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Abstract
A formal scheme is described for coalition formation in a game of interconnected
participants with monotonic utility functions. Special coalitions are studied which have an
advantage over the rest in the sense of higher utility for each of the participants taken
separately.

Comment regarding Rawls second principle of justice.
It seems that coalition formation principle in current analysis is very much like as follows:

““Rawls second principle of justice: The welfare of the worst-off individual is to be maximized
'before all others, and the only way inequalities can be justified is if they improve the welfare of
ithis worst-off individual or group. By simple extension, given that the worst-off is in his best
.position, the welfare of the second worst-off will be maximized, and so on. The difference
.principle produces a lexicographical ordering of the welfare levels of individuals from the lowest

.to highest.”” Cit. Public Choice Ill, Dennis C. Mueller (2003: 600)
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Jlo&e.zé/?aiaéue nobedenus

U UHICANCKIRG
VIIK 519.283
YCTOMUMBLIE KOANUUMMU B MOHOTOHHDBIX UTPAX
M. 3. MYJINIAT
(Tannaun)

OnuceiBaercss opManbHas cxeMa 00pa30BaHNMA KOAIWNWA B HIpe B3aud-
MOCBfI3AHHHX YYACTHHKOB ¢ MOHOTOHHHIME (YHKHAME moiesmoctu. Mayda-
10TCs1 0cO0EIe KOAMMINY, MMEIIHe IPeUMYIIECTBO Iepefl BCeMH OCTAIhHBIMA
B cMEIcTe OGOJBINEll TOJE3HOCTH MM KAKAOI0 M3 ee YIACTHWKOB B OTJENb-
HOCTH.

1. BeegeHue

B mrpax wmmorux mum [1] mog xoasmmme#r mOHMMaercsa ITOJAMHOKECTBO
yuacTHUK0B. Cpemu Bcex KOAMMOWi 00BTHO BHIZEIAIOTCA pamUoHajdbHble Koa-
JIUIAW: YYACTHHK TAaKOW ROAJWIINM H3BJIeKaeT W3 B3amMOJeiicTBUA B KOAIH-
IOUY YIOBAETBOPAIOIIYID ero moib3y. HpoMe TOro, WHOTA OHNONHHATEILHO
TpebyeTcs, 4TOORI M3BJICUEHNE HTON TMOIB3HI OBLIO 00eCHedeHo HEe3aBHCHMO OT
JefiCTBUWit MTPOKOB, He BOLIEAUTNX B Koanmnmio. B pabore cTposaTes pasimdnbe
PasHOBUHOCTH «3aMEYATEIBHBIX» B CMBICIC PANHOHAILHOCTH KOATWIIAIA UTPO-
KOB 7 YKa3BIBAIOTCA COOTHOIMEHWs Me;xay HEMH. OmUCHBAIOTCA TaKike KOHCT-
PYKTUBHBIC TPOIETYPHI UX OTHICKAHMA.

Tpemosxennsiii 3 paboTe KIacc UIp MONUMHEH JONOJHHUTEILHOMY YCIOBUIO
MOHOTOHHOCTH, H3ydeHHOMY paHee B [2] (xoTs pus ureHnms HacToAmeil cTaThl
smamusa |2] me rpebyercs). Oramaus opmanbHOil cXeMsl HacrosAmed padoTst
or 12] mo cymecTBy Her, a OTAMYMe B MHTEPHOpPETANNA COCTOMT B TOM, 4To ab-
CTPAKTHbIC MOKA3aTENN B3aWMOCBSI3M DIEMEHTOB CHCTEMBI MOHUMAIOTCA 371eCh
Kak TMOKazaTeJyu NoNe3HOCTH. PasBUTHIA MOAXOM B OJJHOM YacTHOM clydae II03-
BOJWJI YCTAHOBUTH BO3MOMKHOCTH [UIS PANMOHANLHBEIX KOAIANWNA HaXOZUTHCA
B COCTOAHAN MHAWBHAYaJbHOT0 pasmoBecust mo Hoamry. Ilpmmep Taxoro tnma
npuBefeH B KOHIE CTATHA.

