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Abstract

Using techniques from the non-standard analysis, a non-standard analogue of the Aumann-
Shapley random order value of non-atomic games is provided. The paper introduces the notion
of effectively ergodic family of automorphism groups. It is shown that for a wide class of
games, the non-standard random order value with respect to an effectively ergodic family of
automorphism groups coincides with the standard Aumann-Shapley value.
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A Non-standard Analysis of Aumann-Shapley Random Order Values of
Non-atomic Games

1 Introduction

A basic problem in cooperative game theory is to find rules for dividing the worth of the grand
coalition among the players so that certain fairness is achieved. Mathematically, the problem is to
find a mapping or an operator satisfying pre-specified conditions from the space of all set functions
to the space of additive set functions. Using the linear vector space structure of the space of games,
Shapley [1953] proved the existence and uniqueness of the operator satisfying certain axioms char-
acterizing a fair division. The solution thus obtained is knowragiesmatic value Shapley also
postulated an alternative set of fairness properties which come to be known rasidoen order
value In this approach, a player is given his expected marginal contribution in a random ordering
of players, each ordering being equally likely among all possible orderings of the players. Shapley
[1953] showed that the formulas for value from both approaches coincide. Aumann and Shapley
[1974] extended the concept of axiomatic value to games with a continuum of players and proved
the existence and uniqueness of an axiomatic value operator on economically important spaces of
games, including the spageVA. Their attempt to extend the random order value to continuum
case led to proving their well-known impossibility principlEhere does not exist a measure struc-
ture onthe set of orders that they considered with respect to which a random order value could be
assigned to games in pNA.

The most important fairness properties of the Shapley value are derived from the symmetry
axiom. This axiom was originally specified with respect to the whole ggopautomorphisms of
the players set. Many economic applications may dictate the symmetry to be restricted to subgroups,
see for instance, Monderer [1986, 1989]. Itis important to note that the main fairness property of the
random order value arises from the fact that each player has an equal chance of forming a coalition
with a set of players of any size and any names. The random order value assigns to each player

the average of his marginal contributions over all coalitions which he may join. Raut [1997, 2003]



proved that when the measure structure on the set of orders are induced from the Haar measure
structure of an automorphism subgrofipthere exists ®-symmetric random order value operator
on large spaces of games. Raut [1997] constructed a Haar measure structure on an uncountably
large group of automorphisné, and showed thab-symmetric random order value coincides with
fully symmetric value for a large class of economically important games. In this paper | extend the
random order approach to non-atomic games using non-standard analysis approach, and thus avoid
many measure theoretic complications of the approach in Raut [1997, 2003].

In section[R, | first describe the standard concepts on values of non-atomic games, and then
define the non-standard analogues of these concepts. In sgction 3, | state and prove the main

results. | relegate all the remarks to secfipn 4.

2 Basic Notation and Concepts

| use two dots over a symbol to denote a linear operator, a * prescript before a symbol to denote
a non-standard element, and ever a symbol to denote the non-standard extension of a standard

element represented by the symbol. The abbreviation I.m.p. will mean Lebesgue measure preserv-
ing.
2.1 The Standard Framework

Let I = [0,1] C R be the set of players. L&; be the Boreb-algebra ofl, i.e., the sigma algebra
generated by the set of open intervald inThe elements oB; are the set of all possible coalitions.
A gameis a set functioV : By — R such thatV(0) = 0. Let G; be the set of all games. Let
FA be the set of finitely additive set functions ¢f, B;). A measurds a countably additive set
function. One can check easily th@; and FA are linear vector spaces.Bbrel automorphisnis

a measurable map: (I,B;) — (I, B;) such that it is one-one, onto add! is also measurable.
Let G be the set of all Borel automorphisms 6h B;). One can check that with composition of
functions as group multiplication operation and identity function as the group identity, tgeiset

a non-commutative (also known as non-abelian) group. For@acky, define the linear operator



0:Gr — Grby (V)(S) = V(6-1(S)), VS € B;. Given a subgroup of automorphisn®,c G,
a linear subspac® c G is said to bed-symmetric iféQ c Q forall § € ©.

