1, 2, ...,1 of generic zero-sum games

where Un is the set of strategies of player one and Vn is the set of strategies of player two for the
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nth game. We assume that both Un and Vn are endowed with some topology. Sn : Un � Vn ! IR is

a measurable function for all n. We define the upper (lower) value of the game:

Rn = inf
v2Vn

sup
u2Un

Sn(u, v)

 
Rn = sup

u2Un

inf
v2Vn

Sn(u, v)

!

G = (S, U, V)
def
= (S1, U1, V1) will be called the limit game. It will be assumed that it has a value

R
def
= R1.

An example where Gn does not have a value but G does have it will be given in Subsection

6.3 for computing almost optimal stationary policies for stochastic games with long (but finite)

horizon.

A strategy u� 2 Un is said to be �-optimal for player one in game n if

inf
v2Vn

Sn(u�, v) � inf
v2Vn

Sn(u, v) � � 8u 2 Un (1)

which is equivalent to infv2Vn Sn(u�, v) � Rn � �. It is said to be strongly �-optimal for player one

in game n if it satisfies

inf
v2Vn

Sn(u�, v) � Rn � �

A strategy v� 2 Vn is said to be �-optimal for player two in game n if

sup
u2Un

Sn(u, v�) � sup
u2Un

Sn(u, v) + � 8v 2 Vn (2)

which is equivalent to supu2Un
Sn(u, v�) � Rn + �. It is said to be strongly �-optimal if

sup
u2Un

Sn(u, v�) � Rn + �

Note that strongly �-optimality implies �-optimality. If a game has a value Rn = Rn then strongly

�-optimality is equivalent to �-optimality.

Assume that (Sn, Un, Vn) converge (in some sense) to (S, U, V). We are interested in the following

questions:
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(Q1) Convergence of the values: does Rn (or Rn) converge to R?

(Q2) Convergence of policies: Fix some � � 0. Let �n be a sequence of positive real numbers such

that limn!1 �n � �. Assume that u�n and v�n are �n-optimal policies for the nth game. Are u�n and v�n

“almost" optimal for the limit game, for all n large enough?

(Q3) Let u 2 U (resp. v 2 V) be some limit point of u�n (resp. v�n), defined above. Is u (resp. v)

�-optimal for the limit game?

(Q4) Robustness of the optimal policy: If u� (resp. v�) is an �-optimal for the limit game, can we

derive of it an “almost" (strongly) optimal policy for the nth approximating game, for all n large

enough?

In most applications that we discuss in this paper Un = U, Vn = V do not depend on n.

However, in several applications this is not the case, e.g. approximations in pursuit evasion games,

see Bernhard and Shinar [7]. Another example is given for a state approximation scheme for

solving stochastic games, see Subsection 4.3.

Theorem 2.1 Assume that there exists a sequence of functions, �1
n : Un ! U, �2

n : Vn ! V,

�1
n : U ! Un, �2

n : V ! Vn, n = 1, 2, ... such that

(A1) limn!1[Sn(u,�2
n(v))� S(�1

n(u), v)] � 0 uniformly in u 2 Un for each v 2 V.

(A2) limn!1
[Sn(�1

n(u), v)� S(u,�2
n(v))] � 0 uniformly in v 2 Vn for each u 2 U.

Then

(1) limn!1 Rn = limn!1 Rn = R.

(2) For any �0 > �, there exists N such that �1
n(u�n) (resp. �2

n(v�n), see definitions in (Q2)) is �0-optimal

for the limit game, for all n � N.

(3) Let u� (resp. v�) be �-optimal for the limit game. Then for all �0 > �, there exists N(�0) such that

�1
n(u�) (resp. �2

n(v�)) is strongly �
0

-optimal for the nth approximating game, for all n � N(�0).

(4) Suppose

(A3) S(u, v) is a lower semicontinuous function in u,

(A4) S(u, v) is an upper semicontinuous function in v.

Suppose �u 2 U (resp. �v 2 V) is a limit point of �1
n(u�n) (resp. �2

n(v�n)). Then �u (resp. �v) is �-optimal
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for the limit game.

Remark 2.1 Part (1) of Theorem 2.1 is a generalization of Lemma 1 in [14]

Proof. (1) Choose � > 0. Let u� 2 U and v� 2 V be �-optimal for the limit game S, and choose

some sequence �(n) such that limn!1 �(n) = 0. Let un 2 Un be an �(n)-best response to the policy

�2
n(v�) in game Gn (i.e., Sn(un,�2

n(v�)) � Sn(u,�2
n(v�))� �(n) for all u 2 Un). Similarly, let vn 2 Vn

be an �(n)-best response to the policy �1
n(u�) in game Gn.

Choose some � > 0. By (A1), there exists N such that for all n � N and u 2 Un, Sn(u,�2
n(v�)) �

S(�1
n(u), v�) < �. Then for all n � N

Rn � R = inf
v2Vn

sup
u2Un

Sn(un, vn) � inf
v2V

sup
u2U

S(u, v)

� sup
u2Un

Sn(u,�2
n(v�))� sup

u2U
S(u, v�) + �

� Sn(un,�2
n(v�))� S(�1

n(un), v�) + � + �(n)

� � + � + �(n)

hence limn!1 Rn � R + � + �.

