The Potential Approach to Bond and Currency
Pricing

Markus Leippol@*; Liuren WiPT

a Swiss Institute of Banking and Finance, University of St. Gallen, Merkurstr. 1, 9000 St.Gallen,
Switzerland
bGraduate School of Business, Fordham University; 113 West 60th Street, New York, NY 10023,
USA

First draft: June, 1998
This draft: March 15, 1999

Abstract

In this paper, we begin the modeling of bond and currency prices from the modeling of the
state-price density satisfying basic properties of a potential. We provide extensive examples
and show their implications on bond and currency pricing. Most classic short rate models
are special cases of this general approach. We also investigate the connection to the Heath,
Jarrow, and Morton model. One advantage of the potential approach resides in its ease
in simultaneously modeling the yield curves of many countries and their exchange rates.
The properties of exchange rates under each example are derived and we illustrate their
possibility in explaining the forward premium puzzle.

JEL Classification CodesG12, G13, G15, E43, C60.

Keywords: potential; interest rates; foreign exchange; international term structure; state-
price density; resolvent; Markov process; Heath-Jarrow-Morton; forward premium
puzzle.

*Corresponding author. Tel.: +41 71 220 3066; fax: +41 71 311 2690; e-mail:
markus.leippold@unisg.ch.
TTel.: +1 212 636 6117; e-mail: liwu@mary.fordham.edu.



1 Introduction

The pricing kernel, or the state-price density, which relates future cash flows to today’s
price, is the fundamental building block of modern asset pricing theory. In abstract, the
state-price density process can be regarded as a positive supermartingale, or, under some
regularity conditions, otential The theory of Markov processes provides a rich frame-
work for the generation of examples of potentials. In this paper, we begin the modeling
of bond and currency prices from the modeling of the state-price density satisfying basic
properties of a potential. We provide extensive examples on the potential modeling of the
state-price densities and their implications on bond and currency pricing. We show that
most classic interest rate models are special cases of this general approach. We also inves-
tigate the connection between the potential approach and the Heath et al. (1992) approach
(henceforth: HIM) widely used in the finance area. One advantage of the potential ap-
proach resides in its great ease in modeling the yield curves of many countries at the same
time, together with the exchange rates between them. We derive the properties of exchange
rates under each example and illustrate their possibility in explaining the forward premium

puzzle.

The bulk of literature on bond pricing focuses on two approaches. One stream of liter-
ature, theshort rate modelsspecifies the instantaneous interest rate process directly and
then comes up with expressions for the prices of zero-coupon bond and other interest rate

derivatives. Cox et al. (1985), Beaglehole and Tenney (1991), Black et al. (1990), Brennan



and Schwartz (1979), Duffie and Kan (1994), Fong and Vasicek (1991), Hull and White
(1990), Longstaff and Schwartz (1991), Richard (1978), Schaefer and Schwartz (1987),
Vasicek (1977), are just some of the many papers which study different models for the spot
rate process and explore the consequences of this model choice. All these models are based
either on a general (e.g. Cox et al. (1985)) or partial equilibrium (e.g. Hull and White

(1990)) framework.

Another approach to interest rate modeling, thievard rate modelsbegan with the pa-

per of Ho and Lee (1986) and was thoroughly analyzed in the continuous time setting by
Babbs (1990) and Heath et al. (1992) (see Jamshidian (1988) and Sommer (1996) for the
continuum limit of the discrete-time Ho and Lee model and Amin and Jarrow (1991) for an
extension of the Heath et al. model to an international economy). The idea of this approach
is to model the forward rate process (or, equivalently, to model the movement of the yield

curve) directly.

Only recently, a less developed approach has emerged in the bond-pricing literature. These
models are based on the direct specification of the state-price pr&cesdefer to the

bond price equation (1.1), the positivity of bond prices implies that the state-price density
proces<; is apositive supermartingalelf additionally we assume the economically rea-
sonable conditioP(0,t) — 0 ast — o, then the state-price densiyis what is known as

apotential® Therefore, this approach has also been referred to gsotieatial approach

1A positive supermartingale tending to 0 in expectation is called a potential because of the very close links

with the Markov process concept of a potential. See for example, Bhattacharya and Waymire (1990).



To our knowledge, the earliest published reference to the state-price density approach ap-
pears to be Constantinides (1992), where it is used to generate a fairly general squared-
Gaussian model. Backus et al. (1998a,b,c) illustrate the role of pricing kernel in bond and
currency pricing in a discrete-time setup. Rogers (1997) formalizes the potential approach
and illustrates the application ofrasolventrepresentation in modeling the potential ( a
special case of Rogers’ approach is presented in Flesaker and Hughston (1996)). In this
paper, we follow the procedure of Rogers (1997) and apply the resolvent representation to

bond and currency pricing.

Given a state price density, the price of a zero-coupon bond is given by

Pt,T) =E[&r] /&, (1.1)

where the expectation is taken under the objective probability measure. Using the above
eguation as the starting point has several advantages compared to the traditional approaches
of term structure modeling. First, it offers great flexibility for the construction of inter-

est rate models with strictly positive interest rates. Requiring nonnegative interest rate at
the cost of analytical complexity may not be appropriate for some classes of instruments;
however, for the calculation of long term contracts and most structured products there is a
substantial increase in accuracy if a positive interest rate model is used (see e.g. Rogers

(1995,1996)).

Secondly, state-price models based on (1.1) offer great simplifications when modeling in-

ternational term structures. The exchange rate between two countries equals the ratio of



their state-price densities. This observation was made byR&guejo (1993) and Backus

et al. (1998b) in a discrete-time version and by Ahn (1997) in the continuous-time frame-
work. Starting from the state price density, we can therefore simultaneously model the term
structures of interest rates in any two countries and the exchange rate between them. Due
to this very ease of the potential approach in modeling the international term structures,
we are enabled to explore implications on thewvard premium puzzlen great detail and

clarity under different specifications. We are able to point directions in model specification

to account for the forward premium puzzle.

Lastly, since the state-price density is more closely related to the equilibrium of an economy,
the correct specification of the state-price density also serves as a benchmark for future

equilibrium modeling of the economy under the sense of reverse engineering.

