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Abstract

It is a usual problem of modeling games with incomplete information
to handle the hierarchies of beliefs. It is our aim to construct a type space
introduced by Harsdnyi, and to show the connection between the concept
of hierarchies of beliefs and the idea of inverse system. Therefore, we give
an existence theorem for measure inverse limit, which is more general than
the previously known theorems, and by this theorem we build a complete
universal type space based on a purely measurable parameter space (i.e.
non topological).

1 Introduction

During the process of modeling a given situation in game theory, one usually
faces the question of how informed the players in the situation, i.e. what the
players believe about the given situation, and what the players believe about
that what the players believe about the situation, and so on. This phenomena,
i.e. the transparent use of hierarchies of beliefs, could make the model extremely
difficult. The above mentioned problem is avoidable if one uses the concept of
common knowledge, i.e. one defines a game in which every element is common
knowledge, so in which every player knows that every players knows that, ...
the parameters of the game.

In many cases the given game is common knowledge, however there are many
situations when some part of the game, i.e. some parameters of the game is not
common knowledge. In the latter cases, it is also the aim to define a commonly
known game, i.e. a model, which does not contain hierarchies of beliefs explic-
itly. Harsényi [7] avoided the problem of hierarchies of beliefs by introducing the
concept of type, which means the ”types” of players. According to Harsényi ”we
can regard the vector ¢; as representing certain physical, social, and psycholog-
ical attributes of player ¢ himself in that it summarizes some crucial parameters
of player i’s own payoff function U; as well as the main parameters of his beliefs
about his social and physical environment . . . the rules of the game as such allow
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any given player i to belong to any one of a number of possible types, corre-
sponding to the alternative values of his vector ¢; could take ... Each player is
assumed to know his own type, but to be in general ignorant about the other
players’ actual types.”

Heifetz and Samet [9] formalized the concept of type space as follows (we
don’t give the measurable structure here):

Definition 1. The type space < (T;, M;)icrrugoy, Miem > (briefly < (T, M),
m) >) based on parameter space S is as follows (where M is the set of players,
and 0 denotes an extra player):

1. Ty =S, (T;, M;) is a measurable space Vi € M U {0},

2. fi : Ty — (A(T,M), Ang) is a measurable function ¥Yi € M, where A
stands for the probability measures, and T = X jerrugoy Ty, M = @jenmrufoy
M,

3. marga(r;, m) fi (t;) = d¢,, where 8y, is the Dirac measure concentrated on
ti, Vt; € T;.

It is easy to see that, the two last points in the definition above can be drawn
together:

Definition 2. The type space < (Tj, M;)icpugoy, Miem > (briefly < (T, M),
m) >) based on parameter space S is as follows:

1. Ty =S, (T;, M;) is a measurable space Vi € M U {0},

2. fi T, — (A(T-;;, M_;), Ans) is a measurable function Vi € M, where
T-i = Xjeugop\{iy T, and M—i = ®;emufop\aM;-

We discuss two properties of the type space here. The first is the universality.
A type space is universal w.r.t. a model, i.e. the parameter space and the set of
all feasible beliefs are fixed, if it is richer (broader) than any other type space in
the model, i.e. if it contains all beliefs. The second property is the completeness.
A type space is complete if every coherent hierarchy of beliefs is a type in it, i.e.
if every hierarchy of beliefs in the model can be regarded as a type in Definition
2

Neither Harsanyi nor Heifetz and Samet constructed type space, they as-
sumed it as given. The construction of type space from coherent hierarchies
of beliefs is the topic of the works of Boge and Eisele [2], Mertens and Zamir
[13], Brandenburger and Dekel [3], Heifetz [§], Mertens et al. [14], and [16]. It
seems that, to get a complete universal type space some kind of compactness is
needed (see Heifetz and Samet [10]), so although in different ways, every above
mentioned paper uses the concept of compactness. This work based on [I6],
introduces a model in which the parameter space is purely measurable (in the
other papers the parameter space is topological), and the beliefs are probability
measures such that, their restrictions on the different order belief spaces are
compact regular measures. In this model the universal type space is complete.

The next section gives the details of the mathematical apparatus, and the
last section covers the game theoretic application of the mathematical results.



2 The existence of measure inverse limit

In this paper the measures are probability measures. The preordered set is a
set with a binary relation such that, it is transitive, and if an element of the
set relates to an other element, then it also relates to itself. The right directed
set, henceforth directed set is a preoredered set such that, every finite subset
of it is bounded above. Let A C P(X) be a set ring, C C A, u additive set
function on A; p is inner C-regular if for arbitrary € > 0 and for arbitrary
A e A, 3C € C such that C C A and pu(A\ C) < e. For arbitrary Z € P(X)

M*(Z) = maX{inf(An)neNeA, ZCUpAn Zn M(An)7 SUPzoAea M(A)}H

Definition 3. Let (I,<) be a preordered set, and let (X;)icr be a family of
nonvoid sets. Moreover, let f;; : X; — X, if 1 < 5.

