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Abstract

In a repeated game with private information, a perfect public equilibrium (PPE) can
break down if communication is not necessarily simultaneous or if players can “spy” on
each others’ information. An ez post perfect public equilibrium (EPPPE) is a PPE that is
ex post incentive compatible in each stage game; unlike PPE, EPPPE is robust under to
any communication protocol, and to spying. However, robustness comes at a cost to the
players: in many games, efficient payoffs in the corresponding static mechanism design
problem cannot be supported as average payoffs in an EPPPE, even when players are
patient. In two-player repeated allocation games, an optimal EPPPE never employs a
(static) efficient outcome function in any stage game. Instead, the players always prefer
to give up some static efficiency by sometimes allocating to the player with the lower
valuation. Under independent valuations, optimal equilibria are often stationary, but
when valuations are globally interdependent, optimal equilibria are never stationary.
Applied to the problem of collusion with hidden costs, these results yield new insights
into the phenomenon of price wars in collusive equilibria.
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1 Introduction

Many an economic application involves a group of agents who wish to coordinate their
activities for mutual advantage, but to do so they must often share private information.
An external “mechanism design” institution can help by enforcing their desired outcome
once they have revealed their information. However, in many important applications such
institutions may be weak or absent. For example, several firms that wish to collude may
experience private cost shocks that could disrupt their ability to divide the market efficiently,
and since their collusion is illegal they cannot appeal to the government to organize them.
Or the members of a community may wish to rent some resource to be shared among them
as a public good, but experience private taste shocks that affect the optimal quantity for
them to rent; local leaders who also experience taste shocks cannot serve as disinterested
referees. In cases like these, the parties need to self-regulate the exchange of information and
self-enforce informal agreements, which is possible if their interaction continues over time.

The usual approach to modelling these situations is to assume that the players have
common knowledge of a common prior, and reveal their information simultaneously.! The
passage of time, however, poses a distinct problem for simultaneity: when reporting their
information to the group, the players each face a strong incentive to try to “speak last.” By
waiting until others have revealed their information, a player learns more about whether she
can gain an advantage by manipulating her own report. The players will have similar prob-
lems if they lack a common prior, or if they can “spy” on one another. Through unobserved
spying, for instance, a player can observe a noisy signal of other players’ information, and
by doing so can effectively force other players to unknowingly speak earlier. When players
can spy on each other in this manner, there is little prospect for simultaneous communi-
cation. In this paper, I show that when communication is unstructured or the players do
not share a common prior, the outcomes the players can support using informal enforcement
amongst themselves are constrained compared to what they could achieve with simultaneous
communication.

More specifically, I study perfect public equilibrium (PPE) under the constraint of ex
post incentive compatibility (EPIC), yielding a refinement of PPE that I call ex post perfect
public equilibrium (EPPPE). EPPPE models self-enforcing agreements that do not rely on
any particular communication protocol or probability distribution. However, this robustness
comes at a cost to the players. My first main result is that, for a wide range of economically
interesting games, efficiency under EPPPE is generally an impossible goal: total welfare is

bounded away from efficiency, and the bound applies uniformly even as players grow more

"Miller (2005) shows that under these assumptions, patient players in an infinitely repeated game can
use informal enforcement amongst themselves to replicate the same outcomes that an external mechanism
designer could provide in a static setting with mandatory participation.



patient. This result also implies that an optimal EPPPE can be characterized by the solution
to a static mechanism design problem. My second set of results provides techniques for
solving this problem within the class of games with separable utility, and in particular shows
that in this class an optimal EPPPE is characterized by the solution to a linear program. My
third set of results characterizes optimal EPPPEs for an economically important subclass
of games. Most importantly, I show that in repeated allocation games (in which players
must divide a rival good), in an EPPPE it is never optimal for the players to implement
an efficient outcome function. Instead, a superior EPPPE can be constructed by giving up
some allocative efficiency.

Recent work indicates that it can be fruitful to apply static mechanism design techniques
to the analysis of infinitely repeated games with private information. The recursive struc-
ture of PPE, as demonstrated by Abreu, Pearce, and Stacchetti (1990), allows each player’s
equilibrium utility in any stage of the game to be decomposed into a dynamic program in
which he maximizes his current payoffs plus his promised future utility, or “continuation
reward.” This dynamic program can be interpreted as a static mechanism design problem
in which the continuation rewards promised by the equilibrium are absorbed into the static
monetary transfers of a direct revelation mechanism. I call this “the mechanism design ap-
proach” to repeated games, and in Miller (2005) I proved that it is valid when the players
are sufficiently patient. The approach is outlined in Section 3.

Fudenberg, Levine, and Maskin (1994) initiated the study of PPEs in repeated games

with private information and communication.?

Fudenberg, Levine, and Maskin prove a
PPE folk theorem for games with independent private valuations and finite type spaces.
Athey, Bagwell, and Sanchirico (2004) and Athey and Bagwell (2001) construct optimal
collusive PPEs when costs are hidden. Aoyagi (2003a,b), and Martin and Vergote (2004)
construct collusive PPEs in repeated auctions, when valuations may not be independent
or type spaces may be intervals of real numbers. Levin (2003) and Rayo (2003) construct
optimal equilibria for principal-agent and team relationships. Miller (2005) extends the folk
theorem to PPEs in general games with private information and communication, including
games with arbitrary type spaces. All these papers use PPE as their equilibrium concept,
and therefore IIC as their incentive compatibility concept.?

However, IIC is a fragile incentive compatibility concept for static games with private
information, so PPE is a correspondingly fragile equilibrium concept for repeated games with

private information. In particular, IIC is not robust to several sensible modifications to the

2In addition, Compte (1998) and Kandori and Matsushima (1998) study communication in games with
private monitoring, while Skrzypacz and Hopenhayn (2004), Blume and Heidhues (2002), and Horner and
Jamison (2004) focus on collusion with private information but no communication.

3Levin (2003) endows only one player with private information, so IIC and EPIC are identical. Rayo
(2003) uses EPIC for the special case of independent types and separable production, but the contracts he
constructs do not admit EPIC when extended to cases of interdependent production.



game. For instance, an IIC mechanism in a static game with rigidly enforced simultaneous
messages will generally not be incentive compatible in an otherwise identical game with
non-simultaneous messages. Similarly, an IIC mechanism will generally not be incentive
compatible in an otherwise identical game in which players can spy on their opponents’
private information. Finally, IIC mechanisms are sensitive to changes in the joint probability
distribution over signals. Game modifications such as these allow players to know or discover
information about each other in flexible and possibly complex ways, so that, for any one
player, different types of private information may lead to the same interim expectations.
Since an IIC mechanism induces players to report their signals truthfully by exploiting
differences in interim expected utilities, IIC can break down when the relationship between
information and interim expectations is not one to one.

EPIC concerns the players’ incentives at the ex post phase, after the entire vector of
private information has become common knowledge.® Thus it is robust to differences in
players’ beliefs about each other’s information. EPIC is the appropriate concept of incentive
compatibility when communication takes place face to face, in which case the ordering of
announcements may not be fixed in advance, or when players have the opportunity to
spy on their opponents’ private information and by doing so subvert simultaneity. It is
also the appropriate concept of incentive compatibility when the players lack a common
prior, or lack common knowledge of a common prior. Bergemann and Morris (2003) show
that, in typical settings, EPIC is the appropriate incentive compatibility concept for static
mechanisms when players may have arbitrary higher order beliefs about each others’ payoff
relevant signals. In essence, the modeling choice between EPIC and IIC is a question of
institutions: Is there some institutional mechanism to which the players can submit their
private information, and trust that it will not be revealed until all players have submitted? Is
there an institution that provides enough public information for the players to form common
knowledge of a common prior? Is there a sufficiently inexpensive means by which players can
prevent their private information from being surreptitiously observed? In many applications
we might expect that such institutions are not available. In particular, if the relevant private
information is embodied in an organizational characteristic that is in principle observable,
such as production cost, then spying is likely to be a thorny problem.?

EPPPE’s relationship with EPIC is analogous to PPE’s relationship with IIC. The first

main result of this paper, which is developed in Section 4, arises from a comparison of

*In an independent private valuations setting, EPIC is equivalent to dominant strategies incentive com-
patibility, but EPIC is weaker than dominant strategies when payoff functions are interdependent. For
further discussion of this distinction, see Chung and Ely (2003a).

5For example: In 2003, a manager at Boeing was caught with confidential information from Lockheed
Martin, regarding the financial and technical plans for an Air Force rocket contract for which both firms
had bid. Perhaps based in part on the stolen plans, Boeing had won the larger share of the contract. See
Kelley (2003).



these relationships. The usual static mechanism design approach assumes that there exists
an outside authority to enforce monetary transfers, absorb any ex post imbalances in the
transfers, and even provide a subsidy to convince the players to participate in the mechanism.
But in the repeated game, continuation play offers future utility for the players to look
forward to. Enforcement and participation can thus be endogenized by threatening players
with possibility of losing this future utility should they deviate, while the budget can be
brought into balance by substituting changes in future utility for unbalanced monetary
transfers. Consider the set of expected utility profiles in a static mechanism design problem
that can be implemented by some IIC or EPIC mechanism. Miller (2005) uses the fact
that under IIC the budget can often be balanced ex post if participation constraints are
ignored to prove that PPE can often support the highest levels of IIC-implementable utility.
In contrast, although under EPIC the availability of future utility endogenizes enforcement
and participation, shifting future utility in an attempt to ameliorate budget imbalances
merely postpones the problem rather than solving it. Hence the Pareto frontier of EPPPE
utilities is strictly worse than the Pareto frontier in the static mechanism design problem
under EPIC (with the budget balanced in expectation).

The intuition for why EPIC is costly in repeated games is that if the allocation in
any stage of an EPPPE is efficient, then the players as a group must generally receive
different amounts of aggregate promised future utility after different ex post realizations of
their signals.® Since aggregate promised future utility cannot exceed the optimum, after
some realizations of signals it must be less than the optimum, and hence less than efficient.
Although the quantity of aggregate promised future utility that must be foregone in order to
support efficiency in any given period scales down in average terms as players become more
patient, the players’ greater patience places greater importance on the cost of supporting
efficiency in future periods. These two effects exactly balance.

I show that “ex post unbalancedness” is necessary and sufficient for EPPPE to be ineffi-
cient: an efficient allocation in the static mechanism design problem under EPIC must not
satisfy ex post budget balance. This condition is satisfied in many economically important
models, and some applications are offered in later sections. A related example is provided
by Gértner and Schmutzler (2005), who consider mergers of asymmetrically informed firms;
they show that efficiency and budget balance are generally irreconcilable with EPIC, even
when the mechanism can employ not only monetary transfers, but also allocations of shares
in the merged firm. Ex post unbalancedness requires that all players have payoff-relevant
private information, and that the players cannot obtain insurance. For instance, if the

players had access to actuarially fair insurance against budget imbalances, they could use

In the terminology of Fudenberg, Levine, and Maskin (1994), efficiency under EPIC is generally not
“enforceable” with respect to any hyperplane.



an efficient mechanism in every stage and impose the ex post imbalances on the insurer.
Similarly, if one player did not possess private information, she could serve as an insurer
inside the game. Both PPE and EPPPE are game theoretic equilibrium concepts that apply
to fully modeled game situations (e.g., including any insurer as a strategic player), so they
imply that ex post budget balance must be satisfied whenever an insurer is absent. How-
ever, the theorem still holds when there is free disposal of utility, since destroying utility at
the end of the current period is a perfect substitute, in terms of providing incentives, for
reducing aggregate promised future utility. I use the term “money burning” to refer to both
means of providing incentives.”

Since EPIC efficiency is typically not attainable in EPPPE, the question of what is
optimal (Pareto-best among EPPPESs) naturally arises. The second half of this paper,
beginning with Section 5, examines this question in detail. The dynamic programming
problem of designing an optimal EPPPE is equivalent to a static mechanism design problem
in which the objective to be maximized is the welfare from the outcome function minus the
expected quantity of money that must be burnt. That this problem has a solution under quite
general conditions can be derived from a theorem of Balder (1996), as shown in Appendix A.
To develop sharper characterizations, I restrict attention to games in the separable utility
environment, as defined by Chung and Ely (2003a). I argue that for most interesting games
in this class, an optimal EPPPE implements inefficient outcomes. Furthermore, I show
that in this class the problem of designing an optimal EPPPE can be solved by linear
programming.

Section 6 looks more closely at allocation games in the separable environment. Allocation
games are those in which some object, benefit, or privilege is in limited supply and must be
given to one player or divided among several players. Examples include repeated auctions,
repeated trade, and collusion with a fixed market size. I prove that it is not optimal to
employ an efficient outcome function in the first period. Instead, it is preferable to employ
an outcome function that sometimes allocates inefficiently. Loosely speaking, it is always
possible to improve on an efficient outcome function by partial “pooling”; i.e., sometimes
asking the players to announce only that their information is within a particular range.
Furthermore, in many (but not all) private valuations settings, it is optimal to pool over
large regions so as to completely eliminate the need for money burning, yielding a stationary

equilibrium. This indicates that in many cases the players are willing, as a group, to tolerate

It is important to note that unless there is free disposal, EPPPE is not necessarily robust to non-
common priors or non-common knowledge of common priors. This is because in the absence of free disposal
EPPPE relies on changes in future utility on the equilibrium path in order to provide incentives. When
players do not have common knowledge of a common prior, then even if the equilibrium provides appropriate
incentives to every player, a player may not believe that other players face appropriate incentives. Under
free disposal, all incentive payments can be executed at the end of the current period, so that heterogeneous
beliefs about future utilities do not affect beliefs about incentives.



a substantial amount of inefficient allocation before they are willing to burn money. However,
in the case of interdependent valuations, an optimal allocation always burns some money.
Section 7 applies these results to the problem of collusion with hidden costs to provide
a new explanation for price wars. Under independent costs, the inefficiency inherent in an
EPPPE is optimally manifested in the form of inefficient production, but when costs are
interdependent an optimal EPPPE can also incorporate inefficiently low prices. Price wars
have not previously been explained in the literature without resort either to impatience or

to assumptions about imperfect observability that imply symmetric equilibria.