2. hopManbHbie onpeAeneHMUa M NOHATHSA

PaccMaTpuBaeTcs MHOMKECTBO 1 MIPOKOB, obosnadaemoe depes I. Kammomy
urpory jeI (j=1, 2,..., n) conocraBIeHO MHOKeCTBO R;, M3 KOTOPOTO HIPOK
j moser BHIOmpaTh sneMeHts. llpeamomaraercs, 4To MHO;KecTBa R; KOHEYHBL
u He mepeceralorcsa. Ux ofwennnenne obpasyer muoxectso W=R,UR,U ... R,.
OroGpanase UTPOKOM j meMeHTH W3 R; cocraBiaior muoxectBo A'SR;. Mmo-
mecTBo A’ HaspiBaeTcs BHIOODOM wWrpoka j, a mabop <A4', 4% ..., A"> — cos-
MecTHEIM BpibopoM. Cryuait A*=¢ He MCKIIOWaeTcs M HA3BLIBAGTCA OTKa30M
k-to urpoka ot BeIdopa.

Beegem ¢ymrnuu momesHoctm drementoB weEA’. [lpexmonosxum, uto ocy-

IMecTBUJICS HeKOTOPHI coBMmecTHHLT BBIGOD <A', 4% ..., A™. Ilycrs mo pe-
3yIBTAaTy BHIOOpA OJHO3HAYHO OIPENIeNAeTcA COBOKYITHOCTH dHceT I,=>0,
IpPUIHCHBAEMBIX aeMentaM wsA’, j=1, 2,..., n; Ha OCTAJbHBIX dIEMEHTAX

W gncia He ompemelsAioTcs. Jmela T, HA3HBATCA HOKA3ATENAMY HONE3HO-
¢TH, WM TIPOCTO TONe3HOCTAMH, M, II0 ONIPEeNIeHNI0, sSBIA0OTCA B 00ImeM ciy-
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1. Introduction

In many-persons games [1], by a coalition we shall understand a subset of participants.
Among all coalitions we usually single out rational coalitions — a participant in such coalition
extracts from the interaction in the coalition a benefit, which satisfies him. In addition,
sometimes it is further stipulated that extraction of this benefit is ensured independently of
the actions of the players not entering into the coalition. In this paper we construct different
varieties of coalitions of players that are “outstanding” in the sense of rationality, and
indicate relations between such coalitions. Also, constructive processes for discovering them
are described.

The class of games proposed in this paper is subjected to an additional monotonic
condition, which has been studied earlier in [2] (although the knowledge of [2] here is not
presupposed). There is no difference between the formal scheme of the present paper and
that of [2] in essence; the difference involved in interpretation is in abstract indices of
interconnection of elements of the system, which are understood as utility indices. The
approach developed enables us to establish, in one particular case, the possibility of finding
rational coalitions in the state of individual equilibrium according to Nash. An example of
such a type is presented at the end of the paper.

2. Formal Definitions and Concepts
We consider a set of n players denoted by | . Each player jOI (j=12,...,n) is matched
by a set R; from which the player J can select elements. It is assumed that the sets R; are

finite and do not intersect. Their union forms a set W =R, R, U ...0 R, . The elements
selected by the player j from R; compose a set Al 0 R;. The set Al is called the choice

of the player j, while the collection <A1,A2,...,A”> is called the joint choice. The case
A" =1 is not excluded and is called the refusal of k -th player from the choice.

We introduce the utility functions of elements w [ A’. We assume that certain joint choice
<A1,A2 ,...,A”> has been carried out. Let there be uniquely determined, with the respect to

the result of the choice, a collection of numbers 77, 20 that are assigned to the elements

wOA!,j=12,...n; on the remaining elements of W the numbers are not determined. The
numbers 7T, are called utility indices, or simply utilities, and by definition, are in general

case functions 7,( X;,X,,...,X,) of n variables. The value of the variable X is the

choice Al of the player j.



We shall single out utility functions possessing a special monotonic property.

Definition 1. A set of utilities 71, is called monotonic, if for any pair of joint choices
<L1,L2,...,L”> and <Gl,GZ,...,G”> suchthat L' OG', j=12,...,n

m, (UL, ") <m, (GG?,..G") (1)

is fulfilled for any wO L%,

We now turn to the problem of coalition formation. We shall call any nonempty subset of
the set of players a coalition. Let there be given a coalition V , and let its participants have

made their choices. We compose from the choices Al of the participants of the coalition V
a set-theoretic union H , which is called the choice of the coalition V : H =U 5, AlZ,

To determine the degree of suitability of the selection of an element wWLIR; for the player
J, a participant of the coalition, we introduce an index of guaranteed utility. With this aim

we turn our attention to the dependence of the utility indices on the choice of the players not
entering into coalition. It is not difficult to note that as a consequence of the monotonic
condition of the functions 71, the worst case for the participants of the coalition will be
when all players outside the coalition V reject the choice: A =0, kOV, so that all

elements outside H will not be chosen by any of the players who are capable of making

their choices. In other words, the guaranteed (the least value) of utility 77, of an element w

chosen by a player in the case of fixed choices H n R; of his partners in the coalition

equals T,(H nR,,...,Al..,HNR,).