1. i<jandj <k)= fi = fij o fik,
2.Viel f“ :idxi.

The system (X;, (I, <), fijli<;), which satisfies points 1., 2. is called inverse
system.

The inverse system (projective system) is a system of sets connected to each
other in a certain way.

Definition 4. Let ((X;, A;, 115), (I, <), fijli<;) be an inverse system, where (X;,
Ai, i) is measure space Vi € I.

1. fi; is measurable function V(i < j),
2. pi = pjo fi;1 V(i < j).

The system ((X;, Ai, i), (I, <), fijli<;), which satisfies points 1., 2. is called
measure inverse system.

Definition 5. Let (X;, (I, <), fijli<j) be an inverse system. Let X = HXi,

iel
and P = {x € X | pri(x) = fij oprj(z), Y(i < j)}, where pr; is the coordinate
projection from X to X; Vi € I. P is called the inverse limit of the inverse
system (X, (I, <), fijli<j), and it is denoted by P = @(Xi,(l,g),fijhgj),
Moreover let p; = pri|p, so p; = fij op; Y(i < j).

The inverse limit is the generalization of the Cartesian product. If < in
,<) is the empty relation, then the inverse limit is the Cartesian product.
I, <) is th t lati then the i limit is the Cartesi duct

Definition 6. Let (X5, As, 113), (I, <), fijli<j) be a measure inverse system, and

1. (P, A), where A is the coarsest o-algebra w.r.t. p; is measurable Vi € I,

2. p is such a measure on (P, A) that p Opif1 =pu; Viel.

IThis concept stems from the the idea of outer measure used in measure extension. We’d
like to get that p* = p on A, so since the lack of o-additivity, we had to change the original
concept a little bit.



The (P, A, u) measure space, which satisfies points 1., 2. is called measure
inverse limit, and it is denoted by (P, A, i) = Um((X;, A;, p1:), (1, <), fijli<j)-

One of the main problems of the existence of measure inverse limit is the o-
additivity of u. We introduce the following concept to emphasize this problem:

Definition 7. Let ((X;, M, p:), (I, <), fijli<j) be a measure inverse system,
and let P =lim(X;, (1, <), fi;li < j).

1. A=Upp; H(M,) is an algebra,
2. 1 is such an additive set function on A, that p OpZ1 =pu; Vi€l

(P, A, ), which satisfies points 1., 2. is called weak measure inverse limit, and

it is denoted by (P, A, pn) = w — Um((X;, My, ), (1, <), fijli<s)-

It is necessary to get a ”valuable” measure inverse limit, i.e. the inverse
limit P is not empty. For this propose Bochner [I] introduced the concept of
sequential maximality. Later Millington and Sion [I2] weakened this for almost
sequential maximality.

Definition 8. The ((X;, M;, p:), (I, <), fijli<;) measure inverse system is al-
most sequentially mazimal (a.s.m.), if for arbitrary iy < iy < ... € I JA;, C
X, such that

in

o fii (Ai)C A, Y(n<m),

° /,[,;-kn (Ain) =0 Vn,

o if v, € (Xi, \ Ai,), i, = fininy, (Tiny,) V1, then 3z € P = lim(X;, (I,
<), fijli<j) such that z;, = p;, () Vn.

The almost sequential maximality ensures that the inverse limit is not empty,
so0 it substitutes for the Axiom of Choice in this case.

Corollary 9. Let (X, M) be measurable spaces n € N, and let (Y, N,,)
= (X X5, @ M), (Vs Ny pin), (N, <), frunlm<n ), where funs are coordi-
nate projections and p,s are arbitrary measures such that they satisfy point
2. in Definition[f} In this case the measure inverse system ((Yn, Ny, ), (N,
<), fmnlm<n) is almost sequentially mazimal.

Proof. 1t is immediate that im(Yy, (N, <), finlm<n) = X2,V = x2, X;. Be-
cause of the surjectivity (onto) of the coordinate projections, and the structure
of the Cartesian product, we can choose sets A, as {) to get the almost sequential
maximality in Definition [8] Q.E.D.

The following result, which is our main mathematical result, is a general-
ization of Metivier’s [15] (p. 269.) and Mallory and Sion’s [I1], hence so is it
Bochner’s [I] and Choksi’s [].

Theorem 10. Let ((X;, M;,Ci, pi), fij, (I, <))|i<;j be a measure inverse system,
where C; C M; is o-compact set system Vi € 1. If

1. (I,<) is a directed set,



2. Fis(C;) € Ci (i < j),
3. fi; ({x:}) NCj is o-compact set system V(i < j) Va; € X,
4. for arbitrary C1,Cy € C; C1NCy €C; Vi€ 1,
5 (Xs, My, ), (1, <), fijli<j) ts almost sequentially mazimal,
6. p; is inner C;-reqular Vi € I,
then (X, M, p) = Um((X;, My, pi;), (1, <), fijli<j) exists, and it is unique.

