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“History is a pack of lies about events that never happened told by people
who weren’t there.” - George Santayana

1. INTRODUCTION
1.1. Motivation

In any longstanding strategic relationship, history matters. The ability of the “play-
ers” to construct effective deterrents against “bad” behavior typically relies on accu-
rate monitoring and recall of the history of play.

One chief interpretation of a long-term relationship is that of a stage game being
repeated between “dynastic players” rather than between infinitely lived individuals.
An infinitely repeated game is interpreted as an ongoing society populated by short
lived individuals who care about the utility of their successors who replace them.
Each successor then faces the same “types” of opponents as his predecessor.

Examples of repeated strategic interaction that would be modelled as dynastic
repeated games abound. For example, in longstanding disputes between groups with
competing claims (e.g., Catholics versus Protestants in Northern Ireland, Israelis
versus Palestinians), the conflicts typically outlive any particular individual. Though
the names of individuals involved change with time, the issues (payoffs) often remain
the same. Other examples include electoral competition between political parties
(e.g., Democrats versus Republicans) and strategic competition between firms. Firms,
like political parties, are long lived organizations populated by short-lived managers,
each of whom are periodically replaced. Putting agency issues aside, incentives may
be structured so that each current manager acts in the long run interest of the firm,
despite his relatively short tenure.

Since it seems unappealing to assume that any living individual observes some-
thing that takes place before he is “born,” a natural problem arises with dynastic
games. It is well known that if the players do not have the means to condition their
current actions on the history of play, equilibrium behavior changes dramatically. In
the extreme case in which players have no knowledge of the past, strategic behav-
ior can only depend on payoff relevant information (i.e., players must use so-called
Markov strategies). When this happens and when the environment is stationary, then
only repetitions of the stage game Nash equilibria are possible, even in an infinitely
repeated game.

In a dynastic game, each new entrant cannot condition his behavior on history
unless his “knowledge” of that history comes, directly or indirectly, from past partic-
ipants. Often, that means that current players must rely on the historical accounts

'Hence, Santayana’s other famous dictum: “Those who cannot remernber the past are condemned
to repeat it,” is quite literally true.
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directly communicated by their predecessors.? This paper examines the properties

of dynastic repeated games when participants do not observe history prior to their
entry in to the game, and must therefore rely on accounts communicated by their
predecessors.

For simplicity, we examine a model in which each member of a dynasty only lives
one period. At the end of each period, individuals in the current cohort die, and are
replaced by their successors in each dynasty. Each dynastic individual cares about
his successor’s utility as if it was his own discounted utility. Successors inherit the
same preferences, but cannot observe prior behavior.

Since prior behavior is not directly observed, we assume that the only way current
behavior can be linked to the past is through the reports of the previous cohort. We
therefore augment the model to allow for messages to be sent at the end of each period
from the current generation to the next. Communication is assumed to be publicly
observed. Because the veracity of reports cannot be verified by neutral parties, the
messages can also be manipulated. To see why incentives for manipulation may exist,
suppose, for example, that two dynasties face off to play the Prisoners’ Dilemma in
Figure 1 below. Consider the Subgame Perfect equilibrium (SPE) which, for patient
enough players, sustains perpetual mutual cooperation, (C, C') using “grim” “trigger”
strategies. In this equilibrium, the dynastic players revert permanently to (D, D) if
any defection is ever observed.

Dynasty 2

C D
Dynasty 1 221729
3, =21 0,0

Figure 1: Prisoners’ Dilemma

Now suppose that at some date ¢, the date £ member of Dynasty 1 defects by
choosing “D.” Despite the fact that the individual in Dynasty 1 defected in the PD
game, both individuals at date t may have an incentive to whitewash the defection by
falsely reporting action (C, C') to the next generation. By lying, the current generation
can insulate the next generation against the mutually destructive punishment phase.
However, because lying precludes punishment, incentives for good behavior in the
current stage are destroyed.

2For a uscful perspective on the ways in which history is transmitted and collective memories are
formed, sce Pennebaker, Pacz, and Rime (1997).
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Unlike in standard communication (cheap talk) games,® individuals within a dy-
nasty value future payoffs in the same way. The potential incentive to misreport
exists not because of payoft differences, but rather from a desire to protect future
generations from the consequences of past deviations. By whitewashing deviations,
the current generation has the chance to give their successors a clean slate to start
the game. In this sense, the environment we analyze is reminiscent of repeated game
models with renegotiation.*

Our interest, therefore, is in the extent to which history is accurately conveyed
from one generation to another. How does potential manipulation of information
across generations distinguish dynastic repeated play from the “full memory” model?
To sensibly address this question, we adopt an implementation approach. We ex-
amine whether there exist useful communication protocols, i.e., mechanisms in which
communication directly substitutes for memory.

We examine two models. The first, is a model of potential whitewashing. In-
formation transmission constitutes cheap talk. FEach individual may misrepresent
the information unobservable to the next generation. Misrepresentation is typically
costless to the sender. We examine whether or to what extent members of the cur-
rent generation may whitewash the past in equilibrium. The second model examines
the potential for coverups: The aggregation mechanism utilizes, to some extent, ob-
servable information. Consequently, members of the current cohort may attempt to
hide information which might otherwise observable to the next generation. Hiding
information is difficult, and may require widespread agreement among the senders.

Despite the incentive to whitewash or to coverup detrimental histories, protocols
that support full and honest communication exist. In the whitewashing model, if
the communication protocol is decentralized and if messages are sent simultaneously
then standard Nash implementation logic can be used to show that a Perfect Bayesian
equilibrium (PBE) exists in which no whitewashing takes place. The idea is familiar:
since reports contain redundant information, each individual’s report can be used to
screen the veracity of others. Hence, if there are at least three players and all but
one players’ messages agree, then the next generation uses the agreed upon message
as the “official version” of history.® If there are only two players, then the absence
of an agreed upon message is treated as if a defection occurred. Hence, for any stage

3See Crawford and Sobel (1982) for a classic reference.

1Sce Farrell and Maskin (1989), Abreu, Pearce, and Stacchetti (1993), and Benoit and Krishna
(1993).

50f course, the original “cross-checking” argument goes back to Maskin (1999). Baliga, Corchon,
and Sjostrom (1997) use a similar type of mechanism in another model of cheap talk communication
when there are three or more players. Similar types of mechanisms have also been used in repeated
games with private monitoring and communication. See Ben-Porath and Kahneman (1996), Compte
(1998), and Kandori and Matsushima (1998).
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game the set of possible equilibrium strategies and payofts is equivalent to that of the
standard repeated game.

Ironically, the simultaneous moves protocol disciplines the players by instituting a
coordination failure. For example, in our Prisoners’ Dilemma example above, under
the grim trigger strategy, both individuals in the present cohort would be better off
by whitewashing a deviation, but neither can do it given the anticipated truthful
message of the other. Clearly, if given the opportunity, one of the players would
prefer to signal his intent to lie by moving first.® Indeed, suppose that the messages
are sent sequentially, and that members of Dynasty 1 communicate first. If the date ¢
player 1 whitewashes his own defection, then it is clearly a best response for the date
t player 2 to confirm the lie. Sequential moves therefore allows the players to break
the “coordination failure” that prevented whitewashing in the simultaneous case. But
since whitewashing will occur, the mutual cooperation equilibrium using grim trigger
strategies cannot be sustained in the first place.

We characterize the PBE payoff set in any game when messages are sequential
rather than simultaneous. A necessary condition for play to differ from the repetition
of stage Nash actions in any PBE is that some player serves as “a neutral historian.”
The neutral historian is an individual who screens and verifies the truthfulness of
reports of others, while remaining indifferent in the process. This necessity of a
neutral historian rules out some types of equilibria. Nevertheless, a wide array of
payoffs approximating the original payoffs of the repeated game are shown to be
sustainable. It turns out that rectangular, “self generating” subsets of equilibrium
payoff set are sustainable when communication is sequential.” The analysis of the
sequential communication protocol is important as a robustness check. If individuals
are unable to commit themselves to the timing structure of the protocol, then some
individual may break the simultaneous communication structure by attempting to
“speak first.”

Hence, on the one hand, our results are reassuring. Rectangular self generation is
broad enough to include many if not most payoffs of interest in the full memory (non-
dynastic) repeated game. On the other hand, it turns out that protocols with “neutral
historians” are fragile. We show that these constructs fail when communication is
no longer costless. When individuals weigh the complexity costs of the reporting
strategies they use, then for any protocol, only the Nash equilibria of the stage game
are sustainable in the dynastic game. This is the case even when the actual payoffs

fLagunoff and Matsui (1997) analyze repeated coordination games in which the players move
sequentially.

Self generating payoff sets were first defined by Abreu, Pearce, and Stacchetti (1986) and Abreu,
Pearce, and Stacchetti (1990) who used dynamic programming methods to characterize the equilib-
rium payoff sct in a repeated game.
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from the stage game are lexicographically more important than the costs associated
with a more complex reporting strategy.

In many instances, the assumption that the past history of play cannot be verified
at all by the current cohort may be too extreme. It is easy to think of situations
in which the past should be, at least in part observable, unless a concerted effort to
hide it is made. The remnants of the Jewish Holocaust and the Stalin Purges all too
quickly come to mind. To begin to address this type of set-up, we analyze a model of
dynastic repeated game with a different set of assumptions about the communication
protocol between one cohort and the next.

We assume history leaves a marker or “footprint” for the new generation. Efforts
to manipulate information now entail effort to hide or coverup these footprints. We
examine a protocol in which the truth can only be hidden by the current cohort
when all individuals agree to the coverup. Somewhat counterintuitively, the difficulty
in achieving consensus to unanimously coverup the truth may actually increase the
incentive to hide it. We are able to show that, when communication is sequential, only
the weakly re-negotiation proof equilibrium payoffs are sustainable.® The conclusion is
that when the potential for coverup exists and when messages are sequenced, equilibria
with strictly Pareto-ranked continuation payoffs cannot occur.

1.2.  Outline

The material in the paper is divided into 4 further sections. In Section 2 we describe
the model in detail. This includes briefly setting up the standard repeated game
notation, and a complete description of the dynastic repeated game with communi-
cation. Section 3 is devoted to the analysis of our “whitewashing” model. We first
analyze simultaneous and then sequential messages. We then move on to the case of
lexicographic costs of more complex reporting strategies and show that only the stage
game Nash equilibrium payoffs survive in this case. Section 4 is concerned with our
model of “coverups.” After describing the model, we go on to show that only weakly
renegotiation-proof equilibria are viable in this case. Section 5 concludes the paper
with a brief discussion putting our results in the context of existing literature.

