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Abstract

In this paper we provide an overview of the methods of analysis and results obtained,

and, most important, an assessment of the success of rational learning dynamics in tying
down limit beliefs and limit behavior. We illustrate the features common to rational or

Bayesian learning in single agent, game theoretic and equilibrium frameworks. We show

that rational learing is possible in each of these environments. The issue is not in whether

rational learning can occur, but in what results it produces. If we assume a natural complex

parameterization of the choice environment all we know is the rational learner believes that
his posteriors will converge somewhere with prior probability one. Alternatively, if we, the

modelers, assume the simple parameterization of the choice environment that is necessary

to obtain positive results we are closing our models in the ad hoc fashion that rational
learning was inroduced to avoid. We believe that a partial resolution of this conundrum
is to pay more attention to how learning interacts with other dynamic forces. We show
that in a simple economy, the forces of market selection can yield convergence to rational
expectations equilibria even without every agent behaving as a rational learner.
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He that knew all that ever learning writ,

Knew only this|that he knew nothing yet.
Mrs. Aphra Behn
The Empress of the Moon,/ I.iii

1. Introduction

The issue of expectation determination arises very naturally in economies with a sequence

of spot markets and incomplete futures markets. In such economies, individuals must fore-

cast future prices in order to make decisions about current consumption and investment.

Absent any structure on expectations, there is little to be said about equilibria at any

date; they may even fail to exist. Roy Radner's (1972) seminal treatment of economies
with a sequence of incomplete markets, �xed expectations by requiring that agents hold
common price expectations and that their plans be consistent. Their expectations are thus
\self-ful�lling" or \rational". The term \self-ful�lling" is particularly apt because it em-
phasizes that the actual sequence of prices is determined by the expectations agents use.
The speci�cation of a \self-ful�lling" model is endogenously determined. Radner shows
that such equilibria exist. But it is not at all clear how these equilibria can be achieved
when market participants may initially hold very diverse expectations.

Radner's (1972) model was concerned with economies in which all market participants
have access to the same information. Radner also pioneered the study of competitive
equilibrium when market participants are asymmetrically informed. In these economies,
each trader must infer other traders' information from the market price and his own private
information. To conduct the inference, each trader must have a model of the relationship
between private information and prices. Again the equilibrium concept involves inference
with \self-ful�lling" models. Radner (1979) demonstrates the existence of equilibrium
with self-ful�lling, or rational expectations. Again, given the delicate structure of the
equilibrium, the question of how such equilibria can be realized begs for an answer.

The subsequent literature has addressed the problem of equilibrium attainment, learn-

ing rational expectations, in two distinct ways. One approach directly postulates hypothe-
ses about the learning model, and the goal of this approach is to identify those learning
behaviors which lead to rational expectations. This the literature dismissively refers to as

ad hoc/ learning. The second approach derives learning behavior from preferences. Specif-
ically, if a market participant is an expected utility maximizer, then, as a consequence of
this assumption, beliefs must be revised in light of new information according to Bayes
rule. Because Bayesian learning is a consequence of assumptions about preferences, it is

frequently referred to as rational learning./ We will follow this practice, but the reader
should keep in mind that there is nothing necessarily irrational about ad hoc/ learning.
To label non-Bayesian learning as irrational is to invest the Savage axioms with normative

content that most economists would reject.
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Game theory presents learning issues similar to the issues of expectation formation in

economies with a sequence of incomplete markets and markets with di�erentially informed
traders. In games with incomplete information, a (Bayes-Nash) equilibrium implies that,

throughout the course of play, players will be learning. But many di�erent structures of

beliefs will be consistent with many, distinctly di�erent equilibria. Jordan (1991a, 1991b)

investigates the equilibrium behavior of in�nitely repeated games. He demonstrates how
the e�ects of learning force a relationship between limit beliefs in such a game and the

equilibria of complete information versions of the game. Kalai and Lehrer (1992a) and

Nyarko (1991,1992) ask whether players can learn their way to a Nash equilibrium when

they do not necessarily start in a Bayes-Nash equilibrium. In di�erent, but related, models

they both provide positive answers. The issues that arise in this literature are essentially
the same as those which arise in the microeconomic rational expectations literature.

In this paper our goal is not to survey the work on equilibrium under uncertainty or on
the existence of rational expectations equilibrium, nor even to survey all the recent work
on rational learning.1 Instead, our goal is to provide an overview of the methods of analysis
and results obtained, and, most important, an assessment of the success of rational learning
dynamics in tying down limit beliefs and limit behavior in game theoretic and economic
equilibrium models. We illustrate the features common to rational or Bayesian learning in
single agent, game theoretic and equilibrium frameworks. We show that rational learing is
possible in each of these environments. The issue is not in whether rational learning can
occur, but in what results it produces. If we assume a natural complex parameterization of
the choice environment all we know is the rational learner believes that his posteriors will
converge somewhere with prior probability one. Alternatively, if we, the modelers, assume
the simple parameterization of the choice environment that is necessary to obtain positive
results we are closing our models in the ad hoc fashion that rational learning was inroduced
to avoid. We believe that a partial resolution of this conundrum is to pay more attention
to how learning interacts with other dynamic forces. We show that in a simple economy,
the forces of market selection can yield convergence to rational expectations equilibria even
without every agent behaving as a rational learner.

In the next section we discuss learning in the context of a single-agent decision prob-
lem. Along the way we introduce some of the tools that have proven useful in the analysis

of learning dynamics. Section 3 discusses the role of learning in the analysis of repeated
games, and Section 4 discusses learning in general equilibrium models. In Section 5 we
discuss the robustness of learning in equilibrium models. Our conclusions about what
we have learned from the learning literature and what we need to learn are contained in

1 Blume, Bray and Easley (1982) provide a survey of learning in economies with dif-

ferential information, Blume and Easley (1993) provide a partial survey of the recent
work on learning in games and Jordan (1992) provides an exposition of recent results

on Bayesian learning in games and a non-Bayesian interpretation of some of these
results.
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Section 6.

2. Learning Dynamics

The rational learning literature takes o� from the analysis of Bayesian decision problems.

Here we establish the basic results for the single-agent learning problem. The problem

fundamental to the statistical literature is consistency./ That is, will a decision maker
ultimately learn the truth? We will introduce another problem which is important for

equilibrium dynamics: The prediction problem./ That is, does the prediction of the future

path of the process given its history through date t converge to the correct conditional

distribution as t grows. We will see that the relationship between consistency and the
prediction problem is not as straightforward as it might seem. In this section we discuss

the dynamics of Bayesian posterior beief revision and the problems of consistency and

prediction. We then describe a canonical decision problem, and discuss the problem of
incomplete learning in some examples.

2.1. The Dynamics of Posterior Revision

Bayesian posterior revision works on a set of sample histories H =
Q1

t=1Ht, where Ht

is the set of possible observations at time t, a set of parameters �, and for each � 2 �
a probability measure �� on H. We assume that � and each Ht are Polish (coomplete,
seperable metric) spaces. We let S denote the product �-�eld of subsets of H derived
from the Borel �-�elds on each Ht, and we assume that for each event S 2 S, the map
� 7! ��(S) is Borel measureable.

The Bayesian \learner" begins with a prior distribution � on �. Corresponding to
each prior � is the (unique) joint distribution �� on � �H such that for any set A � B

with A a measurable subset of � and B 2 S,

��(A �B) =

Z
A

��(B)d�(�):

Just as � is the marginal distribution of �� on �, let �� denote the marginal distribution

of �� on H.

Posterior beliefs are just conditional distributions derived from ��. Let H
T = H1 �

� � � �HT denote the set of possible observations through time T . Given a measurable set
BT

� HT , the date T +1 posterior distribution assigns to each measurable subset A of �
the conditional probability:

�T+1(A jB
T ) = ��(A �H jBT

�

1Y
t=T+1

Ht);

= Ef1A�H jB
T
�

1Y
t=T+1

Htg;
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where E is the expectation operator with respect to �� and 1A�H is the indicator function

of A�H on ��H.

There are two key results on the consistency of Bayes learning, both essentially due

to Doob (1949):

Theorem 2.1: Given any prior belief � on �, posterior beliefs converge �-almost surely.

This is to say, for �-almost all �, the posterior beliefs �T+1(� j h1; : : : ; hT ) converge in

the weak convergence topology with ��-probability 1. In other words, for most parameter

values � conceivable from the ex-ante point of view of the learner, for almost all possi-
ble realizations of the data, posterior beliefs will converge somewhere. This result is an

immediate consequence of the martingale convergence theorem.

Theorem 2.1 does not imply learning. Limit posterior beliefs may not be correct. It
may not be the case that for �-almost all �, posterior beliefs converge ��-almost surely to
point mass at �, ��. The second result is:

Theorem 2.2: If for �-almost all �, the measures �� on H are mutually singular, then
for �-almost all �, posterior beliefs will ��-almost always converge to ��.

In this case, Bayes learning is said to be consistent.

The condition that the measures �� be mutually singular seems very strong, but in
fact is true in many conventional statistics problems. Consider, for example, learning the
mean � of a normal random variate from independent draws. Let xt denote the outcome
of the t'th draw. According to the strong law of large numbers, the support of each �� the
induced measure on the in�nite product space, is almost surely contained in the set of all
sample paths whose sample means converge to �:

lim
T!1

1

T

TX
t=1

xt = �:

Thus the intersection of the supports of any two distinct parameters � and �0 has measure

0 according to both �� and ��0 .

A slightly more useful result for our purposes will account for the fact that the mea-
sures �� may not all be mutually singular. Let A be a Borel subset of �, and let HA

denote the subset of paths h 2 H such that h is not in supp�� for any � 2 A. It is easy
to see that HA is a Borel set.

Corollary 2.1: For ��-almost all h 2 HA, the posterior probability �T+1(A jh1; : : : ; hT )

converges to 0.
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There is one important issue here which we have avoided. The notion of \almost sure"

for parameters is from the point of view of the individual, and not necessarily from the point
of view of the modeler. Non-pathological examples are known in which the exceptional

sets are very large from some other, say topological point of view. Thus, one would like to

show that Bayes learning is \uniformly consistent" if posterior beliefs converge uniformly

across � 2 � to �� with probability 1. One approach to this problem is introduced in
Schwartz (1965) and extended in Barron (1989).

These learning results ensure that individuals will almost surely learn parameters, but

they do not ensure that conditional beliefs about the future given the past are converging

to correct conditional beliefs. The distinction between knowledge of a stochastic process
and forecasts of its subsequent sample paths is most important in learning to play a Nash

equilibrium. Individuals will learn strategies, but they may not learn how their opponents

are going to play. Before we illustrate this point in a game theoretic context, we examine
it in some simple estimation examples.

Example 2.0: Let eachHt = f0; 1g, so thatH is the set of all possible sequences of 0's and
1's. Let � = fp;qg. The elements of � are sequences of probabilities: p = (p1;p2; : : :)
and q = (q1;q2; : : :). The draws of 0's and 1's are independent over time, and either
the draw at each time t gives 1 with probability pt, or at each time t the probability of 1
is qt. Suppose that all the pt's and qt's are uniformly bounded away from 0 and 1. Let
us also suppose that p is the \true" distribution of the process. Suppose the decision-
maker's job is to estimate �. A necessary and su�cient condition for Bayes estimates
of � to be consistent is that the sum

1X
t=1

�
pt log

�
pt

qt

�
+ (1 � pt) log

�
1� pt

1� qt

��

diverge. On the other hand, suppose the decision-maker's job is to predict, at each time
t, the probability that ht+1 = 1. The optimal prediction is pt+1 or qt+1, depending
on whether � is p or q. If the condition for consistency is satis�ed, then posterior

beliefs will converge to point mass on p (q) p-almost surely (q-almost surely), and so
the prediction at time t will almost surely converge to pt+1 (qt+1). If the consistency
condition fails, then pt+1 � qt+1 is converging to 0, so again the prediction will almost

surely converge to the correct conditional distribution, even though the decision-maker

never learns �.

