
Ulvno| yhuvxv Ulvnohvv Edujdlqlqj Surfhgxuhv= Wkh

Dxpdqq0Urwk Frqwuryhuv| Uhylvlwhg�

Pduld Prqwhur_dqg Dnlud Rndgdh

Pd| 56/ 5336

Devwudfw

Lq d vhulhv ri sdshuv/ Dxpdqq dqg Urwk glvfxvvhg d jdph lq zklfk

sod|huv fdq frrshudwh lq sdluv dqg wzr ri wkhp suhihu wr irup d frdol0

wlrq zlwk hdfk rwkhu1 Urwk dujxhg wkdw wkh rqo| udwlrqdo rxwfrph lv

wkdw wkh sod|huv zkr suhihu hdfk rwkhu irup d frdolwlrq> Dxpdqq du0

jxhg wkdw doo wkuhh frdolwlrqv duh srvvleoh ehfdxvh wkh sod|huv kdyh d

sureohp ri h{shfwdwlrq frruglqdwlrq1 D qrqfrrshudwlyh dqdo|vlv sur0

ylghv dgglwlrqdo vxssruw iru Dxpdqq*v dujxphqwv dqg vkrzv wkdw wkh

gl�huhqfh ehwzhhq Dxpdqq*v dqg Urwk*v ylhzv fdq eh wudfhg edfn wr

d gl�huhqfh +ulvn| yhuvxv ulvnohvv, lq wkh edujdlqlqj surfhgxuh1

Nh|zrugv= frdolwlrq irupdwlrq/ qrqfrrshudwlyh edujdlqlqj/ QWX jdphv/

udqgrp sursrvhuv1

4 Wkh Dxpdqq0Urwk Frqwuryhuv|

Lq d vhulhv ri sdshuv wkdw dsshduhg lq Hfrqrphwulfd gxulqj wkh ;3v/ Dxpdqq

dqg Urwk glvfxvvhg wkh dssolfdelolw| ri wkh Vkdsoh| +4<9<, QWX ydoxh ru

�0wudqvihu ydoxh1 Wkh frqwuryhuv| zdv fhqwhuhg durxqg wkh iroorzlqj vlpsoh

h{dpsoh=

WD suhylrxv yhuvlrq ri wklv sdshu dsshduhg dv N|rwr Lqvwlwxwh iru Hfrqrplf Uhvhdufk

Glvfxvvlrq Sdshu Qr 8671
_Fruuhvsrqglqj dxwkru1 Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| ri Qrwwlqjkdp/ Xqlyhuvlw|

Sdun/ Qrwwlqjkdp QJ: 5UG +XN,> h0pdlo= pduld1prqwhurCqrwwlqjkdp1df1xn
hLqvwlwxwh ri Hfrqrplf Uhvhdufk/ N|rwr Xqlyhuvlw|/ Vdn|r/ N|rwr 9390;834 +Mdsdq,>

h0pdlo= rndgdCnlhu1n|rwr0x1df1ms1
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Wkhuh duh wkuhh sod|huv/ Q @ i4> 5> 6j1 Li 4 dqg 5 irup d frdolwlrq hdfk

ri wkhp jhwv �

2
/ zkhuhdv li dq| ri wkhp irupv d frdolwlrq zlwk sod|hu 6 wkh

glylvlrq lv +s> 4�s, zlwk 3 � s ? �

2
1 E| fkrrvlqj d sdlu ri sod|huv dw udqgrp/

wkh judqg frdolwlrq fdq dfklhyh dq| frqyh{ frpelqdwlrq ri wkh sd|r� yhfwruv

+�
2
> �
2
> 3,/ +s> 3> 4� s, dqg +3> s> 4� s,1

Urwk*v +4<;3, srlqw zdv wkdw wkh rqo| rxwfrph frqvlvwhqw zlwk udwlrqdolw|

lq wklv vlwxdwlrq lv frdolwlrq i4> 5j/ dvvrfldwhg zlwk wkh sd|r� yhfwru +�
2
> �
2
> 3,=

Wklv lv ehfdxvh/ zkhq s ? �

2
/ wkh rxwfrph +�

2
> �
2
> 3, lv vwulfwo|

suhihuuhg e| erwk sod|huv 4 dqg 5 wr hyhu| rwkhu ihdvleoh rxwfrph/

dqg ehfdxvh wkh uxohv ri wkh jdph shuplw sod|huv 4 dqg 5 wr

dfklhyh wklv rxwfrph zlwkrxw wkh frrshudwlrq ri sod|hu 61 Vr

+111, wkhuh lv uhdoo| qr frq lfw ehwzhhq sod|huv 4 dqg 51

Vroxwlrq frqfhswv olnh wkh fruh dqg wkh yrq Qhxpdqq dqg Prujhqvwhuq

vroxwlrq pdnh wkh vdph suhglfwlrq dv Urwk1 Lq frqwudvw/ +�
�
> �
�
> �
�
, lv wkh