Let Q be a linear subspace 6%. An operator® : Q — F A is said to bdinear if ®(aV; +
Vo) = a®(Vy) + @(Va) V V1, Vo € Q,a € R. The operatol is said to beefficientif &V (I) =
V(I)VV € Q. For aB-symmetric spacé), the operato : Q — F A is said to bed-symmetric
if 36V =63V, v e O,V € Q.

Given an automorphism subgro@p C G, a ©-symmetricaxiomatic value operatoon aO-
symmetric space of gaméis a linear, efficient, an®-symmetric operatod : Q — F A.

Eachéd € G generates a linear ordery on I as follows: for anys,t € I, defines =4 t if and
only if 6 (s) > 6(t). Denote byl = I U {cc} and for any automorphisih, definef(co) = oo.
For eachy € G, ands ¢ I, define an initial segment(s, §) = {t € I|6(t) < 6(s)} . Given a game

V € G, and an automorphisth € G, define amarginal contribution measurégbev) by

(V) (U(s,0)) = V(U(s,0)), Vs € T 1)

A set functionV € Gy is said to bea normalized set functioif (i) V(A4,,) — 0 asn — oo
for any sequence of setd,, € By, A, | 0 asn — oo, and (i) V(4,,) — V(A) asn — oo
for any sequence of setd,, € By, A, T A asn — oo, whereA € B;. Denote byN BV the
set of normalized set functions of bounded variations. It is known¢AEt exists for any Borel
automorphisn® and for each gam¥& € NBV. Let©,, be a finite group of [.m.p. automorphisms.
A finite group of automorphisms generates a finite set of orders on which it is easy to define a
measure that assigns equal likelihood to each order and thus it is easy to define the random order
Shapley value restricting the set of orders to any finite set. Denofg,bthe linear operator which
associates each garilee N BV its random order Shapley value with respect to the Haar measure
on ©,, equipped with the discrete-algebra, i.e.,,V) (S) = D (¢9nv> (S), whereN,, is
the number of elements 8,,.

One way to extend the above finite sum or the concept of equal likelihood to uncountably large

set of orders is to use a measurable group structure (Raut [1997,2003]). Another way to extend the



above finite sum to the case of uncountably large index set is to use the concept of hyper-finite sum
from the non-standard analysis. | follow the latter approach in this paper as described in the next

section.

2.2 The Non-Standard Framework

| now extend the above concepts to non-standard framework. | follow closely the exposition of
non-standard analysis by Lindstrom [1988]. Denote\byhe set of positive natural numbers. It is
known that there exists a finitely additive probability measuren A/ such that (i) for allA c N,

m(A) is either 0 or 1, andn(A) = 0 for all finite A. Fix such a finitely additive measure on V.

Define an equivalence relatienon GV as follows:

for = (6y,6s,....)andd’ = (6},65,....) fromG", )

defined ~ 0 <= m{nl0,=0,}=1

Define thenon-standard automorphism groufy = gN/ ~ . For an element = (61,05, ....)
from GV, denote the corresponding equivalence class ftGnby *6. When | need to make ref-
erence to a sequence in the equivalence class, | will refer the eleméfyt hyNon-standard real
number systeriiR is similarly defined by; R = QRN/ ~, where the~ on RV is defined by Eq.[(2)
for sequences of real numbers instead of automorphisms. In denoting the non-standard real numbers
| follow the same notational convention as for the automorphisms above. Most operatiGrasdn
R can be lifted to the corresponding non-standard spaces through component wise operations.
Let ©1, 04, .. be a sequence of finite subgroups of I.m.p. automorphisms. Denote the internal
set*© = (0,) C *G, defined by'd = (0,,) € *© <= m {n|d,, € 0,,} = 1. Identify any element
6 of the finite subgroup®,, in the internal set® as the equivalence clag®, 0, - - -)), and | denote
it by 6. With this convention, note that the hyper finite internal*#®tcontains all its components,
0,,n > 1l anditis a group with the group operation between two elements being lifted component-
wise. | will refer to*© as theinternal group of |.m.p. automorphisnasrresponding to the sequence

of .m.p. automorphism$o,, } .



