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ABSTRACT

This paper analyzes the vacation option introduced by Shreve and Vecef
[2000] when the volatility follows the generalized markovian process pro-
posed by Hoffman et al [1992] and as an illustration of this model, the
classical model of Hull and White [1987] is derived. Finally I also simulate
an example of the Hoffman’s model where the volatility is past dependent
and stochastic and compare with the results obtained by Henderson and
Hobson [2000a] for the passport option case. An interesting result is that
the common practice of raise prices due to stochastic volatility is not so
generally valid for the vacation option.



1. INTRODUCTION

The first attempt to model the stock price evolution in the financial mar-
ket was made by the french mathematician Louis Bachelier. In his thesis,
Bachelier [1900], he stated that the stock price evolves according to the
following SDE

dSt = Mdt—FUth. (11)

Although the original character of this model, it has a drastic economic
drawback. If W is assumed, by hypothesis, to be a brownian motion and p
and o are positive constants; it is easy to show that there is a positive prob-
ability of the price .S been negative. In 1965 Paul Samuelson, see Samuelson
[1965], proposed the geometric brownian motion as an alternative to the
Bachelier’s model. The Samuelson model imposes the stock price to satisfy

a5 = pdt + odWy. (1.2)
St

The works of Samuelson and Merton, see Merton [1990] and the references
therein, on continuous-time finance served as one of the most important basis
for the development of the Balck-Scholes seminal paper on option pricing,
Black and Scholes [1973].

Since the foundation of the Chicago Board Option Exchanges (CBOE) in
1973 and the publication of Black-Scholes paper, the trading of options con-
tracts have been enormously increasing throughout the years. In accordance
with this trading growth, many kinds of financial contracts were developed;
such as the exotic options: Asian, Lookback, Barrier and the recent one
Passport option.

The passport option was introduced by Bankers Trust in 1997 and pub-
lished in a paper of Hyer et al [1997]. A passport option is a call option on
the wealth of a trading account; where its owner gains the possible profits
of the portfolio at the expiry and the seller bears the losses if it occurs.
The portfolio is composed, in the simple case, by only one asset that can be
traded during the life of the option and restrictions on the number of shares,
time between transactions, etc., give raise to many types of passport options,
see Anh et al [1998] and Chan [1999]. A straightforward application of this
option is on active portfolio management and if we limit the holder to trade
only once during the life of the option it can be used, in a suitable sense,
for portfolio insurance purposes. In this case the holder’s best strategy is to
trade at time ¢ = 0. See Anh et al [1998] for more details.

In the original paper, Hyer, Lipton-Lifschitz and Pugachevsky derive the
Hamilton-Jacobi-Bellman equation for the European passport option, and
then obtain a closed form solution when the investment interest rate coin-
cides with the risk-free rate (the well known symmetric case). The subse-
quent papers, Andersen et al [1998], Anh et al [1998], Penaud et al [1998]



3

and Chan [1999] extend the plain vanilla European passport option to in-
corporate various exotic features using PDE arguments. In 1998, Nagayama
[1998] uses the skorohod theorem to derive the symmetric European pass-
port case. More recently Henderson and Hobson [2000] uses local time to
construct a clever relationship between passport and lookback option and
Shreve and vecef [2000] derive a general version of options on trading ac-
count that englobes most of the cases hereby mentioned.

Notwithstanding the apparent good features of the passport option, it
has some practical disadvantages: the price and the transaction costs due to
holder’s optimum strategy. The vacation option can be seen as a partition
of the passport option in the sense that the holder can be long in the stock
or zero, for the vacation call; and short or zero, for the vacation put; instead
of been short or long in stock as proposed by the passport option. Thus,
the lower possibilities of trading provides a lower price and allows the holder
to choose the region of trading according to his expectations of the stocks’s
movements. One of the puzzles of this valuation option’s is that the holder
strategy is not known a priori and so the option writer must be able to
hedge against all of the holder’s strategy possibilities. If the holder trades
optimally he must switch his position in the underlying asset every time his
portfolio value crosses zero, but if the portfolio starts at zero the probabilistic
model assures it will cross zero infinitely many times in an arbitrarily small
interval of time. In spite of the theoretical result suggestion of been “short
when ahead, long when behind” instantaneously, the holder always trades
suboptimally due to transaction costs. The advantage of the vacation option
in this case is to reduce the transaction costs by reducing the range of trading
possibilities.

