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Abstract

This paper offers a precise analytical characterization of the distribution of returns for a portfolio
constituted of assets whose returns are described by an arbitrary joint multivariate distribution. In this
goal, we introduce a non-linear transformation that maps the returns onto gaussian variables whose
covariance matrix provides a new measure of dependence between the non-normal returns, generalizing
the covariance matrix into a non-linear fractional covariance matrix. This nonlinear covariance matrix is
chiseled to the specific fat tail structure of the underlying marginal distributions, thus ensuring stability
and good-conditionning. The portfolio distribution is obtained as the solution of a mapping to a so-called
¢ field theory in particle physics, of which we offer an extensive treatment using Feynman diagrammatic
techniques and large deviation theory, that we illustrate in details for multivariate Weibull distributions.
The main result of our theory is that minimizing the portfolio variance (i.e. the relatively “small” risks)
may often increase the large risks, as measured by higher normalized cumulants. Extensive empirical
tests are presented on the foreign exchange market that validate satisfactorily the theory. For “fat tail”
distributions, we show that an adequete prediction of the risks of a portfolio relies much more on the
correct description of the tail structure rather than on their correlations.
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1 Introduction

Many problems in Finance, including risk management, optimal asset allocation and derivative pricing,
require an understanding of the volatility and correlations of assets returns. In practice, volatility and cor-
relations are often estimated from historical data and the risk dimension is represented by the variance or
volatility for a single asset and by the covariance matrix for a set of assets. In portfolio optimization, the
variance of the distribution of returns is minimized by inverting the covariance matrix of returns. How-
ever, the covariance matrix is often ill-conditionned and unstable [Litterman and Winkelmann, 1998]. There
are several origins to this unstable behavior, in particular the non-normality of the asset returns, i.e. large
price variations are more probable than extrapolated from a normal estimation. efAprok power law
distributions with index less than two, the covariance matrix is not even defined.

Option pricing and hedging relies on representing risk by a single scalar measure, the volatility. In practice,
the volatility has the complexity of a time-dependent fluctuating surface defined as a function of the strike
price and the time-to-maturity. Again, an important origin of this complexity stem from the fat tail structure
of the underlying distributions as well as their non-stationarity.

The need for models that go beyond the Gaussian paradigm is vividly felt by practionners, regulatory agen-
cies and is also advocated in the academic literature. Let us mentionyG1998] who proposes to use
non-normal multivariate distributions to better assess factor-based asset pricing models : indeed, some factor
models are strongly rejected when relying on the presumption that returns or model residuals are indepen-
dent and identically distributed multivariate normal, while they are no longer rejected when fatter tail elliptic
multivariate distributions are used.

The non-Gaussian nature of empirical return distributions has been first addressed by generalizing the nor-
mal hypothesis to the stableely law hypothesis [Mandelbrot, 1963,1997; Fama, 1965]. Gaussian and
Levy laws are stable distributions under convolution and enjoy simple additivity properties that allowed the
generalization of Markovitz’'s porfolio theory in a natural way [Samuelson, 1967; Arad, 1975; Bawa et al.,
1979]. More recently, a further generalization has been performed [Bouchaud et al., 1998] to situations
where the marginal distributions of asset returns may have different power law behaviors for large positive
and negative returns, with arbitrary exponents (possibly larger than 2, i.e. not stable in the seexgg of L~
laws but only in a sense of large deviation theory).

This stable or quasi-stable property enjoyed leyy. and power laws, that are instrumental in the general-
ization of Markovitz’s theory, presents however rather stringent restrictions. Indeed, these laws constitute
the only solutions obeying the consistencey property [Kano, 1994], according to which any marginal distri-
bution of random vectors whose distribution belongs to a specific family also belongs to the same family.
This consistency property is important for the independence of the marginal variances on the order (number
of assets constituting a porfolio, for instance) of the multivariate distributions (see the appendix A). Thus,
the generalization of portfolio theory from Gaussian #vi.and then to power laws relies fundamentally

on the consistency property [Kano, 1994].

Elliptical distributions [Cambanis et al., 1981] provide a priori maybe the simplest and most natural hope
for descrihing fat tails and for generalizing portfolio theory to non-normal multivariate distributions, solely
on the basis of the measure of a covariance matrix. Elliptical distributions are defined as arbitrary density
functionsF of the quadratic fornfX — (X))’==1(X — (X)), whereX is the unit column matrix of thl asset
returns an is aN x N dependence matrix between tNeassets which is proportional to the covariance



matrix, when it exists. It was argued that the results of the CAPM extends to these elliptical distributions
[Owen and Rabinovitch, 1983; Ingersoll, 1987] on the basis that, since any linear transformation of an
elliptical random vector is also elliptical, the risk measf&W (whereW is the column vector of the asset
weights) is positively proportional to the portfolio wealth variance. Thus the ranking of portfolios by risk
adverse investors appears to retain their ordering. However, Kano [1994] calls attention to the fact that, in
general, the density of a marginal distribution has not the same shape as the flmclibis leads to an
additional mispecification of the risk since it should be in principle captured both by the covariance3matrix
and the shape and tail structure of the distribution. Itis thus not possible to quantify the risk s BARY

In practice, the marginal variance of one of the variable will depend on the nuxbEassets used in the
portfolio. This is clearly an unwanted property for the chosen multivariate distribution. This inconsistency
never arises for special cases such as the multivariate t-distribution or for mixtures of normal distributions.
In appendix A, we clarify the origin of the problem and show that, for arbitrary elliptic distributions, the
portfolio return distribution depends on the asset weifhtsot solely via the quadratic fortW'ZW : the
weightsW also control the shape as a whole of the portfolio return distribution [Sornette, 1998]. Minimizing
the varianc&V'ZW of the portfolio may actually distord the portfolio return distribution such as to increase
the probability weight far in the tail, leading to increased large risks. This result provides a first cautionary
note on any attempt to calibrate the portfolio risks by a single volatility measure.

This paper aims precisely at offering a novel approach to address these questions. Our key idea is to use a
representation that strives to remain as parsimonious as the Gaussian framework while capturing the non-
Gaussian “fat tail” nature of marginal distributions and the existence of nonlinear dependence. For this,
a non-linear transformation maps the returns onto Gaussian variables whose covariance matrix provides a
new measure of dependence between the non-normal returns, generalizing the covariance matrix into a non-
linear fractional covariance matrix. In our approach, the linear matrix calculation of the standard portfolio
theory is replaced by Feynman'’s diagram calculations and large deviation theory resulting from the fact that
the portfolio wealth is a nonlinear weighted sum of the Gaussian variables. Notwithstanding this higher
sophistication, all results can be derived analytically and thus can be fully controlled. In the present paper,
we focus on the risk component of the problem, i.e. we assume symmetric return distributions. In other
words, the average returns are sufficiently close to zero that the fluctuations dominates. Even if not true in
reality, this approximation provides a precise representation of real data at sufficiently small time scales,
corresponding to Sharpe ratios less than one. This situation is reasonably accurate for non-stock market
assets, which do not have a long-term trend. To test and validate our theory, we thus use empirical data from
the Foreign exchange. We leave for a future work the extension of our theory to the cases where the average
return cannot be neglected.

The paper is organized as follows. In section 2, we present our novel method for a full analytical char-
acterization of the distribution of returns for a portfolio constituted of assets with an arbitrary multivariate
distribution. In this goal, we introduce a new measure of dependence between non-normal variables, which
generalizes the covariance matrix. The proposed nonlinear covariance matrix is chiseled to the specific fat
tail structure of the underlying marginal distributions, thus ensuring stability and good-conditionning. In
our formulation, the multivariate distribution is normal in terms of a set of reduced variables that are the
natural quantities to work with. In section 3, we show how the calculation of the distribution of returns for
an arbitrary portfolio can be formulated in terms of a functional integral approach. In the appendices, we
provide an extensive synthesis of the tools that allow us to determine analytically the full distribution of
returns and work out in details the calculations for multivariate Weibull distributions. In section 4, we use
the information captured by the distribution of returns of arbitrary portfolios to compare them with respect



to their moderate versus large risks. We develop especially our analysis for uncorrelated assets with “fat
tails” for which we compare different portfolios such as the ones that minimize the variance, the excess
kurtosis or higher normalized cumulants. We also compare these portfolios with those determined from the
maximization of the expected Utility. We show that minimizing the portfolio variance (i.e. the relatively
“small” risks) may often increase the large risks, as measured by higher normalized cumulants. In section 5,
we offer practical implementations and comparisons with data obtained from the Foreign exchange market.
We validate clearly the performance of the proposed nonlinear representation. The comparisons between
our theoretical calculations and empirical estimations of the cumulants of the portfolio return distributions
are very satisfactory. We find in particular that, for a good representation of the risks of a portfolio, tracking
the correlations between assets is much less important than precisely accounting for the “fat tail” structure
of the distributions. Section 6 concludes with future extensions.

2 Non-linear mapping to normal distributions

The first step of our approach is to perform a non-linear change of variable, from the drtofran asset
over the unit time scale(taken as the daily scale for illustration below) onto the varigbd®) such that the
distribution ofy is normal. For marginal distributions, this is always possible. We first illustrate this change
of variables in simple cases and then proceed to the general multivariate situation.

2.1 The case of a single security
2.1.1 Non-centered case

Let us consider the class of marginal distribution (probability density function orggd) which can be

parameterized as

p(dx)ddx = Cﬂ

| £(3x)]
whereC is a normalizing constant anfi denotes the derivative of the functidiidx). Note thatf must
go to +oo for |dx| — o) at least logarithmically to ensure normalization. This distribution (1) describes
so-called Von Mises variables [Embrechts et al., 1997]. This parameterization (1) covers all cases where
the pdf has a single maximum. These are the relevant situations for essentially all securities. Note that for
f(8x)/(8x)2 — 0O for large|dx|, the pdf has “fat tails”, i.e. the pdf decays slower than a Gaussian for large
|OX|.

e 213 gax 1)

Let us then define the variabjeby

y = sign(dx) \/[F(3x)] . )
The sign function is essential in order to keep possible correlations. In the case of fat tails for which
V| T(8x)| << |8x| for large |8x|, the variabley is the result of a “contraction” odx (such that its pdf is

normal). Indeed, the pdf of is such that the conservatigr(y)dy = p(x)dx of probability holds and we
obtain

1
p(y)dyzﬁ[e dy. 3)



Obviously, the form (1) has been chosen such that a change of variable recovers the normal pdf through a
simple transformation. We stress that this parameterization (1) is fully general as any unimodal pdf can be
put in this form.

2.1.2 Example: the modified Weibull distribution

Consider the case of the modified Weibull distribution where

C
f(dx) = 2<@> : 4)
X
and thus
p(3)dox = dox ——— S 1551 e () for —co< Bx< +eo (5)
NGYE '

The case, where the exponenk 1, corresponds to a “stretched” exponential with a tail fatter than an
exponential and thus much fatter than a Gaussian, but still thinner than a power law. Stretched exponential
pdf's have been found to provide a parsimonious and accurate fit to the full range of currency price variations
at daily intermediate time scales [Lahene and Sornette, 1998]. This stretched exponential model is also
validated theoretically by the recent demonstration that the tail of pdfs of products of a finite number of
random variables is generically a stretched exponential [Frisch and Sornette, 1997], in which the exponent
c is proportional to the inverse of the number of generations (or products) in a multiplicative process.

In this case (4), the change of variable (2) corresponds to
y = sign(dx) |3x|? . (6)

For c < 2, y(&x) has a negative (resp. positive) curvature dgr> 0 (resp. fordx < 0), i.e. is concave

(resp. convex). This convexity reflects the contracting nature of the mapping that allows to obtain a normal
distribution, with a standard deviatidh= x2. This change of variable (2) has already been briefly men-
tionned in the literature. In a footnote of [Jorgensen, 1987], we find mentionned that, for distributions (5)
with ¢ > 2, the change of variable (6) gives a normal distribution. To our knowledge, the eaéhas not

been investigated.

The pdf (5) is called “modified” Weibull distribution, because it is slightly different by the distinct power in
the pre-exponential factor from the standard Weibull pdf defined by

|6x]

P (BX) ~ |ox|° e ()" @)

such that its cumulative distribution is exac(fy(%)c. This difference accounts for the fact that the change

of variable (6) maps exactly the modified Weibull pdf onto a Gaussian pdf. This property does not hold
exactly for the standard Weibull distribution. Notice that the modified Weibull distribution evith? is
nothing but the Gaussian distribution. This provides another incentive in this definition (5) as it retrieves
exactly the Normal law as one of its member. From now on, we drop the term “modified” as we will only
study (5).

The Weibull distribution (5) is not stable under convolution, i.e. the distribution of weekly returns is not
exactly of the same form as the distribution of the daily returns. However, it presents an approximate

7



stability in the sense that it is possible to define an effective expareamd scale(t such that the tail of
the pdf of the distribution of return ovdr days is of the form (5) witlt replaced bycy andx by xr. The
analytical procecedure to derive this result and numerical tests are given in the appendix B.