2 The model

The dynamic game consists of infinite repetitions of a stage game. All players share a
common discount factor § € (0,1). The stage game has payoff-relevant private information,
a forum for public announcements, and publicly observed actions, and players can exchange
“money,” which is a tradable good in zero net supply that enters their utility functions
quasilinearly. For simplicity the only possible messages are the private signals. Signals
are drawn independently over time and from the same distribution, although there may
be interdependence among the signals observed by different players within any particular
stabge.8

Formally:

N is a finite set of players, i = 1,...,N;

e O; is a set of possible private signals for player i, with © = 01 x --- X Op;
e ¢ is a common prior probability measure on ©;
e X is a space of actions available to player ¢,with X = A x -+ x Xp;

e ;1 ©® x X - R, is a measurable, uniformly bounded payoff function for player i,

with 7 = (m1,...,7N);

e R is the space of possible monetary transfers, where a positive component for player

1 indicates that player ¢ receives a positive quantity of money.

The timing of the stage game is as follows: First, # € © is realized according to ¢, and
each player ¢ privately observes 6;. Then each player sends a public announcement QAZ € 0,.

After all announcements have been observed, each player ¢ chooses an action from X;, which

81n Miller (2005) I allow a more general message space, and provide a more formal treatment of voluntary
monetary transfers. There I also prove that the revelation principle is valid when the players are sufficiently
patient, even though they reveal their information directly to each other rather than to a mechanism designer.



is publicly observed.” Finally, players can make zero-sum monetary transfers. Note that
this setup allows interdependence among the payoff functions of different players.

A player’s utility in the stage game is equal to her payoff plus any monetary transfer
she receives. In the repeated game, each player seeks to maximize her discounted sum of
stage game utilities. A strategy in this setting is, loosely speaking, a mapping from histories
and private signals to announcements; from histories, private signals, and announcements
to actions; and from histories, private signals, announcements, and actions to monetary
transfers. PPE is the usual equilibrium concept for this type of game. A PPE is a sequential
equilibrium in which players condition their strategies on only the public history and their
private signal in the current period.!® The formal notation for strategies and equilibria is
fairly cumbersome and is laid out in Miller (2005).

This paper focuses on optimal equilibria, which achieve high payoffs along the equilibrium
path by threatening to switch to a trigger punishment in the continuation game after any
deviation from the equilibrium path is observed. Since the conditions imposed so far will
not assure it, assume that there exists a perfect Bayesian equilibrium in the stage game, so
that playing the stage game equilibrium in every period constitutes a sequential equilibrium

that is suitable for use as a trigger punishment.!!

Assumption 1. There exists a perfect Bayesian equilibrium in the stage game.

This equilibrium can be thought of as the default outcome when the players fail to commu-
nicate. By backward induction in a one-shot stage game, there can be no monetary transfers
in a stage game equilibrium, so a player’s utility in this equilibrium is merely her payoff from
the outcome.

To make the model interesting, it is important to assume that players do not observe

the entire vector of true signals ex post, since otherwise they could observe and punish any

9Later sections consider games in which the group must choose an action regarding—for example—who
is to receive an object or whether a public good is to be provided. Such cases can be mapped onto this
setup by setting the payoff functions to yield an extreme penalty if any player deviates from the group
action. When the players are sufficiently patient, the inverse of this mapping can be seen as a reduced form
interpretation of a grim trigger punishment that supports unanimous group actions in equilibrium.

10Tt is worth noting here that the set of attainable PPE payoffs does not generally equal the set of
attainable sequential equilibrium payoffs. Although Abreu, Pearce, and Stacchetti (1990) showed that any
pure strategy sequential equilibrium is payoff-equivalent to a PPE, the same property does not always hold
for mixed strategy sequential equilibria. Kandori and Obara (2003) demonstrated that, in certain types
of games, sequential equilibria in private strategies can outperform perfect public equilibria. Kandori and
Obara construct private equilibria in which one player’s private experiment can provide a better signal for
her to monitor the other players. In games with private information and communication, however, the signal
for each player’s action is the announcement that he makes, so other players cannot influence its probability
distribution by manipulating their own announcements. Whether there exist other types of private strategy
equilibria that can improve on PPE in games with private information remains an open question.

HGince this paper focuses on the limit of Pareto-best equilibria as § — 1, a simple grim trigger punishment
is sufficient. More sophisticated punishments could enlarge the set of attainable payoffs, but would not
improve the limit of the Pareto frontier as § — 1.



deviation in which a player misrepresents her signal. For the same reason, it is also necessary
to assume that players cannot use their ex post realized payoffs to infer their opponents’ true
signals. Since such inferences depend on the details of the players’ conditional beliefs about
each others’ signals, this assumption is consistent with the type of robustness discussed in
the introduction.'? Finally, for simplicity I assume that randomizations over actions and

transfers are public, so they can be observed and punished.

3 The mechanism design approach

The mechanism design approach described in Miller (2005) focuses on a special class of
PPEs that can be represented as recursive mechanisms in which the players directly reveal
their information to each other. A recursive mechanism tracks promised utilities along
the equilibrium path as a state variable. The problem of designing a recursive mechanism
can be interpreted as a static mechanism design problem in which the present value of
the promised future utilities are folded into the monetary transfers of the current period.
The static literature usually assumes the presence of an outside authority who operates the
mechanism and enforces its prescriptions. However, since no such outside authority exists in
the context of a repeated game, it is necessary to prove the validity of the mechanism design
approach. Theorem 1 from Miller (2005), restated at the end of Section 3.1, shows that if the
players are sufficiently patient then this approach yields the same Pareto frontier of utilities
that are attainable in PPE. Sufficient patience is necessary because the fact that players
reveal their information to each other rather than to a mechanism designer is restrictive for

low discount factors.

3.1 Recursive mechanisms

PPEs are naturally unwieldy objects to work with, because in each stage they take the
entire history of messages as an argument. Fortunately, Abreu, Pearce, and Stacchetti
(1990) showed that PPEs can be constructed recursively without loss of generality with
respect to attainable utilities. In addition, Miller (2005) showed that it is without loss of
generality with respect to the Pareto frontier to work in the smaller and more convenient
class of recursive mechanisms. A recursive mechanism employs promised utility as a payoff-
irrelevant state variable, and in each stage maps the promised utility and the vector of

players’ announcements into prescribed actions, prescribed monetary transfers, and promised

12Mezzetti (2004) shows how to construct efficient EPIC mechanisms in a static setting with interdepen-
dent payoffs by adding a second communication phase in which the players announce their realized payoffs.
However, Mezzetti’s mechanisms cannot simultaneously satisfy EPIC and ex post budget balance, and so
they cannot be used to construct efficient EPPPEs even when there is a second communication phase at the
end of each stage.



continuation rewards for the succeeding stage. Thus each stage requires an outcome function
x, a transfer function ¢, and a continuation reward function w; collectively, these three

functions applied in a particular stage are called a “stage mechanism”:

Definition 1. A stage mechanism is a measurable triplet (z,¢t,w) : © — X X RN x RY such
that >, ¢;(9) =0 for all € ©.

In a recursive mechanism, some deviations are observable—for example, deviant actions
or refusal to participate in monetary transfers. Such “off-menu” deviations are discouraged
by terminating the use of stage mechanisms and switching to the punishment equilibrium.
There is also the potential for “on-menu” deviations, in which a player misrepresents her
private signal in a way that the other players cannot observe. On-menu deviations are
discouraged by imposing incentive compatibility constraints, defined below.'3

In addition to a collection of stage mechanisms, a recursive mechanism must also specify
a set V of promised (average) utility state variables over which it is defined, as well as an

initial promised utility v°. Formally:

Definition 2. A recursive mechanism is a triplet (V, {(z(+;v),t(-;v), w(;v)) : v € V}, %),
abbreviated as <V, {(m,t,w)(-;v)},vo>, such that:

(i) VCRY,
(i) {(z,t,w)(;;v)} is a collection of stage mechanisms indexed by v € V,
(iii) v° € V.

Such a mechanism is called “recursive” because in each period the stage mechanism is
selected based on the promised utility v carried over from the previous period, and the stage
mechanism generates a continuation reward w(é; v) that becomes the promised utility for the
next period (where 0 is the vector of announced signals). This notation implies a determin-
istic mechanism. At several points the analysis raises the possibility that mechanisms may
be randomized, but the extra notation is introduced only where necessary. Furthermore, in
contexts that do not invite confusion, the (-;v) notation is dropped for clarity.

Given a signal profile # € © and a vector of announcements fcOina stage mechanism
(x,t,w), each player’s total utility is her stage game utility plus the present value of her

continuation reward:

ws(0,0:0, 2,1, w) = (0, 2(0)) + £: () + %wi(é). (1)

13Here, “on-menu” and “off-menu” have the same meaning as the terminology “on-schedule” and “off-
schedule” developed by Athey, Bagwell, and Sanchirico (2004) and Athey and Bagwell (2001).

10



In order for a recursive mechanism to be equivalent to a PPE, it must be feasible, individ-
ually rational, and incentive compatible (see Miller (2005)). Here, individual rationality—the
constraint that players do not wish to make off-menu deviations—is assured by the threat
of the trigger punishment, so long as (i) the average payoffs in equilibrium exceed those of
the punishment and (ii) the players are sufficiently patient.!* As § — 1, sufficient patience
is assured, so for simplicity I require individual rationality only at the limit. Thus the in-
dividual rationality constraint can be folded into the feasibility constraint. Let p; be player

i’s payoff in the trigger punishment. Define

_ N . :
P = {U eRY :v; >p; Vie N and Zvi < x%iXXZEd) [m(&,x(ﬁ)ﬂ } (2)
(2 (2
as the set of attainable and individually rational payoffs in the stage game.'® Feasibility,
then, is the constraint that a recursive mechanism must deliver the utility that it promises,

subject to individual rationality:

Definition 3. Given a discount factor § € (0,1), a recursive mechanism <V,{(ac, t,w)(-;v) },
v0> is feasible if:

(i) v C P,
(i) v=(1-9)Eg [u(@,@; 5,w(-;v),t(-;v),w(-;v))] for allv € V,
(i) w(@;v) € V for all @ € © and all v € V.
Under incentive compatibility, each player must prefer to make a truthful announcement
rather than deviate to some other on-menu announcement. EPIC can be thought of as an
incentive compatibility concept that is robust to any possible order in which announcements

might be made, while IIC can be thought of as an incentive compatibility concept that

requires all announcements to be made simultaneously.

Definition 4. Given a discount factor 6 € (0,1), a stage mechanism (z,t,w) is ex post
incentive compatible (EPIC) if

~

Uu; (0, 0; 5,x,t,w) > (9, (0:,60_;); 5,x,t,w) (3)

14This is individual rationality in the game theoretic sense rather than the usual mechanism design sense
of participation constraints. However, condition (i) makes clear that in this context the two notions are
equivalent if the punishment is interpreted as an outside option.

' The notation E¢ [f(-)] indicates Jo fd¢. T use this somewhat non-standard notation because there are
places in this paper where the more familiar notation Eg [ f (9)] would invite misinterpretation.

11



for all 6; € ©;, for all i € N, and for ¢-almost all § € ©.16 It is interim incentive compatible
(11C) if

for all §; € ©;, for all i € N, and for ¢;-almost all §; € ©;.17 A recursive mechanism
<V,{<:I:,t,w>(-;v)}, v0> is EPIC (resp. IIC) if (x,t,w)(+;v) is EPIC (resp. IIC) for all v € V.

Note that EPIC implies IIC. EPIC also has two other important properties. First, given
the probability measure ¢, a stage mechanism is EPIC if and only if it is IIC for every
probability measures that is mutually absolutely continuous with respect to ¢.'® Second,
Bergemann and Morris (2003) show (in a model with a finite signal space ©) that, for most
games, a static mechanism is EPIC if and only if it is IIC in an otherwise equivalent game
formulated with the universal type space—that is, the space in which players are allowed
arbitrary higher order beliefs about their opponents’ private information and beliefs.'®

The following theorem restates Theorem 1 from Miller (2005), which shows that it is
without loss of generality to consider instead the much simpler class of feasible and IIC
recursive mechanisms. This result justifies the mechanism design approach to repeated
games with private information. The main intuition is that when the players select their
recursive mechanism (this selection is not modeled), they are collectively acting as their own
mechanism designer. Their recursive mechanism specifies the equilibrium path they should
follow; incentive compatibility discourages on-menu deviations while the trigger punishment
discourages off-menu deviations. Hence a feasible and IIC recursive mechanism describes an
equilibrium path and implies the existence of a PPE that supports that path. In the other
direction, the equilibrium path of a PPE can be described by a history-dependent dynamic

5Tn the terminology of Balder (1996), this is “almost sure incentive compatibility.” Although this is not
the most complete notion of incentive compatibility, it enables Appendix A to apply Balder’s existence result
for an optimal equilibrium. Almost sure incentive compatibility is consistent with the construction of a PPE
if, for any (zero-probability) event that some @ is realized on which incentive compatibility fails, there exists
some sequential equilibrium in the continuation game. Since the ¢-measure of the set of all such 6 is zero,
the expected value of the equilibrium prior to 6 being realized is not affected.

17Where (151(91) = f@,i d¢(, 91)

18T see this, suppose f is EPIC given ¢. Then there may exist a ¢-null set Ey on which incentive
compatibility fails. However, f is clearly EPIC, and thus IIC, for any probability measure for which Ej is a
null set, including every probability measure with respect to which ¢ is absolutely continuous. Conversely,
suppose f is IIC for any ¢’ that is absolutely continuous with respect to ¢. Let Eg be the maximal ¢-null set
on which incentive compatibility fails. Then, for any particular § € ©\Ey, f is IIC for any sequence {¢}}
of probability measures, each absolutely continuous with respect to ¢, that converges to the probability
measure ¢g that assigns probability 1 to {#} (although the limit may not be absolutely continuous with
respect to ¢). This implies that f is IIC for ¢g. Since this is true for every 6 € ©\ Ey, it implies that f is
EPIC given ¢.

19Note that if the players do not share a common belief about ¢, then in a recursive mechanism they
may disagree over whether the promised future utilities are feasible. However, if in a repeated game they
share the same belief about ¢ but do not have common knowledge of this belief, then EPIC may be an
appropriate incentive compatibility concept. Chung and Ely (2003b) takes some first steps in this direction
for the context of a static mechanism design problem with independent private valuations.
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mechanism. Similar to the logic of Abreu, Pearce, and Stacchetti (1990), it is without loss
of generality with respect to attainable payoffs to substitute a recursive mechanism for a

dynamic mechanism.