xqltxh QWX ydoxh iru s A 3 +iru s @ 3/ +�
2
> �
2
> 3, lv dovr dq QWX ydoxh,1

Urwk*v h{dpsoh fdq eh lqwhusuhwhg lq wkh frqwh{w ri jryhuqphqw irupd0

wlrq +vhh Dxpdqq +4<;9,,1 Vxssrvh wkhuh duh wkuhh sduwlhv lq Sduoldphqw

dqg wkh glvwulexwlrq ri vhdwv lv sursruwlrqdo wr + R

�nR
>

R

�nR
>
�3R

�nR
,1 4 dqg 5 duh

vpdoo sduwlhv +s ? �

2
, exw dq| wzr sduwlhv kdyh d pdmrulw| +5s A �nR

2
/ ru

s A �

�
,1 Li wkh sduwlhv lq wkh jryhuqphqw pxvw vsolw wkh sd|r� sursruwlrq0

doo| wr wkhlu qxpehu ri vhdwv/ wklv jdph lv htxlydohqw wr Urwk*v h{dpsoh/

zlwk wkh dgglwlrqdo uhvwulfwlrq s A �

�
1 Urwk*v suhglfwlrq zrxog wkhq eh wkdw

wkh odujhvw sduw| lv h{foxghg iurp jryhuqphqw1 Wklv skhqrphqrq lv nqrzq

dv �vwuhqjwk lv zhdnqhvv� dqg zdv hduo| uhfrjql}hg e| Fdsorz +4<89, dqg

Jdpvrq +4<94d, dqg revhuyhg lq h{shulphqwv +vhh h1j1 Ylqdfnh dqg Dunr�

+4<8:,/ Jdpvrq +4<94e, dqg Pxuqljkdq +4<:;,,1

Dxpdqq +4<;8, dujxhv wkdw +�
2
> �
2
> 3, zloo qrw qhfhvvdulo| eh wkh rxwfrph/

ehfdxvh sod|huv 4 dqg 5 pd| dffhsw dq r�hu iurp sod|hu 6 rxw ri vhfxulw|

frqvlghudwlrqv1

Vxssrvh wkh sod|huv dqg wkh uxohv kdyh mxvw ehhq dqqrxqfhg rq

whohylvlrq1 Wkh dprxqw 4 wr eh vkduhg pd| eh idluo| odujh/ vr wkh

sod|huv duh udwkhu h{flwhg1 Vxgghqo| wkh skrqh ulqjv lq 4*v krph>

6 lv rq wkh olqh zlwk dq r�hu1 Dw �uvw 4 lv whpswhg wr glvplvv lw1

Exw wkhq kh uhdol}hv wkdw li kh grhv vr/ dqg li 6 pdqdjhv wr jhw
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lq wrxfk zlwk 5 ehiruh kh +4, grhv/ wkhq kh zrq*w jhw dq|wklqj