In the previous example it was possible to forecast without learning the parameter. In the

next two examples, parameter estimation is consistent but forecasting becomes hard. The
�rst is similar to an example found in Kalai and Lehrer (1991).

Example 2.0: Let each Ht = f0; 1g, so that H is the set of all sequences of 0's and 1's.
Let � index the set of all point masses on the elements of H. In other words, � = H,
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and �� is a point mass on the sequence �. Let p be a number between 0 and 1. Let the

prior distribution �p be that distribution on H which is derived from independent and
identically distributed draws from each Ht which assign probability p to 0 at each date

t.

Obviously the distributions �� on H are all singular with respect to each other. We

conclude from Theorem 2.2 that for almost all � in the support of �p, posterior beliefs
converge almost surely to ��. But the conditional distribution of (xT+1;xT+2; :::) given

(h1; :::; hT ) never changes with respect to T . It is always that derived from i.i.d. draws

of 0's and 1's which assign probability p to 0.

In this example, learning about � does take place, but after time T all the observer has

learned about � is its �rst T components. And given his beliefs, he can infer nothing about

the behavior of subsequent components of � from those he already knows. As contrived as

this example may seem, this is exactly the root of the problem of convergence to Nash-like
play in in�nitely repeated games.

Here is another example, which, in Section 3, we will put in a game-theoretic setting.
Here learning occurs, but forecasting becomes increasingly di�cult over time because the
sensitivity of the forecast to the parameter grows at a rate faster than that at which
learning occurs.

Example 2.0: A deterministic system on the unit interval I evolves according to the \tent
map" dynamic:

f(x) =

�
2x if 0 � x � 1=2;
2� 2x if 1=2 � x � 1.

The initial position x0 of the process is unknown. A Bayesian decision-maker will
estimate the location of xT+1 given information on the sequence x0; :::; xT . He will be
told at the beginning of stage T +1 in which half of the unit interval xT is to be found:
The upper interval U = (1=2; 1], or the lower D = [0; 1=2]. Thus each Ht = fD;Ug. His
information begins at stage 0. At the beginning of stage T + 1, before xT+1 is realized,
the decision-maker is asked to guess its coming location. In other words, after observing

HT he must forecast hT+1.

The observations available at the beginning of date T + 1 describe an interval of width
2�T , and so Bayes estimates of x0 are consistent. Let prior beliefs have density with
respect to Lebesgue measure given by �0(x), with c.d.f. �0(x). For �0�almost all

initial positions x0, the posterior predicted distribution of xT+1 given the observations

available at the beginning of date T+1 converges to the uniform distribution on the unit
interval, and the probability that hT+1 = D given previous history converges almost
surely to 1/2 (see Blume and Easley (1993) for a proof). The decision-maker has ever-

increasing knowledge of x0, but the residual uncertainty is so magni�ed by the chaotic

dynamics that predicting the location of the forthcoming state is increasingly di�cult.
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When is prediction possible? Given the prior predicted probability distribution on sample

paths, ��, let �
T (� jhT ) denote the conditional probability of the future given the past |

a probability distribution on
Q1

t=T+1Ht.

Theorem 2.3: Let C� = f� : �� � ��g. For all � 2 C� , �
T
� and �T� converge together in

variation norm for ��-almost all sample paths.

The requirement of absolute continuity is very strong, since it is on the entire space of

paths and not on any �nite partial histories. This Theorem excludes, for instance, the case

of i.i.d. coin 
ips where the prior � on the parameter is absolutely continuous with respect

to Lebesgue measure. An important case where the Theorem does apply is the case where
� has �nite suport. We emphasize that this absolute continuity condition is a su�cient/

condition. It is easy to construct examples where the convergence of posterior predictive

distributions is assured yet the condition of the Theorem are violated. This Theorem is an
immediate consequence of the main theorem in Blackwell and Dubins (1962), which itself
is a consequence of the Radon-Nikodym and Martingale Convergence Theorems.

2.2. Bayesian Decision Problems

Now that we have the basic results on learning from an exogenous data process we consider
environments where the data process is partially under the control of a decision-maker. To
illustrate the common elements in the literature we build a general decision model with
learning and then specialize it to various problems.

At each date t the decision-maker chooses an action xt 2 X. After choosing xt he
observes yt 2 Y which has a distribution conditional on the history prior to date t, his
current action xt and parameter �. This distribution is described by ��( � jxt; h1; : : : ; ht�1),
where h� = (x� ; y� ). Finally, he receives a reward rt 2 R which is a function of history,
the observation and the action: rt = u(xt; yt; h1; : : : ; ht�1).

In this framework the set of observations possible at time t is Ht = X � Y . As before
the set of sample histories is H =

Q1

t=1Ht and the set of partial histories to date t is
Ht = H1� : : :�Ht. The decision-maker's history dependent plan of action is described by
a policy � = (�1; �2; : : :); i.e. a sequence of Borel-measurable functions �t : H

t�1
! P (X),

mapping partial histories into probability distributions on actions.

For each policy � and parameter � the probability ��;� on histories describing the data
process is given by the composition of the decision-maker's policy and the distribution �� of

observations. The decision-maker is assumed to have su�cient prior knowledge to calculate
��;� for each (�; �). In particular, he knows the map � 7! ��. Formally, this is an innocuous
assumption. But for results, it is not. Anything that the decision-maker is uncertain about
goes in � and he holds beliefs in the form of a prior probability distribution on �. The

decision-maker then, of course, knows how the system will evolve given any � and policy
�. But there is a potential problem with this assumption. Suppose the decision-maker
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knows the everything up to the speci�cation of a �nite, or an at most countable, number

of parameters, i.e. � is not just a �nite dimensional set, but a set with a �nite number
of elements. Then we can apply the theorms in Section 2.1 to obtain convergence and

predictions results. Frequently, however, we do not want to assume that the decision-

maker has so much prior knowledge about the environment. In many problems it is more

natural to assume that the decision-maker knows the environment up to the speci�cation of
a parameter from a �nite dimensional set. In this case beliefs about parameters converge,

but convergence of conditional beliefs to correct conditional beliefs is problematic. The

absolute continuity condition of Theorem 2.3 will not be satis�ed and Example 2.3 shows

how badly behaved predictions can be even in a one dimensional world. In other problems

we may want to allow � to be an in�nite dimensional space (say all probability measures on
a �nite dimensional set). This case is even more problematic as the exceptional sets (those

of prior measure zero) that we have ignored can be large. Feldman (1990) has built on

Freedman's (1965) analysis of the consistency of Bayes estimates to construct an example
of a bandit problem in which, for \most" prior beliefs (the complement of a �rst-category
set) Bayes estimates are not consistent.

The decision-maker's objective is to choose a policy � to maximize his expected dis-
counted reward

E�

�
E��;�f

1X
t=1

�t�1rtg
	
;

where 0 � � < 1 is the discount factor. This is now a conventional non-stationary dynamic
programming problem. Ignoring, for the moment, the question of existence of an optimal
policy, let us suppose that the decision-maker has selected policy ��. (On existence see
Hinderer (1970).) To address the question of rational learning in the single agent problem
we can now apply the results on Bayesian learning to see that beliefs converge almost
surely (with respect to the prior) and to check conditions for consistency. Alternatively,
in an equilibrium setting we need to solve the decision problem for each individual, �nd
equilibria and then apply the learning theorem. In the remainder of this section we will
brie
y discuss the single agent problem in order to illustrate the known results and some
issues. Learning in games and market economies will be discussed in the following sections.

2.3. The Single Agent Problem

The large literature on single agent problems with learning includes such diverse problems
as the classical multi-armed bandit problems, the behavior of monopolists and perfectly
competitive �rms in stochastic environments, and optimal stochastic growth. We will not

attempt to survey this literature. Instead, we will present one problem that illustrates the

basic results and points to the issues raised in the introduction about the sensitivity of
the results to the presence of intertemporal links other than belief revision. We build a
simple optimal growth model using the results of Easley and Kiefer (1988), Feldman and

McLennan (1989) and McLennan (1987). El-Gamal and Sundaram (1991) observed in a

similar model that including capital as an intertemporal link would simplify the analysis
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of asymptotic behavior of the system. Nyarko (1987) makes a similar observation in an

optimal control problem.

Let Y � R+ denote the set of potential outputs. In each period the decision-maker

observes the previous output y 2 Y , chooses the fraction � 2 [0; 1] of output to be con-

sumed and a labor input ` 2 L, a compact subset of R. The reward is then the utility

from consumption and leisure,

U(�; y; `) = u(�y) + v(`);

which is inceasing in consumption, �y, and decreasing in `. We assume that u( � ) and v( � )

are continuous and bounded.

That output not consumed, (1 � �)y, and labor, `, are used to produce new output
through a stochastic and partially unknown technology. The density of new output ~y

given investment (1 � �)y, labor ` and unknown parameter � 2 � is f(~y j (1 � �)y; `; �).
We assume that � = f�1; �2g, that f is continuous in all variables, and that for any
(1� �)y, `, and �, the support of f is all of Y .

The decision-maker does not know the value of �, instead he begins with prior beliefs
�0 on �, and learns over time. We exclude the degenerate cases where all prior mass is
concentrated on one parameter value.

This model is richer than the usual \learning model" in that two dynamical forces
are at work: Belief revision and capital accumulation. Before studying the model in full
generality, we consider the special case in which labor is the only productive input:

f( � j y; `; �) � f( � j y0 ; `; �) for all y; y0 2 Y:

We will simply write f( � j `; �) for the production function. In this case the agent should
consume all output in each period, and so the optimal consumption rate is � = 1. Despite
its triviality, think of this problem as an example of a Bayesian decision problem like that
described in the previous section, with parameter space �, action spaceX = L, observation
space Y and nonrandom reward u(y) + v(`). Now the only connection across periods is
through the decision-maker's beliefs, �T . He thus solves a dynamic programming problem

with state space P (�), the set of probability distributions on �.

Although the interpretation is di�erent, this problem is analogous to the monopolist

example studied in Easley and Kiefer (1988). With the standard assumptions made there
we know that there is an optimal (stationary and deterministic) policy, ��(�), describing
the labor choice for any prior and a convex/ value function V (�), describing the value of

the problem for any prior:

Theorem 2.4: (1) For any initial output y0, there is a unique, continuous and convex

solution V � : P (�)! R to the equation

V (�) = sup
�

E�

�
E�(�;�)f

1X
t=1

�t
�
u(yt�1) + v(`t)

�
g
	
;
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and the optimal policies are all characterized as those policies � which attain the sup.

(2) There is a stationary and deterministic policy �� : P (�)! L which is optimal.

The optimal policy correspondence is upper hemi-continuous in beliefs. At any date

the optimal action is selected to maximize the sum of reward and discounted expected

value. When this sum is concave in actions the optimal action correspondence is convex
valued. Normally in dynamic programming problems, one would make su�cient concavity

assumptions to insure that the expectation of the value funtion is concave in the action.

However, in learning problems the value function is convex in the state. 2 Thus in general

there is no way to generate a convex valued action correspondence.

