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A bstract

T his paperdevelops andestimates ageneralequilibrium modelfortheterm structures ofnominaland

realinterestrates thatincorporates regime-switchingintothedynamics ofthestatevariables.T hemodel

generates time-varyingriskpremiaviachanges inthecovariancestructureofthestatevariables andPeso

problems throughregime-switching.W henthemodelis estimatedusingrealandnominalyields from the

U .K., I n̄d thatPesoproblems emanatingfrom instability in in° ation haveasignī cantimpactonthe

nominalterm structure.Pesoproblems a®ect(i)thesamplepredictabilityofexcess returns,(ii)nominal

termpremia,and(iii)thein° ationriskpremialinkingrealandnominalyieldswithexpectedin° ation.



I. Introd uc tion

T hebehavioroftheterm structurecontinuestopuzzleresearchers.A ftermorethanadecadeofregression-

basedtestsrejectingformsoftheexpectationshypothesis (EH ),aconsensushas yettodeveloparoundan

alternativemodel.O nestrandoftheliteraturehasfocusedongeneralequilibriumbondpricingmodelswhich

generatetime-varyingriskpremia.T hesemodelsascribetherejectionsoftheEH totime-varyingriskpremia

butgenerallyhavenotbeenverysuccessfulempirically.A notherstrandoftheliteratureconsidersstatistical

problemswiththeregression-basedtestsoftheEH .H erethefocushasbeenontheinferenceproblemscaused

bysmallsamples.Inparticular,EvansandL ewis(1 994)andBekaert,H odrickandM arshall(1 997)examine

howchangesinthetime-seriesbehaviorofinterestratesduringthesamplecoulda®ectthesampleproperties

ofstandardtests.Suchchanges havebeenwidelyobserved intheU .S.andoftenappearcloselylinkedto

changes inthemonetarypolicyregime.W hentheirpresenceis characterizedbyregime-switchingmodels,

theevidenceagainsttheEH isconsiderablyweakened,butitisnotentirelyeliminated.

Inthis paper,I attempttosynthesizebothstrands oftheliterature.G eneralequilibrium andregime-

switchingmodels representalternativeratherthan competingviews ofthe term structure. Ifanything,

recentsimulationresults inB ekaert,H odrickand M arshall(1 997)suggestthatbothregime-switchingand

time-varyingriskpremiamayhavearoletoplayinexplainingthebehaviorofinterestrates.M yaim here

istoempiricallyinvestigatethispossibility.

T hepaperexaminesageneralequilibriummodelwithregime-switchingthataimstoexplainthebehavior

ofthenominalandrealterm structures intheU nitedKingdom.M yfocus ontheU .K.dataismotivated

bytwomainconsiderations.First,therehavebeenaseriesofwidelydocumentedchangesinU .K.monetary

policyoverthepasttwodecades. Forexample,theU .K.'sdeparturefrom theEM S in 1 992 representeda

signī cantchangeinpolicyregime.T hus,thereisapremiafaciecasethatregime-switchingmaybepresent

intheU .K.data.Second,therehasbeenawell-establishedmarketforbothconventionalandindex-linked

debtintheU .K.forthepast f̄teenyears.InEvans (1 998),I showedhowprices from thismarketcanbe

usedtoconstructnominalandrealyieldscurves.T hesedataallowsustodistinguishbetweentherealand

nominalfactorsa®ectingthenominalterm structurewithagooddealofprecision.A nd,asaresult,wecan

focusonwhetherinstabilityintheU .K.in° ationprocesssignī cantlya®ectedtheterm structure.