Similarly, by (A2), one shows that R � limn!1
Rn + � + �. Since Rn � Rn, this implies that

limn!1 jR � Rnj � � + � and limn!1 jR � Rnj � � + �. The result follows since � and � can be

chosen arbitrarily small.

(2) Fix some � > 0. By (A1), as u�n is �(n)-optimal for Gn, and by part (1), there exists N(�, �) such

that for n > N(�, �) we have

8v 2 V : Sn(u�n,�2
n(v))� S(u�n,�1

n(v)) < �, �(n) < � + �, jRn � Rj < � (3)

and thus

inf
v2V

S(�1
n(u�n), v) � inf

v2V
Sn(u�n,�2

n(v))� � � inf
v2Vn

Sn(u�n, v) � � � Rn � � � �(n) � R � 3� � �.
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So �1
n(u�n) is �

0

-optimal for S with �
0

= 3� + �.

In the same way, by assumption (A2) and considering an �(n)-optimal policy v�n for Gn, we obtain

that �2
n(v�n) is �

0

-optimal for S for all large enough n. The proof follows from the fact that � was

chosen arbitrarily.

(3) Fix some � > 0. As u� is an �-optimal strategy in the limit game G and by (A1), for all n large

enough, we have

inf
v2Vn

Sn(�1
n(u�), v) � inf

v2Vn
S(u�,�2

n(v))� � � inf
v2V

S(u�, v) � � � R� � � � � Rn � 2� � �

The proof for v� is obtained in the same way.

(4) Let v̂ 2 V be such that infv2V S(�u, v) � S(�u, v̂) � �. By (A1), (A3) and part (1) of the Theorem,

for all � > 0, there exists N(�) such that n > N(�) implies �(n) < � + �, and

inf
v2V

S(�u, v) � S(�u, v̂) � � � S(�1
n(u�n), v̂) � 2�

� Sn(u�n,�2
n(v̂))� 3�

� Rn � 3� � �(n)

� R� 4� � �(n)

and hence, �u is �0-optimal with �0 = � + 5�. In the same way, by (A2) and (A4) we prove that �v is

�
0

-optimal for S. The proof follows from the fact that � was chosen arbitrarily.

Remark 2.2 (i) In the rest of the paper, whenever Un = U and Vn = V do not depend on n, �n and

�n will be chosen as the indentity maps.

(ii) It follows from the proof of part (1) in the above Theorem that if for all Gn, n = 1, 2, ...,1 there

exist optimal policies for both players and if Un = U and Vn = V do not depend on n, then

jRn � Rj � sup
u,v
jSn(u, v) � S(u, v)j, jRn � Rj � sup

u,v
jSn(u, v) � S(u, v)j
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3 Stochastic games: the model

We are going to use the results from the previous section to study approximations of zero sum

stochastic games.

� Let I be a denumerable set of states

� Ai (Bi) a compact set of actions for players I (resp. II) at state i. Let K = fi, Ai, Bigi2I .

� r : K ! IR a bounded immediate reward function (the boundedness condition can be relaxed,

see Section 9). Let M
def
= supi,a,b jr(i, a, b)j.

� P(a, b) = [p(i, a, b, E)]i,E , a 2 Ai, b 2 Bi is a (sub) probability transition (from state i to a set

E � I) when the players use actions a and b.

� � the discount factor satisfying 0 � � < 1

We shall use the following standard assumption (see e.g. Nowak [19]):

(M1) : r(i,�,�) and p(i, �,�, E) are continuous in both actions for any E � I.

The game is played in stages t = 0, 1, 2, .... If at some stage t the state is i, then the players

independently choose actions a 2 Ai, b 2 Bi. Player II then pays player I the amount r(i, a, b) and

at stage t + 1 the new state is chosen according to the transition probabilities p(i, a, b, �). The game

continues at this new state.

Let U and V be the set of behavioral strategies for both players. A strategy u 2 U is a sequence

u = (u0, u1, ...) where ut is a probability measure over the available actions, given the whole history

of previous states and of previous actions of both players as well as the current state.

A Markov policy q = fq0, q1, ...g is a policy (for either player one or two) where qt is allowed

to depend only on t and on the state at time t.

A stationary (mixed) policy g for player one is characterized by a conditional distribution

p(� j j)g over Aj, so that pg

Ajjj
= 1, which is interpreted as the distribution over the actions available
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at state j which player I uses when it is in state j. With some abuse of notation, we shall set

g(� j j) = p(� j j)g for stationary g. Let SA be the set of stationary policies for player 1, and define

similarly the stationary policies SB for player 2. If both players use stationary policies, say u and

v, then {Xt}becomes a Markov chain with stationary transition probabilities, given by

p(j, u, v, k) =
Z
Aj

Z
Bj

p(j, a, b, k)u(dajj)v(dbjj). (4)

We are concerned in the following section with the infinite horizon discounted problem. It is

known that under (M1), optimal stationary policies exist for both players; i.e., if u and v are optimal

policies for both players when both of them restrict to stationary policies, then each one of these

policies is also optimal against an arbitrary policy of his/her opponent. We shall therefore restrict

to stationary mixed policies, without loss of generality (see [12, 17]).

