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Learning versus Diversification in Project
Choice

Abstract

We study the issue of project choice when a risk-averse agent must
choose whether to invest in two projects of the same type (focus) or of
different types (diversification). Projects of the same type are subject
to common type-specific shocks. Hence focusing is more risky within
each period, but enables faster learning across periods. Optimal project
choice involves balancing these two considerations. We demonstrate how
an agent’s choice of whether to focus or diversify is related to (i) the
speed of learning, (ii) the type-specific risk and (iii) his risk-aversion and
investment horizon. We show that, contrary to intuition, an increase in
type-specific risk may lead to a decrease in diversification. Our theory is
applicable to occupational choice within households, project choice under
group lending, and corporate diversification.



1 Introduction

There are several models of learning-by-doing in economics, in which agents learn the
optimal action (or technology) over time by observing the relationship between their
actions and the resulting output from period to period. In many of these models,
agents are also able to learn from the experience of others provided that they are en-
gaged in the same kind of activity. If one agent is a farmer and the other a potter,
they are unlikely to learn much regarding their own technologies from each other.
Given that learning might be faster when agents choose common activities, it follows
that if agents decide on project choice jointly, and if they are risk-neutral or if there
is no opportunity for risk-sharing among them, then the optimal policy is for all of
them to be engaged in the same activity (within the bounds dictated by competition

and returns to scale), at least until learning is complete.

But consider the problem of occupational choice within a poor household. Sup-
pose that two members of the same household, say father and son, with scant access
to capital markets, must decide on which trade to specialize in. Since they belong
to the same household, they may be concerned about the total household income (or
consumption) rather than individual income. Further, because of lack of access to
capital markets, they are likely to be risk-averse. If the son enters the same trade as
the father, then he will be able to pick up the necessary skills faster as he learns from
his father’s past experience. However, this also makes the income of the household
more vulnerable to the shocks affecting that particular trade. Hence, the optimal
choice of activity will depend on the trade-off between learning and diversification

benefits.



In this paper, we model this trade-off between learning and insurance motives in
the choice of projects. To our knowledge, this is the first attempt at incorporating risk
and learning into a cohesive framework. Prior research on learning has considered only
the benefits of learning, with agents being assumed to be risk-neutral. Prior research
on diversification, on the other hand, has ignored learning. In our model, a risk-averse
agent (or a pair of agents) must choose two projects for investment. There are two
types of projects, and the agent may choose to focus, by investing in two projects
of the same type, or to diversify, by investing in two projects of two different types.
In the beginning, there is some uncertainty about an underlying parameter of the
technology for each type of project. Over time, through experience, the agent learns
this parameter. There are two kinds of risks in the economy — type-specific risk, that
results from a shock common to all projects of the same type; and idiosyncratic risk,
that results from a shock that varies from project to project. Focusing on the same
type of project makes the total output more susceptible to the type-specific risk in
each period. However, it also enables faster learning-by-doing, since each period’s
outcomes provide two experimental data points rather than one. This implies that
while focus imposes higher risks in the initial stages of the projects, it may be lead
to lower risks in subsequent periods (until learning is advanced). Thus, for an agent
who is concerned about discounted expected utility over the life of the projects, the
optimal project choice will depend on the relative importance of type-specific risks

and learning.

We present two models in this paper. In the first model, the standard Bayesian
learning process with normal shocks is so slow that focus is always inferior to di-

versification — in each period, the faster reduction in the variance of beliefs about



the underlying parameter that occurs with focus is more than offset by the higher
type-specific risk. This holds even if the type-specific shocks are arbitrarily small.
The model uses a fairly general set-up to highlight the importance of considering the

risks involved in learning-by-doing.

Next, we consider the target-input model that is often used in the literature. In
this case, the relationship between learning and type-specific risk is more complex.
We study how the optimal choice of strategy (focus or diversification) depends on the
parameters of the technologies, i.e., the ex-ante uncertainty and type-specific risk,
and on the agent’s characteristics, i.e., risk-aversion parameter, intertemporal dis-
count factor and investment horizon. We show that there always exists a threshold
level of type-specific risk above which diversification will be optimal for all agents
irrespective of the speed of learning. Another striking result that emerges from our
analysis is that an increase in type-specific risk may lead to a decrease in diversifica-
tion. This happens because a small increase in type-specific risk has two effects — first,
it increases the relative cost of focus (versus diversification) in each period. However,
it also slows down learning since the precision of the signals that the agent gets in each
period is lower. Slower learning implies that the reduction in variance of beliefs (or
the increase in precision of beliefs) is slower under focus. However, it also implies that
the reduction in variance is even slower under diversification. Hence the difference in
risk between focus and diversification during the learning process is wider for a longer

period of time, which increases the relative benefits of focus in the subsequent periods.

In addition to occupational choice within households, these results are also ap-

plicable to other economic settings such as project choice under group lending and



corporate diversification. In group lending, the agents within the group share the risks
of default, since one agent’s non-payment of dues is treated by the lender as default
by the whole group. This risk-sharing arrangement may induce agents to diversify
project choice even at the cost of slower learning. Similarly, a corporate manager
who is forced to hold a lot of restricted stock! for incentive alignment purposes would
likely consider the risk to his wealth (which is tied up with the firm), as well as the
benefits of learning the technology quickly. Hence, he may find it optimal to diversify
across industries. Our results suggest that such diversification is dependent on the
importance of learning, the investment horizon of the manager, and the pervasiveness

of type-specific risk.

The paper proceeds as follows: in Section 2, we discuss prior research in this area.
In section 3, we present our first model of learning-by-doing with risk-averse agents
where we show that if learning is relatively slow, then diversification will always be
better than focus. In Section 4, we develop the target input model and analyze how
the optimal project choice is related to the various parameters of the model. In
Section 5, we discuss the relevance of the results and conclude. The proofs of the

propositions are given in the appendix.

2 Prior research

Wilson (1975) studies a model of learning in the context of the theory of the firm under

uncertainty. Using a target input model (example 1 of the paper), he explores the

!Restricted stock is stock that must be held by the employee or manager until a certain date,
and can only be sold under certain conditions. Such stock may also not be hedged away by taking

short positions in other stock, for example.



optimal degree of sampling for information by a firm that follows the mean-variance
criterion. In the context of our model, greater sampling implies investing in more
projects of the same type. In contrast, we study the issue of whether to invest in
projects of the same type or of different types. Holmstrom (1982, 1999) studies a
Bayesian learning problem that is similar to the one in our first model (section 3),
albeit with a risk-neutral agent. Foster and Rosenzweig (1995) and Jovanovich and
Nyarko (1995, 1996) are other papers that deal with learning-by-doing and the choice
of technology.