2.1.3 Centered case
We generalize (1) further by the following parameterization :

p(dX)ddX = Cif{f((é;())| e 2(sian®) V/If(&1-m)? g5y (8)
X

wherem= E[(sign(dxa) +/|f(dx)|] and EXx] is the expectation of. The parameterization (8) is such that, by
the change of variable (2), expression (8) transforms into a standard centered Gaussian distribution

dy (y-m?

p(y)dy = o e 2z . 9)

For the Weibull (stretched exponential) (5), this corresponds to

_ 1l c c_q _MM
p(dx)ddx = dodx N 15x27 ! e X

wherem = E[(sign(3x) |5x|2]. The form (10) of the Weibull exponential corresponds to the following
cumulative distribution functio

for —oo < X< 400, (10)

P-(dx) = 1 erfc(

|5%|2 +m
5 L

c (11)
XZ

2.2 General case of several assets

Let us assume that the returng\o&ssets over a period ftime intervals are measuredx”, 5", ..., 5!

for the first asseﬁx(lz),éx(zz) ooy 6x(T2) for the second asset, up&m(lN) , 6x(2N), - éx(TN) for the last asset. From
these, theN marginal distributions of the returns for each asset are determined empirically either using a
parametric or non-parametric representation. @©glbx) the marginal distribution of thgth asset. In
general,P;(dx) is non-gaussian and exhibits fat tails, for instance described by a Weibull distribution. But
we do not restrict ourselves to this special case and consider a general formRp(d)és.

2.2.1 Non-linear mapping

As for the one security case discussed previously using (2), each marginal distriBydshis mapped
onto a gaussian distribution by performing a change of variable that is specific to each marginal distribution.

1The complementary error function is defined as @rfe= %{flj” dv exp(—V2), and has the asymptotic behavior édc—

1 10
T e\ for largeu > 0.



We discuss here the symmetric case. For a given gstet new variable is such that

1 i
Pj(dx)ddx = —— e 7 dy. 12
By construction, the variablg follows a Gaussian distribution of mean 0 and variance 1. Introducing the

cumulative distributiorf; (x)
ox

Fi(&) = [ P(x)dx, (13)
the differential equation (12) for(dx) is integrated into a general implicit equation givings a function of
OX:

_1 y

Fj(dx) = > [1+erf (72> ] . (14)

For a Weibull distribution (5), expression (14) reads

_(M)c . Yy
e 'x’/ =erfc(—=) . 15
( fz) (15)
We can rewrite (14) as

y(&%) = V2 erf 1 (2F;(dx) — 1) (16)

where erf1 is the inverse of the error function. F (3x) is of the form (1), the solution of (16) retrieves the
expression (2).

We perform this change of variable (12,14,16) for each ofNhdistributionsP;(dx). This leads to the
transformed measuremem%)7ygl)7...,y(Tl) for the first assety(lz),ygz),..., (Tz) for the second asset, up to
y(lN), (ZN),..., (TN) for the last asset.

2.2.2 Nonlinear covariance matrix

Having thus defined the variablgd) (j = 1...N) from theN assets, we construct the covariance matrix
V=Elyy], 17)
with element/,, defined by

17t b
Vab= T i;yfa) o (18)

In (17), we note for shory as the unicolumn matrix of siZ¢ with elements/(}) equal to some realization.

For distributions that can be parameterized as (8), we have seen that the change of variable (16) becomes
expression (2). The covariance matrix (17) of the set,&f then corresponds to the following dependence
matrix for the asset returr, :

Vap = E[(sign(éxa) VI (Oxa)| — ma> <sign(6xb) VI (Bxp)| — mb>] , (19)



wherem, = E[sign(dxa) /|f(dXa)|]. The distribution of they, is multivariate Gaussian with covariance
matrix Vap,.

The covariance matrix (17,19) measures the covariance between the assets described by the “effective”
returnsy. This definition (17,19) amounts to a non-standard measure of the covariance in terms of the
variablesdx's. We use the name “nonlinear covariance” to recall that the change of vadabley for

fat tail pdf's P;(dx) lead to a contraction, for instance a concave power law (6¢ for2. In this case, the
covariance o amounts to estimate the covariance of fractional powers of the returns.

2.2.3 Multivariate representation of the joint distribution of asset returns

No approximation has been made until now. We have characterized the marginal distributions of the assets,
defined new variables in terms of which the marginal distributions are Gaussian and we have calculated the
covariance matrix of these new variables as the new measure of the dependence between the asset returns.

Here comes the simplifying approximation. If the marginal distributions in terms of the new vayébles
gaussian, nothing imposes a priori that the multivariate distribution of these variables is also a multivariate
Gaussian distribution. From our construction, it is only guaranted that the projections of the multivariate
distribution onto eack')) variable are Gaussian.

However, a standard theorem from Information Theory [Rao, 1973] tells us that, conditioned on the sole
knowledge of the covariance matrix, the best representation of a multivariate distribution is the Gaussian. In
other words, the multivariate normal distribution contains the least possible a priori assumptions in addition
to the covariance matrix (and the vector of the means when they are non-zero), i.e. is the most likely
representation of the data.

This implies that, conditionned on the sole knowlege of the covariance matrix (17,18), the best parametric,
although not exact, representation of the multivariate distribugn is

P(y) = (2m N2V 2exp(—3y'VtY) | (20)
where|V | is the determinant of .

Note that our “nonlinear covariance” approach is very different from the usual approximation which assumes
that the asset returlﬁxi(” themselves follow a multivariable Gaussian distribution. In particular, the non-
linear change of variable ensures that the fat tail structure of the marginal distribution is fully described and,
in addition, leads to a novel more stable measure of the covariances. The normal structure of the multivariate
distribution in terms of thg variables doesotlead to a Gaussian multivariate distribution for the returns.

From the expression (20), we obtain the explicit expression of the multivariate distribution of the asset
returns by replacing th;q-“) as a function oﬁxi(” as given by (16) for each asseand use the identity

PO =P(y) (21)

where% is the jacobian of the transformation frax— y. The Jacobian is the determinant of a diagonal
matrix whosejth element is simply

)] ) -
% = VTP (ax1)e" /2 (22)
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as seen from (16). This finally yields the following approximation for the multivariate distrib&{gh of
the column vectok of N returns of a given realization of thé asset returns :

P(x) = [V|™2exp(—3 qPJ , (23)

whereV is again the covariance matrix fgrandl is the identity matrix.

This “nonlinear covariance” approximation is exact for distributions with uncorrelated variables, in which
caseV = 1. ltis also exact for a Gaussian distribution modified by monotonic one-dimensional variable
transformations for any number of variables; or equivalently, multiplication by a non-negative separable
function. Note that the multivariate distribution (23) obeys automatically the condition that the correspond-
ing marginal distributiong are of the same analytic form. This corresponds to the consistency condition
[Kano, 1994] discussed in the introduction. This approach leading to (23) has also been introduced inde-
pendently for the analysis of particle physics experiments by Karlen [1998].

2.2.4 Multivariate Weibull distributions

Let us now apply this approach to Weibull distributions. Theassets are assumed to have their returns
OXq distributed according to thanconditionalmarginal distributions given by expression (8). With the
change of variable (2), we construct the covariance matroefined by (19). This defines a signed and
fractional dependence matrix for the asset returns. Sigge: E[[(5x)?]], we see tha@\/aa]% has the same
“dimension” as the usual variance but is fundamentally different in that

NIo

E[(éx)z] %;A E[[(éx)z] ] , ingeneral (24)

The expectation of a power is in general different from the power of the expectation.

The multivariate Weibull exponential distribution of theasset returns is then given by expression (23) that
we write explicitely

N N
P(E, 8%, - %) [ 68 0 _ﬂ(%@qﬁl d6>q>
i= i=

exp(—— le Lsign(8x;) [8%i|2 — my) (sign(8x;) [3%j|2 — m,-)) : (25)

This expression obeys the requirement that the marginal (monovariate) distributions are Weibull exponen-
tials.

2j.e. the monovariate unconditional distributions derived from the multivariate distribution by unconditionally integrating over
all variables except one.

11



3 The distribution Ps(8S) of portfolio wealth variations

3.1 Theoretical formulation

We now restrict our study to symmetric multivariate distributions. As a consequence, all odd moments (in
particular the first moment which is the expected return) and all odd cumulants are vanishing. This means
that we are focusing on the aspect of risk embedded in the variance and in all higher even order cumulants.
There is no trade-off between risk and return since the expected return is zero. We thus focus exclusively on
the risk dimension of the portfolio. In another paper, we will present our results obtained for non-symmetric
distributions. The results presented below are already sufficiently rich that we feel compelled to separate the
discussion of symmetric and non-symmetric distributions so as not to make the presentation unecessarily
cumbersome.

To a very good approximation, it is harmless and much simpler to replace the rékyftsby (pi(t +
1) — pi(t))/pi(t) wherepi(t) is the price of assetat timet. Over reasonable large time intervals (e.g a
year), one can neglect the variation of the denominator in comparison to the variation of the numerator

opi(t) = pi(t+1) — pi(t).
The total variation of the value of the portfolio madeNbfssets between time- 1 andt reads

N
OS(t) = ';Wiapi (t), (26)

wherew; is the weight of théth asset in the portfolio. By normalization, we hag&lwi =1.

In terms of the variableg’s defined by (2) (resp. (6) for the Weibull exponential case), the expression (26)
reads

N
35(t) = 3 wi signiy) 7 (27)
=
where f is the inverse of (suitably defined to avoid double valuedness) and respectively
N _ )
o(t) = _lei sign(yi) Xi [¥il© , (28)
I=

for the Weibull distribution for whichf; (dp;) = |%|C.

All the properties of the portfolio are contained in the probability distribuig{@S(t)) of dS(t). We would
thus like to characterize it, knowing the multivariate distribution ofdpgs (or equivalently the multivariate
Gaussian distribution of thg's) for the different assets. The general formal solution reads

N N
Put5) = ([ aw ) e 7 5550 - 3 wsiony) 1 105)) 9
Taking the Fourier transforig(k) = [ d5S R(3S) e k38 of (29) gives
N

Ps(k) = l_l ( / dy.) g3 YV ly+k 3w signyi) YD) (30)
1=
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In the sequel, we present a systematic calculation method of (30), that can be applied in principle to a large
variety of functional forms forf. In this paper, we restrict our analysis to the Weibull case, because it is
probably one of the simplest non-trivial situation that allows us to make apparent the power of this approach.
In addition, as will be shown by extended comparisons with empirical data, the Weibull representation
provides a very reasonable description of the “fat tail” structures of empirical distributions. For the Weibull
case, the terni—1(y?) is replaced by|yi|:.

A further simplification of notation occurs when the exponeigt given by
c=2/q, withq integer and odd (31)

Then, ,
sign(u) |ui| ¢ = sign(u;) ui|*=uf, (32)

i.e. the sign function disappears. Expression (30) then becomes

. 1 N 1 Ly <N
- - —3 YV lytik IN G owoxiy?
Pslk) (2r)N/2detv /2 iL] (/dy.> €’ ' ' (33)

We can absorb the termg by introducing the new variablaiq = xyiq, which shows that the covariance
elements (in the formulation where tigedo not appear) are proportional %&/9.

Expressions (27,28) together with (33) exemplify the origin of the complexity introduced by the non-
Gaussian nature of the distributions, namely the portfolio wealth is a nonlinear function of the variables
y transformed from the asset returns and its distribution is expressed as a non-Gaussian multivariate integral,
which is a priori not obvious to estimate. We notice however that (33) is similar to mathematical objects
studied in another context: it is the same as the partition functiongdffeeld theory studied in particle
physics, withN components and imaginary coupling coefficieikis;. y is like a Gaussian field with inter-
actions described by the second nonlinear term in the exponential. Notice that tlge-c8srresponding

to an exponent = 2/3 is particularly interesting, because this valued@eems realistic empirically (see

below the empirical section) and becauseghéheory is the simplest non-trivial case leading to fat tails.

We shall characterize the portfolio distributi®dS(t)) by its cumulants, defined by

+00

Ps(k) = exp( 3 %(ik)m> . (34)
m=1"""

The first cumulant; is the mean, the second cumulant= E[(x— E[x])?] is the variance, the third cu-

mulantcz defines the skewnem/cg/z, the fourth cumulant, defines the excess kurtosis= c4/c92. 3

For Gaussian distributions, all cumulants of order larger than two are zero. The cumulants are thus conve-

nient ways to quantify the departure from normality. Furthermore, provided mild regularity conditions hold,

they are equivalent to the knowledge of the full distribution. Since we deal here exclusively with symmetric

distributions, all odd-order cumulants are vanishing and it is sufficient to calculate the even-order cumulants.

3The kurtosis is defined as the ratio of the fourth centered moment over the square of the vafjanrc&[g)*)/E[(x—
E[X])2]2 = 3+ c4/c3. In this definition, Gaussian distributions have a kurtosis equal to 3 while the excess kurtosis is zero.
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3.2 The Gaussian case=2

Whenc = 2, the multivariate asset return distribution is Gaussian. The tern(ly$)gyi|% becomes simply
y; and the integrals in (30) are standard Gaussian integrals that can be evaluated using the identity

N
_rl(/dx)exp<—%m}lxj +yi>q>= \/%AH)GXD(MAHY]) : (35)

Applied to (30) and after taking the inverse Fourier transform, we get

[dS(t)?
P(dS(t)) O - .
3s(0) Dexp( - ol (36)
which recovers the classical result that the distribution of portfolio wealth variad®issuniquely and fully
characterized by the sole value of its variamgeexpressed in terms of the covariance matrix of the asset
price returns and their weighi¥ in the portfolio [Markovitz, 1959, Merton, 1990] :

c, =WVW. (37)

We now turn to the more general case: 2 for which the evaluation of the integral (30) is much more
involved.

