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Abstract

We adapt the core concept to deal with economies in which trade
in assets takes place at period 1, uncertainty about asset payoffs is
released at period 2, and agents trade in commodities afterwards. We
define the weak sequential core as the set of allocations that are stable
against coalitional deviations ex ante, and moreover cannot be im-
proved upon by any coalition once the uncertainty is being released.
We restrict ourselves to credible deviations, i.e. coalitional deviations
at period 1 that cannot be counterblocked by some subcoalition at
period 2. We study the relationship of the resulting core concept with
other sequential core concepts, give sufficient conditions under which
the weak sequential core is non-empty, but show that it is possible to
give reasonable examples where it is empty.
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1 Introduction

One of the central questions in the theory on resource allocation is
which distributions are to be regarded as self-enforcing, or stable.
There seems to exist a large consensus on a necessary condition for
stable allocations, namely that no coalition should be able to improve
upon it by gathering and redistributing its resources among the coali-
tion members, without using the resources of others. The latter prop-
erty is referred to as the core condition. While this property may have
an unambiguous meaning in purely static contexts, it is not obvious,
a-priori, how to formalize the principle in situations where there is ini-
tial uncertainty about some parameters of the economy, to be released
at later stages. The reason is that a coalition, which ex-ante has no
incentive to block a given allocation since it cannot improve upon it
in expected terms, may object against it once the state of nature is
revealed. A similar argument may be made when the distribution of
resources takes place at various points in time, instead of once at the
initial stage.

It thus seems necessary to refine the “classical” core concept for the
above mentioned situations, requiring an allocation not only to be sta-
ble at the beginning, but in addition to remain stable against possible
deviations once the uncertainty is released, or once the dynamic coop-
eration process is under way. Such sequential core concepts have been
investigated by Gale (1978), Becker and Chakrabarti (1995), Repullo
(1988), and Koutsougeras (1998) for specific economic environments,
whereas Kranich, Perea and Peters (2001) propose two core concepts
for situations where agents face a finite sequence of transferable utility
games: the strong sequential core and the weak sequential core.

Predtetchinski, Herings and Peters (2001) apply an appropriately
adapted version of the strong sequential core to two-stage economies
in which trade in assets takes place at period zero and trade in com-
modities at period one. The payoff to each asset is uncertain at pe-
riod zero, but is revealed before trade in commodities takes place.
The idea in the strong sequential core concept is to select those state
contingent allocations which are stable against coalitional deviations
ex-ante, and moreover cannot be improved upon by any coalition once
the uncertainty is being released. It may be the case, however, that
the deviation by a coalition that promised improvement in the ex ante
terms, can in turn be improved upon by some sub—coalition once the
true state of nature is known. In this case, it could be argued that the



coalitional deviation at hand is not “credible” since it may be coun-
terblocked by some subcoalition. By imposing the weaker restriction
that state contingent allocations should be robust solely against “cred-
ible” deviations, the concept of the weak sequential core is obtained,
which is the subject of study in the present paper.

For static cooperative situations, it is known that the restriction
to credible deviations by coalitions does not alter the definition of the
core: an allocation can be blocked by some coalitional deviation if
and only if it can be blocked by a credible coalitional deviation (see
Ray, 1989). Kranich, Perea and Peters (2001) show, however, that
this restriction becomes relevant if one turns to dynamic cooperative
environments. As will become clear in this paper, the focus on credible
deviations is crucial as well for our context of two-stage economies.
Consequently, the weak sequential core for such economies is in general
a strict superset of the strong sequential core.

The concept of the Two-Stage core, due to Koutsougeras (1998),
is obtained under the assumption that if a deviation occurs before the
true state of nature is known, no exchange can take place within the
deviating coalition once the state has been revealed. Whenever some
weak conditions are satisfied, the weak sequential core is a subset of
the two-stage core.

In Predtetchinski, Herings and Peters (2001), it is shown that the
strong sequential core is empty for a large family of economies. In
fact, generic emptiness is shown in the setting of a finance economy,
when asset markets are not complete. Moreover, an example of the
economy with multiple consumption goods is reported, where an asset
structure satisfies a very strong condition of completeness, and yet the
strong sequential core is empty.

In contrast, the weak sequential core has been shown to be non—
empty in a number of important special cases. One instance is the
finance economy, where the weak sequential core coincides with the
two—stage core. Whenever a complete set of state—contingent contracts
is available for trade, co—existence of the weak sequential core, strong
sequential core, and the two—stage core holds. Finally, we prove that
the weak sequential core is non—empty for economies with two agents.

Surprisingly, we give an example with three agents and no assets
where the weak sequential core fails to exist. For the case of the
strong sequential core, it was easily seen that it is weakly increasing
in the number of assets. This property no longer applies, though,
for the weak sequential core. In fact, we demonstrate that the weak



sequential core may be non—empty in an economy with no assets, while
becoming empty after introducing a single asset in this economy.