Theorem 1. Let p € RY be the expected utility profile of some stage game perfect Bayesian
equilibrium. For any € > 0, there exists § < 1 such that, for all § > §:

(i) If a feasible and IIC recursive mechanism (V,{{x,t,w) (-;v)},v°) satisfies v; > p; + ¢
for alli € N and all v € V, then there exists a PPE that yields the same announce-

ments, actions, and net transfers along the equilibrium path;

(i) If V C RN is the set of average utility profiles yielded at the beginning of any period
along the equilibrium path of some PPE, and v; > p; + ¢ for alli € N and allv € V,
then for any v € V there exists a feasible and IIC recursive mechanism with initial

promised utility v.

The proof is in Miller (2005). This theorem validates the mechanism design approach
with the IIC concept of incentive compatibility. Notice that, since any EPIC recursive mech-
anism is also IIC, conclusion (i) of Theorem 1 implies that any feasible and EPIC recursive
mechanism generates an equilibrium path that can be supported by a PPE. Accordingly,
define:

Definition 5. An ex post perfect public equilibrium (EPPPE) is a PPE for which the equi-

librium path can be generated by a feasible and EPIC recursive mechanism.

This is similar to defining an EPPPE as a PPE that satisfies EPIC (defined appropriately
on the space of strategies) in every continuation game. Under this definition, it is appropriate
shorthand to call any EPIC recursive mechanism an “EPPPE mechanism.”

3.2 The equivalent static mechanism

The recursive problem can be transformed into an equivalent static problem as follows.

Definition 6. Given § € (0,1) and a stage mechanism (z,t,w), the equivalent static mech-

anism is a pair (x,y) where

y(0) =t(0) + 9 (w(8) — Egw(8)]) (5)

is the equivalent static transfer function.

A~ A~

In a static mechanism (z,y), players maximize m;(0,z(0)) + y;(6); i.e., they maximize

recursive utility in the stage mechanism to which the static mechanism is equivalent. A static
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mechanism satisfies EPIC (resp. IIC) if and only if it is equivalent to a stage mechanism
that satisfies EPIC (resp. IIC). In a recursive mechanism, individual rationality requires
w € P, but this imposes no constraints on the equivalent static transfer function y, because
y expresses the deviation of ﬁi&w from its mean. When discussing static mechanisms this
paper ignores individual rationality, which is not problematic when the goal is to analyze
Pareto-best recursive mechanisms as § — 1. When a larger set of attainable payoffs is of
interest, the individual rationality requirement needs to be imposed; see Miller (2005) for
an example of how to accomplish this.

Note that by construction an equivalent static mechanism is ex ante budget balanced:
Eg [Zl yl(H)} = 0. Later sections construct recursive mechanisms from equivalent static
mechanisms, and in such contexts it is crucial to impose expected budget balance as a

constraint on the static problem.

3.3 Summary functions, efficiency, and optimality

As utility is transferrable and the focus is on Pareto-best mechanisms, much of the succeeding
analysis will make use of aggregated summary functions. To simplify the notation, for most
functions a capital letter indicates the aggregation across all agents of the corresponding

lower case letter. In particular, for a recursive mechanism <V,{<x, t,w)(; 1})}, vo>:
o V =>".v; is the aggregate promised utility,
o V=30 is the value of the recursive mechanism,
o W(0) =), wi(0) is the aggregate continuation reward function,
o Y(0) =3, yi(0) is the aggregate equivalent transfer function.
It is also helpful to name two more aggregate quantities, given a stage mechanism (x,t, w):
o > Ey[mi(0,2(0))] is the aggregate welfare,
o %—5 (maxg[W(0)] — Eo[W (0)]) is the surplus gap.*°

Aggregate welfare is, naturally, the expected aggregate payoff from a particular outcome
function. The surplus gap is a little less intuitive, but the results in the next section demon-
strate its critical importance: the value V? of an optimal EPPPE mechanism is equal to the

aggregate welfare given z(-;v") minus the surplus gap given w(-;v%). In a dynamic sense,

2°Most of this paper uses notation as if maxima always exist. Most results can be applied to cases in
which maxima do not exist by employing appropriate definitions and limit arguments. For specific conditions
that assure the existence of an optimal EPPPE mechanism, see Appendix A.
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the surplus gap is the difference in total future welfare between the best possible future
path and the expected future path, given a continuation reward function w. If there is
free disposal of utility, or “money burning,” then the surplus gap can be interpreted as the
amount of money that the players expect to burn. In a static sense, the surplus gap is the
largest possible budget deficit given an equivalent static transfer function y, as stated by

the following simple lemma:

Lemma 1. Given a stage mechanism (x,t,w), if (x,y) is its equivalent static mechanism,

then
1)

25 (v 0)] - B W) ) = sl (0] (6)

Proof. By construction of y from ¢ and w. O

The notion of efficiency employed in this paper includes only those stage game allocations
that can be implemented under the constraints of EPIC. Specifically, an outcome function
x is ex post implementable if there exists an equivalent static transfer function y such that
(x,y) is EPIC. “EPIC efficiency” is defined over the set of ex post implementable outcome

functions, while optimality is defined over the set of EPPPE mechanisms:

Definition 7. An ex-post implementable outcome function is EPIC-efficient if no other
ex post implementable outcome function attains higher aggregate welfare. An EPPPE

mechanism is optimal if no other EPPPE mechanism attains higher value.

4 The dynamic cost of EPIC

4.1 Designing an optimal EPPPE mechanism

The main result of this section is Theorem 2, which characterizes the value of any optimal
EPPPE mechanism. The following “ceiling” lemma is a key step in proving this result. It
states an important fact about the promised continuation reward function w(-;v) in any
optimal EPPPE mechanism: the highest possible aggregate continuation reward W () that
can be promised at the end of the first period must equal the value V0 of the mechanism—

i.e., initial promised utility at the start of the first period.

Lemma 2 (Ceiling lemma). If <V, {<x,t,w>(-;v)},v0> is an optimal EPPPE mechanism,
then VO = maxy[W (6;v°)].

The proof, in Appendix B, is somewhat heavy on notation, but its logic is relatively

straightforward. If the highest aggregate continuation reward maxy[W (0;v°)] were greater
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than the value V9 of the mechanism, then it would be preferable to start the mechanism
as if the players had already reached the continuation game in which maxy[W (6;v°)] was
the initial aggregate promised utility. If maxg[W (0;v")] were less than V| then it would be
preferable to design an alternative mechanism that increases the entire schedule of aggregate
continuation rewards W (-;v) by a small lump sum « > 0. This would be feasible because,
for any 6 and small enough o, W (6;v°) 4+ a would not exceed V9.2! The bulk of the proof
consists of constructing this alternative mechanism in detail.

The following theorem states a fundamental property of any optimal EPPPE: its value
V0 must equal the first period aggregate welfare minus the first period surplus gap. Recall
that the surplus gap is defined as the maximum continuation reward minus the expected con-
tinuation reward, in aggregate present value terms: 1‘%5 (maxg[W (6;0")] — Eo[W (6;0")]).
This theorem indicates that the surplus gap is the quantity of aggregate utility that must
be given up to satisfy EPIC in an optimal EPPPE.

Theorem 2. If <V, {(x,t,w)(';v)},v0> is an optimal EPPPE mechanism, then

V=D Eylmi(6,2(60;0")] - % (meax[W(H; o)~ Eo[W (6 UO)]) ' "

Proof. First, feasibility requires that

VO =(1-¢) ZEMW’ 2(0;v°))] + 0E4 [W(6;°)]. (8)

Second, the definition of the surplus gap implies that

VO =(1-10) ZE¢[wi(6, 2(0;0°))]

+4 <mézx[W(0;v0)] S22 (

0 O )
(s (6100 - Bl 8:00)]) )

0

Third, by Lemma 2, V? = max,[W (#;v")]. With some rearrangement, this yields Eq. 7. O

The theorem states a property of optimal EPPPE mechanisms, but by Theorem 1, if the
discount factor is sufficiently high then the conclusion applies to optimal EPPPEs as well. It
is important to note that the value V° of an optimal EPPPE mechanism does not change as
the discount factor § changes. Promised utility w enters both the EPIC constraints and the
surplus gap only as &w; i.e., in present value terms rather than average terms. Although

w enters the feasibility constraint in average terms, the feasibility constraint does not bind

2'Recall that stage mechanisms may randomize, so the set of possible promised utilities is convex.
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for sufficiently high §. Thus, although the optimal continuation reward function must vary
in average terms as J varies, it must do so in a manner such that its present value remains
fixed. Hence for an optimal EPPPE mechanism the first period outcome function, monetary
transfer function, and surplus gap do not vary with §, and thus Theorem 2 implies that the

value of the mechanism does not vary with . The corollary below states this fact formally.

Corollary 1. There exists § < 1 such that, for all § > & and &' > 6, if <V, {(m,t,w>(-;v)},
vo> is an optimal EPPPE mechanism given 0, then there exists an EPPPE mechanism
(V, {{z,t,w')(-;v)},v°) that is optimal given &', with w'(-;v°) = %%ﬁl(w(-;vo) — %) 420,

The proof is omitted.?? Since 25 (maxg[W (0)] — E4[W(0)]) = maxp[Y ()] and the
feasibility constraint does not bind at the limit as § — 1, Theorem 2 and Corollary 1
indicate that the main task in designing an optimal EPPPE mechanism when players are
patient is to solve the static mechanism design problem of maximizing aggregate welfare

minus the surplus gap. Formally, the task is to solve

I(%if)( [Z Eg[mi(0,2(0))] — m(?x[Y(H)] s.t. (i) EPIC and (ii) E, Y (6)] =0, (10)

where (ii) must hold by the definition of an equivalent static mechanism (Definition 6).
Given a discount factor §, the equivalent transfer function y can be decomposed into a
monetary transfer function ¢ and a continuation reward function w.

Note that when monetary transfers must sum to zero for every realization of 6, to
construct an optimal EPPPE it is not sufficient to merely solve Eq. 10 for the first stage
mechanism. It is also necessary to design stage mechanisms for the later periods that support
the continuation rewards promised by w(-;v°). As in the proof of Lemma 2, this process is
somewhat simplified by allowing randomized mechanisms. It is possible, however, to keep
the analysis focused on the equivalent static mechanism (z,y) by expanding the game to
allow free disposal of utility, or money burning; i.e., to allow ) .¢;(§) < 0. Then the first
period’s stage mechanism can be used in every period, with the proviso that at the end of
each period the players must collectively burn the amount 1%(;(rna)((; [(W(6)] — W(6;0%))
in order to satisfy EPIC. Thus the problem of designing an optimal EPPPE mechanism is
solved implicitly by solving the problem of designing an optimal equivalent static mechanism.
Appendix A demonstrates that there exists a solution to this problem under quite general

conditions.

22The only subtlety is that it is necessary to show that the promised utilities indicated by {w’(6;v) : € ©}
can be supported by EPPPE mechanisms in their respective continuation games. This is accomplished by
reasoning similar to that in Lemma 2.
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4.2 Ex post unbalancedness

By Theorem 2, if the surplus gap is strictly positive for an EPIC-efficient outcome function,
then EPIC efficiency cannot be attained by any EPPPE. Recall that “EPIC-efficient” means
efficient subject to EPIC, so it is possible to implement an EPIC-efficient outcome in any
particular period. However, the positive surplus gap means that aggregate continuation
rewards must on average fall below the EPIC-efficient level of aggregate utility. The corollary
below indicates that the surplus gap for an efficient outcome function is strictly positive
under a simple condition called “ex post unbalancedness.” An ex post unbalanced game is
one in which no equivalent static mechanism can approximate both EPIC efficiency and ex

post budget balance while satisfying EPIC.

Definition 8. Let @Q* be the EPIC-efficient level of aggregate welfare. A stage game is
ex post unbalanced if there exist some € > 0 and n > 0 such that if an equivalent static
mechanism (z,y) satisfies EPIC and ), Ey[m;(6, z(0))] > Q* — ¢, then there exists a subset
E C © such that ¢(E) > n and 6§ € E implies Y (0) > 7.

Section 5 will show that interesting games are usually ex post unbalanced. But, intu-
itively, for efficient mechanisms the two constraints of EPIC and ex post budget balance
usually conflict because EPIC requires ex post imbalances in order to implement efficiency.

Given a well-behaved game, this is likely to be true for approximate efficiency as well.

Corollary 2. Let Q* be the EPIC-efficient level of aggregate welfare, and assume that the
set of EPPPEs is non-empty. Then the following conditions are equivalent:

(i) The stage game is ex post unbalanced.

(ii) For all § € (0,1), the set of aggregate average payoffs attainable in an EPPPE of the

repeated game is uniformly bounded above by some V < Q*.

This corollary shows that EPIC efficiency is not attainable in an EPPPE mechanism
whenever the stage game is ex post unbalanced. Complications in the proof, in Appendix B,
arise from the possibility that an optimal EPPPE mechanism may not exist. If a optimum
exists, then ex post unbalancedness reduces to the condition that no EPIC-efficient outcome
rule can be implemented with ex post budget balance. In this case the proof is simple: either
the optimum implements an EPIC-efficient outcome rule but burns money, or it implements
an EPIC-inefficient outcome rule. Either way the players do not realize an EPIC-efficient
level of welfare.

This contrasts with the conclusion in Miller (2005) that efficiency is generally attainable
in a PPE, given three or more players and a sufficiently high discount factor. Since EPPPE

is a more robust equilibrium concept than PPE, this identifies a trade-off between robustness
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and efficiency. The critical difference between IIC and EPIC is that IIC constrains expected
monetary transfers at the interim stage rather than actual monetary transfers at the ex post
stage. Thus under IIC and PPE there may be leeway to adjust the ex post monetary transfers
to achieve ex post budget balance. In a sense, ex post unbalancedness can potentially
be circumvented by institutions that support IIC as the appropriate concept of incentive

compatibility.

5 The separable utility environment

The analysis thus far has dealt with games only in the abstract. To apply these results,
this section introduces a class of games that contains the models most commonly used to
study problems with private information. This class is called the separable utility environ-
ment, after Chung and Ely (2003a), and it is characterized by one-dimensional signals and

multiplicatively separable utility.?3

Definition 9. A game in the separable utility environment satisfies
(i) X is a compact and convex metric space;
and, for each ¢ € N:
(i) ©; = [0,0] C R;
(iii) (0, 2(0)) = 7§ (x(6)) ©f (6);
(iv) 7f : & — [0,1] is continuous;

(v) ©?:© — [~1,1] is differentiable in §; and strictly increasing in 6; for ¢_;-almost every

0_;

(vi) If z is efficient, then 7¥(x(0)) is non-decreasing in 6; for all f_; € ©_;.