3.3 The case of uncorrelated assets

We first consider the case where the covariance matrix is diagonal, which corresponds to an absence of
correlations between assets. Then, the portfolio distribution is only sensitive to the intrinsic risks presented

by each asset. We will show in the next subsection how to implement a perturbative diagrammatic expansion
in the general correlated case.

For notational convenience, we adopt a change of variable which absorgs thehe exponential term of
(33): the termzi'\‘:1 Wi )(iyiq becomeqi'\‘:1 Wi yﬁ As a consequence, the ngywariables acquire a non-unit
variance equal t§f, with c = 2/q.

In the diagonal case, the covariance matrix is given by
V =diag{d}, whered =x%. (38)

The relationship between the variances of thegariables and the variances of the asset returns is obtained
by noting thatdiq = X2 which is proportional to the asset return variance. This illustratesdfhaays the
role of a “nonlinear variance”.

3.3.1 Cumulants

In the diagonal case, the multiple integral over the multiple asset contributions in (33) becomes the product

of single integrals of the kind
+o00 w2 i
li= [ due =tk (39)

—00
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We consider the general case where we allow the expanen®/q; to vary from asset to asset. From this
integral, we derive in appendix C the exact and explicit expression of the gendgrat@mulant ofP(3S) :

N
=3 Cl o) (wed?)" (40)
where
S T (=na+d) [F@+d)]" o [ra+d]
C(r,q) = (2r)! 2¢ {nZo(_l) (gr—Zn)!nl/ZZ) 2(!nl/zg) ( Ir) 2(!nl/zg) } 1)

andl” denotes the Gamma function.

The expression (40) is valid even when this are real and the interaction term in (33) is proportional to
sign(ui)|u;|% and thus applies to arbitrary Weibull distributions.

Forr = 1 (variance) and = 2 (fourth order cumulant), the expression (41) gives
C(1,0) = (2%/vmr(a+1/2) (42)
C(2,9) = (29/vM T (29+1/2) - (3 2Y/m[T (q+1/2)]*. (43)

Note that the dependence of the cumulants indfeas given in (40) enters through thejth powerdiq
since, as we noticed beford,, is proportional to the momenf(8x)%]9). As already mentionnedyp]?
(with g = %) has the same “dimension” as the usual variance. The dependence of the cup(gitsn
the weightswn;’s enters only through the ternmz,zdiq which are the same for all cumulant orders.

3.3.2 Tails of the portfolio distribution for c < 1

We now characterized the extreme tails of the distribution of wealth variations of the total portfolio con-
stituted ofN assets. We present results for the case where all assets have the same exponent. It is easy to
reintroduce the dependencemt 2/q; in the formulas, as it will become necessary when comparing to the
empirical data in section 5.

For this, we use (40) in (34) to get

Ps(k) = ex (W (kT S w2dh)m
s(k) = exp Zl 2m)! C(m,Q)_;( LYAE (44)

From the expression (41) &f(m,q) (see also Appendix C), we see that
INC(M,q) —m—+oo (g —1) 2min2m+ 0(2m) . (45)

Two cases must be distinguished.

1. g> 2: C(m,q) increases faster than exponentially for large cumulant ordersA% a consequence,
the tail of the distributiorPs(dS) is controlled by the large cumulants.
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2. q< 2:C(m,q) decreases witmand we cannot derive the structure of the tail from the large cumu-
lants.

Forqg > 2, i.e. c < 1 (stretched Weibull distributions), the behavior of large order cumulants embodies the
structure of the tail oPs(8S). From (40), we see that

Cam(@) =i C(M0) [Mam w?dﬁ] 7 (46)

i.e. the high-order cumulants of the portfolio distribution are controlled by the single asset that maximizes
the productv?d? of the square of the weight with the variance of the return. We call this maxgtihax.
Keeping only this term (46) for the expression of the cumulagt$q) of large order, we see thRg(k) takes

the form of the cumulant expansion for a single Weibull distribution \diﬁmeplaced byv2 ., dhax. We then
deduce the expression for the extreme talil

C C

Ps(3S) — 55500 exp[— (ﬂ> ] = exp[— <ﬂ> ] whereXmax = d¥%2, . (47)
Wmaxdr%/azx WmaxXmax

For c < 1, we have thus shown that the extreme tail of the portfolio distribution is of the same functional

form as the distribution of the individual assets with a characteristic decayvat®&max controlled by a

single asset. The selection of this asset is a function of the parameters of the asset distributions and of the

portfolio weights. Note that, fowmay of order /N,

Ps(0S) ~ exp[—NC <$> C] , (48)

wherey is a coefficient independent &f. The extreme tail oPs(8S) thus decays as the exponential of a
power ofN smaller than one.

When the exponents = 2/q; are distinct, the tail of the portfolio distribution is controlled by the asset with
the smallest, i.e. largest.

3.3.3 Talils of the portfolio distribution for ¢ > 1

Forg< 2,i.e.c> 1, the above derivation does not hold. However, we can use the extreme deviation theorem
[Frisch and Sornette, 1997] to determine the shape of the extreme tail of the portfolio wealth distribution.
This theorem applies only for the exponent- 1 and the stretched Weibull case previously analyzed is
excluded from this analysis. This is due to the existence of a log-convexity conditidr;) > 0, wheref”

is the second derivative dfdefined in (1), as is shown in the Appendix D and in [Frisch and Sornette,1997].

The Appendix D generalizes the extreme deviation theorem [Frisch and Sornette, 1997] to the case of non-
identically distributed random variables. The result is

N—1 N-1

Tz 2 &S z N 3S
3S —)%¢c (=) 49
P ( )_>|arge65 X Hlj\lzleXj |:C(C—1) ( X ) :| eXp< 2(0_1)( 3 ) > ) (49)
where N .
N Wi
o — LX) (50)
C(ijleXj)2+C_2
N jog Wi
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This result is valid forc > 1. Note that the extreme tail & (0S) decays as the exponential of the number
N of assets. This result gives the correct cross-over to the result (48) obtaired for

3.4 The general case of correlated assets
3.4.1 Cumulants of the portfolio distribution with N assets

We assume that all assets are characterized by Weibull distribution with the same exper@fg. Our
goal is to compute the characteristic function

1 N — UV LU ik 3 wiu
Pk = W/(Ud“>e T 5D

For this, we introduce a perturbation analysis and the functional generator [Brezin et al., 1976; Sornette,
1998] defined by

When the integral is a Gaussian=t 0), we get
Pd0,00 = 1
Pl = eV, (53)

With the relationship

f(%)/(ﬁdu)e‘%uv1U+5i3i”i:/<ﬁdu>e v gy (54)

we can formally express the characteristic function as

A ik 5w 2
Bl = e el eV (5)
J=0
This formulation is the most natural for a perturbative analysis of (51).
In appendix E, we use the Feynman diagram method to calculate
5 -9q 19q o4 & ERIYA!
PJ(k 1+i3 5w WiWj =g ez 56
st =141 2 '&q+ (q'> AL L )
where we have defined the auxiliary coupling constant
gg=0ak. (57)
Up to second order ik (which will thus provide the variance &&(3S)), we get
5q 2(q—1)/2 1 1 [ q-2l |
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The diagrammatic expansion used in appendix E becomes very useful for higher order tggrasabtain

a systematic classification of their proliferation. A well-known result of diagrammatic perturbation theory
[Veltman, 1995] tells us that neglecting the disconnected diagrams, which appear beyond second order, cor-
responds to compute the logarithm of the characteristic function. Therefore, the set of connected diagrams
atm-th order give us directly theth cumulant coefficient,, defined by expression (34).

We give now the expressions of the secaa(B) and fourth cumulant,(3) corresponding t@ = 3, i.e.
c=2/3. The second cumulant is read from expression (159) in the appendix

c(3) = z [GWi (Vij)3Wj +9WiViiVijijWj] ; (59)
]

whereVj; is thei, j element of the covariance matiikbetween the variablg of asset and the variablg;
of assetj. The sum is over all pairs of assets. The fourth order cumulant is

VisiaVigiaVisia +

2i4

Ca(3) = 4!(3!)4_ Z _ Wi1Wi2Wi3Wi4{24VIf|2V'1|3
11,12,13,14

1

1
2 2
23\/Il|2\/|1|3\/|2|3\/|3i4\/i4|4 + 24V|1|2Vllisvizl4V|3|4 +
1 1
3|23V|1|2V|1|3V|1|4V|2|2V|3|3V|4|4 + 4|V|1|2V|1|3V|1|4V|2|3V|2|4V|3|4} . (60)

The sum is carried over all possible quadruplets of assets.

This result generalizes for higher ordesth cumulants and for arbitrayas

Crle) =m(@)" 5 W W 3 ST Tal) {nrs}) W\A )" ] V)™ (61)

i1,.0,1 r<s=1

where the sum is carried over the &gi(q) of all the topologically inequivalent connected diagrams with
vertices ofg legs as defined in the Appendix E and the symmetry fa8isrof the form (see Appendix E)

S({Ir}, {ms}) = (222" ﬁl ! I‘Ilnrs'sv {Ir} {mes}) - (62)

3.4.2 Portfolio with two assets

As an illustration, for the case of two assdts=£ 2), Eqgs.(59,60) reduce to

C2(3) = 15VAWZ + 15VEWE + (Vi1Vao) ? 63, +9p17] waws (63)
where the correlation coefficient is defined by
Vi2
P12 = . (64)
- 11V22
The fourth cumulant is
ca(3) 1 1 1 1
(318 = aV:ESlV\/?L1 + 8.V262W‘21 + [(a— 2 7 7 —)V11V1Voo + (24 21 )V12 (VleSWZ +V22W1W3)
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1 1
+2 <(a T WAVENS + EV11V142V22> AR (65)

where 1 01 1 1 1

aE¥+?+¥+@+E. (66)
If the two assets are not correlatdl, = p12 = 0, expressions (63) and (65) recover the non-correlated
expression (40) as they should, sincé&3#* a=C(2,3) = 9720.

ForVi1 =V, =V, the expression (65) of the fourth cumulant simplifies into

Ca(3)

a7 = 3 98]+ prla (55 + ) (1~ )l + wawd) + 20Fsfa— 75 (1— pE )i . (67)

4 Portfolio optimization for uncorrelated assets

For non-Gaussian distributions, all the cumulants and not only the variance of the distribution of the portfolio
wealth variations must be considered as relevant measures of risk. The variance as well as all higher order
cumulants depend on the weightsof the assets constituting the portfolio with different functional forms.

It is thus important to determine the relative variation of the cumulants when the weigate modified.

In particular, we show now that the portfolio which minimize the variance, i.e. the relatively “small” risks,
often increases larger risks as measured by higher normalized cumulants.

4.1 Minimization of the variance

For simplicity of notation, we restrict to the case where all assets have the same expen2mny. It is
straightforward to reintroduce the asset dependence @fshie the formulas. In order to take into account
the normalization constrairgt; w; = 1, we solve for theN-th weightwy = 1— ZiN:]lWi and we substitute it
in the explicit formula for the variance

2
co(q) = (29— 1)! [lequ ( Niw.) dg]. (68)

The variance being quadratic in the weigtits the solution to the minimization problem is the solution to
the linear algebraic system Bf— 1 equations iN — 1 variables

N—-1
wid! = (1— lei> dy, i=1,...,N. (69)
i=

The solution can be written in a compact form by using the symmetric polynom(i'éu@(b...,x,\,) gen-
erated by|‘|i'\‘:1(x+xi) = Zr‘}‘:OxN*”oﬁN)(xl,...,xN) such thatogN) 1, o(N) =X1+X+...+ Xy, ... and
0,(\,'\') = X1Xo---XN. The solution takes the form

N
o\ (dd....dl) 1

only(@d....dl) g

widd =wodd = ... = wydd = (70)
1 2 N
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The weightsw; that minimize the portfolio variance are inversely proportional to the corresponding asset
varianced.

Noting
1

the cumulants corresponding to the weights that minimize the variance are
X
& (a) =C(r,q) —20 . (72)
<Zi Xi>
4.2 Minimizing the higher-order cumulants
The weightsw; that minimize the cumulants, (q) given by (40) are

ar _ar
W]_dfr*1 = W2d22r71 =...= WNd,\ZlPl

= . 73
e 7

Note that these weights vary with the oraeof the cumulant that is minimized. It is thus not possible to
minimize simultaneously all the cumulants of order larger than two. This is in contrast to the result for the
normalized cumulants discussed below. The weights that minimize the very la¥gec order cumulants
approach asymptotically the values that minimize all the normalized cumulants of order larger than two, as
given by (84) below. Thus, conclusions obtained for the normalized cumulants carry out for the cumulants
in the limitr — oo,

The cumulants corresponding to (73) are

C(r,9)

<Zi Xi2r1>

where thex's are given by (71). By definition, the two expressions (74) and (72) coincide $oi, i.e.
give the same minimum variance.

() = (74)

Itis interesting to compare the values taken by the cumulants for the weights that minimize the variance with
the values taken by the cumulants for the weights that minimize a cumulant of given ordear2his, we

study the ratio of the cumulants which is also the ratio of the normalize cumulants since the two expressions
(74) and (72) coincide for=1:

(@) An(@) r L\
Cg:in(q) B )\g:in(q) - (ZX'> (IZXI > ) (75)

where N
X = % are normalizedglxj =1, 76)
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and thex;’s are defined by (71).