Next, we introduce a topology on the sets of stationary policies. For any set Γ, let M(Γ)

denote the set of probability measures on Γ endowed with the weak topology �(Γ) (see [19]). The

class of stationary policies for player 1 (and similarly for player 2) can be identified with the setQ
i2I M(Ai) �M(Bi); moreover it is compact with respect to the product topologyQ
i2I �(Ai) � �(Bi).

Let (u, v) be a pair of strategies and let i 2 I be a fixed initial state. Let It, At, Bt, t = 0, ... be the

resulting stochastic process of the states and actions of the players. Let Eu,v
i denote the expectation

with respect to the measure defined by u, v, i. Define the �-discounted game payoff

S(i, u, v) = Eu,v
i

1X
t=0

� tr(It, At, Bt) (5)

Let R(i) denote the value of the stochastic game for initial state i. For stationary policies u and v,

let the expected current payoff be defined by:

r(i, u, v) =
Z
Aj

Z
Bj

r(j, a, b)u(daji)v(dbji) (6)
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Consider the following (contracting) map:

�
Tu,vf

�
(i)

def
= r(i, u, v) + �

X
j2I

p(i, u, v, j)f (j) (7)

Then S(i, u, v) is known to be the unique solution of (7). The value R(i) is the unique solution of

R(i) = val

2
64r(i, a, b) + �

X
j2I

p(i, a, b, j)R(j)

3
75 (8)

Moreover, any stationary policies u� and v� that chooses at any state j the mixed strategies that are

optimal for the matrix game
h
r(i, a, b) + �

P
j2I p(i, a, b, j)R(j)

i
a,b

, are known to be optimal for the

stochastic game S (see [19] for these statements).

Remark 3.1 S(i,�,�) : SA � SB ! IR are continuous for all states i. This follows from Corollary

2.2 in Borkar [10]. It will thus follow below that assumptions (A3) and (A4) hold.

4 State approximations: infinite horizon case

We introduce below several approximating schemes. All of them involve some sequence In � I of

sets of states, which are naturally chosen to be increasing. We shall assume

(B1) In � In+1,
[
n

In = I

The following property will imply conditions (A1)-(A2) in the various schemes that we consider

below:

(B2) �(r, n) = supi2Ir ,a,b

nP
j /2In

p(i, a, b, j)
o
! 0 as n !1 8r.
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Remark 4.1 Condition (M1) as well as the compactness of Ai and Bi imply (B2). Indeed, assume

that (B2) does not hold. Then, there exists some � > 0 such that for some i,

lim
n!1

max
a,b

0
B@X

j2I
p(i, a, b, j)1fj /2 Ing

1
CA = � (9)

Let an and bn be some actions achieving the max (the fact that the max is achieved follows from

the compactness and continuity assumption (M1)). Choose a subsequence n(`), ` = 1, 2, ... along

which the limsup is obtained and along which an and bn converge to some actions a� and b�. Then

p(i, an(`), bn(`),�) converges (pointwize) to the probability p(i, a�, b�,�) as ` ! 1 (by (M1)). But

then it follows from a dominant convergence Theorem ([23] Ch. 11 Sec. 4) and from (B1) that

lim
`!1

X
j2I

p(i, an(`), bn(`), j)1fj /2 In(`)g =
X
j2I

p(i, a�, b�, j) � 0 = 0

which contradicts (9). Hence (B2) is established.

For the case of a single player, (B2) was introduced as an assumption for several approximating

schemes by Cavazos-Cadena [11]. Note, however, that in [11], (M1) as well as the compactness of

the action spaces are not assumed. In order to obtain conditions (A1) and (A2) for the approximating

schemes below, (and hence obtain statements (1), (2) and (3) in Theorem 2.1) one could relax the

compactness assumption as well as (M1); in that case one would indeed need to impose (B2) as an

assumption. The compactness and (M1) (or other similar assumptions, such as (M2) or (M3) from

[19]) are required however for establishing the continuity conditions (A3) and (A4) required for

establishing statement (4) in Theorem 2.1).

Other typical assumptions that imply (B2) have often been used in the literature, see White

[28] and Hernández-Lerma [15], as well as (B3) introduced in Altman [2] which will be used

occasionally below:

(B3) From any state k, only a finite set of states Xk can be reached.

In all approximations in this section, the approximating games Gn have a value, i.e. Rn(i) =

Rn(i) = Rn(i). Moreover, they will have a saddle point among the stationary policies.
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4.1 Approximation Scheme I

We define:
�
H1

u,vf
�

(i)
def
=

(
r(i, u, v) + �

P
j2In

p(i, u, v, j)f (j) if i 2 In

0 if i /2 In
(10)

For this approximating problem we define S1
n(i, u, v) to be the solution of

�
H1

u,vf
�

(i) = f (i), 8i 2 I (11)

S1
n is thus the total discounted payoff (defined in (5)) for the stochastic game whose transition

probabilities are �p instead of p, where �p(i, u, v, j) = p(i, u, v, j) if fi, j 2 Ing, otherwise 0. The value

of the game G1
n is the unique solution of

Rn(i) =

(
val

h
r(i, a, b) + �

P
j2In

p(i, a, b, j)Rn(j)
i

if i 2 In

0 if i /2 In
(12)

Moreover, optimal stationary policies u�n and v�n for the game G1
n are obtained by chosing at any

state j 2 In the mixed strategies that are optimal for the matrix game

2
64r(i, a, b) + �

X
j2In

p(i, a, b, j)R(j)

3
75

a,b

.

