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«.while we may not be too restrictive in the
behavioral sssumptions we make, we make
enormously strong ad hoc assumptions in
the range of actions we allow the actors in
our models.
D. Kreps ((1990b), p. 166)

L INTRODUCTION

Many interesting problems in economics involve recursive constructions that cannot he studied with
the familiar tools of analysis and fixed point theory; in fact, many of these constructions have been considered
to be impossible to handle, because they seem to lead to an infinite regress. Crawford (1985), for example,
stales (p. 823): "The second observation concerns my assumption that the rules of bargaining over mechanisms
cannot be altered. It is easy to imagine more general specifications, in which agents can amend the rules,
amend the rules for amending the rules, and so on. But it is clear on reflection that unless this Sequence eomes
o a halt at some level, there is no place to anchor a pame-theoretic  analysis ... given that exogenous
specification cannot be avoided, it seems a sensible research strategy to assume that agents are free to bargain
over mechanisms, but they cannot amend the rules of bargaining.

In & companion paper, Vassilakis (1990), T elaimed that category theory, and in particular the theory
of functorial fixed points, is the appropriate tool for handling problems of infinite regress of the sort discussed
by Crawford; the application that 1 presented to illustrate my claim was an easy (rejcomstruction of the
Mertens-Zamir (1985) universal beliefs space. In this paper [ will show that in the appropriate category, every
game generales 4 universal game, that is a game whose Elrategy spaces inclede the strategy spaces of the
original game and, in addition, all possible proposals to madify the rules, including the rules of the universal
game. Secondly, T will show how each solution concept with certain properties can be “completed” so as to be
coordination-proof, i.c.such that the prediction of the solution concept on the universal game, when projected
on the original game, is identical with the prediction of the solution concept on the original game. Both
universal games and coordination-proof solution concepts will be defined as fixed points of functors, in the

same way the universal beliefs space was defined as a fixed point of {a translation of) the probability functor,




Finally, I will show that, for each solution concept, the corresponding coordination-proof solution concept
defines equilibriom institutions (mechanisms, rules),

Why are such constructions relevant? To answer this question, recall that noncooperative game theory
generates predictions for each particular situation in a three-step process: first, a game form is specified;
secondly, payolfs are assigned to strategy vectors; and finally, a particular vector of strategies is singled out by
some criterion (the solution concept), and is called the equilibrium of the game. It is implicitly assumed that
(2) the game form is an adequate description of the opportunities available to the players, and (b} that this
three-step method can be applied to any economic problem to generate predictions.

This method s subject to some limitations, in particular in the applied areas of bargaining, aligopoly
und mechanism design. The limitations can be summarized in one question: "Where do the rules come from?",
where by rules, we mean, in this paper, game forms. From the point of view of noncooperative  game theory,
this question is nonsense; the theory takes the rules as exogenous and observable. In each application at hand,
therefore, the theory recommends that we should identify the exogenous and observable quantities and codify
them in the game form; the possible values of exogencus but unobservable quantities arz o form the space
of types; and an application of the solution concept to the game form constructed should generate a prediction
for each possible valuation of the outcomes and each possible value of the unobservables. In what follows |
argue that in some applied areas the rules that can reasonsbly be considered both exogenous and observable
are sometimes either far less detailed than the rules actually employed to generate predictions, or ignored by
players, or both. These arguments motivate the construction of universal games.

To apply bargaining theory to predict the outcome of some particular bargaining situation we have
to specify the order and possible content of offers and counteroffers, whether they are binding or not after they
have been accepted, the time it takes to respond to an offer, and many other details described in KEreps {1990,
Chapter 15). To quote Kreps again, "in most negotistions these things, which constitute the protocol of
negotiations, are not really specified with the precision we require for an extensive form game” (ihid, p. 376).

The same problem applies in oligopoly theory: to apply it in some particular market we have to specify

the strategic variables (prices, quantities, supply functions, «..)the timing of decisions, the communication



allowed among rival firms, the possibilities for mergers or takeovers, the precise form of uncertainty about
various cost or demand parameters, and so on. Again, an applied problem will rarely come equipped with so
much detail. What is more, most of these “details® of the specification of the game form cannot be reasonably
considered as exogenous: they are under the control of players, and they make a difference in the outcome.

A different but related problem limits the area of possible applications of the theory of mechanism
design. This problem is best described in the context of the market for medical interns studied in a series of
papers by Roth (1984, 1990) and Roth and Sotomayor (1990). The players are students and hospitals. A typical
mechanism asks students to submit a list of hospitals in decreasing order of preference, and hospitals to submit
a similarly ordered list of students. The outcome function of such & mechanism is a matching algorithm that
assigns students fo hospitals taking into account their submitted lists. Mechanisms differ in the matching
algorithms they employ. In some cases, when algorithms were “unsiable” in the sense of Roth, players either
ignored the mechanism or colluded in order to manipulate it {see Roth, (1980) pp. 9-11). Players ignore the
mechanism when they don't submit lists but arrange for residencies by direct communication. Players collude
to manipulate a mechanism when, for example, a hospital promises to rank a student first if the student
retumns the favor. Motice that the mechanism might be incentive compatible (in the formal sense) and still be
ignored or manipulated by collusion: no single student or hospital might have an incentive to lie or cheat, but
in the presence of an allernative mechanism coordinating actions, everybody does.

Another example is in Holstrom and Tirole {1989, Chapters 5.1 and 5.5.), who question the
applicability of mechanism design theory to the theory of the firm. The view they oppose is that of the cwner
of the firm {or some principal in general) designing an incentible compatible mechanism for the firm's
employess. While (the formal definition of ) incentive compatibility allows for the fact that employees can
unilaterally lie and cheat, it does not allow for the possibility of coordinated lying and cheating (multilateral
contracting in Holstrom and Tirole's terminology). Given that our theory is noncooperative, however,
successful coordinations are those that are equilibria of the game induced by some incentible compatible
mechanism. Hence, ignoring multilateral contracting amounts to ignoring the possibility that employses can

propose mechanisms.  Ts this & serious omission? [t seems lo be important in the theory of the firm, as it is




argued in Holstrom and Tirole (1989) and their references. But then, one argument goes, if this omission is
truly important, why can't we simply enlarge the sirategy spaces of employees to allow them to propose
mechanisms? To be surs, the set of incentive-compatible mechanisms the principal can choose from might
shrink, but the theory would siill be the same. This argument misses the following points. Fisst, if everybody
can propose mechanisms, the identity of the principal(s) is endogenous. Secondly, the theory would not be
the same because the incentive compatibility of the principal’s mechanism is defined as the property that no
incentive compatible attempt to induce coordinated lying and cheating is successful, and this is & selfs
referential statement.  Thirdly, the new strategy spaces will have to capture all the opportunities for
coordination available fo the agents, including coordination on these new strategy spaces themselves; this is
again a self-referentiul  statement.

A possible argument against this approach s that, in all known cases, rules for changing the mles do
not go beyond a small number of steps up in the hierarchy. For example, some argue, while it is true that
decisions of the lower courts can be appealed at higher-level courts, e number of steps one can goup in the
hicrarchy of cours is very small. Hence, for practical purposes, we can ignore infisite regress and universal
games: in each particular case, we can jusl observe the actusl rules; find oat the level of the hierarchy in which
they belong; and describe the sitwation at hand by & game that truncates the hierarchy al this particular level.
The fact that the position of ohserved rules in the hierarchy of rulet is an endogenois  vansble (o be
determined in equilibrivm) undercuts the force of this argument, Comparative statics based on this arpument
are unrelisble because they miss the fact that different values of the parameters might change the position of
equilibrium rulés in the hicrarchy, Explanations of, say, the long-run stability of the position of some actual
rule in the hierarchy of rules become impossible, since this sability is simply assumed.

Whit is the theoretical problem here? Tt is mot that the rules we take as exogenous and employ to
genesats predictions are too detailed to be really exogenois, s it was the case in the previous examples; the
optimal incentive~compatible mechanism is clearly endogenous, It is rather the fact that the theory predicts

that the obscrecd cotcome will be the equilibrivm of the optimal incentive compatible mechanism, or some




incentive compatible mechanism, and ignores the fact that subssts of players can coordinate their actions by
employing different mechanisms.

There seems (o be a common thread in the previous arguments: there are applications in which the
game form employed to generate predictions does not capture all the opportunities open to players cither
because it takes as exogenous some "details” thal players can, and want to, vary, or because it ignores the
ability of each player to propose, as well as participate in, mechanisms. In all cases, the sctions omitted from
the action sets of players include (proposals of) rules. Examples of such proposals: “let's hargsin 4 da
Rubinstein® or “let's vote about how to bargain; T vote for Rubinslein:® “let's compete 4 fa Coumnet,” or "lat
the biggest firm decide on how we are going to compele;” “let's ostracize rate busters,” or "lel the shop
stewards decide for us on how to treat rate busters,® elc,, ...

The natural way to proceed from here is to recognize that & game firm can be the mathematical
representation of two different kinds of rules. Physical rules have the same methodological status as production
sels in competitive analysis: they are exogenous and describe the technological constraints faced by players.
Arfificial rules are game forms like Coumot's or Rubinstein's. They can be wtilized in two ways, sither a8
proxies for the physical rules, because the physical rules are too complex; or as actions (proposals) included
in the agests’ action sets. In this paper it is artificial rules in the sense of possible proposals that are of
interest. The methodological status of such rules is dual: on the one hand, they define a game form on which
the solution concept generates predictions; on the other hand, being endogenous, they are themselves
equilibrium outcomes of some other game. The game form of this new game is certainly artificial, because jts
strategy spaces include proposed rules and its owtcome fumction maps rules into rules. Being artificial, it is
itself the equilibrium outcome of some other game ...infinite regress raises its uply heud.