The quantity

g;(H)=min (HnR,,..,Al,.,HNR))

WAl T,

is called the guarantee of the participant j in the coalition V for the choice H .

' We note that fulfilment ofi(L} is not required for the element W [] L Furthermore, even the numbers 7T,

themselves may not be defined for WL’ .
2 Achoice H without indication about the coalition V', which has effected it, is not considered, and if
somewhere the symbol V is omitted, then under a coalition we understand a collection of players such and

only such for which H N Rj z0.



We assume that according to the rules of the game, for each chosen element w [] Al a
player j OV must make a payment u°. It is obvious that under condition of the payment
u° the selection of each element wJ Al is profitable or at least without loss to the player
j4V if and only if 71, 2 u°. In the calculation for the worst case this thus reduces to the
criterion g;(H)=u®. In reality we shall be interested, in relation to the player j OV, inall

three possibilities: a) g;(H )>u°,b) g;(H)=u® andc) g;(H)<u®. We shall say that

a participant of the coalition V is above u°, on the level of u°, and below u°, if the
conditions a), b), and c) are fulfilled respectively. The size of the payment is further
considered as a parameter U of the game being described and is called the threshold. We
shall say that a coalition V, having made a choice H, functions on the level
u[H]=ming,g;(H).

Definition 2. A coalition V is called stable with the respect to a threshold u®=u[H] if
for a certain choice H all participants of the coalition are not below u° while someone in
the coalition k OV is below u® if any participant k [V outside the coalition V makes a
nonempty choice A* # .

The set of numerical values being attained by the function u[ H] on stable coalitions will

be called the spectrum. Each value of the function u[ H] will be called the spectral level

(or simply the level). The entire construction described above will be called a monotonic

parametric game on W .

Subsequently we will be interested in stable coalitions functioning on the highest possible

spectral level. It is obvious that the spectrum of each monotonic game on a finite set W is

bounded, and therefore there exists a maximum spectral level u¥ =max,,,,u[H].
Definition 3. A stable coalition V" such that for a certain choice H™ the level u*:
u[H ] =u* is attained is called the kernel of the monotonic parametric game on W .

Theorem 1. If V, and V, are kernels of the monotonic game on W , then one can always

find the minimum kernel (in set-theoretic sense) V, such that V. OV, OV, . The proof is

presented in the appendix.



‘Theorem 1' asserts that the set of kernels in the sense indicated by the binary operation of
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coalitions is closed. The closeness of a system of kernels allows as looking at the largest (in

the set-theoretic sense) kernel, i.e., a kernel K© such that all other kernels are included in it.

parametric game.

The rest of the paper is devoted to the description of constructive methods of setting up
coalitions that are stable with the respect to the threshold u®, including those stable with the
respect to the threshold u”, i.e., the kernels coalitions. In particular, a method of
constructing the largest kernel is suggested.

3. Search of Stable Coalitions

We consider a monotonic parametric game with n players. Below we bring together a
system of concepts, which allows us constructively to discover stable coalitions with respect
to an arbitrary threshold u® if they exist. In the monotonic game only a limited portion of
subsets of the set W have to be searched in order to discover the largest stable coalition.

With this aim in the following we study coalitions V' whose participants do not refuse from a
choice: for j OV the choice A! # . Such a coalition, which has effected a choice H , is

denoted by V[ H ]. From here on, for the motive of simplicity of notation of guaranteed

utility 71,(H nR;,..,A',.,HNR ), where H is a subset of the set W, we use
m(w;H).

Definition 4. A sequence @ of elements (dy.0y,..0,4) (M is the number
of elements in W) from W is said to be in concord with respect to the threshold u®, if in a
sequence of subsets of the set W

(Ng,Ny N N,

where Ny =W, N;,; =N;\a;, N =0, there exists a subset N ; such that:
a) The utility rr(a;;N; )<u® forall i< p;

b) For each wlIN, the condition u®<rm(w;N ;) is fulfilled, or, this being equivalent,
for each jOV(N ) the condition u®<g;(N ) *is fulfilled.

® By definition g;(N )= minWDanRjn(w;Np).



A sequence @ , in concord with the respect to the threshold u®, uniquely defines the set
N, . This fact is written in the form N(a ) =N .

Definition 5. A set S° [JW is said to be in concord with the respect to a threshold u®, if

there exists a sequence @ of elements of W, in concord with respect to the threshold u®
and such that S°=N(a ), while the coalition V(S°) is said to be in concord with respect

to the threshold u°.
The following two statements are derived directly from Definitions 4 and 5.