An application of the Bayes learning results in Section 2:1 shows that beliefs converge

almost surely. The question is: Are limit beliefs consistent? The answer to this question

depends upon whether \confounding policies" exist. Confounding policies/ are policies

which are (a) optimal for the discount rate � = 0, and (b) such that for some �� in the
domain, the parameter � is not identi�ed:

�(��) = �̀;

f( � j �̀; �1) = f( � j �̀; �2):

The existence of confounding policies is important for consistency because potential limit
beliefs �1 and limit actions `1 must satisfy two conditions: First, given limit beliefs, limit
actions `1 maximize one-period expected reward:

r(`; �1) = �
X
�

�1(�)

Z
u(~y)f(~y j `; �)d~y + v(`):

V 1(�1) = sup
`

r(`; �1)

= r(`1; �1):

Second, limit beliefs must put mass only on parameter values which are consistent with
the data generated by the limit actions.

In any Bayes decision problem with no confounding policies, Bayes learning is nec-
essarily consistent. If confounding policies do exist, the consistency of Bayesian learning

depends upon the discount factor. If the discount factor is 0, corresponding to a completely
myopic decision-maker, and if prior beliefs are �0 = ��, then the confounding policy will
choose an action at time 1 such that � is not identi�ed, posterior beliefs will equal prior be-
liefs, and so forth for all time. Easley and Kiefer (1988) prove such a Theorem in a slightly

di�erent context. McLennan (1987) and Feldman and McLennan (1989) have shown that

2 Convexity is a consequence of Blackwell's (1951) theorem on the value of information.
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if all this is true at discount factor 0, it will remain true for small positive discount factors.

Alternatively, when the discount factor is su�ciently near 1 and information is strictly
valuable, the gain from learning is large enough to compensate for a deviation from the

short run optimal quantity. Thus (according to Easley and Kiefer (1988)), Bayes learning

will be consistent. In summary, we have the following collection of results:

Theorem 2.5: Suppose that �1 is the true parameter value, and suppose that V 1 is
strictly convex. Then there is a �� < 1 such that for 1 > � > ��, �1 = ��1 a.s. If the

policy � is confounding for non-degenerate beliefs ��, then there is a �� > 0 such that, for

all 0 < � < �� and �0 = ��, �t = �� for all t and Bayes learning is not consistent.

These results show that it need not be optimal for an individual to learn to form
statistically correct beliefs (from the point of view of the modeler who knows �) even when

learning is feasible. If \rational expectations" is interpreted to mean that decision-makers
know �, then it may be optimal not to learn to be rational. Alternatively, if \rational
expectations" is interpreted to mean that decision-makers optimally use all available in-
formation, then any Bayesian decision-maker is, by hypothesis, rational.

This Theorem also has implications for continuity of the optimal policy. Suppose
that, as in Easley and Kiefer's monopolist example, the optimal actions given �(�1) = 0
and �(�1) = 1 bracket a confounding action �l. Then for high discount factors the optimal
policy cannot be continuous. If it were, there would be some prior �� such that �(��) = �l.
This prior would be invariant under Bayesian revision, and the monopoloist would never
learn. But for high discount rates, we know he must learn with probability 1 starting from
any non-degenerate prior.

The potential for incomplete learning is greatly reduced if we reintroduce capital as
a productive input | in other words, if we add another intertemporal link to our model.
Now we must track both the labor choice and a savings choice, so the action space for the
dynamic program is X = L� [0; 1]. As before, an optimal stationary, deterministic policy
will exist. Now it takes the form � : Y � P (�)! X. In this case confounding policies are
unlikely to exist. Now, assuming that �1 is the true parameter value, the requirement for

� to be confounding is that the set

A = fy : f
�
� j
�
1� �(y; ��)

�
y; `(y; ��); �1

�
= f

�
� j
�
1� �(y; ��)

�
y; `(y; ��); �2

�
g

have full measure with respect to the density

f
�
� j
�
1� �(y; ��)

�
y; `(y; ��); �1

�
for all y 2 A. In other words, for any y in A, optimal production has to land back within
A with probability 1. Otherwise at each step there would be some probability of landing

outside of A and learning something about the parameter. This information would move
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beliefs away from ��. This condition is very restrictive, and is unlikely to be met in any

economic problem with intertemporal connections in addition to those through beliefs.
This observation is summarized in the following Theorem:3

Theorem 2.6: Let �1 denote the true parameter value. Suppose that for any non-
degenerate prior beliefs � there is some set A � Y � L of actions such that:

1. There is an � > 0 such that, for all y 2 Y and � 2 P (�),
�
(1� �(y; �))y; `(y; �)

�
2 A

with �1-probability at least �.

2. There is a � > 0 such that for all (z; `) 2 A, the relative entropy of model �1 with

respect to �2 exceeds �.Z
f(~y j z; `; �1) log

f(~y j z; `; �1)

f(~y j z; `; �2)
d~y > �:

Then Bayes learning is consistent.

This Theorem can be proven using the methods of Blume-Easley (1992). The idea
of the Theorem is that in�nitely often the decision-maker chooses actions which makes
the two models uniformly di�erent. The condition looks unusual, but is not that hard to
check. We have constructed examples of the optimal growth problem where the condition
of the Theorem can be veri�ed without knowing anything about the optimal policies at
all, just by relying on features of the stochastic production technology.

We conclude that although incomplete learning is possible, it is delicate. The other
dynamic forces working on the decision-maker break her out of the learning \sink" caused
by the confounding policy. In Section 5 we shall argue that in equilibrium models with
heterogeneous agents, it is even easier for other dynamical forces to overwhelm the e�ects
of learning dynamics.

Our analysis of the single-agent decision problem has not touched on predictability.
This is a consequence of the stationarity of the stochastic environment. In stationary
environments, consistency makes prediction possible. In the decision problems arising

from game theory, the stochastic environment may be be non-stationary, and predictability
emerges as a distinct separate inssue. We discuss these problems in the next section.

3 A related Theorem can be found in El-Gamal and Sundaram (1991), which weakens
our main hypothesis below but also requires continuity of the optimal policy function.

But assuming continuity is problematic, because continuity is intimately tied up with

learning. In the Easley and Kiefer (1988) analysis, continuity is established only for
those discount rates low enough that one could fail to learn. When Bayes learning is
consistent regardless of the prior, it is easy to see in the Easley-Kiefer problem that

the optimal policy must/ be discontinuous at that point in the domain of the policy

function where the confounding policy fails to identify the two models.
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3. Learning in Games

Learning issues are central to the interpretation of Nash equilibrium as a multi-person

statistical decision theory. In this interpretation, each player solves a decision problem,
and equilibrium expresses a consistency relationship between the actions of each player

and the beliefs of his opponents; speci�cally, the support of other players' beliefs about

any one player is contained in the set of best responses of that player to his own beliefs.

Suppose however, that beliefs and actions are not initially con�gured in this fashion. Will

the collection of players \learn" their way to a Nash equilibrium? Will the dynamics of
posterior revision so adjust beliefs that this coordination property emerges in the course

of play? This question is naturally posed in the context of repeated play when players

know their own payo�s but not necesarily those of their opponents. Jordan (1991a,1991b),

Kalai and Lehrer (1992a, 1992b) and Nyarko (1991,1992) study the convergence problem
in repeated games. Kalai and Lehrer provide su�cient conditions for the emergence of a

kind of equilibrium play in continuation games. In this section we formulate the learning
problem in games and identify some assumptions that guarantee convergence to Nash
equilibrium play or beliefs. We will see that Bayes rationality by itself implies very little
about asymptotic play of repeated games. In order to derive powerful conclusions from
Bayes rationality, such as convergence to Nash outcomes or convergence of beliefs to Nash-
like beliefs, it is necessary to make further assumptions about the joint con�guration of
players' prior beliefs. These assumptions must guarantee the predictability of the future
play of other players, in the sense discussed in the previous section. Not surprisingly,
the further belief restrictions will involve some kind of joint absolute continuity of prior
beliefs. It will be obvious that these conditions are di�cult to meet. Even though they are
only su�cient, and not necessary, for asymptotic convergence, they leave us very skeptical
about the possibility for robust convergence to Nash-like behavior.

In focusing explicitly on rational learning we rule out a large number of papers. We
neglect the ad hoc/ learning papers, such as Fudenberg and Kreps (1988) or Marimon,
McGratten and Sargent (1989), which either search for learning procedures which will
guarantee convergence to Nash equilibrium or investigate the learning implications of some
given rule whose motivation comes from elsewhere. We also overlook papers which consider

the role of learning as an adaptive process at work on a population of players, such as

Fudenberg and Levine (1991). This mesh of epistemic and evolutionary reasoning we
believe to be more promising than either the raw application of biological ideas to social
processes or the Savage-Bayesian analysis which we now survey.

3.1. Bayesian Strategy Revision Processes

As in any sequential Bayesian decision problem, we need to identify a set of parameters, the
parameter-conditional observation processes, actions and rewards. We consider N-player
strategic form games where player n has a �nite set Sn of possible actions. After actions

are selected, each player observes the joint action vector s 2 S = S1� �� SN and receives
the reward un(s). The stage game described by (Sn; un)

N
n=1 will be repeated in�nitely
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many times and player n discounts future rewards with discount factor �n 2 [0; 1).

Most of the learning literature has focused on games with perfect monitoring and

simultaneous move stage games, and we will do so here. After each stage, each player

observes the choices of his opponents. At the beginning of round t each player will have

observed the sequence of play through all the preceding stages of the game. Thus, the set

of sample histories for player n is H =
Q1

t=1 S. The set of partial histories up to round

t is Ht =
Qt�1

1 S for t > 1, and H1 is the null history. Finally, de�ne Ht =
Q1

t
S to be

the "future history" beginning at date t, and let Stn denote the set of plays by player n at

date t.

Now we will build a parameter space for the players' decision problem. Each player is

completely de�ned by his type/. A player's type is a speci�cation of his utility function,

discount parameter, and beliefs about the other players' types. This notion seems to have
some circularity to it, since player 1's type contains his beliefs about 2's type, which in
turn contains 2's beliefs about 1's type, etc. Mertens and Zamir (1985) have shown that
nonetheless the type space can be de�ned in a self-consistent manner. The set of possible
types for player n is denoted by Tn, with generic element �n. The important thing to know
about the type space Tn is that we can think of a type as a vector (�; 
), where � 2 �
describes the utility and discount parameters, and 
 2 � describes the \belief heirarchy".
(We will assume that � is a Polish space; throughout the remainder of the paper we will
neglect to mention necessary measurability assumptions.) Thus Tn = �n � �n, where
�n is the set of potential utility functions and discount parameters for player n. Let
T = T1 � � � � � TN denote the space of joint types.

Nyarko (following Jordan) has found it useful to distinguish several levels of prior
beliefs. For Nyarko a prior belief is a probability distribution �n on T �H. An \interim
prior" is the probability distribution �n( � j 
n). The \prior" is constructed before players
know who they are. The \interim prior" contains the beliefs held by player n when he
knows who he is but before any play has occurred. We say \contains" and not \is" because
�n( � j 
n) is a distribution over the future actions of all players, including player n. At
stage 0 the marginal of this distribution on the actions of players other than n at stage 1

represents n's beliefs about how others will behave in the �rst round of play.

Although in game theory we are accustomed to thinking of the interim prior as the
initial set of beliefs for each player's decision problem, it is useful for the learning problem

to distinguish beliefs ex ante and ex post the arrival of information about type. The
key to proving learning results is to tie players' decision problems together. We will see

some learning results that do this through the interim prior beliefs, and others that place
hypotheses on the (unconditional) priors.