3 Learning-by-doing with risk-averse agents

We begin with a model that incorporates risk in a standard model of learning-by-
doing. There are two types of projects, poultry farming and rice cultivation, denoted
by P and R respectively. There are two agents — we may view them as proprietor-
entrepreneurs, each of whom must choose the type of project to invest in. Investment
in the projects must be made at the beginning (at time t=0). By investing in a
project, the agent specializes his/her human capital to the project, which precludes
the gaining of skills specific to the other type of project. In other words, neither
agent can invest in both projects. In the following analysis, we will compare the
case where agents invest individually versus the case of joint investment with pooling

of cash flows. We examine the outcome in terms of focus or diversification in each case.

Each project lasts for two periods. The cash flows y;;; from project j € {1,2} (or
agent j) of type ¢ € {P, R} in period t are given by:



Yijt = Qi + Ui + €45 (1)

where a; is a measure of the underlying project quality, which does not change over
time. wu;; is a type-specific shock which affects all projects of type i in period ¢, and
eij¢ is an idiosyncratic shock that varies from project to project. Agents know that

the two shocks are distributed as follows:?

Uit ™~ N(O, 0'121); €ijt ~~ N(O, O'g). (2)

The underlying project quality is initially unknown (but is learnt over time).

Agents begin with a common prior belief that
a; ~ N(ao, O'g) V1. (3)

Over time, agents learn the project quality from experience. Since the priors and
shocks are distributed normally, the Bayesian process for updating beliefs is well

known (De Groot, 1970). Let 7 denote the precision of a random variable. Thus,

1
—; and 7. = —
u

TO = —5, Ty — 0_2
e

2
oy o

After n observations of the output, the posterior beliefs of an agent who has invested

in project of type ¢ will be as follows:

2We are assuming here that the distribution of the type-specific shock is identical across types.
This is to emphasize that the difference in risk between focus and diversification is due to the role of
correlation in shocks across projects of the same type, and not due to differences in the profitability

of the types themselves. The extension to the case where u;; ~ N(u;,0?) is straightforward.



a; ~ N(ap,7,") (4)
) Zyik (5)

70
Uip = Qo | — | +
Tn

Tn = To+ NTute (6)

7_u+e
Tn

where 7,1, = (02 + ¢2)7! and y;; denotes the output from all projects of type i in

period k.

In case the agents invest in different types of projects, after ¢ periods, the posterior

beliefs of each agent are given by equations (4)-(6) with n = ¢.

We wish to allow for the possibility that agents who have invested in the same type
of projects may learn from each other’s experience. In order to do this, we assume
that each agent is able to observe the output of the other agents. (While we do not
incorporate noise in this observation process, that is quite easily done. Since we will
show that even perfect observation does not lead to sufficient learning, introducing
noise will only reinforce our results.) This implies that there will be two observations
for each period in the case where they focus on the same type of project. Each agent
is therefore able to update her beliefs (on project quality) twice in each period. In
contrast, in the case where the agents invest in different types of projects, each agent

updates her beliefs only once per period. This leads to the following lemma.

Lemma 1.1 Aftert periods, the posterior beliefs of each agent are given by equations

(4)-(6), with n =t in case they diversify and n = 2t in case they focus.



Before we deal with the case of joint investment, it is useful to consider optimal
project choice when there is no risk-sharing between the agents. It is immediately
obvious from lemma 1 that each agent’s optimal strategy in this case is to mimic the
other agent, so that she can learn faster. Thus, equilibrium always involves focus (on

either project type P or R). In this case, learning is at the highest possible level.

Next, we consider the case where risk-averse agents pool their income and max-
imize utility of total income. Agents may pool their income because they belong to
the same household. Alternatively, they may belong to the same lending group and
risk-sharing within the group may be approximated to income-pooling in a simplified
formulation, as in Prescott (1997). More generally, we may think of the same agent as
having to invest in two different projects, which could be chosen from the same type
or different types. The agent is then concerned with total income rather than income
from each project separately. In the following exposition, we will treat the problem
as a single-agent problem, with the implicit equivalence to the multiple agent case

with income pooling.

To introduce risk-aversion, we assume that agents have the following utility func-

tion:3

Ulcr, c2) = —exp (=yc1) — exp (—7¢2) (7)

where ¢; and ¢y are the consumption amounts in the two periods. v is the Arrow-

3The results of this section do not change if we assume a utility function based on total lifetime
income, of the form U(c;,cy) = —e~7(¢1+¢2) Such a utility function would be more appropriate if

the agent were able to transfer wealth costlessly across periods.



Pratt coefficient of risk aversion. We ignore intertemporal discounting (and assume
that the interest rate is zero) to keep the exposition simple, but introducing it will
not change the results. Discounting will change the size of the relative benefit to

diversification over focus, but not its sign.

The agent chooses ¢; and ¢; to maximize expected utility. The following lemma
incorporates optimal consumption choice into (7). Let Y1 = y11+y21 and Yo = y12+1y20
denote the total income from both projects combined in periods 1 and 2, and y;; and
Yo1, the first period income from projects 1 and 2. E;[-] denotes the expectation based

on information at the end of period .

Lemma 1.2 When U(cy, ¢3) is given by the expression in (7), we have

max Eo[U(cr,co)] st e+ =Y1+Y;

C1,C2

= —2F, exp(—0.5’y{Y1 + E1[Y2|y11, yzl] - O.5’yVa7"1[Y2|y11, y21]}) (8)

In lemma 1.2 and in the following analysis, we use the well-known result that if a

variable z is normally distributed with mean p and variance o2, then,
Elexp(—kz)] = exp(—k{p — 0.5ko?}).

Lemma 1.2 simplifies the comparison between focus and diversification. The differ-
ence between the two cases arises in the calculation of E1[Y3|y11, y21] and Var [Ya|yi1, yo1]-
While each of these terms is important, it is useful to pay special attention to the

variance term. Note that the variance at the end of the first period is a function

10



of two variables — the variance of beliefs regarding project quality, which is lower
under focus due to faster learning, and the correlation in outcomes between the two
projects, which is higher under focus. If learning is fast enough, the benefits of in-
creased precision of beliefs may outweigh the cost of greater correlation under focus.

