APPROXIMATIONSIN DYNAMIC ZERO-SUM
GAMES

Mabel M. TIDBALL and Eitan ALTMAN
INRIA, Centre Sophia-Antipolis
2004 Route des Lucioles, B.P93
06902 Sophia-Antipolis Cedex
France

Summer 1993

Abstract

We devel op a unifying approach for approximating a“limit" zero-sum game by a sequence
of approximating games. We discuss both the convergence of the values and the convergence
of optimal (or “amost” optimal) strategies. Moreover, based on optimal policies for the limit
game, we construct policies which are almost optimal for the approximating games. We then
apply the general framework to state approximations of stochastic games, to convergence of
finite horizon problems to infinite horizon problems, to convergence in the discount factor and

in the immediate reward.
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1 Introduction

In many cases, one encounters dynamic games for which time and space are continuous, and
possibly unbounded. In general, numerical solution of such games involve discretization both in
time and in space. In pursuit evasion games in particular (see Bardi et al. [6] and Pourtallier and
Tidball [21]), and in differential games in general (see Pourtallier and Tolwinsky, [22], Tidball
and Gonzéalez [24]), the time and space discretization often lead to dynamic programming that
has a stochastic game interpretation. The numerical solution then typically requires afinite state
approximation.

Approximations in dynamic games has therefore been an active area of research for severa
decades. Several schemes for discretization of time and space and for approximations have been
developedfor differential games[6, 7, 21, 22, 24]. In stochastic games, much attention was devoted
to approximations of infinite horizon problems by (long) finite horizon ones, e.g. [14, 20, 18, 26];
discretization of the action and state space have further been considered by Whitt [30, 31]. Except
for [30], all the above references consider approximation of the value function of the games.

The aim of this paper is to study in a systematic way approximations in games, not only of
the values but aso for the policies. We begin by developing a general framework for establishing
the convergence of the upper and lower values of a sequence of gamesG,, n= 1,2, ..., toavaue
R (which we assume that exists) of a limit game G.,. We are further interested in the following
guestions:. (i) do (almost) optimal policies converge (in some sense)? (ii) Assumethat u and v are
(almost) optimal for some approximating game G, (where n is large enough in some sense). Can
we construct from these almost optimal policies for the limit game? (iii) Assume that u and v are
(almost) optimal for the limit game. Can we use them to construct almost optimal policies for the
approximating game G, for n large enough?

Problem (ii) above arizes in the following sSituation. Suppose that two players use some
approximating numerical schemes to obtain “good" policies, e.g. time discretization. Each player
might be using a different discretization scheme. Yet, each player would like to ensure that
regardless of the discretization scheme used by the other player, he or she can guarantee some



value, which would be “amogt" the value of the non-discretized game. Infact, since thereal game
that is played is the non-discretized one, the desired discretization should perform well even if the
adversary uses an optimal policy for the non-discretized game.

Problem (iii), on the other hand, arizesin the opposite situation, and this serves as an additional
motivation for studying approximations in games. There are many example of dynamic games
where one can solve easier an infinite limiting game, where problems related to the boundaries are
avoided. Indeed, examples are given in Section 8 of stochastic games with (large) finite state space
for which the natural approach for constructing almost optimal policies is to solve a limit game
with a countable state space.

After establishing the general theory for approximations in Section 2, we apply it to severa
approximation problemsin discrete time stochastic gameswith discounted reward and denumerable
state space. Applications to other dynamic games are the subject of future research. The basic
model of the stochastic games is presented in Section 3. We then present three schemes for state
approximation in Section 4 for the case of infinite horizon. This generalizes many results on the
convergence of the optimal valuein Markov Decision Processes (i.e. stochastic gameswithasingle
player), eg. [11, 15, 16, 28, 29]. Other related work on finite state approximations in Markov
Decision Processes are [1, 2, 25]. In Section 5 we extend the results on state approximations for
infinite horizon to the case of finite horizon, by atransformation of the state space. 1n Section 6 we
study the convergence of the finite horizon problem to the infinite horizon one, and we combine
state approximations with approximation of the horizon. In Section 7 we study the stability of
stochastic gamesin the discount factor and intheimmediatereward. Applicationsof approximation
methods developed in this paper are presented in Section 8, and some generalizations are finally
discussed in Section 9.

2 Key Theoremsfor approximations

We consider the following sequence G, = (S, Un, Vi) N = 1,2, ..., 00 of generic zero-sum games
where U, isthe set of strategies of player one and V,, is the set of strategies of player two for the



nth game. We assume that both U,, and V,, are endowed with some topology. S, : U, x V,, — IRis
ameasurable function for all n. We define the upper (lower) value of the game:

R, = inf sup S\(u,V) (Rn = sup inf Sh(u,v))
- UEUnVGV”

VEVH ueUn

G=(SU,V) ¥ (S.,U..,V..) will becalled the limit game. It will be assumed that it has avalue
RYR..

An example where G,, does not have a value but G does have it will be given in Subsection
6.3 for computing amost optimal stationary policies for stochastic games with long (but finite)
horizon.