Condition (i) ensures the existence of an optimal EPPPE, by Proposition 6 in Ap-
pendix A, and includes the case in which X is the space of probability measures on some

compact, but not necessarily convex, metric space. Conditions (ii-v) place the game in

23The separable utility environment also uses collective actions rather than individual actions. As men-
tioned in Section 2, a game with collective actions can be modeled by specifying that the payoff function
provides extremely low utility if there is any disagreement among the players. That is, if some player
disagrees with the collective action prescribed by a mechanism, then that player (and possibly the other
players) will be penalized severely. Alternatively, these penalties could be enacted via trigger punishments
in equilibrium rather than by assumption on the payoff functions. The approach here is to define the action
space X over collective actions, and simply assume that players cannot unilaterally deviate from a collective
action.

19



the separable utility environment as defined by Chung and Ely (2003a). Condition (vi) is
added for convenience, so that unconstrained efficiency is also EPIC efficient: by Chung
and Ely’s Theorem 2, (vi) is necessary and sufficient for an outcome function to be ex post
implementable in the separable utility environment.

Much of the analysis in the remainder of the paper concerns the equivalent static mech-
anism. For brevity I refer to an equivalent static mechanism simply as a “mechanism”
wherever it will not be confused with a stage mechanism or a recursive mechanism, and
refer to an equivalent static transfer function as a “transfer function.”

Given an ex post implementable outcome function x, in an EPIC mechanism each player’s
transfer function must have a particular shape in order to discourage on-menu deviations.
Specifically, Chung and Ely’s Proposition 5 implies that the envelope theorem (for instance,
Milgrom and Segal (2002) Corollary 1) fully determines each player’s equilibrium utility for
each 0_;, up to an additive constant y;(6,6_;): for all 6 € ©,

Wi(ea x(@)) + yi(e) = 7TZ'((Q’ 9_1'), x(Q7 ‘9—1')) + yZ(Qa e—i)
ot

$i0-i) 2o 0 VVds:
+ /&%m (x(s4,0-;))ds;.
[

Each player i’s transfer y;(6) can be decomposed as

vi(0) = 5 (0—:) — ri(6; 2). (12)

where y{(0_;) = y;(0,0—;) is her fived transfer, the portion of her transfer that does not vary
with 6;; and 7;(0; x) is her EPIC payment, the portion of her transfer that is pinned down
by EPIC and the choice of outcome function x. Then rearranging Eq. 11 gives

7

)

af(s.. 0
Mﬁx(x(si,efi))dsi- (13)

ri(0;2) = mi(0,2(0)) — i ((0,0-:), x(6,0-:)) — 0s; :

>

As usual, aggregate EPIC payments and aggregate transfers are notated with capital letters:

R(0;z) =Y, ri(0;2) and Y(0) = >, y2(0) — R(6; z).

5.1 The generality of ex post unbalancedness

In the separable utility environment, it is possible to address the generality of ex post
unbalancedness, under which EPPPEs are unable to support EPIC efficiency. The first step
in this discussion is to clarify how to identify whether a game is ex post unbalanced. Then I

present examples of games that are ex post unbalanced, and which are clearly not knife-edge
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cases, as well as some examples of games that are not ex post unbalanced. I argue intuitively
that certain characteristics that make games “interesting” are also likely to make them ex
post unbalanced.

Recall that ex post unbalancedness is the condition that no mechanism can approximate
both (EPIC) efficiency and ex post budget balance. In the separable utility environment,
the aggregate EPIC payment function R(-;x) is fixed by the choice of outcome function x,
so the question of whether ex post budget balance is possible is answered by determining
whether there exist fixed transfer functions {y?};enr such that >, 49(0) — R(6;2) = 0 for
all 0. Since >, y?(0) is by construction additively separable in 6; and f_; for all 6 and all
i—or “(N — 1)—additively separable”™—we conclude that a game is ex post unbalanced if and
only if, for * efficient, R(0;2*) is not (N — 1)-additively separable.?4

Definition 10. Given a probability measure ¢, a function a : © — R is (N — 1)—additively
separable if there exist functions o : ©_; — R, i =1,..., N, such that a(0) = >, a;(0_;)
for ¢-almost all 6.

Theorem 3. In the separable utility environment, a game is ex post unbalanced if and only
if, for all efficient outcome functions x*, the aggregate EPIC payment function R(-;x*) is
not (N — 1)-additively separable.

This theorem implies that in order to determine whether a game is ex post unbalanced,
it is sufficient to examine the EPIC payment functions for the efficient outcome functions
and identify whether any is additively separable. The proof, in Appendix B, relies crucially
on the fact that an optimal mechanism always exists in the separable utility environment,
which is a consequence of Proposition 6 in Appendix A. The basic idea is simple: if R(-; 2*)
s (N — 1)—additively separable then it is possible to construct a mechanism with an ex post
balanced budget, and otherwise it is not possible. The subtlety in the proof arises from
accounting for potential problems on sets of ¢-measure zero.?

To see that interesting games in the separable utility environment are generally ex post

unbalanced, notice that R(-;z) depends on 7¥, which is not restricted to be (N —1)-additively

241t is important to distinguish the concept of (N —1)—additive separability, which refers to the functional
forms of R(;x) and >, y?, from the concept of (multiplicatively) separable utility, which refers to the
functional form of m; (6, z(0)) in the separable utility environment.

25In the private valuations case, and under the assumption that there exists an efficient outcome function
that is differentiable in 6, Laffont and Maskin (1980, Theorem 4.1) go one step further to give conditions on
the outcome function that guarantee exact ex post balance. In the setting considered here, a similar result
could be obtained by imposing the differentiability assumption, applying integration by parts (in reverse) to
Eq. 13, and noting the consequences of the aggregate EPIC payments being (N — 1)—additively separable.
Note, however, that differentiability rules out many of the most interesting cases.
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separable.?6 Even in games with independent private valuations (i.e., Wf depends only on 6;,
so that 7¥ is by construction (N —1)-additively separable), 7% (x(6)) is generally not (N —1)—
additively separable when efficiency involves non-trivial comparisons across players, as shown
by Hurwicz and Walker (1990). For example, in a game of allocating an object to one of the
players, an efficient outcome function x* gives the object to the player with the highest value
of 7?(#)—an assignment for which 7%(x*(6)) is generally not additively separable when {r?}
have overlapping ranges.?” For a second example, in a game of providing a public good, an
efficient outcome function z* provides the good when the sum ), 7?(0) is positive; this
yields a 7%(2*()) that is generally not (N — 1)-additively separable when {7} have non-
trivial ranges.?® In a more abstract sense, games that are “smooth” are ex post unbalanced,

as shown in the following proposition (proven in Appendix B).

Proposition 1. In the separable utility environment, let D = {wx(x) 1 X € X}. A game is
ex post unbalanced if both

(i) D C RY is a smooth, compact, convex set with non-empty interior;
(ii) For any subset © C © with $(©) =1, {7?(0) : 0 € O} spans R".

On the other hand, several types of games are immediately indentifiable as “ex post
balanced” (that is, not ex post unbalanced). Intuitively, the properties that make a game ex
post balanced are properties that trivialize either the problem of balancing the budget or the
problem of providing incentives, so in this sense ex post balanced games are “less interesting”
than ex post unbalanced games. For an example, as suggested in the introduction, if one
player does not have private information, then she can insure the other players against
budget imbalances. This is commonly the case in auctions when the auctioneer has a fixed
valuation of zero. A second example is when the efficient outcome does not vary with 6;
then no EPIC payments need be made. This is the case in pure common value auctions, in
which it does not matter which player wins the object because all players value it equally.?’
Third, if payoffs are identical across players—that is, what is best for any one is best for

all—then the game is isomorphic to a one-player decision problem, and truthful revelation

Z6However, ex post unbalancedness is a non-generic property in the larger space of games with multi-
dimensional signals. Jehiel, Meyer-ter-Vehn, Moldovanu, and Zame (2005) show that in this space EPIC
allocation rules are generically trivial, and are thus implementable with ex post budget balance.

?TConsider an allocation game (see Section 6.3 for definition) with one indivisible object and «f(8) = 6;:
For an efficient allocation rule, find a nonzero Nth cross-difference at 61 € {1—¢,1+¢} and 6; € {1,1+ je}
for j =2,..., N, where € > 0. At these points, whether player 1 is pivotal at 61 depends on 62, whether 62
makes a difference as to whether player 1 is pivotal depends on 63, and so on.

28Consider an indivisible public good with valuations «f (8) = 0;: for an efficient provision rule, find a
nonzero Ith cross-difference at 6; € {—¢,e} and 0; € {0, je} for j =2,..., N, where ¢ > 0.

29This is also the case in allocation games when the players’ valuation ranges do not overlap, so that the
same player always has the highest valuation.
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may be taken for granted. These cases are formalized in the following proposition. (The

proof is obvious and omitted.)

Proposition 2. A game in the separable utility environment is ex post balanced if any of

the following is satisfied:

(i) There exists some player i € N such that ©; is is a singleton;

(i) There exists an efficient outcome function x* such that x*(0) = x*(0") for all 6 € O
and all ' € ©;

(iii) For alli e N and all j € N, for all x € X, and for all § € ©, m;i(x,0) = mj(x,0).

For some types of games it is possible to construct knife-edge cases in which the players’
incentive payments always balance under efficiency. Chung and Ely (2003a) give an example
of this sort: a simple trading game between two players in which x;(0) is the probability
that player ¢ gets the object, and m;(6,2(0)) = (0; + ab_;) x;(8). The EPIC payments for an
efficient outcome function sum to exactly zero for all # if and only if a = —1. Laffont and
Maskin (1980, Corollary 4.2) construct a larger class of games with three or more players
and quadratic preferences in which the players’ incentive payments exactly cancel out, but

more general preferences lead to ex post unbalancedness.

5.2 Computation

In Section 3, the problem of designing an optimal EPPPE was successively simplified, first
from a problem in the space of repeated game strategies to a dynamic programming problem
in the space of recursive mechanisms, and thence to a static mechanism design problem. I
now show that in the separable utility environment this static mechanism design problem
can be solved by linear programming.

First, consider the problem when the outcome function x is fixed: the problem is
then to find a conditionally optimal fixed transfer function >, y?*(-; x)—i.e., one such that
<x, Sy — (s m)> is optimal among EPIC mechanisms that implement z. Formally,

this is the following nonlinear program, which minimizes the surplus gap:

Definition 11 (Program NLP(z)).

min [mgax [Z 912(0_;) — R(6; :U)H s.t. Eg [Z 2(0_;) — R(6;z)| =0. (14)

{g?:G_iaR}i\;l

The definition and proposition below show that Program NLP(x) can be solved by a linear

programming algorithm.
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Definition 12 (Algorithm LP(x)). Let {g2*(-;z)}¥, solve

max [Edy[zgg(el)u s.t. Zyz i) < R(O;z) V6. (15)

{g’?:efi*)R}i:I

Then let ]
g (sa) = g0 (e —NEqs[Z*O* i 9;93)] (16)

for each i. The output is {y?*(;z)} ;.

Proposition 3. Any output y?*(-;z) from Algorithm LP(z) also solves Program NLP(x).

The proof is in Appendix B. The intuition is that the regions of ©® on which the solution
to Program NLP(z) attains a maximum of Y°(@) — R(6;x) are the same regions of © on
which the constraint is binding in the linear programming step of Algorithm LP(x). The
lump sum adjustment in Eq. 16 must be made after solving the linear program in Eq. 15
because the size of the lump sum is determined by the solution.

For the same reasons, under one additional convexity assumption the problem of finding
an (unconditionally) optimal mechanism can also be solved by an algorithm with a single

linear program, as follows.

Assumption 2. The set C = {Wx(x) 1S convew.

}xeX

Definition 13 (Algorithm LP*). Let z** and {§?**}, solve

max E, [Z i 72(0) + Z 70(0_;) — R(6; x)}

7 (2():0—C, {§0:0_i =R},

17
. Y°(0) < R(6;x)V (a7)
s.t.
7l (2(0)) > ¥ (x(0;,0_;)) V0, <0;,V0,Vi.
Then let 1
W= = B[S 0-) — Rioia™)] (18)

i
for each i. The output is (z**, {y?*}¥,).

Some notation: Let y*(-;2) = >, y2*(;2) — r(+;z) be the conditionally optimal transfer
function implied by the output of Algorithm LP(z); then (z,y*(:;x)) is a conditionally opti-
mal mechanism given x, and for brevity I say that (z, y*(-; z)) “solves” both Algorithm LP(x)
and Program NLP(z). Since y)** = y9*(-; 2**) for all i, I also say that the optimal mechanism

(™, y*(-;2*)) “solves” Algorithm LP*. The value of a conditionally optimal mechanism
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given z is VO*(z) = 3, Ey[m;(0, 2(0))] — maxp[Y*(0; x)], so the value of an optimal mecha-
nism is VO*(2**) = 3" Ey[mi (0, 2%*(0))] — maxp[Y*(6; 2**)].

Although Algorithms LP(z) and LP* involve continua of variables and constraints in the
separable utility environment, they suggest a simple method for computing approximations
on a discretized signal space.?® Section 6 develops general characterizations for the solutions
of both Algorithms LP(z) and LP* as applied to the special case of allocation games.
Section 6 also describes an approximate version of Algorithm LP* numerically for allocation
games with a range of probability distributions and utility functions. Furthermore, the
separable utility environment could easily be extended to games with finite signal and action
spaces, on which these programs would have finite numbers of variables and constraints.

It is interesting to note that the maximization problems in Eq. 15 and Eq. 17 can be
interpreted as static mechanism design problems in which there is a ‘no-subsidy” condition
(ie., Y(0) = Y°(0) — R(0;z) < 0 for all #). That is, when money burning is allowed
the problem of designing an optimal EPPPE differs by a lump sum from the problem of
designing a static EPIC mechanism when the mechanism designer is not allowed to provide
any subsidy, and individual rationality is ignored.3! In the static problem, money must be
burnt to provide the correct incentives, and moving from the static problem to the repeated

game does not alleviate this restriction.

6 Two-player allocation games

In an allocation game, there is some rival good that must be split among the players. Leading
examples include auctions, in which some objects or benefits must be distributed; trade, in
which players can exchange goods for money; and collusion, in which firms must divide a
market. To show the process of designing an optimal (EPPPE) mechanism, I begin with
a detailed example, which displays a number of interesting properties. Then I explore the
generality of these properties in both analytically and numerically. These properties are, in

decreasing order of generality:3?