We now turn to the calculation of the expected utility under each case.

Lemma 1.3 The expected utility under diversification, Eo[UP], and under focus,

Eo[UT], when U(cy, o) is given by the expression in (7), are

EyU”] = —2xexp (—0.57{4ay — 0.5707,, — 0.257vd’ 05 }) - (9)

EU"] = —2xexp (—0.57{4ap — 0.5v07, — 0.257f%05x}) . (10)

Lemma 1.3 states that the expected utility is a function of the expected total in-
come and the variance of income. The (ex ante) expected total income from both
periods is 4aq from the law of iterated expectations. The variance of total income is
split into two terms, o, and o%,, denoting the variance in periods 1 and 2 under
diversification (027 and o7, denote the corresponding variances under focus). Under
Bayesian learning with normal shocks, the variance of beliefs changes from period to
period in a deterministic way. Hence, o2, which is actually the conditional variance
term Vari[Ys|y11,yo1] in lemma 1.2, is independent of the exact realizations of yy;
and yo;1. In equations (9) and (10), d (= 22) and f (= 7*) are the weights on the first
period income in the agent’s utility function, taking into account its direct effect on
utility and its effect on beliefs regarding the second period income. A higher value
of d or f implies that utility is more sensitive to first period income, because of the

information it contains about the second period income. Hence, a higher value of d or

11



f increases the variance component of expected utility. We show below that f > d,

since faster learning implies that the effect of the first period income on the expected

second period income is greater under focus.

Equations (9) and (10) give the expected utility under the diversification and focus

strategies. Comparing the two expressions, we note that

Eo[UT] > Eo[UP] if and only if o2 + 0.5f%0%, < oip + 0.5d%02,.

From (36) and (41) in the appendix, (in the proof of lemma 1.3),

4 2
ol —olp = (T—2 — 7_—1> + 202,

From (6), it is easy to show that
4 2

b

T2 1

Hence, 0?5 > o?p. From (6), it also follows that f > d. Moreover,
o8 = 4oy + 4o’ + 202 > 03, = 208 + 202 + 207,

The above analysis leads to Proposition 1.

(11)

Proposition 1 For the process in (1) and the utility function in (7), the expected

utility under focus Eo[U"] is always less than the expected utility under diversification

Ey[UP).

The reason that proposition 1 holds is that the drop in variance of beliefs caused

by faster learning under the focus strategy is not enough to offset the greater type-

specific risk involved. This is sharply highlighted by inequality 11.

12



In the model presented above, learning affects the agent’s utility in a relatively
passive manner — the reduction in uncertainty regarding the technological parameter
caused by learning leads to a higher utility for a risk-averse agent without any direct
effect on the actions of the agent in the next period. In the next section, we present a
model where learning is more “active,” and show that diversification may be inferior

to learning in this context.

4 Risk in a target-input model

Another model of learning that has been used in the literature (Wilson, 1975; Foster
and Rosenzweig, 1995; Jovanovich and Nyarko, 1996) is the target input model. In
this model, output from each project depends on a target level of input, which varies

from period to period about a long run mean. Specifically,
zigt = 1 [1 — (Yt — aijt)z] , where,
Yijt = @ + Ui + €ijt- (12)

Yij¢ 1s the optimal or target input level in period ¢. Output z;;; is higher when the
deviation between actual input a;;; and the target input y;;; is lower. I is a parameter
that denotes maximum output in any period. It also affects the sensitivity of output
to errors in input choice. Following the literature, we assume that inputs are costless,

so that output is equal to profits.

Equation 12 is the analogue of (1), except that it pertains to the target input and
not the output. The target input for project j of type ¢ in period t consists of three
components: (i) a long run component that is stable over time, denoted by a;; (ii)

u;¢, which is a type-specific shock that affects all projects of type ¢ in period ¢; and

13



(iii) e;;¢, which is an idiosyncratic shock that varies from project to project. Agents
do not know a;, but begin with normal priors which are updated over time. We retain
the distributional assumptions of the previous section (equations 2 and 3) regarding
these shocks. Hence the process of Bayesian updating is given by (4)-(6).* As in the
previous section, we assume that there are two types of projects, P and R. The agent

also has the same utility function as in the previous section, given by (7).

4.1 The agent’s problem and its solution

The agent chooses focus or diversification based on the expected utility from each
at time t=0. However, the expected utility in this case depends not only on the
first period consumption-savings decision, but also on the choice of inputs in the two
periods. When the agent is risk-neutral, optimal input choice is quite straightforward,
with input levels being chosen to equal expected target input. But when the agent is
risk averse, as in this model, the agent’s expected utility maximizing choice of input
need not coincide with the risk-neutral level. The problem is particularly complex
when the projects are of the same type (i.e., under focus), since the project cash
flows are correlated in this case. Further, the first period input choice might affect
the second period choice since the first period income contains information regarding
the distribution of the second period income. Hence, the agent’s problem (given focus

or diversification) is:

max Fy | max e 7+ E) [6_7c2|y11, yzl] st. z1+2=c +0 (13)
a11,021 C1,a12,022

“In the previous section, agents could observe yij¢ directly. With the target input model, agents

can infer y;;; from z;j¢.

14



where 21 = 211 + 291 and 2o = 219 + 292 are the first and second period incomes, which
follow the process in (12), and a;; is the input level for project i in period j. Note
that while the target input y;; has a normal distribution, the total income in any
period involves the sum of two squared normal variates which are correlated under

focus. Hence, calculating the expected utility is not straightforward.

We solve this problem backwards, beginning with the optimal second period input
choice conditional on first period income. It turns out that for the utility function
considered here, there is no distortion in input choice from the risk-neutral level.’

This leads to the following lemma.

Lemma 2.1 The optimal input choice in period t for an agent maximizing expected

utility as given in (13) under the target input model is

a; = Etfl[a|y117 Y21, Y12, Y22, --+y Y1,¢—1, Z/2,t71] (14)

In the two-period case, this implies that ay; = Ej[alyi1, yo1] for both projects. Fur-
ther, given the distributional assumptions here, the expected second period target
input is only a function of the variance of beliefs and shocks and not the actual real-
ization of the first period incomes z;; and z3;. Moreover, given the Bayesian learning
process with normal shocks, the variance of beliefs at the beginning of the second

period is also deterministic and independent of z;; and zo;.