The main purpose of this paper is to analyze the behavior of the vacation
option under a rather general markovian stochastic volatility model proposed
by Hoffman et al [1992]. The rest of the paper is organized as follows. In
section 2, I describe the main results of the Shreve-Vecet model for vacation
options, section 3 deals with option pricing under stochastic volatility and
the problem of market completeness. In section 4, I proceed with numerical
experiments and simulation with crude Monte Carlo method.

2. VACATION OPTIONS

Let (2, F,F,P) be a stochastic basis. Let W be a brownian motion defined
on this basis and let F = {F;},c[0,7] be the P-augmentation of the filtration
generated by W. Suppose the underlying asset follows the SDE

ds
?t = pdt + odWy, (2.1)

t
where o is the volatility of the stock. Generally we can assume S to be an
exchange rate, future prices, etc., but for the sake of simplicity lets assume
S is a nondividend paying stock. r is the interest rate. Define a portfolio,

or strategy m, which value X7 on time t € [0, 7] evolves according to



dXtTr = mdS; + T(XtTr — WtSt)dt; (22)

where X is the initial wealth of the investor. The owner of a generalized
option on trading account will receive the payoff [X7]* at time 7" and the
seller should be able to hedge against the holder strategy, whatever this
strategy can be. This way, the rational price, V, of this contract at time

t € [0, 7] should be

Vel S, X)) = sup e "TYE[[ XA (2.4)
mu€{a,B}
The varieties of this general model relies on the restrictions imposed on
the values that m can assume. 7y = ;, where {”Yt}te[o,T] is F;_1-measurable
and m; € {a, f}. m is the number of shares held at time ¢ and o < 3.

2.1. The Option Price. According to Shreve and Vecei [2000] the price
of an option on trading account can be stated in the following Theorem

Theorem 2.1. Assumea < 3, let0 <t < T be given and letd = ov/1T — t.
When 0 < a < (8 or when a < 0 < —a < 3, the value of the option is given

by

1
Vil s, x,) = - — (B —a)osd_ +

— (r—pPs)N(e—+) — BsN(e__),

for © < L(a+ B)s, where
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When a < 8 < 0 or when a < 0 < ﬁ < —a, the value of the option is
given by

vl s ) = 4\}7(5 - a)Ese(%ldiJ
— @ as)N(~diy) — 5(5 — )(Edi +1)sN(~dy )
— as)N(d_) + asN(d__),

- (=
)

for x> L(a+ B)s, where

and
(a,8] B (a+,3)28_ ar 1. 1 _(Sle?
Vet s,x) = -0 F-a 4(ﬁ a)ase,+4m(ﬁ a)ose
« 1

— a(:z — Bs)N(et) — Z(ﬂ —a)(l —ge_)sN(e_),

for z < 3(a+ B)s, where

1 2 x 1 2a o
ei:alog</3_a (5‘3)>+glog<‘g_a>iz~

In the above Theorem if @ = § = 1 the option reduces to a European call,
a = 8 = —1 is a European put and when the owner is allowed to be short
or long one share of stock, « = —1,3 = 1 we have the standard passport
option. An interesting case occurs when o = 0, 8 = 1, the vacation call and
when o« = —1, 8 = 0, the vacation put. For the case of vacation option the
above Theorem simplifies to

Corollary 2.2. The price of a vacation call and put are respectively

VC(t,s,x) = V[O’l](t,s,x)

1 _
= 1(1 —od_)sN(—d_) +

1 ldQ
ose 2% +xN(dy),
o (dy)

for z > 1 58, where dy = 1 = log (?’”) + g and
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N %(Ee+_ +1)sN(—eq— + (2 = s)N(—e—y + sN(—e-—-),

forx < %s, where e44 = %log (2 — 2{) + %10g2:|: g

VP(t,s,x) = VIRt s 2)
1

= 3 masd—%d@+(x+s)[N(_d++)+N(d_+)]

@ )N (~dy ) — SN,

ford:c > —%s, where d4y = %log (2% + 2) + %logQ + g
an

VP(t,s,x) = V[_l’o](t,s,:r)