A. In the case where the set S° =W is in concord with the respect to the threshold u®, all
players jO1 are not below u°®: g;(W)=u®.

B. If the set S°, in concord with the respect to the threshold u®, is empty, then there
exists a chain of constructing sets

(Ng,Ng,ooo N N,

such that for each player j |, commencing with a certain N,, in all those coalitions

V(N;), t <i,where the player j enters, this player is below u®.

Theorem 2. Let S° be a set that is in concord with respect to the threshold u®. Then any

stable coalition V functioning on the level not less than u® makes a choice H , which is a
subset of the set S°: H [ S°.

The proof is given in the appendix.

Corollary 1. The set S°, in concord with respect to the threshold u®, is unique. Indeed, if
we assume that there exists a set S’, in concord with the respect to the threshold u°® and
different from S°, then from theorem 2 S' [0 S°. But analogously at the same time the

inverse inclusion S’ [ S° must also be satisfied, which bring us to conclusion that S" = S°.

Corollary 2. As the spectral levels of functioning of coalitions in the monotonic parametric
game grow, one can always find a chain of stable coalitions, included in one another and
being in concord with respect to each increasing spectral level, as with respect to the

growing threshold.



Indeed, from the formulation of the theorem it follows that a stable coalition, in concord with

the respect to a spectral level A < 1, satisfies the relation V(S* ) OV (S*), since in a set-

theoretic sense S* [ S¥.

Below we arrange a certain sequence @ , which use up all elements of W . After the

construction we formulate a theorem about the sequence & thus constructed being in

concord with respect to the threshold u°. The arrangement proves constructively the

existence of a sequence of elements of W that is necessary in the formulation of the

theorem.

Construction. Initial Step.

Stage 1.

Stage 2.

We consider a set of elements W . Among this set we search out elements ¥,
such that

T(yp;W ) <u®, ()

and order them in any arbitrary manner in the form of a sequence ¥, . If there are

no such elements, then all elements of W are ordered arbitrarily in the form of a
sequence O , and the construction is completed. In this case W is assumed to be
the set N(a).

Subsequently we examine the sequence Y,. When considering the t-th element
yo(t) of this sequence Y,, the sequence & is supplemented by the element
¥, (t), which is denoted by the expression O « <0_r,yo(t)>, while the set W is

replaces by W \ & . After the last element of ¥, is examined we go over to the

recursive step of the construction.

Recursive Step k.

Stage 1.

Before constructions of the k-th step there is already composed a certain
sequence a of elements from W . Among the set W \ & we seek out elements
Y, such that

m(y, ;W\a)<u®, ®)

and order them in any arbitrary manner in the form of a sequence V,.
Analogously to the initial step, if there happen to be no elements y,, the
construction is ended. In this case in the role of the set N(a ) we choose W \ o
while @ is completed in an arbitrary manner with all remaining elements
from W .



Stage 2. Here we carry out constructions, which are analogous to stage 2 of the initial step.
The entire sequence of elements y, is examined element by element. While

examining the t-th element y, (t) the sequence O is complemented in

accordance with the expression O « <cT,yk(t)>. After examining the last

element y, (t) of the sequences y, we return to stage 1 of the recursive step.
On a certain step p, either initial or recursive, at stage 1 there are no elements Yy, which
are required by the inequalities;(2) or:-gf_iil and the construction could not continue any more.

Theorem 3. A sequence @ constructed according to the rules of the procedure is in

concord with the respect to the threshold u®.

The proof is presented in the appendix.

In the current section, in view of the use, as an example, of the concepts just introduced,
we consider a particular case of a monotonic parametric game in which the difference in the
individual and cooperative behavior of the participants of the coalition is easily revealed. We

assume that the utilities

T, (AL AT X AT LAY

do not depend on X ; in the case that choices specified by the remaining players are fixed. In

this case the j-s participant of the coalition V , under the condition that the remaining
participants of it keep their choices, can limit his choice Xj to a single element w'[] Rj on

which the maximum guarantee maXW,DRjgj(H) Is attained. However, such a selection

narrowing his choice down to a single-element, generally speaking, reduces the choice (in
view of monotonicity of utility indices 7T,,) to the guarantee of the remaining participants of
the coalition. Consequently, individual behavior of the participants of a coalition contradicts
their cooperative behavior. In spite of this contradiction, in the general case, in the given
case, using the concept of a stable coalition V(S°) in concord with respect to the threshold
u°, and having slightly modified the criteria of “individual interests” of the players, we can
convince someone that there always exists a situation in which the individual interests do not

contradict the coalition interests.