For ease of exposition, all proofs are confined to an appendix. In the numbering
of equations, Lemmas, Theorems etc. a prefix of “A” means that the corresponding
item is located in the Appendix.

2. THE MODEL

8T the sense of Farrell and Maskin (1989).
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2.1. A Standard Repeated Game

We first describe a standard, n-player repeated game. We will then augment this
structure to describe the dynastic repeated game with communication from one cohort
to the next. The standard repeated game structure is of course familiar. We set it
up below simply to establish the basic notation.

The stage game is described by the array G = (S, u; I) where I = {1,...,n} is the
set of players, each indexed by i. The n-fold cartesian product S = x;¢;S; is the set
of pure action profiles s = (s1,...,s,) € S, assumed to be finite. Stage game payoffs
are defined by u = (u;);e; where u; : S — R for each i € I. Let 0 € A(S) denote a
mixed action profile.” The corresponding payoff to player i, denoted by Uj;, is defined
in the usual way: U;(c) = ), o(s)u,(s). Dropping the ¢ subscript and writing U (o)
gives the entire profile of payoffs. Finally, we let N denote the set of Nash equilibria
of the stage game.

In the repeated game, denote the behavior profile at time ¢ by o(t) = (o1(?), .. .,
on(t)). For t > 1, a period ¢ behavior history (of length t) is an array h' =
(0(0),0(1),...,0(t — 1)) of action profiles observed by time ¢. The null history is
R = (0. Let U;(o(t)) denote the expected payoff at date t. The set of period ¢ behav-
ior histories is denoted by H' = A(S)". Let H = U H" denoting the collection of
all (finite) behavior histories.'?

The players’ (for simplicity) common discount factor is denoted by 6 € (0, 1), so
that for a given infinite history h> = (¢(0),0(1),...), player ¢’s payoff in the repeated
game is given by

Vi(h™) = (1=6) ) &' Ui(o(1)) (1)

A behavior strategy in the repeated game is a map f; : H — A(S;). Let f =
(f1,..., fa) denote the profile of strategies in the repeated game. Given any finite
history h’, the mixed action at date ¢ is given by f(h') = (fi(h),..., fu(RY)).

Given (1) the continuation payoff to i given strategy profile [ after any history h'

9At the expense of some extra notation and further manipulations we could counsider correlated
action profiles in the stage game without altering the nature of our results below.

OWith some extra work we could casily assume that only pure actions arc observed. All the
results continue to hold. In this case behavior histories would consist only of the pure realizations

(s(1),8(2),...,s(t = 1)) where s(t) = (s1(t), ..., sn(t) ).
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follows the recursive equation

Vi(fIh') = (L= 0)Ui(f(h") + 6 Vi(f| ', f(h")) (2)

where (h', f(h')) denotes the period ¢+1 history given by the concatenation of history
h' and period ¢+ 1 behavior profile f(h'). Dropping the player subscript in equations
(1) and (2) will denote the corresponding payoff profiles in the repeated game.

A subgame perfect equilibrium (SPE), f*, for the repeated game is defined in the
usual way: for each i, and each finite history h!, and each strategy f; for i, we require
that Vi(f*|n') = Vi(fi, 2, h').

We denote respectively by F(6) the set of SPE strategy profiles and by £(6) the
set of SPE payoff profiles of the repeated game when the common discount factor is

0.

The standard model of repeated play we have just sketched out may be found in a
myriad of sources. See, for example, Fudenberg and Maskin (1986) and the references
contained therein. Hereafter, we refer to the standard repeated game model above as
the full memory repeated game.

2.2.  The Dynastic Repeated Game

Now assume that each ¢ € I indexes an entire progeny of individuals. We refer to each
of these as a dynasty. Individuals in each dynasty are assumed to live one period. At
the end of each period ¢ (the beginning of period ¢ + 1), a new individual from each
dynasty — the date (¢ + 1)-lived individual — is born and replaces the date ¢ lived
individual in the same dynasty. Hence, U;(o(t)) now refers to the payoff received by
the ¢-th individual in dynasty . Each date ¢ individual is altruistic in the sense that
his payoff includes, as an additively separable argument, the utility of the ¢t + 1-th
individual from the same dynasty. The weight given to his own payoff is 1 — ¢, while
the weight given to his offspring (the (£ 4+ 1)-th individual) is 6. Therefore, in the
dynastic repeated game, the long-run payoffs retain the same recursive structure given
in equation (2). This observation is of course sufficient to show that, if all individuals
in each dynasty can observe the past history of play, then the dynastic repeated
game is in fact identical to the full memory repeated game described in Subsection
2.1. In fact, this full information dynastic repeated game is one extremely appealing
interpretation/justification of the standard full memory repeated game model.

11 As is standard, here, and throughout the rest of the paper, a subscript of —i indicates an array
with the i-th element taken out.
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2.3. Communication

If the ¢-th individuals in each dynasty cannot observe the history of play that took
place before they are born, then their behavior cannot vary cannot vary across distinct
histories h’. It follows immediately that, in the absence of communication from one
cohort to the next, if all individuals in all dynasties are ignorant in this way, in each
period of the dynastic repeated game only those payoffs that are Nash equilibria of
the stage game can be attained.

The question then becomes: can communication substitute for memory? Assume
that each time ¢ a cohort can observe the action profile that takes place at t. Assume
also that they have the chance to communicate with the next cohort. Can they
credibly convey sufficient information to the ¢ 4+ 1-th cohort to attain payoffs beyond
the Nash equilibria of the stage game?

Of course, communication can take place in a variety of different ways. For in-
stance, as we anticipated above, whether messages are sent simultaneously or sequen-
tially will have an impact on the outcome of the game. We begin by defining a model
of the communication between one cohort and the next in which the individuals in
each dynasty speak simultaneously to the individuals in the next cohort. This will
be modified in Subsection 3.2 to allow for sequential communication.

Let A; denote a set of payoff-irrelevant communication actions for dynasty 7, with
A = x;A; being the set of profiles of such actions. These need not be related to the
stage game itself, but are choices that collectively determine a message sent from one
generation to the next. The messages that can possibly be sent to the next cohort is
given by the set M. We assume that both A and M are invariant across time. At
each date t, let a(t) = (a1(t),...,a,(t)) denote the profile of communication actions,
and let m(t) € M denote the message (or profile of messages) sent in period t.

Unless otherwise noted, we will assume that any message(s) transmitted to the
next cohort is commonly observed by all members of the next cohort. A communica-
tion protocol in the dynastic repeated game is a list C' = (A, M, ®) where ® : A — M.
For a = (ay,...,a,) € A, ®(a) is the message sent to the next generation, after the
payoft-relevant behavior occurs in that period. Some “natural” examples of features
that communication protocols may satisfy are:

C! Babbling: ®(a) = m for all a € A. Clearly, the message m is uninformative.

C? Dictatorial Protocol: There exists a dynasty i € I such that ®(a) = a;.
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C? Unanimous Conspiracy: A; = M = H, Vi, and

CI)(a):{ h ifa =h, Vi

h* otherwise.

Here, a single version of history is sent if everyone agrees. Otherwise, a default
history is reported.

C* Decentralized Communication: M = Xx,c;A;, H C A;, Vi, and ®(m) =
m. In a decentralized communication protocol, everyone separately reports
history to next generation.

While the first three examples fulfill an expository function, the last is a use-
ful benchmark. It describes the least restrictive communication, and so it provides
the most attractive environment for accurate transmission. We examine the case of
decentralized communication protocols in detail below.

Every communication protocol identifies a dynastic repeated game with commu-
nication. A strategy for an individual in a dynasty is a pair consisting of an “action”
strategy and a “communication” strategy. The former processes the messages received
from the prior generation and determines current behavior in the stage game. The lat-
ter determines the individual’s communication action, which, via the communication
protocol, determines the message conveyed to the next cohort of individuals.

We begin by defining action strategies. For simplicity, we examine action strategies
that are invariant across individuals within a dynasty. When H C M, there is little
loss of generality with this assumption since an individual from, say, the ¢-th cohort,
need only use that part of his strategy which follows histories h' of length ¢. Let
gi - M — A(S;) denote an action strategy for dynasty i. Let g = (g1,. .. gn)-

A communication strategy is a map p,; from the prior generation’s messages and
current (observed) actions to current messages. Formally, p;(m, o) denotes a com-
munication action a; € A; by an individual from dynasty ¢ given that the prior
generation’s message profile is m and that the current action profile is ¢. The pro-
file (p1(m,o),..., pun(m,0)) then maps to a message m’ via ®. This message m’
is sent to the next generation. Let p = (p1,...,n). To summarize, date ¢ indi-
viduals choose action profile o(t) = g(m(t — 1)) and take communication actions
alt) = p( m(t — 1), g(m(t — 1))).

As with the full memory repeated game, something to start off play is needed.
(In the full memory repeated game this is the empty history h° = ).) In the dynastic
repeated game with communication we need to define which message the first (born
at t = 0) cohort observes. Let this initial message be denoted by m(—1) = h° = ().
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The pair (g, 1) describes all behavior in the dynastic repeated game with commu-
nication. An individual’s dynamic payoff after receiving message m is expressed as
Vi(g, | m). An individual’s dynamic payoff after receiving message m and after ac-
tion profile o is expressed as Vj(g, | m, o). In either case, an individual’s payoff still
follows the recursive form in (2). We can now define a Perfect Bayesian equilibrium
(PBE) pair (¢*, u*) in the usual way: for each i, any p; and g¢;, and for any m and
any o, Vi(g*, pi*| m) > Vi(g%;, gi, 1" m) and Vi(g*, p*| m, o) > Vi(g*, p2y, ps| m, 0).12

Given a communication protocol C' and a common discount factor ¢, we denote
by FC(6) the set of PBE, and by £9(6) the set of PBE payoff profiles. Let C! denote
the babbling protocol described above with m = (), and recall that C* denotes the
decentralized protocol. Then it is easy to see that

£ (8) C £°(6) C £7(6) (3)

for all 6 and all C'. Moreover, 501(6) coincides with Nash equilibrium payoffs of
the stage game. Clearly, if there is no communication, or when communication is
uninformative, there is no hope of attaining anything beyond payoffs of the stage
game. Conversely, if there are no restrictions on communication, then the largest
possible payoff set can be sustained.