1 1.2
= gse 2 + —(1 —cde_)sN(—e_)+xzN(—ey),
e (176 sV (e ) + N (~e)

forx < %s, where e+ = %10g (_4?93) +

—_

S
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This example was borrowed from Shreve and vecer [2000]. Suppose the
holder strategy is to be long in one share of the stock, 7 = 1, and the initial
wealth is given by Xo = Sy — e " K for a given maturity T and strike K.
Thus the solution to

dX, = rXdt+ oS,dW;, (2.5)
Xy = So—e"TK, (2.6)

is X; =8, — e "THK and therefore Xp = Sy — K. This way if 7 = 1
the option on trading account, with a suitable choice of Xy, is a European
call option.

The Figure 1 shows the significant difference between the passport and
vacation call for different values of the volatility using the European call as
a benchmark with T'= 1,5y = 100 and Xg = 0. Figure 2 shows the price of
the vacation call, European call and passport for changes in the parameters
x, T, t and s. The relative lower price of the vacation option relies heavily
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on the partition of the strategy values. The greater the restriction the lower
the price and also the transaction costs in comparison with passport option.

As an immediate consequence of Corollary 2.2, one can establish the put-
call parity relation

V[OJ] (t7 St7 Xt) - V[il’O] (ta Sta Xt) = Xt' (27)

For details concerning the holder’s optimum strategy and the seller’s
hedge, see Shreve and Vecer [2000]. The holder’s optimum strategy is showed
to remain optimal even in a stochastic volatility model, see Henderson and
Hobson [2000a] for the passport case. Here I will assume that this result still
holds for vacation options. Throughout the rest of the paper the optimum
holder’s strategy is assumed to satisfy 7% = ]I{ Xt <18,) for the vacation

call, and 7* = —]I{Xﬂ*>_;st} for the vacation put. Where I is the indicator
=72
function.

3. STOCHASTIC VOLATILITY

Since the publication of the pathbreaking Black-Scholes paper in 1973,
certainly one of the most criticized and researched aspects of their valuation
formula is the constant character of the volatility, see Geske [1979], Blattberg
and Gonedes [1974] and Scott [1987].

The literature on volatility models can be classified in two broad cate-
gories. The first approach describes the stock prices as a diffusion with level
dependent volatility, see Geske [1979], Cox and Ross [1976] and Bensoussan
et al [1994]. The second approach assumes the volatility as an autonomous
diffusion driven by a second brownian motion, the first one drives the stock
price. For this kind of approach see Hull and White [1987], Stein and Stein
[1991], Wiggins [1987]. In a paper of 1996, Hobson and Rogers, see Hob-
son and Rogers [1998], proposed a new class of nonconstant volatility model
which could be extended to include the level dependent models but also
shared many characteristics of the second. This is done in such a way that
the price and the volatility form a multidimensional Markov process. Here
we exclude the models with jumps because they are beyond the scope of this
paper.

One of the main puzzles of introducing stochastic volatility in the Black-
Scholes model is that the market is incomplete and the underlying asset is
not sufficient to hedge a given financial contract against the two sources of
risk: the underlying itself and the volatility. To cope with the market com-
pleteness problem, Hobson and Rogers [1998] appeal for the use of only one
source of randomness, Hull and White [1987] assumed independence of the
couple of brownian motions and no systematic risk for the volatility process
and finally Hoffman et al [1992] suggested a minimal martigale measure for
the purpose of option pricing. In a paper of 1997, Romano and Touzi [1997]
established rather general conditions a contingent claim must satisfy in order
to complete the market. They proposed a slight modification of definition
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of market completeness in the sense of Harrison and Pliska [1981]. Notwith-
standing the quite standard assumptions of their approach, the necessary
and sufficient conditions in the sense of Romano and Touzi were showed to
be only necessary in the sense of Harrison and Pliska.

In fact the concept of minimal equivalent martingale measure was intro-
duced by Follmer and Schweizer [1990] and used by Henderson and Hobson
[2000a] to price the passport option with stochastic volatility. The following
definition, used by Hoffman et al [1992], is slightly different of the Follmer
and Schweizer and can be seen as a localized version of their result.