The outline of the paper is as follows. In Section 2 the model is
described. In Section 3 the concept of the weak sequential core is
introduced and is compared to the concepts of the strong sequential
core and the two—stage core. Some special cases are considered in
Section 4. Section 5 introduces an NTU-game associated with the
two—period economy. Section 6 contains examples.

2 The Model

We consider an economy with two time periods (¢ = 0, ¢ = 1) and
uncertainty concerning the state of nature in period 1. We assume
that for each state s in the set S = {1,...,S} probability p; > 0 of
occurrence is objectively known.

There is a set N = {1,... ,n} of agents. Agents trade in J assets
in period 0 and, conditional on the realization of the state of nature s,
in L commodities in period 1. In state of nature s € S, agent 7 has a
consumption set X! C R The ex—ante consumption set of agent i is
given by X' = [],.q Xi. We write X = [,. v X’. Anagent i is further
characterized by his vector of initial endowments in state of nature s,
w’ € X!, and his elementary (Bernoulli) utility function u% : X s R.
Agents are expected utility maximizers, with v’ : X? — R the expected
utility function defined by v'(z) = 3, ¢ psul (z?).

The matrix of asset payoffs is given by the SL x J matrix A.
Generic entry A7, of the matrix A specifies the quantity of commodity
| paid by asset j’in state of nature s.

These components together define our economy, denoted by £. The
institutional set-up of the economy is as follows.

1. In period 0, trade in assets takes place. Alternatively, one may
think of these trades taking the form of state-contingent con-
tracts. There is no endowment and therefore no consumption in
period t = 0.

2. Nature randomly chooses the state of nature. The execution of

asset contracts takes place and results in an allocation z.

3. In period 1, trade in commodities takes place. Agents treat
allocation z as their initial endowments. Trade in commodities
results in an allocation y of commodities, which is consumed.



Notice that the institutional setting is one of dynamic exchange with-
out the formation of prices. Our analysis is therefore complementary
to the extensive literature on constrained suboptimality of compet-
itive equilibria when asset markets are incomplete (see for instance
Geanakoplos and Polemarchakis, 1986).

An important role in our analysis is played by the sets

A(M) = {x € HieM Xi‘ ZiEM zt = ZieM W',
' —w' € (A), Vie M},

where M C N is a coalition of agents, and (A) denotes the linear space
spanned by the columns of A, i.e., the span of A. Allocations in the
set A(M) are regarded as A—feasible for the coalition M. These are
those allocations that can be achieved by trade in assets in period 0
within the coalition M. If there are no assets, then we define A(M) =
{ (wi)z‘eM } .

Any A-feasible allocation z € A(M) gives rise to exactly S ex
post sub—economies E(z, M), one in each of the possible states of na-
ture s € S, following the resolution of uncertainty. The sub—economy
associated with the state of nature s has a set of agents M, commod-
ity space RL, consumption sets Xg, utility functions ui, and initial
endowments z’. Formally,

55(ZE,M) =& (M,RL, <X;, ui xé)zeM) .

S

The classical core of the economy E(z, M) is denoted by C(Es(x, M)),
hence

C(Es(w, M) ={ ys € [Lienr Xi | Xiem Vs = i T
there are no @ C M and y; € [[;q X! such that
ZieQ 7. = ZieQ 2l and ul(yl) < ul(y!) for all i € Q}
forallse€ S, M C N, and z € A(M).

3 Three concepts of the sequential core

In this section we compare the concept of the weak sequential core to
that of the strong sequential core and of the two-stage core. We start
with the definition of the weak sequential core.

Definition 1 An allocation 7§ is an element of the weak sequential

core of the economy &, denoted WSC(E), if



1. there exists an T € A(N) such that y, € C(E5(Z,N)) for all
s €S,

2. there do not exist M C N, y € [[icp X, and z € A(M) such
that

ys € C(Es(x, M) for all s € S
vi(y") > v (') for all i € M.

Part one of the definition is the requirement that the allocation 7 be
robust against the deviations that can potentially take place at period
one, after the true state of nature has been revealed. Part two of the
definition is the requirement that the allocation § be robust against
all credible deviations at period zero, before the true state of nature
is known.

The three concepts of the sequential core — weak sequential core,
strong sequential core and two-stage core — agree on the meaning of
the improvement by a coalition at period one. Since agents face no
uncertainty and no prospects of future consumption at period one, the
classical definition of an improving coalition seems to be appropriate,
with the initial positions of coalitions being determined by the alloca-
tion . This results in the requirement that y, be in the classical core
of the economy E,(Z, N), for all the states s € S.

The situation differs as we turn to period zero. It is not obvi-
ous which deviations should be taken into account, and which not.
Whence, a discrepancy between the three concepts of the sequential
core as to the definition of an improvement by a coalition for period
zero. The idea in the weak sequential core is to focus on credible
deviations.