1. An optimal mechanism ezists. (Proposition 6, Appendix A)

2. It is impossible to implement an EPIC-efficient outcome function in every period unless

money is burnt. (Theorem 3)

30Simple computer programs for solving Algorithms LP(z) and LP* for two-player games are available
on request from the author. They require Mathematica, version 5.0 or higher, from Wolfram Research, Inc.

31The lump sum difference accounts for the fact that the equivalent static transfer function subtracts out
the mean of the promised future utility function.

32A similar set of properties applies to games with public goods as well. An addendum demonstrating
this is available on my web site: http://dss.ucsd.edu/~d9miller.
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3. Given an efficient outcome function x*, the conditionally optimal fixed transfer func-
tion yY*(-;2*) for each player is monotonically increasing up to a cutoff point, and
flat thereafter. Proposition 4, below, shows that this is generally true in two-player

allocation games, subject to some mild regularity conditions.

4. The optimal mechanism involves partial “pooling.” That is, when both players’ signals
fall within a certain range, the outcome function is fixed and ignores their signals.
Though I have not proven that this is true for all allocation games, it is the case in
every example I have computed, across a wide range of allocation games with varying

valuation functions (%) and probability measures (¢).

5. When valuations are interdependent, the optimal mechanism has a positive surplus gap.
That is, when both players’ valuation functions depend on both #; and 65, then an
optimal mechanism requires either money burning or changes in aggregate continuation

rewards.

6. For many models with private valuations, the optimal mechanism has a zero surplus
gap, and the optimal outcome function displays a “stair step” pattern. A recursive
mechanism with a zero surplus gap is stationary, since continuation rewards do not
need to change in order to provide incentives. That is, the inefficiency implied by
property 2 is achieved by choosing an inefficient outcome function in each period
rather than by burning money. This indicates that any increase in allocative efficiency
is very expensive in terms of the amount of money that must be burnt to support
it. This property seems to hold in many, but not all, allocation games with private

valuations.

The first main theoretical result of this section follows from a closer examination of
property 4: Theorem 4 shows that, in two-player allocation games, an optimal mechanism
never employs an efficient outcome function. Instead it is preferable for the players to
give up some static efficiency in order to reduce the surplus gap. The proof operates by
demonstrating that an efficient outcome function can always be improved by introducing a
small amount of pooling in a region where both players’ valuations are low.

The second main theoretical result shows that property 5 is general: Theorem 5, below,
shows that under interdependent valuations it is always optimal to use a mechanism that
requires money burning or changes in continuation rewards. This is particularly noteworthy
in light of property 6—that under private valuations the optimal surplus gap is often zero.

A third result is conjectured: that property 6 holds for all allocation games with sym-

metric private valuations. Section 6.2 offers some suggestive evidence for this conjecture.
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This section makes much use of the (equivalent static) transfer function, y : @ — RV,

so a review of its properties is in order. First, recall its definition:

Y(0) = 10) + 2 (w(0) ~ Eglu(®)]). (19)

By construction, the aggregate transfer function Y (6) = >, vi(6) satisfies ex ante budget
balance: E4[Y (6)] = 0. In the separable utility environment, for each player 4, y; can be
decomposed into the EPIC payment function r;(-; ), which is pinned down by EPIC, and
the fixed transfer function y? , which does not vary with 6; so as to avoid disrupting the

incentives:
yi(0) = i (0-5) — 1:(6; ). (20)

Given an outcome function z, the problem of designing a conditionally optimal mechanism
(Algorithm LP(x) of Section 5.2) is to choose a fixed transfer function that minimizes the
surplus gap, maxg[Y (0)] = maxy[>_, y?(0) — R(#;z)]. A solution to this problem is a set of
conditionally optimal fixed transfer functions {y{*(-;z)}ienr, from which the conditionally

optimal transfer function y*(-;z) = (y?*(:;2) — ri(; x))ieN is constructed.

6.1 Example: Linear private valuations, uniform distribution

To illustrate the process of designing an EPPPE mechanism for an allocation game, consider
an example in which two players must allocate one indivisible object each period. They have
independent private valuations, each of which is distributed uniformly on the interval [0, 1].

7

An outcome function z, or “allocation rule,” maps from the vector of private valuations to
a probability distribution over who gets the object. Let x;(6) indicate the probability that
player i € {1,2} gets the object given a pair of valuations 6 = (61, 62). The players have
separable utility of the form 7% (0) 7% (2(6)) = 6; z;(0).

Efficient allocation rule in the first period One approach to designing an EPPPE
mechanism is to start with an efficient allocation rule * in the first period. This approach
is exhibited in Figure 1. The allocation rule, which assigns the object to the player with the

highest valuation (ignoring ties), is shown in Figure 1A. The resulting aggregate welfare is

1 1
S Bylmi(0,27(0))] = / / max[0] d01d92:§. (21)
@ 0 0

Figure 1B shows the aggregate EPIC payment function, R(-;x*). Since each player’s
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A. Efficient Each graph shows the signal
allocation space. The 2-dimensional graphs
“(0) x5(0) =1 show player 1’s signal on the hor-
x izontal axis and player 2’s sig-
nal on the vertical axis. The 3-
dimensional graphs show player
. 1’s signal on the foreground axis
x1(0) =1 and player 2’s signal on the back-
ground axis.
B. Aggregate
EPIC payments B—
R(0;x") 0, e ]
1
1
SH)
i 0
C. Aggregate
fixed transfers 1
* (0 A% —+0 —
Yo (0; ") TR 12
1
0146 — 3 12 + 0.
D. Aggregate 7
12 0%
transfers <z
Y*(0;x*) 12 g i', 2
*(Q. A% 15— 0 i [Z %-~
= Y (0;x") R R V=0 e
—R(0;x*) ; Y LT LTI,
’ 02— 1 s\ AT T
1 127 .....\..
- 0
12
0 — 3

FIGURE 1: FIRST PERIOD EFFICIENCY IN THE ALLOCATION EXAMPLE
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EPIC payment for this allocation rule follows the familiar second price auction,

R(0; ™) = r1(0;2%) 4+ ro(0; ™) = miin[Gi]. (22)
Note that R(-;2z*) is not (N — 1)—additively separable. Then, by Theorem 3, the game is ex
post unbalanced, so the surplus gap for an efficient allocation rule must be positive.
Theorem 2 implies that the goal should be to maximize aggregate welfare minus the
surplus gap. Since aggregate welfare and the EPIC payments are already fixed by the choice
of z*, the first task is to find fixed transfer functions that minimize the surplus gap. An
aggregate solution >, y9*(+; 2*) is shown in Figure 1C. Notice how >, y%*(; #*) mimics the
slope of R(-;2*) in the quadrants off the diagonal; the (N — 1)-additive separability of
>y (s 2*) prevents it from also matching R(-;2*) in the quadrants on the diagonal.
Figure 1D shows the aggregate transfer function, Y*(:;2*) = > y9*(:;2*) — R(:;2*).
By Lemma 1, the surplus gap is equal to the maximum of the aggregate transfer function,

maxg[Y*(0; z%)] = % By Theorem 2, the value of the mechanism is

VO = ST Bolm(0,2° (0))] - max(y* (0;0)] = % (23)

Given a discount factor 0, to transform (z*,y*(-;*)) into the first stage of an EPPPE

mechanism we must decompose the equivalent static transfer function as follows:

V*(1a%) = 3 (150%) 4+ o (wi(10%) — By fui(6:0°)) (24)

%

There are many ways to achieve this decomposition, but all must satisfy two constraints:
(i) Yo, ti(0;0°) = 0 for all 6 and (i) (1 —6) 2 + 6>, Eg[w;(6;0°)] = 5. If money burning is
allowed, then the continuation reward w;(6;v°) can be delivered by having each player burn
the appropriate amount of money, and then continuing the game with the initial promised
utility v°. If money burning is not allowed, then it is necessary to design additional stage

mechanisms that can deliver any of the promised continuation rewards.
Optimal allocation rule Construction of the optimal mechanism is shown in Figure 2.

For this example, the solution is to “pool” the allocation on regions where the players have

similar valuations, as plotted in Figure 2A. “Pooling” refers to the idea that, conditional on
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A. Optimal Each graph shows the signal
allocation space. The 2-dimensional graphs
*(9) x;¥(0) =1 (%, %) show player 1’s signal on the hor-
x izontal axis and player 2’s sig-
nal on the vertical axis. The 3-
dimensional graphs show player
1’s signal on the foreground axis
(%, %) x;*(0) =1 and player. 2’s signal on the back-
ground axis.
B. Aggregate
EPIC payments 1 1
R(0;x**) 2 5
1
0 il
4
C. Aggregate
fixed transfers 1 1
YO* e *k — —
(6;%7) ; -
0 1
4
D. Aggregate
transfers
Y*(0;x**)
— YO* (e, X**) 0
—R(0;x**)

FIGURE 2: OPTIMALITY IN THE ALLOCATION EXAMPLE
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f falling within a particular rectangular region, the allocation ignores the players’ signals:

) ite; <
) if 61 >

and 0y < %,
and 6y > %, (25)

)

)

1
2
1
2

NI— N~
Nl—= NI

(
(
x*(0) otherwise.

This allocation rule forms a rectangular “stair step” pattern when plotted in three dimen-
sions. The aggregate welfare provided by this allocation rule is Y, Eq[m;(6,2**(6))] = 2.
As for the EPIC payments, when 0; < %, player i wins the object with probability that
depends only on 6_;, so her EPIC payment is zero. When 6; > %, she wins the object with
probability that is % greater than when 6; < %, so she must pay an EPIC payment of %;
this discourages her from claiming to have a valuation greater than % when her valuation is

actually less than % Thus the aggregate EPIC payments, as plotted in Figure 2B, are:

0 if 61,0, <3,
R(0;2™) =L if 6;,605 > L, (26)
% otherwise.

Observe that R(-;z**) is (N — 1)-additively separable. Thus Y, y?*(;2**) = R(:;2**), as
shown in Figure 2C, and the surplus gap is zero (Figure 2D). The value of the mechanism is
VO*(2**) = %, which exceeds the value of 1—72 achieved by the efficient allocation rule analyzed
above.

This optimal solution is easily transformed into an EPPPE mechanism by setting the

stage game monetary transfer function to
ti(0;0°) = 9" (0—i3 ™) — ri(0;27). (27)

We can be sure that >, ¢;(6;v°%) = 0 because the surplus gap is zero. Then the continuation

reward function is simply w(6;v°) = v° for all ; i.e., the recursive mechanism is stationary.

6.2 A range of examples

In order to gain a broader picture of optimal EPPPE mechanisms in two-player allocation
games, I computed Algorithm LP* for a variety of probability distributions and pairs of
valuation functions using a 14 x 14 discrete signal space. One set of calculations considers
combinations of eight probability distributions (including the uniform distribution and eight
truncated independent bivariate normal distributions with the same variance but different

means) with five pairs of valuation functions (including symmetric and asymmetric private
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valuations, symmetric partial common valuations, and one combination in which one player
has private valuations while the other has partial common valuations). A second set of
calculations considers forty pairs of symmetric private valuations, under the uniform distri-
bution. A third set of calculations considers eight randomly generated distributions, with
five pairs of symmetric private valuations.

The first set of computed optimal allocation rules is shown in Figure 3. The probability
distribution is displayed in the left column, while the valuation functions are listed across the
top. Each graph displays 6, € [0, 1] on the foreground axis and 3 € [0, 1] on the background
axis. The vertical axis gives player 2’s portion of the optimal allocation, z3*(0); i.e., a value
of 3*(0) = 0 on the vertical axis implies that 23*(6) = 1, so player 1 gets the entire object.?3

The most general regularity in Figure 3 is that none of the optimal mechanisms imple-
ment efficient allocation rules. That this holds for all two-player allocation games is proven
in Theorem 4, below, which shows that an efficient allocation rule can always be improved
by introducing a small amount of pooling “at the bottom” (when both players have low
valuations).

A second regularity in Figure 3 is that the optimal mechanisms all pool at the bottom.
This matches well with the intuition of Theorem 4, which is that pooling is a good strategy
for reducing the surplus gap without giving up much efficiency. However, I also computed a
similar range of examples for team decision games (the results are available in an addendum
on my web site), and found examples (with interdependent valuations) in which the optimal
mechanism does not pool at all. This suggests that pooling may not always be optimal,
since team decision games share many similarities with allocation games. It is an object of
ongoing research to find conditions under which pooling is, or is not, optimal.

A closer examination of Figure 3 reveals an even more striking, if somewhat less general,
regularity. Excluding column 5 (in which both players have interdependent valuations),
nearly all the examples exhibit a zero surplus gap. A zero surplus gap can be recognized
by a stair step allocation rule—such as any example in column 1. The cases in which the
surplus gap is not zero, such as example D.2 or any example in the fifth column, display
allocation rules that are more rounded, and which sometimes split the object between the
two players. In all cases, the surplus gap is quite small compared to the inefficiency of the
allocation (example E.5 exhibits the highest ratio of money burning to allocative inefficiency
at maxg[Y**(0)]/ >, E [mi(0,2*(0)) — mi(8,2**(0))] ~ 0.01). That the surplus gap is so small
at the optimum indicates that a small increase in allocative efficiency is very expensive, in
terms of the amount of money that must be burnt to support it, even when the overall

allocation is very far from efficient. This suggests that the logic of Theorem 4—that an

331t is inconvenient to graph x}* because the height of the surface in the foreground would obscure
important features in the background.
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efficient allocation can always be improved upon by pooling—applies also to many inefficient
allocations. On the other hand, Theorem 5, below, shows that when the players have
interdependent valuations—as in the fifth column—an optimal mechanisms always features
a positive surplus gap.

These examples raise the possibility that it is common for a zero surplus gap to be
optimal, particularly under symmetric private valuations. I am currently working to prove
the conjecture that in allocation games with symmetric private valuations, a zero surplus
gap is optimal, subject to some regularity conditions. For now, in lieu of proof, I offer the
second and third sets of computations as suggestive evidence. The second set of computed
optimal allocation rules is shown in Figure 4. The purpose of this set of computations is to
investigate whether allocation games with symmetric private valuations optimally have zero
surplus gaps under the uniform distribution. The third set of computed optimal allocation
rules is shown in Figure 5.3% The purpose of this set of computations is to investigate
whether allocation games with symmetric private valuations optimally have zero surplus
gaps regardless of the distribution. In both exercises, since each optimal allocation rule in

the figure displays the stair-step pattern, no counterexample to the conjecture was generated.