dw doo rxw ri wkh jdph/ xqohvv 5 dovr uhmhfwv 6*v r�hu1 �Exw zdlw

d plqxwh�/ 4 vd|v qrz wr klpvhoi> �5 zloo rqo| uhmhfw 6*v r�hu li

kh wklqnv wkdw L zloo uhmhfw lw1 Zkhq kh jhwv 6*v skrqh fdoo/ kh

zloo jr wkurxjk wkh djrql}lqj wkdw L dp jrlqj wkurxjk qrz/ dqg

zloo uhdol}h wkdw lq wklv vlwxdwlrq L zrxog dovr djrql}h1 +111, L*p

ehjlqqlqj qrw wr olnh wklv rqh elw�1

Sod|huv 4 dqg 5 kdyh wr vroyh dq h{shfwdwlrqv frruglqdwlrq sureohp= li 5

zrxog uhixvh wkh r�hu iurp 6/ lw lv rswlpdo iru 4 wr uhixvh lw wrr> li 5 zrxog

dffhsw wkh r�hu iurp 6/ lw pd| eh rswlpdo iru sod|hu 4 wr dffhsw/ vlqfh wkhuh

lv d ulvn wkdw kh zloo jhw qrwklqj rwkhuzlvh1

Frpphqwlqj rq Urwk*v sdshu/ Kduvdq|l +4<;3, sursrvhv �wr gh�qh wkh

vroxwlrqv iru frrshudwlyh jdphv e| phdqv ri vxlwdeoh edujdlqlqj prghov/

kdylqj wkh qdwxuh ri qrqfrrshudwlyh jdphv�> wklv dssurdfk lv lq olqh zlwk wkh

Qdvk +4<86, surjudp1 Dxpdqq +4<;8, vwxglhg wzr qrqfrrshudwlyh prghov

dqg vkrzhg wkdw frdolwlrq i4> 5j lv qrw wkh rqo| rxwfrph frqvlvwhqw zlwk

udwlrqdolw|1 Lq wkh �uvw prgho d sod|hu l lv slfnhg dw udqgrp wr eh wkh

sursrvhu1 Wklv sod|hu fkrrvhv dqrwkhu sod|hu m dqg pdnhv klp dq r�hu1 Li

m uhmhfwv/ l pdnhv dq r�hu wr n/ exw n grhv qrw nqrz ri wkh suhylrxv r�hu

wr m1 Li n dovr uhmhfwv/ frdolwlrq im> nj irupv1 Lq wkh vhfrqg prgho/ wkh wkuhh

sdluv ri sod|huv duh rughuhg dw udqgrp dqg jlyhq wkh rssruwxqlw| wr djuhh>

wkh �uvw sdlu wkdw grhv vr irupv d frdolwlrq/ dqg li qr sdlu djuhhv wkh| doo

jhw }hur1 Sod|huv duh rqo| lqiruphg ri sursrvdov lqyroylqj wkhp1

Wkhuh duh wzr htxloleuld ri wkh �uvw prgho/ gl�hulqj rq zkdw kdsshqv

zkhq sod|hu 6 lv vhohfwhg wr eh wkh sursrvhu= lq rqh ri wkhp erwk 4 dqg 5

dffhsw 6*v r�hu dqg lq wkh rwkhu erwk uhmhfw1 Wkh vhfrqg prgho dovr dgplwv

wzr htxloleuld li s A �

e
= rqh lq zklfk i4> 5j dozd|v irupv dqg rwkhu lq zklfk

wkh �uvw vhohfwhg sdlu irupv1

Wklv sdshu surylghv dgglwlrqdo vxssruw iru Dxpdqq*v dujxphqwv1 Zh

pdnh wkh iroorzlqj srlqwv=

41 Dxpdqq +4<;8/ irrwqrwh 4;, wudfhv wkh gl�huhqfh ehwzhhq klv dqg

Urwk*v suhglfwlrqv wr d gl�huhqfh ehwzhhq shuihfw dqg lpshuihfw lqiru0

pdwlrq= �Li zh ghpdqg wkdw doo edujdlqlqj wdnhv sodfh lq sxeolf/ dqg

wkdw wkh h{whqvlyh irup eh �qlwh/ wkhq doo shuihfw htxloleulxp srlqwv
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gr ohdg wr +�
2
> �
2
> 3,�1 Kh vhhpv wr lpsolflwo| dvvxph wkdw wkh rssruwx0

qlw| wr irup hdfk ri wkh frdolwlrqv dulvhv h{dfwo| rqfh1 E| glvshqvlqj

zlwk wklv dvvxpswlrq zh vkrz wkdw/ nhhslqj wkh dvvxpswlrqv ri shuihfw

lqirupdwlrq dqg d �qlwh h{whqvlyh irup/ wkhuh lv d qdwxudo edujdlqlqj

surfhgxuh lq wkh olqh ri Uxelqvwhlq +4<;5, wkdw kdv wzr w|shv ri htxl0

oleuld li s lv odujh hqrxjk1

51 Zh wu| wr vhohfw rqh ri wkh wzr w|shv ri htxloleuld e| xvlqj uh�qhphqwv

dqg orrnlqj dw shuwxuehg jdphv1 Li s lv odujh hqrxjk/ qr vxejdph

shuihfw htxloleuld vxuylylqj vlpsoh uh�qhphqwv vxssruwv Urwk*v dujx0

phqwv> pruhryhu/ li zh shuwxue wkh jdph voljkwo| qr vxejdph shuihfw

htxloleulxp vxssruwv Urwk*v dujxphqwv1

61 Rxu edujdlqlqj surfhgxuh vhohfwv sursrvhuv udqgrpo| lq hdfk shulrg1

Frpsdulqj lw zlwk d ghwhuplqlvwlf surfhgxuh ri wkh vdph idplo|/ zh

vkrz wkdw wkh gl�huhqfh ehwzhhq Urwk*v dqg Dxpdqq*v dujxphqwv

fdq eh wudfhg edfn wr d gl�huhqfh ehwzhhq ghwhuplqlvwlf dqg udqgrp

edujdlqlqj surfhgxuhv1 Zh zloo dujxh wkdw wkh udqgrp surfhgxuh lv

pruh uhdolvwlf1

5 Wkh Edujdlqlqj Surfhgxuh

514 Suholplqdulhv

Wklv surfhgxuh lv edvhg rq Uxelqvwhlq +4<;5, dqg kdv ehhq vwxglhg e| Rndgd

+4<<9, lq wkh frqwh{w ri WX jdphv1 Lw xvhv d suredelolw| yhfwru � 5 U� zlwk

�� A 3 iru doo l dqg
S

�M�
�� @ 4> zh zloo uhihu wr � dv wkh surwrfro1

Ohw +Q>Y , eh wkh wkuhh0shuvrq jdph ghvfulehg lq wkh lqwurgxfwlrq1 Wlph

lv glvfuhwh/ w = 4> ===> W 1 Edujdlqlqj surfhhgv dv iroorzv=

D sod|hu l lv vhohfwhg wr eh wkh sursrvhu dffruglqj wr �1 Sod|hu l

fkrrvhv dqrwkhu sod|hu m14 Li m dffhswv/ il> mj lv iruphg dqg wkh

jdph hqgv1 Li l uhmhfwv dqg w ? W / wkh jdph surfhhgv wr wkh qh{w

shulrg dqg d qhz sursrvhu lv udqgrpo| vhohfwhg dffruglqj wr �1

Li qr frdolwlrq lv iruphg dw wlph W / doo sod|huv jhw }hur1

4Wkh jdph fdq eh h{whqghg wr doorz sod|huv wr irup vlqjohwrqv ru wkh judqg frdolwlrq