For the sake of clarity, we split the proof into parts. First we consider the
o-additivity.

Definition 11. Let A C P(X) be a set ring, C C A be a set system, and let
u be an additive set function on A. The C set system is p-almost o-compact,
if for arbitrary (Cp)nen C C and for arbitrary ¢ > 0, 3JA C X p*(A) < € such
that, if CAN (N,C,) =0, then Im € N, such that CA NN, Cyp) = 0.

Corollary 12. Any o-compact set system in (X, M,u) measure space is pu-
almost o-compact set system.

The intuition behind the definition of p-almost o-compactness comes from
the concept of almost sequential maximality (Definition[8]) and Proposition

Lemma 13. Let A C P(X) be a set ring, C C A be a p-almost o-compact set
system, where i is an inner C-regular additive set function on A. Then p is
o-additive on A.

Proof. The proof based on the fact, that on set ring the upper o-continuity at
() is equivalent to the o-additivity.

Let (An)neny € A be a sequence of sets such that A, 2 Apyq, NpA, = 0.
Assume that nILH;oH(An) - 0, i.e. 30 > 0 such that nan;OM(An) > §. Because

of y is an inner C-regular additive set function, for any x > 0 VA, 3C, € C
such that C,, C A,, and pu(A, \ Cn) < sayr. It is immediate that Ym € N
N ,Cn C Ay, and

(Am \ (M7Z1Cn)) < p(URZy (A \ Cp)) < D (Ap\ Cp) < &
n=1
Since N, A, = 0, C, , 50 N, Cp, = 0. C is p-almost o-compact set system,

n CA
so for arbitrary e>0 ElA g X such that p*(A) < e, and Im* € N such that
CAN(N™,C,) =0. Let e =k = 2, then

1 (Am \ (CAN(MTL1Cn))) < (A \ (M1 Cn)) +e <8 ¥meN.

Hence

e (A \ CAN (N C) € lim (A \ (TGaC)) + € <6

SO



lim pu(Ay,) = lim p*(4,) = lim p*(4,\ CAN (N C,))) <4,

Moo n=1
but lim p(A,,) > ¢, which is a contradiction, therefore lim pu(A,) — 0.

Let (A,)nen C A be arbitrary disjoint sets such that A = U, A,,, and A € A.
Let B,, = A\ (U?,_,Ap), then B,, D By11, B, € AVn, and N, B, = (. Because
of the additivity of u

w(A) = p(Bp) + (Ul 1 Am) Yn €N,

and

p(A) = lim p(By) + lim Y p(A).
m=1

Since lim p(B,) — 0:

n—oo

p(A) = u(An).

n

Q.E.D.

The next step is the proof of the existence of the weak measure inverse limit.
The following result is a generalization of Rao’s [I7].

Proposition 14. Let ((X;, My, 11;), (I, <), fijli<;) be a measure inverse system
such that

1. (I,<) is a directed set,

2. the measure inverse system ((X;, M, 1), (I, <), fijli<;) is almost sequen-
tially maximal.

Then the weak measure inverse limit (P, A, p) = w — Um((X;, My, p;), (I, <
), fijli<j) exists, and it is unique.

Proof. We know that A = Ujcrp; '(M;). Ais a field: let Ay, As,..., A, be
arbitrary sets from M. (I,<) is a directed set, so 3i € I, 3(By,Bs,..., B, €
M) such that pi_l(Bl) = Ay, pi_l(Bg) =A,,... ,pi_l(Bn) = A,,. Since M; is a
o-algebra, p; is a measurable function and Ay, As, ..., A, are arbitrary sets so
A is a field.

Define y as pu(p; ' (B)) = pi(B) Vi € I, B € M;. Let A € M; and B € M,
such that p; '(A4) = pj_l(B)7 then 3k € I such that i < k and j < k. Since the
concept of measure inverse system pux(f;'(A)) = pi(A) and uk(fjjcl(B)) =
w;(B). Because of the almost sequential maximality 3C' € M, such that
i(C) = 1, and C C py(P). Then 1;(B) = ue(f5(A) N F31(B) N C) = us(A),
0 u(p}l(B)) = u(p; '(A)), therefore p is well defined.

The proof of the additivity of u: let A;, As,..., A, be arbitrary pairwise
disjoint sets from .4, then since (I, <) is a directed set 3i € I, 3By, Ba,..., B, €
M, such that p; ' (By) = Ay, p; 1(Ba) = Ag,...,p; ' (B,) = Ay, and V(k,1) <n
wi(Br N By) = 0. Since M, is a o-algebra, u; is a o-additive set function and
Aj, Ag, ..., A, be arbitrary pairwise disjoint sets so u is additive on 4. Q.E.D.



In the follows, we look into the structure of the product space.