Suppose that a coalition M considers to deviate at period zero to
allocation y, which is preferred, in expected terms, to allocation § by
all the members of M. In general, there may be counter-deviations
from y by sub-coalitions of M once the true state of nature is known.
Coalition M, however, might redistribute assets among its members at
period zero in such a way that, given this redistribution, no deviations
from y will be profitable in the subsequent period. If there does exist
such a redistribution of assets within the coalition M, then y can be
regarded as a credible deviation. Otherwise it is not credible, for there
may be counter-deviations from y at period one. The weak sequential
core requires its elements to be robust only against credible deviations,
rather than against all possible deviations in the classical sense.



Below we reproduce the definition of the strong sequential core
from Predtetchinski, Herings, and Peters (2001).

Definition 2 An allocation 7 is an element of the strong sequential

core of the economy &, denoted SSC(E), if

1. there exists an T € A(N) such that y, € C(E5(T,N)) for all
s €S,

2. there do not exist M C N and y € [[;c, X' such that
Yiem¥' = Lien '
vi(y') > v (') for all i € M.

The difference between Definition 1 and Definition 2 is that the latter
does not require deviations of coalitions at period zero to be robust to
possible counter-deviations by sub-coalitions in period one. Instead,
the classical notion of improvement is adopted: a coalition improves
upon the allocation 7 by the allocation y, if the allocation y is feasible
and gives each member of the deviating coalition more expected utility
than the allocation i does. Any element of the strong sequential core
must therefore be stable against all the deviations in the classical
sense, whether credible or not. Thus, the strong sequential core is a
subset of the weak sequential core.

We proceed with the definition of the two—stage core, due to Kout-
sougeras (1998).

Definition 3 An allocation 5 is an element of the two—stage core of

the economy &, denoted TSC(E), if

1. there exists an T € A(N) such that y, € C(E5(x,N)) for all
s €S,

2. there do not exist M C N and x € A(M) such that v'(z') >
vi(7') for all i € M.

Unlike Definitions 1 and 2, Definition 3 assumes that a coalition can
only use A—feasible allocations to improve at period zero: no exchange
can take place within the deviating coalition after the uncertainty
has been resolved. The coalition that deviates at period zero is thus
confined in its choice of the consumption bundles to those that can be
allocated by means of exchange of assets alone.

The relationship between the three concepts of the sequential core
is summarized by the following theorem.
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Theorem 1
1. SSC(&) CWSC(€),

2. Suppose that X! is closed, convexr and bounded from below, ul
18 continuous and quasi-concave for all i € N, s € S. Then
WSC(E) CTSC(E).

In fact, the inclusion of the weak sequential core in the two—stage
core holds, whenever the classical cores of the economies & (z, M) are
non-empty for all s € S, M C N, and z € A(M). This is guaranteed
by the conditions of the second part of Theorem 1. Otherwise there
may be less possibilities for the deviating coalitions to form within the
weak sequential core than within the two—stage core. In this case the
weak sequential core need not be a subset of the two—stage core.

Proof. The first part of Theorem 1 is obvious. To prove the sec-
ond part, consider an allocation § € WSC(E) and suppose that
y ¢ TSC(E). Then there exists a coalition M C N and an alloca-
tion z € A(M) such that

v'(s) > i (3)

for all 4 € M. The assumptions of Theorem 1 guarantee that the
cores of the economies & (x, M) are non-empty for all s € S. Choose
allocations ys € C(Es(x, M)), arbitrarily. Then,

v(y) > v (') > o' (5)

for all 4 € M. This implies, however, that ¥ is not an element of the
weak sequential core, a contradiction. We conclude that 57 € TSC(E).

O

4 Some special cases

In this section we consider two special cases: the case where a complete
set of state—contingent contracts is available, and the case of a finance
economy.

We start with the case where for each commodity [ and each state
of nature s there is a contract specifying the delivery of commodity [
contingent on the occurrence of state of nature s. The total number of



state—contingent contracts is therefore SL. When all of these state—
contingent contracts are available, A is the identity matrix. More
generally, we can require the span of A to be the whole space R9L.
If this is indeed the case, then the weak sequential core, the strong
sequential core, and the two—stage core coincide.

Theorem 2 If (A) = R5" then SSC(E) = WSC(E) = TSC(E).

Next we examine the case of a finance economy. A finance economy
is a special case of a two-period economy, where a unique commodity
is available in each state of nature, ie. L = 1. If X! = R, and
the utility functions u’ are all strongly monotone, then for any state
s € S, coalition M C N and A—feasible allocation z € A(M),

C(&s(z, M)) = {zs}.
This observation leads to the following theorem.

Theorem 3 If L =1, X! =R, , and u’ is strongly monotone for all
i €N, s€S, then WSC(E) =TSC(E).

The result of Theorem 3 is in sharp contrast to the findings with regard
to the strong sequential core. It has been shown in Predtetchinski,
Herings and Peters (2001) that, if J < S—1, then the strong sequential
core of a finance economy is generically empty, and, if J = S —1, then,
generically, it consists of no more than a finite number of elements.
This shows that the weak sequential core may be a strict superset of
the strong sequential core.