T hemodel I develop has its antecedents in themodelofCox Ingersolland R oss (1 985)(CIR )and

is related tothe A ±neClass ofgeneralequilibrium models thatbeen recentlyused by Backus, Foresi,

M ozummdarand W u (1 997),Fisherand G illes (1 996),and R oberds and W hiteman(1 996)tostudythe

U .S.term structure.1 T hesemodels allgeneratetime-varyingriskpremiafrom changes inthecovariance

structureofshockstothestatevariablesthatfollowstabletimeseries processes.T hekeydi®erenceinmy

1Campb ell,Lo and M ac K inlay(1997) summarize earlier empric alresearch b ased onA± ne mod elsofthe term struc ture.
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modelis thatI allowthestatevariables tofollowswitchingprocesses.T his innovationformalizestheidea

thattheterm structureisa®ectedbyinstabilityinstatevariablesgenerally,andin° ationinparticular.In

this respect,themodelbuilds on H amilton(1 988),SolaandD ri²e(1 992)and N aikand L ee(1 994)who

examineterm structuremodelswhereshortratesfollowswitchingprocesses.

T heintroductionofregime-switchingcomplicates themodelconsiderably.Technicallyspeaking,itnow

fallsoutsidetheclass ofA ±nemodelswhereanalyticallysolutions forequilibrium bondprices arereadily

calculated.Inprincipleitispossibletosolveforequilibriumbondpricesnumerically.H owever,inpractice,

the computation burden is too large forthis approach tobe used as partofan estimation procedure.

I therefore approximate the equilibrium solution when estimatingthemodeland demonstrate thatthe

approximation errorso introduced is very small. Beyond tractability, this approach has the benē tof

allowingustostudytheimpactofswitchinginsomedetail.

Incommonwithotherregime-switchingmodels,thismodelgeneratesPesoproblems;situationswherethe

potentialfordiscreteshifts inthedistributionofkeydecisionvariablesa®ectstherationalexpectationsheld

byinvestors.ItiswidelyrecognizedthatthepresenceofPesoproblemscandistorteconometricinferences

insmallsamples.2 O netypeofdistortionoccurs inthebehaviorofforecasterrors.W henaPesoproblem

is present,theforecasterrorsmadebyinvestorswillgenerallyappearbiasedandseriallycorrelatedwithin

thesample.W hilethis contradictsthepredictionsofstandardrationalexpectationsmodels,itis perfectly

consistentwithrationalinvestorbehaviorinsampleswherethedistributionofregimeswitchesdi®ersfrom

theunderlyingdistributionusedbyinvestors.Todate,mostresearchonPesoproblemshasfocussedonthis

distortion.Inparticular,EvansandL ewis (1 994)andB ekaert,H odrickandM arshall(1 997)considerhow

regressiontestsoftheEH area®ectedbythesamplingpropertiesoftheforecasterrors.H ereI usethemodel

estimatestocalculatehowthesedistortionsa®ectthesmallsamplepredictabilityofexcessreturns.

Pesoproblems alsodistortsmallsample inferences aboutrisk. R ationalinvestors willtakeaccount

ofpossiblefutureregime switches whenevaluatingriskthrough theircalculation of(conditional)second

moments.Estimates ofthesemoments derived from realizedvalues in asmallsamples willgenerallybe

biased.A saconsequence,theriskpremiaconsistentwithrationalinvestors'viewoffutureregimeswitches,

canbeverydi®erentthanthesmallsampleestimates.T histypeofdistortionhasnotbeenthefocusofPeso

problem researchtodate.H erewecanusethemodeltocalculatethecontributionofregime-switchingto

theestimatedriskpremia.