A dtrategy u* € U, issaid to be e-optimal for player onein gamen if
inf S(unv) > inf Si(uv) —e - Yue Uy (1)
which is equivalent to inf,cy, S\(U*,v) > R, — ¢. Itissaid to be strongly ¢-optimal for player one
ingamen if it satisfies
VIen\t SuVv) >Ry —¢
A strategy v* € V, issaid to be e-optimal for player two in gamen if

sup Sy(u,v*) < sup Si(u,v) +¢ Vv e V, ()]

ueUn ueUn

which is equivalent to sup ., Si(u,v*) < R, +¢. Itissaid to be strongly e-optimal if

SUp SH(u, V') <R +e

ueUn

Note that strongly c-optimality implies ¢-optimality. If a game has avaue R, = R, then strongly
e-optimality is equivalent to c-optimality.

Assumethat (S,, U, Vi) converge (insomesense) to (S, U, V). Weareinterested inthefollowing
guestions.



(Q1) Convergence of the values: doesR, (or R,) converge to R?

(Q2) Convergence of policies: Fix somee > 0. Let ¢, be a sequence of positive real numbers such
that lim,_ ., en < e. Assumethat u;, and v;; are ey-optimal policies for the nth game. Are u;; and v;;
“amost" optimal for the limit game, for all n large enough?

(Q3) Letu € U (resp. V € V) be some limit point of u’ (resp. V), defined above. ISt (resp. V)
e-optimal for the limit game?

(Q4) Robustness of the optimal policy: If u* (resp. v*) isan c-optimal for the limit game, can we
derive of it an “almost” (strongly) optimal policy for the nth approximating game, for al n large
enough?

In most applications that we discuss in this paper U, = U, V,, = V do not depend on n.
However, in several applicationsthisis not the case, e.g. approximationsin pursuit evasion games,
see Bernhard and Shinar [7]. Another example is given for a state approximation scheme for
solving stochastic games, see Subsection 4.3.

Theorem 2.1 Assume that there exists a sequence of functions, =} : Uy — U, 72 : V, — V,
U% U — Uy, Uﬁ :V — V,,n=1,2,... such that

(A1) limy_ . [Si(u, 63(v)) — S(7a(u), V)] < Ouniformlyinu € U, for eachv € V.

(A2) lim, . [Si(cX(u),V) — S, 72(V))] > O uniformlyinv ¢ V, for eachu € U.

Then

(D) limp_oo R, = lim_.. Ra =R

(2) For any ¢’ > ¢, there exists N such that 71(ux) (resp. 72(v), see definitionsin (Q2)) is ¢’-optimal
for the limit game, for all n > N.

(3) Let u* (resp. v*) be e-optimal for the limit game. Then for all ¢’ > ¢, there exists N(¢’) such that
oX(u) (resp. o3(v)) isstrongly ¢ -optimal for the nth approximating game, for all n > N(¢').

(4) Suppose

(A3) Su, V) isalower semicontinuous function in u,

(A4) Yu,V) isan upper semicontinuous function in v.

Supposeu € U (resp. v € V) isalimit point of 71(uz) (resp. 72(v;)). Then u (resp. V) is e-optimal



for the limit game.

Remark 2.1 Part (1) of Theorem 2.1 isa generalization of Lemma 1 in [14]

Proof. (1) Choosee > 0. Let u* € U and v* € V be e-optimal for the limit game S, and choose
some sequence ¢(n) such that lim,_ . ¢(n) = 0. Let u, € U, be an ¢(n)-best response to the policy
a?(v) ingame G, (i.e., Si(Un, a2(V*)) > Si(u, o2(v*)) — e(n) for al u € Uy). Similarly, let v, € V,
be an ¢(n)-best response to the policy o1(u*) in game G,

Choose some ¢ > 0. By (A1), there exists N such that for all n > N and u € Uy, Si(u, 02(v*)) —
Srl(u),v?) <é. Thenforal n> N

R,—R inf SUp Sy(Un, Vi) — inf SJIOS(U V)

VEWR ueUn

< sup Sy(u, op(v)) — SuIOS(u V) te

ueUn

Si(Un, 72 (V")) — S(ma(Un), V) + ¢ + ¢(n)

6 +e+e(n)

IA

IA

hencelim_.. Ry < R+ 6 +e.

Similarly, by (A2), one shows that R < lim,_. R, + 6 +¢. Since R, < R,, this implies that
lIM_w|R—R,| < d+candlim_. |R— Ry < §+ec The result follows since ¢ and 6 can be
chosen arbitrarily small.

(2) Fix some 6 > 0. By (A1), asu;, ise(n)-optimal for Gy, and by part (1), there exists N(e, 6) such
that for n > N(¢, 6) we have

weV: S, o3(V) — Sus, mi(v) <6, e(n) < e+, IR,— R <¢ (©)]
and thus

inf Sra(Un), V) = inf Su(uh, o(V) — 8 2 inf Si(Up,V) =8 = Ry — 6 —e(n) = R—36 —c.



So 7i(up) is ¢ -optimal for Swith ¢ = 36 + .

In the same way, by assumption (A2) and considering an e(n)-optimal policy v, for G,, we obtain
that 72(V) is ¢ -optimal for Sfor al large enough n. The proof follows from the fact that § was
chosen arbitrarily.