To conclude the present section we formulate an existence result
for the weak sequential core in case of an economy with two agents.

Theorem 4 Suppose that the economy £ satisfies the following as-
sumptions: n = 2, Xﬁ are bounded from below, ug are continuous, and
for every G’ € X the closure of the set {y’ € X! | ul(7.) < ul(y)} is
contained in X!. Then WSC(&) # ().

Proof. First we introduce some additional notation:

Xs(N) = {ys € [lienXi | Xiente = ienwh}
X(N) = JlsesXs(V)

Z(N) = {(m,y)E.A(N)xX(N)|u§(m§)§ug y), se€S8, 1eN



Observe that (w,w) € Z(N). Moreover, under the assumptions of
Theorem 4, Z(N) is a compact set. Hence, there exists an element
(Z.y) € Z(N) that maximizes the function Y,y a'v’(y’) over all
(r,y) € Z(N); o! and o? are non-negative weights, at least one of
which is positive. In the remainder of the proof we show that the
allocation 7 is an element of the weak sequential core.

Notice that (Z,7) satisfies the following inequalities:

uy(75) < u(7) (1)
v' (') < 0'(7). (2)
Step 1. (Z,79) satisfies the first part of Definition 1 :

7y, € C(&s(Z,N)), s€S.

The inequalities (1) imply that neither agent 1 nor agent 2 is able to
improve upon allocation 3 at period 1 given the allocation Z. Suppose
that the grand coalition is able to improve upon 7 at some state sg €
{1,...S}. Then there is ys, € Xs,(IN) such that

Uy (Yag) > sy (T, ) 7 € N.
Define the allocation g as follows:
o ygo, if s = sg
Ys = {g@, otherwise
for all i € N. Then y € X(N) and, moreover,
uy(§s) > ui(7)) (3)

for all s € N, s € S with a strict inequality corresponding to state
s = s¢. It follows from (3) that

v (7') > '(7") (4)

for all i € N. Inequalities (3)-(4), together with (1)-(2) also imply
that the allocation (Z, ) is an element of Z(N) and that

S alvi() > 3 ol (7).

1EN 1EN
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This contradicts the choice of (Z, 7).

Step 2. (Z,9) satisfies the second part of Definition 1.

Inequalities (2) imply that neither agent 1 nor agent 2 can improve

upon gy at period zero. Suppose that the grand coalition is able to

improve upon gy at period zero. Then there exists (z,y) € A(N) x
X (N) such that

ys € C(Es(z,N)), Vs € S (5)

v'(y') > v'(y"), Vi€ N. (6)

It follows from (5) that u’(2%) < u’(y!), and from (6) and (2) that

S

v'(w') < v*(y"). Therefore, (z,y) is an element of Z(N), and
S aty) > 3ot ).
iEN iEN

This contradicts the choice of (Z,7).

5 An NTU-game for the two-period
economy

It is well known that, given a static economy, one can define an asso-
ciated NTU—-game in such a way that the core of the underlying econ-
omy is non—empty if and only if the core of the derived NTU-game is
non-empty. Below we provide a similar criterion for non-emptiness of
the weak sequential core based on an NTU-game associated with the
two-period economy. This criterion for non-emptiness will be helpful
in the next subsection.

For a given coalition M C N, A—feasible allocation z € A(M) and
state s € S let (M,Us,) denote the NTU-game associated with the
economy &s(z, M). That is

Us,m(Q) = {Us € RIQ} | Jys € HieQXg : ZieQ y; = ZieQ xéa
uy < uy(ys), i € QY,
for all @ C M. Let C(M,Us,) be the core of (M, U ):

C(M,Usy) ={u€Usy(M)| thereareno @ C M and u € U, ,(Q)
such that u’ < @' for all i € Q}.

11



Lemma 1

1. Letyy € C(Es(z, M)). Then s € C(M,Us ), where @’ = ul(y)
for alli e M.

2. Let u, € C(M,Us ). Then there exists §, € C(Eg(x, M)) such
that u’. < ul(y') for alli € M.

Observe that no assumptions whatsoever are made with respect to the
utility functions in Lemma 1, and so the inequality sign in the second
part of the lemma cannot in general be replaced with the equality
sign. Assuming continuity and strong monotonicity of the functions
ul and setting X! = R, one can argue indeed that for every u; in
C(M,Us ) there exists 3, in C(Es(z, M)) such that ul(7l) is exactly

equal to u, for all + € M.
Define the NTU-game (NN, V) as follows:

V(M) = U Vz(M), where
€ A(M)

Vo(M) = 3 ps (C(M,Usa) —RY)
ses

for all M C N. Let C(N,V) be the core of (N, V).

Theorem 5
1. Lety € WSC(E). Then v € C(N,V), where v* = v (') for all
1 €N.
2. Let v € C(N,V). Then there exists y € WSC(E) such that
o' <v'(y') for alli € N.