The rest of the paper is organized as follows: Section 2 describes the main concepls, namely solution
concepts, universal pames and coordingtion-proof  solution concepts, without technical details; section 3
describes the main categories and fusctors of interest, snd examines their properfies: existence and
chameterization of various colimits for categones, coatinuity properiies for functors; section 4 describes in

detail the construction of universal games; section 5 describes the construction of coordination-proof solution




concepts; section 6 discusses the limitations of the constructions and comments on how they can be overcome
by further research. The appendix contains proofs of peripheral interest. The reader of this paper is assumed
to be familiar with the facts from category theory contained in Vassilakis (1990,

A few words about notation: the composite of two morphisms £: A - B and g: B = Cis denoted by
gefor simply gf: the value of this composite at a point a in A is denoted by pif(a)), (gefi(a), or gfa, depending
on context and intended emphasis. If A, B are objects in a category, then [A — B] denotes the set of
morphisms from A to B; whenever A, B are ordered sets, [-A — B] will also be an ordered set, with functions
from A o B ordered pointwise. If f: A = A’ is a morphism in some category and B is an ohject in the same
category, then _ of: [A' 5B] —[A - B] denotes the morphism  that assigns to each u': A' = B the
composite u'f: A"~ B. If g: B’ » B is a morphism in the same category, then ge_ of;[A" = B'] =
[A —B] assigns to each u': A’ = B’ the composite morphism geu'sf: & - B; the following diagram

clarifies this: )

N * s

{ 3
A_douef »8

Finally, recal that a diagram commutes ifall the paths with the same beginning and the same end are

equal. (i.e.,they denote the same morphism). For example, to say that the following diagram commutes
A > G
« p
W
B —x D

means that gef = vey




L OUTLINE OF THE MAIN CONSTRUCTIONS
To keep the discussion as simple as possible, cutegories in this section will be defined only by their
ohjects, neglecting morphisms; funclors will be defined only on ohjects; and terms that are not necessary for
an intuitive understanding of the constructions but have o be mentioned for future reference will not be

defined. Only normal form, complete information pames are considersd.

2.1 Solution concepts and mechanisms

Recall that a solution concept is a rule that assigns to each game & set of probability measures on its
aggregate strategy space: for example, the Nash solution concept assigns to each game the set of "mixed
strategies” that are fixed points of its best reply correspondence. Given that the method of selecting a solution
concept adopted in this paper is to require the solution concept to be a fixed point of some functor that maps
solution concepts into solution concepts, we need a precise mathematical expression for solution concepts and
the category in which they live: in other words, solution concepts are both "rules” and "points® in a "space” (in
fact, ohjects in a category). To achieve this, we need the following:

A (normal form complete information) game g= (A,u) isan n-tuple A = < A, ... A, > of strategy
spaces and a vector w: II(A) —=R" of payoff functions. Each strategy space A, is an ohject of some category
D, to be specified in section 3; hence, the n-tuple A belongs to D, the n-fold product of D. The calegory G
of games has objects of the form g = (A, u). The functor P;:G - D" assigns to each game g = (A,u) the n-
tuple A; the functor II: D" D assigns to each n-tuple A its product TI{A), while the funcior A: D - D
assigns to each space X the space A(X) of probability measures on X. The composite functor ATIP;: G = D
assigns to each game g = (A, u) the space A (T{A)) of probability measures on its aggregate strategy space
I{A). .f-

Let g be a game and p a probability measure in A{II(P,(g))); then p is a candidate solution of the
game g. This motivates the following definition:
1. Definition: The category of fibrations of the functor Aollo P, has objects the pairs (g, p) where g isin G

and pe AIIPy(g). Call this category Fib{ ATIP,),



A solution concept, then, is a rule that assigns to each game g a probability measure pin AIIP(g). This
molivates the following
2. Definition: The category Sect (AIIP)) of sections of the functor AIIP, has objects all the functors o: G -+
Fib (AIIP,) such that o(g) = (g, p) for some pe ATIP(g). We write Piaig) = g, P; alg) = p; the projection
symbol P, utilized here should not be confused with the projection functor Fy; G =+ D" that appears in AJ[P;;
the meaning of P; will be clear from its context.

The category of solution concepts will be a subcategory E of Sect (ATIP,):
its ohjects will be functors that satisfy a "weak revelation principle” and are w-coconlinuous, i.e.,preserve w-
colimits; precise definitions are in the next section.

Mote that this definition achieves itz objective: solution concepls are rules that assign to each game g
a probabilistic “prediction” p; at the same time they are objects in some calegory, so that functors can be
defined om, and map into, them. Note also that this definition is very restrictive, because it allows for single-
valued solution concepts only: each pame is assigned exactly one probability measure, What is gained by this
restriction is the ability to address at a relatively simple conceptual level, and in full generality as far as all
other aspecis of the problem are concemned, the methodological and mathematical issues raised by the open
problems mentioned in the introduction. What is lost is the ability to build on already existing solution
concepts, all of which are multi-valued, and, therefore, the ability 1o construct interesting concrete examples
of coordination-proof  solution concepts and equilibrium institutions, as opposed fo the ability to prove general
existence theorems (on the other hand, trivial explicit examples are known). The Harsanyi-Selten theory might
suppest itself at this point, but recall that it applies only to finite games: even if the original game considersd
is finite, the universal game generated by it is not. All in all, this seems to be an acceptable tradeoff, given that
these constructions were considered impossible up to now, and given that a (nontrivial) extension of the
present methods, as outlined in the last section, seems to be a promising way of handling multivalued solution
concepls.

Economic agents can seek to coordinate their aclions on a game g = (A, u) by proposing mechanisms

on g.i.e. triples (5, R, f) where 8, R are in D" and £: TI(5) = A(I(R) isin D; S isan n-tuple of repont Spaces




and R an n-tuple of recommendation spaces; if agents report a veclor s€II(S), the mechanism will recommend

a vector in a subset E of II{R) with probability fis)(E). This ought to motivate the following

3. Deflnition: The functor M: D" xD" = Disgivenby M(S, R) = [[{8)~ A(I(K)] = morphisms in D from

I(S) to A(TI(R).
4. Definition: The category Fib (M) of fibrations of the funcior M has ohjects triples, (5, R, ), feM(5,R);
hence, fibrations of M are just mechanisms.

When & mechanism m = (5, R, ) is utilized to coordinate actions on & game g = (A, u) 2 new game

T(m, g} = (B, v} iz played. The strategy spaces of the new game,
B, = §x[R-A]  i=l, ..,

consist of the space 5, of possible reports and the space [R, = A)] of possible deviation strategies. If agents
play (s, & € I(B), they induce a probability measure kis,5) = f(s)=3" on II(A), where, for each Borel suhset
E of [J(A), 8" (E) = {xe[J(R): &(x)€E}. Hence, to define the payoff function v of the new game, u: TI(A) -
R" has to be extended from TI(A) to A(TI(A)); Jet Ty (u): A(IIIA) = R® be this extension. If preferences over
lotteries were to satisfy the expected wtility axioms, then 7y (u)p) = Iy, udp, pe AIIA.

The following diagram, then, defines v:

e - AT
v T \ (w)
Rh

vis, 8) = my(ulkis, 8)) = g, (u)(f(s) &)

10




2.2 Universal Games

Given that solution concepts in I satisfy the weak revelation principle, and that only games of complete
information are considered, direct mechanisms with singleton message spaces can atlain each utility vector
attained by general mechunisms {a proof of this fact is in section 3.6). Each A in D", then, generates new

strategy spaces R{A), defined by
R(A) = AQUADS[A] <A, i=1, ., n

In words, given a game with strategy spaces A, agent i can propose any mechanism p; € (A(II{A)) and adopt
any deviation strategy &: AT — A, the domain of § is A} because i will be receiving recommendations in A
from the mechanism proposed by each agent j=1,...n. Given thut agenis propose mechanisms py, p.. and
adopt deviation strategies &y, ..., with what probability is each poinl in II{A) going to be played? The answer
is given by a standard morphism £, THR(A) -+ A(II(A)) whose definition is, again, postponed for the next

section.

5. Definition: F: G = G is a functor defined on objects g = (A, u) by Flg)={R(A), w(g)), where

TRA —=2Ly R

§

A ;-8 ..("‘)
ATR)

In words, Fg) is the game (generated by g) whose strategy spaces include all possible proposals to coordinate
on g and all possible deviation strategies, while v(g) assigns payoffs to each “vector” of proposed mechanisms
and deviation strategies by first computing the probability measure on II(A) induced by these mechanizme and

deveiation sirategies, and then assigning uwtility to this measure by extending u from TI(A) ot A{TI{A)).

11




Note that it is not necessary to assume that agents can commit to the mechanisms they announce:
mechanisms and deviation strategies are announced simultaneously, and without prior knowledge of the
mechanisms and deviation strategies announced by other players. In other words, mechanisms and deviation
strategies are freated as ordinary actions in ordinary games, in agreement with the principle we have adopted
that the choice of mechanisms will be thought of as 2 game-theoretic rather than a decision-theoretic problem
{of the principal, that is). On the other hand, the ability to commit to mechanisms is an important issue, and
the formalism should be easily adaptable to the case where there is a commitment technology, i.e.,the case
where there isa cost associated with the announcement of each mechanism and each deviation strategy. In face,
it is not even necessary to change the notation: this cost could be directly incorporated into the payoff function
vig) of the game F(g) and all the results would go through exactly as they are now; in other words, the precise
specification of the payoffs of F(g) does not matter as far as the feasibility of the instructions is concerned (as
long as F 15 & continuous functor that is).

Recall that all three applied problems in the introduction involved an infinite regress. To sze this in
terms of the formalism developed here, let F'*" (g) = F(F'(g)), | = 0. Then, if it is worthwhile to coordinate
actions in F' (g) by proposing mechanisms on F'(g) (i.e., by taking actions in the strategy spaces of F**! (g)),
then it is also worthwhile, in general, to coordinate actions in F**' (g) by proposing mechanisms on F'*! (g)
(i.e. actions in the strategy spaces of F'*%(g)). But hold: doesn't the revelation principle ensure that only
mechanisms in F{g) are needed to achieve any vector of payoffs attainable by general mechanisms? Isn't it,
therefore, useless to consider higher levels of the hierarchy F'{g) ,t = o? To answer this, recall that the
revelation principle (and the fact that direct mechanisms suffice for coordination) have already been adopted,
This fact in and by itself, however, does not solve the problem of choice of (direct) mechanism: different agents
will in general want different (direct) mechanisms to be adopted, because the mechanism adopted will make
& difference in the equilibrivm payoff attained. What is more, agents are now allowed to try to influence the
choice of mechanism by proposing mechanisms, rather than just choosing whether to participate or not in the
mechanism proposed by some principal. Why can't we then apply the solution concept to the game F(g),

compute the equilibrium mechanisms, and get done with it? For the same reason that this procedure is
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unsatisfactory when applied to the original game g The solufion concept might gemesate incentives to
coordinate” on F(g) as it did on g. In other words, the solution concept might predict that the equilibrium of
Fi{g) has some desirable features that the equilibrium of F(g) does not, in the same way that the equilibrium
of F(g) might have some features that the equilibriom of g does not. We have, therefore, to examine the
equilibrin of &ll levels of the hierarchy F'(g) to find out which mechanisms will be implemented and which
deviation strategies will be adopled.

We are now 4t last in a position fo tackle the problem of infinite regress. Let X(g) = (B, w) be the
universal game generated by g how should it be defined? The obvious answer is to let B, - "I::R,'M}’- this
unien seems to include all the possible actions that i could take in any of his strategy spaces RICA) in the
corresponding  games F'{g). Thers are, however, two problems with this specification of B: B contains junk
elements and, at the same time, might be incomplete.