Lemma 15. Let I = {k,l}, X; be sets, and let C; C P(X;) be a o-compact set
system Vi € I. If

1. fi;(C5) € Ci V(i < j),
2. f;l({xz}) NC; is o-compact set system Yz, € X;, V(i < j),
3. for arbitrary C,,Co € C; C1NCy €C; Vie I,

then C = p; ' (C;) U pj_l(Cj) is a o-compact set system in P(P = lm((X;, (I,
<)s fijli<s))-

Proof. We prove that if (Cp,)peny C C and N2, C,, # 0 Ym € N, then N,,C,, # 0.
We distinguish two different cases:

1. k and [ are not related to each other.

Then P = X x Xj, so it is the Cartesian product. It is immediate that
VC,, € C either 3C* € Cy, such that C,, = p; ' (C¥), or 3C!, € C; such that
C,, = p; '(CL), hence either C,, = CF x X; or C,, = X, x C!, ¥n. Let
N, = {n e N|C, = p;*(CK),CE € ¢}, and let N; be defined in the
same way. Then N,,C,, = (Nuen, CF) x (Npen,CL), if N, and N, sets are
non-empty. If Ny, is empty, then N,C,, = X} x (Npen,CL), and if N; is
empty, then N,C,, = (Npen,CF) x X;. Since Cy, C; are o-compact set
systems, so Npen, CF # 0 and N,en, CL # 0, hence N, C,, # 0.

2. Let k <1 (the discussion of case I < k is the same).

In this case P = X;. Let Ny = {n € N | C, = p, ' (CF), CF € ¢4},
and let N; be defined in a similar way. Let C™ = (Nfpen, |n<m} fri(Cn))
Nfet(Nnen,|n<m}Cn). Then C™ # (), and since points 1. and 8. C™ € Cy,
Vm € N. It is clear that C™ O C™*! ¥m € N, so since Cj is o-compact
set system N, C™ # (. Let xp € N,,C™ be arbitrary fixed, then since
point 2. f.,'({zx}) N C, Vn € N; is o-compact set system. We chose xj,
as Ny (f ({ze ) N Cy) # 0 Ym € N, so Ny (f ({z}) N Cr) # 0. Let
21 € Nn(fo ({z1}) N Cy) be arbitrary fixed, then:

a: xy, = fu(zg),
b: z; € N, C,,
so, N, Cyp # 0. Q.E.D.

Proposition 16. Let ((X;, M;, 1;), (I, <), fijli<;) be a measure inverse system,
and let C; € M; be o-compact set system Vi € I, and let J C I. If

1. (I,<) is a directed set,

2. every countable subset of J has the least element,

3. fi;(C5) CCi V(i <j) €,

4. f;l({xi}) NC; V(i < j) is o-compact set system Va; € X;, Vi € I,
5. for arbitrary C,,Co € C; C1NCy €C; Vi€ J,



6. w; is inner C;-reqular Vi € I,

7. ((Xi, M, p12), (1, <), fijli<j) measure inverse system is almost sequentially
maximal,

then C = UieApi_l(Ci) is p-almost o-compact set system in M, where (P, M, 1)
= w — Um((X;, My, i), (1, <), fijli<s)-

Proof. Since points 1., 7. and Proposition (P, M, p) = w—lim((X;, My, i),
(I,<), fijli<j) exists, and it is unique. It Is enough to see that, for arbitrary
(Cn)nen C C and for arbitrary e > 0 3A C P p*(A) < € such that, if Ym € N
CAN(Nm ,C,) # 0, then CAN (N, C,) # 0.

Let (Cp)neny C C and € > 0 be arbitrary fixed. Let N; = {n e N| C, =
p;1(C), C! € Ci, i € J} Vi € J. Moreover, let i(n) be an arbitrary fixed
element of {i € J | n € N;}.

Let i1 be the least element of the set {i(1),4(2), ...} (since point 2. it works).
In the same way, let i,, be the least element of the set J \ {ip }n<m Ym € N.

Let A; be as in Definition [8| (point 7.), and let A; € M;, be such that
A;, €A, and pu;,(A;,) = 0 Vn (M;, is o-algebra, so A;, exists Vn). Then,
since point 6. 3K;, € C;, such that K;, C CA;, and p,, (K;,) > 1 — 557 Vn.
Let A =U,p; ' (CK;,).

In the follows we show that p*(A) < e.

Assume indirectly that p*(A) > e. Then, since A = Unp;}(CKin) and
1i, (CK;,) < 55+ Vn, 3i* € I, 3B" € M- such that pg«(B') > 4, and with
the notation B = p..'(B") B C A.

Let 71 € I be such that j; > ¢* and j; > 41, in general, let j, € I be such
that j, > j,—1 and j, > 4, ¥n > 2 (point 1.). Then 3C7' € C;, such that
Ch C (fz:]ll (Bl*) \ (f;]ll (All) U Ajl)) and Hja (le) > % (pOiIlt 6)a where Ajl
is from Definition [8 for chain j; < ja.... In the same way, 3C7" € C;, such
that C7n C (f; (B*)\ (f;;,(4i,) UA;,)) and g, (CI) > % Vn.