The paper is structured as follows. In the next section, we describe the resolvent procedure
for the specification of the potentials and show how interest rates, bond prices, and exchange
rates can be derived from the state-price density. Section 3 analyzes several examples and
explores their correspondence to the classic interest rate models. In section 4, we analyze
the connection between the state-price density approach and the HIM approach. Since the
key to the construction of interest rate models within the HIM framework is the specifica-
tion of the forward rate volatility, we will elaborate on the connection of the forward rate
volatility and the volatility of the pricing kernel process. Section 5 extends the pricing ker-
nel model from a one-country economy to a multi-country economy. The flexibility of the

state-price density approach allows us to construct international term structure models in
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very convenient ways and provides us with insights in model specifications to account for

the forward premium anomaly of currency prices. Section 6 concludes.

2 The Resolvent Representation

Let (Q,F,P) be a probability space equipped with a filtratibn= (F;);<o satisfying the
usual conditions of right-continuity and completeness. The fundamental building block of
modern asset pricing theory is thate-price density;, or thepricing kerne| & 1+ = &1 /&,

which relates future cash flows, denotedas to today’s price, denoted a:

pp=E [E'—TKT“:t] =k [E—TKT] , (2.1)
& &

whereE[-|Fi] = E[-] is the conditional expectation operator defined(@F,P). The
existence and uniqueness of a positive state-price density is guaranteed by the assumption

of an arbitrage-free and complete market. We refer to Duffie (1996) for details.

For any Markov proces$X }i~o with resolvent(R) ), .o, we can takex > 0 and a positive

functiong on the state spacec X and define the state-price densityas

& = e “'Ryg(X). (2.2)

The resulting state price densgyis a potentiaf. Different choices ofj anda give a wide

range of possible potentials, even within the context of a fixed Markov process. Using this

2See Appendix (A.1) for details and proof.



framework, the spot rate can be given as

_OERRrR]| . 9(X)

== |, R0

The bond price corresponds to

E e Rag(X7)|F]

PLT) = Ra(X)

wheret = T —t is the maturity of the bond.

(2.3)

(2.4)

Since the resolvent of a Markov process is hard to specify in a usable closed form, we can

use theresolvent operatqr

Re=MA-L)"*

whereL is the infinitesimal generator of the Markov process. If we pick some positive

function f : X — (0,) and then defing via

we haveR,g = f, and, provided is everywhere non-negative, we have the state price

density, as in (2.2), now given by

& = e MRyg(X%) = & f(X).

From (2.3), we derive the instantaneous interest rate as

g%) _ (a=L)f(X)

U= Ry = 0

and from (2.4) we obtain the bond price as

e X))

LT ="



2.1 The Markov process

Before choosing any functional forms for ttiefunction, we need to specify the Markov

process. Of interest are the following classledimensional stationary Markov processes:

dX =K (8 — X)dt+ /V (X1)dW (2.5)

wherek is ad x d matrix capturing the speed of mean-reversion. dkel vectorf captures
the long-run mean of. The instantaneous variance mavigx") is assumed to be diagonal

with Vi = a + bixi”. The infinitesimal generator of is given by
(Lf)(X):(6—X)’K’(Df)+%tr[V(X”)-(Hf)], (2.6)

wherelJf denotes the vector gradiefit,f the Hessian matrix of, and “” the dot-product.
To simplify, we can re-scale the Markov process, with no loss of generality, such th#

andb; = 1, and therefor®; = X.

The following three commonly used examples for the Markov process fit into the specifica-

tion of (2.5), withn equal to 0, 1, and 2, respectively.

Example 2.1 (An Ornstein-Uhlenbeck process with mean-revergion:
dX =k (6—X)dt+dW. (2.7)

This is one of the most simple cases for a stationary process, corresponding to (2.5) with
n = 0. With this processX is multi-variate normal with
ko= EXr]=(1-e")8+e "X
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T
Vi = E [(XT _p{)z] :/t g K(T-9) (efK(Tfs)>ld5; (2.8)

wherepy denotes the conditional mean avidthe conditional variance. The characteristic

function is
@ (Xr,8) = exp(is’u— %s’\&s) : (2.9)

Refer to Stuart and Ord (1987) for the derivatiéh.

Example 2.2 (A mean-reverting Bessel process:
dX =k (60— X)dt+vXdW, (2.10)

corresponding to (2.5) with = 1. With such a Bessel proces§js a linear combination of
non-central chi-square variates. For any affine transformatioixs gf= b'x, we have the

following characteristic function
o(y,T;s) = (I — isC)'(’A)‘exp<isb(D(l - isC)’1x> , (2.11)

where ‘e” denotes “dot power operator,” ar C, andD are diagonal matrices with; =
280, , Ci = (b/2k;) (1— e &7), Dy = exp(—KiT), andk; = (K'b);/bi. The conditional

meanp(y;) and variancé/ (y;) are

ny,) = b (I —e‘TR> 0+ e ®x:
d 2 d 2
_ b _zit\? b R\ T
Viy) = i;e. % (1—e ) —|—2i;x. % (1—e )e : (2.12)
The unconditional moments are

d b_2
Hy) = be V(y):zleiz_}l(i-
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Refer to Appendix A.3 for the derivatio

Example 2.3 (A geometric Brownian motion proce}s:
dX = —kXdt+XdW, (2.13)

corresponding to (2.5) with = 2 and6 = 0. Whenk is diagonal such that the elements of

X are independent from each oth¥g, are conditionally log normal: IKr ~ N(p, ;) with

“t = ei(%+K)Txt,

1 1

T /
Vi = /e*(ﬁK)S(e*(ﬁK)S) ds (2.14)
t

2.2 Thef function

One requirement fof is that it has to be a positive functiorf:: X — (0,0). The most

common example is that of an exponential form
f (x) = exp(bg + byx+ X'BX) (2.15)

whereby is a scalarb; is ad x 1 vector, andB is ad x d matrix. We assum® is a
symmetric matrix with no loss of generality. The gradient vector and the Hessian matrix of

f are, respectively,
Of = f(X)By;
Hf = f(x)[2B+B1BY];

9



with

B1 = by + 2BX,
being ad x 1 vector. Applying the resolvent operator, we can obtaingthenction:

9%) = (a—-L)f(X)

= (%) a—(e—xt)’K’Bl—%tr[(x[”><{")-(2B+Bls’1)] . (2.16)

2.3 The state price density and asset pricing

Given the Markov process in (2.5) and théunction in (2.15), we can obtain the state price

densityé; as,

& = e M Ryg(X%) = e (%),

from which we can price contingent claims. Specifically, the instantaneous rate can be

expressed as

= @ (8-X)KBi— S [(XX") - (2B-+ B:B})]. (2.17)

The zero-coupon bond prices,

P(LT) = Eth] _E [efo(”x]:)(XT)]

contain expectation operation on thefunction that needs to be worked out before one

can obtain an analytical form. In general, any contingent clgimvith time-T payoff
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Kt = K(X7) can be priced under such a framework as

P =E [E—TK(XT)] =

Ei [e %" f (X1 )K(X7)]
&t '

f(X)

Obviously, a combination of different specifications of thdunction and the Markov
processX can generate a wide range of asset pricing models. As we will show later, all

diffusion-based interest rate models can de derived from this potential framework.