(3) Fix some 6 > 0. Asu* isan c-optimal strategy in the limit game G and by (A1), for al nlarge
enough, we have

inf Su(oa(u),V) = inf S, (W) = 8 2 inf SUV) —§ 2 R—§ —c 2 Ry— 25 — ¢

The proof for v* is obtained in the same way.
(4) Let v € V be such that inf,cy Su,v) > Su,V) — 6. By (Al), (A3) and part (1) of the Theorem,
for al 6 > 0, there exists N(6) such that n > N(6) impliese(n) < ¢ + ¢, and

inf SU,v) > 80,9 —6 > Sm(up),¥) - 26

Y

Si(Un, on (%) — 36
R, — 36 —¢(n)
R— 46 — e(n)

Y

Y

and hence, U is ¢’-optimal with ¢’ = ¢ + 5. In the same way, by (A2) and (A4) we provethat vis

¢ -optimal for S. The proof followsfrom the fact that 6§ was chosen arbitrarily. g

Remark 2.2 (i) In therest of the paper, whenever U,, = U and V,, = V do not depend on n, =, and
on Will be chosen as the indentity maps.

(i) It follows fromthe proof of part (1) in the above Theoremthat if for all G,, n =1, 2, ..., there
exist optimal policies for both playersand if U, = U and V,, = V do not depend on n, then

Ri—RISSPISUY - SuV, R~ Rl < p|SuY) - Suv)



3 Stochastic games. the model

We are going to use the results from the previous section to study approximations of zero sum
stochastic games.

e Let| beadenumerable set of states
o A; (Bj) acompact set of actionsfor players| (resp. I) at statei. Let K = {i, A, Bi}ici-

¢ I : K — IRabounded immediate reward function (the boundedness condition can be relaxed,

see Section 9). Let M € sup, ,, |r(i,a,b)].

P(a,b) = [p(i,a,b,E)]ig, a € A, b € B; isa(sub) probability transition (from state i to a set
E C 1) when the players use actionsaand b.

(3 the discount factor satisfying0 < g <1

We shall use the following standard assumption (see e.g. Nowak [19]):
(My) :r(i,e,e) and p(i, e, e, E) are continuous in both actionsfor any E C I.

The game is played in stagest = 0,1, 2, .... If a some stage t the state is i, then the players
independently choose actionsa € A, b € B;. Player |l then pays player | the amount r(i, a, b) and
at staget + 1 the new state is chosen according to the transition probabilitiesp(i, a, b, ¢). The game

continues at this new state.
Let U and V be the set of behavioral strategies for both players. A strategy u € U is a sequence

u = (uo, Uy, ...) where u; is a probability measure over the available actions, given the whole history
of previous states and of previous actions of both players as well as the current state.

A Markov policy q = {qo,qs, ...} isapolicy (for either player one or two) where g; is allowed
to depend only ont and on the state at timet.

A dtationary (mixed) policy g for player oneis characterized by a conditional distribution
p(e | j)9 over A;, so that p'ga\_ 0T 1, whichisinterpreted as the distribution over the actions avail able
)



at state | which player | uses when it is in state j. With some abuse of notation, we shall set
g(e | j) = p(e | j)? for stationary g. Let S* be the set of stationary policies for player 1, and define

similarly the stationary policies S for player 2. If both players use stationary policies, say u and
v, then { X;} becomes a Markov chain with stationary transition probabilities, given by

pG,u.v.K) = [, [ PG.abku(dalj)v(ab)). @

We are concerned in the following section with the infinite horizon discounted problem. It is
known that under (M), optimal stationary policiesexist for both players; i.e., if uand v are optimal
policies for both players when both of them restrict to stationary policies, then each one of these
policiesis aso optimal against an arbitrary policy of his’her opponent. We shall therefore restrict
to stationary mixed policies, without loss of generality (see[12, 17]).

Next, we introduce a topology on the sets of stationary policies. For any set I, let M(I)
denote the set of probability measures on I' endowed with the weak topology £(I) (see[19]). The
class of stationary policies for player 1 (and similarly for player 2) can be identified with the set
[Tic] M(A) x M(B;); moreover it is compact with respect to the product topol ogy

[Tic1 E(A) x E(Bi).

Let (u,v) beapair of strategiesand leti € | beafixed initial state. Let I, A, B, t =0, ... bethe
resulting stochastic process of the states and actions of the players. Let E*Y denote the expectation
with respect to the measure defined by u, v, i. Define the 3-discounted game payoff

Si,uv) = B Bt (l, AuB) (5)

t=0

Let R(i) denote the value of the stochastic game for initial statei. For stationary policiesu and v,
let the expected current payoff be defined by:

(i, u,v) = /A_ /B_ r(j, a b)u(dali)v(dbli) (6)



Consider the following (contracting) map:
(Tus) () € v, u,v) + 83 pli, u, v, ) G) )
jel

Then (i, u, v) is known to be the unique solution of (7). The value R(i) is the unique solution of

R() =val |r(i,a,b)+ 3 p(i,ab,j)R() (8)

jel
Moreover, any stationary policies u* and v* that chooses at any statej the mixed strategies that are
optimal for the matrix game [r(i ,a,b) + 3 Zjd p(i, a, b,j)R(j)] L A€ known to be optimal for the

stochastic game S (see [19] for these statements).

Remark 3.1 S(i,e,e) : $* x & — IR are continuous for all statesi. This follows from Corollary
2.2 in Borkar [10]. It will thusfollow below that assumptions (A3) and (A4) hold.

4 Stateapproximations: infinite horizon case

We introduce below several approximating schemes. All of them involve some sequencel,, C | of
sets of states, which are naturally chosen to beincreasing. We shall assume

(Bl) InC|n+l, Uln:|
n

The following property will imply conditions (A1)-(A2) in the various schemes that we consider
below:

(B2)  e(r,n) =sup| ,p {Zj@np(i,a, b,j)} —~0an—oo Vr.