>This holds more generally for any utility function for which the agent’s expected utility depends

only on the mean and variance of the distribution of income.

15



Lemma 2.1 substantially simplifies the consumption-savings problem at the end of
the first period, as it implies that the expected second period utility does not depend
on the first period income. Next, we solve for the first period consumption function
and incorporate that into (13), to get the expected first period utility. Finally, we
solve for the optimal first period input choice, which is also found to be equal to the

level under risk neutrality.

This analysis leads to the following proposition.

Proposition 2 The expected utility of the agent under focus and diversification are

given by the following expressions:

P —2e 21
Ey[U”] R (15)
—2e~ 21
Ey[U"] DD, (16)

where Fy, Fy, Dy and Dy are defined below:

Fi = (1=~I02)"?(1 = yI(0] + 207, + 203)) "/ (17)
Fy = (1=29Ic)Y4(1 = 2yI(0? + 202 + 202))'/* (18)
Dy = (1—~l(c?+02+07)) (19)
Dy = (1—=2yI(02 + 02 + 02))4/? (20)

From proposition 2, it is clear that the comparison between focus and diversifica-
tion hinges on the terms in the denominators of (15) and (16). Of these, the terms
F} and D; correspond to the expected utility in the first period, while F, and D,

pertain to the second period. Before analyzing these in detail, it is useful to recall

16



that learning affects the focus-diversification trade-off through its effect on the vari-
ance of beliefs in the second period. Accordingly, F; is a function of o2, while D, is

a function of o7, and recall from (6) that o3 < o?.

4.2 The focus-diversification choice

In section 3, we found that even though o3 < o2, the fact that 202 > o? implied
that the benefits of faster learning were outweighed by the costs of lack of insurance
under focus. With the target input model, however, the variance terms enter the
expected utility function in a more complex manner, with a slightly different trade-
off between risk and learning. Therefore, it is possible for focus to be optimal under
certain conditions. The following proposition states this existence result formally,

and is proved in the appendix.

Proposition 3 There exists a set of parameters v, I, o2, o2 and o such that the

expected utility under focus (given in (15)) is greater than that under diversification

(given in (16)).

Proposition 3 contrasts with proposition 1 which ruled out the possibility that
focus might be optimal. The difference between the two is caused by the different
functional forms of the lifetime expected utility, which, in turn, is due to the dif-
ferences in technology. Since our purpose here is to examine the trade-off between
learning and risk in a general context, we do not wish to emphasize specific tech-
nological differences between the two models. Rather, we study the role of factors
such as the prior variance of beliefs, the type-specific and idiosyncratic risks, and the

agent’s risk-aversion in the choice between focus and diversification.

17



We begin by noting that since U* and UP are negative, U > UP if I\ Fy, > D, D,.

Therefore we will examine what happens to the ratio % for some illustrative val-
ues of the risk and learning parameters. These examples are useful in developing the

intuition regarding how the speed of learning affects the focus-diversification choice.
Example 1

Consider the case when 02 = ¢ = 0. This implies that the agent is able to observe
the technology parameter a without any noise. Hence, at the end of the first period,
the precision of beliefs regarding a is infinite. Another way to see this is to rewrite

(6) as follows:

> _ 3(0u+0e)

o2(02 + 0?)
d 2 0\Mu e
0] = 55— and 0y = 5"

02 + 02 + 02

= 21
202 + 02 + 02 (21)

Thus, if 02 = ¢ = 0, it follows that o7 = 05 = 0. Hence,

RF,  (1-2yI03):(1
DDy (1-~l0g)(1)

1
Sy
2

Thus, UF — UP < 0, that is, focus is worse than diversification in this case. This
happens because learning is too fast. Since learning is complete within one period
irrespective of whether the agent chooses focus or diversification, it is optimal for the

agent to diversify.

18



Example 2

Let 02 = 0 and let 02 be large relative to o2. From (21), this implies that

0? ~ 03 ~ 0. In this case,

FF  (1-2vI0%)7 (1—4yI0?)

= ) <1
DD (L=log) (1 —2vI02)

D= =

In contrast to example 1, learning is too slow in this case, so that there is hardly
any change in the variance of beliefs after one period. Hence the agent is better off

ignoring learning altogether and investing in different types of projects.

The above two examples highlight the fact that for focus to be optimal, the speed
of learning should be such that the difference between the variance of beliefs in the
second period under the two strategies should be significant. When learning is very
fast or very slow, o2 is too close to o2, and the trade-off between focus and diver-
sification is dominated by the first period terms F} and Dy, and clearly, Fi; < D;.

Next we will consider a case where the learning speed is intermediate, and examine

the conditions under which focus is optimal.

Example 3

Let 02 =0 and let 02 = o3. Then, from (21),

> _ 0090 _ % 2 _ 0000 _ %%
oj +0; 2 205 + o} 3



FF, (1= 4yI0d)3 [1— 291208 +203)]1 _ | (1= 4ylod)s | | (1 = $rlog)s

DDy (1 =2vI05) " [1 - 2vI(03 + 0})] (1=2vI03) | | (1 - 3vI03)>
Since the ratio in the first pair of brackets is < 1, a sufficient condition for diversifi-
cation to be optimal is:

16, 1 16
(1= STo)t > (1= 3v105)> = 1= =vlog > (1= 3y10g)”

Solving the quadratic equation, we get the condition to be yIof > 2—27 If this condi-
tion is violated, it is possible that focus is better than diversification. For example, if
vlog = &, it can be verified that FyF, > D;D,, which implies that U > UP. This
example also highlights the role of the aggregate risk level (o7 or o2 in this case) on

the trade-off. Focus is optimal only if the speed of learning is neither too high nor

too low, and the risk level is sufficiently low.

Finally, comparing example 1 to example 3, we see that an increase in type specific
risk may actually lead to focus becoming more dominant relative to diversification.

The following proposition formalizes this result.

Proposition 4 There ezists a set of parameters (v,1,02,02,02) such that an increase

in type-specific risk within that set leads to an increase in UY relative to UP.