zlwkrxw vxevwdqwldoo| d�hfwlqj wkh uhvxowv1
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Zh gr qrw lqwurgxfh glvfrxqwlqj lq wkh prgho/ exw dvvxph wkdw sod|huv

euhdn wlhv lq idyru ri dq hduo| djuhhphqw1

Wkhuh duh wzr reylrxv fkrlfhv iru �= wkh hjdolwduldq surwrfro/ zlwk �� @
�

�
iru l @ 4> 5> 6/ dqg wkh sursruwlrqdo surwrfro/ zlwk � @ + R

�nR
> R

�nR
> �3R

�nR
,

+frqvlvwhqw zlwk wkh lqwhusuhwdwlrq ri wkh sod|huv dv sduwlhv lq sduoldphqw,1

515 Vxejdph shuihfw htxloleuld ri wkh jdph

Jlyhq d vwudwhj| frpelqdwlrq/ zh zloo ghqrwh sod|hu l*v frqwlqxdwlrq ydoxh

0 wkdw lv/ klv h{shfwhg sd|r� dw d qrgh zkhuh kh uhfhlyhv d sursrvdo dqg

uhmhfwv lw 0 e| }�1 Wkh vwudwhj| frpelqdwlrq dqg qrgh dvvrfldwhg wr }� zloo

xvxdoo| eh fohdu iurp wkh frqwh{w> vrphwlphv zh zloo zdqw wr hpskdvl}h wkh

urxqg qxpehu dqg ghqrwh wkh frqwlqxdwlrq ydoxh e| }|
� 1 Lq htxloleulxp/ wkh

frqwlqxdwlrq ydoxhv pxvw eh frqvlvwhqw zlwk wkh vwudwhjlhv sod|hg dqg wkh

vwudwhjlhv pxvw eh rswlpdo jlyhq wkh frqwlqxdwlrq ydoxhv1

Zh qrz surfhhg wr vroyh wkh jdph vwduwlqj dw wlph W 1

Ohppd 4 Dw wlph W / sod|huv 4 dqg 5 sursrvh frdolwlrq i4> 5j dqg sod|hu 6

sursrvhv hlwkhu i4> 6j ru i5> 6j> doo sursrvdov duh dffhswhg1

Vlqfh sod|hu 6 lv lqgl�huhqw ehwzhhq sursrvlqj i4> 6j dqg i5> 6j/ wkhuh

lv d frqwlqxxp ri vxejdph shuihfw htxloleuld dw wlph W / sdudphwul}hg e|

wkh suredelolw| wkdw 6 sursrvhv wr 41 Zh zloo ghqrwh wkh suredelolw| wkdw 6

sursrvhv wr 4 dw wlph w e| �|

�
1

Zkdw zloo kdsshq dw w ? WB Lq d vxejdph shuihfw htxloleulxp/ sod|huv

4 dqg 5 zloo dozd|v sursrvh wr hdfk rwkhu dqg dffhsw hdfk rwkhu*v sur0

srvdov1 Exw zloo wkh| pdqdjh wr frruglqdwh rq uhmhfwlqj 6*v sursrvdovB

Li vr/ zh zloo wdon derxw d Urwk0htxloleulxp> li qrw zh zloo wdon derxw dq

Dxpdqq0htxloleulxp1 Zh zloo vhh wkdw d Urwk0htxloleulxp dozd|v h{lvwv/

dqg dq Dxpdqq0htxloleulxp h{lvwv li s lv odujh hqrxjk1

Sursrvlwlrq 5 Iru s ? �3w�

2
/ wkhuh duh rqo| Urwk0htxloleuld1 Iru s � �3w�

2
/

erwk w|shv ri htxloleuld h{lvw1

Surri1 4, Ohw s ? �3w�

2
1 Vlqfh 4 dqg 5 sursrvh i4> 5j dqg lw lv dffhswhg/

}|
�
� �3w�

2
A s iru l @ 4> 5 dqg w ? W dqg dq| sursrvdo e| 6 zloo eh uhmhfwhg1

5d, Ohw s � �3w�

2
1 Frqvlghu wkh iroorzlqj vwudwhj| ri sod|hu 6 iru wlph

W = 6 sursrvhv wr 4 zlwk suredelolw| �� 5 ^3> 4` xqohvv 6 kdv ehhq vhohfwhg dv
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d sursrvhu lq shulrg W � 4/ lq zklfk fdvh kh sursrvhv wr wkh vdph sod|hu