3. WHITEWASHING

In this section we focus on the case in which the current cohort has no access at
all to any direct information about the past history of play. We examine first the
case of simultaneous messages. Then we move on to the case in which the members
of the current cohort speak sequentially to the next cohort. Finally, we turn to
the case of sequential communication in which a more complex reporting strategy is
lexicographically more costly than a simpler one.

3.1. Decentralized Communication

Our analysis will examine equilibrium behavior under the decentralized communi-
cation protocol defined in Section 2.3 above. Recall that in the decentralized com-
munication protocol, all individuals in each cohort effectively report separately and
simultaneously a history of play to the next generation, and all reports are commonly
observed by all individuals in the next cohort. The messages are unrestricted in the
sense that any finite history (of any length) can be conveyed by any individual (in

12While there are no proper subgames beginning cach date, all individuals have common knowledge
regarding messages they receive. Hence, all Perfect Bayesian equilibria are Perfect Public equilibria
of the dynastic game. Consequently, the definitions above make (partial) use of the “Omne-Shot
Deviation Principle.”
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other words H C A; for every i). Intuitively, a decentralized protocol corresponds to
a world in which there is no attempt to collectively limit information, nor is there
any direct trace left by the actual history of play. This is of course in contrast with
the model of coverups that we will analyze in Section 4 below.

Our first characterization of the equilibrium set of dynastic games with commu-
nication tells us that in the case of decentralized simultaneous communication from
one cohort to the next, the equilibrium set is the same as in the full memory standard
repeated game. In other words, in this case communication can indeed substitute for
memory in the dynastic repeated game. Those familiar with standard implementation
logic will not find the following Theorem and its immediate Corollary very surprising.

THEOREM 1: Fix any common discount factor 6 and any SPE f* € F(6) of the full
memory game. Let

a*(0), o™(1), ..., o*(t),...
be the SPE outcome path associated with f*.

Then, for any decentralized communication protocol C, there exists a PBE (g*, u*)
€ FY(6) of the dynastic game with communication protocol C' that is equivalent to
f* on the equilibrium path in the following sense. Let

(0*¢(0),m*C(0), (0*¢(1),m*“(1)), ..., (™9 (t),m*“(t)),...
be the equilibrium path associated with (g*, u*). Then, for each t,

o™ “(t) = o*(t) and m*“(t) = (0*(0),0%(1),...,0%(t))

In other words, the same outcome path of actual play takes place in f* and in
(9%, 1), and, along the equilibrium path, every individual in every dynasty reports
truthfully the actual play (and the history reported to him by the previous cohort)
to next cohort in the dynastic game.

Moreover, if n > 3 (there are at least three dynasties) then (g*, u*) may be chosen
to satisty: g*(m) = f*(h) whenever m; = h for all i. In other words, the same
equilibrium continuation path of play occurs in f* and in (g*, u*) after any behavior
history, h. -

The proof of Theorem 1 is in the Appendix. As we mentioned above, it runs along
familiar lines. The argument requires building into the equilibrium of the dynastic
repeated game the correct incentives for truthful reporting by all individuals in each
cohort. In turn, this of course requires a mechanism to detect and punish lies. In
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the case of two dynasties, this is achieved by switching to a “mutual minmax” phase
whenever two conflicting reports arise. With more than two dynasties, unilateral
deviations from truthful reporting are easily identified. If one report disagrees with
the others, the individual whose report is not in line with the others is punished
appropriately. Since only single-player deviations from equilibrium ever need to be
considered this is enough to induce truth-telling as required.

Since it is trivial that any equilibrium of the dynastic game with communication
is also an equilibrium of the full memory game, an immediate corollary of Theorem
1 is that the sets of equilibrium payoff profiles are the same in the two cases.

COROLLARY 1: Let any decentralized communication protocol C' and any common
discount factor & be given. Then £Y(8) = £(6).

Before we turn to sequential communication, a final remark about Theorem 1
and Corollary 1 is in order. First, the “cross-checking” aspect of the mechanism we
construct for three or more players in the proof is by no means new. Baliga, Corchon,
and Sjostrom (1997) use this type of mechanism in a (static) model of communication.
It is also reminiscent of communication mechanisms in repeated games with private
monitoring. For example, Ben-Porath and Kahneman (1996) prove a Folk Theorem
when public communication is admissible in a repeated local interaction game with
private monitoring.'® Specifically, they show that the Folk Theorem applies in any
private monitoring game in which individual’s behavior is (perfectly) observed by at
least two others. Like ours, their proof also exploits a procedure whereby the deviator
is identified as the one whose report fails to correspond to identical reports of at least
two others.

3.2. Coordination Failure and Sequential Communication

Clearly, equilibria in the full memory game represent the outer bound of what is
possible in the dynastic repeated game. As we know from Theorem 1 and Corollary
1 decentralized communication with simultaneous choice of message actions achieves
this bound. In a sense, this equivalence relies on an unsettling, potential coordina-
tion failure in the communication stage. This failure is (as in many other contexts)
facilitated by the simultaneous choice of message actions.

To make this observation more explicit, consider for instance the repeated PD
game in Figure 1. A standard way of supporting mutual cooperation utilizes a joint
punishment (e.g., permanent reversion to the unique equilibrium of the stage game)
as a way to deter deviations from the path of perpetual cooperation. However, once

13See also the papers by Compte (1998), and Kandori and Matsushima (1998).
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a defection in behavior takes place, everyone, including the “injured parties,” would
prefer to whitewash the history of defection. However, it is clear that it is the structure
of the communication protocol that prevents any agent from signaling his intent to
falsify the truth. If communication were sequential then the intent to “whitewash”
could be relayed by one member of the current cohort to the other.

In this Section we explore the consequences of assuming that message actions are
taken sequentially by individuals in a given cohort.

To keep matters simple, we examine the simplest class of protocols with sequential
choice of action messages. We consider the class of communication protocols that are
decentralized in the sense that we specified above, but modified so that the individuals
in each cohort choose their message actions one after the other.

DEFINITION 1: We say that a communication protocol is a sequential decentralized
communication protocol if it can be obtained as the following simple modification of a

(simultaneous) communication protocol that is decentralized in the sense of protocol
C* described above.

There exists a permutation mapping 6 : {1,...,n} — {1,...,n} that describes
the order in which the message actions are chosen.'* In other words, first individual
(1) chooses a message action agy € Apnry. Immediately after, all other individuals
in the cohort observe agny. Then individual 0(2) chooses a message action agea) €
Ag2y which is then observed by all other individuals in the same cohort. The choice of
action messages then continues in this fashion until individual #(n) makes his choice.

The rest of the details of a sequential decentralized communication protocol are
as in Example C* above.

With a sequential decentralized communication protocol, Theorem 1 no longer
holds. Some equilibria of the full memory game are destroyed by the incentives to
whitewash the past. For example, consider the stage game in Figure 2 below.

Dynasty 2
L M R
T12,2(0,3(0,0
Dynasty 1 M |3,0(1,1]0,0
B{0,0(0,0(0,0

Figure 2: A 3 x 3 Stage Game

1 The actual permutation mapping 6 is irrelevant for all our results below. Unless we specify
otherwise in what follows we assume that 8 is in fact the natural order so that 0(i) = 4.
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In the full memory game, every payoff profile in the strictly individually rational
set {(vy,v9) : v; > 0,Vi = 1,2} is sustainable as an SPE if § is close enough to one.'®

Now suppose that two dynasties play this game with sequential decentralized
communication. We assert that any equilibrium in which a deviation is countered
with permanent reversion to the worst Nash equilibrium (B, R) cannot be sustained.
Consider the perpetual repetition of (T, L) each period. Suppose further that at some
date t, the date ¢t member of Dynasty 1 chooses to “cheat” by deviating to M. Now
both members of generation ¢ communicate sequentially to date ¢ + 1 individuals.
Dynasty 1 communicates first. If the date ¢ player 1 whitewashes by lying about his
defection then player 2 will confirm the lie unless player 2 can be made at least as
well off by telling the truth about (M, L) taken in the current period. This means
that in the continuation, player 2 must receive a payoff of at least 2 for telling the
truth. However, if he receives a payoff of more than 2, then player 2 will always report
“(M,L)” even when “(T, L)” was the true action taken.

Notice that since communication is cheap talk, the structure of the reporting
“subgame” remains the same after every history.!® Hence, the set of continuation
equilibria after the reporting stage must remain the same. Yet, the reporting “sub-
game” will typically have multiple “subgame perfect” equilibria, one for each possible
history in the game. In this particular game, this means that player 2 must be indiffer-
ent between truthful reporting and whitewashing. Therefore, player 2’s continuation
payoff in the putative continuation is 2 regardless of whether he reports “(7, L)” or
LC(M’ L) .77

Moreover, since in the putative equilibrium, “(0,0)” is the hypothesized continu-
ation after a deviation, player 1 must have an incentive to truthfully report “(M, L)”
after his own deviation. But since player 2 will truthfully report “(M, L)” should
player 1 attempt to lie, the continuation payoff profile after the sequence of reports
“((T,L),(M,L))” must be (0,2). That is, if player 1 attempts to lie, and player 2
reports the truth, then player 2 must be indifferent between his reports, and player
1 must no better off than if he told the truth. In the latter case, player 1 cannot
be strictly worse off since his lowest feasible payoff is 0, and so he too is indifferent
between his reports.

The problem, however, is that (0, 2) is not a feasible SPE continuation payoff in the
game. Hence, the mutual cooperation equilibrium using these particular punishments

5Notice that, as is often the case, the (lower) boundary of the individually rational set is not
sustainable, except of course for the origin (0,0) which is a Nash equilibrium of the stage game.

16We put “subgame” in quotes since the reporting stage is not literally a proper subgame of the
dynastic game. Nevertheless one can refer to the subgame perfect equilibria of the extensive form
reporting game, whose terminal payoffs are equilibrium continuations.
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History Without History With Defection
Defections by Player 1

2 0 0 0 2 0 0 0
2 2 0 0 2 2 0 0
Figure 3

cannot be sustained. The relevant portion of the game tree in the message phase is
represented in a schematic way in Figure 3 below.!”

3.3.  Sequential Communication: The Necessity of a “Neutral Historian”

The above example demonstrates that, the potential for sequential moves to break
the “coordination failure” that prevented whitewashing in the simultaneous case, is
enough for whitewashing to occur in some cases. The example also demonstrates a
general property of perfect equilibria when communication is sequential. To charac-
terize this property, some further notation is required.