To s=e why B contains junk clements, we iavoke a fact from sectiom 3 (the stralegy spaces of) g can be
embedded into (the sirategy spaces of) F(g), ic.,all the stralegy vectors available to players in g are also
availshle to them (possibly under a different name) in F(g): call the embedding ¢: g —= Fig) where @ = <@,

., = and g A — B, (A) for all i. Then, consider the following diagram

)

4 rpn 29 gy 59

which shows that R'(A) can be embedded in B*'(A) for all £ =0 (these embeddints are gquite trivial, although

at this point we lack the notalion necessary to define them explicitly). Lat b be an element of B, = UR/(A):
res
then there is some @ such that b, belongs to RYA). But then Rjig)(b) represents the same action as by, given
that all R)(¢) does is to embed by into B{*? (A): in words b and Rii) (b) are different names for the same
action. Hence, they should be identified; they are, however, two distingt clements of B; one of them is junk,
because it could be climinated withowt affecting the opportunities available to the players.
How can we remedy this problem? To answer this, we need fo express the fact thet B s wo large in

diagrammatic terms, Let inj; Ri{A) - B be the function that injects Ri(A)nto B, defined by inj | (x) = x, %€




Ri(A), where B is stil] defined as :I.R,.I{.'L"l. Then, by the preceding discussion, the following diagrams
r=0

do pot commute

- @ R
Al ——> R; (A) —

For example, the inequality B, § Ri(¢y(b) can be written as

inj(b) » inj,., (RdJb)).0r
inf, » inj,, 0R/(#).

Hence, if B is to be the vector of strategy spaces of the universal game X(g), it huas to satisfy commutativity
conditions that fulfill the "no junk” condition: all names of strategies in the sets RY(A) that represent the same
strategy ought to be amnalgamated into & single name. At the same time, B should not miss any strategies
available to the players, so it should include (a copy of) each RYA): this is the "no waste” condition. These
two conditions form the content of
Requirement 1: There is a natural transformation 4 = <A R, (A) = B, t = o »; each 4, is an embedding
{i.e.,a continuous injection).

Four comments about this requirement: first, 4, = <4, (1), ..., A(0) =, where A, RYA) = B, all i.

Secondly, the naturality of A means that the following disgrams commute (i.e.,no junk):

Ao




Thirdly, we have required for all t, &= &,,; 0 B, (#) rather than inj, = inj,; o By () because B needs o be
defined only up to isomorphism (the names of the strategies don't matter). Fourthly, the no waste condition
is captured by the fact that each A, is an embedding.

There are going to be, in general, many vectors of strategy spaces B that satisfy requirement 1. Some
of them will exaggerate the opportunities available to the players because they will contrain “extranecus™ or
“irrelevant” elements, i.e.,elements that are not included in some R' (A). To exclude these elements, we
impose a "no exapgeration™ condition, which forms the content of.
Reguirement 2: B should be the smallest vector of strategy spaces that satisfies requirement 1. Hence, if <i;:
RiA) = B, t =0 » iz a natural transformation and if each X, is an embedding, there is & unique
embedding f: B = B’ such that fo X, = &}, all t.

This requirement is captured by the following commuting diagrams:

%a‘x

N

2, K@
A= R@) | e -2

What do the commutativity conditions mean? If x is a vector of strategies in F' (A), A(x) is the "name" these

strategies obtain when they are embedded in B', and 1, (x) is their "name” when embedded in B.
cummutativity conditions guarantee that there is a unique way (namely f) to map the name of xin B inm-‘:]
name of x in B'; the fact that fis an embedding means that B is smaller then B'.
In the terminology of the companion paper, B is a colimit (in the appropriate category) of the functor
of iterations of B. Hence, general existence theorems aboul colimits in this category can, and will, be utilized
to show that it iz possible to construct a B that fulfills both requirements.
What about the completeness requirement? B; is incomplete if it is not isomorphic 1o B, (B), Le.,if By
{B) contains "more strategies” than B in this case B; is not truly universal, since it does not include all the

opportunities available to player i. Hence, we imposs




Reguirement 3: B~ AJJ(B) x (B} —+ B, all i. This *equation,* bowever, has no solution in the category of sets,
unless B, is singleton For all i; by requirements 1 and 2, though, B; cannot be singleton, because it includes ull
RYA), t = 0. The reason this equation has no non-singleton  solution in the category of sets is that the
cardinality of [B® = B]] is always larger than the cardinality of By: see Manes and Arbib ((1986), exercise
13.3.6) for a simple proof using Cantor's disponal argument. In this sense, Crawford (1985) was right. To
satisfy requirement 3, thesefore, we have to work in a different category, where there are enough restrictions
on morphisms to “reduce the siz” of the function space [BY - Bj]. How should we understand  these
restrictions? They are similar to the conlinuity restrictions thal are imposed as & matter of course in
economics: B, is usually equipped with a topology, and functions from BY to B, are required 1o be continuous
with respect to this topology. This is precisely what section 3 does: the topology on each B, is a remarkshle
one, dus to Scott ((1980) chapter 3); the space of Scott-continuous  functions [BF — B is then sufficiently
*small® to ensure that regquirement 3 can be ful.ﬁ]leuil. Given that the Scoit topology s, and ought to be
throught of, as different from the usual Hausdorff topologies on strategy spaces, we ought to he ahle to show
how sl:ntegy spaces can be endowed with this topology in 2 "nondistorting” way, i.e.,in 2 way that does not
change the strocture of the payoffs; one way to do this is developed in section 3.3.

There is another, equivalent but more mchr!.lc;l-snunding, way to view the restrictions we impose on
the morphisms, Recall that theorem 28 in the companion paper establishes that if the functor R preserves w-
colinits, the colimit of its functor of iterations is o fixed point of R, i.e. that any B that satisfies the first two
requirements will sutomatically satisfy the third one. What we buy by changing the category in which we work
(by imposing those restrictions on the morphisms) is the fact that R does preserve w-colimils in this category
{while it doss not in the category of sets): this is shown in section 4.

Requirements 1, 2 and 3 determine the strategy spaces B of the uaiversal game uniguely up to
isomorphism, To determine the payoff functions w, note thai, by construction, the games Fiig) = (& (4),

()} satisfy the following property

v g RY) = vigh allt 2z 0

In other words, the following diagrams commute




T T R .”-,ﬂ.w ﬂ(@ N
N@/@J

The meaning of these conditions is that the same vector of strulegies will generate the same vector of ulilities
no matter where the veclor of strategies is embedded into: in other words, v'*' (g) is an extension of vi{g) for
all t = o. This fact, together with requirement 2, implies that there exists a unique w: TI{B) - R" such that
for all i, we IHA) = v (g). In words, this condition fulfills:
Beguirement 4 wis the unique extension of all vig), t = o,
The impostance of the unique extension property is that no extransous value judgements are nesdsd
Lo assign payoffs to the strategy veclors of the universal game X(g): the payoffs of the original game sulfice.
All four requirements taken together amount to a single ome: the universal game X(g) is tha colimit of

the functor of iterations of F beginnning from the original game g, namely of the functor

s e 2 Fgy

X{g) is in addition, a fixed point of F, Given the fact that F preserves w-colimits (shown in section 4) and

given theorem 28 of the companion paper, we have motivated:

E. Definition: The universal game generated by g is the least fined point of F that includes g; call this game

Xig.

2.3 Coordination - Proof Solution Concepts,
Let

=



yig) ATIP Xig} ~ ALLPy(g)
be the standard morphism that reduces probability measares on the aggregate steategy space of the universal
game X(g) to probability messures on the aggregate strategy space of the original game g

7. Definition: A solution concept €L is coordination - proof if for all games g

Pyaig) = yig)(Pyo(Xigh)

i.e.,if the prediction of ¢ on the origing game g coincides with the projection on the original game of the
prediction of o on the universal game X(g). The intuitive idés behind the definition is that agents will attempt
to coordingte their actions on g, and that the soluwlion concept predicts the outcome of these attempls 1o
coordinate: whatever this outcome is, when projected on the orpginal game il should be identical 1o the
prediction of o on the original game, Otherwise o is self-contradictory. Tt should be stressed that coordination-
proofiess doos mot in genmeral imply that the “cooperative” or Cefficient” owtcome will prevail: it is ¢
consistency, nod an optimality, condition,

Finally, we show how coordination-proof  solution concepts can be obdained as fixed point of some

functor. Let
§: G x T-FiWAIIF))
be defined by
¥ig.m) = ()P0 X(ENN
and let
¥: I = [~ Fib(ATIF,)]
be defined by

#lokg) = ¥ig, o) ok, gel

Then, & is coordination-proof if o(g) = §ig.ad, for all g | ie.if




o= ¢ (o)

It will tum out that §(e): G —= Fib (ATIP)) is w-cocontinuous and satisfies the weak revelation principle if
o has the same properties. Hence  maps L into E, and o = Y(g) 15 a funciorial fixed point equation.
Section 5 shows that each solution concept @ in E can be "completed into” a coordination-proof  solution
concept &, obtained by taking the colimit of the functor a = ¥ (g) = i) - ...
A possible objection to the requirement that solution concepts be coordination-proof s that g and X(g)

are different games, and that either g or X(g) is played: hence, it is not that unreasonable to expect violation
of coordination-proofness; after all, players have more opportunities for coordination in Xig) than in g, so the
prediction of the solution concept on X{g) should be different from its prediction on g. To overcome this
objection, recall the motivating examples: while g describes the physical rules of the game, X(g) describes all
the opportunities for coordination available to the players. If an economic environment is described by g, then
X(g) it played, given that players will not miss any opportunities fo coordinate. Recall that the solution
concepl assigns to each game g a prediction p that answers the queslion "what is going to be played in g?°
Recall again the motivating examples: the solution concept applied to the universal game X{g) predicts which
cnoperative agreements will be successful (i.e.,implemented, carried out) in an environment described by the
original game g this means that it predicts which mechanisms will be actually proposed and which deviation
strategies will be actually adopted. When this prediction is projected on g, it produces the vector of slrategies
prescribed for g by these cooperative agreements. But given that these cooperative agreemenis are_successful |
their prescribed strategies on g ought to be played. Hence, the answer to the question” what iz going W be
played in game g7 ought to be "the projection on g of the prediction of the solulion concept on X{g)." But
hold: it is the prediction of the solution concept on g that answers the question "what is going to be played
in g?", by definition. Hence coordination-proofness,
This argument might raise a second objection, that of triviality, After all, the argument goes, all we arg

doing is apply a trivial three-step process: (&) lake a solution concept (say Mash, to fix idess, and forgettin
the multiplicity problem) (b) apply it only to the universal game generated by each game, and (c) project llj

prediction of the solution concept on the original game. Then, we have a mew solution concept that 1§
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coordination-proof (and agrees with the original solution concept on universal games.) This would indeed be
trivial, but remember that we impose two requirements on solution concepts: continuity and satisfaction of
the weak revelation principle. It is by no means obvious that the new solution concept obtained by this three-
step process satisfies these requirements, and this is the nontrivial part of coordination-proofness.