It is also easy to see from examples 1 to 3 that the positive effect of o on U —UP
is limited - as o2 increases beyond a certain point, the learning effect slows while the
aggregate risk level continues to increase, leading to a decline in U — UP. These

effects are highlighted in figure 1, in which U — U? is graphed against variance of

20



prior beliefs (02) and type-specific risk (02). The values of the other parameters used
in this numerical simulation are - 02 = 1;y = 1, and I = 0.025. The figure illustrates
the concave relationship between o2 and UF —UP for a fixed value of 62 and between
o2 and U" — UP for fixed o2. While the latter relationship is largely negative, there
does exist a region of 02 over which o2 has a positive effect on U — U”. (This is

more sharply highlighted in figure 3, which we discuss below.)

Next, we examine the effect of idiosyncratic risk. As earlier, it is instructive to

look at specific examples.
Example 4
Let 02 = 0 and o2 be large relative to o3. Then, 07 ~ 03 ~ o2 from (21). This
implies that
FiFy,  (1—7l02)5(1 = yI0%)% (1 —2yI0?)i(1 - 2yI0?)7

D, D, - (1_’7102) ' (1_271—02)%

This shows that when the risk is mainly idiosyncratic and learning is slow, focus and

=1

diversification are not very different. It can be verified that if 02 = 203, diversification

is marginally better than focus, while if 02 = 302, focus is marginally better than

12

diversification if yIog is < 1.

This is in contrast to example 2 where learning was

slow, but the risk was mainly type-specific, leading to focus being the inferior strategy.

Example 5

Let 02 = 0 and o7 be large relative to 2. In this case, 07 ~ 203 ~ o2. Therefore,
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(1 vIo?)z(1 — 27]03)%] [(1 — 2y102)i (1 — 4ylo?)7
D1 Dy (1 —~Iog) ' (1_471—02)%
While the term in the first pair of square brackets is < 1, the term in the second is
greater than 1. Thus, it is possible for focus to be better than diversification. It can
1

be verified, for example, that if 02 = 503, then focus is the superior strategy for all

valid values of other parameters.

As with prior variance and type specific risk, idiosyncratic risk affects the focus-
diversification choice in two ways, through its direct impact on risk and through its
impact on the speed of learning. This leads to the possibility that the effect of o2 on
UF —UP is positive at low levels of 02 and negative at high levels. Figure 2 presents a
surface plot of U" — U” against o2 and o2. The figure illustrates the effects discussed
above. It is, of course, less surprising that the effect of idiosyncratic risk on focus

may be positive, than that type-specific risk may have a positive effect.

2

2 and o2. Tt demonstrates

Figure 3 presents a surface plot of U — UP against o

that the effect of each kind of risk on focus is positive when the risk level is low. It

2

2 is constant and the

is useful to consider what happens to U — UP when o2 + o
balance shifts from one kind of risk to the other. In the figure, this may be done, for
example, by cutting the surface by a vertical plane that passes through the 45° line
connecting the points A=(c2 = 0,02 = 2) and B=(c2 = 2,02 = 0). It is clear from
the figure that UY — UP unambiguously decreases when we move from point A to
point B along the surface. From (21), it is clear that changing o2 or o2 while keeping

02 + 02 constant leaves o7 and o2 unchanged. Thus, the learning speed is unaffected,

while the nature of risk changes as 02 decreases and o2 increases. This leads to focus
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being less preferred relative to diversification.

To summarize, focus is optimal when the type-specific risk is low relative to the
prior variance of beliefs, but not so low that learning is substantially complete within
one period. For a given speed of learning, a shift in risk from idiosyncratic to type-
specific risk leads to focus becoming less attractive relative to diversification. Figure 4
presents these results in the form of graphs of U" —UP against each of the three kinds
of risk. Finally, it may be noted that the dependence of the focus-diversification choice
on the learning speed also implies that the agent’s investment horizon should neither

be too long nor too short for focus to be optimal.

4.3 Capital market imperfections

So far, we have assumed that the agent is able to costlessly borrow and lend, so
that consumption can be freely transferred from one period to the other. It could be
argued that this is implausible in a context such a rural household in a developing
country that has scarce access to bank loans for consumption purposes. In this case,
focus becomes even more risky since it trades off greater risk in the initial periods in
return for lower risk in the later periods. It is therefore necessary to examine whether
it is still possible for focus to be better than diversification under these conditions.
To do so, we assume in this section that the agent’s consumption equals income in

each period.

It is relatively easy to show that the optimal input choice is still unaffected by
the inability to transfer consumption across periods. Hence, following an argument

similar to that presented in the proof of lemma 2.1 and proposition 2, it can be shown
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that the agent’s two-period utility in this case is

11

E[UF] = —2¢21 <—,+—> (22)
' Fy  F}
11

BUT] = —2¢721 <—,+—> (23)
' Dy~ D3

(24)

where F, and D, are defined in proposition 2, and F| and D] are defined below:

Fl = (1 —=29I02)Y2(1 — 2yI(0? + 202 + 202))"/? (25)
D) = (1-2yI(c2+ 02 +07)). (26)
(27)

It is possible to apply the logic of propositions 3 and 4 to show that focus may
be better than diversification, and that type-specific risk may have a positive effect
on focus even in this case. The proofs are omitted to conserve space. However,
in figure 5, we present the analogue to figure 3, with no borrowing or lending. The
figures are seen to be quite similar, except that U —UP is uniformly lower in figure 5

due to the constrained nature of the optimization.

5 Conclusion

In this paper, we study the issue of project choice when a risk-averse agent must
choose whether to invest in two projects of the same type (focus) or of different types
(diversification). Investing in projects of the same type is more risky within each
period, but enables faster learning across periods. Optimal project choice involves
balancing these two considerations. We first show that in a standard model of learn-

ing, it is possible for learning to be so slow that diversification is always better than
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learning. This is even with a very small amount of type-specific risk. Next, we con-
sider the target input model and show how an agent’s choice of whether to focus
or diversify is related to (i) the speed of learning, (ii) the type-specific risk and (iii)
risk-aversion and investment horizon. There always exists a threshold level of type-

specific risk, above which diversification is optimal for all agents.