We define the winnings of the | -th participant of the coalition in the form of the sum of

utilities after subtraction of all payments u®, i.e., as the number
fi(H)= 3,0 [m(wiH) -u’]

(the winnings f, for kV are not defined). Having represented H as a joint choice

<A1,A2,...,A‘V‘>, we can consider the behavior of each |-th participant as player in a
certain non-cooperative game selecting a strategy Al

The situation of individual equilibrium in the sense of Nash [1] of the participants of the

*

coalition V in the game with winnings f; is defined as their joint choice an/ Al =H

such that for each j OV

fL (AL AT AT A AM Y < f (HT)

for any Al [ R;. In other word, the situation of equilibrium exists if none of the

participants of the coalition has any sensible cause for altering his choice Al under the

condition that the rests keep to their choices.

Not every choice H of participants of the coalition V is an equilibrium situation. To see

this it is sufficient to consider a choice H such that in the coalition V there are players
having chosen elements WO A with utilities 77(w;H ) <u®; for the selection of such an

element the player pays more than this element brings in winnings fj( H ) and, therefore,

for the player, proceeding merely on the basis of individual interests, it would be
advantageous to refrain from selection of such elements. Refraining from the selection of

such elements of the set H is equivalent to non-equilibrium of H in the sense of Nash.

Lemma. Let the utilities 71(w;H ) be independent of A’. Then a joint choice S° of the

participants of the stable coalition V' (S°), in concord with the respect to the threshold u®,

is a situation of individual equilibrium.



all choices H of the stable coalition V(S°), where for any wWIH the relation
mm(w;H)=>u° is fulfilled. Let the choice of the participants of the coalition, with an
exception of that of the j-th participant, be fixed. Since the utilities 77(w;S°) do not

depend on A!, the j-th participant of V(S°) cannot secure an increase in the winnings

f;(S°) either by broadening or by narrowing his choice in comparison with R; n S°.

4. Coalitions functioning on the highest spectral level
We consider the problem of search of the largest kernel. First of all we present some facts,

which are required for the solution of this problem.

From the definition of the guarantee gj( H ) of the participant j effecting the choice H

we see that the equality

g;(H)=min _;m(w;H) (4)

is fulfilled. Hence, according to the definition of the level u[ H] of functioning of the

coalition V( H ) it follows that

ufH]1=min,m(w;H)

If we carry out a search of the subset H" of the set W on which the value of the

maximum of the function u[H] is achieved, then thereby the search of a coalition

functioning on the highest level u” =u[H] of the spectrum of a monotonic parametric

game is effected. Without describing the search procedure, we give the definition of a

sequence of elements W allowing us to discover the largest (in the set-theoretic sense)

choice H® of the largest coalition — a kernel K©.



Definition 6. A sequence a of elements <ao ,al,...,am_1> (m is the number of elements

in W) from W is called the defining sequence of the monotonic game, if in the sequence
of sets *

<N0,N1,...,Nm_1,Nm>
there exists a subsequence <I'O,I'1,...,I’p> such that:

a) for any element a; O, \ I,,; of the sequence o the utility ri(a;; N, )<ul[l, ]
(k=01,.,p-1);

b) in the stable coalition V (/) no subcoalition exists on a level above u[ I, ].

From the Definition 6 one can see that the defining sequence in many ways is analogous to

a sequence, which is in concord with the respect to the level u®. Since any stable coalition

V(I,) functions on the level u“ =u[ I, ], it is not difficult to note that the defining

sequence @ composes strictly increasing spectral levels u[ I ] <u[ /] <..<u[l,] of

functioning of stable coalitions V(7. ) in the monotonic parametric game. As a result, we

require yet another formulation.

Definition 7. A stable coalition V I | is said to be determinable, if there exists a defining

sequence @ of elements W such that among the choices of this coalition there is a choice

I, composed by & according to Definition 6.

Theorem 4. For each monotonic parametric game a determinable coalition exists and is
unique. Among the choices of the determinable coalition there is a choice on which the

highest spectral level u* is attained.

The proof of the theorem is presented in the appendix.

Corollary to Theorem 4. The concepts of a determinable coalition and the largest kernel

are equivalent.
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coalition always is the largest kernel. Hence, since a determinable coalition always exists,
while the largest kernel is unique, it follows that the largest kernel coincides with the

determinable coalition.