We chose CV» in such a way that N, f;, ;. (C9) # () ¥m, so since point 3.
Nnfirjn (CIn) # 0. Let xj, € Ny fj . (CI") be arbitrary fixed. z;, was chosen
in a way that szjl»z {zj, }) N (NTy a5, (C7)) # @ ¥m. Then, since point 4.
Fian (@i ) 0 (Mn<afing, (C7)) # 0. Let xy, € £75, ({25, }) 0 (M2 f, (CI7))
be arbitrary fixed. Then

i filjl (le) ¢ Ai1 and fizjz (x]é) ¢ Ais,
ii. Tj € fi:;l (BZ*) Tj, € fiijlé (BZ*)
Define the sequence (z;, )nen in the way above. Then Vn
iii. finjn ({Ejn) ¢ Ain7
iV. xjn € fl:‘]ln (Bi*)'

Since point 7. 3x € P such that z;, = p;, () Vn. However, since iii. z ¢ A
and since iv. x € B, therefore B ¢ A, and it is a contradiction.

In the follows we show that, if ¥m € N CA N (N™,C,) # 0, then CA N
(NnCh) # 0.



Let C™ = K, N (Njerfi,j(Ninen, |n<m}pJ(C ))) Vm € N. Then C™ # (),
and since points 3., 5. C™ € C; Vm € N. It is clear that C™ D C™*+! ¥m € N,
so since C; is o- compact set system N,,C™ = (.

Let z;; € N, C™ be arbitrary fixed. Since point 4. fi:¢12({xz1}) NC;, is
o-compact set system. x;, was chosen in a way that K;, N (N7 ( lm({:vil})
N(Njengi} fizi (Nnen,in<mypi(Cn))) # 0 ¥m € N, so Km n (ﬂn( frn(zid)
al(a jeI\{n}fzzJ (m{neN |n<m}p3( ) # 0. Let Tiy € Kiy N (Nin( 11112({%'1})
N(Njerfii} finj (ﬂ{neNﬂ n<m}Pj(Crn))) be arbitrary fixed, then

a Ty = fiﬂz(xiz)’
b: x;, € K, N (anNilUNQpiz (Cn)) N (piz (mTLENil UNi, Cn))

We can apply the method used above to the chain iy <19 < i3 < ... to get
a set of points, which Vk € N:

C: mik - fikik+1(xik+1)7
d: l'ik. S Klk N (mn¢U§:1Nijpik (Cn)) N (p“‘ (mnGU?ZINij Cn))

Since ¢, d: z;, € (X, \ CK;,), @i, = fivinss (@in,,) Yk € N, so since
A;, € CK;, Vk and point 7. 3z € im(X;, (1, <), fijli<j) such that x;, = p;, (z)
Vk. However, z € CAN (N, Cy), so CAN (N,Cy) # 0. Q.E.D.

Proposition 17. Let ((X;, M;,C;, i), (I, <), fijli<j) be a measure inverse sys-
tem, where C; C M; is o-compact set system Vi € 1. If

1. (I,<) is a directed set,
2. (X7 A, M) =w-— lﬂl((X“ Mi)7 (I’ §)7 fij‘iﬁj) exists,
3. V(i <ig <...) sequence, unp;n1 (Ci,,) is p-almost o-compact set system,
4. p; is inner C;-reqular Vi € 1,
then (X, M, p) = im((X;, My, pi;), (1, <), fijli<j) exists, and it is unique.

Proof. We prove that p is o-additive on Uie]pi_l(Mi).
Since condition 4. p is inner Uy;¢ Ipi_ L(Cy)-regular.
Let Ay, Ag,..., Ay, ... € Uscrp; L(M;) be arbitrary pairwise disjoint sets
Since definition of A,s Ji(n) € I, and 34K ¢ My such that A, = p; (n)
)-

(A:l(")) Vn. Let 43 = i(1). Since condition 1. 3F* € I such that iy < ¥,
and i(2) < ¢*. Let i = i*. Define the chain iy < i3 < ... by the method
above. Since condition 3., Al, Ay, ..., A,, ... € are arbitrary pairwise disjoint
sets and Lemma w is o-additive on U;erp; 1(M;). Then this proposition is
a direct corollary of the measure extension theorem (see e.g. Halmos [6]), so
(X, M, p) = Hm((Xy, My, i), (1, <), fizli<y) exists, and it is unique. ~ Q.E.D.
The proof of Theorem[10. Since Proposition for arbitrary chain i; < i; <

» Unp; ! (C;,,) is p-almost o-compact set system. Since Propositions ,
(X, M, p) = @((Xn,/\/ln,un), (I, <), fijli<j) exists, and it is unique. Q.E.D.



3 Complete, universal type space based on a
purely measurable parameter space

At first let S denote the parameter space, i.e. it contains all facts, which are
independent from the players, and which have influence on the game, e.g. the
description of the game. To model the players’ beliefs we have to get the beliefs
space generated by S, i.e. we have to care about what the players believe about
S, and what the players believe about that what the players believe about S,
and so on.