The trade-off between learning and insurance motives is likely to occur in sev-
eral economic settings. For example, occupational choice within households in less
developed countries which are subject to large weather shocks is likely to take into ac-
count the potential benefits of diversifying across trades. Similarly, when members of
the same group choose projects under group lending, they may trade off risk-sharing
against learning. Members of the same group share the risks of default, since one
agent’s non-payment of dues is treated as default by the whole group. This risk-
sharing arrangement may induce agents to diversify project choice even at the cost of
slower learning. A corporate manager who holds a lot of firm-specific wealth may also
find it optimal to diversify across industries, even when this imposes a cost on the
risk-neutral shareholders in the form of slower accumulation of skills and knowledge
by the management. Our results suggest that such diversification is dependent on the
importance of learning, the investment horizon of the manager, and the pervasiveness

of type-specific risk.

In prior work, learning and the associated risks have usually been dealt with sep-
arately. The analysis on the learning side has mainly dealt with issues such as when
to switch to a new technology based on the relative profitability, and the analysis

on the risk side has concentrated on risk-shifting behavior (which occurs when risk-
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averse managers do not invest in some positive NPV projects). This paper combines
both the costs and benefits of learning in one model. By incorporating learning and
risk into a cohesive framework, this research contributes to the literature on optimal

project choice in environments where such concerns matter.

26



Appendix

Proof of lemma 1.2

First consider the problem of the agent at the end of the first period, when the first
period income Y is known, but the second period income is unknown. The maximand

of the agent’s expected utility maximization problem at this point is

Ei[U = —exp(—ye1) — Efexp(—y{Y2 + Y1 — 1} yr, ya1]

= —exp(—vye1) — exp(—y{Y1 — c1}) * Eexp(=7Ya)|y11, yar] . (28)

It is easily seen from (1) and (4) that the distribution of Y5 conditional on {y11, y21} is
normal. Further, for a random variable z that is normally distributed, the following

result can also be easily derived:
B [—exp(—72)] = —exp (=1{E[z] — 0.57Var[2]}) (29)
Applying these results to 28, we have
E[U] = —exp(—ve1) — exp(—v{Y1 — e1 + E[Ya|y11, yo1] — 0.5y Var[Ya|yi1, y21]}). (30)
The first order condition for maximizing E;[U] is seen to be
vexp(—yer) — yexp(={Y1 — e + E[Ya|yn, yan] — 0.59Var[Yayi1, yz]}) = 0,
which simplifies to
c1 = 0.5 % (Y1 + E[Ya|y11, y21] — 0.59Var[Ya|yi1, y21]) - (31)

Substituting for ¢; in (30) gives lemma 1.2.

Proof of Lemma 1.3
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We deal with diversification first and focus next.

Diversification

When the two projects are of different types, then their outputs in each period are

independent. Therefore, assuming without loss of generality that project 1 is of type

P and project 2 of type R,
Y12 + Y22 = ap + Upz + €12 + AR + URe + €22
From lemma 1.1 and equations (4)-(6),

Ei[yi2 + ya2|y11,y21] = Eilap|yii] + Elag|ya]

T T,
= 2a <—0> + (Y11 + y21) < u+e> .
1 1

Hence,

1 + Tu—l—e)

-
Y11 + y21 + By + yo2|yi1, y21] = 2a0 (T—()) + (Y11 + y21) ( -
1 1

2
Let d = ItTute — Dt2Nuse — -2 Thep we have
1 TO+Tu+e 1

Y11 + Y21 + Eryie + yoo|vin, yor] = 2a0(2 — d) + d(y11 + y21)-

Since the types are independent and Vari[ap|yi1] = Vari[ag|ys] = 7,

otp = Varilyia + ynlyi, ya1] = Vari[yilyn] + Vari[ys|ya]

= 27'1_1+205+2a§:27'1_1+27';:8

Substituting (35) and (36) in the maximand in (8),

(32)

(34)

(35)

Ey[UP] = =2 x exp (—0.57{2ao(2 — d) — 0.5v07,}) * Eo [exp (—0.5vd(y11 + yo1))]

28
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Since 111 and y9; are normally distributed and independent, it follows that

Ep [exp (=0.57(y11 +y21)d)] = exp (=0.5vd{Eplyin + ya1] — 0.25vdVaro[yin + yail})
= exp (—0.57d{2a, — 0.257d (205 + 202 + 202)})  (38)

Let o3, = Vare[yi + ya1] = 2(02 + 202 + 202). From (37) and (38), we have (9) of
lemma 1.3.

Focus

In this case, the output from the two projects in each period are correlated. The
agent starts with the same prior regarding the project quality of either project. After
the first period, she updates her beliefs twice based on the output from each project
and begins the next period with the same updated prior for both projects. Therefore,

suppressing type subscripts, we have
Yo+ Yo =a+u+e +a+u+e =2a+2u+e + e (39)

Hence, applying lemma 1.1 to equations (4)-(6), we have

Eilyi2 + Yo2l|tn, yal = 2% Eifalyir, yai1)
T Tute
= 2@0 <—0) —+ 2(y11 —|—y21) ( + ) R and (40)
T2 T2
otp = Vari[yiz + yoolyi, ym] = 4xVari[alyn,yoi] + 402 + 202
= 4x71," +402 + 202 (41)

Comparing (33) with (40) and (36) with (41), the impact of faster learning under
focus is seen in the greater precision of beliefs, 75 > 71. However, the sign of o1, — o7,

is not immediately obvious, and the net effect benefit of focus over diversification is,
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as yet, ambiguous.

From (40),

T To 4+ 2Tyte
Y11 + Y21 + Er[yiz + Yoo |yi1, ya1] = 2a0 (T—[]) + (Y11 + y21) <27_7+> .
2 2

_ 7—2+27—u+e _ 7—0+47—u+e
Let f === = P Then, we have

Y11 + Y21 + Ev[yiz + yoolyi1, yor] = 2a0(2 — ) + f(yin + ya1). (42)

Substituting (41) and (42) in the maximand in (8), we have

Eo[U"] = =2 exp (=0.57{2a0(2 — f) = 0.57y07p}) * Eg [exp (—0.5vf (y11 + y21))]
(43)
Since (y11 + y21) is normally distributed, it follows that

Eo [exp (—0.57f (y11 +y21))] = exp (0.5 f{Eo[y11 + yo1] — 0.257 fVare[yi + ya1]})
= exp (—0.57f{2a0 — 0.257f (40§ + 4o. + 207)})  (44)

Let 02, = Varg[yi1 + ya1] = 402 + 402 + 202, From (43) and (44), we have (10) of

lemma 1.3.
Hence the proof.