Thus, the problem of search of the largest kernel is solved if we construct a defining
sequence @ of elements W . The construction of @ can be effected by the procedure of
discovering kernels (KFP) from [2]. In conclusion we present yet another approach to the

concept of “stability” of a coalition. °

~

Definition 8. A coalition v is said to be a critical, if for a certain choice H of it no

coalition V having a nonempty intersection with the coalition V functions on a level higher
than u[ H ]. The level G =u[ H ] is called the critical level of the coalition V , while the

choice H is called its critical choice.

From the Definition 8, in particular, it follows at once the uniqueness of the critical level of
the coalition V . Indeed, on the contrary, if were two different levels (' and 0", 0'<Q",
then 0" could not be a critical one according to the definition: it is sufficient to consider the

coalition V =V itself with the choice H"” , which ensures 0" >0’ .

It is obvious that kernels are critical coalitions. The inverse statement, generally speaking,

is not true; a critical coalition is not necessarily a kernel.

We now consider the following hypothetical situation. Let V be a critical coalition and let

N

H be its critical choice. We assume that this coalition is stable with respect to the threshold

~

to the level u°® >u[ H ] took place and the critical coalition V with the critical choice H

was transformed into unstable coalition with respect to the higher threshold u°. Let the
participants of the coalition Vv preserving the stability of the coalition attempt to increase
their guarantees. One of the possibilities for increasing the guarantee of a participant |, Y,

is to refrain from the choice of an element o, [ A on which the value gjo( H) - the

> This approach is close to the concept of “M-stability” in cooperative n-person games [1].

11



minimum level of utility guaranteed for him, see (4}, is attained. It is natural to assume that a
participant with a level of guarantee g; (H)=u[H ] <u® will be among the participants

attempting to increase their guarantees, and refrains from the selection of the element a,
indicated above. It may happen that the refusal of a, gives rise, for another participant
N DV(I:I \a,), to a decrease from his guarantee gjl(l:l )>u[I:I] to the quantity
g, ( H \a,)<sul H ]. A participant j, OV( H \ a, ), acting from the same considerations
as ]y, refrains from the selection of an element a, on which g, ( H \ a, ) is attained. Such
a refusal of a, can give rise to subsequent refusals, and emerges hereby a chain of

“refusing” participants [, J;,...LJof the coalition V.

If a coalition V , stable with respect to the threshold u® in the sense of :LD_e_f_ir_1i_ti_o_n__2, with
the choice H became unstable as the threshold u° increases, then such a coalition, generally
speaking, disintegrates; i.e., some of its participants may become participants of a new
coalition which already is stable with the respect to the increased threshold u°. By definition
of a critical coalition, transaction of its participants into new stable coalition, when the
threshold u° increases is not possible, and it disintegrates completely. The theorem
presented below and proved in the appendix reflects a possible character of complete

disintegration of a critical coalition in terms of the hypothetical system described above.
Theorem 5. Let there be given a critical coalition V having a nonempty intersection with

a certain coalition V: V nV #0. Let H be the choice of the coalition V and H the

critical choice of the coalition V . Then in the coalition V NV there exists a sequence of its
participants j = <j0,j1,...,jr_1> such that: a) in the sequence | there are represented all

participants of the coalition Vv (the players j; may be repeated, r is number of

elements in HOH . b) for the sequence j we can construct a chain of contracting

coalitions
V(NG )V(N;).. V(N ),

where Ny =H OH, N
all those coalitions V(N, ), t <i, into which the player j enters, this player is not above
u[H1.

[0 N,, so that for any j OV, commencing from a certain N, in

i+l i

12



5. Example of a Monotonic Game °

We consider a game of n customers who at the same time are suppliers of certain goods.
Let each j-th customer supply goods of |j-th designation, j =1,2,...,n. The situation under
consideration is conveniently depicted in the form of a set of arcs W of a graph G of
potential deliveries of goods, and the customer—supplier, in the form of a set of its nodes. A
potentially effectible delivery of goods for sum of ¢ bank notes is depicted on the graph by a

¢ -fold arc.

We shall assume that a “player” in the sense of the scheme of the monotonic game

described above is each participant when he acts in the role of a customer and decides from
whom he orders the goods required by him. We define the choice of the j-th customer in the

form of a subset of arcs Al of the set of potential arcs R;, entering into the node j in the

graph G; Al O R; . The nodes of the graph from which w[] Al emerge are understood as

the supplies of the goods, while a single arc w is interpreted as a supply, to the customer, of

goods for the amount of one bank note. After all orders have been received, each j-th

customer-supplier carries out the supplies.

We call any subset V of the sets of nodes | of the graph G a coalition, while the choice

of a coalition is defined in the form of a set of arcs H depicting supplies of goods in bank
notes |H| , Is the money equivalent to the goods ordered by a coalition.