Every player in the strategic situation we have just described is solving a sequential
decision problem. These problems are coupled together, because the solution to player
1's problem determines what player 2 sees. The simultaneous solutions to the decision
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problem are described by a Bayesian Strategy Revision Process,/ a concept �rst introduced

by Jordan. Our formulation di�ers slightly from his. If � and � are measures on spaces A
and B, respectively, then �
 � denotes the product measure on the product space A�B.

De�nition 3.1: A Bayesian Strategy Revision Process (BSRP)/ is a collection of proba-

bility distributions f�ng
N
n=0 on T �H such that,

1. For n � 1 and �n-almost all types (�; 
), proj� �n( � j 
) = ��.

2. For n � 1, �n-a.s., (
n; ht; snt) 2 �n �Ht � Stn,

sn 2 argmax
S
t+1
n

E�nfun( � ; ~s
t+1
�n ;

~�n) j 
n; htg

3. For n � 1, projSt
�n

�nf � j 
n; htg is almost surely a product.

4. For n � 1, projTn �0 = projTn �n, and for all t,

proj
St

�0( � j 
; ht) = 
n>0 proj
St
n

�n( � j 
n; ht)

The probability distribution �0 is the actual joint distribution of types and actions.
Condition 1 states that each player knows her own payo� function. Condition 2 states that
each player chooses actions to maximize her expected utility given her beliefs. Condition
3 states that each player believes the actions of her opponents to be chosen independently
conditional upon history and her type. Condition 3 without conditioning on 
n would be
a much stronger statement | close to saying that types are independent across players.
Notice that all a BSRP requires is that players maximize with respect to their beliefs.
Nothing has yet been said about the correctness of the beliefs.

3.2. The Content of Bayesian Learning

In general, requiring decision-makers to be good Bayesians imposes few constraints on
strategy selection, as the following theorem shows. Let D denote the set of all distributions
on T � H such that, if � 2 D, then almost all conditional distributions projH �( � j 
n)

are processes of players' choices which are independent across players and dates, and such

that projSt
n

�( � j 
n) is almost surely an undominated mixed strategy in the stage game
for player n of type �n.

Theorem 3.7: If � 2 D, then there is a BSRP (�0; �1; � � � ; �N ) with �0 = �.

Proof of Theorem 3.7: Constructing such a BSRP is just a matter of constructing beliefs
for each player n so as to make the policy projSt

n

�( � j �) optimal. If ptn is the distribution

of n's play at stage t, then since it is undominated there is a distribution qtn on the choices
of the other player for which ptn is a best response. Let �n( � j �n) be the product of p

t
n
 qtn
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over all t. This is the basic idea, but the actual construction is a bit more complicated due

to the fact that one has to make everything be measurable with respect to �n. This can be
done with the aid of a measurable selection theorem from the correspondence whose image

is the set of beliefs that make ptn a best response for �n. So �n( � j �n) de�nes a transition

probability. Integrating with respect to the marginal distribution of � on �n gives �n.

If we replace D with the set of all un-weakly dominated strategies, the converse is true for

su�ciently low discount rates.

Theorem 3.7 demonstrates that the hypothesis of Bayesian learning in games has, by

itself, little content. Whatever power the Bayesian hypothesis possesses will only emerge
when restrictions are placed on the nature of the Bayesian's beliefs. This power will only

appear asymptotically, since the Bayesian hypothesis puts few restrictions on beliefs arising

from small numbers of observations.

It is evident from Section 2 that posterior beliefs on opponents' types, and posterior
beliefs on sequences of play will converge to some limit beliefs. In fact, under some mild
assumptions, posterior beliefs on play histories will converge almost surely to point-mass
at the true history. But this has no implications for play, as the following example shows:

Example 3.0: Consider a two-person repeated game for which, in the stage game, player 2
has two strategies A and B. Suppose player 1 correctly believes that player 2's strategy
(not just actions) is a �xed sequence independent of history. Suppose the probability
distribution representing prior beliefs is product measure with parameter p. Now in this
case Bayes learning is consistent. Player 1 will ultimately assign probability 1 to the
actual strategy employed by player 2. But at each stage he will always predict A with
probability p and B with probability 1� p.

Example 3.0 just places Example 2.0 in a game theoretic context. It shows that conver-
gence of beliefs about strategies does not imply convergence in beliefs about strategies in
continuation games.

3.3. The Conditional Harsanyi Hypothesis

Learning about strategies in a continuation game is a prediction problem rather than a

consistency problem. To achieve consistency of predictions of future play by Bayesian
learners, restrictions on prior beliefs must be assumed. Kalai and Lehrer's (1992a) ap-

proach to this issue uses the Blackwell-Dubins Theorem presented in Section 2. We will
present the Kalai-Lehrer analysis within the framework of BSRP's in order to understand

the nature of the restrictions on prior beliefs this approach requires.

The appropriate absolute continuity condition requires that for almost all types, the
actual distribution of play is absolutely continuous with respect to each player's beliefs.

If this is so, then the Blackwell-Dubins Theorem states that the conditional distributions
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on future play given histories and types must converge. This approach requires belief

restrictions on interim prior beliefs. We call these restrictions the Conditional Harsanyi
Hypothesis:/

Conditional Harsanyi Hypothesis:/ For all n, projH �0( � j 
)� projH �n( � j 
n) �0 almost

surely.

The Conditional Harsanyi Hypothesis has two important consequences for beliefs. First,

�x the type of player 1. The actual distribution of play for all types of player 2 must be

absolutely continuous with respect to player 1's beliefs. Thus the actual play of player 2

cannot change too much with respect to 2's type. In particular, this will require that 2's
play cannot vary too much with respect to his type. For instance, suppose that player

1 believes, given his type, that the frequency with which player 2 is going to play \left"

converges almost surely to 1=2. Then actual play will also require this, f or almost all

possible values of player 2's type./ The second observation is that the connection between
player 1's beliefs and player 2's actions requires that player 2's beliefs be con�gured in
certain ways. Suppose this con�guration requires that the limit frequency of \up" for
player 1 is 3=4. Then this requirement must be satis�ed by the actual play of player 1. In
other words, beliefs must initially satisfy a kind of consistency condition not too di�erent
from the consistency required by Nash equilibrium.

3.4. Belief Convergence for Myopic Players

The Kalai-Lehrer result is easiest to see in those BSRP's where the discount factor for each
player is almost surely 0. The Kalai-Lehrer results state a conclusion about how the actual
path of play far out in the game is almost like that of an approximate Nash equilibrium.
This is complicated to state, but there are some clean conclusions to be had about the
limit behavior of beliefs about future play. They converge to Nash equilibrium beliefs.
(It may be the case, however, that the distribution of play does not converge to a mixed
strategy Nash equilibrium pro�le. See Jordan (1991a,b) for a discussion of this point.) Let
Mn(�n) = f�1
� � �
�N 2 P (S) : �n is a best response to ��ng. The Nash equilibria

for the single stage game are N(�) = \nMn(�n). Let k � k denote the variation norm on
the appropriate space of measures.

Theorem 3.8: Suppose that the BSRP (�n)
N
n=0 satis�es the Conditional Harsanyi Hy-

pothesis. Then

�0f(
; h1) : kproj
St

�n( � j 
n; ht)� proj
St

�0( � j 
; ht)k ! 0g = 1

and

�0f(
; h1) : kproj
St

�n( � j 
n; ht) �N(�)k ! 0 for all tg = 1:
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Proof of Theorem 3.8: The second statement follows from the �rst and part 2 of the

Bayesian Strategy Revision Process de�nition, which states that

�0f(
; h1) : proj
St+1

�n( � j 
n; ht) 2Mn(�n) for all tg = 1:

The �rst statement is a consequence of the Conditional Harsanyi Hypothesis and the

Blackwell-Dubins Theorem.

Requirement 1 of the de�nition of a Bayesian Strategy Revision Process is unnecessary.

Theorem 3.8 can be extended to include games with incomplete information about one's

own type. We have reported an example of this in Blume and Easley (1992).

3.5. Subjective Equilibrium

When the discount factor is positive, matters are more complicated because at any decision
node the entire future course of play, and not just the current play, is payo�-relevant. Again
the Blackwell-Dubins Theorem will imply that limit predictions are correct. But this does
not mean that each player eventually knows the other players' strategies, since information
about \o�-path play" may never be observed. It does imply that limit beliefs are stable
in the sense that subsequent information gives no cause to revise them. Kalai and Lehrer
(1992b) have introduced the notion of subjective equilibrium/ to summarize the notion
of best-responding to beliefs which correctly predict the course of play. 4 Here is the
de�nition for a �nite game.

De�nition 3.2: A subjective equilibrium (SE)/ is a strategy pro�le-prediction pro�le
2N-tuple (�n; �

n)Nn=1 where �n 2 P (Sn) is player n's strategy and �n 2 P (S�n) is player
n's (product) beliefs about the play of players m 6= n such that:

1. Each �n is a best response to �n;

2. For all n, �1 
 � � � 
 �N = �n � �n.

For repeated games, the de�nition is essentially the same, but more notation is re-
quired. Let Fn = f(f1; : : :) : f t : Ht ! P (Sn)g denote strategies for player n. Let
F = F1 � � � � � FN . If � is a probability distribution on F , let �(�) denote its (Kuhn-

equivalent) strategy in F . Let �(f) 2 P (H) denote the distribution on play induced by
strategy pro�le f . Finally, de�ne

un(�n; h1) =

1X
t=1

�n(�n)
t�1un(�n; st)

vn(�n; f) = E�(f)fun(�n; ~h1)g

4 Kalai and Lehrer origionally called this concept "private beliefs equilibrium".
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De�nition 3.3: A subjective equilibrium/ for a repeated game is a strategy pro�le-

prediction pro�le 2N-tuple (fn; g
n)Nn=1 where fn 2 Fn is player n's strategy and gn =

(fnm)m6=n, f
nm

2 Fm, is the Kuhn representation of player n's beliefs about the play of

players m 6= n, such that:

1. For all n, each fn is a best response to gn: vn(�n; f
n; gn) � vn(�n; f

0n; gn) for all

f 0n 2 Fn;

2. For all n, �(fn; gn) = �(f).

Notice that the conditional distributions projSt
n

�nf � j 
n; htg are a plan/ for player n.

They do not de�ne a strategy/ for player n in the traditional sense because the conditional

expectations given unreached nodes are not well-de�ned. These conditional distributions
can be extended to all of Tn�Ht, and a collection of these extensions is a strategy. However

these extensions are somewhat arbitrary, and this is the reason why convergence will be

to a subjective equilibrium and not to a Nash equilibrium.

In two-person repeated normal form games with perfect monitoring (this excludes the
multi-armed bandit problem), the set of subjective equilibrium outcomes and the set of
Nash equilibrium outcomes coincide. This is a consequence of Kuhn's Theorem, which
states that beliefs over strategies are themselves equivalent to strategies. We will state
and prove this Theorem for the trivial case of �nite games. It can be extended to repeated
games with perfect monitoring.

Theorem 3.9: Consider a two-person game, and let (�1; �2; �
1; �2) be a subjective equi-

librium. Then the prediction pro�le pair (�1; �2) is a Nash equilibrium, and �(�1; �2) =
�(�

1; �2).

Proof of Theorem 3.9: Let Rn denote the collection of information sets belonging to
player n that are reached in the equilibrium (�1; �2). Notice �rst that the �n can be
represented by strategies (Kuhn's Theorem), and �njRn = �njRn. Since the two strategy
pairs agree on all reached information sets, �(�1; �2) = �(�

1; �2). Let V (�; �2; �1) denote
the expected return to 1 from playing � 2 �1 conditional upon his type against strategy
�2. Then V (�1; �2; �1) = V (�1; �

2; �1) since �
1 and �1 coincide on R1. Since �1 is a best

response to �2, so is �1.