The proof of the following Theorem will enable us to evaluate the precision of the approximation.

More precisely, it will enable us to get a bound on jRn(�) � R(�)j which will be uniform in i 2 J

where J is an arbitrary fixed subset of I.

Theorem 4.1 All statements of Theorem 2.1 hold for approximating scheme I, where the reward S

for the limit game G is defined in (5) and for approximating game G1
n it is S1

n.

Proof. The proof uses an idea by Cavazos-Cadena [11]. We first need to introduce some definitions.

Let � > 0 we define:

g0(�, r) = r, gk(�, r) = g(�, gk�1(�, r)), k = 1, 2, ...
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where

g(�, r) = min fm : �(r, m) � �g

and �(r, m) is defined in property (B2). To understand the meaning of gs(�, r), we consider first

� = 0. Then Igs+1(0,r) is the set of neighbors of Igs(0,r) in the sense that states that are not contained

in Igs+1(0,r) are not reachable from any state in Igs(0,r). For � > 0, Igs+1(�,r) is the set of “�-neighbors”

of Igs(�,r) in the sense that for any state i in Igs(�,r), the states that are not contained in Igs+1(�,r) are

reachable from i with probability smaller than or equal to �. Note that for any r � 0,

X
j /2Igl+1(�,r)

p(i, u, v, j) � �, 8i 2 Igl(�,r), 8l � 0, 8u, v. (13)

Note also that gl(�, r) need not be increasing in l.

Let J � I, �(J) = min fm : J � Img, and suppose �(J) < +1 (this is the case if J is chosen to be

finite). We define

mk(�, �(J)) = max
n
�(J), g(�, �(J)), ..., gk(�, �(J))

o
k = 0, 1, 2, ... (14)

We show that assumptions (A1)-(A4) hold for S1
n(i, u, v) and S(i, u, v) defined above.

Below, � and J are held fixed, so that for simplicity of notation we shall write gl instead of gl(�, �(J)).

Let n � mk(�, �(J)), then for all i 2 J,

jS1
n(i, u, v) � S(i, u, v)j � �

X
j2Ig1

p(i, u, v, j) jS1
n(j, u, v) � S(j, u, v)j

+ �
X

j /2Ig1

p(i, u, v, j) jS1
n(j, u, v) � S(j, u, v)j (15)

Note that for any state j, jS1
n(j, u, v)j � M/(1� �), and jS(j, u, v)j � M/(1� �). Hence by (13),

(15) and (B2) we obtain:

jS1
n(i, u, v) � S(i, u, v)j
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� �
X

j2Ig1

p(i, u, v, j) jS1
n(j, u, v) � S(j, u, v)j + �

2M�

1� �

� � max
j2Ig1

jS1
n(j, u, v) � S(j, u, v)j + �

2M�

1� �

� � max
j2Ig1

8><
>:�

X
`2Ig2

p(j, u, v, `) jS1
n(`, u, v) � S(`, u, v)j

+�
X
` /2Ig2

p(j, u, v, `) jS1
n(`, u, v) � S(`, u, v)j

9>=
>; + �

2M�

1� �

� �2 max
`2Ig2

jS1
n(`, u, v) � S(`, u, v)j + �

2M�2

1� �
+ �

2M�

1� �
(16)

� �k max
`2Igk

jS1
n(`, u, v) � S(`, u, v)j + 2�

M�

1� �

k�1X
`=0

�`

The first inequality follows by (13) since n � mk � g1 and since i 2 J � Ig0. Similarly, (16)

follows by (13) since n � mk � g2 and since ` 2 Ig1. So we have:

jS1
n(j, u, v) � S(j, u, v)j � 2M

�(1� �k)�/(1� �) + �k

1� �
(17)

Hence, (A1) and (A2) hold true, (where as (A3)-(A4) are established in Remark 3.1).

Combining (17) with Remark 2.2 yields:

Corollary 4.1 For any i 2 J, if n is chosen such that n � mk(�, �(J)), then

jRn(i) � R(i)j � 2M
�(1� �k)�/(1� �) + �k

1� �
. (18)

In the previous Theorem, the sets fIng where given a priory. Next we consider a special choice

of fIng, that will be especially useful under assumption (B3), for a finite set J. This construction
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will enable us to express in a simple way the set In needed in (10) in order to approximate R by Rn

with a given error. This is especially desirable when it is not easy to compute mk(�, �(J)) (and thus

Corollary 4.1 can not be used).

Let J be a given set (for which we would like to get a computable uniform bound on the error

of the approximation), and set Y(i) = fj : p(i, u, v, j) > 0 for some u, vg. Then we define In in the

following way:

I0 = J, In+1 =
[

i2In

Y(i)
[

In (19)

Remark 4.2 Note that if J is finite and if (B3) holds, then all sets In are finite. This construction

might be especially useful if the number of states reachable from any given state is small. In that

case In do not grow too quickly.