Thiz argument might raise a third objection, that of relevance. Why are continuity and the (weak)
revelation principle properties that solution concepts should satisfy? In fact, why should solution concepts
be functors, let alone continuous functors? Roughly, the revelation principle restricts the kind of mechanisms
needed for coordination, and is therefore crucial for the construction of universal games. Functoriality and
continuity will take a little longer to motivate. Recall that the Nash solution concept is not just an amorphous
collection of answers to questions of the form "what is going to happen in game g?": these answers are
obtained "in the same way"in all games, i.e., by computing the fised points of the best reply correspondence
of each game. This property is captured abstractly by the requirement that a solution concept be a functor into
& category of fibrations, because of the form of morphisms on the category of fibrations (section 3.2). But why
a continuoys functor (i.e.,a funetor that preserves w-colimits?). To answer this, recall that continuity means
that if a game g is obtained as & colimit of other games g, then the equilibrium of the game g is obtained as
the colimit of the equilibria of the pames g,. A similar continuity property is enjoyed by (some refinements
of) Mash equilibria: see Hillas ((1990), pp. 1384-1385). While in Hillas' case continuity is defined in terms of
a topology on the space of best-reply correspondences from a given product of strategy spaces to itscif, in our
case continuity has to be defined categorically, since we allow the strategy spaces to vary, and since the
collection of all games is not a set. An analogy with a computer science application might be useful here:
operations like addition, multiplication, forming lists of elements of sets, are polymorphic: they can be defined
on many different domains(reals, integers, positive reals, etc.) but on each domain they opervate "inthe same
way, "One way to model polymorphis operations abstractly is to represent them by continuous sections, in

exactly the same way we have defined solution concepts; see Coguand, Gunter and Winskel (1989),




3. THE MAIN CATEGORIES

3.1 The Base Category 1D

Which categories are appropriate for carrying out the constructions of section 27 There is no unique
answer to this question (Gunter (1989}), but it seems that the least complicated is the category D of domains
and continuous functions studied in Manes and Arhib (1986, Ch. 13). The ohjects of D are domains, i.e.,
partially ordered sels with a least (bottom) element 1 and with least upper bounds of all their increasing
sequences. The morphisms of D are monotonic functions between domains that preserve least upper bounds
of increasing sequences; call them continuous functions.

An extremely useful suscategory of D is Dy, the category of domains and embeddings. An embedding
is a morphism £ x = yof D such that there is g ¥ -+ x that is monotonic and satisfies
(1) Blf(x)) = x all x
(2) flgly= ¥ all y
It turns out that there is at most one such g, call it f, and that if fis an embedding it is injective and maps
bottom elements into botiom elements, while £* is surjective and maps bottom elements into bottom elements,
The composite of two embeddings is also an embedding. Both D and D ; have all w-colimits; w-calimits in
Dy are also w-colimits in D, If T: w —~ Dy is a functor and A: T - X a natural transformation (where X is
a domain in Dy) then (X, A) is a colimit of T if and only if 1;1' AJA) =x  forall xin X, where V

as

denotes the operetion of taking the least upper bound of a sequence. If X and Y are domains, then so is X
1Y, ordered coordinate-wise, and [X —+ Y], the set of continuous functions from X to Y, ordered pointwise
(F = gif f{x) = g(x) for all x in X.) Finally, functors that preserve w-colimits will be called just continuous
({rather than w-cocontinuous),

The function space functor - Dg x Dg =Dy is defined by = (X, ¥Y) = [X - Y] = all continuous
functions from X to Y (pot only all embeddings from X to Y). On morphisms, the functor is defined as

follows: let f: X —= X', g2 ¥ = Y’ be embeddings; then = (f, g): [X = Y] = [X' = Y']is given by
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Scott (1980), Chapter 4) has shown that — is continuous (in a closely related category): proofs can also be

found in Smyth and Plotkin (1982) and Manes and Arbib ((1986), Ch. 13).

To define the probability functor A: Dy - Dg we need Borel sets on domains, hence a topology on
domains induced by the order. For each domain X, the Scott topology consists of all subsets U of X that
satisfy the following two properties:

* xeU and x < y imply yeU.

. If <x,> is an increasing sequence and if Vx | € U then there is some n such that %0,

In B with the usual order, the Scott opensets are all the sets of the form (@, =),i.e.,the open half-rays. A
function £ X = Y is Scott-continuous if it is continuous in the Scott topology; it turns out that £ X = Y is
Scott continuous if and omly if it is monotonic and preserves least upper bounds of increasing sequences, A

function f: [a, b] = R, for example, is Scott-continuous  if for each & € R there is a B€ [, b) such that

S e, =) = (B, B

For each domain X, A(X)) is the set of all Borel probahility measures on X, To make A(X) into a
domain, define an order on it by p < q iff p{U) = gq(U) for all Scott-open subssts U of X. If X = R, for
example, the Scott-open sets are all sets of the form (o, = ),and p = q if p is stochastically dominated by g.
With this erdering on A(X), its bottom element is the measure that assigns unil mass to the bottom element
of X.

On morphisms, A is defined as follows: to each : X - Y in Dy, A assigns A(f): A(X) = A(Y) given
by & (f)(p) = pof'. The continuity of A is proven in the appendix. More information on A is in Graham

(1989) and Saheb-Djahromi (1980).




3.2 Fibrations and Sections

The concepts of fibration and section will be used in defining the categories of games, mechanisms,
and solution concepls, so it seems sppropriate o give their genersl definitions (they can be found in p. 131
of Coquand, Gunter and Winskel (1939)). Let F: € =E be a functor from a category C lo a category of

categories E. The category Fibi{F) of fibrations of F consists of

. Objects: all pairs (X, t,), where X € C and t, € F(X)

. Morphisms (X,t) = (Y, t,) are pairs (f,a) where £ X +Y and e F(Ait) = t,

. Composition: if (f, @): (X, ) = (Y, 1) and (g, B (Y,t) = (Z, t) then (g, B)o(f, @) = (g=f, Be
Flgi{c))

. Tdentity: lidy, id, ): [, 1) =X, 1)

The projection p: Fib (F) -» C is as functor that takes (X, ) to X and (f, o) to f. A section of F is
a functor 5: G —+ Fib (F) such that pos = id¢ i.e.,such that s(X) = (X, 1), Le F(X). A morphism vis = s
between two seclions is a natural transformation with the additional property piv,) = id, for all X in C. Henes
each v (X, L) (X, t) is equal to (id,, &) for some oy Fiid) (t) — & in F(X). Let Sect (F) he the
category of sections of F. Notice that D and Dy can be taken (o be categories of categories, since each domain
can be considered 3s a category with objects ils elements and morphisms x = x' if 1 < x’. Then, for any
functor F: C - Dy, Sect (F) is a partial order, in the scnse that there is at most one morphism hetween any
two sections ¢ and o' of F. To sce this, notice that if vie = o' is such a morphism, there is a morphism o
= & in F(X) for each X in Dg; but F(X) is a domain, 0 ag t, = L means t, < t, and so v, is uniquely
determined by the order on F(X), for all X.

IfF: € = Dg is a continuous functor and if C has all w-colimits, then w-colimits in Fib {F) assume
i simple form. Let T: @ = Fib (F) be a functor; let T, = (X )y t, € FX), and Tin = a+1) = (i, o)
where f: X, » X,,, iz in C and o FlEXE) =ty is in F(X,, ). Let (X, A) be the colimit in C of the

functor
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Then, let ta ‘1:': Fiag bty and lot f: Fid, e j—t in F(X) (such a morphism exists in F{X) because
F(A)(t.) =t for all n). The colimit of T in Fib (F) is then ((X, t), (A, B)).

Under the same conditions on F, & continuous section & C - Fib (F) can be easily characterized. If
T: w = Cis a functor with colimit (X, 1), then ¢ preserves it, i.e.,(o(X), o{1)) i & colimit of asT. To see

the meaning of this, let Tin = a + 1) = f; T, = T.,,.

Then, let
ol = (T.t) (X} o (X, 0
oif.) = (f; o) a(d,) = (Ao Bol

where agt F(LME) == 1, BoF()() = 1, Le, F(E) (L) = b, F(,) (L)} = & By the form of colimiis in Eib (F),als

continuous iff t = VFA), given that (X, A) is already a colimit of T.
LT

33 The Category G of gamcs

Let Fy: D — Dy be the functor defined by

*F,(4) = [{4)-R"] AeDy
SF(ANu) = well(A")  ,A:A-A" in D ueF,(d)

L is then the category of fibrations of F,, with objects all pairs (A, u}, ue Fi(A), and morphisms (A, u) — (AY, u')

all pairs (A, @) such that 1@ A — A7 iz in Df and a: Fy{A)u) = ur in F\(A), Le, uell{A*) 5 ur:

A T(A)
2 Q)| < R"
A @)
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The continuily of F, and the fact that D has all w-colimits guarantee that G has all w-Colimits as well

The requirements of this definition seem to be very strong: for example, finite games do not come equipped with
orders on their strategy spaces; games like Cournot's, Bertrand's, or those reported in Milgrom and Roberts {1989, do come
equipped with orders, but their payofl functions are not monotonie with respect (o these orders; finally, strategic market
games like those in Dubey, Mas-Colell and Shubik (1980), Green (1984) or Khan and Sun (1990}, come equipped with
topologies oa their strategy spaces, and payolf functions continuous in these topologics, but it is not chear whether these
topokogies are compatible with some order structure on stralcgy spaces.

All of these games, however, can be faithfully embedded mto the category G considered in the present paper. Let
{B, ¥) be a game, not necessarnily in G, assume that for each beII[B), and each i=13, .., n, w(b) > — e Then, (B, v} can

be embedded in G as follows:

Step 1: Define Ay = B, u{i}, where i i an element that does not belong to any of the Bz
Step 2- Define an order on A, the fat order, by 3, < &, if 8, = 4 or 8,= &,

Step % Define u; MA) — B by

s {q{a} ac=II(E)
] B - i .