3 Bond Pricing: Examples

In this section we provide extensive examples where the bond prices can be worked out in

reasonably simple forms. We also derive many traditional models as our special cases.

3.1 Exponential quadratic f functions with Ornstein-Uhlenbeck process for

%S

The exponential quadratit function can be rewritten as

f(X) :exp[%(x—c)’Q(x—c)er , (3.1)

whereQ = 2B, ¢ = —3B~1by, andy = by — b)B~b;. The pricing kernel is therefore

b —e U] —exp| T+ 50—/ QXs ) — 5%~/ QX —).

Note thaty drops out of the pricing kernel. As a result, we can assym® by settingby =

%b’lB—lbl with no loss of generality. Further, we assume Qas diagonal for simplicity.
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Theg(x) function is of the form

60X = F(X) | @+ (% ~8/K'QX ~ ) ~ 5tr(Q) — 5 (X~ P (X ~) .

The instantaneous interest rate can thus be simplified to

(% -8 Q% -0+,

NI =

r(t) =

with

Q = KQ+Qk-Q%

¢ = Q'(KQc+Qk6—Q%);

V = a— %tr (Q)+0'k'Qc— %C’QZC— %6’66

The interest rate is therefore a quadratic function of the normally distributed vafjafBse

properties of quadratic functions of normal variates are well-documented by, for example,

Holmquist (1996) and Searle (1971).

The expectation of an exponential quadrdt{Xr) function, such as (3.1) (witih= 0), of

normal variates can be shown to equal
EL100)] = | - Qul Y2exp| 54~/ ~QW QM —0)| . (32
Refer to Appendix A.2 for the derivation. The bond prices are therefore given by
P(t,T) = || — Q| Y/2el-aT+3(1=0)(1-QW) *Qll—0)=3 (X% —¢/QX~C)] (3.3)

which is exponential-quadratic . Constantinides (1992) developed a model similar to

this example. Ahn (1998) developed a general equilibrium that sustains such a model. As

12



shown in the following examples, this class of models fit in the affine class of Duffie and
Kan (1996) only under very specific conditions. Ahn (1998) shows how this general model

can be reduced to parameterized Cox et al. (1985) model under special conditions.

Example 3.1 (Affine case$: We can show that whek andQ are both scalars aril= c
this class of models (exponential-quadratiéunctions with Gaussiad process) can be

reduced to an affine structure. The instantaneous interest rate becomes
1 1, ;
rt)=(a-5Q)+(kQ-35Q) (% —6)(%-6),
which follows a square-root process

dr =R (8—r)dt+ /G + praw

wheredW is a one-dimensional Brownian motion and where

K = 2K;

6 = a—2Q+d(Q- /()
@ = —(xQ-Q¥(2a—-Q);

B = 4Q-2Q%,

andd is the dimension oK;. The pricing kernel is
&1 = exp|—at+ (k- Q)M (rr -1y,

which is exponential-affine in. As stated in Duffie and Kan (1996), an affine interest rate

with an exponential-affine pricing kernel generates an affine model of bond pricing. That

13



is, the bond price®(t, T) will be exponential affine functions of the instantaneous interest
rater (t):

P(t,T) =exp(—a; — br(t)), (3.4)

with

a = %Iog(l—QVt) +oT—[1-(1-QW) e ] (x-Q)* <0‘ - %Q> ?

b = [1-(1-QW) e ™ (x-Q .

Note thatv; = J;" e 2(T-Sdsis reduced to a scalar now thats a scalard

Example 3.2 (Beaglehole and Tenney’s (1991) univariate quadratic model

Whend = 1 and6 =y = 0, we have the interest rate
1~ 2
r(t) = 5Q% 97,

with

- : ~_ (k=Qjc
Q— (2K—Q)Q, andc€ = ﬂ

Apply Ito’s lemma, we have the following stochastic process
dr = (a—Byr—yr)dt+oy/rdW,

wherea = 3Q; B = k€\/2Q; y= 2k; ando = 1/ 2Q. This is exactly the model proposed by

Beaglehole and Tenney (1993%.
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Example 3.3 (Longstaff (1989) Double Square Root Mgdéhend = 1 andk = 0, but

KO = u#0,Q=iq, andy= 0, we have
dX = pdt+dw,
1, 2
M) = ;X -07%
whereC = c— p/Q. The interest rate is then given by
dr = (a+By/r)dt+oyvrdw

wherea = 302, B = v2uq, ando = v/2q. This is just the double-square-root model devel-

oped by Longstaff (1989)%

3.2 Exponential-linear f functions with affine X;: Affine models

With an exponential-lineaf function of the form
f(x) = expla+b'x),
we have the pricing kernel of the form,
&1 =exp[—at+b (Xr—X)],

which is also exponential linear . The constant terma drops out of the pricing kernel

and thus can be set to zero with no loss of generality. gix¢ function is then
1
g(X%) = F (%) |oa—(8—=X)'K'b— bV (X")b|, (3.5)
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and the instantaneous interest rate is
Il 1 / n
rt)=a—(0—X%)k'b— EbV(X[ )b,

which is a linear function ok; as long as the instantaneous variance mat(i") of the
Markov process is affine iX;, that is, as long ag = 0 or 1. Recall tha¥/ (X") is re-scaled

to a diagonal matrix withjj = Xi”. This affine interest rate, together with the exponential-
affine pricing kernel, will generate exponential-affine bond prices, as stated in Duffie and

Kan (1996). Specifically, the bond prices are given by
P(t,T) = @(Xr,b) exp(—at — b'X;).

where@ (Xt,b) = Et[e“XT] denotes the moment generating functionXgfconditional on
time t information and with moment generating paramdierNote, however, that when
V(XM) is not affine inX, for example, whem = 2, the interest rate(t) may no longer be

Markovian. We will confine ourselves to the affine structure.