Proof.
1. Let 5y € WSC(E). Then there exists an T € A(N) such that
y, € C(E5(Z,N)) for all s € S. By the first part of Lemma 1, us €
C(N,Usz), where u. = u'(y.) for all i € N and s € S. Therefore,
v € V&(N) C V(N), where U = Y ¢ pslis, and so 0" = v'(7") for all
1€ N.

Suppose that there exist M C N and v € V(M) with o* < v* for
all i € M. Then there exist z € A(M) and us, € C(M,Us,) for all
s € S such that v' <Y o psul for all i € M. By the second part of
Lemma 1, there exist y; € C(Es(x, M)) such that v} < ul(y’) for all
s € S and i € M. Hence, v'(7') < v'(y’) for all i € M. This implies,
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however, that y ¢ WSC(E), a contradiction. We conclude therefore
that 7 € C(NV,V).

2. Let v € C(N,V). Then there exist T € A(N) and us €
C(N,Usz) for all s € S such that v* < Y ¢ psul for all i € N.
By the second part of Lemma 1, there exist 5, € C(Es(Z, N)) such
that . < u’(y.) for all s € S and i € N. So, v* < v'(y’) for all i € N.

Suppose that there exist M C N,z € A(M), and y, € C(Es(x, M))
for all s € S such that v*(7*) < v*(y’) for all i € M. Then, by the first
part of Lemma 1, us € C(M,Us,) for all s € S, where v} = u'(y’)
for all i € M. Therefore, v € Vz(M) C V(M), where v = Y ¢ psts,
and so v' = v'(y") for all i € M. It follows that v < v* for all
i€ M. So,v ¢ C(N,V), a contradiction. We conclude therefore that
geWSC(E). o

Consider an economy & in which all the agents have identical con-
sumption sets and identical state-independent Bernoulli utility func-
tions given by

X; = RiJr, (7)
o 1 & : : :
us(ys) = 1 > In(yl), vieX] (8)
=1

for alls € N and s € S. In the remainder of this section we derive the
core of the game (M, Uy ) for this special case. To do so an additional
lemma will be needed.

Let M C N, Q@ C M, x € AIM), and s € S be given. De-
note the set of weakly—efficient allocations of the economy &(z, Q) by
P(&s(x,Q)). Hence

P(&s(2,Q)) ={ wys€ [Lico X >icq Y. = > icQ il
there is no ys € [[;cq X! such that
ZZ-GQQ?; = ZZ-GQ 2% and vl (yl) < ul(7) for all 4 € Q}.

Lemma 2 Suppose that for every i € Q the set X! is bounded from
below, the function u’ is continuous, and for all y', € X! the closure
of the set {y’ € X! | ul(y}) <ul(y:)} is contained in X!. Then

Usal@) = {ug €RY | 3y, € P(E(2,Q)) : i <ui(yl), i € Q).

13



Proof. Let u, S Us m(Q) and let y, € [[;cq X' be such that Yico 7. =
ZZGQ:E and u! < ul(y) for all i € Q. Under the assumptions of
Lemma 2 there exists a solution ¢, to the following optimization prob-
lem:
maximize ) .o ul(y?)
subject to  ys € [[;c0 X
Zz‘eQ yi = Zz‘eQ fvi
uy(g,) < ui(y}) for all i € Q.
Moreover, §; € P(E(z,Q)) and u’, < ui(9%) for all i € Q. This proves
the inclusion C. The inclusion 2 is obvious.

Observe that the consumption sets and the utility functions as
defined by (7) and (8) satisfy the requirements of Lemma 2. Moreover,
an allocation y, is an element of the set P(&s(z,Q)) if and only if
there exist real numbers L > 0 for all i € Q such that > icq tho=1

and g} = ¢! 2ieQ ] for all i € Q. Thus the feasibility set U, 2(Q) can
be written

Usz(Q) = {Us € RY | Elti >0,1€Q: Zzthg =1
exp(uy) <1, Bsz(Q), i € Q}, where

Bs.(Q) = (HZL:I YicQ miz) " (9)
Therefore,

Uso(@) = {us € R | Ticq explul) < (@)} (10)

and
C(M,Usp) ={ u,eRM|
Yiem exp(ul) = Py (M)
Yicqexp(uy) > fBia(Q), Q C M} (11)
If we define () = 0, then (11) can be rewritten as
C(M,Usz) ={ u;€RM|
Sienexp(ul) = By (M)

ZieQ exp(u) < Bsa(M) — Bs2(M/Q), Q C M}

14
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Therefore,

C(Ma US,CE) _R—IJ\—/[ =
{us € RM | 3o,cqexp(uf) < Bsw(M) — B5,0(M/Q), Q C M}. (13)

6 Examples

The purpose of the two examples reported below is to demonstrate
some limitations of the concept of the weak sequential core. In Exam-
ple 1 an economy with three agents and no assets is shown to have an
empty weak sequential core. In contrast, the economy in Example 2,
also with three agents and no assets, has a non-empty weak sequential
core. It is shown, however, that the weak sequential core becomes
empty, when an appropriately specified asset is introduced into the
economy.