We now consider Sn(i, u, v) as the solution of (11) with In defined in (19). We have that the following

theorem (the analogous of (4.1)) holds:

Theorem 4.2 (i) Fix a state i 2 J. Then all statements of Theorem 2.1 hold for approximating

scheme I, where the reward S of limit game G is defined in (5) and the reward Sn for the approximating

game Gn is the solution of (11) with In defined in (19).

(ii) For any i 2 J and n = 0, 1, ..., jRn(i)� R(i)j � 2M�n/(1� �).

Proof. It suffices to prove that (A1) and (A2) are satisfied. Let i 2 J, then:

jSn(i, u, v) � S(i, u, v)j � �
X

j2Y(i)

p(i, u, v, j)jSn(j, u, v) � S(j, u, v)j

� � max
j2I1

jSn(j, u, v) � S(j, u, v)j

� �2 max
j2I1

X
k2Y(j)

p(j, u, v, k)jSn(k, u, v) � S(k, u, v)j

.

.
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.

� �n max
j2In

jSn(j, u, v) � S(j, u, v)j �
2M�n

1� �

(ii) then follows from Remark 2.2.

As suggested in Remark 4.2, the above method is useful especially when the approximating

games have finite states (i.e. In are finite) and the typical number of states (neighbors) reachable

from a state is not too high. If, however, the typical number of neighbors is high, then the sets

In become large very rapidly, which suggests that obtaining good estimates of optimal value and

policies might require an unexceptably high complexity of computations. We thus present an

alternative more general way of constructing finite sets In (even when (B3) does not hold), which

will result in a simple expression for mk(�, �(J)), and will thus enable to make use of Corollary 4.1

to obtain uniform computable error bound for the approximation for any i 2 J.

We define a parametrized family fIn(�)g, where � is a positive real number. Define I0(�) = J.

fIn(�)g are then chosen to be an arbitrary sequence increasing to I that satisfies the following. If

for some l > 0, say l = ^l,

sup
a,b,i2Il(�)

X
j /2Il(�)

p(i, a, b, j) � �

then In(�) = I for all n > ^l. Otherwize, Il+1 is chosen such that

sup
a,b,i2Il(�)

X
j /2Il+1(�)

p(i, a, b, j) � �

It follows that �(J) = 0, g0 = 0, and hence gk = k and mk(�, �(J)) = gk = k for k � ^l. (The above

quantities were defined in the proof of Theorem 4.1). If J is finite then it follows from the same

arguments as in Remark 4.1 that In(�) can be chosen to be finite for n � ^l and hence in particular

Îl(�), which is the truncated state space that should be used to perform Approximation Scheme I in

order to obtain a precision as in Corollary 4.1.

In this setting, Theorem 4.2 (ii) becomes a special case of Corollary 4.1 with � = 0.
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4.2 Approximation Scheme II

In the previous approximation scheme, the dynamics are seen to be a result of transition probabilities

that need not sum to one, even if in the limit game they do sum to one. Indeed, (10) can be considered

as a stochastic game where we set p(i, u, v, j) = 0 for j /2 In. In many applications this may be

undesirable, and one would like p(i, u, v,�) to remain a probability measure. This is especially

the case when we want to learn about the optimal value and (almost) optimal policies for specific

given stochastic games with large finite state space, by approximating them through an infinite state

game. Indeed, there are cases where one can solve easier an infinite game, since some boundary

problems are avoided. Examples are given in Section 8.

We assume that
P

j2I p(i, a, b, j) = 1 for all a 2 Ai, b 2 Bi. We define the following sequence of

games. We let In � I be an increasing sequence of sets, converging to I, as in the previous Section.

Define
�
H2

u,vf
�

(i) =

(
r(i, u, v) + �

P
j2In

p�(i, u, v, j)f (j) if i 2 In

0 if i /2 In
(20)

where:

p�(i, u, v, j) =

(
p(i, u, v, j) + qn(i, u, v, j) if i 2 In, j 2 In

0 if i /2 In or j /2 In
(21)

qn(i, u, v,�) is some non negative measure satisfying
P

j2In
p(i, u, v, j) + qn(i, u, v, j) = 1. Hence,

X
j2In

qn(i, u, v, j) =
X
j /2In

p(i, u, v, j) (22)

We define S2
n to be the solution of �

H2
u,vf
�

(i) = f (i) (23)

S2
n is thus the total discounted payoff (defined in (5)) for the stochastic game whose transition

probabilities are p� instead of p.