Example 3.4 WhenX; follows a Bessel process, that is, whegs= 1, referring to the char-

acteristic function off = b'x in (2.11), we have
@(Xr,b) = ‘(I —C)°(_A)‘exp<b’D(I —C)_1X[> .
The bond price is therefore
P(t,T) = ‘(I —C)°(_A)‘ exp[—ar Y (l —D(l —C)_1> ><t] , (3.6)
which is exponential affine iX. The continuously compounded yields

—logP(t,T)
1

y(t,T) = - —Iog‘(l —C)°(_A)‘ tat %b’ (l ~D(l —C)_1> X,
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are thus affine functions of the Markov procegsThis corresponds to a generalized multi-
factor Cox et al. (1985) model as studied by, among others, Dai and Singleton (1997) and

Backus et al. (1998d)%

Example 3.5 Whenn = 0 and thusx; follows an Ornstein-Uhlenbeck process, referring to
(2.9), we have the moment generating function,
@(Xr,b) = exp(b’ (I—e™)8+be ™ X+ %b’\/tb> :
with V; = J; e *(T-9) (e X(T-9)) ds The bond price is then
Pt,T) = exp(—ar +b (1—-e )0+ %b’\/tb —b'(1—e™) X[> , (3.7)

which is also exponential-affine . &

The extensive examples provided in this section illustrate the flexibility of the potential ap-
proach in bond pricing. By varying the specifications of théunction and the Markov
processX, we can generate a wide variety of bond pricing models which virtually incorpo-
rate all traditional interest rate models as special cases or examples. In the next section, we
derive the links between this potential approach and the widely used HIM approach in term

structure modeling.

4 Potential versus HIM Approach

In this section, we connect the potential approach to the well-know Heath-Jarrow-Morton

(HJIM) framework. These two approaches are in sharp contrast in that the HIM approach
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makes use of the information contained in the current forward curve and intends to avoid
specifying the market price of risk, which is incorporated in the forward curve, while the
potential approach directly specifies the pricing kernel, and thus the market price of risk.
These two approaches have pros and cons of their own. For example, the HIM framework
is better suited for fixed-income derivatives pricing since the only unobservable input is
the volatility structure of the forward rates, which can also be directly estimated from the
forward rate data. However, the potential approach works best for modeling term structures
of different countries and the exchange rates between them at the same time. It also provides
more insight to the underlying economy since the pricing kernel is more closely related to
the equilibrium of the economy and the underlying macroeconomic fundamentals such as
preference, inflation, and monetary policy. In any case, it will be interesting to see the links

between these two frameworks.

4.1 Forward rates and the pricing kernel

The state price density relates to the instantaneous interest rate by

& = exp(—/ot r(s)ds> -Z.

Since we have

pt,T) = 2681 _ g <exp(— /tTr(s)ds>> , (4.8)

18



we can interpret the variabl& as theRadon-Niko§im derivative which takes us from the

objective measurP to the risk-neutral measuf® ~ P defined as

z-9 € (— IRE -dW(s)) ,

whereE denotes th®oléans exponential

EU) = exp(Ut - %(U >t>

andy(t) is anF-adapted process. We can now rewrite the expression for the pricing kernel

as
§ = P(O)E (— IRE -dW(s)) ,

or in differential notation

dé _ —r(t)dt —y(t) - dW.

&

Let B(t) be the money market account definedBds) = [ r(s)ds Since the discounted
price process of the zero bof{t, T)/B(t) is a martingale under the risk-neutral measure
P*, by the abstract version of Bayes formula the expresgioyP(t, T)/B(t) is a martingale

under the objective measure From the martingale representation theorem, there exists an

adapted processgt, T) such that

Z(t)P(t,T) =B(t)P(0,T)E (—/Oty(s,T) -dW(S)) .

Hence, application of Ito’'s Lemma yields the bond price dynamics under the objective

measurd® as

= (r(t) —v(t,T)-y(t))dt+v(t,T) - dW(t),

19



where for the bond price volatility we have
v(t,T) = v(t)

(4.9)

wherea(t,s), as will be clear right away, is the instantaneous volatility of the forward rate
f(t,s). Equation (4.8) allows us to express the forward rate in terms of the pricing kernel.
Using the stochastic version of Fubini’s Theorérhe representation of the forward rate
f(t,T)is

1 0&r

Obviously, the forward rate and short rate dynamics obey

df(t,T) = (o(t,T)- (/tT a(t,s) _y(t)>> dt+a(t,T)-dW

o - (183

—o(t,t) -y(t)> dt+o(t,t) - dW.
Using the expression for the bond price volatility in (4.9), the forward rate dynamics sim-

plifies to

df(t,T) = %-y(tﬂ)dt—i—%-dw. (4.11)

It is interesting to compare the forward dynamics in (4.11) with the forward rate dynamics
under the risk-neutral measure derived in the HIM framework. Under the HIM framework,
the arbitrage-free drift of the forward rate under the risk-neutral measucemsletely

determined by the forward rate volatility(t, T) and its integrals. In the state-price model,

3See Baxter (1997) for a derivation of the stochastic version of the Fubini Theorem.
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the drift is fully determined by the adapted procgdsT ) and its derivative with respect to
time-of-maturity. The interpretation of the tenytt, T) becomes obvious when we compare
equation (4.11) with the forward rate representation in equation (4.10). Application of Ito’'s
Lemma gives us

=—y(t,T)-dW.

Therefore—y(t, T) is equal to the diffusion term of the process of the pricing kernel’s time-

expectation value for tim& andy(t,t) = y(t) is often labeled as market price of risk.

4.2 The Volatility Structure of Forward Rates

The volatility of the forward rate plays a crucial role in the HIM framework: Not only does

it determine the arbitrage-free drift of the forward rate under the risk-neutral measure, but
also through the choice of a specific volatility function we generate a particular interest rate
model, which can be used to price interest rate contingent claims. Since starting from the
HJM framework it is not obvious which forward rate volatility structure gives rise to the
interest rate models presented in section 3, we do the reverse: starting from the potential
approach we derive the volatility structure of the forward rate which would yield the same
interest rate model within the HIM framework. In what follows we delineate the recipe on

how the volatility structure can be derived.

By Ito’s Lemma, the forward rate process can be expressed as a function of the state variable
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and the bond price, i.e.

_azlog(P(t,T))dx _ 10%log(P(t, T)) _ log(P(t,T))

df(,T) = aTIX 5 otoxz (9% oTot

dt.