Definition 18. The parameter space (S, Ag) is a measurable space, where Ag
is a o-algebra on S.

We assume that the parameter space is purely measurable, i.e. it is not
topological. In our model the players use only ideas such as event, outcome,
probability, so it looks like a purely measure theoretic model. However, it is well
known that in a purely measure theoretic model the type space is not necessarily
complete and universal (see Heifetz and Samet [10]).

Definition 19. Denote the set of probability measures on (S, As) as A(S, Ag),
then A(S,As) C [0,1]4s. Define the topology of A(S, As) as a subspace of
[0,1]4s, so (A(S,As),T) is the point-wise convergence topology. Therefore
(A(S, Ag),T) (briefly (A, 1)) is a topological space, and let the Baire sets of
(A, 7) be B(A, 7).

For the sake of brevity henceforward we denote A(S, As) as A(S), where it
is not ambiguous, so do we in the case of B(A(S), 7) and B(A(S)).

Definition 20. Define a sequence of sets recursively, where M 1is the set of
players:

Vo = (S,As)
Vi = Vo (A(Vo)M, B(A(Vo)M))
Vo = Vi@ (AWM, B(A(V)M))
= Voo (A(Vo)M,B(A(Vo)M)) ® (A(Vi)M, B(A(V1)M))
Vi = Vit ® (A(Veo)™, B(A(Vi_1)M))

Vo @ @725 (A(V)M, B(A(V;)™M))

where ® denotes the measurable product.
Let Voo = 8 x x]‘?o:OA(Vj)M. Vo is called belief space, and a point of it is a
state of the world.

A point of V} is called a value of the parameters, i.e. it is a feasible value
of the parameters. A point of V; consists of a possible value of the parameters,
and the first oder beliefs of the players (i.e. the players’ beliefs about S), and
SO on.

If v € Vio, then v = (s, 1, 443, . . ., i3, 413, . . .), where p? is jth order belief of
player i. Therefore, every point in V., can be regarded as an hierarchy of beliefs,
(ui, pb,...) for all players (Vi € M), and a feasible value of the parameters.
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Definition 21. Let i € M be arbitrary, fived. The hierarchy of beliefs (ui, pb,
..) is coherent iff Vn > 2

T 1
1. margy, .y, = Hp_1;

2. MArg|A(V,_o))i oy, = 5;271,

where pi, € [A(Vi—1)]* ([A(Vn-1)]? is index i “copy” of A(Vi—1)).

The point 1. declares that the opinions on the facts of the game do not
change in the hierarchy. According to the last point, every players knows her
own beliefs (see Harsdnyi [7]). These two properties is the "logic” of the players,
we assume that this ”logic” is common knowledge.

Definition 22. Take such a points (s, pi,p2, .. ud pu3,...) of Voo that, the
hierarchies of beliefs (ui, u2,...) are coherent Vi € M. Let VS be the set of all
this kind of points, and call VS coherent subspace.

We use © for other spaces in the same meaning, i.e. according to Definition

In our model the hierarchies of beliefs are such a sequence of probability
measures that, they are coherent, and their restrictions on the ,truncated”
belief spaces are compact regular measures. It is clear that, we need to redefine
the belief space (Definition [20]):

Definition 23. Let

Vo= W

Vi = Vi@ (Auc(VHM, B(Amc(VH)M))

Vi = (V@ (Anc(V)M, B(Ayc(V])M)))e

Vi = (Vi1 @ (Amc(Vi )M, B(Apc(Vi_1)M)))*

= (g @iy (Auc(V)™, B(Auc(V))M)))*

J

where Apnre stands for such a set of probability measures that

Apc(Vy) = A(Vg)
Apc(V)) = Ac(Auc(VOM, B(Anc(Vo)™))
Apc(Vs) = Ac((®@j—o(Amc(VH)M, B(Auc(V)M))))

Auc(Vl) = Ac(@ = Buc(V)M, Bauc(V)M)))

where A¢ is the set of compact regular (according to the terminology of the
previous section: inner reqular on the compact sets) probability measures.

V! contains such a hierarchies of beliefs that: the beliefs are maximum nth
order beliefs, coherent and their restrictions on the set of the beliefs are compact
regular probability measures. Therefore, V,! consists of such a beliefs that we’d
like to use in our model.

The following definition is the most important step towards our main result.
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Definition 24. Leti € M be arbitrary fized. Define the sequence of truncated
belief spaces (see Definition )

Co = (Amc(Ve)M\, B(Aye(Vg)MM))
C1 = (®)—o(Anc (V)M B(Ayc(V))MMi)))e
Co = (®—o(Anc (V)M M3, B(Ayc (V)M M)

The truncated belief spaces are the topological sub-products of the appro-
priate belief spaces.

In the next definition we give the measurable spaces of the measure inverse
system we use later.