It is casy to show that (Au] belongs to G; notice that u is monotonic in the flat order, while it might not be monotonic with
respect 1odhe order that B originally carried (if any); similarly, u is continuous with respect to the flat aorder, while v might

be continuous with respect to the topology carried by B (if any), and this topology coubd very well be incompatible with any
order,
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3.4 The Catepory of Mechanizms M
Let Fy: DE x D = Dy be defined by
g F; (3R] = [(S) — A{IR]]], 5, ReDj

. FylAsAg)(f) = AT(Ag)elII(A3), fe Fy(S, R), 4§ = 8, 4 R = R* in D

W) >AT (R)
TI'('}: ) AT ()

rr(sﬂ—;ﬁ* (%, 30)0) AT(R)

The category M = Fib (F;) of mechanisms has objects all triples (5, R, £}, feF, (8, R), and morphisms (%, R, ) —= (5, R1,

Br) all triples (dg, dg, o), Ay 5 —= 87, Ap : R == K, in D§ and a: Fy (Ag, 4,00 — [ in FySe, Bry e,
ALI(A ) of+II(Ag) < f'

The continuity of Fy and the fact that DE x DE has all e-colimits guaraniee that M has all w-colimits &5 wel,

3.5 Preferences over Lotierics

Let Fy D * — D, Fz D® — D be defined by

FyX) = [X-R")
Fy0w) = uaf, weFyX), f: X'=X in D.

X = R

§ ﬁ@u“}
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F(X) = [A(D~R"
FN(w) = uoA(f) HEF(X), fi X=X in D

—

A(X) “ > R
XCIEPY)),

NCY

Baoth F; and F, are contravariant funciors when defined on D for example, if £ X —= X then F; (1) maps Fy (X)

into Fy (X} hence they are ordinary [unctors when defined on I¥¥, the opposite category of D.
Preferences over lolleries are then defined by a natural transformation 72 Fy — F,, ie a eollection of marphisms in

D, «rg Fy{X) = F, (X), XeD) >, such that if f: X — X then the following diagram commutes

X [-r] iz > (A~
¢ K@) Fo &)
L )~ 8]

Y DRl

Hence, for cach v X — B7,
(u)sA{f) = T lu)

This is simply a change-ofwvarizble formuls; to see this, suppose thet + i gencrated by expected utility axioms. Then
tylu)(p) = [qudp  and the naturality condition reduces to, for all ge A(Y)

T WA = tdusiia), ie.,
[udiaer™) = [ wendg
which is precisely the change-of-varisble formula in, say, p. 163 of Halmos (1950,
Wi will require two more coadilions on 7; the first is simply that ry{u) is an extension of uz X — " in the sense
that 7y{u) assigns io probability measures with unit mass on a point % in X the same utility assigned by v to % To express

this, let ex: X —= A(X} be the (Scott-conlinuous) map that assigns to each x in X the Dirac measure £2(x), defined by

27




xell

for each open U in X. Then, we reguire the foliowing diagram to commute for all X ia D, all ueF; (X)

X €x —a-ﬂ()()

& T,
R

This condition is trivially satisfied by expected utility.
The sccond requircment involves the (Soott-continuous) function gy A%X) — A(X) that reduces compound to

simple Ioiteries; if p e& %X, mip) ¢A(X) is defined by

pApil) = f[}dp . U openin X
A0

where U: 8(X) — & is given by U(g) = q{U), qe4(X). We require, then, that the fallowing diagram commutes:

(X » &) = > [A(x) >R"]
Ty ]

k) > R"] faw . L[f@ -]

e, that for each v X — " and each peA’(X)

28




T A PY) = T, AWD)P)

In words, a compound lottery peA(X) can be evaluated in two ways; the first way involves reducing p to a simple Iottery
ux(p) and then evaluating my(p) by extending u from X to A¢X); the second way involves evaluating p directly by exiending

relu) from A(X) to A*(X); both ways sssign 1o p the same vectar of utilitics,

3.6 The catepory % of solution concepts

A solution concept will assign to each game g a probability distribution on its aggregaie strategy space TP (g
formally, it will be a section o: G —+ Fib{AIIP,) of the functor ATIP;: G — Dg; let Sect (ATIF)) be the catepory of these
sections,

Mot every section will be considered a5 a legal solution concept; attention will be restricted 10 continuOus sections
that satisfy the weak revelation principle. Given the continuity of ATIP, and the fact that G has all w-olimits, continuity of

a section e means that if T: w —= G, T, = g, = (A, u,), T(n = n+1) = £ Bn — Bpeqs 18 @ Functor with colimir (g, 1), and

ifo(g) = (5. P). o (&) = (g then  p = v] ALLE0,)(p,).

Tor define solution concepts that satisfy the weak revelation principle, recall that the functor T: MxG — G assigns
10 each mechanism m = (S, R, [) and 10 cach game g = (A, u) a new game T(m, g) = (B, v), where B, = §x [R, = A] and
¥is, B) = Tqyu(u) (1(8)057; if (Ag, Agk m = m¥ and d: g — g, then (A, Az, Ax) T(m, g) ~ T(m*, g} is given by
T(As Az, AaM& B) = (As(s), Aa0003). Let o (T(m, g)) = (T(m, g), q), where qeA(TB); define 02 1 — A(I{A)) by
B(1) = g, (ACK))) i

1 > AT(g) e
e A (x) K
AT AN fu 8 ) T

[r{1) is the measure on A{TI{A)) induced by g; recall that k(s, &) = (06", Ak}v) = kov? for each veA(TI(B)}, and that

By reduces compound to simple Iotteries. Let me = (1, A, {*) be the direct mechanism on g = (A, u) that recommends
actions with the same probability that o predicts that actions will be wken in T(m, B). A solution concept o satshies the weak
revelalion principle if for all mechanisms m and games g, Pa(T(m?, g)) = i, The revelation principle proper would require

that P T{{m’, g) = id,, ie., that whenever o predicts that equilibrium actions in Tim, g} will induce a probability distribution
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g on the aggrepate strategy space of g, then a mechanism m* that recommends actions in g with probability ¢aw q ought 10
be obeyed with probability one.

The categoey £ of solution concepts s, then, the full subeategory of sect {ATIP,) that consists of continuous sections
of ATIP, satisfying the weak revelation principle,

As in Myerson (1982}, the weak revelalion principle implies that direct mechanisms suffice for coordination on any
game g. To show this, say that (S, R) «Dgx D is e-adequate for coordination on AeD{ if for any mechanism m = (X, Y,
h) and any payoff function u: O{A) — R° there exists a D-morphism EII[S) —= A(TI{R)) such that coordination on g = (A,
ujwith m = (X, Y, h) generates less equilibriom wtility, according 1o o, than coordination on g with me = (5, R, ). In other
words, if T(m, g) = (B, v), T(m', g) = (B*, v*), P, oT(m, g)) = p, P; T (m*, §)) = p*, then ryg (vKP) 5 7 (v/}(p*).
Theorem: The message-recommendation  spaces (1,A) are g-adequate for coordination on A, for all o€ Sect
(ATIP,) that satisfy the weak revelation principle, and all Ae D,
Proaf: Let m = (X, Y, h), u: T{A) —= R g=(Au),5=1R = A; we have to construct f: 1 = A(II[A)) such

that if m* = (1, A, f), T(m, g) = (B, ¥), T(m", g) = (B", ¥'), pr, o(T(m, g)) = p, pry o(T(m, g) = p', then

Tng(“}m‘} £ "]I;{"" ).

Define f by

T@® N —

" Ax) f
Fa

N AT —> 4T (»

ie, (1) = p, (A(NP))

By the weak revelation principle p* = Pr, o(T{m", g))} = id,. Then:

o




(W)Y 2
t“;{v'}l:x'dd} =

= y(id) =

. (oid ) =
= T, (WAL

At the same time,

Tum(V)E) =

T T (W ENE) =
oo (A R p)) =
T cARE) =
T R1)).
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(Monotonicity of 7 ga{v’))
(property of 7 on dirac measures)

{(definition of v*)

(definition of v)

(naturality of 7)

(property of v on compound lotteries)
{definition or f{1))

QED.



4. UNIVERSAL GAMES

The functor Ry DE = Dg is defined by R; (A) = AII(A) x[A] = A, and for each 2: A = A’ in D,
RiA) = AI{A)x(Aq - =&"). In words, it assigns to each vector of strategy spaces A the space of sirategies
that agent i can take to “change the rules” of the game: i can propose a (direct) mechanism in ATIA) and
adopt & deviation stragegy &: AT — A, Let R: DI - DJ be the functor R{A) = (R({A), ....R(4)), R(A) =
(Ry (A), . Bo(AD

The D-morphism £, I{R(A)) = A(I{A)) assigns to each vector (p, &) of strategies in I(R{A)) the
probability measure they induce on ATI(A): to calculate this measure, tuke esch p, € A(TI{A)) and find its
marginal p; € A(A); the product measure p;x..xp,;in A(A]) indicates the probability with which agent j will
receive recommendations in each Borel subset of AT; then, (pyx ..xp,)e5;" is a probability measure on A(A)
that indicates the probability that agent j will take actions in each Borel subset of A; given that agents play

{p, 6). Hence

L) = Dpyrap)d)

i5 the measure induced on A(II{A)) by (p, &). It is easy to show that E:TIR - ATl is a natural transformation.

The functor F: G -+ G assigns to each game g = (A, u) the game Fig) = (R{A), v), where

TR(A - R"

ATT (A)

To each morphism A: g~ g’ in G, F assigns F(A) = R{1). To verify that R (1) isa morphism in G, we have

to show that veIIR{1)* = v', given that u=Il{1)* = u'. To see this, consider ihe diagram
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>

RO —2—AT(A)_ o
Iy

3 TR () AT | > R"

™y i
.
n’.,.f.lF

The square commutes by the naturality of £; fo show that 1g,u")=AI{1) = . fa), nolice that,

A TIR(A) ——g“—'yﬁ'ﬂw
A DT> Bl (AT > 7]

. —oTIO) —o AT

N Te) > ] — (AT ) R

ie.for u' (AT = R,

T OAY = v AT 2}

The inequalities w=ll{A*) = u', A*=k = id imply u = w'<II(L); by the monotonicity of Ty,

T ) £ Ty, (w"TIEL)). (3}

By (2) and (3], mypaiud = gy (u”) =sAICA) To show v' = wollR( A¥) nolice that Lod% < id,’ implies
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v 2 velIR(A)oIR(L") = (def. of ¥7)

= 1y, du")ok ,TIR(A)IIR(L") = by (1)
= v, {u)eATI(R)ok TIR(L")2 by (1)}
2y, (u)eE dIR(L™) = (def. of v)
= wollR(A™).