6.3 General allocation games

Definition 14. A game in the separable utility environment is an allocation game if:

i) X={xe0,1V:>, x; <1},

(i1) 7¥(x) = x; for all x and all 4,

(iii) 7%(0) € [0, 1] with 7{(0,0) = 74(0,0).

In this setup, m?

7 is player i’s valuation function. Part (iii) is merely a normalization. I

impose the following assumption for convenience. Parts (i) and (iii) are mild regularity
conditions; part (ii) requires monotonicity and that own signals be more important than

others’ signals, as is commonly considered in the literature.

Assumption 3. There exists B € (1,00) such that, for all 0, for all j # i, and for all i,

0
(i) w(0) is twice continuously differentiable with % < 873'950) < B;

g orxi() _ ox9(6) A ORPRLHON
(it) 0 < =55~ < g, and =55~ < —gg,—

(iti) ¢ is a twice continuously differentiable probability density with < ¢(6) < B.

34Due the computational load of the calculations, some of the examples use a 12 x 12 or 10 x 10 grid.
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6.3.1 Implications of efficiency

An allocation rule z* is efficient if and only if 27(f) = 0 for all i ¢ argmax; [77?(9)}, for
¢-almost all 6; i.e., if =* allocates the object to a player with a highest valuation. The
EPIC payments for an efficient allocation take the form of a Vickrey-Clarke-Groves (VCGQG)
mechanism:3® Let \(6_;) be the solution to 7?()\;,0_;) = 7%,(\;,0_;); that is, given 6_;,
AF(6—;) is the signal for player ¢ at which she is pivotal. Then the aggregate EPIC payments

are

R(0;z%) = Zrz (0;2* Zn T (NE(0-:),0-;). (28)

Given an allocation z, recall that {y?*(; ) }icn are the conditionally optimal fixed transfer
functions that solve Algorithm LP(z), and Y*(;2) = >, y?*(:;2) — R(+;z) is the condi-
tionally optimal aggregate transfer function. The following proposition shows that in a
two-player allocation game, subject to some mild regularity conditions, for any efficient
allocation rule z* each player i’s conditionally optimal fixed transfer function y*(-;x*) is

increasing in 6_; up to a cutoff point, and flat thereafter.

Proposition 4. In a two-player allocation game under Assumption 3, for any efficient
decision rule x* there exists a conditionally optimal fized transfer function ), y*(52%), a

point b on the interior of ©, and a pair of constants a1 € R and as € R, such that

(i) w{(b) = w5 (b);
(ZZ) ylo*(G_z, LE*) = a; — ]1[9_1 E b_z] (7‘(’1(()) — wf(t;‘(@_i), 6’_1')),'
(#1i) maxg[Y*(0;2*)] = a1 + as.

Furthermore, for all § € [by,1] x [0, b2]U[0, by] x [b2, 1], the aggregate transfer function attains
the surplus gap: Y*(0; 2*) = maxg[Y*(6; 2*)].

The proof, in Appendix B, operates by identifying the constraints that bind in Algo-
rithm LP(2*). In particular, given any y°,(6;) function, for each 6_; there are |©;| con-
straints on yzo (0—;), but only two are of any concern: the constraint that binds when 6; is in
the region in which player ¢ gets the object and another that binds on the region in which
player —i gets the object. One of them binds for §_; € [0,b_;] C ©_; while the other binds
for 0_; € [b_;, 1] C ©_,;.

The main result of this section is that an efficient allocation is never optimal. An efficient
allocation leaves a large surplus gap because its aggregate EPIC payment function is not

(N — 1)-additively separable. It is always possible to improve on an efficient allocation,

35Vickrey (1961); Clarke (1971); Groves (1973).
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giving up some allocative efficiency in order to reduce the amount of money that must be

burnt.

Theorem 4. In a two-player allocation game under Assumption 3, an efficient allocation

rule cannot be optimal.

The proof improves on an efficient allocation rule by “pooling at the bottom” for a
small rectangle close to the origin, the allocation rule always assigns the object to one of the
players, without regard to 6. Proposition 4 implies that changes to R outside the pooling
region can be offset by changes in {y?}ie A, S0 the proof proceeds by calculating the first-
order changes in welfare, R, and {y? }iear on the pooling region. In particular, the benefit of
pooling is that all EPIC payments are eliminated on the pooling region, and if the region is
small enough this entire effect goes toward reducing the surplus gap. The cost is that some
efficiency is given up. For a sufficiently small region of pooling, the benefit is greater than
the cost.

6.3.2 Implications of a zero surplus gap

In the numerical examples discussed above, it is common for the surplus gap to be very small
or even exactly zero in an optimal mechanism. A zero surplus gap implies that the aggregate
EPIC payments R(-;z) must be additively separable, and we can use this fact to derive an
important property: when players have interdependent valuations the surplus gap must
be positive for an optimal mechanism. As discussed in Section 6.2, optimal mechanisms
typically have very small surplus gaps, so this result is particularly important in that it
provides a sufficient condition for a positive surplus gap to be optimal.

Theorem 5. In a two-player allocation game under Assumption 3, suppose that both players
have “globally interdependent valuations”; i.e., 59—72’91 > 0 for almost all 0 and for all ©. Then

an optimal mechanism must have a strictly positive surplus gap.

The proof, in Appendix B, begins with Lemma 3, which shows that under globally
interdependent valuations the only way to achieve a zero surplus gap is to employ a constant
outcome function. However, it is always preferable to increase efficiency by a small amount
by allocating to player ¢ when 6; is very high and 6_; is very low, even though this requires

a positive surplus gap.

7 Application: Collusion with hidden costs

This section applies the abstract results generated thus far to the problem of collusion,
yielding new insights into a problem that has been discussed in the literature: the “price

wars” that are commonly observed under collusive arrangements.
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Green and Porter (1984) note that standard full-information models of collusion normally
yield optimal equilibria in which behavior along the equilibrium path is stationary and fully
efficient, while in practice cartels typically exhibit intermittent periods in which they offer
inefficiently low prices. Such episodes are called price wars, and can be explained in a model
with hidden costs if EPPPE is used as the equilibrium concept.

Consider a simple model of collusion with hidden costs. There is a passive consumer
who demands exactly one unit at any price up to and including 1. There are two firms,
i € {1,2}, each with a cost function ¢; : © — [0, 1]. In each period, the shocks 6; and 6
that affect the firms’ costs are realized, with each firm ¢ observing only #;. The distribution
of § € [0,1]2, which is identical and independent across periods, is given by the probability
density ¢. In each period, each firm sets a price p; € Ry, and the consumer buys from the
firm with the lower price. If both firms post the same price, then the market is split equally.

The profit function for each firm is

pi — ci(0) if p <p_; and p; <1
(pi —ci(9)) ifpi=p_i <1, (29)

otherwise.

(6, (p7 a)) =

O N

Note that this game is essentially an allocation game. In fact, if each firm i always sets
a price p; € {1,2}, then by randomizing publicly the firms can achieve any division of the
expected monopoly profits. Hence the conclusions in Section 6 apply; namely, under EPPPE
the firms should not seek to implement an efficient allocation, and, depending on the utility

functions and the probability distribution of costs, they may need to burn money.

Proposition 5. In collusion with hidden costs, there exists § < 1 such that for all 6 > 6§,
if an optimal EPPPE mechanism has a strictly positive surplus gap, then there exists an

optimal EPPPE with price wars on the equilibrium path.

The proof is omitted; the idea is that since the firms face a positive surplus gap, after
some first period realizations of their production costs they must receive less than optimal
utility in the continuation game. They can accomplish this by burning money if such a
technology is available; alternatively they can coordinate to set inefficiently low prices in
the second period. Ultimately, it does not matter what form of inefficiency they employ, so
considerations from outside the model may play a role in their selection. For instance, it
might be difficult to convince shareholders that money burning is a good idea, while price
wars can be blamed (falsely) on unobservable, exogenous market conditions.

The proposition requires a positive surplus gap, because a zero surplus gap would imply
that the firms could use the same mechanism in every period, and no price wars would

be necessary. The results discussed in Section 6.3 indicate that the surplus gap is positive
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in settings with interdependent valuations. In the context of hidden costs, interdependent
valuations can be interpreted as representing an industry with underlying common shocks
as well as idiosyncratic shocks, in which the shocks are observed imperfectly and privately,
and such that the uncertainty is not resolved until after the communication stage.

Proposition 5 implies that price wars can occur in an optimal EPPPE even though
firms can make side payments, and that if price wars occur then they do not disappear
as the firms grow more patient. These properties contrast with previous explanations for
price wars, all of which rely on either impatience or an inability to statistically detect the
identity of a deviator. Green and Porter (1984) generate price wars among patient firms
in a hidden action model, under a restriction to symmetric equilibria and in a situation in
which the identity of a deviator cannot be statistically detected. But Fudenberg, Levine, and
Maskin (1994) show that this result does not hold for asymmetric equilibria.? Sannikov
and Skrzypacz (2004) generate price wars that worsen as the discount factor approaches
unity even in asymmetric equilibria, in a model in which information arrives continuously
and the discount factor is interpreted as a measure of how often the firms can adjust their
production. However, for any fixed frequency of adjustment, price wars disappear as firms
become more patient. Furthermore, Abreu, Pearce, and Stacchetti (1986) show that a
richer information structure, in which deviators can be statistically identified, allows PPEs
to approach efficiency at the limit as § — 1. Abreu, Pearce, and Stacchetti do indicate that
there will be periods of extremely inefficient pricing, due to the bang-bang nature of optimal
equilibria, but this inefficient pricing occurs with vanishing probability as the firms become
more patient.

Rotemberg and Saloner (1986) and Bagwell and Staiger (1997) generate intermittent
periods of suboptimal pricing among collusive firms in an environment with exogenous pub-
lic demand shocks, but the effect is driven by the individual rationality constraints, so it
disappears as the firms become more patient.

Athey, Bagwell, and Sanchirico (2004) consider a model with hidden costs and indepen-
dent private values, using IIC rather than EPIC and restricting attention to situations in
which the identity of a deviator cannot be statistically identified. They demonstrate that
optimal collusive equilibria do not exhibit price wars, but rather display excessive price
rigidity and inefficient production (i.e., pooling). Athey and Bagwell (2001) add a richer
information structure the same model so that deviators can be statistically detected, and
show that price wars do not occur and that efficiency can be attained given sufficient pa-
tience. Athey and Bagwell (2004) then add persistence of cost shocks from one period to

the next, and show that price wars do not occur. When cost shocks are perfectly persistent,

36 Although Cheng (2004) notes that for quantity-setting models the Fudenberg, Levine, and Maskin
(1994) argument relies on an unrealistic upper bound on production.
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production is optimally inefficient regardless of §, but when cost shocks are only partially
persistent the firms can support first-best collusion if they are sufficiently patient.

Cartels that actively communicate and exchange side payments (or employ other sorts of
asymmetric punishments)—i.e., a “strong cartel” in the terminology of McAfee and McMillan
(1992)—are not restricted to symmetric equilibria, and so the Green and Porter (1984)
theory cannot explain why strong cartels that are worried about secret price cutting (or
secret overproduction) might engage in price wars. And if the cartel firms set prices (or
quantities) often enough then impatience will not play a role since the profit to be made
by deviating over any short period of time will be small, so that the Abreu, Pearce, and
Stacchetti (1986), Fudenberg, Levine, and Maskin (1994), Rotemberg and Saloner (1986),
and Bagwell and Staiger (1997) theories do not apply. Sannikov and Skrzypacz (2004)
do generate price wars that are robust to asymmetric equilibria and frequent adjustment,
but they rely on the same sort of observability restrictions as Green and Porter (1984).
The Athey, Bagwell, and Sanchirico (2004), Athey and Bagwell (2001), and Athey and
Bagwell (2004) theories, on the other hand, apply to situations with observable production
and pricing but private cost information, indicate that price wars should not occur under
IIC. EPIC, however, is a natural restriction on equilibrium in situations with private costs
whenever the cartel communicates face to face or the members can engage in industrial
espionage. Thus Proposition 5 provides a rationale for price wars in a situation to which
the previous explanations do not apply: full observability of prices and quantities, private

cost information, and communication.

8 Conclusion

This paper contributes new results regarding cooperation when there is private information
and continued interaction over time. The paper introduces ex post perfect public equilibrium
(EPPPE), a repeated game equilibrium concept that allows players to communicate in any
order, so they do not need to hire or develop an institution to enforce simultaneity and
prevent spying. When modeling applications in which such institutions are unavailable,
infeasible, or expensive, using EPPPE rather than PPE yields predictions that may be more
realistic. On the other hand, the first main result of this paper—that efficiency typically
cannot be attained by any EPPPE—indicates that such institutions may be valuable. A
second main result indicates that an optimal EPPPE typically needs to employ an inefficient
outcome function, so implementing static efficiency is not always the appropriate goal in
repeated interactions. Applied to the problem of collusion with hidden costs, these ideas
offer new insights into the phenomenon of price wars.

We could further expand the example of collusion to cover repeated procurement auctions
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in which the auctioneer participates in the game as a strategic agent. The auctioneer may
have private information about her valuation for the item to be procured, while the firms
that bid to supply the item have private information about their production costs. Because
all the players have payoff-relevant private information, the results of Section 6 suggest that
they may be able to benefit from allocating production inefficiently. A model of this sort
may lead to new conclusions about the optimal design of procurement auctions.

Similarly, EPPPE may yield new insights into principal-agent problems when both the
principal and the agent are endowed with private information. For example, suppose that a
principal and an agent experience private taste shocks over how to implement any particular
project. (These preferences should not relate to the project’s profitability—for instance, the
agent may wish to polish skills that can give her a better outside option, while the principal
may wish to have more control so as to earn more credit for any success.) Each privately
learns her own taste shock, and then they must jointly decide on a method of implementation.
We might at first guess that efficiency is the outcome of their optimal PPE; however, if the
institutional setting is not strong enough to support simultaneity, then EPPPE is likely to
lead to a more realistic conclusion that the optimal equilibrium is not efficient.

Two important questions regarding the characteristics of an optimal EPPPE remain
unanswered. First, there is the question of when an optimal EPPPE always involves pooling.
Theorem 4 shows that in two-player allocation games it is preferable to employ pooling
compared to employing an efficient outcome function, but this does not imply that optimal
mechanisms always employ pooling. Numerical results indicate that optimal mechanisms
often employ pooling, but it remains to be seen whether conditions can be found that
guarantee or rule out pooling in an optimal mechanism.