Definition 25. Leti € M be arbitrary fived. Define a sequence of spaces in a
TECUTSIVE WaAY:

Ty, = W

Ty = V5@ (Auc(VO)M\, B(Ayc(Vg)M )

Ty = (V] @ (Auc(V)M\UE, B(Ayc(V])M\)))e

T = (Vi1 @ (Anc(V_ )M\ B(Aye (V) )M\E)))e

(Vs @ @720 (Anc (V)M M, B(Aye(V)) M)

We define a given player’s set of all feasible hierarchies of beliefs.

Definition 26. Let i € M be arbitrary fized, and let

T = (X3 Ane (V)"
T' is the type set of player i, and a point of T? is a feasible type of player i.

T' is the collection of all coherent hierarchies of beliefs of player i on the
coherent hierarchies of beliefs of the other players.

The type set of player i consists of the all coherent hierarchies of beliefs, i.e.
if t € T%, then t = (vi,vd,vi,...), and it is coherent. Because of this property
if T? is in a type space, then it is a complete type space. It is clear that in our
model the beliefs are not, but the their marginals on the truncated nth order
belief spaces are compact regular probability measures.

Corollary 27. T is a subspace of a product space, so its topology is the point-
wise convergence topology: (T*, ).

Corollary 28. Leti € M be arbitrary, fized, then

((Tna Vﬁu—l)a (N U {O}, S)vprmn‘mfn) (1)

is a measure inverse system, where pry,, s coordinate projection from T,, to T,,
V(m <n), and (p3,..., 154, --.) €T

12



Proof. The concept of measure inverse system can be found in Definition
® Druun = Prmk © Prn V(m < k < n), since these are coordinate projections,
® pro, = idre Vn since these are also coordinate projections,

® Dry, is measurable function V(m < n), since the concept of measurable
product structure,

o Ul (prih(A) = vk 1 (A) Y(m < n) and VA € T,,, measurable sets, since
the hierarchies of beliefs are coherent.

Q.E.D.

The Corollary 28 above makes connection between the concepts of measure
inverse system and belief space. Therefore, the question is the existence of a
proper measure inverse limit.

Remark 29. In Corollary 28] one can change (I)) to the measure inverse system

((Cnymarge, v o), (NU{0}, <), prmnlm<n)- (2)

The following proposition shows that, the main problem of the existence of
measure inverse limit is the o-additivity of v.

Proposition 30. Let i € M be arbitrary, fived. The measure inverse system
defined in has weak measure inverse limit (T, Ar,v") (see Definition m)

Proof. See Proposition [I4], and Definition 22} Q.E.D.

Proposition concentrates on the additivity of v?. There are two usual
hurdles of the existence of measure inverse limit. First the richness of the
inverse limit, i.e. whether inverse limit contains enough points, Heifetz and
Samet’s [10] counterexample is based on this problem. The second problem is
the o-additivity of v*. Naturally, these two problems are not independent from
each other.

To avoid these problems, we use coordinate projections (Definition and
Example @), and some kind of compact regularity.

Definition 31. Let i € M be arbitrary fized. Aync(T, Ar) is such a set of
probability measures that, if v € Ayc (T, Ar), then marge, _,v € Ac(Cp_1)
vn.

The following theorem is our main contribution.

Theorem 32. T is a universal type space, so there is an homeomorphism
f:T"— (Ape(T, A), 7).

For the sake of clarity we split the proof into parts. The following lemma is
about fitting up measure spaces.

Lemma 33. Let (M, Ans, par), (N, An, i) be probability measures spaces, and
let p be additive set function on the filed generated by the cylindrical sets A C
P(M x N), moreover let ppr and py be coordinate projections. If p op]T/[1 = Up
and p o p&l = un, then p is o-additive.
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Proof. Is it easy to see that the sets of A have the forms as follows: UJL, (M; x
Nj), where m € N, M; € Ay, N;j € Ay. It is well known that p is o-additive
on A iff for arbitrary sequence of sets such that 4, 2 A,41 N4, = 0 =
Jim p(An) = 0.

Let (An)nen C A be arbitrary, fixed sequence of sets such that A, 2 A, 41,
and N,A, = 0. Then Vn € N let k,, € N such that 4, = U?;l(M" X N”). Let
F={feNV]|f(n)<k, Vn},then N,A, =Ujsecr Ny (M) x Ni,y). It is
clear that

N An =0 = (M (Mf) X Niy) =0 Vf€F). (3)

Split N, (M Fn) % N (n)) sets into two groups. Let the first one F) contain

fs such that ﬂan(n) = (), and let the others be in Fj.

Let M, = Ujser, Ny M}(j), where n is arbitrary, fixed. For any n M,
consists of finite number of sets from Ay, so M,, € Ap;. It is immediate that
M, O M,11 Vn, hence (M, ),en is a monotone sequence of sets. We have to
see that N, M, = 0.
Np My =Uger, My M}‘(n Since (3) N M}L(n) =0 Vf e Fy,son, M, =10.
It follows that N, (M,, x N) D Ufepl n (M7 ) % Nj(,))- Because of i is

o-additive, so ppr(M,) — 0, hence

im g (M) = Tim (M x N) 2 lim p(User, Nn (M) % Nij)),
therefore 1i(User, Mn (M, X N7,,))) — 0.