The conclusion of Theorem 3.9 remains true for general N-player normal form games and,
more generally, multi-stage games with observable actions, when the beliefs are symmetric

in the sense that any two players i and j share common beliefs about what k will play, and
when each players' beliefs about the strategic choice of the other players are independent.
Even when the symmetry condition fails, the independence hypothesis guarantees a related
conclusion: There is a Nash equilibrium strategy pro�le (�0n)

N
n=1 such that

�(�01; : : : ; �
0
n) = �(�1; : : : ; �n) = �

�
�n; (�

k)k 6=n
�
:

In generalN-player games there may be subjective equilibria whose outcomes are not Nash
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equilibrium outcomes. See Blume and Easley (1993) for an example.

3.6. Convergence to Subjective Equilibria

The notion of BSRP's de�ned in section 3:1 is inadequate for discussing dynamic games,

because conditional distributions from �n of future play of player n's opponents given a

potential deviation by player n may not be well de�ned. This does not matter for myopic

players because future play is payo�-irrelevant, but it does matter when discount rates
factors are positive. We will use the same term (BSRP) to refer to the equilibrium concept

with and without inclusion of repeated game strategies. The relevant de�nition should be

clear from the context.

De�nition 3.4: A Bayesian Strategy Revision Process (BSRP)/ is a collection of proba-

bility distributions f�ng
N
n=0 on T � F �H such that

0. for n � 1 and �n-almost all projH �n( � j f) = �(f),

1. for n � 1 and �n-almost all types (�; 
), proj� �n( � j 
) = ��,

2. for n � 1, �n-a.s., (
n; ht; fn) 2 �n �Ht � Fn,

fn 2 argmax
Fn

E�n

�
E�(fn;f�n)f

1X
r=t+1

�n(~�n)
run(�n; sr)g j 
n; htg

3. for n � 1, projF�n
�nf � j 
n; htg is almost surely a product, and

4. for n � 1, projTn �0 = projTn �n, and for all t,

proj
St

�0( � j 
; ht) = 
n>0 proj
St
n

�n( � j 
n; ht)

The interpretation of these conditions is exactly as before; they have just been rewritten
to accomodate the present payo�-relevance of future play.

Bayesian Strategy Revision Processes and Subjective Equilibria are very di�erent
kinds of objects. We will ultimately show that under some conditions, BSRP's asymptot-

ically \look like" subjective equilibria. We mean this in the sense that the beliefs about
the future and the play in the BSRP satisfy the SE conditions. The following Lemma is
an immediate consequence of the de�nitions.

Lemma 3.1: Suppose (�n)
N
n=0 is a Bayesian Strategy Revision Process such that �0-

almost surely,

proj
St

�n( � j 
n; ht) = proj
St

�0( � j 
; ht): (3:1)

Then
�
�(projF �n( � j 
n))

�N
n=1

is a subjective equilibrium.
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Bayesian Strategy Revision Processes have players maximizing given their beliefs and in-

formation, and the hypothesis of the Lemma states that each player correctly predicts the
actual distribution of play.

Our version of the Kalai-Lehrer Theorem states that expectations over strategies of

weak subsequential limits of BSRP's satisfying the Conditional Harsanyi Hypothesis are

SE's.

Theorem 3.10: Suppose that the Bayesian Strategy Revision Process (�n)
N
n=0 satis�es

the Conditional Harsanyi Hypothesis. Then

�0
�
(�; h1; f) : kproj

Ht

�n( � j 
n; ht)� proj
Ht

�0( � j 
; ht)k ! 0
�
= 1:

Let (��n)
N
n=0 denote a collection of measures such that (1) (��n)

N
n=1 is a weak subsequential

limit of the sequence ��
�n( � j 
n; ht)

�N
n=1

	1
t=0

;

(2) projT �
�
0 = projT �0, and (3) for all t, projSt �

�
0( � j 
) are constructed from the ��n as

in condition 4 of the de�nition of a Bayesian Strategy Revision Process. Then �0-almost

surely, �
�
projF �

�
n( � j 
n)

�N
n=0

is a Subjective Equilibrium.

Proof of Theorem 3.10: The �rst statement follows from the Blackwell-Dubins Theo-
rem. To prove the second statement, observe that as a consequence of the �rst statement,
any subsequential limit satis�es equation (3.1). Thus the claim will follow from Lemma
3.1 once it is shown that the limit is a Bayesian Strategy Revision Process. Conditions 1,
3 and 4 of the de�nition are clearly preserved under weak limits. We need to show that
Condition 2 is preserved as well.

Lemma 3.2: Let f�0ng
1
n=0 be a BSRP, and let f(�tn)

N
n=0g

1
t=1 be a sequence of BSRPs. Let

K � T denote the set of types for which

lim
t!1

�
proj
H1

�tn( � j 
n)
�N
n=1

=
�
proj
H1

�0n( � j 
n)
�N
n=1

:

Then for all 
 2 K and n, projH1 �0n( � j 
n) satis�es condition 2.

Proof of Lemma 3.2: Condition 2 states that each player is solving a discounted

dynamic programming problem: That the conditional distributions projSn �n( � j 
n; ht)

are an optimal solution to a dynamic programming problem speci�ed in condition 2. A
characterization of optimal plans is that, for all � > 0 there is a R such that for all r > R,

the optimal plan gives a �-optimal solution to the dynamic programming problem with
horizon r. The horizon length R can be chosen with reference only to the discount factor
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and utility function, and independent of the state transition rule. Thus R can be chosen

for each � uniformly in the �tn. We will show that this condition is preserved in the limit.

The sets Hn are of partial histories are �nite, so weak convergence of the marginal

distributions projHr
�tn( � j 
n) implies norm convergence. Thus for all s < t the conditional

probabilities proj
S
s+1
�n

�tn( � j 
n; hs) converge. Let v
t
n(r) denote the optimal value for the r

horizon problem for player n whose transition rule is given by the conditional distributions
from �tn. As a consequence of norm-continuity, limt!1 vtn(r) = v0n(r) for all r. Then

given � > 0 and choose r > R. The value of the plan fprojSn �n( � j 
n; hs)s<r) for the

r-horizon problem is at least vtn(r) � �. Since the value of the plan is clearly continuous

in projHr
�tn( � j 
n), and since the value of the problem is continuous in t, it follows that

the plan fprojSn �
0
n( � j 
n; hs)s<r is �-optimal for the r-horizon problem with transitions

proj
S
s+1
�n

�0n( � j 
n; hs) for s < r. Since for all � > 0 there is a R such that for all r > R

this plan is �-optimal for the r-horizon problem, this plan is optimal, and so condition 2 is
satis�ed. This proves the Lemma and the Theorem.

3.7. Other Learning Results

Much of what is known about rational learning comes from Kalai and Lehrer. Another
important body of work on the dynamics of repeated games played by Bayesian players
comes from Jordan (1991a, 1991b) and has been extended by Nyarko (1991, 1992). They
replace the Conditional Harsanyi Hypothesis with a weaker assumption, the Harsanyi
Hypothesis, that requires absolute continuity only of players' prior beliefs rather than
almost-sure absolute continuity of type-conditional beliefs:

Harsanyi Hypothesis:/ For all n, projH �0( � )� projH �n( � ) �0 almost surely.

Again the goal is to characterize the asymptotic behavior of BSRP's. We will summarize
these results for the 0-discount factor case. A sensible version of part 2 of the following
Theorem is not yet known for positive discount factors.

Suppose that players' types are independently distributed. The main result is that for
almost all type pro�les 
 = (
1; : : : ; 
N ), the conditional distribution of beliefs on future
play given history, but not types,/ converges weakly to a Nash equilibrium of the repeated

game with type pro�le 
. If the type distribution is not a product, then the limit of the
conditional distribution of beliefs on future play given history is a correlated equilibrium.
Let C(�) denote the set of all probability distributions on H1 that are distributions of
play arising from the correlated equilibria of the game with characteristic parameters

� = (�1; : : : ; �N ). Let

G = f(�; h1) : proj
St+1

�n( � jht)! C(�) for all ng;

where limit means weak-convergence limit. Let �( � jht) denote the empirical distribution
of play through date t. Let

F = f(�; h1) 2 G : �n( � jht)� �( � jht)! 0g;



25

again with weak convergence. The following Theorem is proven in Nyarko (1992).

Theorem 3.11: Suppose that the Bayesian Strategy Revision Process (�n)
N
n=0 satis�es

the Harsanyi Hypothesis. Then

1. �0(G) = 1;

2. �0(F ) = 1.

If players' types are independent, correlated equilibrium can be replaced with Nash

equilibrium. It is hard to interpret these results as statements about limits of players'

beliefs, because players' beliefs are formed by conditioning on their type as well as the
history of play. The one case where such an interpretation is possible is when types

are independently distributed. In the language of BSRP's, this is the requirement that

the projection onto T of the distribution �0 is a product. In this case the conditional

distribution of future play given history and type is type-independent, and so the limiting
distributions measured by the Jordan and Nyarko theorems are the belief distributions of
the players.

Nonetheless, because of the second part of the Theorem these results provide an
important epistemic foundation for Nash and correlated equilibrium which is distinct from
the epistemic hypothesis explored by Kalai and Lehrer. Nyarko (1992) has proven that in
a BSRP satisfying the Harsanyi Condition, the empirical distribution of play/ converges to
the limit correlated or Nash equilibrium. Thus these equilibrium concepts are justi�ed as
descriptions of the average behavior of play emerging from the process of active learning.
This does not justify Nash or correlated equilibrium as the stable limit of players actions
as they jointly learn about the play of each other. Instead it justi�es these equilibrium
concepts as an observable feature of play even though players choices never settle down in
the stronger sense described by Kalai and Lehrer.

The Harsanyi Condition required by Jordan and Nyarko is signi�cantly weaker than
the Conditional Harsanyi Hypothesis required for Kalai-Lehrer style results. It is not hard
to build examples of BSRP's similar to Example 3.0 for which the Conditional Harsanyi
Hypothesis fails, and yet the Harsanyi Hypothesis holds. Nonetheless, it seems intuitive
that the set of BSRP's satisfying the Harsanyi Hypothesis is small. And if players' posterior
beliefs over time averages are mutually singular, then the second conclusion of Theorem

3.11 must fail. Thus we are skeptical about the possibilities of �nding a broad epistemic
foundation for Nash and correlated equilibria.

4. Learning in Competitive Economies

The learning problem in competitive economies shares many features with the learning
in games problem. In this section we formulate the problem and provide a positive, but

limited, result. As in the previous section, our analysis draws heavily on the work by Jordan
(1991a,1919b) and Nyarko (1991,1992). Arrow and Green (1973), Townsend (1978), Blume
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and Easley (1984), Bray and Kreps (1987) and Feldman (1987) all pose the same question

that we pose here. All of these authors use equilibrium models with rational learning and
so examine the long run implications of learning within a \grand rational expectations

equilibrium" (Bray and Kreps (1987)). Kalai and Lehrer (1990) provide an analysis of

learning in competitive economies which does not use conditioning on contemporaneous

data and which focuses on learning about an equilibrium rather than learning within an
equilibrium. Other than not conditioning on contemporaneous data, Kalai and Lehrer's

analysis is, at a formal level, virtually identical to the analysis presented here. The primary

di�erence lies in interpretation.

We consider a simple version of the dynamic economy analyzed by Radner (1972). Our
economy has a sequence of incomplete markets; at each date there will be a spot market

for the single physical good and a market for one period forward delivery of the good.