Mext, we show that F is a continuous functor (this is the basic step in the construction of a universal
game). Notice that R is continuous, since its constitvent functors A, TI, x and = are all continuous; see the
appendix for A and Chapter 13 of Manes and Arbib for the rest. Let T: @ - G be a functor with colimit (g,
A let T, = g, = (A, u), g = (A, u), Fg,) = (R(A,), v,), F{g} = (R(A), v} and T(n = n+1) = A, =
Ay, It has to be shown that

o (R{AY), R{L)) is a colimit of the functor

R
ria) Wy Priay ... ana

sy o= ;ff,ﬂx,}(v,} - ;’Flﬂiu. Jv,).
m=l n=l

The first part is simply the definition of continuity of B. For the second part, first simplify notation

by setting Ex = Eam Ta = Tmams Toa = Tao and then recall that

Fif) ) < u,,p u = P%‘(il{u )
v, = tfuyel, v =g uei,

Nehy 8 Aygthoy VAol ~ id,,
-

&l

fo = Mmooy AoAL S idy Aged, = id,

Step 1: VFF(A)v,) éxists.
m=l

It suffices to show that, for each n, FyF(A (v.) = FiF(A, ,4)(v..) The proof will rest on the naturality
of &, £, and 7 and the naturality arguments that follow can be read off the following disgrams.
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fo TRA)——>ATA) A>T —> [aTi) >R
A M p =

BT AT —eTI) ~ o)

| —
A TRAY = AT [TAa) > RIS [ATA ) >R

FFG ), = {def of Fy, F)
= v JOIR(3,) = (def. of w))
= 1, fu e SRR ) {maturality of )
=1, (& SRR, ) {maturslity of £)
= T (AT, (TRAL, ) = {naturality of 7)
- (UL, HIR(AL,) < (progerty of u,)
= 7,08, 00, TIR(AL - [def. of v,
= v HRTAL) = (def. of Fy, F
= FFLA v 0 QED,

Step s wo= ;, ;'{';r_‘l:'un]dﬂ'ﬂfi;}adm",‘ju{"uﬂﬂfk;n
Bl @l

The proof will rest on the satusality of  and £ az expressed in the following diagrama

A Ty > Rl ———>[am () > &'
% —oT(OL) —o BT(%)

Awm (Tan »R] — =y [ATAL> R']

is




A"I

Ay

v
A

v =

Step 31 Ifn zmf, =f o ..o, then dosd, = fon.

TTRAY-

$a

TR

. 4

> ATT(Ay)

AT(L)

TR (A)

= yoid =

w;r{nxgz.n)«nnu;n =
;(umz{;rgnmz{ A =
mel

V]ET,.,EH} of yoTIR( A )<IIR( A7) =

V, Vo (T, “TI(AL)) o€ TIR( A )TIR(A,)) =
V Vo (7gue) TTACAL) o STIR(A )IIR(A)) =

V.V, (7, () TAGADTTA(A D ETIR(A)),

> ﬁ;‘ (A)

(TIR( 4. is & colimit matural transf.)

{continuity of w)

(def. of v}

(Property of u)
{naturality of )

(naturality of )

Recall that, by the naturality of J..J:. = l,:,lﬁln for each n. Then,
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fmnh;""l -'-f‘r.-l. ..1""{5"";“','" =
SRV Bt T N
= did..  ldk, =

O & IE

Henee, fehied, = Id; composing both sides with the monotosic funetion F Sy ol b S5 N

and therefore, A A, £ 17,
Step 4: 10 B = A = P, where P is a pasct, and ifh = VA, and if for each 2 € A there da b € B such that 0 =
b, thes b = VE. (V is the operation of taking the supremum of a set)

Siep 5: Set P = [IR(A} = R")

A= i.t“{ﬂnjﬂ‘ilﬁti.:}ﬂﬂﬁtl_}tﬁ_em:):mm.eui
B - {t_[i_'ll*{_“ﬂ.l'm:}: nEw}. -
= IFFL (v} newl
Then B = A <P and for each a € A there isb ¢ B such that a = b
Progfi Let 8 = 7o{u ) TTACAIA(ADE, TIREAD. I n = m, 8 = 7{u) £, TR{L) € B and there i nothing to

prove. If n 2> m, kel b = 70w) E..]]R{J.;_'IT]U.‘-I'I

a =
ol A NITACA )E TIR(L,) = (maturality of 7)
: s 1
= % S0 LA NE TIREAD ) s (LEy
istep 3
= o (i AT NE TIRA) =
{praperty of v,
s )6 R(A) = b g

The natarality arguments in the first bwo equalities can be read of the follewing commuting disgram

A, [TAy>R*] +—cF—> [ATTAL—> R"]
].Q: —o'ﬂ'{g:} _— dT(H:)
A A R F——=—[ATA > R"]

ar




A [TA> RN —— [amA~>R]
Tn.. l* o ~ o An(y)
A, [TA> R]—2 o [ATA > RY]

Ifn <m,seth=ry(u,) of,dR({A.). Then,

a = (naturality of £)
T, (W TA(R JATI(A DATI(ADNE, <

£ 1 (u JIA(ADE, =

(naturality of £)
=t ()ETIR(A) = b

The natorality arguments are read off the following diagram

A"\ Tri A'\ -Sh > b’ﬁﬁ“

o TR(Y ) . AR(2y)
A TRA 25 ATTA

¥ TRQN) ATT())
v 1' 5 3
An  TIRAm: = A lThe
Srep v o= E’:FIF{J-HV"}.

v = VA by step 2, and

VF,F\)(v,) = VB.
a=]

Hence, by steps 4 and 5, VA = VR.

We have shown the following
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Theorem 1@ F: G - G is continuous,
Recall that our objective is to construct, for each game g, a universal game X(g) that includes g, i.e.,

a colimit of the functor
Fli{
ng'(x}ﬁwgl" T(g)- 'j

The continuity of F will guarante that this colimit is a fixed point of F, i.e.,the universal game X(g); we still
have to determine the nature of the morphisms ¢, g — F(g). If g = (A, u), thea Fig) = (R(A), v); define
&y A = R(A) by é){a) = (1, d) where 1 is the bottom element of ATI(A) and i, A" A, is the function
“constant at &." It is easy to show that ¢jis in Dy, with sdjoint ¢, :R(A) —= A, defined by d (P &) = & (1)
where 1 is the bottom element of AJ. Let dt A = R(A) be <¢;, ...,¢}= to show that &, 2 =Flz) we need

to have u<ll($;) = v. Given that @, = ¢, < id, it suffices to show that u < veII(). For each aelI(A)

vl )(a) =

= v(dy(a,), ..4}a,) =

= v({(L, &), .., (1, &) =

T (e, &), o (L, 4 =

T du)eeg (@) = ula).

(Recall that eg, (a) is the Dirac messure concentrated on a, and that u and T () agree on Dirac
measures). Hence @, g== Flg) is 2 morphism in G. In fact ¢: [ = F is a natural transformation, since for each

A: g -+ 2" the following diagram commutes #
1

A > R(A)

) R(})

Do
A’ => R(A')

For each agA,
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R(d)d la) = R(L)(1, ) = (ALNA)(L), Aadeh™) = (1, Alal) = G (Ala)).

Theorem 2: For each g €0, there is a game X(g) in g that is the colimit object of the functor

E‘?’FKR} FF)F Yg) .

and satisfies X(g) = F(X(g)). X(g) is the universal pame generated by g; it is unique up to isomorphism.
Proof: F is continuous, G has all w-colimits and for each g there is a morphism & g —= F(g). Then, the
theorem follows by (a simple corollary of) theorem 28 in the companion paper, or by the consltruction in p.
766-767 of Smyth and Plotkin (1982).

Remark. The operation g — X(g) can be extendad (uniquely) to morphisms p: g = g% let A, A" be the
colimiting natural transformations corresponding to g, g respectively, and let ¢ = g, ¢' = &, . Then the

following diagram commutes

X (3)

, / 2,
3 _—'_'_v;__’ F (3) F@-’ r Ft (9)—‘5(? .

X

f [3’)&* £ (9') ﬁ(;ﬁ? -

af_ﬁf_p

X 2"

X(¥)

end 50 there is a unique morphism, call it
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X(p): X(g) = X(g") such thar X(plod, = AloF'(p) for all 1 = o.
In fact, by theorems 21 (and 29) in Vassilakis (1990), due to Lehmann and Smyth (1981), X

continuous functor.
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5, Coordination - Proof Solution Concepts
For each game g, there is a D-morphism y(gh: ATIPX(g) = AIIP,(g) that projects probability measures
on the aggregate sirategy space of the universal game X(g) generated by g, to probability measures on
the aggregate strategy space of g itself; y(g) will be defined by exploiting the colimit property of X(g).
First, define morphisms, e(g): TIPF'(g) - AIIP,(g) as follows: e(g) is the morphism assigning

to each element in IIP,(g) the probability measure concentrated on this element; eyg) =

(recall that P,F = R); for t = 2, e(g) is defined by the following diagram.

S

TRE(3) LILSUBY YT

£, (3) A(5,.(9))

ATTE (3) . RTE(9)

l‘:”t('a]

In words, efg) assigns to each aggrepate strategy vector in the t-level game generated by g the
probability measure on the appregate stratepy space of g induced by this strategy vector.
Let g = (Awu) (Pig = A) and let ¢, denote the morphism ¢,:g —+ Fig); recall that d,:A = R(A)

= PF(g). Let A:F'g) = X(g) t = 0, be the colimit natural transformation associaied with the
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definition of X(g) as a colimit. Censider the follvwing diagram

ATTE X (9)
AT
A2 ",

@) (2) (3)

m fila 2 NF‘,‘
ATIR (8)2"% y ATTEF(9) 212% 8 » ATIRF(9)S".

Ae.(3) Ae (9) H(s) Ae, (3
U..'} ||I' 2’ Li)

NUIAE) ATTE(8) &Trﬁ(s)

The top pancle (1), (2), (3)... commute because 1 is natural, ie. because X, 0 Fig.)= 4, t=0. The
hottom panels (1) (2°) (3')...commute by the definitions of £ and . The continuity of the functor ATTR,
implics that ATIP,A, 1 = o, is also & colimit nafural transformation.  Then, the commutativity of the
panels (1°) {2')...and the definition of & colimil imply that there is & uniquee ¥ig) in D such that, For

all t = o,

43



gl ATIA) = pps 0 & (&g

The next step iz to show that, for each t=o

t
T F
>
G L& D
i
ATTP,
is a natural transformation. b is clear thai g, (the Dirac measures) and € (the E-morphisms) ane

indeed natural. For the induction step, suppose € i natusal; let vig— g' in G. Then we nesd 1o shiw
that ATTPy(v)o €.,(g) = €.} o [IPFY).

To see this, let
E; - ‘E]],pl”{.l E‘:: - E]1=r3|g|'|i B = “'l]'_lﬁu'll o J"ILI;Q"'

Then the following diagram commutes, by the naturality of £, g, and e, and the definition of &, '

Tl'ﬁ'Ft{ﬁ) TRF'W ., IR FY9)
JE} 9 ) / lﬁ..iﬂ?