We will denote by a’~! the (i — 1)-tuple of message actions chosen by individuals
1,...,i—1 (by convention, set a® = (}). In this way we can then write the strategy of
individual 4 in the communication round as determining a; = u;(m, o, a’ ). In other
words, ¢ chooses his message action as a function of the message m = (mq,...,my,)
sent by the previous cohort, the current action profile o, and the message actions

17Clearly, cach player has 9 choices at cach node in the complete version of the tree drawn in
Figure 3 — one for each possible outcome of play at t — 1. We have only represented the two
relevant ones purely for the sake of visual clarity.
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a’~' chosen by individuals 1 through to 7 — 1 in the current cohort. In this way u

determines an entire path a of message actions:
_ 0 _ 1 o i—1 _ n—1
a; = pi(m,o,a), ay = ps(m,o,a’),...,a; = pi(m,0,a" "), ... a4, = pip(m,o,a" 7).

Given such a path a, we will say that another path a departs from a if a; = aq, i.e.,
at least one player’s actions in each path coincide.

In any sequential decentralized protocol, the choice of profile (g, ;1) determines a
reporting “subgame” in the communication round. This “subgame” is can be viewed
as an extensive form game of perfect information. The “terminal nodes” of this
extensive form game are the equilibrium continuations that begin with the next gen-
eration’s play of the game. Since communication is cheap talk, the terminal nodes of
this game do not vary with past reports and play. We write v = V (g, u| a) to denote
the payoff vector associated with the terminal node reached by path a given that the
continuation of play is determined by (g, ). When the path has only been determined
up to, say, player j’s report, i.e., when the path is @/ = (ai,...,a;_1), then players’
strategies [t;41, . . ., 4y are used to determine the terminal node. Since these strategies
depend, in turn, on prior history (m,o), we must write V (g, u| m,o,a’) to denote
the terminal node reached by path @’ given history (m, o) and strategies (g, ). In
the result below, the reporting subgame refers to the induced extensive form game in
the message phase whose terminal payoffs are equilibrium continuation payoffs.

THEOREM 2: (Necessity of a “Neutral Historian”) Fix a sequential, decentralized
protocol C, and fix a PBE, (g,u) € F¢. Let a’ and a” denote two equilibrium paths
in the reporting subgame, and let (m’,o’) and (m”, ") denote the two prior histories
of message and action profiles which induce paths, o' and a”, respectively. Then, for
at least one of the paths, say a”, there is another path, a, which departs from a”
and there is a player j and a pair of distinct action messages, a; and a;, such that
pi(m' o’ 0?1 = a; and p;(m”, 0", @’ ') = a; and

V}'(Q,Ml m/aalaaj_laaj) = Vj(gvul m”vallaaj_lvdj)'

In words, there exist a path, a, departing from either a' or a” on which some
player (a “neutral historian”) distinguishes between (m/,¢’) and (m”,¢") using two
action messages between which he is, in fact, indifferent.

The result gives necessary conditions for the existence of multiple equilibria of
the message game. This is of crucial importance since the message game must have
multiple equilibria in order to successfully punish deviations. That is, since the next
generation has no independent verification of the actual history, both the continuation
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from prescribed play and the continuations after deviations must all be equilibrium
continuations of the reporting game. The older generation must be able to coordinate
either on the original equilibrium path continuation, or on the punishment continu-
ation. Generally, there will be at least n + 1 equilibria of the message game. One
for the equilibrium prescription, and one each for each individual’s deviation from
equilibrium.

However, because the reporting game cannot vary with prior history, the multiplic-
ity of equilibria in the reporting game implies that subgame is nongeneric. Somewhere,
there must be “ties,” in someone’s payoff, and these ties must have the structure de-
scribed in Theorem 2. This structure implies that in every PBE (g*, 11*), the reporting
subgame must utilize a “neutral historian.”

Specifically, in any pair of equilibrium paths, there exists someone whose potential
veto of one of the paths is governed by the later choice of a “neutral historian,” player
j. The neutral historian is one who uses his indifference between two terminal payofts
(i.e., his “neutrality”) to influence the earlier messages of others. In essence, the neu-
tral historian screens and verifies the truthfulness of others’ reports, while remaining
indifferent in the process. An explicit construction that identifies the behavior of this
neutral historian is given in the proof of Theorem 3 in the next Section.

3.4. Self Generation

Using a, by now standard, notion of self generating sets of Abreu (1988) and Abreu,
Pearce, and Stacchetti (1986, 1990), one can construct equilibrium payoff sets for
sequential protocols. Formally, a set V is self-generating if for each v € V there exists
amap w : A(S) — Vsuch that (i) w(o) = v for some o, (ii) v' = (1-8)U(0)+bév € V,
and (iii) v} > (1=06)U(0},0_;) + dw;(o},0_;) for each i and each o!. It is not difficult
to show that all self generating sets are contained in the SPE profiles, £(§), of the
standard repeated game. Indeed, £(8) itself, as well as any stage Nash payoff vector
are self generating sets. The following Theorem justifies our interest in a special type
of self generating sets: those that are rectangles in IR". It asserts that any rectangular,
self generating subset is sustainable in any sequential, decentralized protocol provided
that the protocol allows each individual to report histories and continuation payoffs
to the next generation of players.

THEOREM 3: Fix any 0 < 6 < 1, and let V be a self-generating, closed rectangle
in the full memory repeated game given 6. Then, for any sequential, decentralized
communication protocol, C, in which H C A; for each 1.

Y C E9(6)
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The proof in the Appendix gives an explicit account of how the “neutral historian”
is used to sustain payoffs in the self generating rectangle. Roughly speaking, given
any point in V), a protocol is constructed in which player 2 (who speaks second),
serves as the neutral historian. After player 1’s (who speaks first) report, player 2 is
asked to “confirm” it or not. (The messages of all other players are ignored.) If player
2 confirms 1’s report, then play unfolds as dictated by a particular SPE of the full
memory game. If on the other hand player 1 deviates from reporting the truth, this is
treated as if he had behaviorally deviated from equilibrium play, and he is punished
by being awarded the lowest possible payoff in V. The equilibrium is also constructed
so that player 2 is always indifferent between confirming 1’s report or not. Thus,
exploiting the properties of )V, both 1 and 2 are given the correct incentives to report
the truth and to serve as the “neutral historian” respectively.

The question of whether any particular rectangular subset of the equilibrium pay-
off set £(6) is self generating is open. However, particular examples of rectangular
self generating sets are not difficult to construct. Clearly, individual Nash equilibrium
payoff profiles are degenerate self-generating rectangles. To see that more interest-
ing rectangular self generating sets are common, consider once again the Prisoner’s
Dilemma game in Figure 1 in the Introduction.

We claim that for § = 4/7 the rectangle {v: (1,1) < v < (2,2)} is self generating,.
Notice that this includes mutual cooperation. While we don’t verify the property for
all profiles in the set, we can easily do so for the extremal ones. First consider (2, 2).
The following is a SPE simple penal code. Any deviation from (2,2) by, say, a player
1, is followed by a one period punishment in which they play: o,(C) = 4/5, 02(C) =
1/3. Following this, the players revert to mutual cooperation. Further deviations by
player 1 restart the punishment; deviations by player 2 are countered by the same
punishments (switching the players’ roles).

While the one shot punishment gives player 1 a stage payoff of —1/3, his dynamic
payoff in the punishment phase is 1 since 1 = (1 — §)(—1/3) 4+ 62 when 6 = 4/7. The
payoff to player 2 in player 1’s punishment phase is (1—6)2+62 = 2. Note that player
1 obtains payoff of unity from perpetual deviation. Hence, a (weak) best response is
to submit to punishment in order to obtain 2 in the continuation. This penal code
simultaneously verifies that the profiles (2,2),(1,2), and (2,1) are all SPE profiles
(since punishment continuations are obviously SPE outcomes as well). To see that
(1,1) is also a SPE profile, we construct a penal code which supports (7/4,7/4) as
follows: play 0;(C') = .406 (approximately) each period. Any deviation is met with
one period reversion to the Nash equilibrium, after which time play resumes as before.
This can be verified to be a SPE penal code. Since the value of the punishment profile
is (1,1), it constitutes a SPE continuation. Other payoffs in the rectangle may be
shown to be sustained more easily since the punishment continuation will generally
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be higher, and the one shot gain to deviation will generally be lower.'®

3.5.  Costly Communication

Our discussion so far of sequential decentralized communication has yielded two in-
sights. First of all the potential to whitewash does have an impact on the structure
of equilibria of the repeated game. Theorem 1 no longer holds in this case. Some
equilibria of the full memory game are not viable under sequential decentralized com-
munication because they would leave one or more individuals with an incentive to
whitewash the past after certain histories of play.

On the other hand, the logic of Theorem 3 demonstrates that whitewashing can be
prevented, even if it makes all current and future generations better off, and even when
individuals can signal their intentions to coordinate on the whitewashing of previous
deviations. Since our examples suggest that most payoffs of interest (e.g., mutual
cooperation in Prisoner’s Dilemma) can be sustained by rectangular self generation
if players are sufficiently patient, these payoffs are also sustainable by equilibria of
sequential protocols. Our next step is to show that such equilibria are fragile.

We modify the dynastic game with sequential decentralized communication in the
following way. We assume that an “infinitesimal” cost is associated with communi-
cation strategies that are more “complex”. In other words, we assume that there are
costs attached to more complex communication strategies, but that they matter in the
comparison between the payoffs that two strategies yield only if these two strategies
yield actual payoffs (from actual play that is) that are the same. Using a standard
term, we call these lexicographic costs of more complex communication strategies.

Once the model is modified to allow for lexicographic costs of more complex com-
munication strategies, it behaves in a dramatically different way. Theorem 4 asserts
that once complexity costs are taken into account the set of PBE of the dynastic
game shrinks to N/ — the set of Nash equilibria of the stage game.

We begin with a definition of what it means for a strategy to be more complex than
another at the communication stage. We want to deem a communication strategy to
be more complex than another if it prescribes communication actions that depend
“more finely” on the history of play. To describe formally what we mean by more
finely some extra notation is required.