All the results of Subsection 4.1 still hold. We demonstrate this with the proof of the analogue

of Theorem 4.1. It suffices to show that (A1)-(A2) hold. With the same notation as in Subsection
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4.1 we obtain:

jS2
n(i, u, v) � S(i, u, v)j

� �
X

j2Ig1

p(i, u, v, j) jS2
n(j, u, v) � S(j, u, v)j + �

X
j2Ig1

q(i, u, v, j) jS2
n(j, u, v) � S(j, u, v)j

+�
X

j /2Ig1

p(i, u, v, j) jS2
n(j, u, v) � S(j, u, v)j

and by (22)

jS2
n(i, u, v) � S(i, u, v)j

� �
X

j2Ig1

p(i, u, v, j) jS2
n(j, u, v) � S(j, u, v)j + 2�

X
j /2Ig1

p(i, u, v, j) jS2
n(j, u, v) � S(j, u, v)j

� �
X

j2Ig1

p(i, u, v, j) jS2
n(j, u, v) � S(j, u, v)j + 2�

2M�

1� �

So continuing as in the proof of theorem 4.1 we have:

jS2
n(j, u, v) � S(j, u, v)j � 2M

2�(1� �k)�(N)/(1� �) + �k

1� �
(24)

for n � mk(�, �(J)).

4.3 Approximation Scheme III

The basic idea of the approximation scheme is to fix some stationary policies for both players,

and use them in all states except for a subset In. The problem is then of determining the optimal

mixed strategies for both players in the remaining set of states In. We are interested in studying

the asymptotic behavior of this approach as In ! I. Similar approaches were used in a framework

of Markov decision processes (e.g. [1]), where In were assumed finite. We first fix some arbitrary

policies û 2 U, v̂ 2 V. We shall now use the framework of Theorem 2.1. Define

Un = fu 2 U : u(i) = û(i), 8i /2 Ing, Vn = fv 2 V : v(i) = v̂(i), 8i /2 Ing.
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Fix some i 2 I. The limit game is defined as S(u, v) = S(i, u, v), where S(i, u, v) is given in (5). For

any u 2 Un, v 2 Vn, define Sn(u, v) = S(u, v) We set �1
n and �2

n to be the identity mappings and

�1
n(u)(i) =

8><
>:

u(i) if i 2 In,

û(i) if i /2 In;
�2

n(v)(i) =

8><
>:

v(i) if i 2 In,

v̂(i) if i /2 In.

Theorem 4.3 Fix a state i. Then

(i) All statements of Theorem 2.1 hold for approximating scheme III.

(ii) Rn is the unique fixed point of the equation

Rn(k) =

8>><
>>:

val
h
r(k, a, b) + �

P
j2I p(k, a, b, j)Rn(j)

i
k 2 In

r(k, ^u,^v) + �
P

j2I p(k, ^u,^v, j)Rn(j) k /2 In

(25)

(iii) Optimal stationary policies un and vn for both players are obtained by using at any state k 2 In

mixed strategies that achieve the value in (25).

The proof of this theorem is similar to the proof of theorem 4.1.

5 State approximations for the case of finite horizon

Consider the model in Section 3 with, however, a finite horizon reward criterion instead of (5):

S[m] = Eu,v
i [

mX
t=0

� tr(It, At, Bt)] (26)

It is well known that there exist optimal policies for both players within the class of Markov policies.

The value R of S[m] is obtained by the recursion:

Rm+1 def
= 0 (27)
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Rk(i)
def
= val

2
64r(i, u, v) + �

X
j2I

p(i, u, v, j)Rk+1(j)

3
75 , k = 0, ..., m

R
def
= R0

Define U[m] = (U0[m], U1[m], ..., Um[m]), V[m] = (V0[m], V1[m], ..., Vm[m]) where Uk[m], Vk[m]

are the set of mixed strategies which are optimal for the matrix game

2
64r(i, a, b) + �

X
j2I

p(i, a, b, j)Rk+1(j)

3
75

a,b

, k = 0, ..., m. (28)

for all i 2 I. Then, any Markov policies (u, v) such that ut 2 Ut, vt 2 Vt, t = 0, ..., m, are optimal

for the stochastic game S[m].

In order to apply the results from Section 4 to the finite horizon case we make the following

observation. The finite horizon model is equivalent to the following infinite horizon model with

enlarged state space:

� ^I = I � f0, ..., mg;

� ^A(i,k) = Ai, ^B(i,k) = Bi;

� r̂((i, k), a, b) = r(i, a, b);

� p̂((i, k), a, b, (j, l)) =

8><
>:

p(i, a, b, j) if k + 1 = l � m

0 otherwize

� ^� = �;

Define

^S(̂i, û, v̂) = Eû,̂v
î

1X
t=0

� tr(^It, ^At, ^Bt)
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There is a one to one correspondence between stationary policies in the new model and Markov

policies in the original one; if û, v̂ are stationary in the new model, then the corresponding Markov

policies in the original model are given by

ut(�jx) = ^u(�j(x, t)), vt(�jx) = ^v(�j(x, t)). (29)

and vice versa. Moreover, we have

S[m](u, v) = ^S(û, v̂)

Consequently, the state approximation schemes from the previous section also hold for the case of

finite horizon model. The computation of the (approximating) values and (almost) optimal policies

can be done by using the above infinite horizon model with enlarged state space, and then applying

(29). ^In may be chosen, for example, as ^In = In � f0, ..., mg.

6 Successive approximations

We study in this section several new aspects of successive approximations. The convergence of

the value of successive approximation is already well known, [20, 18, 26]. By applying Theorem

2.1, we establish in the following subsection, the convergence of (almost) optimal policies. We

then study the application of both state approximation and finite horizon approximation. Finally

we discuss the restriction of games with finite horizon to stationary policies.