ATTE(9) o ATE(S)
f \3 ;o 3

ATTR Ft(g) -TE"®)_y Amppt(a)

QTR » TR (¥

'('3) TP (v)

9 — g




‘Thea

ATIE ) @ 800g) = {definitivn of e, )

ATTP(v) o podelg) o §, = (maturality of p)

= u'o ATIP(V) o Am(giok, = (msturality of &)
= p'n A&(g") o AlIPFi) o & = (maturality of )
= plodelz ol oflpF'v) = {definition of &)
= &gl TIFF(¥),

Mext, we show that

ATTRX
G Y D

AT

is a natoral transformation, i.e. that For each vig—= g’ in O, the following hobds:
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yig') cAllR X v} =ALLR, (vioy () .

To see this, consider the following diagram:

A €.(3) 4 lt._,"i"{'l' {0)

DTTRFE(s)

Ame Ft (v

AT (3)
ATPX (9) &

[
» ATIEG)

ATTRX ()

e

+ AT 0}

ATpye e

AT (2%) J
| L ]
? '
ATPF{3) . &TTRG
; ey &)
where the shorthand notations, u, f, have the same meaning o5 before, and A: Fig) - X(g), 1
Fig’) —= X{g", t = o, are the colimit natural transformations corresponding 1o g and g, respectively.
Then:
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giy) oAllp X (v) oAl {1,) ={definition of Xiv))
=iy VoAl (1) oAllE F *(v) =(definirion of ¥i{g")
=p'ode, lg') AR, F " (v) = (naturalityof e,)
=p'eAMIP, (v) cAe, (g) = (naturality of p)
sAlP, (viopode,(g) ={definition of y)
=AllE, (vl oy (g) oAl (M.}, for all e:e.
Then, by the joint surjectivity of colimit natural transformations (proven in appendix 2,
y(g o AIIPX(v) = AIIP(v) o yig).
Recall that if o(g) = (g.p), we write Pie(g) = g,P; ofg) = p. We now define the functor ¥:Z—=
|G = Fib{ AIIP,)] as follows: for each aeL, P(o) is a functor; on objects it is defined by Fiagh
= lg, vt@)(Pw0X(g) V), geG.
On morphisms v: g = g', we define T{a)(vi: Tlolg) - Flog") by Flolv) = (v, a), o
ﬂnpl(ﬂf‘l"f&)fqﬂ -+ ylg'hg"), where Puo(Xig)) = g, Pwo(X(g")) =q'. We now show that such an

o exists, i.e., that ATIP,(v) (yi{gdah) = yig"Mg"). To see this, consult the following diagram

1
1 i

<

ATIEX (9) AEX® . ATIPX(S)

1@ ¥(§)
ﬁnﬁ(ﬂ} ATT oW LATTP(9)

3 v al

The square commutes by the naturality of y, while the inequality of the triangle, AIIPX(v)(q) = q',
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follows from the fact that o:G — Fib{ AIIP,) is a section of AIIP;: for then a(X(v)) = (X(v), B): (Xi{v),
Q) = ((2"), q") in Fib( ATIP,), and by the definition of morphisms in catepories of fibrations,
B: ATIEX(V(g) =~ g, i.e.
ATIPX(v)(g) =q'. Then,
ATIP,(v)¥(2)(q) = (square)
= y(g)ATIPX(v)(q) < (triangle)
= ylg'Mq')

To complete the definition of ¥, let 'F assign to each morphism B: ¢ = ¢° in T the natural
transformation  "F(0): T(e) = Fie') defined by F(0) = foX, i.e.

F(l)(g) = BOX(g)): Fadg) = FioMg)-

It is easy to verify that ¥ is a funcior, ie. it preserves composition and identity.

Recall that we are looking for a solution concept o that satisfies ¢ ~ P(o). To do this, we need
to show that ¥ maps I into E, i.e. that if ceL then ¥(o) is continuous and satisfies the weak revelation
principle; that L has all w-colimits and that ¥ preserves them; and that, for some ek, there is 3
morphism B: ¢ = F(g) in L. Then we can apply the fixed point theorem to obtain coordination-proof
solution concepts.

Lemma I: For each oeE, ¥(o):G = Fib{ AIIP,) is continuous,

Prooft Let Tiw = G be a functor with colimit (g,A). We need to show that (Fiolg), FloWA)) isa
colimit of F{e)oT. To see what this means, let T, = g, = (A,u), g = (A, u), Tin = n+1) = g, =
Bnets Apila = 2-

Then the following are colimit natural transformations (oeL is continuous)
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S (9)

/ o(2,)
= (fo) o (£)

o(8) —=2v o(8) =, o(q)"*

Mow consider the following diagram




Y @ (9)

Ye)a) & l)\i"(ﬁd Y@10,)

Y@)(9.) ‘f(crl 8) — T Y©) (§)>-

(A, 2)

(S P)

The top trangles comemute because A is natural; the bottom trisngles commute hecauss (4, B
Flodg.) = (g". Pl n = o, is taken to be an arbitrary natural transformation in Fib{ ATIP1). We have
to show that there is @ wnique  morphism {f.'1 b Fiedigd = (g’ p" sech thw for all n 20,
{f,l‘.lu‘l"{u}{ A = (A, B To show this, we need the following notation: o(g) = (g.. po), olg) = (g,
Pl o(Xlg) = (Xig), b (X2} = (Xigh @), Fiohig) = (g, vigMadh Fiedig) = (g yizdig,
o(d) = (A, aa), ot AIIP(A) (po) = p. WioH A,) = (4. By,

f: ATIP, () (vlga a0 —= wightad, FlodE) = (F, 8, By ATIP (0 yig M)} = ¥ige, )(Qua). Then,
{f-l} oF (e} A,) = ff,lin{ Lo B)=(fod,, W oATIP(fA, 1.

The existence and uniqueness of f follows direcily from the following disgram, recalling that (g,4)
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is a colimity

\\

To show that 1:::‘515. it suffices to show that ATIP(D)(y(g)(q)) = p’; for this, we will need the

¥(3d)

aaaaaa lity squares of y

9 ATIRX (3)

* ATTR(9)
- ATTEX() ATTR(f)

9" ATTP X (9) , ATT P
RX (S, V3  (9)
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¥(3)

9’ ATEX(9) ATTR (9)

Y, ATEX(X) ame, (2.)

-

9, ATIE X (3.) — Y83, ATTR(8.)

and the (in) equalities:

q = VAIRXIL) (0. (1)

£ E;u.:.»n.:u (2)

ALLR, [Ag) © i {3)
ydg) (Y (g) tg)) s p's all oz a.

To prove equation (1), we write (X(g), qi=e(Xigl = ofX(colim gJd = colim o X{g))=colim
(Xlgd g,

Then, the form of colimits i Fib{ ATIP,) direclly implies (1); notice (ke | use of o

of o and X in the argument.

To prove equabion (1), recall thet A s & colimil nsboral transformstion  and  therefore

:a‘u,:.;n - id; then f = fo id, = fa(V{Ao3)) = V{foR,odl) = V{Aiody), where

we have used ibe continuity of Fand the fact that fod, = A, the defining property of f.

Finally, (¥) follows dirsctly from the fact that (L. 8.0 Flodg) -+ (g%, p) in Fib{ATIP); the
form of morphisms in this category implies that  B-ATIPGA W igMa.0) —= p°, which is equivalent to
3.

We can now prove that |l exista:
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Allp, (£} (yig) {g) =
=y (g} AP, X(£) () =

=y (g') <ATIP, X(V, (ALeA2) (V,ALIP,X(A,) g,) )

—w {g') ALLE X (ALAA,) @,

=Wy (g') ATIR, (X) (Al lg,) =

=VAIIR, (AL) oy (g,) (@,) <

s p'.

(naturality of ¥y)

({1} and (2))

(naturality of y)

by (3)

The reduction of the double to a single supremum in step 4 above is identical to steps 4 and 5

in the proof of the continuity of F in section 4, and is omitted here.

Lenuna 2: For each gel, o < ¥(o).

FProof: We need to show that for any game g, o(g) = FPlo)(g).

Let o(g) = (g.p), o(X(g)) = (X(g), q); then it has to be shown that p = vighg). Recall that (X(g), 1)

is 2 colimit of the functor

and that o is a continuous functor; then if g, = P.o(F'(g)), t = 0, wehave g = j’nﬂﬂi‘;f-‘-,i (g, ,and

in particular, g, = p. Henee

Yig) (g} =

= V(y(g)eAllE, (3,)) (g,) =
k=l

. :Vu (pmcAe lg)) (g, =

P

1]

go = P-

Lemma 1t

pm{‘iﬁ €.lg) (q,)) 2

B (A6 (g) (@) ) =

For each geL, F(o) satisfies the weak revelation principle.
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(Bms = Asdg) = idy,)



Proofi Let m = (S, R, ) be a mechanism, g = (A, u) be a game, P,¥(o}(T(m, g)) = s and m" = (1

. — ATB

A, F) 4
lf A)

ATA<—1% AWA*

It has to be shown that

P.F(e)(T(m ", g)) = id,.
Let P,a(T(m, g)) = p, P2oXT(m, g) = q; then by definition, s = ¥(T(m, g))(q) and by lemma 2 :
(1) sz2p

Let m®™ = (1, A, (ps o AKN(p); by the weak revelation principle for o,

{2) PoT(m", g) 2 id,

By (1)
(3)  (pao AME) = (ka0 AP
By (3) and the definitions of m', m® there is & morphism in M
9  (d, id,, @) m"— m'
Hence, there is a morphism in M x G
(3)  (idy, idy, o, id)(m", g) = (m’, g)
By the functoriality of o, T:
(6)  oT{idy, 1d,, o, id): oT{m",g) = oT(m’, g)
By (6)
(7 PwT(m", g) =P, oT(m’, g)
By (2) and (7}
(8 PpaTim’, g) =id,

By lemma (2},
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(# P, ¥()T(m’, g)) =P, oT(m"', g)
By (9) and (8)
(10) PP(e)T(m’,g) =id, QED
Lemma 4: E has all w-colimits
Let H: w — E be a functor, with H(t) = o, ¢ L and H(t = t+1) = o 0, = 0, i.0.,0, = Ty

for all t. Define g L and A: H - s as follows

®olg) = (g, VBo,.(g9));
:-l

the supremum exists becasse o, (g) = o, (g) for all t, g.

eIf f: g~ g',alP) = (B,B) where 8:AIIE (B) ( E:p,a,{gn 4 :;; B0, lg")
s =

®L.: 6, - 0 exists because for each g, o,.lg) s oig)

To see that O exists, note that as B: g — g’ and o2 G — Fib (AIIP) is a functor, o, (B): o(z)