The second question concerns when an optimal mechanism employs a zero surplus gap.
Theorem 4 indicates that in two-player allocation games, when the players have interde-
pendent valuations, the optimal surplus gap is strictly positive. However, for games with
private valuations, numerical results indicate that the optimal EPPPE commonly, but not
universally, has a zero surplus gap. These results are suggestive, but it would be useful to
find conditions under which the optimal mechanism features a zero surplus gap, in order to
clarify intuition about the trade-off between money burning and allocative efficiency, as well

as to simplify the problem of calculating an optimal mechanism.

Appendix A Existence of an optimum

As explained in Section 4, allowing free disposal simplifies the problem of designing optimal EPPPE
mechanisms to a static mechanism design problem. This appendix demonstrates the existence of a
solution to this problem under minimally restrictive assumptions. The existence result relies on a

few simple assumptions and a general existence theorem due to Balder (1996) that does not impose
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any structure on ©. The first two assumptions cast the outcome space X as the space of lotteries

on a compact space of events A. This implies the existence of a public randomization device.?”

Assumption 4. X is the space of probability measures on some compact metric space A.

Assumption 5. 7;(0,x) = [, 7{(0,a) dx(a), where 7{(0,-) is bounded and continuous on A for all
0 and all <.

Assumption 6. There exists a mechanism that satisfies EPIC.

This final assumption is satisfied whenever there exists a fixed outcome xy € X such that
E4n(6,x)] € P, since any individually rational fixed outcome can be implemented under EPIC

without employing monetary transfers.

Proposition 6. Under Assumptions 4—6, there exists a mechanism (Z,§) that satisfies (i) EPIC and
(i1) 3, Ey[mi(0,2(0))] — maxy[Y (9)] = max[>, Eg[m; (0, 2(0))] — maxg[Y (0)]], where the mazimum
is taken over all mechanisms (x,y) that satisfy EPIC.

Proof. The proof follows Balder (1996) Example 3.3. Define the topology 7 = {0,N'} x % on
N x O, where .7 is the topology for ¢. Let K = X x [-B, B]", where B € R, is large relative to
the uniform bound on 7. Let (i, 0, (x,v)) = m(0, x) + ¥, U(i,@, (x,¥)) = Zj (4,6, (x,v)), and
Q(i,0) = {(x,v) e K 2% < Z*}, where Z* € Ry.

First, I establish that Balder’s Assumptions 2.1-2.7 are satisfied. Assumption 4 implies that X
is a compact, convex metric space (by Aliprantis and Border (1999), Theorem 14.11), so K is convex,
metrizable, and compact, satisfying Balder’s Assumption 2.1. Assumption 5 implies that 7;(6, -) is a
linear function on X for all € and all 4, so that Balder’s Assumption 2.3 is satisfied; it also implies that
Q(1,0) is a closed and convex-valued correspondence, satisfying Balder’s Assumption 2.2. Although

a(-) is not 7 -measurable, @(4, ) clearly is, and so U (i, 0, (x, 1)) is .7 -measurable—satisfying Balder’s
Assumption 2.4. Since 7 is uniformly bounded, U is uniformly bounded as well, and so Balder’s
Assumption 2.5 is satisfied. The linearity of m;(6, ) also implies that U is concave and continuous,
satisfying Balder’s Assumption 2.6. Finally, Assumption 6 is identical to Balder’s Assumption 2.7.

Now apply Balder’s Theorem 2.1, which implies that for any Z* € R there exists a mechanism
(&(+;Z%),9(-; Z*)) that solves

max [E¢ [T7(i, 0, ((0), y(0)) ] = max [Z E,[mi(6,2(6))] + Es[Y (6)]
(z,y) (z,y) (30)

s.t. EPIC and Y (0) < Z* V 6.

Given a sequence {(zx,yr)}7>, with

i (32 Eolm 0,21(0))] - supli0)]) = sup [ Eol(0,20)] -suply 0] (31

k—o0

3TA similar existence theorem could be proven for non-randomized mechanisms by imposing convexity
on the space of events and linearity on the m; (6, -) functions.
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where the supremum, of course, is over all mechanisms satisfying EPIC and E4[Y%(0)] = E4[Y%(0)] =
0 for all k, choose a subsequence {(xs,y,)}2, such that lim_,, maxy[Ys(6)] exists,®® and set Z*
equal to this limit. Then (&, §)(-; Z*) is optimal:

S Eolmi(9.3(6: 2°))] = supl¥ (6 2°)) = 3 Eolmi(0.3(6: 2°))] - 2

i

lim (Z Ey[mi (0, 24(0))] — sl;p[Ye(Q)]) (32)

{— 00

(2

sup [ By (0, 2(6)] — sup[¥ (9)]]

The first equality holds because Ey[Y (6; Z*)] must be zero or else (&, 7)(-; Z*) would be dominated
in its maximization problem (Eq. 30) by a member of the sequence {(z¢,y¢)}72;. The second
equality, similarly, holds because ), Eg[m;(6,2(0; Z*))] must equal limy_,oc >, Eg[m; (0, 2¢(0))] or
else (&, 9)(-; Z*) would be dominated by a member of the sequence. O

Appendix B Proofs

Proof of Lemma 2 (page 15). Let Wiyay = maxy[W (0;1°)], and let G = <V,{(x,t,w>(~;v)},vo> be
an optimal EPPPE mechanism. First, if Wy > VY, then G promises aggregate continuation
reward W (6;v%) > V? in some second period subgames, contrary to the optimality of G.

So suppose that Winax < V?; then construct an alternative mechanism G as follows. Let o9 =
10 4+ 6o be the initial promised utility, where « is a vector with a; = %(VD — Wmax) for i € N. To

support 90 as the initial promised utility, let
(@,1,0)(50%) = (2(:;0°),t(0%), w(;;0°) + a) (33)

be the stage mechanism in the first period. Since a does not vary with the signal vector, this stage
mechanism inherits EPIC from the original stage mechanism (x,t,w)(-;v").

In the second period, fix for the moment a first-period realization § € ©. Then w(;7") =
w(0; v°)+a is the initial promised utility in the continuation game. Note that W (#;0v°) < W (6;0°) <
V9, so there exists a zero-sum vector of lump sum monetary transfers £(0) € RY such that @(6; o)
is a convex combination of w(f;v°) and v° + £(6); i.e., there exist £(6) € RY and 3(6) € [0,1] such
that >, & =0 and

B(B)w(B:0°) + (1 - BO)) (¢ + £(0)) = (0; 7). (34)

Thus @(6;3°) can be supported by a lottery between w(8;v°) and v° + £(6), with probabilities 3
and 1 — 3 respectively. The first of these promised utility vectors, w(f;v"), can be supported as
the initial promised utility by the EPPPE mechanism (V, {(z, ¢, w)(-;v)}, w(6;v°)). The second,

#Note that maxe[Y'(9)] > 0 for all Y. Since {3, Eg[m:(0, 2k (0))] — maxg[Yi(0)]}72, is without loss of
generality a uniformly bounded increasing sequence, if maxg[Yx(0)] — +oo then > Eg[mi (6, zx(0))] — —o0,
contradicting the assumption that 7 is uniformly bounded. Thus {maxs[Y%(0)]}72, contains a convergent
subsequence.
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v +£(0), is contained in set of attainable and individually rational stage game payoffs, P, because
w(0;v°) € P by assumption, and w;(0;v°) < w;(0;0°) + a; < vY + &;() for all i € N. Furthermore,
it is easy to verify that v° + £(f) can be supported as a the initial promised utility of an EPPPE
mechanism in the continuation game by the stage mechanism (z(-;v°),t(:;0°) + 15£(8), w(+2°))
in the first period followed by stage mechanisms drawn from G in all subsequent periods. Since all
this holds for any 6 € O, any @(0;7°) can be supported as the initial promised utility in a second
period continuation game.

Finally, let V contain, in addition to V, all the other promised utilities implied by this con-
struction. Thus this alternative mechanism G is an EPPPE mechanism. Hence the fact that
VO = VO 4 0>, a; indicates that the original EPPPE mechanism G could not have been opti-
mal. O

Proof of Corollary 2 (page 18). The proof shows that (i) implies (ii), while failure of (i) implies
failure of (ii). Suppose that (i) holds: the game is ex post unbalanced. Let (V, {(z, ¢, w)(-;v)},v°) be
any EPPPE mechanism, and let (z,y) be the equivalent static mechanism for (x,t,w)(-;v°) given 4.
Then there exist € > 0 and > 0 such that if . Ey[m;(6,2(0))] > Q* — ¢ then maxy[Y (0)] > n, in
which case VO < Q* — 1 regardless of §. If instead Y, E4[m;(0,2(0))] < Q* — e then VO < Q* —¢
because maxg[Y (6)] > 0 by construction. Let V = Q* — min{e, n} to obtain (ii).>

Suppose that (i) fails, so the game is not ex post unbalanced. Then for any V < Q* there exists
some ex post implementable outcome function  and an equivalent static transfer function ¢ such
that VO = 37, Ey[mi(0,2(0))] —maxg[Y ()] > V and (, §) satisfies EPIC. Suppose that (i) holds, and
choose V' < Q* sufficiently high that there exists an EPPPE mechanism G = <V, {(ac, t,w)(+; v)}, v0>
with VO < V. Given § < 1 sufficiently high, V° can be implemented as the value of a first stage
mechanism (Z, t, W) (+;9°) of a recursive mechanism G by arranging the monetary transfer function
t(-;00), subject to § = £(-;9°) + 125w(;;3°), so that {@w(7°) : § € O} falls on a line segment in
the direction (1,...,1). Since this line segment becomes arbitrarily short as § — 1, there exists
some & < 1 sufficiently high that it fits between ¢ and some zero-sum translation of v°. Then the
promised future surpluses indicated by @(:;9°) can be realized by randomizing between the stage
mechanisms (z,t, w)(;v°) and (&, #,@)(-;7°) supplemented by appropriate zero sum vector of lump
sum transfers (the construction is similar to the detailed argument in the proof of Lemma 2). The
recursive mechanism G also satisfies EPIC, by assumption on g. Thus G is an EPPPE mechanism,
so the fact that VO >V, where V < Q* was selected arbitrarily, is contrary to (ii). O

Proof of Theorem 3 (page 21). First, I introduce a more operational definition of (N — 1)-additive

separability. This definition is equivalent to the one in the text. Given a function a : © — R, let

Al(a;0%,6%) = a(0') — a(67,03,...,0%), (35)
AF(a;0,0%) = A" (a;0",0%) — AP (a;0%, (01, ..., 04_1,07,01 1, ... 0N)). (36)

39Note that if § is so low that individual rationality constraints bind, then the value of an optimal EPPPE
can only be lower.
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Given a probability measure ¢, a function @’ : © — R is (N — 1)—additively separable if there exists
a:© — R such that (i) AN(a;0',0%) = 0 for all ' € © and all §2 € O, and (ii) a() = a'() for
¢-almost all 6.

The proof proceeds by demonstrating that, in the separable utility environment, a game is not
ex post unbalanced if and only if, for all efficient outcome functions z*, the aggregate EPIC payment
function R(-;z*) is (N — 1)—additively separable. This is equivalent to the claim in the theorem.

“If”: Suppose there exists x* efficient such that R(-;2*) is (N — 1)-additively separable; then
by definition there exist functions 7; : © — R, i = 1,..., N, such that (i) AN(Y,7;6,6%) =0
for all #',6? € © and (ii) Y., () = R(6;z*) for ¢-almost all §. By (i), there exist fixed transfer
functions yY : ©_; — RN, for i =1,..., N, such that >, y2(6_;) = >, 7(0) for ¢-almost all 6. Let
yi(0) = y2(0) — r;(0; x*); then (z*,y) is EPIC by construction. As claimed, the game is not ex post
unbalanced because x* is efficient and Y (6) = 0 for ¢-almost all 6.

“Only if”: Suppose that a game is not ex post unbalanced. Then there exists some sequence
of (possibly randomized) EPIC mechanisms {(zx, yx) 3>, such that, as k — oo, (i) =) approaches
EPIC efficiency and (ii) the set on which Yj(f) > 0 has ¢-measure zero for all k. This implies
that an optimal mechanism (z*,y*) must achieve both EPIC efficiency and Y*(0) = 0 for ¢-almost
all @, since any other mechanism can be outperformed by some member of the sequence. Since by
Proposition 6 (Appendix A) an optimal mechanism must exist, y* can be decomposed into Y*(0)
>y (6—;) — R(0; x*), which, since Y*(#) = 0 for ¢-almost all 6, implies—as claimed—that R(6; z*
is additively separable.