Example 1 Consider an economy in which § = 2, L = 3 and there are
no assets. No restrictions are imposed on the probabilities of states,
apart from py, po > 0. There are three agents N = {a,b,c} with
identical consumption sets and identical state-independent Bernoulli
utility functions given by (7) and (8). The initial endowments in the
two states of nature are given by

1 e 1
wr = (W Wb, W) =le 1 1
e 1 1
e 1 1
wo=(ws, wh, W) =11 € 1
1 e 1

It turns out that the weak sequential core of this economy is empty
whenever 0 < € < 0.021. Before we come to a formal proof let us give
some intuition for the emptiness result.

In Figure 1 the set C({a,b},Us,,) — R{®} and the projection of
the set C(N,Us ) — RY onto the space of utilities for agents a and b
in the state s = 1 are depicted. Figure 2 depicts the same objects for
the state s = 2. Figure 3 depicts the set V ({a,b}) and the projection
of the set V({a,b,c}) onto Ri®},

Observe that the vectors of the aggregate endowments w? + w?
owned by agents a and b are equal across the states. Since the elemen-
tary utility functions of both agents a and b are state-independent,
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the feasibility sets Uy, ({a,b}) and U, ({a,b}) in the two states of
the world coincide. As e gets smaller, the conditions of individual
rationality for agents a and b become negligible. Therefore, the cores
C({a,b},Us,,) are “almost” (up to the vanishing conditions of indi-
vidual rationality) identical across the states of nature. This indicates
the possibility of credible agreements within a coalition {a,b} upon
the state—independent (certain) allocation of utilities.

Due to the acute choice of values for the initial endowments, the
core of the game ({a,b,c}, U, ), when projected into the space Riab}
is a subset of C'({a, b}, Us,,). Moreover, the sets C({a,b, c},Ui,) and
C({a,b,c},Us,,) are disjoint: the grand coalition is not able to agree
upon any allocation of commodities under which agents a and b would
enjoy state—independent utilities.

The risk aversion of the agents a and b reflected here by the strict
convexity of the sets U;({a,b}) and Uz, ({a,b}) implies that the
coalition {a,b} can improve upon any expected utility profile in the
set V(N). That is, (v, o) € intV({a,b}) for all v € V({a,b,c}).
Below we give a formal proof of this result.

Proof. Let (N,V) be the NTU-game as defined in Section 5. We
show that C(N,V) = @, whenever € is close enough to zero to satisfy
the following inequalities:

O<e<,
1
2+e— (4(1+€)7 < (4(1+e)s — 1,
1
2+€—(2(1+6)2)§<1+6—6%.

Notice that each € in the interval (0;0.021] satisfies the inequality
constraints.

Table 1 reports the values for f;,(Q) as defined in (9). Using
these values and the formula (13) in Section 5, it is easy to see that
for coalition {a,b}

C({a,b},U1,) — R =
{ul e RI%Y | exp(uf) + exp(ul) <1+e
exp(uf) <l4e—es
2
exp(uf) <1+e-eif,
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Table 1: The values for ., (Q)

§ = §=2
Q={a} es
Q=1{} s
Q= {c} 1 1
Q ={a,b} 1+e 1+e

Q={ac  @U+e)} (41+0)
Q={he} (01 +0)
Q=A{a,b,c} 2+c¢ 2+e¢

and
C({a, b}, Uny) — R =
{'LLQ e RI%Y | exp(ul) + exp(ul) <1+e
exp(ug) <l4e—es
1
exp(uy) <1+4e— 65}.
For the grand coalition
C(N,Uy,) =
{ul ERY | exp(uf) +expul) =1+¢€ uf=0
1
exp(uf) <2+e—(4(1+¢)?
exp(ud) <2+e— (2(1+€)?)

Wl

}14)

and
C(N,Uy,) =
{’LLQ eRY | exp(ul) +exp(uy) =1+e€ u§5=0

wl=

exp(ug) <2+4¢€—(2(1+¢)?)
exp(u) <2+e— (4(1+¢))

wl=

Js)
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We proceed by demonstrating that the projection of V(N) onto the
space of utilities for agents a and b lies entirely in the interior of the
set V({a,b}).

Step 1. us € C(N,Us,) = ul <ul, ub>ub

Take any us € C(N,Us,), s = 1,2. One can see from (14) and (15)
that the following inequalities hold:

W=

exp(uf) < 2+e— (4(1+¢))
exp(uf) > (4(1+)5 1.

The inequality constraints imposed upon e therefore guarantee that
exp(u{) < exp(ug). Since

exp(ul) +exp(ud) = 1+¢, s=1,2, (16)

it follows that exp(u?) > exp(u}).

Step 2. veV(N) = (v4,0°) € int(C({a, b}, Usw) — Rﬂ_a’b}), s=1,2.