7, (g") is a morphism in Fib (ATIP)

AP (B) (PO lg)) £ Po, (g’

taking suprema on both sides and exploiting the continuity of ATIP,(B)
ATIE (B ( ;';qutl{g}‘.l 5 ;i:;P,ﬂt[g’L i.e., B exists.
L= -

By the form colimits take in Seet (ATIP,), (7, 1) iz a colimit of H. To check whether o G = Fib
(AIIPy) is continuous, let K: @ = G be a functor with colimit (g, £); it is shown that (ofg), o(E)) isa

colimit of g<K. It suffices to show that P, afg) =

= ;;nﬂplfuffn} ) (Polg,)), or.

equivalently, that
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EE';PJ.:{Q".I = n':'; :;MIP,,{E,] (Fo.lg,))
By the continuity of each o,
Po,(g) = f«;anme:,} (Py0,(g,))

Taking suprema over t on both sides yields the desired equality, Finally to show that o satisfies
the weak revelation principle, let m = (X, Y, h) be a mechanism, g = (A, u) & game, P, o(T(m, g =
q ' = pa A(KNQ) and m" = (1, A, F). It has to be shown that P, o{T(m’, g)) = id,. To see this let

q =N m{T(II'I. E}]r f|: = Ha -ﬁfk}(ﬁld'- “': - {lr A, fl} Then

(1lg. £ g = ... because g, s 0, s
(2)g = ;'q
pag " {definition of o)

(3)m' = ;'m;
E=i
Equation (3) follows from the fact that q, <q,,, <...=<qimplies f =f_, = . = f and the
form of colimits in M. Finally
(4)  PpofT(m, g) =id, {weak revelation principle).

We can now write

Por(T(m ', gh)= (definition of o)

E:;;Paﬂr”fm’r g =

(by (3}
& Y f =
:':';.'::Paﬂt{T':m;i ETH
- tT:‘;on,tTlmL gl) = {by (4))

z id,.(ED.

The third step, a reduction of a double to a single supremum, is done in the same way as steps
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4 and 5 in the proof of continuity of F in section 4.
Lemma 51 T:IE—+L isa conlinnous functor.

Proof by lemmas 1 and 3 P(g) is in T for each oeL; to show ¥ is continuous, it suffices to show that

if Hiw —= L isa functor with colimit (a,1), then (o), F(A)) is a colimit of ToH, By lemma 4, if H(t)

= g, we have g, =g, for all t and Paolg) = EE;qutfg] ; and we need to show that P,%{s)

< P,¥(s.) and that B¥(a) (g) = VP,¥(a,) (g) In fact,
(41 ]

B, ¥(o)=v(g)(Pwo(X(g)) =

< v(ghPyo, (X(g)) = P,¥(a,,)) and P,¥(o)(z) = y(g}P.o(X(g)) =

=y (g ;—'an:rctzl[g}} o
i

= Vyig) (Po,(X(g)) =

Ewd

=tT:-;P,T (a,) (g).

The main theorem of this section can now be stated
Theorem I: for each oeL, there is a coordination-proof solution concept 7 = ¥() obtained by

8= V¥, (o)
E=0

Froof: By lemma 3, 0 sF(0): by lemma 5,0 =F(0) = ¥} <... hence 8= v (a) exists, Then,
-8

[+

Fio) =

¥ Ef?t:u}} . (continuity of F)
Ew=d

= V(PH1{0)) = V¥(g) = 5.
=0

L=0

It is suggestive to say that ¢ is completed into a coordination-proof solution concept ‘m hy the

process described in theorem 1.
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The prediction q = P, ¢(X(g)) of a solution concept o on the universal game X(g) generated by
& game g is also a (probabilistic) prediction on F(X{g))=Xig), the game whose strategy space include
all mechanisms on X(g). This prediction defines {stochastically) equilibrium institutions, and equilibrium

strategies of players in these institutions.
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6. Conclusions

What has been accomplished in the present paper? To answer this, recall a statement of Kreps ({1990,
. 388): "The ground rules in noncooperative game theory are that the description of the game should include
all relevant opportunities for the players.” The introduction demonstrated why in general the attempt 1o
capture all relevant opportunitics will lead to an infinite regress; section 2 that it is impossible to resolve this
infinite regress in the category of seis; and section 4 that the infinite regress is resolved in the catepory of
domains and Scott-continuous functions: "all the relevant opportunities” are captured by universal games, and
universal games are fixed points of the functor whose iterations generate the infinite regress.

Secondly, section 5 has demonstrated the possibility of constructing solution concepts whose
predictions are oulcomes immune o successful attempis to coordinate, where "success™ is defined by the
solution concept {tsell,

Thirdly, the last paragraph of section § has described how to define equilibrium institutions, if we
acceplt the identification of institutions with mechanisms. This is the most interesting, and least developed,
theme of the paper.

Fourthly, the whole paper is an example of applications of categorical techniques to economics, and
hopefully an indication of their vsefulness and refevance. These technigques were useful both in the formulation
of problems (try thinking about infinite regress without bringing in functorial fixed poinis) and in the proofs
of theorems (there is 2 naturality argument, and a commutative diagram, in almost every page of sections 4
and 5).

The research reported in the previous sections is still in its infancy. The lack of interesting examples
is particularly vexing: the only coordination-proof solution concept I can concretely describe ai this moment
is the trivial one that assigns unit mass o the bottom element of each game. This shortcoming can be
overcome by further research. To explain this, recall that the theory provides an algorithm that will take any
admissible solution concept o € £ and transform it into a coordination-proof solution concept & €X
(Theorem 5.1). The fact that each o in £ is restricied 1o be single-valued implies that no existing solution

concept can be utilized as an initial value in the algorithm that constructs coordination-proof solution
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concepts; the Harsanyi-Selten theory might suggest itself at this point, but recall that it applies 1o finile games,
while we need single-valued predictions for g and X(g): even if g is finite, X(g) is not.
How can further rescarch overcome this problem? A possible answer proceeds along the following

lines. First, extend the methods of the present paper to multivalued solution concepls; the main difficulty here

is technical, namely the construction of a continuous power sel funclor so that the fixed-point constructions
go through. An appropriate adaptation of powerdomains, a concept developed for compuler science purposes
by Plotkin (1976) might resolve this difficulty. Secondly, apply the (extended) methods twice: once to refine
multivalued solution concepts "as much as possible,” and a second time to render them coordination-praof,
(Refinements result from allowing agents 1o propose mechanisms that recommend which equilibrium is to be
played, mechanisms that recommend which mechanisms to propose, ... etc.) This second step will define an
algorithm ¢ whose inputs and outpuis are solution concepts, similar to the one constructed by Theorem 5.1,

Finally, define the initial point of the algorithm to be your favorite solution concept o, and let the

algorithm compuie beginning from o: the outcome of the computation will be a solution concept

-

8 = V§'(e) which is coordination-proof in a double sense: all possible attempts 1o refine, and move away
1<l

from inefficient, equilibria will have been taken into account by the process of step 2; in addition, your favorite
concept of self-enforcement will have been taken into account by the initial point a. Intcresting examples can
then be constructed by choosing the game g of interest and the initial solution concept o. All this is will be
developed in a sequel to the present paper.

Current work in progress that involves functorial fixed poinigis Brown (1989) on the problem of
defining statements of the form "knowledge operators are common knowled ge;” Boylan (1990) on the problem
of learning how to learn; and Alamedding (1991) on Gauthier's bargaining approach to social choice. Recent

work related to universal games is in Lagunoff (1588).
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Appendix 1

Theorem: The probability functor A Dy — Dy Is continuous, ie., it preserves w-colimils. The proof will
proceed in several sleps.

Step 1: If 6 X — Y is an embedding, and if U is a Scou-open subset of Y, then

i ey
Froaf: ye () (U) =
(o Hel =
yell
The last step follows fom two facts:
(L)) = ¥ (definition of (), and
xell, x = y imply yeU (U is Seoit open)

Siep 2 1f £ X — Y is an embedding, then so0 i A(f): A(X) = A(Y); hence, A maps Dy into Dy

Proof: Tt is shown that A(f) is an adjoint of A(f), i.e., that

Af Al = id, g (1
A=Al = idyy (2
(1) follows from the Eact that A is a funcror:
A=Al =

= A"y} =
= ﬂ{ﬂ} -

“”m-

Ta establish (2}, it suffices to show that for cach peA(Y) and each Scott open subset Ual'Y,

[}




AP AL NP < p(U). In fact,
ADAGI)) =
= AGRFYp(L)) =

= p((™) (V) < (stepl)
= p(t).-

We now show that A preserves w-colimits, i.e., that if T: w — Dy is a functor with colimit (X, 1), then

the composite functor A«T has colimit (A{X), A(A)): it suffices to show that

A(A)A(A]) £ A(R, JeA(AL), all A

(3)

VAG JHA) = idy. (4)

&=

To fix ideas, consider the following diagram: h{:\:‘)
A(X) a¢ A Atr"")
2o 4cqs [ Ao
Finally, recall that the fact that & is a colimit natural 1runsfurmalinng§)p][es

Aodg s A okny  , allm (5)
V(A0 = i (6)
l-d{ " ;} “fr

Step 3: 1f U is a Scout-open subset of X and U, = (A, = A" (U), then forall m: U, ¢ U,,, and U, ¢ U.
Froaf:
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yeU =

(A AWl =

ey *hy JOYET =

ye U, +Hence, U cU ..

yel =

(A A U = (A oA, < id;U is Scott-open)
yell Henecel c UV

Step 4: Under the notation of step 3,

e

Proof: 1 xeU, then  x = .rja,-:.;(x:, by (6). But U is Scott-open; hence, there is some n such that A, -
AL (x) € U, ie., xe U, QED.
Step 5: (3) holds true.
FProaf: Let p € A(X), U a Scoti-open subset of X. Then

A JARIPNL) =

A(d A )P)U) =

PR A W) =

plll) = step(3)

P(U,.) =

= (L, AGL(P)U).  QED.

Step 6: (4) holds true.




(VAR AAED) =
nll
f_;mu,»l::cpm: -

- P AN
.]'_';(F{H. 13 (o

- V) - (steps 3 and 4)
- ). QED.
Appendix 2

Theorem: Let (X, &) be a colimit of the functor T: w == K, where K is an arbitrary category. Then A is jointly
surjective, i.e., if fand g are morphisms in K such that for all n fed, = ged,, then f=g,

Proof: Let [, g2 X - Y be morphisms in K, and let A; T, = Y be defined by

foh, = 4] = ged_

Then, A"t T — Y is a natural transformation; hence, by the definition of colimits, there is a unigue morphism

h: X = ¥ such that hed, = A’ for all n; but then [ = h and g=hie, f=g
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