Definition 3.1. An equivalent martingale measure Q for S is called minimal
if any local P-martingale L in which <L, SZ> =0fori=1,...,m remains a
local martingale under Q.

The economic reasoning is that using Q for option pricing is equivalent
to assuming that all nontraded risks can be diversified away and thus are
unpriced. This was the approach used by Hull and White [1987] and Hender-
son and Hobson [2000a]. Henceforth all the expectations will be evaluated
with respect to this minimal martingale measure Q, unless the contrary is
specified.

3.1. General Markovian Model. Lets assume the following n-dimensional
diffusion process

n
Ay} = a'(t,Yy)dt + Y b7 (t,Y,)dW}, (3.1)

j=1
with7=0,...,m,5=1,...,n and a’ and b measurable functions from
0, 7] x R™™ — R. {Witepr = WE,...,W/]T is an n-dimensional

brownian motion defined on the stochastic basis (Q,F,F,P). a' and b
satisfy appropriate growth and Lipschitz conditions so that the solution of
the Equation (3.1) is a Markov process. Indeed, this model is more general
than the proposed by Henderson and Hobson [2000a] since it allows for
dependence on the asset price in the coefficients a’ and b%.

3.1.1. The Hull-White Model. Let {Y;'},ci0r) = [V, Y, V2T = [Be, S, v T,
for i € {0,1,2}. So the Hull-White model can be generalized as

dBt = T(t,Y;g)Btdt, (32)
dS;y = r(t,Y;)Sedt + /v Sy dW}, (3.3)

dve = &t Yo)vdt + 6(t, Vi uelp(t, Vi)dW}! + /1= (p(t, V2))2dW7{3.4)

where W' and W? are independent, p is the correlation between the stock
price S and the instantaneous variance v. For the case when p = 0 one has
the classical Hull-White model and analytical approach is attainable. For the
passport option case Henderson and Hobson [2000a] expose these analytical
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arguments in a very straightforward manner. Since the vacation option has
an explicit price one can derive the new option price as follows

/ VIO s, 2)h(T]v)do, (3.5)
R

for the case of vacation call and

/ VL8, s, 2)h(Bl0) o, (3.6)
R

for the vacation put. In the early equations ¥ is defines as the quadratic
average of the future variance
1 T
U= ds, 3.7
V=5 t vsds (3.7)
where v = o2 is the square of volatility, k is the density of T conditioned
to v, where v is a lognormal variable at the terminal time 7" and & and §
are supposed to depend on v and ¢ but not on S. The analytical formula
is derived proceeding the Equation (3.5) in a third order Taylor expansion.
Changing the measure of the classical Hull-White model, we obtain

dSy = VoS dw 2, (3.8)
dvy, = Evpdt + Sv, dWE, (3.9)

where W1HQ and W?2Q are independent brownian motions under Q. For
the case £ = 0 the expectation is showed to be

E@) = wp; (3.10)
_ 25T — 527 — 1

E(@?) = ( 517 )vg; (3.11)
_ 3T — 99T 4 652T + 8

E@) = 5573 g, (3.12)

and the expansion of the new price about the expected value of T, 7, is

2
vPim) + 1—8,‘2/ /(vv)Qh(v)cw+... = (3.13)
2 0v° |=
_ 10%V 103V
[0,1] (= - —2 vV -3
VEi(@) + 5 502 %E(v )+ 6 o gE(v Y (3.14)

The computation of the put price is analogous. The derivatives obtained
above are possible because of the differentiability of the payoff function
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with respect to v. This result is reinforced by the results of Henderson
and Hobson [2000a] notwithstanding their approach relies on the relation
between passport and lookback options. While this approach is quite elegant
from a theoretical point of view it has the drawback that v does not depends
on S and so the interactions between S and v are compromised. Indeed, in
the original paper , Hull and White [1987], the variables £ and § may depend
on v and ¢, but do not depend on S. In the classical model they are constants.