10



Remark 4.1 Condition (M;) aswell asthe compactness of A; and B; imply (B2). Indeed, assume
that (B2) does not hold. Then, there exists some « > 0 such that for somei,

Jim max (,%: p(i,a,b,j)1{j ¢ In}> =« 9)
Let a, and b, be some actions achieving the max (the fact that the max is achieved follows from
the compactness and continuity assumption (M;)). Choose a subsequence n(¢),/ = 1,2, ... along
which the limsup is obtained and along which a, and b,, converge to some actions a* and b*. Then
p(i, @), bn), ®) converges (pointwize) to the probability p(i, a*,b*,e) as { — oo (by (M1)). But
then it follows from a dominant convergence Theorem ([ 23] Ch. 11 Sec. 4) and from (B1) that

Jim S p(0, 80y, by, D2 & Iy} = Y p(i,a’, b)) - 0=0
|

je jel

which contradicts (9). Hence (B2) is established.

For the case of asingle player, (B2) was introduced as an assumption for several approximating
schemes by Cavazos-Cadena[11]. Note, however, that in [11], (M) as well as the compactness of
the action spaces are not assumed. Inorder to obtain conditions (A1) and (A2) for theapproximating
schemes below, (and hence obtain statements (1), (2) and (3) in Theorem 2.1) one could relax the
compactness assumption as well as (M,); in that case one would indeed need to impose (B2) as an
assumption. The compactness and (M;) (or other similar assumptions, such as (M,) or (M3) from
[19]) are required however for establishing the continuity conditions (A3) and (A4) required for
establishing statement (4) in Theorem 2.1).

Other typical assumptions that imply (B2) have often been used in the literature, see White
[28] and Hernandez-Lerma [15], as well as (B3) introduced in Altman [2] which will be used
occasionally below:

(B3) From any state k, only afinite set of states X, can be reached.

In al approximations in this section, the approximating games G, have avalue, i.e. R\(i) =

R, (i) = Ry(i). Moreover, they will have a saddle point among the stationary policies.

11



4.1 Approximation Schemel

We define:
1) iy o f o uv) + 857 pli,u v j)EQ) ifi ey
(Hif) = { 0 ifidl, (10
For this approximating problem we define Sk(i, u, v) to be the solution of
(HLF) () =f(), Vviel (11)

S is thus the total discounted payoff (defined in (5)) for the stochastic game whose transition
probabilities are p instead of p, wherep(i, u,v,j) = p(i,u,Vv,j) if {i,j € 15}, otherwise 0. The value
of the game G}, is the unique solution of
R(i) = { ‘éa' r(i,a.b) + 35, PG, b, )Re()] :: : ; :n (12)
n

Moreover, optimal stationary policies u* and v: for the game G} are obtained by chosing at any
state € |, the mixed strategies that are optimal for the matrix game

{r(i,a, b) + 4> p(i,a b,))R()

jel” ab

The proof of the following Theorem will enable us to evaluate the precision of the approximation.
More precisely, it will enable usto get a bound on |R,(e) — R(e)| which will be uniformini € J
where J isan arbitrary fixed subset of I.

Theorem 4.1 All statements of Theorem 2.1 hold for approximating scheme |, where the reward S
for the limit game G is defined in (5) and for approximating game Gl itis §.

Proof. The proof usesanideaby Cavazos-Cadena[11]. Wefirst need to introduce some definitions.
Let ¢ > 0 wedefine:

. r)=r,  dg¥,r) =g de,r)), k=1,2,..

12



where
gle,r) =min{m: ¢(r,m) < ¢}

and ¢(r,m) is defined in property (B2). To understand the meaning of g(e,r), we consider first
¢ = 0. Then | gy isthe set of neighbors of |4, in the sense that states that are not contained
in 1 g arenot reachable from any state in I gr). For e > 0, I g py iSthe set of “e-neighbors’
of gy in the sense that for any state i in I 4, the states that are not contained in I gy are
reachable from i with probability smaller than or equal to ¢. Note that for any r > 0,

Y7 opli,uvj) <e,  Vi€Elgen V>0, Vu,v. (13)

]é I g|+1(€‘r)

Note also that g'(¢, r) need not beincreasingin|.

LetJ C 1, ¢(Jd)=min{m:J C I}, and suppose ¢(J) < +cc (thisisthe caseif J ischosen to be
finite). We define

me, €(J)) = max {(3), (e, (), ... g(e, €(I)) } k=0,1,2,... (14)

We show that assumptions (A1)-(A4) hold for Si(i, u, v) and (i, u, v) defined above.
Below, ¢ and J are held fixed, so that for simplicity of notation we shall writeg' instead of ' (¢, ¢(J)).
Let n > my(e,¢(J)), thenforal i € J,

|SE.|'(i,U,V)—S(i,U,V)| S 62 p(i,U,V,j) |SE.|'(]-,U,V)—S(J-,U,V)|

Jelgl

+ 422 p,uv)1S6,uv) - SG,u V)l (15)

jel g

Note that for any statej, |Si(j, u, v)| < M/(1— ), and [S(j, u, V)| < M/(1 — 3). Hence by (13),
(15) and (B2) we obtain:

|SE.|'(i,U,V) - S(i,U,V)|

13



2M3
1-—

IA

B3 P uv) [5G, u V) = SGu V)| +c

]elgl

IA

2M3

6{2?; |SE.|'(]-,U,V)—S(J—,U,V)|+61 6

IA

6max {ﬂ Z p(j,U,V,g) |SE1-(€’U’V)_S(€’U’V)|

]elgl felgz

+6 Z p(j,U,V,ﬁ) |S:1|-(€,U,V) - S(K’U’V)} + ﬁfl\—n%
¢l o

M 2Mp
1-3 ‘1-5

IA

(16)