Proof of Lemma 2.1

The case of focus is more intricate than that of diversification, since the project cash
flows are correlated under focus. Hence, we prove the result for focus, drawing par-

allels for diversification where appropriate.
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Let @y denote input choice in second period for each project and @ = E\[a|y11, Y2ol.

We prove the lemma by proving the following two results.

Result 2.1.1 The expected second period utility under focus, denoted by UJ , condi-
tional on the total first period income Y1 = y11 + yo1, &S given by

(kf —k3)
e 27 o (2(oi+o3))

(1 —2yI02)2(1 — 291 (02 + 202 + 202))2

(1K)

Uy = EBy[e"”n1] =

= =\ 2 2 L F=2 2, 2
F_ (a—kfa> p_ a*—kfa3 F_ AI(03402)
where ki = ( —iF ) ky = — ; and k; = T To? -

Result 2.1.2 The value of @y that mazimizes (45) above is as =@ = Ei[alyi1, yoo)-

Proof of Result 2.1.1

Under focus, since both projects are of the same type, the target inputs in the second
period for the two projects are given by y15 = a4+ us + €19 and Yoo = a+ us + €95. The
expected target for both projects is therefore the same, given by @. Let a+wuy = 6 and
T = a+uy—ay = 0—ay. Note that § ~ N(a,02+02). Income in the second period from
the first and second projects are 291 = I[1 — (yo1 — d2)?] and 299 = I[1 — (y20 — G2)?],
respectively. This implies that 291 = I[1 — (a + us + €1 — @2)?] = I[1 — (z + €1)?] and
299 = I[1—(a+us+es—ay)?] = I[1—(z+eq)?]. Therefore, z91+200 = I[2—(z+e;)?—(z+
62)2]_ Thus, e 7?2 = e Veant22) — o—vI2—(vte1)’—(v+e2)?] — =291 pvI(ate1)® ovI(ztes)®

Substituting this into the expression for U}, we get

uf —et [ [t anganie) [ et ()

o0

where ®(.) denotes the normal distribution function corresponding to that particular

variable. To evaluate the innermost integral, we follow the method of completion of
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squares. Temporarily suppressing the subscript 1 in ey,
e2—2vIo2(etx)? }

oo s o exp{vIl(e+ x ; © erp—{—55
/ e+ qd (e) :/ il - de —/ { 20 de.
o o OV 2T — TV 2T
(47)

The numerator of the expression within braces in the integrand above is

e — 2yIo2(e® + 2° 4 2xe) = (1 — 2yIo?)e® — 2yIo2a® — 4(ylo’x)e

2vIo? 4ylo?x
— 2 e 2 e 1—-9 [ 2
[6 (1—27103>x (1—27102 ot = ted)

2yIo%r \? 420! 2yI0?

I O N (e S W (R ./ WY PR ey
1 —2vIo? (1 —2vIc2)? 1 —2vyIo?

Taking the terms that are independent of e outside the integrand, the integral in

(47) becomes

2
. _ 2ylolx (1-2vI02)
o0 exp{ <€ 1-27102 202
de

.7)2 472[2 4
— | ————= + 29I
ooz (1omreg + 207 o/2R

2ylo2x 2 1—2yIo2
2y Io2? 0 exp{ - (6 - 1—7271(@) ( 233 )}
— ¢ d
exp{ 202(1 — 27102) } /_oo o2 ‘
Ilogn ) W) — . Thus, % = (ldﬁ Substituting for , we get
€ IY o

Let (6 o 1-2yIo?2 e

exp 72 vIa? [(1-2vI0?)

L o
1 - 2710—2 / /1= 29I02

Substituting (48) in (46),

gr o~ e h ™ Vi [ I 214
2 = W €T Ta‘?) ( ) - exp{’)/ (x + 62) } (62)
e ! > 291 2
- a—mwa/w”%a—%wamwﬂm 49)



Recall that = 0 — Gy and 0 ~ N(@, 02 + 02). Let 0° = 02+ 02 and m = —21L

(1-2yI02)"
Then, (49) becomes
—2y1 o m(0-a)? % —oyI o J
- / € € T dp=—° / 40 (50)
1-— 27[0’2 o oV 2m 1-— 2")/[0’3 oo OV 2T

where J = m(0 — dy)? — (92;‘2)2. Next, completing the squares in the exponent J, we

get

J = (m(9 — dy)?20% — (0 — a)2>

202
1
= 53 [0%(2mo® — 1) + 0(2a — 4mo°as) + (2mo’a; — a*)]
_ (2mo? — 1) 6 4+ 90 a — 2mo?as N 2mo?al — a?
202 2mo? — 1 2mo? — 1

(2mo® — 1) 2mo?ay —a\” 2mo’ay —a\’ 2mo?a3 — a?
= o e 2
- 2 0~ 2 - 2 + 2 :
20 2mo? — 1 2mo? — 1 2mo? — 1
52

N2 ) o
Note that kI = 2mo?, and therefore, kI" = (M> kY = (M>, where

2mo2—1 2mo2—1

kT, kI and kL are defined in the statement of result 2.1.1. Hence,

(2mo? —1) 5 F .
J = 252 (9_\/kf) =k +k;

Substituting back in the integrand, and taking the terms independent of # outside,

(0—+/kF)2(1-2ma?)

/00 e’ ” (172m02)(2kf‘7k5) /00 e~ 202 "
= € 20 .
—oo OV 2T —o oV 2T

(9,\/]?)\/ 1—2ma?

_ dao __ dv
Let - =wv. Then - = NAE =t Therefore,

(1—2mo?)(kF 1L 2 (1—2mo?)(kF —L")

oo oJ e 2% 0 67% e 2%
/ d0 = dv = NS
0o OV 27 V1=2mo? J_ o oV2r V1= 2mo?
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Substituting (51) in (50),

yI(og+a3) \ (b —k3)
UF - < e~ 2! ) exp{(l T T1-2yI02 el
2 - 1
1 —2vyIo? | _ ilited)]?
1—2vIc2
T k3D (R
6_2716 252 (lik?) )

(1 —2yI02)3(1 — 29I (02 + 202 + 202))2
This ends the proof of result 2.1.1.