Differentiating c‘z’r(q) /C’Z“ri”(q) given by (75) with respect to one of the’s, we find that the derivative
vanishes when aK;’s are equal to AN. This corresponds to an extremum of&jl(q)/ci"(q) equal to 1.
This extremum is in fact a minimum. To see this, we parameterize

1
Xi:N(l-f—si)v (77)

where theg;’s are small and sums up to ze@{ilsi = 0). We then expand (75) in powers®k and find

cp(@ . 1
(g ~ TN (78)

Thus, for unequak;’s, the ratioscy, (q)/ci"(q) are generically larger than one. In words, the values of the
cumulants for the weights that minimize the variance are higher than those for the weights that minimize a
cumulant of given orderr2> 2 : minimizing “small” risk increases large risks.

4.3 Minimization of the excess kurtosis and higher normalized cumulants

Normalized cumulants provide a better measure of large risks than the (non-normalized) cumulants. The
normalized cumulants are defined by

C
Ao = 20 (79)

The fourth normalized cumulant, is often called the excess kurtogisRecall that it is identically zero for
Gaussian distributions.

The quantitative deviation of a distribution from normality is given by normalized cumufgﬁislndeed,

the differenceP- (z) — g(z) between the cumulative distribution function of the suniNafandom variables
and its Gaussian asymptotic value is given by [Gnedenko and Kolmogorov, 1954]

P.(2)—g(z) ~ 20 \/zi;/ 2 ( Nl(/z) T N ?\lkk(/zz) +> (80)

whereQy(x) are polynomials parameterized by the normalized cumulsnist the distribution of theN
random variables. For instance, the two first polynomials are

Qu(x) = ha(1-¥), 81)
and 1 1 10 5 1
Qx(x) = A§x5 ( 5 M)+ ( 5 4)@ 8)\ 4)X. (82)

A more straightforward way to recognize the role of the normalized cumulants is to work with the charac-
teristic function defined in (34). Sindeis the variable conjugate @ and the natural scale f@x is the
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standard deviatio/Cy, this means that the natural “dimensionless” variablixjs/C,, i.e. in the conjugate
variable, it isk ,/c; that we define ak. In terms ofk, P become

B(k) = ( +i Az” k2 ”) : (83)

Using (40) to construct the normalized cumulakig defined by (79), we find that the asset weighitshat
minimize Ao, irrespectiveof the order 2n, are given by

o\ (d¥?...,d¥ 1
=,
ona(d? . df?) Ty

wid9? =wpod¥? = ... = wndY? = (84)
1 2 N

We recover (84) from the analysis of the tail of the portfolio distributionder 1 given in section (3.3.2).
The natural criterion is to find the weightg that minimize the characteristic decay rtef the tail of the
portfolio distribution given by (47):

%X

W =0, for all wjs. (85)

After some calculation, we find that the weights that minimjzare exactly those given by (84), that
minimize the high order normalized cumulants. This confirms that the normalized cumulants are the relevant
measures of the tail of the portfolio distribution.

The expressions of the cumulants corresponding to the weights (84) are

1
(=)

If all assets have the same nonlinear variatdce d, thenc(z*;) = cgm) for all orders 2n. Thus, minimizing

the variance minimizes all normalized cumulants at the same time. This special result is not true in general
as we now show.

¢ =NC(m,q)

2m

(86)

Using (76) and the definition (79) of the normalized cumulants, we get

w o (%) o

\% —1
T ()

Using the Lagrange multiplier method to impose the normalization condition oK thave find that the

valuesX;'s that maximizethe AZm for m> 1 are all equal to AN, for which 231) = 1. For any other set of

“nonlinear variances”, the ratio is less than one. Thus, the weights that minimize the vanicreesethe
higher normalized cumulants such as the excess kurtosis.
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We now compare the cumulants of the portfolio with minimum variance to the cumulants of the portfolio
with minimum normalized excess kurtosis, for forming the ratio

2m
g (23)
Z2m
c(zv) =N ) ) o - (88)
() ()
k
With the definition (76,71), we get
2m
oK) <Zi >§2>
2m N L (89)
V) 2
In particular,
K
£ =N X2 (90)
cV) Z ’
2 |
and .
oK) <Zi >§2>
A —N-—4— (91)

V) '
Ca <Zj S >

(K)
We find that the ratio;% is a minimum equal to 1 when a¥'s are equal to IN. For any other set of

nonlinear covariance matrix, the variance of the portfolio which minimize the excess kurtosis is always
larger or equal to the minimum variance. This is expected by construction.

The ratlo 4 7 is also found to be a minimum equal to 1 wheis being equal to AN. This result generalizes

to higher orders For any other set of nonlinear covariance matrix, we find that the higher order cumulants of
the portfolio which minimize the excess kurtosis are always larger or equal to the cumulants of the portfolio
that minimizes the variance.

4.4 Comparison between the excess kurtosis of the minimum-variance portfolio and the
benchmarkw; = 1/N

The benchmark witl; = 1/N has the following cumulants

sV = sz qu”‘. (92)
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We construct the ratio of the excess kurtosis of the portfolio with minimum variance to the excess kurtosis

of the benchmark : )
v (2@) (3%
A, i
R= (93)

7

N 7
4 (kak> <Z| g)

For all x's equal,R =1 as it should. Changing af|’s into their inverse change the raf®into its inverse

1/R. This implies that the two situations are equally probable : either the excess kurtosis of the benchmark
is smaller/larger than the excess kurtosis of the portfolio with minimum variance. Indeed, for each set of
assets withg’s for which R < 1, then the set of assets with inversesXs givesR > 1. Finding the portfolio

with minimum variance may thus either increase or decrease its excess kurtosis compared to that of the
benchmark.

where thex’s are defined by (71).

Notice that forN = 2, R is identically equal to unity for any possible choicexafandx,. A portfolio
constituted of two uncorrelated assets is thus such that the excess kurtosis of the benchmark and of the
optimized variance portfolio are the same. This results is not true anymoke$ae for whichRis usually

different from one.

It is also interesting to investigate the ratio of the cumulants

V) m
c X!
(f;?\l) — N2m ZI Xll . (94)
C2m Zj X_Jm

Expanding theX;’s around the equal nonlinear variance cXse- ﬁ(1+si) where theg;’s are small and

sums up to zerg Y ; & = 0, we get

(V) N

C2m m 2

@ =1-3 i;“:i : (95)
m

up to second-order ig’s. The higher-order cumulants of the portfolio with minimum variance are smaller

than those of the benchmark.

4.5 Synthesis
We have obtained the following results.

1. Minimizing the variance versus minimizing the normalized higher-order cumuantsthe portfolio
with minimum variance may have smaller cumulants than the portfolio with minimum normalized
cumulants but may have larger normalized cumulants (which characterize the large risks). Thus,
minimizing small risks (the variance) may increase the large risks.

2. Minimizing the variance versus minimizing the non-normalized higher-order cumulatshe port-
folio with minimum variance may have larger non-normalized and normalized cumulants of order
larger than two than the portfolio with minimum non-normalized cumulants. Thus, minimizing small
risks (the variance) may increase the large risks.
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3. Minimizing the variance versus the benchmark portfoltbe portfolio with minimum variance has
smaller non-normalized higher-order cumulants than the benchmarck portfolio, even if it may have
smaller or larger higher-order normalized higher-order cumulants. This situation is similar to the first
case, i.e. it is preferable to minimize the variance than taking the benchmark, even if the resulting
portfolio distribution is less Gaussian.

4.6 The expected utility approach

The investor, starting the period with initial capité > 0, is assumed to have preferences that are rational

in the von-Neumann-Morgenstern [1944] sense with respect to the end-of-period distribution of wealth
Wp +0S His preferences are therefore representable by a utility funcdg + 6S) determined by the
wealth variationdS at the end-of-period. The expected utility theorem states that the investor’s problem is
to maximize BEu(Wp + 8S)], where Ex| denotes the expectation operator :

E[u(Wp +39)] = /_ ;: d8S UWb + 39) Ps(3S) . 96)

u(W) has a positive first derivative (wealth is prefered) and a negative second derivative (risk aversion).

Consider first the case of a constant absolute measure of risk aversiofi)’ = a, for whichU (W) =
—exp(—aW). In the limit of an initial wealth\g that is sufficiently large such that the probability of ruin
occuring in a one-period (i.&S < —Wp) is negligible, expression (96) transforms into

_ oW B —ia) — _ a—aWb w Con 2n>

E[uMWp + 89)] P(k=ia) exp(r]Z1 2n)l a’). 97)

Due to the negative sign in front of the expression, maximiziig\& + 8S)] is equivalent to minimizing

e gﬁ‘)! a®, i.e. aweighted sum over the cumulants, each of them function of the asset weightsn

by (46). For a small risk aversiam<< 1, the sum in the exponential is essentially given by the first term
cpa/2. In this limit of small risk aversion, maximizing the expected utility retrieved the standard procedure
of minimizing the portfolio variance. However, for larger risk aversions, the higher-order cumulants bring
in non-negligible contributions. It is straightforward to solve for the optimization with explicit analytical
formulas.

Consider as another illustration the case where the utility is a member of the power (isoelastic) functions
u(w) =wyY with O0<y<1. (98)

Then, assuming again thllS < W for a single period (which is not at all restrictive an assumption in
practice), we expand

+ y|

= YWY Y —wY j
UWh+BS) = (Wh+8S)Y = WY(1+ 5S/Wp) Wogo(y_ T (85’ (99)

Putting (99) in (96) gives

oy

E[uMWp + 89)] :Wg Zom E[(6S/\No)2r]
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B yl-y) ¢ y1-y)2-V)(8-Yy)cs+3c
_Wg(l— > W 2 W —> (100)

where we have replaced the lower bountiy by —o in the integral and E8S/Wp)?] by c,/WZ and
E[(3S/Wb)*] by (cs + 3c3)/W. Recall that the cumulantsy, are given by (40) with (41) and contain
the dependence on the asset weightsThe parameters controlling the behavior ¢i\, + 8S)] are the

exponenty and theN ratiosdiqi/ 2 /Wp of the asset price standard deviations normalized by the initial wealth.

For large initial wealtiWp (compared to the one-period price standard deviations), only the first few cu-
mulants need to be considered in the sum as the others are weighted by a negligible factor. In this limit,
the best portfolio retrieves the optimal variance portfolio, since maximizing/ + dS)] corresponds to
minimizing the first termc, /W2 in the expansion (100).

In the other limit where the initial wealt\p is not large compared to the one-period price standard devia-
tions, Bu(Wp + 8S)] receives non-negligible contributions from higher-order cumulants. The best portfolio
is a weighted compromise between the different dimensions of risks provided by the different cumulants.

An important insight obtained by this analysis is that the optimal portfolio depends on the initial wealth
Wp, everything else being equal. This results from the existence of the many different dimensions of risks
provided by the different cumulants which are each weighted by the appropriate power of the initial wealth.
In other words, the initial wealth quantifies the relative importance of the high-order cumulants.

Notice the parallel between the analysis of the two cases with constant absolute nagaisusk aversion

and with a power (isoelastic) utility function : the relevant relative measure of the impact of the various cu-
mulants (i.e. the importance of the tail of the distributionsj fisr the first case and/W in the second case.

It is interesting to retrieve the standard variance minimization approach in the limit of small risk aversion
or large initial wealth. In other words, when you use the standard variance minimization method, you im-
plicitely express (perhaps unwillingly) a small risk aversion. This is logical since you drop all information

on the large-order cumulants that control the large risks. In contrast, the full treatment incorporating the
higher cumulants as relevant measures of risks allows us to respond to a much larger spectrum of trader’s
sensitivity and risk aversions.

5 Empirical tests

5.1 r — ytransformation by Eq.(16) : examples and statistical tests
5.1.1 Multivariate and marginal return distributions of six currencies

In Figures 1,2,4,3,5 are shown the empirical bivariate distributibhs: @) for pairs made of the Japanese

Yen (JPY) and one of five other currencies, all quoted in US dollars. Each (efb),r»(t)) is defined as

the daily annualized return

S(t+1)
s(t)

wheres (t) is the price of currencyat dayt. We use the index values= 2 for the Japanese Yen ane- 1

for the other currencies which are respectively the Swiss Franc (CHF), the British Pound (UKP), the Russian

ri(t) =250 In

(101)
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Ruble (RUR), the Canadian Dollar (CAD) and the Malaysian Ringgit (MYR). The time interval is from Jan.
1971 to Oct. 1998 except for the data with RUR where the time interval is from Jun. 1993 to Oct. 1998.

The contour lines are obtained from Eq.(23) and corresponds to different probability levels. A given level
gives the probability that an evefrt, r») falls inside the domain limited by the corresponding contour line.
Three probability levels corresponding to 90%, 50% and 10% are shown for each pair except for the pair
RUR-JPY where only the 50% and 10% levels are shown. In order to distinguish the contour lines from the
data points, only one fourth of the data points (randomly chosen) are shown.