To keep things simple, we do not consider uncertainty or di�erential information about
asset payo�s. The market structure and endowments are �xed and known, but various
preference pro�les are possible. Given Radner's assumptions, our economy would have
an equilibrium of plans, prices and price expectations for each speci�cation of preferences.
Each of these equilibria speci�es (ignoring issues of multiplicity) a sequence of prices which
Radner's consumers are assumed to perfectly forecast. Suppose, however, that consumers
do not know initially know the price sequence. They would then learn about future prices
by watching the evolution of past prices. This learning problem could be modeled with
individuals learning directly about price sequences as in Kalai and Lehrer. We take an
alternative approach and assume that consumers do not know preferences, but learn about
them over time. (If they knew each other's preferences and the map from preferences to
prices they could, in principle, compute the price sequence.)

Upon observing a price in any period each individual revises his beliefs about other's
preferences and about future prices accordingly. As we allow individuals to condition on
contemporaneous prices we immediately encounter the problem addressed by Radner in his
1979 paper on Rational Expectations Equilibria. Current prices may reveal to individuals
information about the preferences of others, about others beliefs about the prefenence
pro�le and so on; that is, current prices may reveal information about types. To infer this
information, and to use it in forecasting future prices, each consumer needs a model of the

relationship between types and prices. If individual's models are correct and markets clear
at each date we have a sequence of REEs. We will not assume that individuals have correct
models, but in order to learn they will need to put positive probability on the correct price
system given knowledge of the type vector.

We consider an economy with I consumers. At each of an in�nite sequence of dates
indexed by t, consumer i receives a positive endowment ei of the single physical good. The

amount of the good consumed by i at date t is denoted cit and his forward purchase for

delivery of the good at date t+1 is denoted f it . We assume that at date 1 individuals have
no endowment of forward contracts, i.e. f i0 = 0. Finally we let pt 2 P = <

1
+ be the price
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of the forward contract at t in terms of the numeraire consumption good.

We suppose that each consumer knows the functional form of everyone's utility func-

tion U i(ci; �i), where ci is a consumption sequence for i and �i 2 �i is a utility parameter

for i. Each consumer knows his own parameter, but does not know other consumers' pa-

rameters. Consumer i's type, � i, speci�es his parameter �i and hierarchy of beliefs about

the joint parameter vector � = (�1; : : : ; �I) just as in the previous section. Let T i be the

set of possible types for i and T =
QI

i=1 T
i.

At date t consumer i will know the prices through date t, pt = (p1; : : : ; pt), the

amount of the good that he has contracted for, f it�1, and his own type, � i. Given this

data he must decide how much to consume and how many forward contracts to purchase

or sell. Let his date t demand correspondence be (Ci
t(p

t; f it�1; �
i); F i

t (p
t; f it�1; �

i)). A plan

(Ci; F i) = (Ci
t ; F

i
t )
1
t=1 for i speci�es his demands at each date. Given a price system

p1 = (p1; p2; : : :) 2 P1, the set of feasible plans for consumer i is

�(p1) = f(Ci; F i) : cit + ptf
i
t = ei + f it�1; c

i
t � 0; for each (cit; f

i
t ) 2 (F i

t ; C
i
t);8tg:

Consumer i will choose a plan to maximize his expected utility. The maximization hy-
pothesis is included in the following de�nition of an equilibrium process.

Let ft = (f1t ; : : : ; f
I
t ) and ct = (c1t ; : : : ; c

I
t ). The data that an outside observer could

see at date t is ht = (pt; ft; ct) 2 H = P �<I �<I+. Let the history of the process to date
t be ht = (h1; : : : ; ht) 2 Ht and let H1 be the set of histories.

De�nition 1: A Bayesian Equilibrium Process is a collection of probabilities (�i)Ii=0 on
T �H1 such that:

1. For each i: � i = projT �i(�j� i).

2. For each i: �i almost surely, (cit; f
i
t ) 2 (Ci

t(p
t; f it�1; �

i); F i
t (p

t; f it�1; �
i)), where

(Ci; F i) 2 argmaxE(U(ci; �i)j� i)

(Ci; F i) 2 �(p1)

3. Prices evolve according to the price system p1 where, for all t:

(a) projP1 �0(p1j� ) = 1, where � = (�1; : : : ; � I), and

(b) Markets clear at each date, X
i

cit � ei = 0

X
i

f it = 0:



28

There are several elements of this de�nition that need comment. First, �i represents

i's beliefs on types cross histories. Part 1 simply restates the de�nition that i's type
gives his beliefs on the type space. Part 2 of the de�nition requires each consumer to

maximize his expected utility using his beliefs. Finally, Part 3 speci�es a true equilibrium

price process. The arti�cial agent 0 has beliefs �0 which place probability one on the

price system that is selected given the consumer's types. Thus, we have assumed that a
sequence of equilibria exist for each possible draw of types. For standard utility functions

proving that a Bayesian Equilibrium Process exists is straightforward. Just let each �i

place probability one on the same price system and apply the analyis from Radner (1972).

Proving the equilibrium exist for non-trivial beliefs would be di�cult.

To demonstrate that our de�nition of an equilibriumprocess permits non-trivial beliefs

and to show how learning occurs we provide an example of an equilibriumprocess. Consider

an economy in which for each consumer i,

U i(ci; �i) =

1X
t=1

(�i)t�1 log(cit�1);

where 0 < �i < 1. De�ne the mean of the discount factor distribution with respect

to the endowment distribution to be m =
PI

i=1
�
i
e
i

e
where e =

PI

i=1 e
i and de�ne the

variance of the discount factor distribution with respect to the endowment distribution to

be v =
PI

i=1
(�i)2ei

e
�m2. We assume that the joint parameter vector is drawn from a

distribution on

f� 2 (0; 1)I :

IX
i=1

(�i)2ei

e
�m2 = vg

where the value of v and the distribution are common knowledge.

We construct a Bayesian Equilibrium Process for this economy by �rst �nding an equi-
librium of plans, prices and price expectations. Let zt = 1+pt+1+pt+1pt+2+pt+1pt+2pt+3+
� � �. Calculation shows that

f it =
�i(ei + f it�1)� (1 � �i)eiptzt

pt
:

In an equilibrium these forward demands must sum to zero in each period. So we
have for each t,

ptzt =

P
i
�i(ei + f it�1)P
i
(1� �i)ei

:

This equation system, along with the initial condition f0 � 0, determines the equilibrium

price sequence. To be speci�c, in period 1,

p1 =m�
v

(1�m)

z1 =
m

(m � (v +m2))
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The prices above were calculated under an assumption that each consumer knew

all future prices, but as consumers do not know � they cannot calculate these prices
prior to �rst period trade. Notice, however, that �rst period futures demands depend on

future prices only through z1. Given knowledge of v, and the equation system determining

equilibrium prices, p1 revealsm. So each consumer can calculate z1. In each period beyond

the �rst, zt can be inferred from pt and knowledge of zt�1. Thus, the equilibrium of plans,
prices and price expectations above is also a sequence of rational expectations equilibria

for this economy.

The common priors in the description of the economy and the equilibrium above

de�ne a Bayesian Equilibrium Process for the economy. This equilibrium is, even in the
�rst period, an equilibrium of plans, prices and price expectations. More interesting would

be an equilibrium in which consumers eventually, but not instantly, learn all payo� relevant

information. Bray and Kreps (1987) provide, in a slightly di�erent model, an example of
this sort. They focus on an economy with no intertemporal links other than learning and
show that agents' beliefs eventually converge to \correct beliefs". The results of Jordan
(1982) suggest, however, that in the typical economy revelation, or near revelation, in the
�rst period may be possible. Jordan shows (in a model that is di�erent from the model
here) that in the generic economy, with the dimension of the space of private information
greater than the number of relative prices, approximately full revelation occurs in a REE.
This remarkable result uses a map from private information to prices which is pathalogical.
The approach to learning taken in this section assumes that individuals know this map, or
at least put positive prior probability on it, and use their prior knowledge to learn other's
private information. This can at best produce partial answers to the learning question.

At this point it is important to be careful about what is meant by the \learning
question". At one level the question is do individuals learn each others type? The more
important question is does the sequence of equilibria converge to an equilibrium with
common, correct expectations for the underlying true economy? A positive answer to the
�rst question does not insure a positive answer to the second. In both the Bray and Kreps
(1987) and Blume and Easley (1984) papers a positive answer to the �rst question is used
to produce a positive answer to the second. However, both papers are about stationary
economies with no intertemporal connections other than learning. Further, Bray and

Kreps exploit the continuity that their example produces and Blume and Easley look at
an economy with only a �nite number of types.

We �rst examine the question of learning types. Convergence of beliefs about types
follows immediately from Theorem 2.1.

Corollary 4.1: Posterior beliefs on types projT �i(�jpt; � i) converge � i -almost surely.

This result does not say that individuals learn � . If the price system does not reveal �

it could not be learned, but then as the example above shows learning types only up to the
equivalence classes induced by the price system is su�cient. An application of Corollary
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2.1produces the desired result.

Corollary 4.2: Let A be a Borel subset of T and let PA denote the subset of paths
p1 2 P1 such that p1 is not in suppproj

P1 �i(�j� ) for any � 2 A. For proj
P1 �i

-almost all p1 2 PA, the posterior probability projT �i(Ajpt) converges to 0.

So from i's point of view he will learn the type vector up to the equivalence classes induced
by prices.

The examples in Section 2 show that learning the parameter is not necessarily enough

to insure that individuals conditional forecasts about the future given the past converge

to correct conditional beliefs. We have not translated these examples into an equilibrium
setting because constructing equilibria that do not reveal types in the �rst period is di�cult.

But we believe that the points made in Section 2 about the di�erence between learning

types and learning to forecast are valid in an equilibrium setting.

To prove that consumer's conditional beliefs about future prices converge to the true
conditional distribution of future prices we need some structure on initial beliefs. The fol-
lowing is a translation of the Conditional Harsanyi Hypothesis to our competitive frame-
work.

Axiom 1 projT�P1
�0 almost surely projP1 �i(�jp1; �

i) � projP1 �0(�jp1; � ), for all
i.

The absolute continuity assumption above is placed on individual's beliefs about price
systems at the time decisions are made. This is after they have seen their own type and
the �rst period price. In any economy in which the �rst period price reveals types up to
the equivalence classes induced by price systems this assumption is easy to satisfy. But in
this case the assumption is almost the result. Consumers are not assumed to know what
prices will occur or to perfectly forecast future prices given the �rst period price, but they
are assumed to place strictly positive probability on the prices that will occur given the
�rst period price.

The following result is an immediate consequence of the Blackwell and Dubins (1963)

theorem on the merging of opinions. It implies that outside of a set of �0 measure zero
consumers' beliefs converge together and converge to the true conditional distribution
proj

P1
�0(�j� ). Thus the economy will eventually be approximately in an equilibrium of

plans, prices and price expectations.

Corollary 4.3: Suppose that Axiom 1 holds. Let �i(�jpt; � i) be consumer i's date t

conditional probability given his observation of prices up to date t and his own type. Then

proj
P

�i(pt+1jp
t; � i)! 1 almost surely �0:

Corollary 4.3 would be true with Axiom 1 replaced by an absolute continuity assump-
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tion on beliefs conditioned only on types and not on �rst period prices. But this revised

axiom would be very restrictive. It requires each proj
P1

�i(�j� i) to have an atom. This
e�ectively restricts the type space to a �nite or countably in�nite set. Unlike the axiom

that we use this assumption is not met in the example above.