It suffices to show that for any v € V(N) the following inequalities
hold true:
exp(v?) +exp(v?) < 14e
exp(v’) < 14e— e%, i =a,b.
Choose u;, € C(N,Usy) so that v < pju; + paug. The fact that

uf # ug, the strict convexity of the exponential function, and the
equations (16) yield the inequalities

exp(v®) + exp(v®

< exp (pruf + pau) + exp (p1uf + pous

< prexp(uf) + pz exp(ug) + p1 exp(u?) + py exp(uj
— o (exp(u) + exp(ul)) + p (exp(u) + exp(ud)
=1+4e.

A IA

~— ' N

It follows from step 1 that

exp(v?) < exp(u$), and
exp(v?) < exp(u).
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As is evident from (14) and (15), both exp(u$) and exp(u?) are less
1

than or equal to (2 +e— (2(1 + 6)2) 5), which, under the inequality

constraints imposed upon e, is less than (1 +e€— 61/3).

It follows at once from step 2 that (v%,v°) € intV ({a,b}) for all
NS V(N) O

Example 2 Consider an economy in which § = 2, L = 2, and
p1 = p2 = 0.5. There are three agents N = {a,b,c} with identi-
cal consumption sets and identical state-independent Bernoulli utility
functions given by (7) and (8). The initial endowments in the two

states of nature are given by
1 €1
b
o=t ot wn= () 0}
1 1 €
b
= )= (3 L)

Suppose that there are no assets in the economy. Then the weak
sequential core is given by

WSC(E) = {w} x C(Es(w, N)). (17)

Proof. Note that for any coalition M C N the core of the economy
&1(w, M) contains a unique allocation: that of the initial endowments.
Formally,

C(E1(w, M)) = {(w))ienm}-
With this observation at hand, the definition of the weak sequential
core for the economy in question reduces to the following;:
An allocation 7 is an element of the weak sequential core if and only
if
1. 5y =w and Py € C(E(w, N))
2. there do not exist M C N and y € [[;cp, X? such that
y1 = {(w))iem}
y2 el 0(52 (waM))
v'(y") > 0'(y') Vie M.
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In this reduced definition the equation v*(y’) > v*(3') may be re-
placed by ub(y%) > ub(7h). Therefore, the set of allocations (7y,75)
satisfying requirements 1 and 2 is {wi} x C(&2(w, N)).

Suppose, instead, that there is a single asset in the economy (J =
1), of which the payoffs in the two states are given by

=) ()

i.e. the asset is a contract for the delivery of commodity 1 in state 1.
Then the weak sequential core is empty whenever 0 < ¢ < 0.038.

Proof. Let (N,V) be the NTU-game defined as in the Section 5. We
show that C'(N,V) = @, whenever ¢ is close enough to zero to satisfy
the following inequalities:

O<exl1
1
T +6%<(2+26)%
1—e€2

1 2 1
1+<2+6—(2+2e)§> < (24 26)e.

Observe that each € in the interval (0,0.038] satisfies the inequality
constraints.

The proof is split in two parts. First we construct some of the
feasible expected utility tuples — subsets of or isolated points in V(Q)
— for various sub-coalitions () of N. Then we demonstrate that the
conditions

v € V(N)
79 ¢ intV(Q), VQ C N

are incompatible.

Part 1.

Notice first that for any coalition Q C N and any A-feasible allocation
z € A(Q) it holds that 75 = (w));cq. In what follows z is defined by

its component z1, corresponding to the first state of the world.
For the single-element coalitions {a} and {c}

V ({a}) = (—o0;0], and (18)
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V({c}) = (—oo;lne%} . (19)

For the coalition {b,c} it holds that
C({b, ¢}, Usy) — R =
{U2 e R | exp(ub) + exp(u§) <1+
exp(uf) <l4e—e
exp(uf) < 1+e— cf2})

Let the allocation z € A({b, c}) be defined by

1 €
_ (b ey
n=hat)= (1 }).

Since 21 = z9 = (w5, w§), the sets (C({b, ch,Usy) — ]Rib’c}>, s=1,2,

coincide with the set defined by (20). Therefore V, ({b,c}) also equals
(20):

V, ({b,c}) = {v e R | exp(vh) +exp(v®) <1+e
exp(v?) <lte—e:
exp(v’) <l+4+e— ei%l)

Consider next coalition {a,b}. Let the allocation z € A({a,b}) be
defined by

1
o=t = (5 1).

Then
C({a,b},U,) — R =
{ul e RI%Y | exp(uf) + exp(ul) <1+e
exp(uf) <l+e—e
exp(uf) <1+e—eil,
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and

C({a,b}, Uy ,) — R =

{us € R | exp(ug) + exp(uh) < (2(1+ )
exp (u§) < (21 +)7 —e
exp(uf) < (2(1+ €))7 — 1.
Define u, € R{@b} ag follows:
(uf,u}) = (In(1—e2),In(e2))
(Wg,ul) = (—In(1—e2),In(e2)).