62 miax |SE1-(€’U’V) - S(K,U,V)| te
tel

IA

k—1
Amax |SH(l,u,v) — S, u, V)| + 2¢ '\fﬂ S5
felgk 1 ﬂ /=0

The first inequality follows by (13) sincen > my > g' and sincei € J C lo. Similarly, (16)

followsby (13) sincen > m > g? and since € 1 4. So we have:

B — A9l B) + 5

1S, uY) — S, uv)| < 2M - (17)
Hence, (A1) and (A2) hold true, (where as (A3)-(A4) are established in Remark 3.1). g
Combining (17) with Remark 2.2 yields:
Corollary 4.1 For anyi € J, if nischosen such that n > my(e, ¢(J)), then
R — Ri)| < 2w /A= A=)+ 7 18)

1-p

In the previous Theorem, the sets {I ,} where given apriory. Next we consider a specia choice
of {I,}, that will be especially useful under assumption (B3), for afinite set J. This construction

14



will enable usto expressin asmple way the set |, needed in (10) in order to approximate R by R,
with agiven error. Thisis especialy desirable when it is not easy to compute my(e, (J)) (and thus
Corollary 4.1 can not be used).

Let J be agiven set (for which we would like to get a computable uniform bound on the error
of the approximation), and set Y(i) = {j : p(i,u,Vv,j) > 0for someu,v}. Then we definel, in the
following way:

lo = J, lner = U Y@ U (19)

icl,

Remark 4.2 Note that if J isfinite and if (B3) holds, then all sets |, are finite. This construction
might be especially useful if the number of states reachable from any given state is small. In that
case |, do not grow too quickly.

We now consider (i, u, v) asthesolution of (11) with| , defined in (19). We havethat thefollowing
theorem (the analogous of (4.1)) holds:

Theorem 4.2 (i) Fix a statei € J. Then all statements of Theorem 2.1 hold for approximating
schemel, wherethereward Sof l[imit game Gisdefined in (5) and thereward S, for the approximating
game G, isthe solution of (11) with I, defined in (19).

(i) Foranyi ¢ Jandn=0,1,..., |R,(i) — R(i)| < 2M3"(1 - 3).

Proof. It sufficesto prove that (A1) and (A2) are satisfied. Leti € J, then:

ISi(i,u ) = Si,uv) < B> pli,u v j)ISGLuv) = SG,u V)|

IS (0]

< ﬂm?X|&G,u,V)—S(j,u,V)|
Jel

< BZmax > p(,u v, K)[Si(k u,v) — K, U, V)|
jels keY(j)

15



< B max (S, uY) — G,u)| < 290
jieln 1-3

(ii) then followsfrom Remark 2.2. g

As suggested in Remark 4.2, the above method is useful especially when the approximating
games have finite states (i.e. |, arefinite) and the typical number of states (neighbors) reachable
from a state is not too high. If, however, the typical number of neighbors is high, then the sets
| » become large very rapidly, which suggests that obtaining good estimates of optimal value and
policies might require an unexceptably high complexity of computations. We thus present an
alternative more general way of constructing finite sets|,, (even when (B3) does not hold), which
will result in a ssimple expression for my(e, ¢(J)), and will thus enable to make use of Corollary 4.1
to obtain uniform computable error bound for the approximation for any i € J.

We define a parametrized family {1,(¢)}, where ¢ is a positive real number. Define o(c) = J.
{In(¢)} are then chosen to be an arbitrary sequence increasing to | that satisfies the following. If

for somel >0, say | =1,

sup > pli,abj) <e
a,b,ie||(€)j€||(€)

then 1,(¢) = | for al n> 1. Otherwize, 1+, is chosen such that

sup > pi,abj)<e

abiel (o) jel (o)

It follows that ¢(J) = 0, ¢° = 0, and hence g* = k and m(c, ¢(J)) = g* = k for k < i. (The above
guantities were defined in the proof of Theorem 4.1). If J isfinite then it follows from the same

arguments as in Remark 4.1 that | ,(¢) can be chosen to be finite for n < | and hence in particular
I;(¢), which isthe truncated state space that should be used to perform Approximation Schemel in
order to obtain aprecision asin Corollary 4.1.

In this setting, Theorem 4.2 (ii) becomes a special case of Corollary 4.1 with¢ = 0.
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4.2 Approximation Schemell

Inthe previousapproximation scheme, thedynamicsare seento bearesult of transition probabilities
that need not sumto one, evenif inthelimit gamethey dosumtoone. Indeed, (10) can beconsidered
as a stochastic game where we set p(i,u,v,j) = 0 forj ¢ 1,. In many applications this may be
undesirable, and one would like p(i, u, Vv, ) to remain a probability measure. This is especially
the case when we want to learn about the optimal value and (almost) optimal policies for specific
given stochastic gameswith large finite state space, by approximating them through an infinite state
game. Indeed, there are cases where one can solve easier an infinite game, since some boundary
problems are avoided. Examples are given in Section 8.