Recall that with sequential decentralized communication the message action of
individual 7 is denoted by a; = p;(m, o,a’™'), where m = (m4, ..., m,) is the message
sent by the previous cohort, o is the current action profile, and a’~! is the profile of

18The logic of sustaining (7/4,7/4) can be applied to verify the self generating property for other
interior points in the rectangle.
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message actions chosen by individuals 1 through to ¢ — 1 in the current cohort. Let
M, be the set of all possible tuples (m, o, a’"!).1

Given a communication strategy p; we can of course identify the way in which p;
partitions M;. We let this partition be denoted by P;(p;). The “cell” of P;(p;) that
contains any given (m,o,a’ ') € M; is denoted by \;(m,o,a"!) and is defined as
follows.

ANi(myo.a™t)y = {(m,o',a" ") e M; | u(m' o', a" V) = pi(m,o,a ")} (4)

Lastly, as is standard, if the partition P;(p;) is coarser than the partition P;(u}) we
write Pl(ul) - Pl(u;)m

We can now proceed with a formal definition of the assertion that a communication
strategy is more complex than another.?!

DEFINITION 2: We say that communication strategy (; is more complex than com-
munication strategy p; if and only if P;(u;) = P;(p}).??

As we anticipated above, we assume that whenever the payoffs stemming from the
(repeated) stage-game are equal, communication strategies that are less complex in
the sense of Definition 2 are preferred. The easiest way to include our assumption of

1950, to be precise we have that M; = M x A(S) x A", where A1 = A) x ... x A, if
i>2,and A7 =0ifi=1.

200f course in this case we may also say that P;(p) is finer than P;(p;).

2L The notion of complexity embodicd in Definition 2 below is related to the definition of complexity
based on the number of states in an antomaton needed to implement a strategy (Rubinstein 1980,
Abreu and Rubinstein 1988, Aumann and Sorin 1989, Piccione 1992, Rubinstein and Piccione 1993,
Chatterjee and Sabourian 2000, amoung others). However, it should be noted that the two are not
the same. The reasons are two-fold. First of all, we do not restrict attention to strategics that arc at
all implementable by a finite automaton. In this sense the “domain” of Definition 2 is broader than
the ones based on counting states in a finite automaton. Sccondly, our definition below is “weaker”
than the automaton based ones in the following sense. Given two communication strategies that are
implementable by a finite automaton, it is possible that one be less complex than the other in the
sense that it requires fower states, but that the two are not comparable in the sense of Definition
2 below. On the other hand, it is casy to check that in this case, if onc strategy is less complex
than the other in the sense used here, then it necessarily is less complex than the other in the sense
of requiring fewer states. While counting states provides a complete order of strategies that are
implementable by a finite automaton, Definition 2 only defines a partial order on this set. See also
footnote 22 below.

22Notice that the complexity of a communication strategy only defines a partial order on the sct of
communication strategics in the sense that clearly there exist pairs yi; and g such that both P;(j4:)

# Pi(ps) and Pi(pr) ¥ Pi(ps) hold.
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lexicographic costs of more complex reporting strategies is to modify the definition of
an PBE for the dynastic repeated game with sequential decentralized communication.

DEFINITION 3: Consider an PBE (g*, u*) for the dynastic repeated game with se-
quential decentralized communication. We say that (g*, u*) is robust to lexicographic
complexity costs of communication if and only if for every dynasty ¢ and every
(m,o,a"1) € M;, there does not exist a communication strategy ji; such that

Vig*, pi, pi*ilm, o0 t) = Vi(g*, wlm, 0,0 1) (5)

and pf is more complex than p in the sense of Definition 2.

Given a sequential decentralized communication protocol C' and a common dis-
count factor ¢, the set of PBE that are robust to lexicographic complexity costs of
communication will be denoted by F¢(§), while the corresponding set of payoffs will
be denoted by £°(8) throughout the rest of the paper.

Notice once again that Definition 3 embodies the idea that complexity costs of
communication only matter if the payoffs from the (repeated) stage game are the
same. A PBE is robust to lexicographic complexity costs of communication if, given
the strategies of the others, no individual can choose a communication strategy that
leaves his basic payoff unaffected but which has a lower degree of complexity than
the equilibrium one.

The idea is that players will not distinguish histories that have equal payoffs in the
equilibrium continuation. Indeed, why would they expend energy to do otherwise?
But if a player does not make fine distinctions between otherwise identical histories,
then he must play the same way after each such history of play.

Notice that the way we have incorporated the role of complexity costs into the
equilibrium notion for our model is in some strong sense the weakest possible one. If
we modelled the complexity costs of communication to be even small but positive,
their impact on the equilibrium set could not be smaller than in the lexicographic
case we are considering here. In this sense, Theorem 4 below refers to the limit case
in which complexity costs of communication have been shrunk to zero.

THEOREM 4: Let any sequential decentralized communication protocol C' and any
common discount factor 6 be given. Then any PBE (g*,u*) that is robust to lexi-
cographic complexity costs of communication has the following features. The action
profile taken in any subgame o = g*(m) is a Nash equilibrium of the stage game (in
other words g*(m) € N for every m € M ). Moreover the action profile o is the same
in every period along the equilibrium path — except possibly in the first period.
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The proof of Theorem 4 is in the Appendix. A brief outline of the argument is
as follows. Consider the beginning of a message subgame, after action profile ¢ has
been taken. The sequence of action messages chosen by individuals 1 through to
n now determine entirely the continuation payoffs. This is because the next cohort
will only observe m chosen by the current cohort and will not be able to condition
their behavior on anything else. It is then possible to exploit the sequential nature
of communication together with the lexicographic complexity costs associated with
communication strategies to show that equilibrium behavior in the message subgame
will be the same regardless of o and of the message received from the previous cohort.

Since the action messages chosen in equilibrium must be the same in every commu-
nication subgame, regardless of history, it now follows that the continuation payoffs to
every individual cannot depend either on the current action profile or on the message
received from the previous cohort. But then it follows immediately that the action
profile o chosen in every period cannot be anything other than a Nash equilibrium of
the stage game.

The potential to whitewash is quite devastating when communication is sequential
and decentralized and complexity costs of communication have even a lexicographic
impact on payoffs. All deviations will be whitewashed by the current cohort. Contin-
uation payoffs are therefore independent of current behavior, and only behavior that
is equilibrium in a static sense will survive in any equilibrium of the dynastic game.

4. COVERUPS

So far we have analyzed the dynastic repeated game with communication protocols
that ensured that all the information available to the current cohort is the result of
message actions taken by the previous cohort. Of course, this is an extreme assump-
tion. A more “realistic” view is that the information available to the current cohort
is a mixture of the true history of play and of the communication behavior of the
previous cohorts. The purpose of this section is to characterize equilibrium behav-
ior in the dynastic repeated game under one such possible “mixed” communication
protocol.

As we mentioned in Section 1 we examine a communication protocol in which
the past history of play leaves a “footprint.” This footprint will be enough to re-
veal the true behavior of the previous cohort, unless the individuals in the current
cohort unanimously agree to report a different history to the next generation. As we
anticipated in Section 2 we call this a model of “coverups”.

To describe in detail the communication protocol with unanimous conspiracy to
coverup, it is convenient to refer back to Example C? of Section 2.3 above. Essentially,
we need to fill out the details of C3 above: we need to specify the history h* that is
reported to the next generation in case of disagreement.
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As in Example C?, let A; = M = H. Now define ® : M x A(S) x A — M as

h f 3 h h that h =a; Vi
q)(m,a,a):{ if such tha a; Vi (©)

(m,o) otherwise

Using (6) we can now proceed to define our communication protocol with unani-
mous conspiracy to coverup.

DEFINITION 4: The dynastic repeated game with unanimous conspiracy to coverup
is defined as follows.

Individuals in each cohort choose their message actions sequentially as described
in Section 3.2 above.

Consider a cohort that has received message m from the previous cohort. Assume
that the individuals in the current cohort have chosen action profile o. Let a be
the profile of action messages chosen by individuals in the current cohort. Then the
message received by the next cohort is given by m = ®(m, o, a), where ® is as in (6).

In other words, the message sent to the next cohort is equal to (m, o) where m is
the message of the previous cohort and o is the true current action profile, unless all
individuals in the current cohort choose identical action messages a1 = ... a, = h.
In the latter case the message passed on to the next generation is h.

It turns out that the set of equilibrium payoffs of the dynastic repeated game with
unanimous conspiracy to coverup is contained within the set of equilibria of the full
memory game that satisfy a restriction that has been analyzed before — namely those
equilibria of the full memory game that are Weakly Renegotiation Proof (henceforth
WRP) in the sense of Farrell and Maskin (1989). This is of independent interest since
it tells us that Theorem 5 can be viewed as providing non-cooperative foundations to
the set of WRP equilibria in a repeated game.

Before we proceed any further, for completeness we give a definition of those SPE
that are WRP in the full memory game.

DEFINITION 5 [Farrell and Maskin (1989)]: Consider the full memory game of Sec-
tion 2. Let f* denote an SPE of this game.

We say that f* is Weakly Renegotiation Proof if and only if it has the property
that no continuation equilibrium is strictly Pareto-dominated by another continuation
equilibrium.
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In other words, an SPE f* of the full memory game is WRP if and only if there
exist no pair of finite histories h and h' such that

Vilf*lh) > Vi(ff[r')  Vi=1,....n (7)

Throughout the rest of the paper, given a common discount factor 6 the set of SPE
of the full memory game that are WRP is denoted by F¥(8), while the corresponding
set of payoff profiles is denoted by EE(6).

We are now ready to state our last result.

THEOREM 5: Let a communication protocol C' with unanimous conspiracy to coverup
and a common discount factor § be given. Then £°(8) C E£(8). In other words, the
set of PBE payofts in the dynastic repeated game with unanimous conspiracy to
coverup is contained within the set of SPE of the full memory game that are WRP.

The proof of Theorem 5 is in the Appendix. Intuitively, the argument that makes
it hold runs along the following lines.

Consider a reporting subgame of the dynastic repeated game, in which the players
choose their actions sequentially, from 1 to n. Suppose that the equilibrium prescribes
that all individuals report the action profile o, but that the continuation payoffs as-
sociated with these reports are strictly Pareto-dominated by the continuation payoffs
associated with another profile of message actions that are different from the “true”
0. Then using backwards induction (on the set of individuals, within the reporting
“subgame” ) it is possible to show that the true reporting behavior could not be an
equilibrium in the first place. Since every individual can unilaterally trigger the true
o to be communicated to the next cohort, it is also possible to show that it cannot be
the case that equilibrium behavior prescribes unanimous reporting of a “false” o that
is associated with continuation payoffs that are strictly dominated by the continuation
payoffs associated with the true profile . In this way, it is possible to show that the
equilibrium behavior in the reporting subgame cannot be associated with a profile of
continuation payoffs that are dominated by the continuation payoffs associated with
another profile of message actions. Hence no continuation equilibrium can be strictly
Pareto-dominated by another continuation equilibrium.