T heimportanceofthesesmallsamplee®ectsdependsuponthedegreeofinstabilityinthestatevariables

andtheextenttowhichrationalinvestorsaccountforswitcheswhenforecasting.Evaluatingthisempirically

isdi±cult.Clearly,itisalwayspossibletoconstructaswitchingmodelwhichperfectlyexplainstheobserved

dataifwearewillingtopositthatinvestorswereanticipatingaswitchtoa(appropriatelycon̄ gured)regime

2 For a recent survey ofthe literature ofP eso problems,see E vans(1995).
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thatnevertookplaceduringthesample.SuchpathologicalexamplesofPesoproblemsareobservationally

equivalenttoirrationalexpectationsandwillnotbeconsideredintheanalysisbelow.R atherI shallcon̄ ne

myattentiontocaseswhereallthepossibleregimesareobserved.T hismeansthatthesmallsamplee®ects

I identifyonlyarisebecausethereisadi®erencebetweentheempiricaldistributionofobservedregimesand

underlyingdistributionusedbyinvestorstoforecast.Inthis sense,myanalysisdown-playstheroleofPeso

e®ects intheterm structure.

A notherkeyfeatureofthemodelisthatitisestimatedusingbothtime-seriesandcross-sectiondata.In

particular,I utilizemonthlyyieldsonfourrealandfournominalbonds.IfPesoe®ectsareindeedpresent,

oneshouldbeabletoobtainmuchmorepreciseestimatesoftheparametersgoverningregime-switchingfrom

successivetermstructuresthanfromthedynamicsofasinglevariablealone.Intuitively,eachtermstructure

containspreciseinformationaboutinvestors'perceptionsoffutureregimeswitches.T hetheoreticalmodel

\ decodes"thisinformationandmakessureitisconsistentwiththedynamicsofthestatevariablesthatdrive

theobservedyieldsthroughtime.

I begintheempiricalanalysis byconsideringthea®ectsofregime-switchingonthebehaviorofthereal

term structure.Forthis purpose,I compareestimatesofaonefactorCIR modelwithandwithoutregime-

switching.A lthoughtherearestatisticallysignī cantdi®erencesacrossregimesinthestatevariableprocess,

thepredictionsbothmodelsmakeforthebehaviorofyieldsarehighlycorrelatedwitheachother.M oreover,

bothmodelsexplainaveryhighfractionofboththetimeseriesandcross-sectionalbehaviorofrealyields.

T hese n̄dingsindicatethatwecanaccuratelydescribethebehavioroftheU .K.'srealtermstructurewithout

resorttoregime-switching.

B asedontheseresults,I nextconsidermodels forthenominalandrealterm structureswhereregime-

switchingiscon̄ nedtothebehaviorofin° ationandonlya®ectsnominalyields.Comparingestimateswith

andwithoutregime-switching,I n̄dthattheswitchingmodelisbetterabletoexplainboththeaveragelevel

andvolatilityofthenominalyieldcurve.A lthoughthemodeldoesnotpredictthemovements innominal

yields as accuratelyas itdoes realyields,I arguethatthis couldbeduetoasmallsampleproblem.The

modelcanaccuratelymatchthenominalterm structureifweallowforverysmallchanges inthetransition

probabilities governingregime switches overthe sample period. A lthough such changes are di±cultto

identifydirectlyfrom thetimeseries behaviorofyields,theyareplausiblegiventhesignī canteconomic

eventsthattookplaceoverthesample.

I then use tothe switchingmodelestimates toquantify the impactofPesoproblems. T he results

from M onteCarloexperiments showthatthereis ahighprobabilitythatPesoproblemswillsignī cantly

contributingtothepredictabilityofexcessreturns inasinglesample.Estimatesofthein° ationriskpremia

areveryvolatileand,toalargedegree,re° ectthepresenceofPesoproblems.Takentogether,these n̄dings

supporttheideathatPesoproblemsoriginatingfrom instabilityinthein° ationprocess havesignī cantly
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contributedtothebehavioroftheU .K.term structure.

T hepaperis organizedas follows: I begin in Section 2 withadescriptionofthe U .K.data. H ere I

documenthowboththerealandnominalterm structures di®erfrom the(largesample)predictions ofthe

EH .Section3 developsthemodel.T heestimatesarepresentedinSection4,andtheimpactofPesoproblems

areanalyzed inSection5.Section6 concludes andoutlines howtheresultsmayapplytothebehaviorof

theU .S.term structure.