We assume that Zjd p(i,a b,j) =1foral a € Aj,b € B;. We define the following sequence of

games. Welet |, C | beanincreasing sequence of sets, convergingto |, asin the previous Section.
Define

o foruv) + 85 P u v EG) i ey
(HES) (')‘{ 0 J ifidl, (20)
where:
PGV + U v,]) iFi € T € T
p("“"’")‘{ 0 ifi¢ I 0rjél, (21)

On(i, u, Vv, ) is some non negative measure satisfying Zjd ) p(i,u,v,j) + gn(i,u,v,j) = 1. Hence,

Z qn(i’ U,V,j) = Z p(l’ U,V,j) (22)

jieln jeln
We define $ to be the solution of
(H2,f) () =) (23)

F is thus the total discounted payoff (defined in (5)) for the stochastic game whose transition
probabilities are p* instead of p.

All theresults of Subsection 4.1 still hold. We demonstrate this with the proof of the analogue
of Theorem 4.1. It suffices to show that (A1)-(A2) hold. With the same notation asin Subsection
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4.1 we obtain:
|S§(i,U,V)—S(i,U,V)|
S 6 Z p(i,U,V,j) |S%G,U,V)—S(j,U,V)| +ﬂ Z q(i,U,V,j) |S%(j,U,V) —S(j,U,V)|

jel g jel g

+6 Z p(i,U,V,j) |S§(j,U,V) —S(j,U,V)|

jélgl
and by (22)
|G, u,v) — S, u, V)|
< By p6L,u V) SG U V) — SGuv)|+28 S p,u ) 156, u,v) — SG,u, V)|
jel g o
< 0 2 pluv) S0.uY) - G u) +2612“_Wﬂ
jEIgl
So continuing as in the proof of theorem 4.1 we have:
— k6 . K
86, uv) — SG.uy)| < w22 )1(%(1 B)+ 4 (24)

for n > me(e, (J)).

4.3 Approximation Schemelll

The basic idea of the approximation scheme is to fix some stationary policies for both players,
and use them in all states except for a subset 1,. The problem is then of determining the optimal
mixed strategies for both players in the remaining set of states|,. We are interested in studying
the asymptotic behavior of thisapproach asl, — |. Similar approaches were used in aframework
of Markov decision processes (e.g. [1]), where |, were assumed finite. We first fix some arbitrary
policiesti € U, Vv € V. We shall now use the framework of Theorem 2.1. Define

Un={ucU:ui)=06), Vi ¢ 1),  Va={veV:vi)=ui), Vil
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Fix somei € |. Thelimit game isdefined as Ju, v) = i, u, V), where i, u, V) isgivenin (5). For

any u € U,V € V,, define $,(u,v) = Ju,v) We set 71 and =2 to be the identity mappings and

ui ifiel,, v(i) ifi el

oa(u)(i) = { oa(v)(i) = {

a) i 1 Vi) ifid 1.

Theorem 4.3 Fixastatei. Then
(i) All statements of Theorem 2.1 hold for approximating scheme l11.

(i) R, isthe unique fixed point of the equation

val [r(k,a,b) + 35| p(k,a,b,j)R(j)] kel
Ra(k) = (25)
r(k’U’\A/)-*_ﬂZjel p(k’U’V’J)Rn(J) k¢ In

(iii) Optimal stationary policiesu, and v, for both players are obtained by using at any statek < |,
mixed strategies that achieve the value in (25).

The proof of thistheoremis similar to the proof of theorem 4.1.

5 Stateapproximationsfor the case of finite horizon
Consider the model in Section 3 with, however, afinite horizon reward criterion instead of (5):
g™ =B Al AL B (26)
t=0

Itiswell knownthat thereexist optimal policiesfor both playerswithin the class of Markov policies.

The value R of S™ is obtained by the recursion:

R € 9 (27)
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R ¥ val

r(i,u,v)+ﬁ2p(i,u,v,j)Rk+1(j)] , k=0,..m

jel
R¥ R

Define U[m] = (U°[m], U[m],..., U™[m]), V[m] = (VO[m], Vi[m],...,V™[m]) where UX[m], VK[m]
are the set of mixed strategies which are optimal for the matrix game

r(i,ab)+ 3> pi,a, b,j)Rk"l(j)] , k=0,..,m (28)
ab

jel
forali e |. Then, any Markov policies (u, V) such that u, € Ut, vy € V!, t =0,...,m, are optimal
for the stochastic game S™.

In order to apply the results from Section 4 to the finite horizon case we make the following
observation. The finite horizon model is equivalent to the following infinite horizon model with
enlarged state space:

o 1 =1x{0,.,m;

A(i,k) =A, B(i,k) =B;j;

f((i,k),ab) =r(i,a,b),

p(i,ab,j) ifk+l=1<m

p((i,k),a,b,(,1)) ={

0 otherwize

:Q-‘(i’ U,\?) = ETG'V Z ﬂtr(itaAﬁ B[)
t=0
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Thereisaoneto one correspondence between stationary policiesin the new model and Markov
policiesin the original one; if U, V are stationary in the new model, then the corresponding Markov
policiesin the origina model are given by

W (e[X) = U(e|(x, 1)), Vi(e[X) = U(e[(x, 1)). (29)

and vice versa. Moreover, we have
g"(u,v) = Y, 7)
Consequently, the state approximation schemes from the previous section aso hold for the case of

finite horizon model. The computation of the (approximating) values and (almost) optimal policies
can be done by using the above infinite horizon model with enlarged state space, and then applying

(29). |, may be chosen, for example, asi, = I, x {0, ...,m}.