5. CONCLUDING REMARKS

This paper examines play in dynastic repeated games. Since each new generation
cannot (perfectly) observe prior play, they must rely on messages of the prior gen-
eration. When these messages constitute cheap talk, then communication protocols
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must guard against whitewashing. When some prior information is available, then
protocols must deter coverups. Related issues arise in two recent, dynastic overlap-
ping generations models of orgranizations by Kobayashi (2000) and Lagunoff and
Matsui (2001). Both prove Folk Theorems of various types when privately observed,
intra-organizational communication is present.

Our results show that standard mechanism designs in the protocol can easily
sustain all outcomes that were available in the full memory repeated game. Even
when reports in the communication phase are sequenced, protocols which necessarily
utilize some “neutral historian” exist to sustain most if not all outcomes of the full
memory game.

However, our results also suggest that these equilibria are fragile. If individuals’
reports in any communication phase are sequenced, and if complexity matters even
lexicographically, then only stage Nash equilibria can appear long the equilibrium
path. In this world, the messages conveyed from one generation to the next are
devoid of any real content.

Despite some similarities, the present model examines a very different type of
communication than in typical sender-receiver, cheap talk models such as Crawford
and Sobel (1982), and, more recently Krishna and Morgan (1999). The latter is
representative of a more recent variety which, as in our model, features multiple
senders of information. Yet, in all these models, difficulties in reporting incentives are
due to different payoff functions between the sender and receiver. By contrast, in our
model there are no payoff differences, at least between sender and receiver of the same
dynasty. The incentive problems arise because of the requirement that the equilibria
coordinate behavior on intertemporal sanctions. Sometimes these sanctions punish
many or all individuals for the sins of one. This coordination on sanctions drives the
necessary wedge between the senders and receivers of the hidden information.

Though no one in a cohort observes past history, the assumption of public messages
means that all individuals of a given generation inherit the same “memory” from
their predecessors. For this reason, the present model also bears some resemblance
to repeated games with public monitoring. (Green and Porter (1984), Abreu, Pearce,
and Stacchetti (1986), Abreu, Pearce, and Stacchetti (1990), and Fudenberg, Levine,
and Maskin (1994), among others).

The public observation assumption is motivated by our desire to bias things as
much as possible against whitewashing. Public observation allows the adoption of
standard techniques from Nash implementation (see, for example, Jackson (1999)
and the references contained therein). For this reason, the sensitivity of such mecha-
nisms to sequencing and complexity is somewhat unexpected. Nevertheless, one could
imagine dropping the assumption of public observability. In that event, we do not
yet know what happens, though one might expect the consequences to be even more
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severe. With private, intra-dynastic communication and with only two dynasties, we
suspect that results similar to those of Kobayashi (2000) and Lagunoff and Matsui
(2001) could be proved. However, with more than two dynasties, it is less clear. With
private communication, the model would bear closer resemblance to repeated games
with private monitoring.??

APPENDIX

PROOF OF THEOREM 1: We begin with the case in which the game has at least three dynastics.
Let f* denote a SPE in the full memory game.

We now define (g%, po*) as follows. For cach profile m = (mq,...,my), and cach i,

“(m) fi(h)  if Jhsuch that m; = h, Vj € J C I, with|J| >n —1 (A1)
gi(m) = ) .
fH(h%)  otherwise
and for each m, each o, and each 1,
*( ) (h,o) if 3hsuch that m; =h, Vje JCI, with|lJ| >n—1 (A2)
i (m,o) = .
/ (h%,0)  otherwise

In other words, the candidate PBE (¢*, *) in the dynastic repeated game prescribes the fol-
lowing. Each individual in the current generation chooses to play according to f* after any finite
history of play A if all individuals, except possibly one, concur and identically report history h. If it
is not the case that at least n — 1 individuals report the same history, then the current generation
“starts over” and all individuals play the actions prescribed by f* given the empty history A°. In
the reporting stage, all the individuals in the current generation report “truthfully” the current
behavior. Moreover, if at least n — 1 individuals in the previous cohort identically reported the finite
history h, then all individuals report b (as well as the true o, as stated) to the next cohort. If on
the other hand no set of n — 1 individuals in the previous cohort agreed on a finite history h, then
the all individuals in the current generation report the empty history h° (as well as the true o, as
stated) to the next cohort.

Clearly, the pair (g%, p*) satisfies the requirements of the theorem by construction: it remains
to verify that it constitutes a PBE of the augmented gaine.

First of all, observe that the continuation strategy profile f*|h is, of course, an SPE of the full
memory game for any finite history A.

Cousider now any behavior subgame starting immediately after a message m = (mq,...,my)
has been received that satisfies the condition on the right-hand side of (A.1), and let h = m; for all
jeJ.

238ee, for instance, Ben-Porath and Kahneman (1996), Compte (1998), Ely and Valimaki (1999),
Kandori and Matsushima (1998), and Mailath and Morris (1999) With few exceptions, that literature
tends to examine outcomes of games close to those with public monitoring.
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Then clearly no individual ¢ has an incentive to deviate. In fact, if ¢ follows the prescriptions
of (¢*,*) by construction he will receive a payoff of Vi(f*|h). By deviating to any action other
than gf(h) = fF(h) he will receive a payoff that is equal to Vi(f;, f*;|h) for some f; # fF. Since
f* is an SPE strategy profile for the full memory game, this is clearly not a profitable deviation for
individual .

Next, consider any behavior subgame starting immediately after a message m = (mq, ..., my)
has been received that does not satisfies the condition on the right-hand side of (A.1). Then it is
also clear that no individual 7 has an incentive to deviate. In fact, if 7 follows the prescriptions of
(¢, ") by construction he will receive a payoff of V;(f*|h) in which h = m, for all j except possibly
onc individual. By deviating to any action other than gf(h) = f#(h) he will receive a payoff that
is equal to Vi(f;, f*;|h) for some f; # fF. Since f* is an SPE strategy profile for the full memory
game, this is clearly not a profitable deviation for individual .

Now consider a communication subgame that starts immediately after the action profile ¢ is
taken, which in turn was taken after message m = (mq,...,my) was received from the previous
generation. Assume first that m satisfies the condition on the right-hand side of (A.2). Then it
is immediate that no individual ¢ has an incentive to deviate from the prescriptions of (g%, 11*).
This is because if all players but ¢ follow their equilibrium prescriptions, then their message actions
are a; = (m,o). Hence the message sent to the next cohort m’ will satisfy the condition on the
right-hand side of (A.1), regardless of the message action chosen by 4. Thercfore, in this subgame
the (continnation) payofl to ¢ will be V;(f*|m, o) regardless of the massage action a; € A; that he
happens to choose. Thercfore, individual ¢ has no incentive to deviate in this subgame.

Finally, consider a communication subgame that starts immediately after the action profile o
is taken, which in turn was taken after message m = (mq,...,m,) was received from the previous
generation that does not satisfy the condition on the right-hand side of (A.2). Then a similar
argument can be used to show that no individual ¢ has an incentive to deviate from the prescriptions
of (g*,p*). In fact, it is immediate to check that in this subgame the (continuation) payoff to i
will be Vi(f*|hY, o) regardless of the message action a; € A; that he happens to choose. Therefore,
individual 4 has no incentive to deviate in this subgame. We have therefore shown that behavior
prescribed by ¢g* follows f* after every history h.

To conclude the argument, we now have to prove our claim in the case of two dynasties.

As in the previous case, let f* be an SPE strategy profile for the full memory game. Let hC*,
R, ..., h™, ... be the SPE outcome path associated with f*. By standard results, we can modify
the profile f* as follows to obtain another SPE strategy profile f* for the full memory game that
induces the same outcome path as f*. In what follows, T denotes a “sufficiently large” integer,
chosen (given 6) to inhibit deviations.

The strategy profile f* can then be described as follows. Play according to the path of play o°*,

ol*, ..., o™, ... if no deviations occur. If at any time £ a deviation from this path of play occurs,
then both players play their minmax action &; for T periods. At the end of the T' periods, both
players return to the original path of play ¢%, o'*, ..., o™, ... If a deviation from the minmax

phase just described occurs, then the phase restarts. In other words, following a deviation from
the minmax phase, the players play their minmax actions @; for T periods, and then return to the
original path of play o%, o'* tx

e A

Starting from f*, we can now define our candidate PBE (g*, p*) for the dynastic game as follows.
Let h' be an arbitrarily fixed history of length 1 that satisfies h' # (6%, ). For each i and each

m now define
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g7 (m) — N;‘(IZ) if 3h sTl(:h that m, =ma=nh (A3)
*(h') otherwise
and for cach m, cach o, and cach 1,
(o) — (hyo) if Jhsuch that my =ma =h (A4)

(h',o) otherwise

In other words, the players play according to the strategy profile f *if the message actions of
the previous cohort are identical. If the message actions of the previous generation differ, then a
minmax punishment phase (of length T') is triggered (since ht +£ (6%%,01)). In the reporting stage
both individuals report “truthfully” the current behavior. Morcover, if the message actions of the
previous cohort are identical (h), then both individuals also report h to the next generation (as well
as the true o, as stated). If the message actions of the previous cohort differ, then both individuals
report h! (as well as the true o) to the next gencration.

Clearly, the pair (g*, u*) satislies the requirements of the theorem by construction: it remains
to verify that it constitutes a PBE of the augmented game.

First of all, observe that the continuation strategy profile f*\h is, of course, an SPE of the full
memory game for any finite history h.

Consider now any behavior subgame starting immediately after a message m = (my,ma) has
been received that satisfies the condition on the right-hand side of (A.3), and let A = my = ma.

Then clearly no individual ¢ has an incentive to deviate. In fact, if ¢ follows the prescriptions
of (¢, *) by construction he will receive a payoff of V;(f*|h) By deviating to any action other
than g*(h) = f7(h) he will receive a payoff that is equal to Vi(f;, f*;|h) for some f; # fF. Since
f* is an SPE strategy profile for the full memory game, this is clearly not a profitable deviation for
individual 7.