Kalai and Lehrer's (1990) paper on learning in equilibrium begins with beliefs directly

over price systems. They show that under an absolute continuity assumption on beliefs
(not conditioned on �rst period prices) learning leads to an equilibrium of plans, prices and

price expectations. Although we begin with beliefs over parameters, these beliefs induce

beliefs over price systems. Further the stronger absolute continuity assumption refered to

above, when translated to beliefs over price systems, is essentially the same as Kalai and
Lehrer's assumption.

5. Robustness of Equilibrium Learning

In the preceding section we examined the implications of incredibly sophisticated Bayesian
learning. Individuals were assumed to place positive prior probability on the correct model
and to behave exactly as Bayes rule requires in updating their beliefs. We believe that
both of these assumptions are unrealistic. In this section we consider, in a simpler model
than was used in the last section, what happens if we drop either of these assumptions.
We perturb Bayes learning in two ways, by misspecifying the model and by employing
di�erent updating rules, and show in each case how the asymptotic posterior distributions
change. Our results suggest that the ability to learn is not a robust property of learning
rules.

Even if the belief adjustment dynamic fails there may be other forces at work in
the economy that cause the sequence of temporary equilibria to converge to a rational
expectations equilibrium. For some economies it is su�cient to have only some Bayesian
traders as the non-Bayesians will be driven out of the market by the Bayesians. In other
economies, however, the market may select for traders who do not even asymptotically
have rational expectations. To analyze the market selection force we use a simple model
general equilibrium model with uncertainty, but without di�erential information.

5.1. A Prototype Economy

In this section we introduce a prototype economy in which our points are easily illustrated.

Our economy contains one good, which can either be invested or consumed. At the end
of period t� 1, investors choose a portfolio of investments that pay out one period hence

contingent upon the occurrence of some event. At the beginning of date t, the state of
nature is realized and the assets pay out. Investors then decide how much to consume,

and how to invest that which is not consumed in assets which pay out at the beginning of
date t+ 1.

Investment payouts are state-contingent, but investors do not know which state will be

realized at the time of their investment. To present the learning model in its simplest form,
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we also suppose that no investor has inside information about the state to be realized. The

most that any investor can hope to know is the stochastic process generating the states.
Investors do not even know this, but they can learn it. Here rational expectations/ means

that investors know the true distribution of future states.

Now we turn to formalities. Time is discrete and indexed by t. There are 2 states

of the world, indexed by s 2 f0; 1g, one of which will occur at each date. States follow
an i.i.d. process with probability 1 > q > 0 of state 0 being realized at any date. Let Xt

denote the random variable whose value is the realization of the process at date t. Let

(X;F ; �) denote the measurable space of values of the process (X =
Q1

t=1Xt, F is the

product �-�eld and � is the product measure induced by q), and let Ft denote the �-�eld
of events measurable through time t.

At each date there is one unit of each of 2 assets available. If state s occurs at

date t then asset s pays o� $1 and all other assets have a zero payo�. So total wealth
in the economy at date t will be $1 regardless of which state occurs. This wealth will
be distributed among the traders proportionately according to the share of the successful
asset each trader owns.

Let wi
t�1 denote trader i's wealth net of date t � 1 consumption, and let �ist denote

the fraction of that wealth he invests in asset 0 that pays o� at the beginning of date t. We
assume that all wealth is invested either in asset 0 or in asset 1. (Any money not invested
disappears.) The price of asset st (which pays out in sate s at date t) is denoted by �st. So
trader i owns �istw

i
t�1=�st shares of asset st at the end of date t� 1. Thus, his investment

income at date t is (�istw
i
t�1=�st) if state s occurs.

After realizing his investment income, trader i consumes fraction 1 � �ist and saves
fraction �ist to invest in assets paying out at date t+1. So if state s occurs at date t, trader
i's wealth at the end of date t will be �ist(�

i
stw

i
t�1=�st). We refer to f�i0tg

1
t=1 as trader i's

portfolio rule and the pair f�i0t; �
i
tg
1
t=1 as trader i's investment rule.

Given the trader's wealths and portfolio rules the asset prices must satisfy:

IX
i=1

�i0tw
i
t�1

�0t
= 1;

IX
i=1

�i1tw
i
t�1

�1t
= 1:

Let pst = �st=wt�1 be a normalized asset price where wt�1 is the market wealth at the
beginning of date t. Let rit�1 = wi

t�1=wt�1 be trader i's wealth share. Then in equilibrium:

pst =

IX
i=1

�istr
i
t�1 (5:2)
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and

p0t + p1t = 1:

The variables �ist and �ist describe the demand for assets and for the consumption

good at each date-event pair. Typically they would depend on current market prices and

wealth levels, and perhaps on previously observed information as well. We will derive them

from particular preferences.

We suppose that our investors are dynamic programmers. The reward function for

current period consumption is u(c) = log c, and investor i has discount factor �i. Investors

are learners. Each investor believes that the true probability of state 0 is either �ia or �ib.

Her prior belief that model a holds is �i0. After each trading date, the trader observes the
state realized at the beginning of that day. Her posterior beliefs after t such observations

is �it. The predicted probability of state 0 is then qit = �it�
i
a + (1 � �it)�

i
b. Solving the

dynamic program as in Section 2:2, we �nd that

�i0t = qit;

�ist = �i:
(5:3)

The \problem" of rational expectations takes a very simple form here. There is no
information asymmetry which can lead to market failure if expectations fail to be ratio-
nal. There are no information 
ows from informed to uninformed traders. Nonetheless,
with respect to the dynamics of expectation formation, there is no di�erence between this
example and the learning dynamics in the previous section.

We use this example to study three aspects of equilibrium behavior with learning
dynamics: We investigate the e�ects of misspeci�ed models, we investigate the robustness
of convergence with respect to the updating rule, and we investigate the interaction between
learning dynamics and the dynamics of wealth distribution.

5.2. Misspeci�ed Models

The �rst question we take up is the workings of learning dynamics when every model

being considered by the traders is misspeci�ed. This issue does not appear to be very
interesting in the example economy just described. It is of greater concern when there

exist information asymmetries, and when traders are learning some structural features of
the economy which are required to infer from prices to contemporaneous information. The

importance of the model misspeci�cation issue in this context arises from the fact that
the structural model of the economy depends upon, among other things, traders' beliefs

about the unknown structural parameter. If traders recognize this dependence, and their
structural model of the economy takes this into account, Bayesian learning can lead to

rational expectations. This is the point of Blume-Easley (1984), Bray-Kreps (1987) and

Feldman (1987). If, on the other hand, traders do not recognize this dependence, then
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models that are correct when traders fully believe them are incorrectly speci�ed when

traders give some weight to other hypotheses. Blume-Easley (1982) show that as a con-
sequence of this incorrect speci�cation, beliefs may not converge to rational expectations,

and the dynamics of temporary equilibrium driven by learning lead to arbitrary outcomes,

including convergence to incorrect beliefs and non-convergence.

Model misspeci�cation in our prototype example is easy to model. Suppose that for
no i is it the case that �ia or �ib equals q. How does the economy behave in the long run?

The �rst question is, what are limit beliefs? It seems to be well-known (and easy to prove

in the i.i.d. case) that limit posterior beliefs will put mass 1 on the model which is closest

to the \true" model in the sense of relative entropy. For two probability measures q and �

on f0; 1g, the relative entropy of q with respect to � is

Iq(�) = q log
q

�
+ (1 � q) log

1� q

1� �
:

The expression Iq(�) is non-negative, and 0 only when � = q. However, relative entropy is
not symmetric and fails to satisfy the triangle inequality, so it is not even a pseudometric
on its domain. If Iq(�

i
a) < Iq(�

i
b
), then trader i's posterior distributions converge to point

mass on �ia. If Iq(�
i
a) > Iq(�

i
b), then posteriors converge to point mass at �ib. Finally, if

Iq(�
i
a) = Iq(�

i
b), the log of posterior odds is a random walk.

Now we can describe the limit behavior of equilibrium prices. Suppose that there is
one trader, say trader 1, who puts some prior weight on a model, say �1a, which is closer to
q (in terms of relative entropy) than any other model receiving positive weight from any
other trader. Then trader 1's posterior beliefs will converge to point mass at �1a, and q1t
converges to �1a. In this case one can show (using the techniques in Blume-Easley (1992))
that the wealth share of trader 1 converges to 1, and market prices pt converge to �1a. In
no sense are the assets correctly priced, but assets are priced according to the best beliefs
in the market.

Theorem 5.12: If Iq(�
1
a) < Iq(�

i
z), for z = a; b and all i > 1, and z = b and i = 1 then

pt ! �1a almost surely.

Next suppose that Iq(�
2
a) = Iq(�

1
a), and these two models are closer to q than all other

models. Then the wealth share of all traders but traders 1 and 2 fall to 0. The wealth
shares of traders 1 and 2 oscillate between 0 and 1 (with limsups and liminfs of 1 and 0,
respectively), and market prices have two accumulation points, �1a and �2a.

Theorem 5.13: If Iq(�
1
a) = Iq(�

2
a) < Iq(�

i
z), for z = a; b and all i > 2, and z = b and

i = 1; 2 then the almost sure limit points of the price sequence pt are precisely �
1
a and �2a.

This result also follows from the analysis in Blume-Easley (1992), and shows that, again,

assets can be no better priced than by the best beliefs in the market.
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These results are straightforward because the notion of \best model", meaning closest

in relative entropy to the true model, is exogenously �xed. In the economies of Blume-
Easley (1982) this is no longer (necessarily) the case. In these economies traders are trying

to learn about the equilibrium price correspondence, and the misspeci�cation results from

the fact that traders do not take account of the e�ects of their (and others') beliefs on the

correspondence. Now one can imagine more complicated dynamics. A trader may start o�
with a \best model", but as she becomes wealthier and as her beliefs put more and more

weight on the best model, the equilibrium price correspondence may shift in such a way

that the original \best model" is no longer best.

5.3. Robustness of Bayes Updating

Bayesian updating is a very delicate matter. The manner in which current observations

and prior beliefs are combined is balanced so that, on the one hand, beliefs converge, and,
on the other hand, limit beliefs are correct whenever it is possible to distinguish the truth
in the data. If decision-makers put too much weight on their prior beliefs, or too much
weight on the data, one or the other of these properties is lost. We will demonstrate this
for the case of learning q, and explore its implications for the long run behavior of prices
in the prototype economy.

Consider a Bayesian decision-maker who is undecided between two models, �a and
�b. Now we suppose that �a = q, so a Bayesian decision-maker's posterior beliefs would
converge almost surely to point mass at �a = q. But now we are going to suppose that our
decision-maker is not a true Bayesian. The log of the likelihood ratio for the two models
is:

L(Xt) = (1�Xt) log

�
�a

�b

�
+Xt log

�
1� �a

1� �b

�
:

A Bayesian decision-maker would update posterior beliefs according to the rule:

log
Pt(�a)

Pt(�b)
= L(Xt) + log

Pt�1(�a)

Pt�1(�b)
;

where Pt is the posterior belief distribution after t observations.

We suppose instead that the decision-maker updates beliefs according to the following
rule:

log
Pt(�a)

Pt(�b)
= (1 + �)L(Xt) + (1� �) log

Pt�1(�a)

Pt�1(�b)

= (1 + �)

t�1X
s=0

(1� �)sL(Xt�s) + (1� �)t log
P0(�a)

P0(�b)
:

The case of � = 0 corresponds to Bayesian updating. If � > 0, then the decisionmaker puts

too much weight on the data, while if � < 0, the decisionmaker puts too much emphasis on
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her beliefs. A negative value for � is not really sensible, but we include it for completeness.5

If � > 0 the e�ect of the prior beliefs vanishes, as it does in the case of Bayesian

revision. Let Zt =
Pt�1

s=0(1� �)sL(Xt�s). The process Zt satis�es the di�erence equation

Zt+1 = (1��)Zt+L(Xt+1). It should be clear that the random variables Zt are uniformly

bounded by ��1 log(�a=�b) and ��1 log
�
(1� �a)=(1� �b)

�
, and that they do not converge.