kh kdv sursrvhg wr dw shulrg W � 41 Wklv vwudwhj| lv sduw ri d vxejdph

shuihfw htxloleulxp dw wlph W 1 Lw kdv wkh shfxoldulw| wkdw dw wlph W � 4

wkh frqwlqxdwlrq ydoxh ri 4 dqg 5 jlyhq wkdw wkh| uhmhfw d sursrvdo e| 6 lv

+4� ��,
�

2
. ��s A s/ dqg 6 fdqqrw pdnh dffhswdeoh sursrvdov dw wlph W � 41

Lq jhqhudo/ vxssrvh dw wlph w sod|hu 6 sursrvhv wr sod|hu 4 zlwk suredelolw|

�� 5 ^3> 4` xqohvv kh kdv ehhq vhohfwhg wr eh sursrvhu dw wlph w� 4/ lq zklfk

fdvh kh sursrvhv wr wkh vdph sod|hu kh fkrvh dw wlph w � 41 Wklv vwudwhj|

iru sod|hu 6 wrjhwkhu zlwk 4 dqg 5 sursrvlqj wr hdfk rwkhu dqg doo sod|huv

dffhswlqj r�huv wkdw jlyh wkhp dw ohdvw wkhlu frqwlqxdwlrq ydoxh frqvwlwxwhv

d Urwk0htxloleulxp1

5e, Ohw s � �3w�

2
dqg vxssrvh wkdw �A

�
@ 41 Wkhq }A3�

2
@ �3w�

2
dqg lw lv d

ehvw uhvsrqvh iru 6 wr sursrvh i5> 6j dw wlph W�41 Wkhq }A32
�

@ �3w�

2
dqg lw

lv rswlpdo iru 6 wr sursrvh i4> 6j dw wlph W �5111 Lwhudwlqj wklv uhdvrqlqj zh

frqfoxgh wkdw wkhuh lv d vxejdph shuihfw htxloleulxp lq zklfk 6*v sursrvdov

duh dozd|v dffhswhg= dq Dxpdqq0htxloleulxp1

516 Htxloleulxp uh�qhphqwv dqg shuwxuedwlrqv ri wkh jdph

Wkh wlh0euhdnlqj uxoh xvhg e| 6 sod|hg dq lpsruwdqw uroh lq wkh suhylrxv

dqdo|vlv1 Rqh pd| xvh gl�huhqw fulwhuld wr fkrrvh vrph wlh0euhdnlqj uxohv

ryhu rwkhuv1 Rqh fulwhulrq lv vlpsolflw|= vwudwhjlhv wkdw gr qrw ghshqg rq

zkdw sod|huv glg lq suhylrxv shulrgv gr qrw uhtxluh dq| phpru| rq wkh sduw

ri wkh sod|huv1 Rwkhu fulwhulrq lv edvhg rq fuhgleoh wkuhdwv= sod|hu 6 fdq vroyh

klv lqgl�huhqfhv dw wlph W lq dq| zd| kh zdqwv/ wkxv lw vhhpv uhdvrqdeoh wr

dvvxph wkdw kh zloo fkrrvh wkh uxoh wkdw/ li dqwlflsdwhg/ zloo ohdg wr wkh ehvw

rxwfrph iru klp15

Rqh pd| dovr zrqghu li Urwk0htxloleuld duh urexvw wr vpdoo shuwxu0

edwlrqv lq wkh jdph1 Frqvlghu wkh iroorzlqj yduldqw ri Urwk*v h{dpsoh=

Q @ i4> 5> 6j/ Y +4> 5, @ +�
2
> �
2
,/ Y +4> 6, @ +s�> 4� s�,/ Y +5> 6, @ +s2> 4� s2,/

zlwk �

2
A pd{+s�> s2,/ dqg s� @ s2 � % zlwk % A 316 Zh zloo wklqn ri % dv

ehlqj vpdoo1 Urwk*v dqg Dxpdqq*v dujxphqwv dsso| wr wklv shuwxuedwlrq

ri wkh jdph= sod|huv 4 dqg 5 vwulfwo| suhihu frdolwlrq i4> 5j wr dq| rwkhu

5Wkh lghd wkdw sod|huv fdq vroyh wkhlu lqgl�huhqfhv vwudwhjlfdoo| lv ehklqg wkh fuhglelolw|

uh�qhphqw ri Ehqqhww dqg ydq Gdpph +4<<4,1
6Rqh fdq dovr lqwurgxfh dq dv|pphwulf sd|r� glylvlrq iru frdolwlrq t�c 2� +nhhslqj lw

suhihuuhg wr dq| rwkhu rxwfrph, zlwkrxw d�hfwlqj wkh uhvxowv1
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rxwfrph ri wkh jdph/ exw wkh| pd| zdqw wr irup d frdolwlrq zlwk 6 rxw ri