If the short rate can be identified as the state variabley {t¢.= X;, it is obvious that the

volatility structure of the forward rates is

oy(t,T) _azlog(P(t,T)) OY(t,T)
oT oTor oT 7=t

(4.12)

Otherwise, in our setting we would have

ay(tuT) _ azlog(P(tuT)) n
T AR

Assuming an affine term structure model of the form
P(t,T) =A(t,T)exp(—B(t,T) - X),

for some functiong\(t, T) andB(t, T), then equation (4.12) can be further simplified to

oy(t,T) _ 0B(t,T) oy(t,T)
oT ~  aT  oT l1=¢' (4.13)

Equipped with these results, we are now able to derive the volatility structures for the cal-
culated examples in Section 3, which would make a HIM framework equivalent of the

potentialapproach considered.
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4.3 Examples
4.3.1 Exponential quadratic function f and OU-processX

In this case, the bond price is (see equation 3.3)

Pt,T) =]l — Q\/t|*1/2e[forr+%(uﬁc)'(|*QVt)’lQ(M*C)*%(thc)’Q(XﬁC)]_

If we make the restriction that andQ are scalars as well &= c we have shown that the
bond prices given in (3.3) can be reduced to an affine structure. The bond price equation

then simplifies to (see equation 3.4)

P(t,T) = exp(—a —bir (1)),

The dynamics of the pricing kernel can be stated in differential notation as

d& _ (R(6-r() Br(D)
L () (LI g

Thus, sinceQ = (K — /k2— 2B), the risk premium is has to
\/[3 (k—4a—RZ=2B+4r(t))
o= - RZ-2p+k |

In the Cox et al. (1985) model whete= 0, the risk premium simplifies to

y(t):—Kf\/ivBr A/ (1), (4.14)

where

A= 2/P

K+ v/K2—2B
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In the original Cox et al. (1985) model the risk premium is giW, whereA is an
exogenously given constant; however, di@ equation (4.14) is determined by the param-
eters of the interest rate process under the objective measure. We have therefore derived a

parameterized version of the Cox et al. (1985) model.

From the bond price equation, the volatility structure of the forward rate can be easily

derived as

o(t,T) = 4 TR VO +Br(t).

(R (1+€T0) 4 (70— 1) /RZ—2B)

Again, if we setd = 0, we obtain the volatility structure of the forward rates for the Cox et

al. (1985) model.

Next, we want to derive the volatility structure of the Beaglehole and Tenney (1991) model.

The pricing kernel given in their model is
1 2
& = exp(—at + EQ(X‘ —C) > ,

which can be written in differential form as

dé&;

5 <—CX—Xt(Xt—C)QK+%(Q+Q2(X(—C)2)>dt+(x(—C)QdW
t

= —r(t)dt—y(t)dW.
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The market price of risk becomes

_ X 2Q =
which is proportional to the square-root of the interest réte

The bond price can be derived as

Q(C—Xt)z QK (C_e—K(T—t)X[)z
exp (— (T—t)a— > + (e,ZK(Tft) _ 1) Q+ 2K
P(t,T) =
(MY —-1)Q+2
2K

The volatility structure of the forward rates is then

26l TRQK? [c (e +e7TF) Q — 262T¥k) + 261X (2 — Q) X
[(€2% — €2T) Q+ 262T¥K]?

ot,T) =

= A+BX,

which is a linear function of the Markov proceXsand thus is proportional to the square-

root of the interest rate(t). Note that the volatility of the short rate dgt,t) = /2Qr(t),

whereQ = (2 — Q)Q.

4.3.2 Exponential-linear f and affine X;

In the case of an exponential-line&rfunction with affineX;, the pricing kernel dynamics

is given as

d,

5 - (—a+(6—xt)’K’b+%(b2)’x[2”>dt+b’x[”dW.
t
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The market price of risk is thus

y(t) = —b-X".

WhenX; follows a Bessel process, the bond price becomes exponential affipa .. we

have (see equation 3.6)
P(t,T) = ‘(I —C)°(_A)‘ exp[—ar b (l —D(l —C)_1> >q] :

The market price of risk ig(t) = —b- /X. Using the bond price equation, the volatility

structure of the forward rates can be derived as

d(-D(1—C))

oT b-v/%

o(t,T)= [

When X; follows an Ornstein-Uhlenbeck process, the bond price is, as shown in equation
(3.7),

Pt,T) = exp(—ar +b (1-e )6+ %b’\/tb+ b' (1 —e ™) X[> ,
which is also exponential-affine . The pricing kernel follows

d&

- <—cx +(0—X%)'k'b+ %b’b) dt+b'dw
t

and the market price of risk equalt) = —b and is therefore constant. Using the bond
price equation, the volatility structure of the forward rates can be derived as
ot,T) = e (T U'pb=e¥TUg(t),

whereo(t) = k'b is the volatility structure of the short interest rate. This gives rise to a
Gaussian interest rate model, where the possibility of generating negative interest rates is

positive.
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Under the HIM framework, the volatility structure of the forward rates are exogenously
specified while drift is derived from the volatility structure as a result of no-arbitrage. Mar-

ket prices of risk are incorporated in the current forward curve. The potential approach,
on the other hand, directly specifies the state price and thus the market price of risk. Al-
though we can, as we just did, derive the volatility structure of the forward rate from the
state price specification, except under very special cases such as the Gaussian interest rate
model, the derived volatility structures are often functions of the state price density and are
intertwined with the market price of rigkt). That is, the volatility structures are generally

not exogenous, as is the case in a HIM framework.

As illustrated in previous sections, the potential approach provides great flexibility in gener-
ating a wide variety of term structure models, yet its advantage is even more pronounced in
simultaneously modeling international term structures and the exchange rate between them.
In the next section, we will fully exploit this advantage and extend the analysis to exchange

rate market.

5 Accounting For Forward Premium Puzzle

In this section, we will extend the analysis above to a multi-currency economy. We will
focus on the most puzzling feature of currencies: high interest rate currencies tend to ap-
preciate while one might guess, instead, that investors would demand higher interest rates

on currencies expected to fall in value. This departure from uncovered interest parity, which
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we term theforward premium puzzjehas been documented in numerous studies and has

spawned a second generation of papers attempting to account for it. One of the most influ-
ential studies is by Fama (1984). He attributes the behavior of forward and spot exchange
rates to the time-varying risk premia which have to possess certain properties. Traditional
asset pricing models have been notably unsuccessful in producing risk premiums with the
desired property. The potential approach provides a consistent framework for the valuation
of interest rates as well as foreign exchange rate contingent claims. We examine, from the
perspective of the potential approach, model specifications that have “potentials” to explain

the puzzle.