A non-standard gamis an equivalence class of gamds = (V,,) , whereV,, € G;. Given a
space of standard gam@s denote by'Q = {*V = (V,,) |V,, € Q for all n > 1} the induced set of
non-standard set functions. Given a non-standard automorghismé,,) , define a linear operator

*f which takes a non-standard gafrié = (V;,) to another non-standard game as follows

V() = ((6aV0) (9) = Va (6,7 (9))). 3)
A space of non-standard gam®&g is said to be'©-symmetridf for all *6 €* © and for all*V €
*(, the non-standard ganié *V € *Q. A linear operator® : *@Q —s *F A defined on &©-
symmetric space of gamég) is said to be 8-symmetric operatoif for all *V = (V,,) € *Q
and for all*6 = (8,,) € *©, we have thatb(*d *V) = *§ (<I> *V) , and anefficient operatorif
(c'IS *V) (I) = (V,, (I)) . A non-standard‘®-symmetric value operatan a*©-symmetric space

of non-standard gamég) is a linear, efficient and©-symmetric operator.

Given a*0 = (0,,) € *O, define a linear order«y on the unit intervall as follows: for any
two t,s € I, definet -9 s <= m{n|0,(t) > 0,(s)} = 1. | refer to -+ as anon-standard
order. For the above to be an well-defined and useful concept of order for our analysis, the non-
standard order; and the standard order, defined earlier should coincide for eaghe G, and
every member of the equivalence cld8s) should generate the same linear orded oBoth facts
are true, and can be easily verified.
Given a non-standard gani® = (V) , and a non-standard automorphigth = (6,,) , de-
fine anon-standard marginal contribution measute? *V : By — *R by <¢*9 *V) (9) =
<(¢9nVn) (S)>,S € B;. Here again the non-standard marginal contribution meagtfte 1
is well defined in the sense that it is independent of which representétive, ....) is used for 6,
and also for any € ©,,,n > 1, (q&éf/) (S) = (qﬁ"V) (S).
Denote the infinite non-standard integéf = < 2,22, ...,27, ... > and its standard components
by N, = 2", n > 1. For a non-standard gan& = (V/,), and a non-standard automorphism
*0 = (0,) , define thenyper-finite sum,
>y (60)s

*0e *O

<J\1, > (") (S)>,SGBI 4)

" 0,0,



= ((8.V2)(9)),S € B

I will refer to the above non-standard finitely additive measure astimestandard random order
value of the non-standard gant®” with respect to the non-standard automorphism grap=
(On) -

The operatotd : *Q —s *F A that associates to each non-standard g&he *Q the non-
standard random order value defined in EG. (4) is said to henastandard random order value
operator with respect to a non-standard automorphism gro@p In theoren{]L in the next section
| prove that on theé'©-symmetric space of non-standard gamasBV, the non-standard random
order value operatard with respect to a non-standard automorphism gragips linear, efficient
and*©-symmetric.

When does a non-standard random order value coincide with the standard Aumann-Shapley
axiomatic value? This is answered in theorgm 2. For this theorem, | need the following con-
cepts and facts: A group of Lebesgue measure preserving automorpghisnesgodic if for each
6 € ©, and for anyE € B; with A ("*EAE) = 0 (i.e., for anyé-invariant set£) implies
A(E) = 0 or 1. An effectively ergodic family of automorphisms is an increasing sequence of

finitef] groups of automorphism®, c ©, C ... such that for anyZ € B; with \ (E) # 0, we

ZgneanE(en(t)) Y
#On -

will also hold for simple functions, using the usual limiting arguments one can show that for any

W = [g(z)d\(x) a.et(X). This equality is generally

stated to hold in individual ergodic theorem when we reptacg) with 6™ (t) (i.e.,n compositions

havelim,,_ o

(E) for almost all¢ (\). Note that since this equality

g € Ll (I7 BI7>\)1 hmn—>oo

of #) and#0,, by n. In the present context, | am creating an effectively ergodic orbit with the help

of an effectively ergodic family of recurrent automorphisms to achieve a thorough mixing of players

in the random ordering.

! Note that a finite automorphism group can contain only recurrent automorphisms but not ergodic automorphisms.



3 The Main Results

For the main results | will need the following lemma and proposition.

Lemmal: LetS C ®,andd: S — S, andr : S — S be two automorphisms . Denote by

I(s,0) = {t € S|0(t) < 0(s)} for an automorphisng. Then,7—! (I(s,0)) = I (7~ 1(s), Ox).