We assume that the participants of the coalition stimulate mutual business contacts. A
supplier of goods, being a participant of a coalition, can, e.g., propose a certain rebate to his
customer. Here the magnitude of rebate is appropriately set in accordance with the business
activity of the supplier, having taken as a measure of its business activity the number of
suppliers to himself. Taking into account what has been said, we determine the rebate in

bank notes of goods supplied to the customer, in the form 8, (B, where b" is the number

of supplies with whom the supplier concluded deals, having dispatched goods along the arc

wOAl 6,, is a coefficient of proportionality.

® See also http://www.datalaundering.com/download/nonjoke.pdf .
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Let h, be the money equivalent of the useful effect for the j-th participant of the

coalition in the account in bank notes of goods being consumed, ordered along the arc
wOA! (a loss, if h, <0 ). With the rebate taken into account, the total useful effect

amounts to
m,=h,+6, H".
We determine utility of an order along the arc w [l Al as a quantity of money equivalent
to the overall 77, per bank note of the goods ordered. The guarantee of the j-th participant

of the coalition, just as in the general scheme, is quantity

w "

g;(H)=min ;7

We determine the aim of the coalition as creation of a certain fund by means of deductions
from utilities 7T,,. A rational coalition V is one which from the utility 77, per bank notes of

goods ordered can deduct into the fund a certain sum of money u° >0, i.e., if and only if
it = u° for all wlIH . We shall show that the concept of a rational coalition is equivalent

to the concept of a stable coalition with respect to a threshold u®, if as value of the
parameter of the game of customers—suppliers we take the amount deducted into the fund
being created. Indeed, if 7T, > u® for any wJ A’, then jOV, g; 2U®, i.e., the coalition

V s stable with the respect to the threshold u° (see Section 2) and visa versa.

From the results of Section 3 it follows that in the game of customers—suppliers there exists
a chain of enclosed rational coalitions, which contract with the growth of the amount of
deductions u°. The procedure of search of rational coalitions allows us to uncover the

structure of the chain, e.g., to answer the question: is the original set of customers-suppliers a

coalition sustaining the maximum amount of deductions u*, which constitutes the main

interest in this model.

Concluding, we turn our attention to the form of contradiction between the individual and
co-operative behavior of the participants of a coalition in the monotone game, using the
example of the game of customers-suppliers of goods. From the example it is seen that
purely individual behavior with the respect to the index of guarantee would lead to situation
in which each customer has a single supplier. It is obvious that a rational coalition originates
in general case a more “branched” network of contacts between participants of the coalition

so that the level of the index of guarantee by each of the participants will be much higher.
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APPENDIX

effect the ch0|ces H1 and H, respectively; i.e., u* =u[H,] and u“ =u[H,]. For
player jO1 we consider two choices: H} =H, n R; and H)=H,n Rj7. By the

definition of guarantee g ( H, ) for the participant j OV, of the coalition we have

min _ 71, (Hp H o HY ) =95 (H ) 2 u¥ (A1)

DHJ
for the participant j OV, we respectively have
ml DHJ W(HZ’HZZ’ H;):g](H;)Zuu (AZ)

We determine the choice of a participant jOV, OV, as @’ =H/} OH/J. The monotonic

property (1) allows us to conclude that the following inequalities are valid:

min o] m,(®1,@%,..,@")=min o] m,(H H L H); (A.3)

min won) m, (oD% .. ,cb”)zminWDsznW(H;,Hg,...,H;). (A.4)
Combining (A.1) — (A.4), we obtain

min _ ., (®',P2,..,.0" )= u” (A.5)

Wi ) Ty
forany jOV, OV, . If by @ we denote the set H, [ H, then for the coalition V, OV,

effecting the choice @ the inequality (A.5) is rewritten in the form
g;(@")=u, jOv, OV,. (A.6)
Due to the monotonic property lfl_')_l some elements wI@" (if one can find such) may be

added to @~ while the inequality (A.6) is still true ®. We will denote the enlarged set by @°:
@° 0@ and obviously for V° =V (®°) we have V(®°) 0OV, OV, . By the definition

of a spectral level u*, for the participant j'0V ¢, on which u[@®°] is attained, we have
9;(®°)=u[®°]<u”, (A7)

since u” is the maximum spectral level of functioning of coalitions in the monotonic game.
Applying (A.7) and (A.6) to the choice @° for the participant j=j', we see that
g;(®°)=u¥, and the coalition V° OV; OV, functions on the spectral level u¥. The