5.1 The potential approach of currency pricing

One of the biggest advantage of the potential approach lies in its great ease in simultane-
ously modeling international term structures and the exchange rates between them. Specif-
ically, if we consider several countries at once and assume that they are governed by the
same vector of Markov proce3, if further we assume that at tinteone unit of country

j's currency is worttﬁj units of countryi’s currency, then under certain technical assump-
tions, we have that the development of the exchangeﬂjate governed by the ratio of the
pricing kernels of the two countries:

St E}—T (5.15)
s &
This observation was made by&Requejo (1993) and Backus et al. (1998b)) in a discrete-

time version and by Ahn (1997) in the continuous-time framework. Starting from the state
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price density, we can therefore simultaneously model the term structures of interest rates in
any two countries and the exchange rate between them. Under the resolvent representation,
we have

S _ ga-ane FIO40)/1(X) (5.16)

g (X0 /(%)
wheret = T —t. By assuming the same vector of Markov process but diffefdonctions
for different countries, we implicitly assume that the world economies share the same vec-

tor of shocks but the impacts and repercussions of these shocks are different to different

countries.

The timet forward price of the currency with maturity= T —t can also be written as the

ratio of the conditional expectations of two state-price densities involved:

N E [EJT] iy B [F1(X7)]
i _ _ ala'=ah)T
FIt,T)= A =€ B0 (5.17)

In general, we can, as we do, set=al by further assuming that the long-run mean of
exchange rate depreciation rates are zero (i.e., no currency consistently beats the other in

the long run).

5.2 The forward premium puzzle

Lets =Ing andff =InFii(t,t+1). Thens,1—S captures the continuously compounded
depreciation rate over time intenjgJt + 1], and f' — s captures the forward premium. By
covered interest rate parity,

ff —s = rti,r - rth
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the forward premium equals the difference between the yields on the two countries’ zero-

coupon bonds with maturity. Consider the following regression,

S — S =0+ B(ff —s) + &t (5.18)

The expectation hypothesis implies= 0 and a regression sloffe= 1, yet most studies
estimatef to be negative. See for example Bilson(1981), Cumby and Obstfeld (1984), Fama
(1984), Hansen and Hodrick (1983), Hodrick and Srivastava (1986) and Hsieh (1984).
They find not only that the expectations hypothesis provides a poor approximation to the
data, but that its predictions of future currency movements are in the wrong direction. In
principal, equation (5.18) can be used to construct profitable investment strategies. Bekaert
and Hodrick (1992) show that while such strategies are not riskless, they have positive and

statistically significant average excess returns.

Following Fama (1984), we decompose the forward premium into two parts: the expected

exchange rate depreciati®[d;. ] and the expected forward risk premiu pr.«|:

-5 = Elsr—s]+E[ff—s]

Ee[ 1]+ E[pr 1],

whereT =t+1. From the linear projection theorem, the slope coeffidienitthe regression

can be written as

_ Covd,6+p) Cous,p)+ Var(d)
b= Var(d+p)  Var(d+p)

4Recently, there are some preliminary evidence that the estimgtisafoser to unity when the regression

is on US dollar prices of currencies of emerging markets or countries with strong capital controls.
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Note that the expectation hypothefis= 1 if and only if the forward risk premiunp is
constant over timeVar(p) = 0. To account for the actual negative estimateffpFama

(1984) notes that we need (tline-varyingforward risk premium, (2hegative correlation
between the risk premiunp) and the depreciation rat&)( and (3) greater variance of the

risk premium @) than the depreciationd). We label this negative estimate as a puzzle
because most asset pricing models so far have been notoriously unsuccessful in producing
a risk premium that satisfies these properties, particularly the negative correlation between

the risk premium and the depreciation rate.

Representing currency spot prigé and forward pricd='l in terms of the state-price density

asin (5.15) and (5.17), we can rewrite the slope coefficient as

Etj.T E [Etj.T]
Cov[ln a0 In EE]

EfE ]
Var |1 LT
ar [ n Et[E{_T]]

B= (5.19)

Clearly, the slope coefficierft is completelydetermined once we have chosen a specific
form for the pricing kernels of the two countries. To account for the forward premium
puzzle, we need to specify pricing kernels that satisfy the required properties. In particular,
the pricing kernels need to generate negative covariance between the depreciation rate and

the forward premium.

Under the resolvent representation of currency pricing in (5.16) and (5.17), assuming zero

long-run mean for exchange rate depreciation rate<(a’), we can write the depreciation
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rated 7, the risk premiunp, t and the forward premiuny’ — s as

J _ . _ .
&1 = n _ Inf1(Xg)/F1(X%) —Infi(Xr)/F (X);

S'J'
pr = '”Fugg’T)='nEt[f"(xm/fi(xT)—InEt[fi(xTn/fi(xT);
ff-s = '”F”ng)='nEt[f"(xTn/fi(xt)—Ina[fi(m]/fi(m.

As illustrated in Section 3, different combinations of télarkov process and thefunc-
tion can generate a wide range of term structure models of interest rates. Similarly, we can
also obtain a wide variety of specifications for the exchange rates and forward premia, some

of which hold great potentials in explaining the forward premium puzzle.

5.3 Potential models of currency pricing: examples

With the properties of the foreign exchange rate data in mind, we will examine, in the
following, whether (and which category of) potential models can explain the forward pre-
mium anomaly. Specifically, we investigate what combinations of the Markov process for
X and thef function can generate exchange rates and forward premia that satisfy the Fama

condition.

5.4 Exponential quadratic models

When thef function is exponential quadratic of the form,

fl(x) = %(X—Ci)lQi(X_Ci)a
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the state-price density for countrgan be given as
i 1 /
& =exp|—ait+ E(Xt —G)Qi(%—¢a)|.
We also assume that the state variable veXtfollows an Ornstein-Uhlenbeck process as
specified inExample 2.1
dX% =K (0 —X)dt+ dW(t).
Even within this same category, different choice<®pfQ; andc;, c; yield a wide variety

of currency pricing models. We consider two specific examples.

Example 5.6 The first example is based on the assumption that the diagonal raisix

equal for both countries, i.€; = Q; = Q andg; # ¢j, the foreign exchange rate becomes
ij 1 ! !
S =exp E(Cj —c)'Q(cj+ci)+ (¢ —cj) QX|, (5.20)
which implies that the exchange rate depreciation &atellows an Ornstein-Uhlenbeck

process with mean reversion, and that all the interest rates are squared-Gaussian. These

features should give a tractable class of international term structure models.