The case of F; is the same, so u(User, Ny ( }L(n) X N fin ))) — 0.

u is additive, hence

w(Urer N (M7, < N70)) + m(Uger, Nn (M7, X Ni,)) (@)

= p((Urer N (Mf(n) X Nf(n))) (Urer Nn (M?(n) x N (n))))-
Let € > 0 be arbitrary, fixed. Then 3ny € N such that u(Uger Nn (M) %
N{»)) < 5,Vn =ny, and 3ny € N, such that p(Uger, Nn (M, X N7 (,))) < 5,
Vi > na. Then w(User N ( My X Ni)) +i(User Nn (M) X Nj,,))) <
Vn > max{ni,na}. Since ({)), and € is arbitrary p(A,) — 0. Q.E.D.

Definition 34. Let g Ape(T, A) — T, i.e. it corresponds v to such a point
t= i vs,..., v, ...) €T that

3

vi =margr, v VYnéeN.
Lemma 35. g is bijective (one to one and onto).

Proof. First we show that ¢ is injective (one to one). Any v € Apne(T, Ar)
determines its marginals, so it determines a unique point in 7.

g is surjective (onto). Because of Example @, the compact sets, and the
compact regularity of marginal measures, the conditions of Theorem are
satisfied in the case of the measure inverse system . Since Proposition (30},
we can apply Lemma for (S, A,v%) and the measure inverse limit of (?2]).
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The measure extension theorem ensures the uniqueness, so the measure inverse
inverse system has a unique meaure measure inverse limit. Therefore, for any
t €T v € Ape(T, Ar) (in the measure inverse limit) such that v’s marginals
are in t. Q.E.D.

Definition 36. Let f = g~ !.
Lemma 37. f is a homeomorphism.

Proof. Tt is immediate, it is left for the readers to prove. Q.E.D.

The proof of Theorem[32 Let f be defined in Definition [36]
Since Lemma [35] f is a bijection.
Since Lemma [37] f is a homeomorphism. Q.E.D.

Remark 38. The type space in Theorem is universal.

Remark 39. We proved the existence of a homeomorphism only for (Ao (7T,
Ar),7) but not for (Apc (0(Ar)), 7). The Example [40] illustrates the reason.

The following counterexample is mentioned in Remark

Ezample 40. Let Q = [0, 1]{11/2:1/3,.1/n.-} 1§ o be the set of functions defined
on points 1,1/2,1/3,...,1/n,... with range [0, 1].
1, ifx=1/n 1, if fpbeAd

Let fu(z) = { 0 otherwis/e  05,(4) = { 0 otherwise
Dirac measures. Then 2 is a compact metric space, and its measurable structure
generated by the coordinate projections, and the Baire and the Borel structures
coincide.

Let fo = 0 be constant zero function, and let d7, be the Dirac measure as
defined above. It is easy to see that 6y, — dy, point-wise on the sets of the field
(generated by the cylindrical sets), but on B = {fp} (constant zero function),
which is not in the field, but in the o-algebra, dy, (B) - dy,(B).

Example[d1] indicates that why our model is more general than the previous
works.

Ezample 41. Let be two players, both players have two strategies. This game in
normal form is a point in R8. There are two random variables, which determine

the payoffs of the players. Therefore, the parameter space: S = ]RSR2 (the
parameters are functions from R? to R®). S is neither compact, nor Polish,
so Mertens and Zamir’s and Brandenburger and Dekel’s construction do not
work in this case. Let the measurable structure of S be the Borel sets of S.
In our model, the opinions are the probability measures on S, but these are
not necessarily compact regular measures, hence Heifetz’s, and Mertens’ et al.
models are less general, than ours.

The main strength of our model (as we think) that in it the structure of a
given order beliefs does not depend directly on the topological structure of the
lower order beliefs, so the parameter space can be purely measurable.

Remark 42. We can rewrite our model as follows:

({5, A(T)' ), (1S U (NUA{0}) x M), R), fum|nrm)

where R is such a binary relation that {S} is in relation only with itself, and

(n x i)R(m x j) < n < m, moreover fi,xiymx;) : M%) — A(TS)" is such a
function that fi,xiymx ) (1) = margarey pdh, ¥(n x i) R(m x j).
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Remark shows that the concept of belief space ”calls for” the cutting
the parameter space off the model and the refitting it later.
Two remarks left:

Remark 43. The role of Baire measurable structure in our model is only that
it makes the model more similar to a purely measurable model (see [9]). If one
changes the Baire sets to Borel sets, then all our results remain valid.

Remark 44. 1t is commonly accepted that, in the Bayesian framework model
itself is commonly known by the players. It is also the case in our model as
well, but only up to Remark In a "nice” model, there is o-field instead of
field, however, in our model, if we use o-field, then we get a Bayesian model in
which, the model itself is not commonly known by the players.
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