vhfxulw| frqvlghudwlrqv1

Sursrvlwlrq 6 +4, Li �|

�
lv lqghshqghqw ri wkh klvwru| ri wkh jdph/ wkhuh

duh rqo| Dxpdqq0htxloleuld iru s � �3w�

23w�
1 +5, Li sod|huv duh doorzhg wr pdnh

fuhgleoh wkuhdwv/ wkhuh duh rqo| Dxpdqq0htxloleuld iru s A �3w�

2
1 +6, Li zh

shuwxue wkh jdph/ wkhuh duh rqo| Dxpdqq0htxloleuld iru s� A
�3w�

2
1

Surri1 +4, Li �A
�

lv lqghshqghqw ri wkh klvwru| ri wkh jdph lw krogv wkdw

plq+}A3�
�

> }A3�
2

, � +4 � ��,
�

2
. ��

�

2
s1 Li s � +4 � ��,

�

2
. ��

�

2
s/ +wkdw lv/

s � �3w�

23w�
, dq r�hu e| 6 wr wkh sod|hu zlwk wkh vpdoohvw frqwlqxdwlrq ydoxh

zloo eh dffhswhg1 Zh fdq lwhudwh wklv uhdvrqlqj dqg frqfoxgh wkdw sod|hu 6*v

sursrvdov duh dffhswhg dw doo shulrgv1

+5, Vxssrvh wkh sod|huv fdq dqqrxqfh wkhlu wlh0euhdnlqj uxohv ehiruh wkh

jdph lv sod|hg1 Wkhq sod|hu 6 fdq dqqrxqfh wkh iroorzlqj uxoh= kh zloo

sursrvh wr hdfk sod|hu zlwk suredelolw| �

2
zkhqhyhu kh lv lqgl�huhqw xqohvv

kh kdv ehhq vhohfwhg wr eh wkh sursrvhu dw wlph w � 4/ lq zklfk fdvh kh

sursrvhv wr wkh rwkhu sod|hu1 Wklv wlh0euhdnlqj uxoh hqvxuhv wkdw 6 fdq pdnh

dffhswdeoh sursrvdov dw W � 4 vlqfh s A �3w�

2
> lwhudwlqj wkh dujxphqw zh vhh

wkdw 6*v sursrvdov duh dffhswhg lq doo shulrgv1 4 dqg 5 duh qhyhu lqgl�huhqw

ehwzhhq dffhswlqj dqg uhmhfwlqj d sursrvdo rq wkh htxloleulxp sdwk/ wkxv

dq| wlh0euhdnlqj uxohv e| 4 dqg 5 sod| qr uroh17

+6, Dw wlph W / sod|hu 6 sursrvhv wr sod|hu 41 Dw wlph W � 4 zh kdyh wkh

iroorzlqj frqwlqxdwlrq ydoxhv
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Li sod|hu 6 sursrvhv frdolwlrq i4> 6j/ wklv sursrvdo zloo eh uhmhfwhg1 Li

kh sursrvhv frdolwlrq i4> 5j lw zloo eh dffhswhg vlqfh s2 A s� A +4� ��,
�

2
1

Sod|hu 6 zloo sursrvh i5> 6j li jhwwlqj 4 � s2 dw wlph W � 4 lv suhihudeoh

wr pdnlqj d sursrvdo wkdw zloo eh uhmhfwhg> lq wkh odwwhu fdvh/ sod|hu 6*v

h{shfwhg sd|r� lv ��+4�s�,1 Li s� lv forvh wr s2 zh kdyh 4�s2 A ��+4�s�,1

Zh fdq lwhudwh wklv uhdvrqlqj dqg frqfoxgh wkdw 6 zloo sursrvh wr 4 lq rgg

shulrgv dqg wr 5 lq hyhq shulrgv1

7Wr eh vxuh/ lq wkh qrq0jhqhulf fdvh R '
�3w6

2
/ sod|huv � dqg 2 sur�w iurp dqqrxqflqj

wkdw wkh| zloo uhmhfw d sursrvdo li lqgl�huhqw/ dqg wkh uh�qhphqw holplqdwhv wkh Dxpdqq0

htxloleulxp1

:



517 Vrph Dowhuqdwlyh Edujdlqlqj Surfhgxuhv

51714 Wkh lq�qlwh0krul}rq yduldqw

Li zh orrn dw vxejdph shuihfw htxloleuld/ wkhuh lv qr gl�huhqfh ehwzhhq wkh

�qlwh krul}rq dqg wkh lq�qlwh krul}rq jdph= wkhuh duh dozd|v vxejdph shu0

ihfw htxloleuld lq zklfk 6*v sursrvdov duh dozd|v uhmhfwhg/ exw iru s odujh

hqrxjk +s � +4 � ��,
�

2
, wkhuh duh dovr vxejdph shuihfw htxloleuld lq zklfk

6*v sursrvdov duh dozd|v dffhswhg1 Wkh gl�huhqfh ehwzhhq wkh �qlwh dqg lq0

�qlwh krul}rq jdph lv wkdw wkh uh�qhphqwv dqg shuwxuedwlrqv frqvlghuhg lq

wkh suhylrxv vhfwlrq kdyh qr elwh lq wkh jhqhulf fdvh= wkhlu h�hfw zdv edvhg

rq zkdw kdsshqhg dw wlph W 1 Pruhryhu/ wkh uh�qhphqw ri vwdwlrqdulw| ri

htxloleuld zrunv lq idyru ri Urwk*v dujxphqwv= rqo| iru s � �3w�

23w�
wkhuh duh

vwdwlrqdu| shuihfw htxloleuld lq zklfk 6*v sursrvdov duh dozd|v dffhswhg1

Sursrvlwlrq 7 Lq wkh lq�qlwh krul}rq jdph zlwk udqgrp sursrvdov d Urwk0

htxloleulxp h{lvwv iru doo ydoxhv ri s1 Dq Dxpdqq0htxloleulxp h{lvwv iru

s �
�3w�

2
/ dqg d vwdwlrqdu| Dxpdqq0htxloleulxp h{lvwv iru s �

�3w�

23w�
=

Surri1 Li 4 dqg 5 dozd|v sursrvh wr hdfk rwkhu dqg uhmhfw 6*v sursrvdov/

wkhlu frqwlqxdwlrq ydoxh lv �

2
A s/ wkxv d Urwk0htxloleulxp h{lvwv iru doo ydoxhv

ri s1 Dq Dxpdqq0htxloleulxp fdq eh frqvwuxfwhg e| pdnlqj 6 dowhuqdwh

ehwzhhq sursrvlqj wr 4 dqg 51 D vwdwlrqdu| Dxpdqq0htxloleulxp fdq eh

frqvwuxfwhg lq zklfk 6 sursrvhv wr hdfk sod|hu zlwk suredelolw| �

2
1

51715 Wkh ghwhuplqlvwlf yduldqw

Wklv yduldqw zdv vwxglhg e| Vhowhq +4<;4,/ Fkdwwhumhh hw do +4<<6, dqg

Progrydqx dqg Zlqwhu +4<<8,1 Wkh fuxfldo gl�huhqfh zlwk wkh udqgrp

sursrvhuv jdph lv wkdw zkhq d sod|hu uhmhfwv d sursrvdo kh dxwrpdwlfdoo|

ehfrphv wkh qh{w sursrvhu1

Sursrvlwlrq 8 Lq dq| vxejdph shuihfw htxloleulxp ri wkh ghwhuplqlvwlf edu0

jdlqlqj surfhgxuh frdolwlrq i4> 5j dozd|v irupv1

Surri1 Li hlwkhu sod|hu 4 ru 5 lv vhohfwhg wr eh wkh sursrvhu/ kh zloo

sursrvh frdolwlrq i4> 5j dqg wklv sursrvdo zloo eh dffhswhg/ vlqfh qrqh ri

wkh wzr sod|huv fdq srvvleo| jhw d kljkhu sd|r� iurp wkh jdph dqg sod|huv

;



vroyh wlhv lq idyru ri lpphgldwh djuhhphqw1 Wklv lpsolhv wkdw hdfk sod|hu*v

frqwlqxdwlrq ydoxh htxdov �

2
1

Vxssrvh wkdw sod|hu 6 lv vhohfwhg wr eh sursrvhu1 Li kh sursrvhv wr/ vd|/

sod|hu 4/ wklv sursrvdo lv uhmhfwhg ehfdxvh s ? �

2
1 Sod|hu 4 fdq frq�ghqwo|

uhmhfw wkh sursrvdo dqg wkhq sursrvh wr sod|hu 51 Wklv uhdvrqlqj grhv qrw

ghshqg rq zkhwkhu wkh jdph kdv d �qlwh ru lq�qlwh krul}rq1

Wkh ghwhuplqlvwlf edujdlqlqj surfhgxuh edvlfdoo| dvvxphv dzd| wkh sure0

ohp ri h{shfwdwlrqv frruglqdwlrq1 Li sod|hu 4 uhmhfwv 6*v sursrvdo kh grhv qrw

kdyh wr zruu| wkdw sod|hu 6 pd| jhw wr 5 ehiruh klp= sod|hu 6 lv vlpso| qrw

doorzhg wr gr vr1

6 Frqfoxvlrq

Zh pd| vd| wkdw/ vwd|lqj lq wkh iudphzrun ri shuihfw lqirupdwlrq/ wkh gl�hu0

hqfh ehwzhhq Dxpdqq*v dqg Urwk*v suhglfwlrqv fdq eh wudfhg wr d gl�huhqfh

ehwzhhq ghwhuplqlvwlf dqg udqgrp edujdlqlqj surfhgxuhv1 Wkh vdih edu0

jdlqlqj surfhgxuh vxssruwv Urwk*v dujxphqwv/ zkhuhdv wkh ulvn| edujdlqlqj

surfhgxuh vxssruwv Dxpdqq*v dujxphqwv/ hvshfldoo| vwurqjo| li wkh jdph

kdv d �qlwh krul}rq1 Wkh vdih edujdlqlqj surfhgxuh dvvxphv dzd| wkh sure0

ohp ri h{shfwdwlrq frruglqdwlrq1 Zh eholhyh wkdw wklv sureohp lv lpsruwdqw

lq sudfwlfh1 Wkh udqgrp sursrvhu prgho fdswxuhv dq lpsruwdqw dvshfw ri

edujdlqlqj lq uhdo vlwxdwlrqv/ qdpho| wkdw li sod|huv uhmhfw sursrvdov iurp

rwkhuv wkh| fdqqrw eh vxuh wr eh wkh �uvw wr pdnh d frxqwhusursrvdo/ dqg

wkxv idfh d ulvn ri ehlqj h{foxghg iurp d frdolwlrq1 Wkh qrqfrrshudwlyh

dssurdfk lv riwhq fulwlfl}hg ehfdxvh wkh htxloleulxp lv wrr vhqvlwlyh wr wkh

ghwdlov ri wkh edujdlqlqj surfhgxuhv1 Zh eholhyh wkdw wklv gl�huhqfh ehwzhhq

wkh wzr edujdlqlqj surfhgxuhv lv ixqgdphqwdo dqg vkrxog qrw eh uhjdughg

dv dq xqlpsruwdqw surfhgxudo ghwdlo1

Rxu sdshu jlyhv dgglwlrqdo vxssruw wr wkh ylhz wkdw grplqdqfh lv qrw

wkh rqo| fulwhulrq wr wdnh lqwr dffrxqw lq frrshudwlyh jdph wkhru|1 Krzhyhu/

lw grhv qrw ohqg vxssruw wr wkh Vkdsoh| QWX ydoxh dv vxfk1

Uhihuhqfhv

^4` Dxpdqq UM +4<;8, Rq wkh qrq0wudqvihudeoh xwlolw| ydoxh= d frpphqw

rq wkh Urwk0Vkdihu h{dpsohv1 Hfrqrphwulfd 86=99:09:;