In these figures, we also present the price time sey{€s (top and right panels) and the corresponding
monovariate distributionB(r;(t)). The scales of the axis for the bivariate and the abcissa of the monovariate
distribution plots are chosen identical in order to highlight that monovariate distributions are obtained as
projections of the multivariate distribution. The continuous lines correspond to the best fits of the Weibull
pdf defined by (5) to the tail for large returnf the empirical distributions shown as open circles. It can be
compared to the best Gaussian fit shown as an inverted parabola in these semi-log plots. The values for the
exponentc and the constara are given in the figure captions. The fat tail nature of these pdf’s is strongly
apparent to the eye and is also reflected quantitatively by the fact that the expdeefithe Weibull pdfs

are all found of the order or less than one, while a Gaussian pdf corresponds2o These fits show that

the distribution Eq.(5) provides an excellent representation for all six currencies.

It is quite clear that the bivariate distributions are very non-Gaussian, as can be seen from the shape of the
countour lines at the 90%, 50% and 10% confidence levels. For Gaussian distributions, the contour lines
would be given by the equatiaVV —1r = C, whereC is a constant an¥ is the covariance matrix for the
variables. Depending oY, the contour lines would take the shape of

e circles forVi1 =V, andVy, = V415 =0;

e ellipses with principal axis along the coordinates ¥ar # V,, andV,, = 0;

e ellipses with principal axis tilted with respect to the coordinates\gr £ 0 with the tilt and the
eccentricity of the ellipses depending Wiy, V2o, Voi.

e In particular, ifV11 = Vo andV;, # 0, the ellipses are always tilted 4#45 degrees with the ratio of
the small over large principal axis given Ry(1—|Vi2|)/(1+ [Va2|). For perfect correlation/;,| =
1, the ellipse becomes a segment of straight line as expected for the dependence of two perfectly
correlated variables.

Consider first the 90% contour level for the CHF-JPY data Fig.1. It is apparent that the data is not described
by an ellipse as prescribed by a Gaussian distribution, but rather the contour line takes the shape of a “bean”.
For the fairly larger events that fall outside the 90% level, events with different sigms,of are less likely

to occur, or equivalently events which have same signg,of are more likely to occur, compared to an
ellipse described by the multivariate Gaussian distribution. At the 50% level, the same “bean”-like structure
is found. Similar comments apply to the UKP-JPY pair. This “bean” structure is thus the signature of a
stronger correlation of the sign of the returns, i.e. in the trend of the US $ against these other currencies, for
relatively small returns compared to the large returns for which this correlation weakens.

For the RUR-JPY data, the limited statistics makes it hard to state anything decisive concerning the large
bivariate distribution, while the marginal distributions are clearly strongly non-Gaussian. However, the small
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r data seems not incompatible with Gaussian behavior, both for the marginal and bivariate distributions.
This illustrated in figure (6) that shows a close-up of the countour lines of the bivariate distributions. For
small|r|(< 0.5%), the contour lines in all five cases appear either as approximate circles or ellipses with
principal axis along the coordinates, thereby suggeatimgprrelatedmultivariate Gaussian behavior for
small changes of exchange rate.

The CAD-JPY contour lines shown in Fig.4 have a diamond like shape with principal axis along the coor-
dinates. This signals that correlations are very weak and that, compared to an ellipse, the CAD-JPY data
shows a higher probability for having events in which one of the returns is small. In other words, either one
or the other exhibits a large move but rarely the two together.

The MYR-JPY data looks similar except that the diamond principal axis appear tilted and “twisted”. The
tilt reflects the fact that the MYR-JPY pairs are correlated, significantly more so than the CAD-JPY pair.

5.1.2 Multivariate Gaussian distributions of the transformed variablesy;

In Figures 7,8,9,10,11, we plot the bivariate distributiétig) defined by Eq.(20), obtained from Figures
1,2,4,3,5 using the transformation Eq.(16). In each figure, we also construct the marginal distributions ob-
tained by the transformation Eq.(16) performed on the empirical data points. The continuous lines represent
the parabola (in this semi-log representation) corresponding to a Gaussian of unit variance. It is not sur-
prising to find an excellent agreement between the empirical marginal distributions yfénables and

the Gaussian pdf, as the mapping (16) ensures this correspondence. We note however some discrepancy
neary = 0, due to the large number of quotes with zero or very small absolute values of the returns and the
limited accuracy of the data (the quotes are measured with a finite number of digits, in units of points).

The contour lines for the bivariate distributions of theariables are defined as in Figures 1,2,4,3,5. Let us
mention that, due to the phenomenon just mentioned of the abnormal behakio) okarr = 0, there is a
high degeneracy of the points ngat 0, i.e. one single dot may correspond to many eventsyed.

Since the transformation Eq.(16) ensures Yhat= Vo, = 1, it is easy to show that the contour lines should

be ellipses tilted at an angle &5 degrees (for correlated/anticorrelatéd respectively) with a ratio of the

small over large pricipal axis of the ellipse given (1 — [V12|)(1+ |Vi2|). Visual inspection of the Fig-

ures 7,8,10,9,11 confirms that the transformation (16), which is exact for each of the marginal distribution,
provides an excellent representation of the bivariate distributions.

5.1.3 Goodness of the nonlinear transformation and statistical tests

The transformation Eq.(16) offers a new way for characterizing marginal distributions and their deviations
from normality.

In Fig.12, we represent the transformation Eq.(16) for all six currenciest-Vagables are calculated from

the empirical data. From each data point, the transformation Eq.(16) provides the correspovaling

The negative returns have been folded back to the positive quadrant (by taking their absolute values). The
double logarithmic representation (log-log plot) is useful to characterize a power law (6), corresponding to
marginal distributions im given by the Weibull pdf (5).

28



Two straight lines are drawn on the figures. The r line corresponds to the exponent 2 in Eq.(5) and

Eq.(6), which would qualify a Gaussian pdf. The other straight line shown for each currency describes the
transformation law (6), where the exponeatsave been determined independently by fitting the tails of the
marginal distributions reported in Figures 1,2,4,3,5. Thus, the Weibull distributions Eq.(5) correspond to
exact power laws Eq.(6), translating into straight lines of sloffein the log-log representation of Fig.12.
Without any adjustment of the exponent, we find an excellent consistency of the description in terms of the
modified Weibull distributions for large returns.

For smaller returns, we observe in Figure 12 thatyfrg curve bends down to become approximately
parallel to the linegy = r suggesting again, in agreement what was found above from the contour lines of the
bivariate distributions, that the distributions are approximately Gaussian for small absolute returns.

We now present a statistical test for the reliability and “goodness of fit” of the representation Eq.(20) of
empirical multivariate distributions. We plot in thick line in Fig.13a-e jfecumulative distribution for

N = 2 degrees of freedom versus the fraction of events as shown in Figures 7,8,9,10,11 within an ellipse
of equationy? = y'V~ly. If the empirical distributions strictly followed the pdf Eq.(20), one should have

a straight line. The thin lines correspond to the 90% confidence levels obtained from 100 Monte Carlo
simulations : 100 random realizations with the same number of points as the empirical data, taken from a
Gaussian multivariate distribution, are transformed into the representation Eq.(20). The thick line is found
close to the diagonal, implying that the empiri€4y) is very well approximated by a multivariate Gaussian.
There is however a small but statistically significant departure from the diagonal, mostly in the upper parts
of the figures, corresponding to the small returns. This seems to tell us that the correlation has a different
structure for small and moderate returns compared to the larger returns, again in agreement with the Weibull
(resp. Gaussian) representation of large (resp. small) returns. The largest deviation can be seen for the
RUR-JPY data, which is to be expected since the statistics is the poorest for this set.

In Fig.13f, we construct a similar plot for the multivariate distributions with lthe- 6 currencies taken

all together. Since the empirical determination of the multivariate distribution requires us to keep only the
guotes for all six currencies occurring simultaneously on the same day, this statistics for the multidimen-
sional plot of Fig.13f is necessarily the poorest and is controlled by the poorest of all bivariate distributions
which is the RUR-JPY set. Fig.13f shows that the method works well also with mord&ithap assets.

We have checked for the stationarity of these results by dividing the total time window into three sub-
windows of equal lengths and have performed the same analysis using Eq.(16). We find that the representa-
tion Eq.(20) tested in Fig.13 is extremely robust: no statistically significant differences are found between
the three sub-windows. The stationarity of the nonlinear covariance rvaisixjuite remarkable.

The same cannot be said with a represention in terms of the netamables. Fig.14 illustrates this fact by
constructing the same tests as shown in Fig.(13) but for the retunsead of the transformed variables

y. One can observe the dramatic departure from the diagonal, with an extremely large statistical signifi-
cance, confirming the highly non-gaussian structure of the empirical multivariate distribution. This figure
is presented to stress (1) how far from Gaussian are the empirical distributions and (2) how good is our
transformation Eq.(16) in comparison. The transformed variadéndeed the correct one to work with to

get a robust and stationary representation.

Notice that, in Fig.14, the thick line does not approach the diagonal near abcissa values close to 1, as one
could naively expect from our argument that the empirical distribution are not far from Gaussian for small
returns. The reason is that the distribution may be close to Gaussian for small returns, butlifféreat
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covariance matrix. This interpretation is born out by the observed deviations from the diagonal in Fig.14
occurring for smally’s.

The fact that the thick line in Fig.14 is below the diagonal for most of the rangg ofin be explained as
follows. The correlation matrix of the returns is estimated over all returns, including the large realizations.
Therefore, for a given value of?, the corresponding ellipse is much larger than the ellipse that would be
estimated from the covariance matrix (let us calRjtof the small returns. For small values ofclose

to 1 on the abcissa of Fig.14), there are therefore more points inside, i.e. fewer points outside, than one
should expect for an ellipse evaluated from the small returns. Another way to see this result is to recall that
y~r for smallr as shown in Fig.12. SincB! is much smaller thaiv ! (think of a matrix with only
diagonal elements)? is therefore much smaller for smakvalues than for smal-values. This implies

that, for small r, the integral on the abcissa stays approximately constant as one decreases the fraction of
events outside the ellipse on the ordinate. In comparison in Fig.14, éintes much larger thaiR—1, x?

is larger and the integral on the abscissa decreases with the same rate as the fraction of events outside the
ellipse on the ordinate.

5.2 Variance and excess kurtosis

Consider one of the five portfolios with two currencies investing a fixed fragiofits wealthW calculated

in US$ in currency 1 and the remaining fractior-J in currency 2, where 1 and 2 refers to the five pairs

of currencies analyzed in the previous figures. Using the historical time series, we construct numerically the
time series for the portfolio valu#/(t) from the recursion

W(t+1) = pW(t)si(t) + (1 - p)W(t)s(t) (102)

with p fixed. This expression ensures that the fraction of the wealth invested in a given currency is constant.
We do not address here the issue of friction and transaction costs that would be involved in this dynamical
reallocation but rather focus on the tests of the theory.

The annualized daily retuny of W(t) is defined byrw (t) = 250 InWV(\}(T)l). Fig. 15 shows the dependence
as a function of of the variance
2= ((rw — (rw))?) , (103)
of the excess kurtosis « o))
Cq 'w— (r'w
KE 3= 03 104
3~ (= {w)?)? (o9

and of the sixth-order normalized cumulant
A6

NTARS

: (105)

of the daily portfolio returns. The excess kurtosis and the sixth-order normalized cumulant quantify the
deviation from a Gaussian distribution and provide measures for the degree of “fatness” of the tails, i.e. a
measure of the “large” risks. Taking into account only the variance and the excess kurtosis and neglecting
all higher order cumulants, a distribution can be approximated by the following expression valid for small
excess kurtosis [Sornette, 1998]

_ 2 _ 2
Prw) =~ exp[—w (1— %Wﬂ . (106)
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The negative sign of the correction proportionalktaneans that large deviations are more probable than
extrapolated from the Gaussian approximation. For a typical fluctuitipr (rw)| ~ /Cz, the relative size

of the correction in the exponential i% For large values ok, this approximation (106) break down and
the deviation from a Gaussian is much more dramatic.

The most interesting feature of Fig. 15 is that the weight that minimizes the variance does not correspond
to the minimum ofk or of Ag. This illustrates one of the main message of our work, derived in section 4
analytically for non-Gaussian distributions : minimizing the portfolio variance is not optimal with respect
to the large risks. The strength of this effect depends on the relative shape of the distributions of the assets
constituting the portfolio and their correlations. The strongest effect in Fig. 15 is found for the Malaysian-
Yen pair, for whichp ~ 0.5 minimizes the variance but gives an almost four-fold increase of the excess
kurtosis compared to its minimum. Fig. 15 shows that it is possible to do much better and construct a
portfolio which has not much more “small” risks (as measured by the variance) while having significantly
smaller “large” risks (as measured by the excess kurtosis and six-order normalized cumulant). This is due to
the fact that the excess kurtosis and the six-order normalized cumulant have in general a direct or inverted
S-shape with a rather steep dependence or narrow well as a function of the assepywefglatthe variance
exhibits comparatively a smoother and rather slower dependence. The investor will be well-inspired in using
the additional information provided by the higher-order cumulants to control for the portfolio’s risks.

Itis also very interesting to observe thaandAg exhibit similar behaviors with minima occurring essentially

for the same weight. This confirms a prediction of our theory, according to which the asset weights that
minimize Aoy, irrespectiveof the order 2n for m> 1, are given by Eq.(84). Notice that this prediction
holds in principle only for uncorrelated assets, while the correlation coefficienggyarg,) = 0.57 (CHF-

JPY); 043 (UKP-JPY):—0.06 (RUR-JPY); 007 (CAN-JPY); 032 (MYR-JPY), wherg is defined by (64).