6 Successive approximations

We study in this section several new aspects of successive approximations. The convergence of
the value of successive approximation is already well known, [20, 18, 26]. By applying Theorem
2.1, we establish in the following subsection, the convergence of (almost) optimal policies. We
then study the application of both state approximation and finite horizon approximation. Finally
we discuss the restriction of games with finite horizon to stationary policies.

6.1 Convergence of policiesfor successive approximations

An interesting application of the results in the previous subsections, is the observation that succes-
sive approximations (or value iteration) can be viewed as a special case of state approximations.
One can define game G, such that S, = S", where S" is given in (26), and consider S as defined
in (5). Let u; and v;; be a pair of optimal (or e,-optimal, where lim,_ ., ¢, = 0) Markov policies
for G,. Let u* and v* be any c-optimal stationary (or Markov) policies for the infinite horizon
game S If we use for both G, and G the equivalent infinite horizon model with the enlarged state
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space defined in Section 5, then uy, vi;, u* and v* all have an equival ent representation as stationary
policies. The problem becomes one of approximating the state spacel” = (I x IN) by the subsets
17 =(I x{0,1,...,n}). Using then Theorems 2.1 and 4.1, we conclude:

Theorem 6.1 (i) lim_.. R, =R

(2) For any ¢’ > ¢, there exists N such that U, (resp. ;) is ¢-optimal for the infinite horizon game,
for all n > N.

(3) Letu € U (resp. v € V) bealimit point of uy; (resp. vi;). Then u (resp. V) is e-optimal for the
limit game.

(4) For all ¢ > ¢, there exists N(¢’) such that u* is ¢ -optimal for the nth approximating game, for
all n > N(¢').

6.2 Successive approximation and finite state approximation

We use the above approach to combine state approximations with finite horizon reward criterion.
Such a combination may be especially useful for computational purposes, where |, can be chosen
to be finite. We can now compute R, and (Markov) policies which are optimal for G,, using
approximating schemes introduced in the previous Sections, in order to approximate the optimal
value R and an almost optimal strategy for the original limit game G. Let againl, C | be an
increasing sequence of sets of states, converging tol. One can repeat the construction of a model
with enlarged state space (that includes, both the original state space and thetime), so that, the state

space for the nth game G, isi, = (I, x {0, 1, ...,n}), and for the limit game G, itisi = (I x IN).
This would establish the correctness of approximations based on value iteration for a problem
with truncated state space. For example, if we adapt the first approach in Section 4, we get the
approximating values R, and Markov policies by performing the following iterations:

R0 € 0

() © {val r(i.ab)+ 35, pli.abj)RG)| ifiel, k=0

0 ifidl,
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Ri € R

Define U, = (U%, UL, ..., UM, Vo[m] = (VO, V3, ..., V") where UK, VK are the set of mixed strategies

n “n’ n» °n

which are optimal for the matrix game

val |r(i,a,b)+3>  p(i,a b, ))RE() k=0,..m (30)

jel” ab

forany i € I,. Then, any Markov policies (u,V) suchthat u; € U, vy € V!, t=0,...,m, are optimal
for the stochastic game G,,.

6.3 Finitehorizon and stationary policies

For smplicity of implementation, one may beinterested to restrict to the class of stationary policies
in a stochastic game, rather than use Markovian policies (or others). It is well known, however,
that finite horizon games do not have a value within the class of stationary policies. However, it
isimmediate to see that the conditions (A1)-(A4) hold when restricting to stationary policies, and
thus we conclude from Theorem 2.1 that the optimal stationary policies for both players converge
(inthe sense of Theorem 2.1 (3)) to the strongly-optimal policy of theinfinite horizon game, asthe
horizon goes to infinity. Moreover, the lower and upper values converge to the value of the infinite
horizon game.

7 Convergence of the discount factor and immediatereward

We establish in this section the robustness of valuesand optimal policieswith respect to the discount
factor and immediate reward. This may be of importance in case that these parameters are not
known precisely. One can similarly establish robustness for random time-varying discount factor
and immediate reward. We consider a horizon m which may be either infinite or finite.
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We consider a sequence of stochastic games G, n = 0,1, 2, ... where the quantities defining
each one of them are as in Section 3, except for the immediate reward and discount factor which
arereplaced by 5, = 3 + én, 'n =1 + pp, Where 6, and p, convergeto zero asn — oo, uniformly in
the states and actions. Denote by S,(i, u, v) the reward for game G, (as defined either in (5) or in
(26)). Then

S, u,v) — Su(i,u, V)|

< BV (B'pn(lt A Bu )] +[[8° = (B + 60)1IM + (8 + 60) (1, A, Br)))
t=0

and we obtain convergence to zero uniformly over all Markovian policies u and v (to which we
may restrict, without loss of generality, as in Section 5). This implies conditions (A1) and (A2)
and hence, by Remark 3.1, we see that al statements of Theorem 2.1 hold. This establishes
the continuity of the value of the stochastic game as a function of the discount factor 5 in the
open interva 5 € (0,1), and as a function of the immediate reward. Moreover, it establishes the
convergence of (almost) optimal policies (in the sense of Theorem 2.1).