Thus log
�
Pt(�a)=Pt(�b)

�
does not converge, and is uniformly bounded away from �1 and

+1.

If � < 0, take a = 1� � and consider:

1Pt

s=0 a
s
log

Pt(�a)

Pt(�b)
= (1 + �)

Pt�1
s=0 a

sL(Xt�s)Pt�1
s=0 a

s
+

 
atPt�1
s=0 a

s

!
log

P0(�a)

P0(�b)
:

The last term on the right converges to �� logP0(�a)=P0(�b). The �rst term converges to:

�
(1 + �)�

(1 � �)

1X
t=0

�
1

1� �

�t
L(X1+t):

It follows from the Martingale Convergence Theorem that this \discounted sum" converges,
and so the right hand side converges to some limit random variable. Clearly for \most"
prior beliefs, the right hand limit will almost surely not be 0, so posterior beliefs must
converge to 0 or 1 (since the denominator on the left hand side is diverging). But in this
case the limit beliefs need not be correct. For instance, suppose that prior beliefs assign
equal probability to �a and �b so that the log of the prior odds ratio is 0. It is easy to
see that the limit rhs random variable exceeds 0 with positive probability, and that with
positive probability the limit rhs random variable is exceeded by 0. Thus under �b the
probability that posterior beliefs on �b go to 1 and the probability that posterior beliefs
on �b go to 0 are both positive. Alternatively, if prior beliefs on �a are su�ciently large
(small), then limit posterior beliefs assign probability 1 (0) to �a regardless of the data.

In summary, we have the following Theorem:

Theorem 5.14: If decision-makers put too much weight on the data (� > 0), then pos-

terior beliefs do not converge, and predicted distributions are convex combinations of
the form ��a + (1� �a)�b, where � is uniformly bounded away from 0 and 1.

If decision-makers put too much weight on their prior beliefs (� < 0), then almost
surely posterior beliefs converge to point mass at �a = q or �b. If the prior odds ratio

5 Suppose, for example, that the models are equally likely given the data. Then if � < 0

the posterior beliefs on �a go to one if P0(�a) > P0(�b) and to zero in the opposite
case.
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is su�ciently near 1, then the limit probability of each point mass is positive. If the

prior odds ratio is su�ciently di�erent than 1, then limit posterior beliefs will put
probability 1 on that model which was initially regarded as more likely.

We conclude that, when beliefs and data are incorrectly balanced in the updating formula

for posterior odds, the posterior revision process will be inconsistent | correct beliefs will

fail to almost-surely emerge.

Now we turn to the question of long run prices. Let us assume that for all traders,

�ia = q and �ib = �b > q. Thus all traders consider the same models. Suppose �rst

that traders put too much weight on the data (� > 0). Then each trader's predicted

distributions qit will not converge, but will bounce around on some closed interval contained

in (q; �b). As prices are a wealth share weighted average of beliefs we can conclude that,
in the limit, prices move in that same interval. Notice that prices do not converge, and
that prices are biased | the market odds ratio is always higher than the true odds ratio.

Theorem 5.15: If traders put too much weight on the data, then market prices do not
converge. If q is an extreme point of the set of models considered by the traders, then the
market price will be systematically biased (too high or too low, depending on the position
of q).

When traders put too much weight on their prior beliefs, a variety of things can
happen. Suppose that trader 1 assigns su�ciently high prior probability to the correct
model. Then her posterior beliefs will converge to point mass on the correct model, and
her predicted distribution q1t converges to q. The wealth share of all traders with beliefs
like hers converges to 1, and the equilibrium price converges to q. Suppose, on the other
hand, that all traders place too much prior weight on the false model. Then all beliefs
converge to the false model, and the market price converges to �b. Finally, if the prior
odds of all traders are su�ciently near 1, then the updating dynamics is (with positive
probability) driven by the data (with earliest observations getting the most weight). In this

case, posterior beliefs converge either to point mass at q or at �b, predicted distributions
converge either to q or to �b, and each happens with positive probability. However, all
traders see the same information, and so all posterior beliefs move together. It is not the
case that some traders will ultimately predict q and others will simultaneously predict �b.

Thus market prices will converge either to q or to �b, each with positive probability.

Theorem 5.16: If traders put too much weight on their prior beliefs, then, depending

upon what the prior beliefs are, market prices will converge either to q with probability 1,

to �b with probability 1, or to each with positive probability.

When traders put too much weight on their prior beliefs, convergence to \correct" prices in

the limit, when it occurs is an accident of prior speci�cation or fortuitous data-gathering.
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5.4. Learning Dynamics and Wealth Accumulation

Throughout most of the literature on learning in GE models, the dynamics of expectations

adjustment provides the only link between temporary equilibria at di�erent dates. In

this section we provide examples to demonstrate the variety of ways in which learning

can interact with other intertemporal connections to determine the long run behavior

of equilibrium prices. In our prototype economy, the additional intertemporal connection
comes from the dynamics of wealth share adjustment. Over time, some traders prosper and

others su�er. The prosperous traders come to dominate the market, and the equilibrium

price re
ects their beliefs. This much is evident from equation (5:2). One can imagine two

possible scenarios: First, learning is reinforced by wealth dynamics. Those traders with
more accurate beliefs are rewarded by the market and come to dominate it. If some traders

are true Bayesians, then in the long run their beliefs are accurate, they will dominate the

market, and the asset will be priced correctly. Another possible scenario is that di�erences

in decision rules more than compensate for di�erences in learning rules, and so rational
learners may be driven from the market. In Blume-Easley (1992) we give examples of both
phenomena, and we will quickly summarize these examples here.

First we will describe a situation where the dynamics of Bayesian learning and the
dynamics of wealth adjustment complement one another. Suppose that all traders have log
reward functions and identical discount factors, and suppose that some subset of traders
consists of Bayesian learners who put positive prior probability to the model q. Then those
traders' predicted distributions will almost surely converge to q, their collective wealth
share will converge to 1, and market prices will converge to q. (This result is proven in
Blume-Easley (1992).)

Theorem 5.17: If all traders employ identical decision rules derived from logarithmic
preferences (with identical discount factors), and if some traders are Bayesian learners
who put positive probability on the correct model, then assets are correctly priced in the
long run.

Theorem 5.17 is surprisingly delicate. If traders use di�erent decision rules, or if
traders are heterogeneous in an asymmetric way, then the conclusion no longer holds.

Theorem 5.18: Suppose some traders have logarithmic preferences with discount rate �
and believe with probability 1 that the correct model is q. The remaining traders have

logarithmic preferences, are certain that the true model is r, and have discount rate 
. If

Iq(r) � log 
 < � log �;

then the market price process will converge almost surely to r.

This Theorem, which is a consequence of results in Blume-Easley (1992), shows that

the higher savings rates of the incorrectly informed traders overwhelms the better infor-

mation of the correctly informed traders. Consequently, in order to ensure that market
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prices converge to q, we would have to assume that information is uncorrelated with rates

of time preferences. This certainly would not be true if information-gathering was costly.

If traders' reward functions are not logarithmic, then it is possible again that the

market would favor traders with incorrect beliefs over those with correct beliefs. We have

shown that the market selects over decisions | not beliefs, and that the market will select

for those traders whose decisions �i0t are, on average, nearest to q in the sense of relative
entropy. Thus the market will tend to price assets correctly, but may do so by selecting

for people with incorrect beliefs because those beliefs, when operated on by the decision

rule, give better decisions according to the relative entropy criterion than do those beliefs

which are more accurate. In this case the market prices assets correctly, but for reasons
having nothing to do with rational expectations.

6. Conclusion

In both single-agent and multi-agent sequential decision problems, the outcome of the
analysis is driven by agents' expectations about the internal decision environment and
exogenous payo�-relevant events. \Learning" is a device which delimits, at least asymp-
totically, the set of possible or realizable expectations. In single-agent decision problems,
the possibilities are delimited by the choice of a prior distribution representing initial
beliefs of the agent. In a single-agent decision problem, the requirements for \rational
learning" amount to saying that the true parameter value is in the support of the agent's
prior beliefs, and that, for every parameter value, the agent knows the likelihood function
that would obtain if that parameter value was controlling the evolution of the observa-
tions. Even with these assumptions, the asymptotic outcome of the learning process may
be incomplete learning, but consistency often occurs.

In multi-agent decision problems, the situation is more complicated. \Rational expec-
tations" represents an attempt to pin down expectations by assuming that the expectations
are consistent with the true structure of the decision environment. In some economic equi-
librium models this is insu�ciently restrictive | many rational expectations equilibria
exist. Even when the equilibrium set is small, rational expectations still pose a problem.
The knowledge requirements are so great that it is implausible to assume that decision-
makers just happen to be endowed with correct expectations. Hence one naturally asks if
decisionmakers can learn correct expectations.

In non-cooperative incomplete information repeated game models, the Bayes-Nash
equilibrium concept has embedded in it the idea that players learn over the course of play.

Here Jordan (1991a, 1991b) asks if the result of this learning activity pins down beliefs
as the game is repeated. As is the case in economic equilibrium models, the rational-
ity requirements of Bayes-Nash equilibrium are heavy. Responding to this, the focus of
Nyarko's and Kalai and Lehrer's research has been to ask if the rationality requirement

that players know/ each other's strategic choice can be relaxed so that players can learn/
to play equilibrium strategies.
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The crucial issue in rational learning in multiagent settings has to do with identifying

the proper parameter set. Consider an equilibrium model in which a payo�-relevant signal
is observed only by some traders. Suppose that the uninformed traders do not know the

signal-price relationship, and will try to learn it by looking at market prices and the signal

at the end of each market period. Rational learning requires that traders place positive

prior probability on the true model for the entire stochastic process,/ and not just for
what would happen after beliefs converged. Suppose traders know the distribution of

endowments, utilities and priors on the signal process. Then the likelihood functions are,

in principle, knowable. Suppose, however, that no agent knows other agents' priors. Since

the evolution of the economy depends both on the original parameter value and the prior

beliefs, prior beliefs on the signal process have to be added to the parameter space. Now
agents must have priors on this expanded parameter space | priors on parameters cross

signal-process priors. And so forth. The natural parameter space is very large. Nyarko

(1991) has carried out this construction for some simple game problems. But with a large
parameter space, Bayesian learning will typically fail to yield corect conditional beliefs or
even to be consistent.6 If we, the modelers, assume a simple parameterization of the choice
environment, we are closing our models in the ad hoc/ fashion that rational learning was
introduced to avoid. If we assume the natural complex parameterization, all we know is
that the Bayesian believes that his beliefs will converge somewhere with probability one.

Throughout the paper we have argued that perhaps too much is being asked of learning
dynamics. In economic equilibrium analysis, learning is usually studied in models where
the dynamics of belief revision provide the only intertemporal link. But the results of
Section 5 suggest that when other intertemporal connections are present, learning will
interact with these other forces in a complicated way, and may even be irrelevant to the
asymptotic behavior of the model. Similarly in the single-agent decision problem, the
results of Nyarko (1987) and the growth model discussed in Section 2 suggest that the
failure of learning a parameter of the state-transition equation (or conditional probability)
due to (asymptotic) underidenti�cation of the parameter, such as in Easley-Kiefer (1988)
and Feldman-McLennan (1989), is largely a feature of models in which learning is the only
intertemporal connection.
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