4. NUMERICAL PROCEDURES

The model considered in this section was borrowed from Hoffman et al
[1992] and can be viewed as a general version of the Ornstein-Uhlenbeck
mean reverting Stein and Stein model [1991]. In particular it allows for
volatility, at the same time, be stochastic and past dependent.

dBt = ’l"(t, Y}/)Btdt, (41)

dS; = r(t,Y;)Sedt + 04.S;dW}, (4.2)

doy = —q(oy — G)dt + podW7, (4.3)
1

dCt = E(o-t — Ct)dt (44)

The variables o and ( are, respectively, the instantaneous and the weighted
average volatility; ¢ measures their speed of adjustment and p is the intensity
effect of the external noise added by the second source of randomness 2.
Finally, n is the strenght of the past dependence of the average volatility.
The equation for ¢ can be solved explicitly as

(t=s)

_t 1 [t -9
G = (oe +/ e 1 ogds; (4.5)
nJo

explaining the exponential weighted nature of { and the strenght of the
past dependence of the average volatility given by the parameter 7. Typi-
cally, volatility is taken to be an It6 process satisfying a stochastic differen-
tial equation driven by a second brownian motion, This is the easiest way
the stochastic volatility approach incorporates correlation with stock price
changes. One feature that most models applied to the volatility on the orig-
inal Black-Scholes model seem to have is mean reversion. This term refers
to the typical time it takes for a process to get back to the mean level of its
invariant distribution. The traditional mean reverting Ornstein-Uhlenbeck
process is defined as a solution of

doy = q(m — oy)dt + pdWy, (4.6)

which is explicitly gaussian and given by
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t
oy =m+ (0o —m)e ¥ + p/ e~ 1= qw,, (4.7)
0

where oq is the initial volatility and m is the mean reversion parameter.
This way o is distributed as a normal N (m + (09 — m)e™ 4, %(1 — e2at),
Figures 3 and 4 show a sample path for o and ¢ and S and X. There is not
evidence that the vacation and even the passport option can be well modeled
with such assumptions because we do not have enough supporting empirical
data for these options. Thus, the characteristics of smile, skewness, and so
on, that are known as good features for a stochastic volatility model are not
considered here. Notwithstanding, the use of a as general as possible model
permits us to investigate the behavior of the option price in a wide class of
changing parameters.

As a first attempt to calibrate the model, the parameters can be chosen in
accordance with the literature. The following choice seems to be reasonable:
oo = 0.1,{p = 0.1,¢ = 1,p = 0.3 and n = 0.1. Recalling the Equation (2.2)
with the initial conditions: Sop = 100, T =1, X¢ = 0 and » = 0.1; the model
can be rewritten as

dS; = 0.18ydt + 04S;dW}, (4.8)
doy = —(oy—G)dt +0.30:dW2, (4.9)
d¢; = 10(oy — ¢)dt, (4.10)
dXT" = 7wfdS; +0.1(XF —x}S;)dt. (4.11)

The Table 1 shows the relation between the exact price of a vacation
call and the simulated one. The parameters used for the model (4.8) are:
So =100, T =1, o9 = {p = 0.5 and 10,000 sample paths for crude Monte
Carlo. The result seems to indicate that the overestimation of this stochastic
volatility model is somehow related with the ratio of Xy and Sy. As we
would expect the option price raises with the initial wealth. For a fixed
initial volatility the optimal strategy for the vacation call, 7* =1 (X" <18}

is rewritten as 7% = ]I{X,,*<@}. At the first glance, this strategy is likely to
2

influence the option price but if we turn the initial stock price to Sy = 60, see
Table 2, we can not observe a strong similar behavior of underestimation
of the constant volatility price and so the addition of a past dependent
volatility seems not to alter significantly the results obtained by Henderson
and Hobson [2000a].

The Table 3 shows that, at least for a sufficient small volatility, the lower
price of the simulated model seem to be a constant but when the level of
og increases this evidence is less strong, see Figure 6. By the Table 1 and
Table 3, we can see that when the volatility becomes more significant the
exact price responds with a higher price than the simulated one, specially for
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higher Xy. Whilst generally the effect of the simulated model is to decrease
the option price and the results of Henderson and Hobson [2000a] reinforces
this appointment, we can not infer that this is a common place.