[N

Proof of Proposition 1 (page 22). Suppose that z* is efficient; then by Definition 9 it is ex post
implementable and 7% (z*()) € arg maxgep[n? () - d] is well defined because D is compact. Choose
6" and 62 such that {n%(s)}scs, where S = {0 € © : ; € {0},67} V i}, spans RV (which is possible
because {7(0)}gco spans RY). Then, by condition (i), 7%(z*(s')) # 7%(z*(s?)) for all s' € S and
5?2 € S with s!' # s . Then AN (R(-;2%);0',0%) # 0, and furthermore, since by condition (ii) in
every subset © C © with ¢(0) = 1 there exist ' and 62 that satisfy AN (R(-;2*);0%,60%) # 0, there
does not exist ¢’ : © — R that is both (N — 1)-additively separable and satisfies a/() = R(6; z*)
for ¢-almost all § € ©. Hence by Theorem 3 the game is ex post unbalanced. O

Proof of Proposition 3 (page 24). Let §°*(-;x) be a solution and ((x) be the value of Program
NLP(z); let 3% (-;x) be the solution and —((x) be the value of Eq. 15 (i.e., Algorithm LP(z) before
its lump sum adjustment). Then §°*(-; z) — () satisfies the constraints of Eq. 15 and yields a value
of —¢(z), so it must be that —((z) < —{(z). Similarly, 7% (:;x) 4+ ((z) satisfies the constraints of
Program NLP(z) and yields a value of ((x), so ((z) < {(z). Hence ((z) = (x), so the solution to

Algorithm LP(z), y%*(-;2) = 7% (-;2) + {(), is also a solution to Program NLP(z). O

Proof of Proposition 4 (page 37). The proof proceeds in two steps. First, I establish that if y?*(-; z*)
takes the form described in the proposition, then there exists y3*(-;*) such that conditions in the
proposition are satisfied. Second, I establish that for any y*(-; 2*) there exists y9*(-; 2*) that takes

the form described in the proposition.
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Suppose that y¥*(-;2*) satisfies condition (ii) in the proposition; i.e., there exists by € O and
@1 € R such that

(023 2%) = @y — 1[0 < by] (7] (A} (b2), ba) — 7} (A} (62),62)), (37)

where I is the indicator function, is one component of a solution to Eq. 15 given z*. Since §9*(-; 2*) is
fixed, solving Eq. 15 given x* amounts to maximizing 79*(#; *) pointwise subject to the constraint
9% (015 2%) < R(6;2%) — 7V (09; x*) for all 6. It is without loss of generality to assume that a@; = 0,
because otherwise we could simply subtract a; from §9*(:;2*) and add it to §5*(-;x*). Let by =
A% (bg). Then the constraint requires that §9*(61;2*) < 7§ (A\%(b2),b2) on [by, 1], because otherwise it
would be violated on [by, 1] x [0, ba]:

Z 50 (0-5;27) = 77 (A1(02), 02) — 77 (AT (b2), ba) + §5"(61;2%) > R(052%) = m{ (A](62),62).  (38)

Similarly, §9*(61;2*) < 7§(01,23(01)) on [0, b1], because otherwise the constraint would be violated
on [O,bﬂ X [bQ,l]I

D0 O-sa") = 3R (Orsa) > ROsa) = nf(61, 35(00) (39)
Since these are the only constraints, it follows immediately that setting

75" (01;0%) = w3 (01, X3(01)) — I[0r < br] (br, w5 (A3(b1)) — w5 (01, A5(61))) (40)

solves Eq. 15 given x*. The conditions in the proposition follow after making the lump sum adjust-
ment to satisfy ex ante budget balance.

Now consider any §9*(-;2*) and assume nothing about its form. Without loss of generality,
let supy, [§0%(62;2%)] = 0. As above, since §9*(-;z*) is fixed the solution to Eq. 15 given z* is
to maximize 79*(f1;2*) pointwise subject to the constraints. For any particular 65, the constraint
9% (015 2%) < R(0; %) — §9%(02; 2*) requires that

3

g5 (01;2%) < (41)

s

501, A5(01)) — g7 (02;.2%) if 01 € [0, A} (62)],
O(NE(02),02) — 5% (02; 2%)  otherwise.

The “otherwise” part of the constraint is flat, while the part of the constraint for 6, € [0, \j(62)] is
increasing in #; under the regularity conditions. Since 7§ (01, \5(61)) = (61, A\5(01)), the two parts

of the constraint coincide at 6; = Aj(62) and at no other point. Thus the constraint implied by a

particular 6> can be written equivalently as

73" (0r;2%) < min{mg (01, X5(01)), 77 (N (62), 02) } — 47" (023 27). (42)
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Then the lower envelope of the constraints implied by all 5 € O can be written as follows:

5 (61, A5(61)) — sup[—§7* (02:.2)],

02

inf [ (A} (02), 62) = 51" (02; 2] (43)

= min{ (61, A3(61)), inf [2 (A (62), 62) — 79" (6a:2")] }.

79%(61;2*) < min

Let @ = 0 and let by solve 7§ (b}, \3(61)) = infg, [7(A}(62),02) — §7*(02;2*)]. Then a1, by, and
§9%(01; 2*)—after the lump sum adjustment to satisfy ex post budget balance—satisfy condition (ii),

completing the proof. O

Remark 1. In the context of Proposition 4, suppose that an ex post implementable allocation rule
x is similar to z* except on a rectangle [0,e1] x [0,e2] with €1 and ey sufficiently small. Then,
using a substantially unchanged proof, we can demonstrate that Y*(6;z) = Y*(0;x*) for all 6 ¢
[0,e1] x [0, &2].

Proof sketch. Use the proof of Proposition 4, but replace 7 (A3 (6_;),0_;) with r;((1,6_;);z). Since
ri((1,0_;);2) = r;((1,0_;); %), for O_; € [e_;, 1], this will lead to the conclusion that §9*(6_;;2*) =
99%(0_i;z). For 0_; € [0,e_,;], it will lead to the conclusion that r;((1,0_;);z) — r;((1,0_;);2*) =
GO (0—s; %) — §9* (045 ), so that y} (0;2*) = y; (0;2) for all 6 ¢ [0,e1] x [0, &2].

O

Proof of Theorem 4 (page 38). On a sufficiently small rectangle that borders the origin, first order
approximations are valid under the regularity conditions. Under a first order approximation close
to the origin, let 3 solve 7% (6, 301) = 75(61,361). For ¢ > 0 small, for all § € E° = [0,¢] x [0, B¢]

assume that

1 (0) = c10 + 1161 + 1205, (44)
T5(6) = coo + 2101 + c205, (45)
$(0) = c30 + c3161 + c3202. (46)

By the regularity conditions, c3g > 0; ¢19,¢20 > 0; 0 < ¢12,¢91 < €11, ¢29; and 3 = % € (0, 00).

Let 25(0) = x1 € [0,1] if 8 € E°, and 25(0) = z7(0) otherwise; note that any x;1 € [0,1]
will preserve monotonicity. By Remark 1, it can be shown that ?*(0;3:*) = Y*(G;xe) on all of
©\E*. Since, according to Algorithm LP*, VO = Y Ey[m (6, z(0))] + E4[>", 9°(0—i) — R(6; )], to

demonstrate an improvement we need only to show that AV > 0, where
av = [ ((x6) - 0) (1 51(6) + Y7 0-s5%) ~ B(o:?)
Ee @

+ Z 7% (0_i; %) — R(6; x*)) de(0).
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Define the following, and note their values for § € E*:

§5¥(01) = G5 (01;2%) — 9 (013 2%) = ma (61, Be) X1 — m2(01, B61), (48)
9 (62) = 77 (623 27) — 57 (23 2%) = mi(e,02) (1 — x1) — M1 (562, 62), (49)
Aﬁw>z L(0:2) — 11 (B507) = —mi(562,00) 1[0 > 36s], (50)
AT2(9) =T ( ) - T‘g(o,iE*) = —71'2(91,591)]1[92 > 591] (51)
Divide E*€ into two parts, ES = {0 € E° : 0, < 301} and E5 = {6 € E° : 03 > [(36,}; then
AV = [ ((x1(6) = 0)) (1 — 1)+ AF(01) + g (82) ~ Ara(6)) do(6)
(52)

+ [ (10— w80))xs + A5 (62) + g (62) = Ara(6)) d0).

E3

Note that AV is linear in x1, so that a maximum is to be found either at x; = 0 or at x; = 1. Thus
it suffices to show that AV = 1 (AV|X1_0 + AV, = 1) > 0. Solving explicitly for AV yields

AV = 162(011 + ﬁ622)630€ + A&‘ (53)

where A is a term that does not vary with £. Since the first term is an order of € larger than the second

term, it suffices to note that the first term is strictly positive under the regularity conditions. O

Lemma 3. In a two-player allocation game, suppose that the players’ valuation functions satisfy
globally interdependent valuations, as defined in Theorem 5. Then any EPIC mechanism with a zero

surplus gap must employ an allocation rule that is constant (except possibly at isolated points).

Proof. Given any points 0! € © and 6% € O, let A= A%(R(;7);01,0%) (see Eq. 36). We can write
A’ as a function of x1(0%), 21(02), x1(0},02), and z1(62,0}) as follows:

= (21(6)n7(6%) — 21(67,65)77 (67, 6)) — (21(61,63)7 (61, 63) — x1(6")n7(6"))

+ ((1—951 (02)) 72(62) — (1 — 21(61, 02)) (6%, 62) )
((1 — 2y (62,08)) 78(02,0%) — (1 — 21 (0")) )
63
6 2 54
/(8771 8179 (81,03) 8’/T1(81, 81, >d81 ( )
S1
01

52

9 2 0(pnl
/<67T2 01752 1_1‘1(9$752)) _%2(0“"32)(1_1'1(0%’52))) dSQ.
01
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Multiply out and combine terms to yield:

B = 21(6%) (x](6%) — 75(6%)) — 21 (63, 63) (63, 63) — 5 (67, 63))
— 21 (01,02) (x0(601,03) — (61, 03)) + w1 (6) (w1 (6") — n5(6))

02
871' s ’9 87r9 S 301
. / (2ot o) - O ) ) )
01
62 0(p1
N /(8@(9182) 1(63,50) — Wl’s%whsz)) dsz.
S92 52
03

Given 6! € [0,1) x [0,1) and § > 0, let 63 = 61 + 25 and 63 = 61 +6. For any ' € [0,1) x [0, 1) there
exists § > 0 sufficiently small that 6% € ©. Let E = [0, 0%] x [03,63]. Under the regularity conditions,
for 6 > 0 small we can take the first order approximation of 7 on E as 77,‘? (0) = ¢;+a;0; +b;6_;. Let
7w =70(0Y), and let | = 21(0%), L = 21(01,03), H = 21(6?%,63), and h = x1(0?). By monotonicity of
7¥(x(0)), L <1< H and L < h < H. Allow z to be discontinuous or non-differentiable on E along
a line of discontinuity or non-differentiability with slope k € [1,00] locally. For § > 0 sufficiently
small, this is without loss of generality.?® We can construct F so that the line passes through the

center of F, passing first between 6! and (67, 63) and then between (61,603) and 2. So:

AN x(h—H—L+1) (7 — )+ (h— H)26 (ay — by) + (h— L) 6 (by — a)

o1 +26 0346 (56)
— ay / (171(51,65) *1’1(51,9%)) d51+a2 / (1‘1(9%,82) 71’1(0%,82)) dSQ.
6} 03
Let v;g > 0 be the size of the discontinuity between ! and (6%,63). Define pt = a“ 9) ’91 > 0,
921 (6 Oz1 (0 Oz (6 3295 9)
Py = Tgaltlp < 0ol = 252 > 0, and pff = %R, < 0. Define wf = GE|,

H _ 9°z1() L 0 z1(0) H _ 9°z1(0) L o :1:1(9

wif = g2 lger g1 @ gar w | = G
11 — 3(91)2 92" 22* 0(92)2 91 22* 0(92)2 92" 12* 00,00, 1617

and w1y = G555, |92 Then:

a~‘°‘
w‘m

pl +wiisi)dst +ym + — wihd +wiis1) dsi, (57)

22

o\

L

%

b/
é

l+/ p2 +W2252 dSQ, (58)
0

h~H+ /(pg — whhso) dsa; (59)
0

40Tf the line has slope less than 1, switch the players. If there is discontinuity or non-differentiability on
any connected region including more than one point, it must form a line that is locally differentiable because
of the monotonicity of « as required for EPIC.
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and

ol +26 o+ 35
/ (z1(s1,03) — 21 (51,03))ds1 =~ / L H+ (pf + pi' + (w1 —wg)5)81) ds
0} 0
5+ 5%
1
+ / 3 (wlLl + wﬁ)s% dsy (60)
0
5= %
1
+ / (h A i §(wﬁ +wiy) 81)51) ds1,
0
0346 5
1
/ (z1(67, s2) — 21(01, 52))ds2 ~ / — 1+ (p8 = pk — i(wg + wly) 52)52> dsa. (61)
01 0
Divide A~ by & and take the limit as § — 0:
-2
. A 1 H L\ (— _
;13% 5 T nH (bl + Em) + (Pz — P2 ) (Wl - 7T2) (62)

~2
If there is no money burning, then limg_g AT = 0 except possibly at isolated points. Suppose that

' is not such an isolated point; this tells us that either
1. vz = 0 and either p& = pl or 7| = To;
2. vig > 0,07 =0, k= 0o, and either p2L = pf or Ty = Mo}
3. ym > 0,01 >0, k < oo, and vz (by + 1a1) = (p¥ — p§) (T2 — 71).

In Case 1, we must have lims_(p — p%) = lims_o(wi, — wl) = 0 everywhere in order to satisfy
monotonicity. So divide A’ by 62 and take the limit as 6§ — O0:

—2

lim 2 = (4b0} — 2 + 1) (63)
Since p < 0 while pi + p¥ > 0, this tells us that we must have pil = p& = 0 or by = 0, as well as
pH = pF = 0or by = 0. Hence under globally interdependent valuations, since  must be continuous
almost everywhere, it must be constant almost everywhere. Case 2 does not concern situations with
globally interdependent valuations. In Case 3, with b; > 0 for globally interdependent valuations, it
must be that (pfl —pl) (71 —72) > 0. If 71 # 72, then either pif # 0 or p # 0, which is incompatible
with the fact that Case 1 must hold on either side of the discontinuity. If 71 = 75, then the inequality
cannot be satisfied. Hence Case 3 cannot apply to globally interdependent valuations, and so there

can be no discontinuities except possibly at isolated points. O

Proof of Theorem & (page 38). By Lemma 3, under interdependent valuations it is not possible to

implement a zero surplus gap except with a constant outcome function. Consider a constant outcome

o1



function with Z; (#) = x; < 3 for all . Since r;(6;Z) = 0 for all 6 and all 4, let 59 () = 0 for all § and
all i as well. Now, for € > 0 small, consider an alternative outcome function z, such that z1(6) =1
forall § € E=[1 —¢,1] x [0,¢], and x1(0) = x1 otherwise. Choose y9(01) = (1 — x2) m2(61,¢) + ¢
for 01 > 1 —¢, and y9(6;) = c otherwise; choose y9(62) = 0 for all §. Since r2(0) = (1 — x1) 72(61,€)
for 6 € [1 —e,1] x (g,1] and r3(0) = 0 elsewhere, while r1(0) = (1 — x1) m1(1 — €,63) for § € E and
r1() = 0 elsewhere, the surplus gap is simply ¢, which must be chosen such that E4[Y (6)] = 0:

mgmx[Y(@)] =c= /(1 - Xl) (7T1(1 —e,bh) — 7T2(9175)) de(0). (64)
E

At the same time, the increase in welfare is
D Eglmi(0,2(0))] = > Eglmi(6,7(0))] = /(1 = x1) (m1(0) — m2(0)) de(0). (65)
i i i
Hence the improvement in V9 is

S Bolmi(6.2(6))] = 3 Bolm(0. 7(6))] — max[y (6]

0

—(1-y) /(m(e) —m(L = 2.0) 4 m(01,) — ma(6)) do(D),  (66)

E

which is strictly positive under the regularity conditions. O
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