theorem is proved. m

7 We note that, in the worst case, for player K DVl* (kOV,), Hlk =0 (Hg =[).

® We suppose that such elements cannot be added to o°.
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threshold u°®; i.e., there exists a sequence ', in concord with the respect to the threshold
u®, such that S°=N(a ). We assume that there exists a coalition V effecting a choice
H 0 S° and functioning on the level uf[H] =u®; H\S°Z0 . Let a, JH \S° and let
a, be an element, which is leftmost in the sequence @ . Let p be the index of the set N in

the sequence <NO,N1,...,Nm_l,Nm>. It is obvious that t < p and, consequently,

m(a,;N, ) <u° (A.8)

in accordance with a) of the :Definition 4. Since the game being considered is monotonic,

L el 4

a, JH and H O N, there must hold
n(a;H) <m(ag;N,). (A.9)

From inequalities (A.8) and (A.9) it follows

m(a,;N,)<u°<u[H] (A.10)

(the latter < by assumption). According to the inequality (A.10) and by the definition of

u[H] we have

n(a,;H)<mingy, g;(H). (A.11)

Let the element a, be chosen by a certain g-th player; i.e., a, 0 A%, gV . On the basis of
(A.11) we assume that

n(a;H)<gq(H) (A.12)

is valid. By definition gq(H):minWmAqn(W;H). Following (A.12), we note that

n(at;H)<minWBAqn(W;H). The last inequality is contradictory, what proves the
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Proof of Theorem 3. We assume that the construction of the sequence & according to the
rules of the procedure ended on a certain p-th step. This means that a is made up of

sequences ¥, (k =01,...,p), and also of elements of the set N »» found according to the
rules of the procedure and being certainties for the sequences Yy, . We consider any element

a; of the sequence thus constructed, being located on the left of the a -th element: i < p.

The given element in the construction process falls into certain set y, . By construction
(o ;W A\{y, Oy, O .. 0y F<u®. (A.13)

If to the sequence [¥,,¥; ,....¥q Llwe add the elements ¥, , which in & are on the left of the

a;-th, then this set of elements together with the added part y, composes the complement

N, up to the set W (see Definition 4). On the basis of the monotonic property {1} we

L

conclude that m(a;;W \{y, Oy, 0.0y }=m(a;W\N;)=m(a;;N;). The last
relation in the combination with (A.13) shows that 71(a;N; ) < u°. From the construction of

the sequence & it is also obvious that for any jOV(N ) the guarantee g;(N,)=u°.

The theorem is proved. m

__________

<I'0,I’1,...,/'p> in this case we have to choose the sequence <W,S“>, where S* is a set

S* OW which is in concord with respect to the highest level u¥. The determinable

coalition is V(S* ). The uniqueness of the coalition V(S* ) is proved in Corollary 1 to the

‘Theorem 1. Secondly, the choice S* of the coalition V (S* ), playing the part of the set r,

is proved. =
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V OV onthe set HOH , Where H is the critical choice of the critical coalition V , and
H is some choice of the coalition V . Below the set H O H is denoted by Q, while all

concepts refer to a monotonic sub-game on Q.

Let u® be the threshold of the parameter u of the game on Q, and let u®>u[H]. we

construct a sequence @ of elements Q, which is in concord with respect to the threshold
u°. Two variants could be represented: 1) the set S°, in concord with the respect to the
threshold u° is empty; 2) S° is not empty. We consider them one after the other. First, in
the variant 1) from a sequence of elements & of elements of Q in concord with respect to

the threshold u®, we uniquely determine a sequence of participants of the coalition vV OV
choosing elements a; from sequence & and composing a certain chain j = <j0,j1,...,jr_1>

(r is the number of elements Q). Secondly, from the sequence @ we also uniquely
determine the sequence of coalitions (V(NgyV(N;),..V(N,,)), where N, =Q,

Nig =N \ap, with j; OV(N; ).

In the second variant none of the participants of the coalition V' can be in a coalition,
which is in concord with the respect to the threshold u® > u[ H ] . This would contradict the

definition of a critical coalition V . Therefore in the chain j thus constructed of participants

of the coalition V OV (by the same method as in the first variant) all participants of the
coalition V are on the left of the J,-th player; p is uniquely determined from the sequence

a (see Definition 4). By property a) of the iDefinifion 24 and from the definition of the

guarantee of a player j; UV (N, ) we have
g; (N;)sm(a;;N; ) <u®. (A.14)

Proceeding from the structure of the spectrum of a monotonic parametric game on Q (see

the statement of the theorem is directly derived from the relation (A.14). m
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