From (5.20), we have the depreciation rate
&1 = (c—cj) Q(Xr —X%) =D'(Xr — %),

whereD’ = (¢ — ¢;)'Q. The risk premiuny 1 can be obtained by taking the expectation,
B &} &
E (&) &

= %(Ci —¢j)'Q [(l —QW) M (2w —ci—c) — (2% —q —c,-)]

pr = log

= D'Qe "X — D'Xr + constant
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with Q = (I —QW)~1. Refer toExample 2.%or px and\;.

LetV denote the unconditional varianceXfwe have

Var[ét,T] = 2DV (| _ e—Kl’) D:
Var[p[;r] = DIQ_VE_ZKTQ_D—{— D/V D— 2DIQ_Ve—2KTD;
Covid1,pt 1] = -D'V (I — e*KT) D — DVe Kt (| _ eﬁKT) dD-

We can see that the covariance of the depreciation rate and the forward risk premium is
negative. However, the relative magnitude of the variances of the depreciation rate and
the forward risk premium depends on the parameters values. Presumably, the exponen-
tial quadratic model can, from a theoretical viewpoint, account for the forward premium

anomaly found in empirical studies. Again, from a practical viewpoint, the exponential

guadratic model presented in this section is particularly attractive because it entails some
attractive features with respect to the distribution of the foreign exchange rates and the

interest rateséd
Example 5.7 The second example is based on the assumy@o# Q;, butc =c; =c.
Then the exchange rate becomes
J 1 ,
§ =exp|5 (4 —9)' Qi (X —0) |, (5.21)

with Qji = Qj — Q;. The depreciation rat& 1 is given as

NI =

&1 =5 (X7 —X%)Qij (X7 +X—2¢),
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which is a quadratic function of normal variates. The forward risk prempgmcan be

derived as

_ VIF-QMIEY L A
P = '09<\/“_—W>+§(M ¢) Qji (k—0©)

5 (X =0 Qj (X ),

with Qi = (1 —QjMe1) "Qj— (I —QVet) 'Qi. Through messy but straightforward ma-
nipulations, we have the variances and covariance of the forward risk premium and the

depreciation rate as

Var(pr) = 3tr(QyVe 7 (Qy — 2Qy)Ve X+ (QiV)?)
+(8—0)' [(Qji — 2Qji)Ve > Qji + Q;V Qji] (B—0©);
Var(r) = tr[(QiV)*(1 —e *")] +2(8-¢)Q;V (I —e™")Q;i(8—0);
Covid1,pt] = —%tr [QGVZ (I —e )] —(8—0)Q;iV (I —e ™) Qji(B—0)

—%tr [jSVe‘z"T (l — e_ZKT) jSV]

—(0— C)/(jjiV(EfKT (| — e*'“) Qji(6—c).

Again, the requirement for negative covariance betwagnand p; 1 is easily fulfilled,
even for one-factor models; however, the relative magnitude of variances depends on the

parameter valuesh
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5.5 Exponential Linear Models

When thef function is exponential linear, the state-price density for counisy
& = exp(ait +biX;).
The exchange rate then follows
g = exp((aj —ai)t+ (bj —b)'X).

Again, we will discuss two cases.
Example 5.8 We assume thaX; follows an Ornstein-Uhlenbeck process as specified in
Example 2.1The depreciation rate is given as

&1 = (bj —bi)' (Xr =X,
The variance o t can easily be derived as

Var(d 1) =2(bj —b)'V (I —e™¥) (b; — by).

The forward risk premiunp; T can be derived as

(bj —bi)'V (bj +by) + (bj — bi)’ (7 "% — X7)

NI =

P =
and variance of the forward risk premium is
Var(p) = (b —b)'V (I +& %) (bj —by).
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The risk premium is time varying, as required by Fama condition. However, the covariance

between the depreciation rates and the forward premium is positive in such a set up. Since
87+ pur = 5 (b — )V (b +b) — (b ~ ) (1 &™) X,
the covariance term of the regression slope in equation (5.18) comes down to
Covidr,&r+pt] = (bj—b) (1—e )V (I—-e™*)(bj—h),

which is positive. Therefore, the linear exponential model with the state vaXabddow-

ing an Ornstein-Uhlenbeck process fails to generate a negative regressiordslope.

Example 5.9 In this example we assume thétfollows the square-root process specified
in Example 2.2 Then we obtain a generalized multi-factor Cox et al. (1985) model. The

depreciation rate is given as
&1 = (bj —bi)' (Xr =X,
with variance
Var( 1) =2(bj —bi)'V (I — ™) (b — by),

whereV is the unconditional variance-covariance matrixXgf The forward risk premium

is
pr = B[] /1 (%) —InE [ (xr)] /' (%r)
| ‘(I_Cj)iAJ b:D; (1 —Ci) 1—bD;(1-C) bi — by)' X
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The forward premiunf® —§ =& 1+ p.7iS
ff-s = InE[HIxn)] /11 (%) —InE [F ()] /1 (%)
o)

= In—k— -
0-c)™|

+ [le'DJ' (1 _Cj)il— biD; (1 —Ci)*l_ (bj — bi)l] X..
The covariance term in the regression is therefore

Cov(&,1,0% T+ PT)

— [b’ij (I1-C)) *=bDi(1 —=C) '~ (bj — bi)'] V(I —e ™) (bj—by).

In theory, whether we can obatin a negative covariance or not depends on the arcane factor
[b’J D;(I-Cj) ' —BDi (1 —C)) " — (bj — bi)’} , the sign of which is not clear. In practice,
however, Backus et al. (1998b) find extreme difficulty in trying to account for the forward

premium puzzle with this class of moded.

While both the exponential quadratfcfunction and the exponential linedrfunction can
generate affine structures for bond prices, the exponential-linear category, which has been
widely used for bond pricing, has a harder time explaining the forward premium anomaly.
Backus et al. (1998b), in a discrete-time set-up, find that in affine models with exponential
linear pricing kernels, the forward premium anomaly either requires that the state variables
have asymmetric effects on state prices in different currencies or that we abandon the re-
guirement that interest rates be strictly positive. The exponential quadratic class of models
are better suited for currency pricing for their increased degrees of freedom in specifying
country-specific parameters. Since both countries share the same underlying Markov pro-

cess, the only country-specific parameters in exponential-linear modglgithe pricing
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kernel, a vector with dimension equal to the number of state variatfjesipwever, in the
exponential quadratic models, country-specific parameters includechatla-dimension
vector andQ, ad x d matrix, and thus the degree of freedom is vastly increased. The ad-
vantage becomes obvious when we model international term structures although the two

categories may generate similar results when one focuses on only one country.