5. CONCLUSION

The main result of this paper was to analyze the behavior of the vacation
option under a rather general markovian model proposed by Hoffman et al
[1992] and at the same time attempt to extend the model of Henderson and
Hobson [2000a]. The traditional rule of raise the prices of the option when
the asset is subject to a stochastic volatility seems not to be reasonable for
the vacation options. Since this result appears suggestive, one have to cal-
ibrate the parameters and proceed with some reduction variance technique
in order to obtain more accurate outputs.
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TABLE 1. Vacation call exact prices for constant volatility
and simulated prices for Sy = 100,7 = 1,7 = 0.1,00 = {p =
0.5. Upper and Lower are the bounds of a 95% confidence
interval for a 10,000 samples Monte Carlo

Xo Exact Price Simulated Upper  Lower FError (%)

10 24.1660 23.9300  24.4013 23.4586  3.9395
15 26.7032 26.2303  26.7121 25.7484  3.6740
20 29.4754 29.5600  30.1113 29.0087  3.7299
25 32.4938 31.8843  32.4000 31.3685  3.2350
30 35.7671 36.6658  37.2638 36.0678  3.2620
35 39.3005 39.5031  40.0997 38.9066  3.0205
40 43.0952 43.4078  44.05645 42.7611  2.9798
45 47.1479 47.2797 479255 46.6338  2.7322
50 51.4514 51.6804  52.3071 51.0537  2.4252
55 55.9819 55.7887  56.4357 55.1416  2.3196
60 60.6707 59.8204  60.5018 59.1391  2.2781
65 65.4625 65.8601  66.5844 65.1357  2.1997
70 70.3219 69.4747  70.1398 68.8096  1.9146
75 75.2261 74.7019 754104 73.9934  1.8970
80 80.1602 80.1539  80.8522 79.4556  1.7424
85 85.1144 85.2870  85.9522 84.6217  1.5600
90 90.0824 89.9646  90.6712 89.2580  1.5708
95 95.0598 95.0800  95.7688 94.3912  1.4489
100 100.0437 99.7639  100.4403 99.0874  1.3561

TABLE 2. Vacation call exact prices for constant volatility
and simulated prices for Sy = 60,7 = 1,r = 0.1,00 = {y =
0.5. Upper and Lower are the bounds of a 95% confidence
interval for a 10,000 samples Monte Carlo

Xo Exact Price Simulated Upper Lower Error (%)

10 16.5603 16.1854 16.3538 16.0169  2.0812
20 22.8562 22.5349  22.7459 22.3239  1.8725
30 30.8709 31.0082  31.2338 30.7826  1.4551
40 40.2457 40.1980  40.4466 39.9494  1.2369
20 50.0767 49.5460  49.7941 49.2980  1.0015
60 60.0262 09.7284  59.9879 59.4681  0.8692
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TABLE 3. Vacation call exact prices for constant volatility
and simulated prices for Sy = 100,7 = 1, = 0.1. Upper
and Lower are the bounds of a 95% confidence interval for a
10,000 samples Monte Carlo

Xo oo Exact Price Simulated Upper Lower Error (%)
10 0.01 10 9.9846 9.9849  9.9844 0.0047
10 0.05 10.0301 10.0429  10.0487 10.0370  0.1164
10 0.1 10.7124 10.7828  10.8022 10.7635  0.3588
10 0.15 12.0217 12.0524  12.0903 12.0145 0.6282
10 0.2 13.5891 13.8574  13.9240 13.7909  0.9606
20 0.01 20 19.9804  19.9806 19.9801 0.0025
20 0.05 20 19.9871  19.9934 19.9808  0.0629
20 0.1 20.0399 20.0760  20.0999 20.0521 0.2380
20 0.15 20.4036 20.2885  20.3390 20.2380  0.4976
20 0.2 21.1859 21.0266  21.1090 20.9442 0.7838
60 0.01 60 59.9220  59.9222 59.9217  0.0008
60 0.05 60 59.9576  59.9636 59.9515  0.0202
60 0.1 60 59.9707  59.9955 59.9460  0.0824
60 0.15 60 60.0188  60.0746 59.9629  0.1861
60 0.2 60 60.0932  60.1949 59.9629  0.3386
80 0.01 80 79.9071  79.9074 79.9069  0.0006
80 0.05 80 79.8952  79.9013 79.8891  0.0154
80 0.1 80 79.8787  79.9040 79.8534  0.0633
80 0.15 80 80.2503  80.3064 80.1942  0.1398
80 0.2 80 79.9684  80.0695 79.8672  0.2529