Proof of Result 2.1.2

Differentiating UJ" derived in lemma 2.1 with respect to a, and setting the derivative

to zero, we get ay = Ei[alyi1, yo1]. Hence the proof.

The extension of results 2.1.1 and 2.1.2 to the multiperiod case is straightforward
— we begin with the last period and work backwards. Since the distribution of income
in any period is independent of the exact realizations of the prior period incomes,

lemma 2.1 obtains.

Proof of Proposition 2

We prove the following two lemmas, which lead to proposition 2.

Lemma 2.2 Given lemma 2.1, the optimal first period consumption choice and the
mazximum expected lifetime utility are
F

InU.
o =052 — n2 2 and Eo[UT) = —2VEFEL [e 051, (53)
Y

where k' = 8;2;], with Fy being defined in proposition 2.
2
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Lemma 2.3 The optimal first period input choice, given lemma 2.2, is a1 = E[a] =

ag and the expected lifetime utility is given by proposition 2.

Proof of Lemma 2.2

Lemma 2.1 shows that F][e™7*2|Y}] is independent of Y;. Similarly, it can be estab-
lished that E[e™7%2|Y]] is also independent of Y;. Let k' and k" denote the expected
second period utilities under optimal input choice. Thus,

67271

- max E’fr[efw2 V1] = T 1 (54)
i (1 —2yI02)3(1 — 2vI(02 4 202 + 203))2
5 5 67271
S E7le 72| = . 55
max Ee ) = .= 2y1(02 + 02 + 0?) )
The agent’s lifetime utility under focus then becomes
E[)[UF] _ _EO [e—'ycl] - EO [kF.e—’Y(Yi—Cl)] (56)

Choosing ¢; to maximize this expression leads to the following solution:

r a1 Ink"
61:__

2 2y

Similarly, the solution for the case of diversification is

and Eo[U"] = —2El'[e™] = —2VEFEL[e777].

InkP .
=20 and B[UP) = 28 ] = —2VEPEle 77
Y

Hence the proof.

Proof of Lemma 2.3

Following a similar argument to the one used in lemma 2.1, we can show that

lemma 2.2 implies that the optimal first period input choice is a; = Fy[a]. Hence the
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proof.

Proof of Proposition 3

Since Fy[U"] and Ey[U"] are negative, Eo[U"| > Ey[UP] if F{F2 > D, D,, or equiv-

4 4 4
alently if (EE) > 1. This occurs if (%) > % and (%) > k for some k > 0.

4
Consider (%) first. Denote yI by g. Let 02 = zo3 and 02 = yoj. From (6), we

have

1 1 2(x +
0_% — — - - — 0-0(‘%. y) and
7—0+7—u+€ O__g+0_5+0_g

1 _og(z+y)
To+2,+e 24+x+y

2
0-2_

Hence ( Py ) b (1-2g203)(1-2g03 (a+2y+ 3EL))  1+4g2oda(w+2y+ 32 ) 2903 (2u+2y+ 5L
9 . — 2 — 2 .
D [1-2g03 (z+y+ 1 254)] [1-2g02 (e+y+7250)]

Let idiosyncratic risk be vanishingly small - then z — 0. Also, let go2 = 1. Then,

4
N. . . —[4ky®+(4420k)y? +(19429k)y3 +(24+4k)y2 +(7—11k)y+2k—2] .
(D_;> — k simplifies to o) (=257 —39)2 . Tt is easy to

see that if y is small and k close to 1, the above expression is positive. For example,

iftk=14+candy=c¢,

4
No\ 7. _ 2617252625364 245 46 :
(—D2> k= 7o) (1-3e—09)2 > ( for ¢ sufficiently small.

4
Next,fork:1+6;y:6,(g—i> —%Z%>Oforsmalla
4 4
Thus, for k =1+¢,y = ¢, (g—i) > % and (%) >k = % > 1. Further, by

1D2

36



continuity of both ( ) and ( §> with respect to z, (gil\b) > 1 even for some z > 0.

Hence, there exists a set of parameters v,I,05, 02, and o2 such that focus is better

than diversification.

Proof of Proposition 4

d(UF JUP)

We prove that there exists a set of parameters such that =—%

is negative. Since
UT and UP are negative, this implies that for any element of this set, as o2 increases,

UF — UP increases as type-specific risk increases.

Fy

4 4
(U—F> = %% = (U;T/ZU <0 fM > 0 which is also if % > 0.

B\ () L (-2ety—2e?)?(2ay—12:2y—ae2y?) (1442)
D1 "\ D2

Again, let x = 0; gog = 2. Then, (— = ) (=2 =2 (1 Fy—a2y—2:297)°

( £ )4 (F )4 (=22t )P 2 4y—125y—2y°)(1-+y)?
: T @y (—2(1+y) (L+y—4zy—22y7)°
Differentiating this with respect to y and setting y to be vanishingly small, we get:

d(.)  2(1—22)z(22* —5z+1)
dy (1-2)°

Clearly, we need 1 — 2z > 0 for the utilities to be real. Hence z < 0.5. Thus, %) >0
if Jy < 0.5 such that 22?2 —5z+1 > 0. The roots of 22> —5z+1 = 0 are M. Since
= *ﬁ ~ 0.2192, () >0if 0 < 2z < 3= ‘ﬁ Again, by continuity of U! and UP” with
respect to x,y, g, and o2, this will also hold in the neighbourhood of the parameter

values chosen here.
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Figure 2: Impact of Prior Variance and Idiosyncratic Risk

The figure shows the impact of variance of prior beliefs and idiosyncratic risk on the difference in discounted
lifetime utility between the focus and diversification strategies.
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Figure 3: Impact of Type-specific and Idiosyncratic Risk

The figure shows the impact of idiosyncratic and type-specific risk on the difference in discounted lifetime
utility between the focus and diversification strategies.
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The y-axis in all panels is the difference in discounted lifetime utility between focus and diversification for
an agent who learns the technology of a target-input model over time. This is graphed against the learning
and risk parameters. The panel on the top left shows the impact of variance of prior beliefs, the top-right
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Figure 5: Impact of Type-specific and Idiosyncratic Risk with no borrowing or lending

The figure shows the impact of idiosyncratic and type-specific risk on the difference in discounted lifetime
utility between the focus and diversification strategies. Borrowing or lending is prohibited in this model,
which implies that consumption equals income in each period.