The case where the correlations are weak (RUR-JPY and CAN-JPY) exhibit the best agreement with our
prediction. The agreement is still reasonable for the three other cases with larger correlations. The main
lesson learned here is that such correlations are not very important for “fat tail” distributienks §) in the
determination of cumulants of large orders (in practice larger than two).

Fig.16a-b and d-e compare the empirical excess kurtosis (fat solid line) shown in Fig. 15 for the five port-
folios to our theoretical prediction (40) with (41) (solid line). We use the result for uncorrelated assets as
the coefficient of correlations are small for two of the five portfolios. In addition, we find that the empirical
exponents are much less than 2 for which the calibration of the exponeptays a much more important

role in the determination of the high-order cumulants than the correlation. We leave for a future paper the
extension of our theory to the case of correlated assets with different expan@ihiks exponents; andc,

are those determined in the fits of the pdf’s tail, as given in Fig.12. There isithadjustable parameters in

the comparison shown in Fig.16a-b and d-e. The thin solid lines and dashed lines plot the theoretical formula
(40) for values of the exponents = ¢;/2+ 0.05, so as to provide uncertainty brackets for the comparison.

Fig.16c (RUR) shows the empirical excess kurtosis (fat solid line) and the theoretical prediction (40) with
the fixed exponents; andc, given in Fig.12. The thin solid line gives the predicted excess kurtosis for
exponents; + 0.05,¢c, + 0.05. A better agreement is observed for an expoiwgnt 0.05 for the Russian
currency slightly larger than determined from fitting the tail of its pdf. We interpret this result by the fact that
this fat tail pdf embodies the effect of much higher-order cumulants, while the excess kurtosis is relatively a
still rather low-order cumulant.

Fig.16f compares the empirical excess kurtosis (fat solid line) of the portfolio CHF-JPY (Fig.16a) to the
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prediction (65) with (63) for correlated assets with the fixed exporgnisc, = 2/3. The thin solid line
correspond to the empirical valpgyl,y2) = 0.57 while the dashed line is obtained from the same formula
with p(yl,y2) = 0. The lesson we learn here by comparing the dashed and thin solid line together with the
solid line of Fig.16a is that the existence or absence of a correlation for “fat tail” distributions is not very
important for the determination of the excess kurtosis. Much more important is the correct determination of
the tail exponents of the Weibull distributions.

In summary, we find a good agreement between the empirical excess kurtosis and our prediction with (40)
with fixed exponents; andc, determined in Fig.12. The other theoretical curves provide the range of
uncertainty in the determination of the excess kurtosis coming from measurement errors in the exponents
In fact, the fits with the predicted excess kurtosis look amazingly good, because even minor effects like the
double well structure in Fig.16¢c negr= 0 and in Fig.16d negp = 1 are in accordance with theory. These
results are very consistent: a bad choice tifads to a bad fit of the pdf tails of each asset constituting the
portfolio and change completely the kurtosis of the portfolio pdf, as can be seen from its large sensitivity
under relatively small variations af0.1 of the exponent.

The main point here is that the theory adequately identifies the set of portfolios which have small excess
kurtosis and thus small ‘large risks’ and still reasonable variance (‘small risk’). We stress the importance of
such precise analytical quantification to increase the robustess of risk estimators : historical data becomes
notoriously unreliable for medium and large risks for lack of suitable statistics.

6 Conclusion

We have presented a novel and general methodology to deal with multivariate distributions with non-
Gaussian fat tails and non-linear correlations. In a nutshell, our approach consists in projecting the marginal
distributions onto Gaussian distributions, through highly nonlinear changes of variables. In turn, the co-
variance matrix of these nonlinear variables allows us to define a novel measure of dependence between
assets, coined the “nonlinear covariance matrix”, which is specifically adapted to remain stable in the pres-
ence of non-gaussian structures. We have then presented the formulation of the corresponding portfolio
theory which requires to perform non-Gaussian integrals in order to obtain the full distribution of portfolio
returns. We have developed a systematic perturbution theory using the technology borrowed from particle
physics of Feynmann diagrams to calculate the cumulants of the portfolio distributions, in the case where
the marginal distributions are of the Weibull class. The main prediction is that minimizing the portfolio vari-
ance may in general increase the large risks quantified by the higher-order cumulants. Our detailed empirical
tests on a panel of six currencies confirm the relevance of the Weibull description and allows us to make
precise comparisons with our theoretical predictions. For “fat tail” distributions, we find in particular that
the valid determination of large risks, as quantified by the excess kurtosis, are much more sensitive to the
correct measurement of the Weibull exponent of each asset than to their correlation, which appears almost
negligible.

Plenty of works remain to be done to explore further this approach.

e The case of assets with different exponentsave been treated only for uncorrelated assets and the
corresponding problem of heterogeneaissn the correlated case is relevant for a precise comparison
with empirical data. Furthermore, we have not studied assets with large expanerits. The
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relevance of correlations increases with increasirand we expect a precise determination of the
correlation matrix to become more importantcas: 2.

e We have focused our analysis on the risk dimension of the problems by studying symmetric distribu-
tions, i.e. assets which are not expected to exhibit long-term trends. A natural and relevant extension
of our theory is to treat the case where the mean return is non-zero and different from asset to asset.

e The next level of complexity is to have non-symmetric distributions, with variable Weibull exponents
c and with correlations.

e The perturbation theory in terms of Feynmann diagrams can be used for other classes of distributions
and it would be interesting to explore in details other potentially useful classes.

e We have assumed and found to be reasonably verified that the nonlinear covariance matrices are
stationary. There is however no conceptual difficulty in generalizing and adapting the ARCH [Engle,
1982] and GARCH [Bollerslev et al., 1992] models of time-varying covariance to this formulation in
terms of effectivey variables.

e Our empirical tests have been performed on small portfolios with two and six assets, with the purpose
of a pedagogical exposition and easier tests of our theory. It is worthwhile to extend our work to larger
and more heterogeneous portfolios.

These goals all seem within reach and we intend to address these questions in future works.
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7 APPENDIX A: Consistency condition for Elliptic distributions

Elliptic multivariate distributiond?(X) are defined by
P(X)=F ((x —X9Tv-1(x - x°)> . (107)

X% is the unit column vector of the average returns ¥rid a dependence matrix proportional to the covari-
ance matrix when it exists. The functiénis kept a priori arbitrary (non-negative and normalized)- i
an exponential, (107) retrieves the normal distribution \drmkcomes the covariance matrix.

The proposition that the results of the CAPM extends to elliptical distributions [Owen and Rabinovitch,
1983; Ingersoll, 1987] relies on the “consistency” condition, according to which any unconditional marginal
distribution is of the formF (V;=1(X; — X°)2) with the same functiofr. In particular, this leads to the fact
that the distribution of the portfolio is a function solely\fVW (whereW is the column vector of the asset
weights) with a functional fornmdependenbf the weightd/V and the numbeN of assets in the portfolio.

Kano [1994] has shown that this is not true for most marginal distributions. For instancE(Xpe
Cexp—+/|X|] whereC is a normalizing constant, the unconditional variance of a single variable calculated
using (107) is equal toN + 1) /2 times the variance obtained for a single variable using the same functional
form. The result is thus not independentdf This inconsistency implies that the overall shape of the
distribution will change as a function of the asset weights in the portfolio. As a conseqWe(®X4, is

not the sole measure of the portfolio risks. The conclusions of Owen and Rabinovitch [1983] and Ingersoll
[1987] thus apply only to a restricted class of elliptic distributions for which the consistency condition apply.

Let us show now explicity that

1. the dependence of the portfolio distribution on its wealth varid@i®can be expressed solely in terms
of the ratio(8S)?/W'VW, but

2. the distribution itself has a functional form which, in general, is still dependent on the asset weights
W constituting the portfolio.

For this, we write its variation during a unit time step as
oS(t) = aiwaéxa(t) =W'X. (108)
The density distributiorP(8S) can be written as
P(8S) = / dXF <(x —X9Tv-1(x - x°)> d(8S—W'X) , (109)
whered(x) is the Dirac distribution. To estimate this integral, we isolate one of the agsets? +y; and

write, usingY = X — X°,
YWV =V 2V )y +yTV ly, (110)

where\/ij*1 is the elementj of the matrixV—1, y is the unit column vectofy,,ys, ....,yn)" of dimension
N — 1, vis the unit column vectofV,1, VY, ..., Vi) T of dimensionN — 1, andV ~1 is the square matrix
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of dimensionN — 1 by N — 1 derived fromV ~! by removing the first row and first column. The factor 2 in
2(v"y)y; comes from the symmetric structure of the matrix’.

We can now express the conditid(®S—W'X) in the integral (109) :

1 1
—3(y1 — —(8S-W'Xo—W'y)) (111)
Wy Wy
whereW is the unit column vectofws,,ws, ...,wy)" of dimensionN — 1. The integration over the variable
y1 cancels out the Dirac function and we obtain the argument of the funEtionder a quadratic form in

the variabless andy. Using the identity
1

XV7IX 4 XY = XVIX - ZY’VY , (112)
whereX = X + VY, we obtain
P(59) = / agF(ym-tgs O (113)
= [ ay Y+t wivw
where the integral is carried out over the space of vegtofddimensionN — 1 and
2 e
-1_\v/-1_ <, "11 /
M=V W (v 2W1W W', (114)
We can finally write
ps) = F 25 (115)
o \wwvw )

whereF (x) is defined by (113).

This confirms that the typical volatility of the portfolio is controlled by the quasi-vari&d6éW as for the
normal case. It is then natural to optimize the portfolio using this measure of the risk. However, it is clear
that, for arbitrary functional forms d¥, the specific functional form of the distributid®(dS) is in general

a function of the asset weights constituting the portfolio. Minimizing quily p may thus be insufficient
because it may be linked to a dangerous deformatidn(aj in the tail.
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8 APPENDIX B: Derivation of the approximate stability in family of the
Weibull distributions

Consider an asset with daily returns distributed according to (5) evithl. What is the distribution of
returns ovefT days? It is convenient to use the representation of the distribution in terms of its cumulants
defined by the derivatives of the logarithm of its characteristic function :

n ~
—logP(k) . (116)

Cn = (—i)"
" dk k=0

The characteristic function thus reads

B(k) = exp{i %(ik)”}. (117)

Assuming the absence of correlations between successive daily returns, the distribution of retuihs over
days is the distribution of the sum @findependent random variables. Its cumulants are Thtimes the
cumulants of the distribution of the random variabfesAdapting the results derived in Appendix C to
the case of a single asset with “nonlinear” variadce xg according to (38) wittt = 2/q, we obtain the
expression of the cumulants of the returns dvatays as

Cor(T) =Ty (1) =T C(r,q) d9, (118)

whereC(r,q) is a numerical factor given by (41) in the main text and in Appendix C. This expression (118)
is valid for any real valuey, i.e. describe the case of a Weibull exponential with arbitrary real exponent

c=2/q.
The deviation from the normal distribution is quantified by the normalized cumulants

Cor (T) C(rv q) 1
22 (1) = emy ~ ewar T (9
The cumulants of orderr2arger than 2 decay to zero &dncreases to infinity. This constitutes a signature
of the central limit theory according to which the distribution of returns for the suim-efc i.i.d. random
variables tends to the normal law. In practice, the distribution of returns over afirgtaot exactly normal
because the convergence to the normal law is rather slow. For instance, the excess kurtosis decays to zero
only as ¥T, starting from a rather large valu¢T = 1) = 7.2.

For finite T > 1, the distribution of returns over the time scdlenay be approximated by a Weibull pdf

with an apparent exponeof = 2/qr larger than the exponentdetermined at the daily time scale. For this,

we approximate the first cumulants by their expression for a Weibull distribution with adjustable nonlinear
variancedy and different exponentr = 2/gr. This amounts to look for an approximate representation

of T C(r,q) d¥ by C(r,qr) d?”. Since there are only two variablds andgr to optimize, they can be
determined from two conditions, that we take to be the correspondence of the variance and excess kurtosis

T C(17 Q) dq = C(17 QT) d"?'T ) (120)

4This stems from the fact that the distribution of the sum is a convolution integral and its Fourier transform is then the product
of the Fourier transforms of each individual pdf's. From the definition (117), the result follows.
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T C(2,0) d*1=C(2,ar) dr™ . (121)

Eliminatingdy between the two equations gives as the solution of

For a distribution of daily returns given by a Weibull distribution with exporgnt 2/3 (q = 3), we find
that the monthly T = 25) returns are distributed according to an exponentjgl< 1). This approximation
illustrates the very slow convergence to the normal law since the alre 1 is still very far from the
asymptotic normal value, = 2.

(122)

The effective variabledr andqgr can be determined by more global conditions such that the weighted sum
of the square of the differencdsC(r,q) d9 — C(r,qr) d?” be minimum over a certain set 0§, this set
controlling how far in the tail the approximation is valid.