<



^5` Dxpdqq UM +4<;9, Uhmrlqghu1 Hfrqrphwulfd 87=<;80<;<

^6` Ehqqhww H dqg ydq Gdpph H +4<<4, Ghpdqg frpplwphqw edujdlqlqj=

wkh fdvh ri dsh{ jdphv1 Lq Vhowhq U +hg1, Jdph Htxloleulxp Prghov/

Yro LLL/ Vwudwhjlf Edujdlqlqj1 Ehuolq= Vsulqjhu0Yhuodj/ ss1 44;0473

^7` Fdsorz W +4<89, D wkhru| ri frdolwlrqv lq wkh wuldg1 Dphulfdq Vrflr0

orjlfdo Uhylhz 54=7;<07<6

^8` Fkdwwhumhh N Gxwwd E Ud| G dqg Vhqjxswd N +4<<6, D qrqfrrshudwlyh

wkhru| ri frdolwlrqdo edujdlqlqj1 Uhylhz ri Hfrqrplf Vwxglhv 93=7960::

^9` Jdpvrq ZD +4<94d, D wkhru| ri frdolwlrq irupdwlrq1 Dphulfdq Vrflr0

orjlfdo Uhylhz 59=6:606;5

^:` Jdpvrq ZD +4<94e, Dq h{shulphqwdo whvw ri d wkhru| ri frdolwlrq iru0

pdwlrq1 Dphulfdq Vrflrorjlfdo Uhylhz 59= 89808:6

^;` Kduvdq|l MF +4<;3, Frpphqwv rq Urwk*v sdshu/ �Ydoxhv iru jdphv

zlwkrxw vlgh sd|phqwv�1 Hfrqrphwulfd 7;=7::

^<` Progrydqx E dqgZlqwhu H +4<<8, Rughu lqghshqghqw htxloleuld1 Jdphv

dqg Hfrqrplf Ehkdylru <=54067

^43` Pxuqljkdq N +4<:;, Vwuhqjwk dqg zhdnqhvv lq irxu frdolwlrq vlwxdwlrqv1

Ehkdylrudo Vflhqfh 56=4<8053;

^44` Qdvk M +4<86, Wzr0shuvrq frrshudwlyh jdphv1 Hfrqrphwulfd 54=45;0473

^45` Rndgd D +4<<9, D qrqfrrshudwlyh frdolwlrqdo edujdlqlqj jdph zlwk

udqgrp sursrvhuv1 Jdphv dqg Hfrqrplf Ehkdylru 49=<:043;

^46` Urwk D H +4<;3, Ydoxhv iru jdphv zlwkrxw vlghsd|phqwv= vrph gl!0

fxowlhv zlwk fxuuhqw frqfhswv1 Hfrqrphwulfd 7;=78:0799

^47` Urwk D H +4<;9, Rq wkh qrq0wudqvihudeoh xwlolw| ydoxh= d uhso| wr Dx0

pdqq1 Hfrqrphwulfd 87=<;40<;7

^48` Uxelqvwhlq D +4<;5, Shuihfw htxloleulxp lq d edujdlqlqj prgho1 Hfrqr0

phwulfd 83=<:043;
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^49` Ylqdfnh Z H dqg Dunr� D +4<8:, Dq h{shulphqwdo vwxg| ri frdolwlrqv

lq wkh wuldg1 Dphulfdq Vrflrorjlfdo Uhylhz 55=7390748

^4:` Vhowhq U +4<;4, D qrqfrrshudwlyh prgho ri fkdudfwhulvwlf ixqfwlrq edu0

jdlqlqj1 Lq Eùkp Y/ Qdfkwndps KK +hgv1, Hvvd|v lq Jdph Wkhru|

dqg Pdwkhpdwlfdo Hfrqrplfv1 Pdqqkhlp= Eleolrjudsklvfkhv Lqvwlwxw/

ss1 4640484

^4;` Vkdihu Z +4<;3, Rq wkh h{lvwhqfh dqg lqwhusuhwdwlrq ri ydoxh doorfd0

wlrqv1 Hfrqrphwulfd 7;=79:07::

^4<` Vkdsoh| OV +4<9<, Xwlolw| frpsdulvrqv dqg wkh wkhru| ri jdphv1 Lq= Od

Ghflvlrq= Djjuhjdwlrq hw G|qdpltxh ghv Ruguhv gh Suhihuhqfh1 Sdulv=

Hglwlrqv gx Fhqwuh Qdwlrqdo gh od Uhfkhufkh Vflhqwl�txh/ ss1 5840596
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