6 Concluding Remarks

The potential approach provides a general framework for modeling interest rates and, in
particular, exchange rates. Through comprehensive examples, we illustrate their correspon-
dence, as special cases, to the classical interest rate models. We also show the relationship
between the potential formulation of interest rate models and the HIM framework. The
great ease of the potential approach in modeling international term structures enables us
to explore the potential specifications of the state-price density to account for the forward
premium puzzle in the foreign exchange market. At least two dimensions can be worked
on simultaneously in the future research: On the one hand, since the direct specification of
the state-price density imposes a closer link to the equilibrium economy, potential models
in this paper should provide a benchmark for building practical equilibrium models in the
future. On the other hand, more comprehensive empirical work needs to be done to cali-
brate these models to the international term structure of interest rates and exchange rates

and to test which specification is best to reconcile the anomalies observed in interest rate
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and exchange rate markets.
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A Derivations and Proofs

A.1 Resolvent representation of a potential
Let f € C(X) be an arbitrary continuous function #n Consider the semigrou; } acting
onC(X) by T f(x) = Exf (%),x € X,t > 0. ForA > 0, write
Ry f(X) = / e MTf(X)ds xe X;
0

(Ry)as0 is called theesolvent(Laplace transform) of the semigrodii }. A basic property
of the resolvent is thakR, behaves like the identity operator @&{X) for A large in the
sense thaf f — AR, f || = 0 asA — «; i.e.,AR, f — f uniformly onX asA — . With this

property of the resolvent in mind, consider the prod@gsdefined by
Y, = e MR, f(X), t>0,

where f € C(X) is fixed but arbitrarynonnegativefunction onX. Then(Y;) is a super-
martingale with respect tb; = 0{Xs: s<t},t > 0, sinceE|Y;| < o, Y; is F;-measurable,

one hasT; f(x) > 0(x € X,t > 0), and

EMnlF] = e VER (X F = e VTR f(X)

(¢}

_ e,M[J ef)\(s+h)TS+hf()(t)ds:e*)‘t/h e MTsf(X)ds

IN
o)

_)\t/ e MTsf(X)ds=Y; .
0
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A.2 Exponential-quadratic functions of normal variates

This section derives the expectation of the exponential-quadratic functions of normal vari-
ates. Specifically, wheK is normally distributed with meap and variance- covariance
matrix \t, we want to derive the expectation of a general exponential-quadratic function of
XT,

f(Xr) =exp %(XT —¢)QXr —¢)| =€,

where Q is assumed to be symmetric and positive-definite grid defined a%(XT —

€)'Q(Xt —c¢). First, we expand thg term as
1 '
q = 5z’Aer D'z+C

whereZ is defined such th&>' =\, z= =~ 1(X1 — k) is a vector of standardized normal
variates A =\, Qis a(d x d)symmetric and positive definite matri® = (i, —c)’'QZ is a

(1 x d) row of coefficients, an€ = %(ut —¢)'Q(pk —c) is a constant.
Then we can write the expectation bfXr) in the integral form:
14 to to 1 1
E[f (X7)] = (2m) 2 / / exp[iz’AH— D’Z+C—§z'z [1d2 (A1)
We perform an orthogonal transformation osuch that
z=Gx (A.2)
whereG is an orthogonal matrixGG' = |. Substitute (A.2) into (A.1), we have

E[f(xT)]:(2n)—%d/_:°.../:’exp[—%x(l—C)x+u’x+c Mdx, (A3
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where the Jacobian is unity sin€is orthogonal and/ = D'G = (i — ¢)'QZG. Since
C = G'AGis a diagonal matrix, the right hand side of (A.3), apart from the con$eapt)

term, factorizes intal single integrals of type

ER 1 2
lj = (2m) 2/ exp —E(l—cii)ijrujxj dx;,

which can be obtained directly from the moment generating function of the univariate nor-

mal distribution as

= (1—c;) texp| & u A4
j= ji p 21-¢; )" (A.4)

Applying (A.4) to each term in (A.3) gives

d 2

1 1 d u
E[f(Xr)] = (1—c--)_?exp[— L_1C
T jI:ll 1l 2;11—ij

— Q¥ hexp| -0 1 - QW QG -0

A.3 Bessel processes

In general, a multi-dimension#tl) Bessel process can be written as
dX =k (8- X)dt+ ZvXdW

wherek is a(d x d) matrix andX is a diagonal positive definite matrix (In the context, we

scalez =1).

The properties of one-dimensional bessel process is well-known, see, for example, Cox et

al. (1985). X has a conditional non-central chi-square distribution with the characteristic
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function given by

O(xTis) = Eolexplisk]
2«0
isg? ] isxe T

2 (1_ e—KT)
|1— 2it|’¥ exp(—lte3 > ,

1-2it

with the shape parameter= 40L29, the noncentrality parametér= %, andt =

%4%2 (1—e XT). With T — o, we have the unconditional characteristic function

28
(p(x,oo;s):‘l—% — (1—isb)?,

wherea = zcize andb= g—i which is the characteristic function of a gamma distribution with

. 2
meanab = 6 and variancet? = %-.

For ad-dimensional Bessel procegsthe characteristic function of its linear combination

can be obtained through orthogonalization:
y=bx=cz
such that the elements azare independent from each other with
dz=K-(0—2z)dt+Z/zdW

wherexk is a diagonal matrix witlrth element beingk’b); /b;. Now the problem is reduced
to that of an affine function of independent Bessel processes. We have

d

oy, ;8 = rlcp(m:sm
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8 )

d *—oiz; d |th'e KT
= exp
il:l (Izll 'Sboz (1- eKT))

- ‘(l—isC) = )‘exp(lsb(D (I —isC) 1x)

where ‘e” denotes “dot power operator,” ag C, andD are diagonal matrices with

o ZRiei_

A” - c)_lz ]

. _ |Sh0-|2 —Ri‘[ .
Dii = exp(—Rir) .

The conditional meap(y;) and varianc®/ (y;) are thus

Uy = b (I — e*“z) 6+be Ry
b2o? 252

Viy) = zle. % (1 e"“) L9 (1 e"“)eKT

2 Ki
The unconditional moments are

b2a?
WO
p’(y) - b 61 V Zlel 2K|

The variance of the orthogonalized vect) is

L
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