Next, consider any behavior subgame starting immediately after a message m = (my,ms) has
been received that does not satisfies the condition on the right-hand side of (A.3). Then it is also
clear that no individual ¢ has an incentive to deviate. In fact, if 7 follows the prescriptions of (g*, p*)
by construction he will receive a payoff of Vj( I \ﬁl) By deviating to any action other than ﬁ*(le)
= &; he will receive a payoll that is equal to Vi(f;, fij l~71) for some f; # f;‘ Since f* is an SPE
strategy profile for the full memory game, this is clearly not a profitable deviation for individual 3.

Now consider a communication subgame that starts immediately after the action profile o is
taken, which in turn was taken after message m = (mq,ms) was received from the previous gen-
cration. Assume first that . satisfics the condition on the right-hand side of (A.4). Then it is
immediate that no individual 7 has an incentive to deviate from the prescriptions of (¢*, 1*). Doing
so would trigger the minmax phase that is designed to deter any deviations from equilibrium.

Finally, consider a communication subgame that starts immediately after the action profile ¢ is
taken, which in turn was taken after message m = (mq, meo) was received from the previous gencration
that does not satisfy the condition on the right-hand side of (A.4). Then a similar argument can
be used to show that no individual 4 has an incentive to deviate from the prescriptions of (g%, 11*).
Therefore, individual ¢ has no incentive to deviate in this subgame.
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PrROOF OF COROLLARY 1: . It is immediate to check that £ (8) C £(6). The details of this claim
are omitted. Sinee Theorem 1 obviously implies that £(8) € £9(8) the claim is proved. Bl

PROOF OF THEOREM 2: Let (¢*, 1*) denote any PBE. As hypothesized in the Theorem, let a” and
a” denote two equilibriwmn paths, and let (m/,¢’) and (m”, 0”), denote the prior histories of message
and action profiles that induce a’ and a”, respectively. Note that o’ is determined by

/7'71) /

* 11 In—1
s ey = pr(m o’ a )

A N A AN ¢ [ Y AR AW S | AU Y A
ay = pi(m’ 0’ a”), ay = ps(m’ 0’ a"), . ap = pi(m o' a
Profile a” is determined similarly.
Now suppose that the Theorem is false. Then, for any path, a, that departs from either a’ or
"

a”, and for cvery player j, we must have:

EITHER

pi(m! o' a? 7ty = pp(m” 0" a7t (A.5)

OR

pi(m! ol al=Yy % pi(m”, 0" 6771, and (A6)
‘/}(Q>u‘ Tn’la0-17(1"]71711’]'("1’,70-,7(1‘]71) ) 7é ‘/J((bﬂ‘ Tn’uy0—"7(1‘]717/’L]’(Tn’”)(fﬂya‘jil) )

We use the following backward induction argument. Suppose, first, that cither (A.5) or (A.6)
Lold for all departing paths and for player n. We now argue that (A.6) cannot hold for player n. To
sce this, observe that if (A.6) did indeed hold then, without loss of gencrality, we have

ﬁn = Vn(gy ,LI,‘ Tn’la OJ) a‘nila ﬂ'n(7n’,7 OJ) a‘nil) ) > Vn (C], ﬂ| 777’,,7 0-”7 (Ln’il) Hn (777’,,7 OJ,? (Ln’il) ) = Un
(A7)
But since player n is the last mover to report, then at any node a1, his preferences for o, over
v, cannot depend on prior histories (m/,o”) and (m”,0”). That is, we can drop the notational
dependence of V,, on (m/,0’) and (m”,¢”) and rewrite (A.7) as

n

O = Vilg, st @™ (im0 a™ ) ) > Vi(g, | @™ (0" a1 ) = v, (A.8)

JFrom (A.8), it is casy to sce that ji,, (m”, 0", a™~1) is not a best response, violating the equilibrium

property of p. Therefore, for player n, (A.5) must hold, i.e.,
pn(m’ a0’ a™ ) = p (m” 0" a7, (A.9)

Notice that (A.9) implies that player n must play the same way on every departing path a from o'

and a”, regardless of which prior history, (m/,o’) or (m”,d”), occurred.

Now suppose that (A.5) holds for players i+1,...,n. As was true for player n, these players must
PP plaj ) ) piaj ) piaj
play exactly the same way on every path departing from cither o’ or @”. Said another way, in both
the subgame following @) and the subgame following of, all subsequent players fail to distinguish
between (m/,o’) and (m/,0”) in their reporting behavior. But if strategics piaq, ..., 1, fail to
) ’ P g 28 Hit+1, y Hn
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distinguish between (m’,o0’) and (m”,¢”) in these subgames, then this must also be true for player
i. For if, instead, (A.6) held, i.c., if

VT(Q)/“‘ Tn’laO—lya‘iilaﬂ’i(/’n’lyo—la(Liil) ) 7& VT(Q)/“‘ Tn’uyo—”)a‘iilyﬂ’i(/’nﬂyoﬂa(Liil) )

then cither yi;(m/, o’ a'=1) or pi(m”,0” ,a’=1) can no long be a best response. Hence, player ¢ must
satisfy (A.5).

But now rcconsider consider the incentives of player 4 = 1. Observe that o’ and o’ arc distinct
equilibrium paths following (m’, o) and (m”,0”), respectively. Since equation (A.5) holds for all
players, 2,...,n, it must be true that player 1 play differently after cach of (m/;0”) and (m”,6”) in
order to distinguish ¢’ from a”. Specifically,

pa(m’ o’ a®) # oy (m”, 0", a) (A.10)

That is, player 1 must have distinct choices after (m’,0’) and (m”,¢”) since no other player distin-
guishes between the two histories. But (A.10) contradicts (A.5) for player 1. Since we have already
established that player 1, as well as all other players cannot satisfy (A.G), it must be the case that
player 1 violates both (A.5) and (A.6), and so we have obtained our contradiction. This concludes
the proof. W

The following Lemma will be used for the proof of Theorem 3.

LEMMA A.1: Let V be a sclf-gencrating closed rectangle of long-run payofls for the full memory
game. Thus V is of the form v, <v <7; foralli=1,...,n.

For any vector v € V, we let Z(v) be the sct of strategy profiles that sustain the vector of
long-run payoffs as an SPE of the full memory game, with continuation payoffs that lie entirely in
V. For any vector v € V, we let f, denote a genceric clement of Z(v). Also, for any vector v € 'V
we let P;i(v) be the projection of v on the lower boundary of ¥V for player i. In other words, P;(v) =
(U1« ooy Vi1 Vg Vi1 « - Up).

Now consider an arbitrary v* € V. Then there exists an f* € Z(v*) with the following properties.

For any history h', let o*(h') be the mixed profile of actions prescribed by f* at time t + 1,
conditional on history h' taking place. Let also o be any mixed action profile that agrees with
o*(h') on all components except for player i. That is o* satisfies o= (J';-((ht) for every j # i and o}
£ a7 (ht).

Then, for any history h! and for any 1,

V(IR a') = PV IR, 0" (k)] (A.11)

Morcover, let 6 be any mixed action profile that differs from o*(h') on two or more components.
Let D be the set of players for which & and o*(h') differ. Then, for any history h®

i ifieD
sz(f*|ht(}) = = e (AIQ)
Vi(f*Iht,o*(h")) otherwise
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In other words, without loss of generality, we can take f* to have the property that any unilateral
deviation by player i is punished by giving ¢ a continuation payoff of v; and leaving the continuation
payofls of all other players unchanged. Moreover, again without loss of generality, we can take f*
to have the property that any deviation by two or more players vields “bad” continuation payofts
for the deviating players only as in the right-hand side of (A.12).

PROOF: Let any f € Z(v*) be given. We now construct f* with the desired property as a modification
of f. The construction is recursive.

On h® = (0, f* prescribes the same behavior as f. So long as no player deviates from the outcome
path prescribed by f, the prescriptions of f* are the same as those of f.

Suppose now that some history h' (on the equilibrium path of f) has taken place and that a
deviation by player ¢ only has occurred at time ¢ (we ignore deviations by more than one player
for the time being). Let o' be the mixed action profile played at ¢ which includes i deviation. Let
also #(h') be the equilibrium prescription of f after history hf, and let v = V(f|hf,5(h')) be the
associated continuation payoff. Then, after ¢’s deviation at ¢ the prescriptions of f* are the same as
those of f Pi(v)|h,0. Notice that this implies that the continuation payoff vector implied by f* after
(ht, o) is Pi(v).

So long as the prescriptions of fp,(,) |h? arc observed after time £, the prescriptions of f* remain
as we have just described. Suppose now that a history h™ = (h?,o, A" t) (with m > ¢ and At
on the equilibrium path of fp,(,)) has occurred and that at time mn a deviation by player j takes
place. Let 07 be the mixed action profile played at m which includes j deviation. Let also o (h™ 1)
be the equilibrium prescription of fp,(y) after history A", and let b = V(fp,w)lh™, o'(h™71)) be
the associated continuation payoff vector. Then, after j's deviation at m the prescriptions of f* are
the same as those of f IDj(bi)|h0. Notice that this implies that the continuation payoff vector implied
by f* after (h™,07) is P;(b").

So long as the prescriptions of fp,(;:) are observed after time m, the prescriptions of f* remain
as we have just described. If a further deviation occurs then the players “switch” to a new “phasce”
in which the deviating player is pushed down to the lowest payoff available for him in V by playing
the appropriate SPE from then on, in a way completely analogous to the one we have just described.
Thus the description of f* can be completed by recursing forward the construction we have given.
The rest of the details are omitted.

Clearly, the profile of strategies f* that we have constructed has the property described in (A.11)
by construction. Evidently it is also the case that, by construction, all continuation payoff vectors
of f* lie in V, as required.

We now show that f* is an SPE strategy profile of the full memory repeated game. This is rela-
tively straightforward to check since only one-shot single-player deviations need ever be considered.
To verify that no such profitable deviations are possible, suppose that some history A° has taken
place, and let v; be #’s continuation payoff according to f* after h°. Thus, if i at time s adheres
to the preseription of f* he receives a payoff of v;. Notice that v; is also i’s continuation payoff in
the particular SPE that is being played in the “phase” that follows history A®. If on the other hand
he deviates in any way from what f* prescribes he receives a payoff of v;. Since v, is the lowest
continuation payoff that ¢ can get in any of the SPE that arc used in the construction of f* above,
it is clear that this must be sufficient to deter 7 from deviating from the prescriptions of f* after h*®
has taken place.
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Hence, we have shown that an SPE f* satisfying (A.11) exists as required. It remaius to show
that f* can be made to satisfy (A.12) as well. However, this is completely straightforward once we
know that an SPE satisfying (A.11) exists since deviations by two or more players can always be
ignored when checking if a given strategy profile is an SPE. The details are omitted for the sake of
brevity. l

PROOF OF THEOREM 3: Fix a set V satisfying the hypothesis of the Theorem. Now fix v* € V. We
must show that v* € EY(6) for any sequential protocol C' with H C A;. Without loss of gencrality,
we consider the sequential protocol with the natural order: player 1 speaks first, player 2 speaks
second, and so forth.