We test this idea by the following synthetic tests. Let us ca# 2/, = 2/3 the exponent of the Weibull
pdf P; of the returngr; at the daily time scale. We construct the @f of the returngt overT days by
taking the characteristic function Bf to theT-th power and then taking the inverse Fourier transforiret
us now test whethd®; can be approximated by a Weibull distribution with an effective expocert 2/qr
and determine its value as a functionTof

For this, we perform the change of varialble— yr (rt) given by (2) with (4), with a given choice for the
exponentct and using (120,122) to ggtr = dﬁ. If the T-fold convolution distributionP; of the Weibull
distribution Py is approximately a Weibull, this change of variable should lead to an approximate gaussian
with unit variance for the correct choice of. We check the consistency of this program Toe= 1 for

which we do retrieve, as expected, an exact Gaussian with unit variance independantgf

Figs.17,18,19,20 plots the pdfR;(y) as a function ofz = y? so that a Gaussian (in thevariable) is
gualified as a straight line (dashed line on the plots). Thus, from the series of transformations, a straight line
qualifies a Weibull distribution. We show the ca3es 2,4,8 and 20 for which the best are respectively

¢, = 0.73,c4 = 0.80,cg = 0.90 andcyg ~ 1.05. The other curves allow one to estimate the sensitivity

of the representation d# in terms of a Weibull as a function of the choice of the exporgnt These
simulations confirm convincingly our proposal that a Weibull distribution remains quasi-stable for many
orders of convolutions, once the exponestis correspondingly ajusted. We observe on Fig.17,18,19,20
that the Weibull representation is accurate over more than five orders of magnitude of fe @ufly for

the largest time scal€ = 20, we observe significant departure from the Weibull representation.

5We use the theorem that the Fourier transform of the convolution of two functions is the product of the Fourier transforms.
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9 APPENDIX C: Calculation of the cumulants of P(dS) in the diagonal case

The integral
+o0 Wi,
li= [ due @kt (123)

—00

can be perturbatively expanded as

0 (_kZW_Z)m 400

|i:22 !

L (2ml)  Jo

R (—29K*wed™h)™

= (2d) mZO 2m) A
1 2 (—29Awpdh)™ 1

= ()2 ) Wr (qm+§>

m=0

- Vo 5 SRS b

u2
du e 26 y2am (124)

" dt etom-3

We recall the definitior (x) = 5’ dte 't*~1 and the property (n+1/2) = 111/2M whennis an integer
and(2n—1)!! =(2n—1)(2n—3)(2n—5)...5.3.1.

The densityPs therefore becomes

2q1

Ps(k) = 1-— e2a- Dt zwqu
i |4 4‘! 5 e (5 ) S widuid) 029
that can be exponentiated to extract the cumuleqts)
By(k) = exp[z %(ik)m] (126)

= exp[—kz—(2q ;!1)” Z(\/\/izdiq)—i—k4

49— 1/(2g9-1)1\?
( 4!) _§<( q2!) >]|Z(Wi2dﬁ)2+m]'

Pushing the calculation to the next orders, we get the sixth and eigth cumulants

3
co(@) _ {(6q—1)!!_(4q—1>n (290, L@ }Z(pzd‘“

6! 41 2! 2!

8! 6! 2! 41 2!
Y (widh)t.

cs(q) {(Sq—l)!! _(Ba-1)1 (2q-1)1  (4q-1)! [(Zq—l)!!] ~

Bl
| —
—
N
o]
N
[y
=
=
IN
—
X
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The general cumulant is found by recurrence :

(@ J'E, gnlRr=mg-=11 [(29-)1]" (=)' [(g—pu]’ r
(Zr)!:{n%(_l) (2r —2n)! [ 2! ]_ r [ 2! ]}IZ(W'Zd'q) (128)

Note that the above computation is valid even wigeis real and the interaction term is proportional to
sign(u;)|ui|9. In this case the interaction is still an odd functioruaind the derivation goes through exactly
with the same combinatorics as above. The result is

Czr_@zzqr{fi(_l)nr((r—n>q+%) r(a+3)

’ r(g+3)
21/2

(="

r

}z(w?dﬁ>’- (129)

(2r)! (2r—2n)ITd/2 | 2Im/2
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10 APPENDIX D: Generalization of the extreme deviation theorem of Frisch
and Sornette [1997] to obtain the tail structure ofP(dS) in the diagonal
case forc > 1

We start from the definitiordS = ZiN:1Wi5Xi and the corresponding equation for its probability density
function :

N
Pu(8S) = / / e S i) 5 (65— ZW@X;) 8%, - - ddxy | (130)
3 , i=

N
where we have used the parameterization

P(d%) = e filo) | (131)
with
) — (Xine i
i

All integrals in (130) are from-o to +. The delta function expresses the constraint on the sum.

We need the following conditions on the functiofigsee [Frisch and Sornette, 1997] for precisions) :

(i) fi(dx) — +oo sufficiently fast to ensure the normalization of the pdf’s.
(i) f"(dx) > 0 (convexity), wheref” is the second derivative df.
(i) M xo0 x2f”(x) = 400,
Under these assumptions, the leading-order expansiBi(d8) for largedSand finiteN > 1 is obtained by
a generalization of the Laplace’s method which here amounts to remark that thedggs dfiat maximize

the integrant in (130) are solution of
fi(d%') = Cn(dS) , (133)

whereCy (8S) is independent of. In words, the leading behavior &% (dS) is obtained by the set @x’s
that occurs with the same probability. Toe obey

N
w;Ox = &S. (134)
2"

Expandingf;(dx) arounddx’ yields
fi(d%) = fi(&") +ahy +bih? + .. (135)

wherea; = f/(8x), b = 1 f/"(8x") andh; = 8% — 8x' obey the condition

N
-ZlWi h=0. (136)
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We ignore the terms of order higher than two as they do not contribute to the leading order. We rewrite

Dy AW

2 &
“a e 2_bi) (137)

ahi+bh? = bi(h + )2 -

2b;

where theH; = w;h; verify zi’\‘zl H; = 0. Expression (130) then becomes

a2 —gN B A% y2
Pu(BS) = e N Ou(ES) gl //e 200 B Gy (138)

N-1

W

The integral in (138) is evaluated by settiyng- z’j\‘zl 25, andAj = % in the identity
J

[ [l BN bt gy iy = 1 A (139)
— szl)\l
N—-1
whereA\ is defined by
1_$1 (140)
AT 2N

This identity is obtained by viewing as the sum of th&l Gaussian variableg’s.

For the case (132) witb> 1, the condition (133) together with (134) yields

ox" oS . Xi
fi(dX) = (—)=(—)°, e F=0S% | 141
i(0%) (Xi) (X) X X (141)
where
=S wix = 3 wid (142)
J; I J; iY;
(with c=2/q) and
&__c 55
4 2(c—1) ( X ) (143)
We also have N N Wi (5¢)
_ < W wif'(ox) _ xS
= = = . 144
Y= 2,2n, J; (&) c—1 (144)
1 cc—1) [8S\%?
AT (7) ’ (145)
where N
X? = zlwfxf. (146)
=
This yields the contribution
A _ ¢ x5S
eV = exp< 2 1) >(2( Y )¢ . (147)



Regrouping all terms in (138) leads to

N-1
- 1 2 oS Z N oS
Pu(dS) =Tz [ > 2—0] ex (—— = C) : 148
where N .
. c (X721 WiXj)
e P ST (149)
CW_( _C) CN—JZW—(Z—C)

These results are valid far> 1. The extreme tail of the portfolio wealth distribution is thus controlled
completely byx® which is its characteristic decay value.

Note that_NX—; = 1 for ident.icallz?lssgt;(i = X when all weightsp; are equal to IN. In this case, the
exponential term in (148) simplifies into

Pn(3S) ~ exp(—N(%S)C> : (150)
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11 APPENDIX E: Computation of the characteristic function defined by
eq.(151)

The characteristic function of the distributi®g(dS) of portfolio wealth variations for correlated assets with
Weibull distributions is given by

Ps(k) = (ZH)N/zdetvl/z ( / du) gz UV Uk EE il (151)
We recall the definition of the functional generator [Sornette, 1998]
A 1 N LV Tutik S WS du
qu(k,Ji) = (2T[)N/2det\/1/2 / (li_ldu> g 2WV UK WUy U (152)
When the integral is a Gaussian=£ 0), we get
Pd0,00 = 1
PA0.3) = eV (153)

With the property

‘ ({%) / (ﬁdu> e JUV T du / (ﬁdu> o UV u fu), (154)

we can formally express the characteristic function as

A kyip2n 1
Pq(k) —e “ Moyl gzIVI

S (155)

J=0

We first consider the casg= 3. The first non-vanishing perturbative contribution for this case is obtained
by expanding the formal expression above up to second order in

Pk = |1+ik S w & K 3 wiw, SR PERY (156)
S - |22 A~ IWI's13 %13
- 0P 24 T8yax o
The first order vanishes because
53
=73 etV =2V (V)R 13V, (V) ) (157)
i
is zero wherd = 0. ® The second order contribution comes from
5 &
@ﬁe@w — eVIy (158)

{(VIFV I+ M (VIFVIZ+ 3V (VIF(V )i + 3V (V) (V I+
M Vi (V )T+ 9(2V2 + ViVji) (V) (V I)j + Vi Vjj (V) +
BV} + ViV Vi } -

5We adopt here the compact notatitviJ = YijdiVvijdj and(VJ)i = 3 Vi J.
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By putting to zero the source terdnthis expression leads to

R k2
P(k) =1 > Z <6Wi (Vij )3Wj +9WiViiVijijWj> . (159)
]

This result can be usefully represented with diagrams in the following way. Let us associate to each factor
Vij the propagator diagram and to each fadtgw; the vertex diagram as shown in Fig.21, where we have
defined the coupling constant

g3 =3k. (160)

The two contributions in (159) can thus be represented by propagators connecting vertices as in Fig.22.
Having defined the coupling constamtin (160) allows us to interpret easily the coefficient in front of each
diagram corresponding to the two terms in the expression

N 1 1
P3(k)=1—-0} (ﬁ > Wi (Vi )2 wj + % zWiViiVijijWj> : (161)
=] ]

The coefficient in front of each term (diagram) is equal & WhereS is the symmetry factor of each
diagram with respect to permutation of lines and vertices. The first diagram has a symmetry under exchange
of 3 propagators and 2 vertices, therefore we Hawe3! x 2!. The second diagram has a symmetry under
exchange of the 2 lines forming the loop of each vertex, giving a contribution »f22! It also has the
symmetry under permutation of the two vertices. The total symmetry factor is the&fol x 2! x 2!.

A systematic way to keep under control the symmetry factor is to compute it diagramatically as follows.
The second-order derivative operator with respec} &ndJ; is represented by the two vertices in the left
hand side of Fig.23.

The J-independent term is given by pairwise combining each leg of each vertex in all the possible topo-
logically inequivalent way, taking into account the multiplicity of each configuration. Fig.23 shows how to
proceed. The coefficient in front of the vertices of the left hand side comes from the perturbative expansion.

As afirst step, let us consider the first leg of the first vertex. We can either contract it with another leg (two
possibile contractions) of the same vertex or with a leg of the second vertex (three possible contractions).
This is summarized in the first equality of Fig.23. The first contribution of the second equality is the result of
the contraction with multiplicity 3 of the residual leg of the first vertex of the first diagram of the line above.
Considering the possible contractions of the second contribution of the first equality generate the other two
diagrams. At the end of the combining procedure, we have two inequivalent diagrams, with multiplicities 3!
and %. The resulting coefficient in front of each diagram can now be interpreted in terms of the symmetries
of the diagram as anticipated.

These rules can be generalized to higher orders and other “interaction” ternjg, ;e ! for general value
of g or even generic function§(u;) which admit expansions in power seriesupf As an example, we give
the first order correction to the characteristic function for generic valgeodfl.

The perturbative expansion is

59 Yq 19q AL RV
Po(k) = [1+i= ZW.&q+ <q'> ZW.WJ(SJ?&]iq e? (162)

1]

J=0
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where we have defined the auxiliary coupling cons@t= g'k. Now, instead of taking explicitely the
derivatives and keep the term independenf s the result, let us use the diagrammatic formalism. At this
order, we have two vertices each wifiiegs, representing the partial derivatives with respedtamdJ; and

to which we associate the valigyw; andigqw; respectively. Now, let us combine pairwise each leg of the
two vertices to form all the possible topologically inequivalent diagrams. We have collected in Fig.24 the
sequence of all the diagrams. Each diagram is characterized by the nuohb@yps on each vertex and the
numberg — 2| of lines connecting the two vertices giving therefore a contribution

(igq)? zw. V) ()2 (V) wy (163)

where each loop around vertéxontributes to a factov;; and each propagator connecting the vertices
and j gives a factoVj. It is now easy to determine the symmetry factor: we haggmmetries under
the exchange of the two lines of each loop at each ver@h' (x (2!)'), the symmetry of thé loops at
each vertex((!) x (I!)), one symmetry under the exchange of the 2| internal propagators(2q —I)!),
and the reflection symmetry under the exchange of the two vertices (2!). The total factor is th&efore
(g—21)!(212+1(11)2 and the characteristic function up to second ordésrigads

B = 1_gz(q—l)/Z 1 1 1 S w VD (VT2 (Vi) w (164)
S q I; (q_2|)! (2!)2|+1 (”)2 - J 1] J

The diagrammatic expansion becomes very useful for calculating the higher cumulants. A well known
result of diagrammatic perturbation theory tells us that neglecting the disconnected diagrams, which do not
occur at second order, corresponds to compute the logarithm of characteristic function. Therefore, the set of
connected diagrams atth order give us directly ther-th cumulant coefficienty,.