6.1 Convergence of policies for successive approximations

An interesting application of the results in the previous subsections, is the observation that succes-

sive approximations (or value iteration) can be viewed as a special case of state approximations.

One can define game Gn such that Sn = S[n], where S[n] is given in (26), and consider S as defined

in (5). Let u�n and v�n be a pair of optimal (or �n-optimal, where limn!1 �n = 0) Markov policies

for Gn. Let u� and v� be any �-optimal stationary (or Markov) policies for the infinite horizon

game S. If we use for both Gn and G the equivalent infinite horizon model with the enlarged state
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space defined in Section 5, then u�n, v�n, u� and v� all have an equivalent representation as stationary

policies. The problem becomes one of approximating the state space I0 = (I � IN) by the subsets

I0n = (I � f0, 1, ..., ng). Using then Theorems 2.1 and 4.1, we conclude:

Theorem 6.1 (i) limn!1 Rn = R.

(2) For any �0 > �, there exists N such that u�n (resp. v�n) is �0-optimal for the infinite horizon game,

for all n � N.

(3) Let �u 2 U (resp. �v 2 V) be a limit point of u�n (resp. v�n). Then �u (resp. �v) is �-optimal for the

limit game.

(4) For all �0 > �, there exists N(�0) such that u� is �
0

-optimal for the nth approximating game, for

all n � N(�0).

6.2 Successive approximation and finite state approximation

We use the above approach to combine state approximations with finite horizon reward criterion.

Such a combination may be especially useful for computational purposes, where In can be chosen

to be finite. We can now compute Rn and (Markov) policies which are optimal for Gn, using

approximating schemes introduced in the previous Sections, in order to approximate the optimal

value R and an almost optimal strategy for the original limit game G. Let again In � I be an

increasing sequence of sets of states, converging to I. One can repeat the construction of a model

with enlarged state space (that includes, both the original state space and the time), so that, the state

space for the nth game Gn is ^In = (In � f0, 1, ..., ng), and for the limit game G, it is ^I = (I � IN).

This would establish the correctness of approximations based on value iteration for a problem

with truncated state space. For example, if we adapt the first approach in Section 4, we get the

approximating values Rn and Markov policies by performing the following iterations:

Rn+1
n (j)

def
= 0

Rk
n(j)

def
=

(
val

h
r(i, a, b) + �

P
j2In

p(i, a, b, j)Rk+1(j)
i

if i 2 In

0 if i /2 In
, k = 0, ..., n

22



Rn
def
= R0

n

Define Un = (U0
n, U1

n , ..., Un
n ), Vn[m] = (V0

n , V1
n , ..., Vn

n ) where Uk
n, Vk

n are the set of mixed strategies

which are optimal for the matrix game

val

2
64r(i, a, b) + �

X
j2In

p(i, a, b, j)Rk+1
n (j)

3
75

a,b

k = 0, ..., m (30)

for any i 2 In. Then, any Markov policies (u, v) such that ut 2 Ut
n, vt 2 Vt

n, t = 0, ..., m, are optimal

for the stochastic game Gn.

6.3 Finite horizon and stationary policies

For simplicity of implementation, one may be interested to restrict to the class of stationary policies

in a stochastic game, rather than use Markovian policies (or others). It is well known, however,

that finite horizon games do not have a value within the class of stationary policies. However, it

is immediate to see that the conditions (A1)-(A4) hold when restricting to stationary policies, and

thus we conclude from Theorem 2.1 that the optimal stationary policies for both players converge

(in the sense of Theorem 2.1 (3)) to the strongly-optimal policy of the infinite horizon game, as the

horizon goes to infinity. Moreover, the lower and upper values converge to the value of the infinite

horizon game.

7 Convergence of the discount factor and immediate reward

We establish in this section the robustness of values and optimal policies with respect to the discount

factor and immediate reward. This may be of importance in case that these parameters are not

known precisely. One can similarly establish robustness for random time-varying discount factor

and immediate reward. We consider a horizon m which may be either infinite or finite.
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We consider a sequence of stochastic games Gn, n = 0, 1, 2, ... where the quantities defining

each one of them are as in Section 3, except for the immediate reward and discount factor which

are replaced by �n = � + �n, rn = r + �n, where �n and �n converge to zero as n !1, uniformly in

the states and actions. Denote by Sn(i, u, v) the reward for game Gn (as defined either in (5) or in

(26)). Then

jS(i, u, v) � Sn(i, u, v)j

� Eu,v
i

mX
t=0

�
� tj�n(It, At, Bt, t)j + j[� t � (� + �n)t]jM + j(� + �n)t�n(It, At, Bt)j

�

and we obtain convergence to zero uniformly over all Markovian policies u and v (to which we

may restrict, without loss of generality, as in Section 5). This implies conditions (A1) and (A2)

and hence, by Remark 3.1, we see that all statements of Theorem 2.1 hold. This establishes

the continuity of the value of the stochastic game as a function of the discount factor � in the

open interval � 2 (0, 1), and as a function of the immediate reward. Moreover, it establishes the

convergence of (almost) optimal policies (in the sense of Theorem 2.1).