Let f* be an SPE of the full memory game that sustains v* as vector of long-run payoffs. Using
Lemma A.1 we can assume without loss of generality that f* has the properties deseribed in (A.11)
and (A.12), and that all its continuation payofls lie in V.

We now construct the pair (g%, ) that sustains the arbitrary payoff vector v* € V as a PBE.
Loosely speaking our coustruction of (¢*, u*) runs along the following lines. Ouly the messages of
players 1 and 2 are cver taken into account. Player 1 is asked to report the history of play, then
player 2 is asked to “confirm” 1’s report. If player 1 reports the truth, then player 2 confirms 1's
report, and play unfolds according to f*. If, on the other hand 1 ever issues a false report, then
player 2 does not confirm and reports 1’s deviation from the truth. In this case the continuation of
play unfolds as if player 1 had behaviorally deviated from f*, using the punishments prescribed by
f*. Since for player 1’s deviations f* punishes 1 in a way that leaves 2 indifferent, player 2 always
has the correct incentives to report 1’s deviation from truthful reporting. Given the punishment for
behavioral deviations built into f*, 1 now also has the correct incentives to always report the true
history of play.

Recall that we set m(—1) = h® = 0. To set the system in motion, let g*(h%) = f*|h". The rest
of the equilibrium is constructed recursively forward in the following way. In every period t > 0,
player 1 reports the truth in the sense that pi = (h'=1,0) where A1 is the history reported by
player 2 in period ¢ — 1 and ¢ is the true mixed profile that was played by the current cohort.

In every period t > 0, player 2’s depends on the veracity of the report of player 1 in the following
way. If player 1’s report is truthful (as defined above) then player 2 issuces an identical report (h'=1, o)
where h'~! is the history reported by player 2 in period ¢ — 1 (h® if ¢ = 0) and o is the true mixed
profile that was played by the current cohort. If on the other hand player 1’s report is not truthful,
player 2 issucs a report (h'=1, 0’) where '~ is the history reported by player 2 at  — 1, and o’ is a
mixed action profile that is different from that reported by player 1, and that records a behavioral
deviation by player 1 only in period ¢. In other words, of # fF|hi=! and of = fr|h'=! for every
i=2,...,n. Notice that these two conditions can clearly always be satisfied simultaneously.

The reports of all players ¢ with ¢ > 3 (if n > 3) are ignored. Therefore we simply set them
equal to a fixed message m; regardless of the history of play.

The ¢* component of the equilibriumn is easy to describe. In period t, if the reports of players 1
and 2 arc the same, then all players behave according to f*, conditional on the reported (h'=1 o).
If, on the other hand, the reports of players 1 and 2 differ, then all players behave according to f*
conditional on At = (ht=1 6) defined as follows. We sct ht=1 cqual to the £ — 1 history reported by
player 1. Moreover, we set 7 — the first component of & — equal to the report of player 2, and all
other compounents (6o, ...,d,) equal to the report of player 1.

Clearly the proposed equilibrium yields a vector of long-run payoffs v* as required. Of course,
it remains to show that f* is indeed a PBE of the repeated game with decentralized communication
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protocol C. We need to verify that no player ever has an incentive to unilaterally deviate in any
period, cither at the communication stage or at the behavior stage.

All players 4 > 3 (if any) clearly have no incentive to deviate in any period. Their messages
are ignored, and hence they cannot gain by deviating at the communication stage. At the behavior
stage, since f* is an SPE of the full memory game, and histories are reported truthfully, no individual
deviation can be profitable.

Consider now player 1, at the reporting stage after some history A"~ has been reported by
player 2 of the previous cohort, and the mixed profile ¢ has taken place in the current period. If
he reports the truth (R'=1, ) as required, he receives a continuation payoff of corresponding to f*,
conditional on (A1 7). If on the other hand he reports anything else, he receives a payoff of v,.
Since all continuation payoffs of f* lie in V, this cannot be a profitable deviation by player 1. Of
course, at the behavior stage player 1 has no incentive to deviate simply because f* is an SPE of
the full memory game and histories are reported truthfully.

Lastly, consider player 2 at the reporting stage after some history h*~! has been reported by
player 2 of the previous cohort, the mixed profile ¢ has taken place in the current period, and player
1 has reported some (possibly false) (h'~1,5). Clearly, using (A.11) and (A.12) and because of the
way we have defined & above, the continuation payoff of player 2 is the same regardless of his report.
Hence he cannot profitably deviate at this stage. Again, at the behavior stage player 1 has no
incentive to deviate simply because f* is an SPE of the full memory game and histories are reported

truthfully. This is clearly cnough to conclude the proof. ll

Proor orF THEOREM 4: Purcly for the sake of exposition, it is convenient to subdivide the
communication phases of the dynastic repeated game into n stages. Stage i begins after the tuple
(m,o,a’=1) is observable to all individuals and it is 4’s turn to pick a message action a;.

Cousider an PBE (g%, u*) of the dynastic repeated game with sequential decentralized con-
munication protocol C, and assume that (g*, p*) is robust to lexicographic complexity costs of
commuunication.

Now consider any subgame that begins with stage n of a communication phase. Assumne that the
tuple (m,o,a™1) is the value of the conditioning variables for individual n. Let Vi, (m,o,a™ 1, a,,)
be individual n’s continuation payoff in this subgame. Since continuation behavior can only depend
on the n-tuple (ay,...,a,), it is clear that

1

V(g 1| myo,a™ an) = Vilg,p*|m/ o’ a" an), Ym, o,m!, o’ o™t a" (A.13)

Now suppose, by way of contradiction, that n’s communication strategy g in this PBE is such
that

Jm, m’, o, 0’, a™ " such that pf(m,o,a" ) # pk(m' o’ a" ) (A.14)

Then, using (A.13) it is clear that we could find a strategy p, # pf such that p(m,o,a" 1) =

p(m! o’ a™~ 1) and

Vn (g*a ﬂ*| m,ao, a‘n717 ﬂ’(/’n’a g, a‘nil)) - Vn (g*a ﬂ*| 777’17 OJ? (L71’71> ,LL(TTI,,, OJ? a‘nil)) (A15)
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and P(p*) = P(p). Therefore, using Definitions 2 and 3 we conclude that since (g*, 1) is robust to
lexicographic complexity costs of communication we must have that

wh(m,o,a™ Y = pk(m/ 0’ 0™ Ym, w0, 0", a7t (A.16)

Ouce it is clear that p) must satisly (A.16), we can move backwards to stage n — 1 of the
communication phasc. By a simple backwards induction argument it is then immediately apparent
that for every ¢ = 1,...,n — 1 it must be the case that

im0ty = pr(m/ o' 0"t Ym, m!, o, 0, 0! (A.17)

Using (A.16) and (A.17) we can now define the sequence of message actions that every individual
in every cohort (except possibly the first one) will take. Recursively forward from individual 1 we
set

al = pi{m,o,0) Ym,o (A.18)
and (letting ' 1* = (a},...,a} ;), fori=2,...,n)
af = pf(m,o,a") Ym, o (A.19)

Lastly, we let m* = (a7, ...,a)). This is the message that cvery cohort will receive in any subgame
of the PBE (g*, 1*), except of course for the first cohort that will, by assumption, receive a message
m = ().

Tt now follows from (A.18) and (A.19) that the continuation payoff to individual ¢ after any

message m has been received from the previous cohort can be written as a function of his choice o
as

(1= 6)Ui(01,9%:(m)) + 8Vilg", 1" |m”) (A.20)

Since all cohorts, except for the first one, receive message m™ from the previous cohort, the
statement of the theorem now follows immediately from (A.20). The rest of the details are omitted. l

PRrROOF OF THEOREM 5: Fix 6. Suppose, by contradiction, that v* € £9(6) while v* ¢ EF(8).
Since v* ¢ E7(8) then for all f* that sustain v* in the full memory repeated game, there exists some
pair of histories, h’, h”, such that

V=V R) S>> V(IR =" (A.21)

Now let (¢*, p*) sustain v* under protocol C' with unanimous conspiracy to coverup. Clearly,

B k) o O

since (A.21) must hold for every SPE of the full memory game that sustains »*, we must have that
for some pair (m/,0”) and (m”,¢"), corresponding to A’ aud h” respectively, the following holds

o=V (g pt|m 0" >> Vg, ptlm” o) =" (A.22)
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To derive the contradiction, suppose now that (m”,c¢”) has in fact occurred. We proceed
to show that v»” cannot be the cquilibrium continuation of the communication phase. To verify

this, we proceed by induction. Consider the incentives of player n, when all others have reported
’

a; = (m/,0’), Vi # n. That is, all others have (falscly) reported prior path (m/,¢’). According to
the protocol for unanimous couspiracy to coverup, if n also reports al, = (m’, 0’) then ¢’ is attained.
Howecver, if player n vetoes o by reporting any other a,,, then the true history (m/”,0”) is revealed,
and so continuation v” occurs. But then (A.22) immediately implics that n's best response is to in
fact report a,.

Proceeding by induction, using the same argument as for player n, it is now easy to show that
every player ¢'s (4 > 1) best response to all preceding players j = 1,...,7 — 1 having chosen chosen
aj is in fact to report a;. Finally, consider the choice of player 1. Clearly, if he reports @) (given the
best responses of all other players) he achieves a payoff of v] while if he reports a] he gets a payoff
of v{. Hence, using (A.22) again, reporting af cannot be player 1’s equilibrium behavior in the
reporting subgame. Moreover, given the equilibrium strategies of the other players in the reporting
subgame, it is clear that player 1 (by choosing af) can achicve a continuation payoff of vf. Hence, v”
cannot be a continuation equilibrium payoff vector of the reporting subgame, as is in fact required.
This contradiction is clearly enough to cstablish the result.
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