Let us give as an explicit example the computation of the fourth cumuald8}. In fig.25, the result of the
contraction procedure is shown, where we keep only the connected diagrams. It is explicitely

1
Ca(3) = 4!(3!)4 Z Wi1Wi2Wi3Wi4{24 I1I2V'1|3V|2|4V|3|3V|4|4

i1,i2,13,i4

23\/|f|2\/|1|3\/|2|3\/|3|4\/|4|4 + 24V|f|2VIl|3V|2|4V|3|4 +
1 1
3'23\/|1|2\/|1|3\/|1|4\/|2|2\/|3|3\/|4|4 + 4|\/|1|2\41|3\/|1|4\/|2|3\/|2|4\/|3|4} . (165)

We can thus formally generalize the result for théh cumulant as

m I(a!) i i 1 mViiIr . Viig) ™ 166
cm(g) = mi(q!) ll,Z Wi, -+ Wmegq) CTANENY, ﬂ( rir) r<|11( ris) (166)

whereGn(q) is the set of all the topologically inequivalent connected diagrams nvitlertices ofq legs.
Each diagram is characterized by the number of loops at each vtexand the number of lines connect-
ing each couple of vertice$n,s = ns;}. These numbers have to satisfy the constraints

1
2Ir+—; nrs:q, (167)
2 r
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which embody the fact that each vertex liplegs. The symmetry factd® is obviously the most difficult

part to determine. The safest procedure is to compute it with the contraction rule case by case. For each
diagram, it is of the form

m

S{Ir}, {nrs}) = (2!)2P’:1I, Ir__nllr! I_llnrs!S/({lr}a{nrs}) . (168)

Each factorial comes from the various symmetries under the exchange of the propagators, and we have
isolated the contribution of the residual symmetries of the diagram under exchange of the vertices. Fig.26
summarizes the vertex symmetry factors for the diagrams contributiog 3n
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Figure 1: Bivariate distribution of the daily annualized returns of the CHF in US=$L) and of JPY in US

$ (i = 2) for the time interval from Jan. 1971 to Oct. 1998. One fourth of the data points are represented for
clarity of the figure. The contour lines define the probability confidence level of 90% (outer line), 50% and
10%. Also shown are the time series and the marginal distributions in the panels at the top and on the side.
The parameters for the fit of the marginal pdf's are: CHF in U3$= 250,c; = 1.14,rp; = 2.13 and JPY

inUS $: Ay = 350, C = 0.8, rop = 1.25.
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Figure 2: Bivariate distribution of the daily annualized returns of the UKP in US$1) and of JPY in US

$ (i = 2) for the time interval from Jan. 1971 to Oct. 1998. One fourth of the data points are represented for
clarity of the figure. The contour lines define the probability confidence level of 90% (outer line), 50% and
10%. Also shown are the time series and the marginal distributions in the panels at the top and on the side.
The parameters for the fit of the marginal pdf's are: UKP in US$= 250,c; = 1.14,rp; = 1.67 and JPY

inUS $: Ay = 350, C = 0.8, rop = 1.25.
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Figure 3: Bivariate distribution of the daily annualized returns of the RUR in US$l{ and of JPY in US

$ (i = 2) for the time interval from Jun. 1993 to Oct. 1998. One fourth of the data points are represented for
clarity of the figure. The contour lines define the probability confidence level of 50% (outer line) and 10%.
Also shown are the time series and the marginal distributions in the panels at the top and on the side. The
parameters for the fit of the marginal pdf's are: RUR in US$= 80,c; = 0.38,rp; = 0.83 and JPY in US

$A2 = 120, Co = 0.8, roo = 1.25.
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Figure 4: Bivariate distribution of the daily annualized returns of the CAD in UiS$1) and of JPY in US

$ (i = 2) for the time interval from Jan. 1971 to Oct. 1998. One fourth of the data points are represented for
clarity of the figure. The contour lines define the probability confidence level of 90% (outer line), 50% and
10%. Also shown are the time series and the marginal distributions in the panels at the top and on the side.
The parameters for the fit of the marginal pdf’s are: CAD in U$= 250 c; = 0.98,ro; = 0.59 and JPY

inUS $: Ay = 350, C = 0.8, rop = 1.25.
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Figure 5: Bivariate distribution of the daily annualized returns of the MYR in UiS$X) and of JPY in US

$ (i = 2) for the time interval from Jan. 1971 to Oct. 1998. One fourth of the data points are represented for
clarity of the figure. The contour lines define the probability confidence level of 90% (outer line), 50% and
10%. Also shown are the time series and the marginal distributions in the panels at the top and on the side.
The parameters for the fit of the marginal pdf’s are: MYR in U$= 150,c; = 0.56,rp; = 1.00 and JPY

inUS $: A, = 350, C = 0.8, rop = 1.25.
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Figure 6: Close-up of the countour lines of the bivariate distributions. One can observe that the countour
lines at the center are not far from elliptical while they depart more and more from ellipses for larger levels.
The corresponding probability levels are:

CHF: 0.44, 0.24, 0.13, 0.07, 0.04

UKP: 0.48, 0.30, 0.17, 0.09, 0.07

RUR: 0.66, 0.56, 0.43, 0.36, 0.34

CAD: 0.60, 0.37, 0.22, 0.12, 0.10

MYR: 0.42, 0.32, 0.25, 0.20, 0.17
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Figure 7: Bivariate distributio?(y) obtained from Fig.JPYCHF(r) using the transformation Eq.(16). The
contour lines are defined as in Fig.JPYCHF(r). The upper and right diagrams show the corresponding
projected marginal distributions, which are Gaussian by construction of the change of variable Eq.(16). The

solid lines are fits of the formexp(—|y|?/2) with A; = 200 A, = 220.

55



-4 . .
2 0 10
UKP (y,)

Figure 8: Bivariate distributiorP(y) obtained from Fig.2 using the transformation Eq.(16). The contour
lines are defined as in Fig.2. The upper and right diagrams show the corresponding projected marginal
distributions, which are Gaussian by construction of the change of variable Eq.(16). The solid lines are fits

of the formAexp(—|y|?/2) with A; = 250,A, = 220.
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Figure 9: Bivariate distributiorP(y) obtained from Fig.3 using the transformation Eq.(16). The contour
lines are defined as in Fig.3. The upper and right diagrams show the corresponding projected marginal

distributions, which are Gaussian by construction of the change of variable Eq.(16). The solid lines are fits
of the formAexp(—|y|?/2) with A; = 50,A; = 50.
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Figure 10: Bivariate distributio®(y) obtained from Fig.4 using the transformation Eq.(16). The contour
lines are defined as in Fig.4. The upper and right diagrams show the corresponding projected marginal
distributions, which are Gaussian by construction of the change of variable Eq.(16). The solid lines are fits

of the formAexp(—|y|?/2) with A; = 380,A; = 220.
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Figure 11: Bivariate distributio®(y) obtained from Fig.5 using the transformation Eq.(16). The contour
lines are defined as in Fig.5. The upper and right diagrams show the corresponding projected marginal
distributions, which are Gaussian by construction of the change of variable Eq.(16). The solid lines are fits
of the formAexp(—|y|?/2) with A; = 380,A; = 220.
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Figure 12:y(r)-transformation defined by Eq.(16) for a) CHF, b) UKP, c) RUR, d) CAD, e) MYR and f)
JPY. The negative returns have been folded back to the positive quadrant.
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Figure 13: a-ex? cumulative distribution foN = 2 degrees of freedom versus the fraction of events shown
in Figures 7,8,10,9, 11 outside an ellipse of equajiér= y'V~1)y. a) CHF-JPY, b) UKP-JPY, c) RUR-
JPY, d) CAD-JPY, e) MYR-JPY. f) same plot as a)-e) but fbe= 6 degrees of freedom for the data set

CHF-UKP-RUR-CAD-MYR-JPY.
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Figure 14: Same as Fig.(13) but for the returna-e:x? cumulative distribution foN = 2 degrees of free-
dom versus the fraction of events shown in Figures 1,2,4,3, 5 outside an ellipse of egdatiofV ~1)r. a)
CHF-JPY, b) UKP-JPY, ¢) RUR-JPY, d) CAD-JPY, e) MYR-JPY. f) same plot as a)-e) bix fo6 degrees
of freedom for the data set CHF-UKP-RUR-CAD-MYR-JPY.
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Figure 15: Variance (thick solid line), excess kurtas{ghin solid line) and sixth-order normalized cumulant
Mg as a function of the weight of currency 1 (the weight of currency 2 is-1p). for the data sets: a) CHF-
JPY, b) UKP-JPY, c) RUR-JPY, d) CAD-JPY and e) MYR-JRYis divided by 2 and\g is divided by

300.
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Figure 16: Comparison of the empirical excess kurtosis (fat solid line) shown in Fig. 15 for the five portfolios
to our theoretical prediction (40) with (41) for uncorrelated assets (solid line). The exp@aemdc, are

those determined in the fits of the pdf’s tail, as given in Fig.12. The thin solid lines and dashed lines plot
the theoretical formula (40) for values of the exponemts= ¢i/2+ 0.05. Figure ¢ (RUR) is the same as

a-b and d-e but the thin solid line gives the predicted excess kurtosis for expanen@05,c, + 0.05.

Figure f compares the empirical excess kurtosis (fat solid line) of the portfolio CHF-JPY (Figure a) to the
prediction (65) with (63) for correlated assets with the fixed expon@ntsc, = 2/3. The thin solid line
correspond to the empirical valpgyl,y2) = 0.57 while the dashed line is obtained from the same formula

with p(y1,y2) = 0.
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Figure 17: Plots of the pdf'®r(y) as a function ok = y? so that a Gaussian (in tlyevariable) is qualified

as a straight line (dashed line). In turn, by the construction explained in the text, a straight line qualifies a
Weibull distribution. Here is shown the ca$e= 2 for which the bestt is ¢, = 0.73. The other curves

allow one to estimate the sensitivity of the representatioRroh terms of a Weibull as a function of the
choice of the exponemt. The curves have been normalized by a coeffiolénlwith A, =10 forc, = 0.66

andA, =8 forc, = 0.73 and 08.
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Figure 18: Plots of the pdf'®r(y) as a function ok = y? so that a Gaussian (in tlyevariable) is qualified

as a straight line (dashed line). In turn, by the construction explained in the text, a straight line qualifies a
Weibull distribution. Here is shown the ca$e= 4forwhichthebesir is ¢, = 0.80. The other curves allow

one to estimate the sensitivity of the representatiofrdh terms of a Weibull as a function of the choice of

the exponentr. The curves have been normalized by a coeffidéntwith A4 =25 for allcy’s.
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Figure 19: Plots of the pdf'®r(y) as a function ok = y? so that a Gaussian (in tlyevariable) is qualified

as a straight line (dashed line). In turn, by the construction explained in the text, a straight line qualifies a
Weibull distribution. We show here the cafe= 8 for which the bestr is cg = 0.90. The other curves

allow one to estimate the sensitivity of the representatioRraih terms of a Weibull as a function of the
choice of the exponertr. The curves have been normalized by a coeﬁic@thith Ag =40 forcg =0.8

and 10 andAg = 360 forcg = 0.9.
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Figure 20: Plots of the pdf'®r(y) as a function ok = y? so that a Gaussian (in tiyevariable) is qualified

as a straight line (dashed line). In turn, by the construction explained in the text, a straight line qualifies a
Weibull distribution. We show here the cabe= 20 for which the bestt is cog ~ 1.05. The other curves

allow one to estimate the sensitivity of the representatioRraih terms of a Weibull as a function of the
choice of the exponertr. The curves have been normalized by a coefficjf&ehtwith Ayp = 4.7 10* for

Coo = 1.0, Apg = 3.5 1 for cyp = 1.05 andAyg = 7 10 for cyp = 1.25.
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Figure 21: We associate to each fadtgrthe propagator diagram and to each faagw; the vertex diagram
as shown in this figure, where we have defined the coupling corgfans!k.
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Figure 22: The two contributions in (159) are represented by propagators connecting the vertices as shown
in the figure.
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Figure 23: A systematic way to keep under control the symmetry factor is to compute it diagramatically as
shown in this figure. The second-order derivative operator with respécatalJ; is represented by the two
vertices in the left hand side of the figure. Thindependent term is given by pairwise combining each leg

of each vertex in all the possible topologically inequivalent way, taking into account the multiplicity of each
configuration. The figure shows how to proceed.”¥he coefficient in front of the vertices of the left hand side
comes from the perturbative expansion. As a first step, let us consider the first leg of the first vertex. We can
either contract it with another leg (two possibile contractions) of the same vertex or with a leg of the second

viovrtov (throo nacceithla A~Aantrarcrtinne Thic 1e ciimmari=od in the firet aniialitvy nf the finiivre
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Figure 24: Sequence of all diagrams obtained by combining pairwise each leg of two vertices to form all
the possible topologically inequivalent diagrams. Each diagram is characterized by the hwhloemps
on each vertex and the numbgr— 2)! of lines connecting the two vertices giving the contribution (163)

where each loop around vertegontributes to a facto¥j and each propagator connecting the verticasd

j gives a factoW; . 72



Figure 25: Contraction procedure giving all connected diagrams of 4-th order that contribute directly to the
4-th cumulant coefficient,(3) (165).
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Figure 26: Summary of the vertex symmetry factors for the diagrams contributzg3p
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