Proof. The result follows from the following equivalent statements:
zen t(I(s,0) m(x) € 1(s,0)

O(m(x)) < 0(s)

(m)(x) < ()7 (s)

r ¢ ¢ 0

zel (Wﬁl(s), 97r)

Q.E.D.

Proposition 1 : Let © be any fixed subgroup of automorphismgjinSuppose for a gamié € Gy,
the marginal contribution measugéV exists for all) € ©. Then for anyr € ©, the marginal
contribution measure? (V') for the gameitV also exists for alp € ©, and it is related to the

marginal contribution measure &f by,
¢’ (#V)(S) = (¢"™V) (x71(5)) ,VS € By (5)
Proof. Note that for anys € I,
(@ GV))(I(s,0)) = (iV)(I(s,0)) by definition ofg’
= V(x7'1(s,0) ) by definition of
=V (I (7‘('_1(8),97r>> by lemmall
= (¢"V) (1(77*1(5),977)) by definition of¢?™

= ((¢"V)n~ 1) (I(s,0)) by lemmam

8



Since they agree on the initial segmentdifs, 0),Vs € I, they agree om8;. Thus the measure
(¢97#V) exists whenever the measuif™Vr—!) exists. Sincér € O, by the hypothesis of the
Proposition,(¢°*V) exists, and sinceg{" V)7 ~! is a measure whenevép’™V) is a measure.

Hence | conclude that’ (V) exists for all) € © and is given by the right hand side of Ef]. (5).

Q.E.D.
The following theorem shows the existence of non-standard random order value operator.

Theorem 1 : Let{O©,} be a sequence of finite groups of l.m.p. automorphisms.*Gebe the
non-standard internal group of I.m.p. automorphisms corresponding to the sedégrice The
non-standard random order value operaf®on the* ©-symmetric space of gaméa/ BV is linear,

efficient and ©-symmetric.

Proof. Linearity and efficiency follows trivially. To show that® is *©-symmetric, let‘r = (),
™ € ©,. Let*V € *NBV be an arbitrary game, then

b (Y (*V (9)) = <Ni > P (%nVn)(S)>

™ 0,€0,

~ > () (Wﬁl (S))> by Popositiorf]1

i > ¢ (V) (w‘l(S))> relabeling the summation index

n
enﬂ'n E@n

((812) (7 (9)))
(i (072) (5))

= APV (S)

Hence*®o *i = *io *® on*NV B.
Q.E.D.

Analogue of Aumann-Shapley (1977, Theorem A) and Raut (1997 Theorem 3) is the following:

9



Theorem 2 : Let A be the Lebesgue measure(@nB;). Let f : I — R be a real valued function
which is differentiable a.é)), and f* € L; (I,B;,)\). The non-standard random order value
with respect to an effectively ergodic family of .m.p. automorphign@, } yields the following

diagonal formula for the scalar measure gafrel:
.. 1
87 0 N(8) = X(S5) | (@) (@) ©

Proof. Denote byN,, = #0,,, and by*N = (N,,) . | will establish that the non-standard random

order value of f o A) (S) coincides with its axiomatic Aumann-Shapley value. To that end, notice

that
> o (O (ro) ) = <§ > (o (fon) <S>>
fe *© " 9,0,
1 !
- (&5 L

0,(t)) dA (t)> by Raut [1997, Proposition 5]
= < Yo f(6a(E))
" 0,€0,

1
_ /S (D) /0 F(@)dA (@) (A)

o
2‘)—‘

d\ (t)> by Fubini’s theorem

The step (A) follows sinc€®,, } is an effectively ergodic family of [.m.p. automorphisms..

Q.E.D.

4 Remarks

1

In the definition of the operator®, L

likelihood.

is the non-standard analogue of Haar measure or equal

If each®,, contains at least two distinct elements from its predecesseris then an uncount-
ably large group. An example of effectively ergodic family of |.m.p. automorphisms is a projective
limit group constructed in Raut [1997] and in Raut [2003] it is shown that the projective limit group

*@ is isomorphic to the unit interval.

10



In this approach, the component grou@s could be taken to be uncountably large compact
groups and the approach could be further extended in which indexing pararneald run over

real numbers instead of integers.
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