A specidly interesting case is the asymptotics of stochastic games as 5 — 1. We restrict
for smplicity to the case of finite state and action spaces. The asymptotic behavior of the value
of the game was studied by Bewley and Kohlberg [8]. In fact they establish the convergence of
(1 — B)Rs(i) to the value Raverage Of the expected long run time-average game (where Rs(i) is the
value of the game with discount factor 4 and initial statei).

When trying to apply the approximating theorem 2.1 to the limit as 7 — 1, we are faced with
the following problems:
(i) The limit game does not have a value among the stationary (nor even the Markov) policies (see
the “big match" by Blackwell and Ferguson [9]).
(if) The value of the limit game (with the expected average reward) isin general not continuousin
the policies (and thus assumptions (A3) and (A4) do not hold in general). Thisisthe case even for
asingle controller, for which it isknown that the value may exhibit discontinuity in the parameters
(see Gaitsgory and Pervozvanskii [13] p. 407).
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However, both problems are avoided in case that we restrict to either games with perfect
information or to irreducible games (see Gillette [ 14]). Games with perfect information (resp. irre-
ducible games) have a saddle point within the class of stationary deterministic policies (stationary
mixed policies, respectively), and (A1) and (A2) hold, see [14]. Within these classes of policies,
(A3) and (A4) aso hold; indeed, for the perfect information case this follows from the fact that
there is only a finite number of stationary deterministic policies. For the irreducible case, this
followseg. from[2].

8 Applications

We present in this Section a few problems that motivated our research on approximations in
stochastic games. As mentioned in the introduction, many discretization schemes of differential
games yield dynamic programming that can be interpreted as representing some stochastic game.
In some pursuit evasion games, such as the game of the two cars [22], an additional finite-state
approximation isthen required. The calculationsin [22] was done following scheme | (introduced
in Subsection 4.1). The state transition in the discretized model satisfied property (B3), and, in
fact, each state had at most four neighbors (i.e. four statesreachablein onetransition). Thisfeature
motivatesthe use of Theorem 4.2 for such applications, which not only establishesthe convergence,
but also gives the rate of convergence (or, more precisely, enables to compute n for obtaining any
required precision).

Another application of the theory we developed in previous sections are stochastic games
appearing in queueing systems. Such problems may serve as model for situations of conflicts
between users in telecommunication systems, or for worst-case control situation in presence of
some unknown disturbance (in production systems, or again in telecommunications applications).
An interesting feature in the control of queueing networksisthat often, infinite queues are easier to
handl e than finite queues, as some boundary problems are avoided. Moreover, the optimal policies
for infinite horizon problems, being stationary, are easier to implement than those for finite horizon
problems. Inreal applications, however, queues are awaysfinite; moreover, oneis often interested
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in finite horizon problems (e.g., controlling manufacturing during working hours, etc). Our results
may thus be applied to obtain amost optimal policies for these cases. Here are some examples:

(i) Altman considered in [3] a stochastic game with an infinite state space in order to solve a flow
control problem with an infinite buffer. The solution of the problem with afinite buffer [4] seems
more involved, and was only obtained under an important restriction on the actions of the flow
controller (namely, it had to contain an action that corresponds to rejection of arriving customers).
(it) Altman and Kool e[ 5] solved agamewhere one or more servers haveto be assigned to customers
of different classes. In atelecommunication context, the different classes may represent different
traffic types, such asvoice, video and data, and the servers may represent a channel, through which

the traffic hasto be transmitted. A controller hasto decide acustomer of which class will be served
next (which traffic will have access to the channel). The input traffic was assumed to be controlled

aswell, e.g. it may have been the output of some dynamic routing mechanism or dynamic flow
control. The problem was posed as a zero-sum stochastic game between the service controller and
“nature" which represented the unknown input control mechanism. Simple structural results were
obtained for the case of infinite queues. In the case of finite queues, the structure of optimal policies
is unknown, even in the case of uncontrolled input. By applying our second state approximation
scheme, it follows that the policies obtained for the problem of infinite queues are almost optimal
for the case of finite queues which are large enough.

9 Further Generalizations

Although we considered in this paper bounded reward, it is well known that different sets of
conditions exist for which problems with unbounded reward can be transformed into ones with
bounded reward. Such transformations have been used in the past for finite state approximations
of Markov Decision Processes, see White [29]. The generalization of such conditionsto gamesare
straightforward (see e.g. Wessels [27]).

There are many other useful directions where the general approximation Theorems are appli-
cable, on which we continue our investigation. Among these are
(i) Differential games, in which a standard problem is to discretize both space and time. Several
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works have been done in this direction, see [6, 7, 21, 22, 24], where the convergence (and rate of
convergence, see [21]) of the values of the approximating games have been established. However,
little is known about the convergence of policies. Theorem 2.1 seems to be a suitable tool for
approaching these issues.

(ii) Discretization of stochastic games with general state and action spaces. Some results were
obtained in the case of a single controller, see Sec. 6 of Hernandez-Lerma and references therein.
Further results for stochastic games on the convergence of the value and some results on con-
vergence of policies were obtained by Whitt [30], and then generalized to N person games in
[31].
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