A specially interesting case is the asymptotics of stochastic games as � ! 1. We restrict

for simplicity to the case of finite state and action spaces. The asymptotic behavior of the value

of the game was studied by Bewley and Kohlberg [8]. In fact they establish the convergence of

(1 � �)R�(i) to the value Raverage of the expected long run time-average game (where R�(i) is the

value of the game with discount factor � and initial state i).

When trying to apply the approximating theorem 2.1 to the limit as � ! 1, we are faced with

the following problems:

(i) The limit game does not have a value among the stationary (nor even the Markov) policies (see

the “big match" by Blackwell and Ferguson [9]).

(ii) The value of the limit game (with the expected average reward) is in general not continuous in

the policies (and thus assumptions (A3) and (A4) do not hold in general). This is the case even for

a single controller, for which it is known that the value may exhibit discontinuity in the parameters

(see Gaitsgory and Pervozvanskii [13] p. 407).
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However, both problems are avoided in case that we restrict to either games with perfect

information or to irreducible games (see Gillette [14]). Games with perfect information (resp. irre-

ducible games) have a saddle point within the class of stationary deterministic policies (stationary

mixed policies, respectively), and (A1) and (A2) hold, see [14]. Within these classes of policies,

(A3) and (A4) also hold; indeed, for the perfect information case this follows from the fact that

there is only a finite number of stationary deterministic policies. For the irreducible case, this

follows e.g. from [2].

8 Applications

We present in this Section a few problems that motivated our research on approximations in

stochastic games. As mentioned in the introduction, many discretization schemes of differential

games yield dynamic programming that can be interpreted as representing some stochastic game.

In some pursuit evasion games, such as the game of the two cars [22], an additional finite-state

approximation is then required. The calculations in [22] was done following scheme I (introduced

in Subsection 4.1). The state transition in the discretized model satisfied property (B3), and, in

fact, each state had at most four neighbors (i.e. four states reachable in one transition). This feature

motivates the use of Theorem 4.2 for such applications, which not only establishes the convergence,

but also gives the rate of convergence (or, more precisely, enables to compute n for obtaining any

required precision).

Another application of the theory we developed in previous sections are stochastic games

appearing in queueing systems. Such problems may serve as model for situations of conflicts

between users in telecommunication systems, or for worst-case control situation in presence of

some unknown disturbance (in production systems, or again in telecommunications applications).

An interesting feature in the control of queueing networks is that often, infinite queues are easier to

handle than finite queues, as some boundary problems are avoided. Moreover, the optimal policies

for infinite horizon problems, being stationary, are easier to implement than those for finite horizon

problems. In real applications, however, queues are always finite; moreover, one is often interested
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in finite horizon problems (e.g., controlling manufacturing during working hours, etc). Our results

may thus be applied to obtain almost optimal policies for these cases. Here are some examples:

(i) Altman considered in [3] a stochastic game with an infinite state space in order to solve a flow

control problem with an infinite buffer. The solution of the problem with a finite buffer [4] seems

more involved, and was only obtained under an important restriction on the actions of the flow

controller (namely, it had to contain an action that corresponds to rejection of arriving customers).

(ii) Altman and Koole [5] solved a game where one or more servers have to be assigned to customers

of different classes. In a telecommunication context, the different classes may represent different

traffic types, such as voice, video and data, and the servers may represent a channel, through which

the traffic has to be transmitted. A controller has to decide a customer of which class will be served

next (which traffic will have access to the channel). The input traffic was assumed to be controlled

as well, e.g. it may have been the output of some dynamic routing mechanism or dynamic flow

control. The problem was posed as a zero-sum stochastic game between the service controller and

“nature" which represented the unknown input control mechanism. Simple structural results were

obtained for the case of infinite queues. In the case of finite queues, the structure of optimal policies

is unknown, even in the case of uncontrolled input. By applying our second state approximation

scheme, it follows that the policies obtained for the problem of infinite queues are almost optimal

for the case of finite queues which are large enough.

9 Further Generalizations

Although we considered in this paper bounded reward, it is well known that different sets of

conditions exist for which problems with unbounded reward can be transformed into ones with

bounded reward. Such transformations have been used in the past for finite state approximations

of Markov Decision Processes, see White [29]. The generalization of such conditions to games are

straightforward (see e.g. Wessels [27]).

There are many other useful directions where the general approximation Theorems are appli-

cable, on which we continue our investigation. Among these are

(i) Differential games, in which a standard problem is to discretize both space and time. Several
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works have been done in this direction, see [6, 7, 21, 22, 24], where the convergence (and rate of

convergence, see [21]) of the values of the approximating games have been established. However,

little is known about the convergence of policies. Theorem 2.1 seems to be a suitable tool for

approaching these issues.

(ii) Discretization of stochastic games with general state and action spaces. Some results were

obtained in the case of a single controller, see Sec. 6 of Hernandez-Lerma and references therein.

Further results for stochastic games on the convergence of the value and some results on con-

vergence of policies were obtained by Whitt [30], and then generalized to N person games in

[31].
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