Under the inequality constraints imposed upon ¢, it holds that
ug € int (C({a, b}, Usz) — Ria’b})
for s = 1,2. Therefore,

0.5u1 + 0.5u3 = (0,In€2) € intVy({a,b}). (22)

For the coalition {a, c} it holds that

C({a,c},Uiy) = {(0,0)}

C({a,c}, Uyy,) — RIS =

{u € RO | exp(ug) + explus) < (2(1+6))}
exp(u$) <(2(1+ e))% — ez
exp(ug) < (2(1+ €)? — 1}.
Define ug € R} as follows:
(ui,uy) = (0,0)
(Wl uf) = (0,2In (24 ¢€—(2+2¢)3)).

Under the inequality constraints imposed upon € it holds that

ug € int (C({a,c}, Usw) — Rﬂ_a’c}) .
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Hence,

0.5u1 + 0.5us = (o, In (24— (2+ 26)%)) € intV({a,c}).
(23)

Finally, consider the grand coalition. It holds that
C(N,Us,) — RY =
{uz eRN | ug <0
exp(ul) +exp(u§) <1+e
exp(ub) <24¢€— (2+26)%
exp(u§) <24e— (24 ze)(lz})
For any 7 € A(N) and for s = 1,2

Usz(N) = {us e RV | exp(ul) + exp(ug) +exp(uf) <2+ e}.
(25)

It follows from (25) that

V(N) C {veRY | exp(v”) + exp(v”) + exp(v°) < 2+ ¢€}.
(26)

Part 2.
Let ¥ be an element of C(N,V). Let 7 € A(N) and @, € RY, s =1,2,
be such that

i, € (C(N,Usz) —RY), s=1,2
v = 0.5uy + 0.5us.

Step 1. exp(@) +exp(T§) > 1+ ¢ (27)

We show that if exp(@?) + exp(u§) < 1 + ¢, then coalition {b,c} has
a credible deviation from 7. Choose a utility profile 4; € R} such
that

+exp(aS) =1+ ¢ (28)
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Let the allocation z € A({b, c}) be defined by

Ty = (xb,xc):<et0 119), where

) {M—e if 4¢ > 0
1 —exp(24f), otherwise.

We leave it to the reader to show that :vil >0, ¢ =b, ¢, and that

ah > ul(zh), i€ {bc}. (29)
It follows from (28)-(29) that 4; € C({b,c},U; ), and therefore

(@}, a5) € int (C({b,c}, Vi) - RE). (30)
Comparing equations (20) and (24) we notice that the inclusion

u € (C(N,Uszw) — RY)
implies the inclusion

(wh,u5) € (C({b,c}, Unw) —REY). (31)

Finally, (30) and (31) lead to the conclusion that (7°,7¢) € intV,({b, c}).

Step 2. us=v"=0, s=1,2, (32)

exp(@’) + exp(@S) <146, s=1,2. (33)
It follows from (24) that @§ < 0. The fact that @, € Uy z(N) (see (25))
together with equation (27) imply that u{ < 0. This gives 7* < 0. On
the other hand, the requirement that 7" be outside intV ({a}) implies

7% > 0 (see (18)). Thus we proved (32). Equations (33) are now im-
plied by (32) and the fact that @, € U z(N) (see (25)).

Step 3. exp(7°) + exp(7°) = 1 + €. (34)
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From (26) and the fact that 7* = 0 it follows that
exp(7’) + exp(7°) < 1+ e. (35)

The requirement that the utility profile (7°,7¢) be outside the interior
of the set defined by (21) implies that at least one of the following
inequalities are satisfied:

exp(T?) 4+ exp(T¢) > 1+¢ (36)
exp(7?) > l+e—e? (37)
exp(v°) > 1+4+e— €. (38)

If inequality (37) were satisfied, then, together with (35), it would give

exp(v°) < ¢2. Then 7 would lie in the interior of the set V({c}) (see
(19)), which cannot be the case.

If inequality (38) were satisfied, then, together with (35), it would
give exp(v?) < e2. Hence, @, 7°) < (0,1n e%) Inclusion (22) would
then imply that the utility tuple (7%, @°) lie in the interior of the set
V({a,b}), which cannot be the case.

Since both (37) and (38) are violated, (36) must be satisfied. Equa-
tions (35) and (36) produce (34).

Step 4. (@, %) = (u3,5). (39)

If this equality was violated, then, due to the strict convexity of the
exponential function and inequalities (33)

exp(7’) +exp(v) < 0.5exp(@l) + 0.5exp(@s) + 0.5 exp (@) + 0.5 exp(us)
< l+4e

This last inequality, however, would contradict (34).

Step 5. (v, v°) € intV({a,c})
Since uy € C(N,Usy,), (see (24)) u§ satisfies

exp(ug) <24 €— (2+26)%.
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We know from the previous step that w§ = v°. Hence,
(7%,7°) < (0; In (2 Fe— (24 26)%)) .

The inclusion (23) implies that the utility tuple (v%,7°) belongs to the
interior of the set V' ({a,c}), leading to a contradiction.
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Figure 3: States of nature s = 1,2
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