II. T he R ealand NominalTerm Struc tures

T his sectiondescribes thedataandpresents somestatistics onthebehavioroftheU .K.term structures.

T hesestatistics highlightthesimilaritiesbetweentheU .K.andU .S.,data.T heyalsoprovideinformation

thatisusefulinformulatingthetheoreticalmodel.

A. De¯nitionsand Notation

L etQ n
t;kdenotethenominalpriceofazerocouponbondatperiodtpaying$ 1 atperiodt+ k:(T imeperiods

areassumedtobediscrete.)T hecontinuouslycompoundedyieldonabondofmaturityk,is

ynt;k´¡
1
k
lnQ n

t;k: (1)

I shallalsobeinterested inthebehavioroftheholdingreturns.T helogone-periodholdingreturnonan

k-periodbondrealizedatt+ 1 is

hnt+ 1 ;k´lnQ n
t+ 1 ;h¡1 ¡lnQ n

t;k: (2)

Similarrelationshipsexistbetweentheprices,yieldsandholdingreturnsonrealbonds.L etQ r
t;kdenote

thenominalpriceofazerocouponbondattimetpaying$ (P t+k=P t)atperiodt+ k;wherePt isthe(known)

pricelevelatt:Q r
t;kalsodē nestherealpriceofaclaim tooneunitofconsumptionatt+ k.T hek-period

realyieldis

yrt;k´¡
1
k
lnQ r

t;k; (3)

whiletheone-periodholdingreturnisdē nedby

hrt+ 1 ;k´lnQ r
t+ 1 ;k¡1 ¡lnQ r

t;k: (4)

T heanalysis belowwillexaminethebehaviorofexpectedexcess returns.O fparticularinterestwillbe
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theexpectedexcessreturnonanh-periodbondrelativetotheoneperiodrate:

µjt;k´E [hjt+ 1 ;kjFt]¡yjt j=fn;rg; (5)

whereFt represents investors informationatperiod t,and yjt ´yjt;1 is theoneperiodorshortrate.For

convenience,I shallrefertoµjt;kastheterm premiaonnominal(j=n)orrealbonds(j=r).I shallalso

examinethebehaviorofthein° ationriskpremiawhichisdē nedas

't´E [ynt ¡¢ pt+ 1jFt]¡yrt: (6)

T his is the expected excess realreturn on nominalbonds relative tothe realshortrate. U sing these

dē nitions,wecandescribealltheriskpremiainboththenominalandrealterm structures.

B . Data

T heanalysis inthis paperuses dataonnominalandrealyieldcurves derivedfrom thesecondarymarket

pricesofnominalandindexed-linkedbondsthattradeintheU .K.T henominalyieldscomefrom TheBank

ofEnglandandareconstructedusingthemethoddescribed in D eaconand D erry(1 994).Brie° y,ano-

arbitragecondition is usetolinktheprices ofdiscountbonds,Q t;h;totheprices ofcoupon-payingbonds

seeninthemarket.T hen,ateachdate,theparametersofadiscountfunctionarechosentomatchobserved

pricesagainsttheirtheoreticalvaluesimpliedbytheno-arbitragecondition.T heyieldcurveforeachperiod

arethenconstructedfromtheestimateddiscountfunction.

T heconstructionoftherealyieldcurveis complicatedbytwofactors.First,indexed-linkbonds issued

bytheU .K.governmentonlyprovideincompleteindexationfortheprincipleandcouponpaymentsbecause

thereis aneightmonth indexationlagbuiltintothepayo®structureofthebonds.Second,thereisatwo

weekreportinglag in theprice index. A s aresult,uncertaintyaboutthecurrentand futureprices has

somee®ectonthepricesofindex-linkedbonds.B oththesefactsmakeitimpossibletoderivetherealterm

structuredirectlyfromtheobservedpricesofindex-linkedbonds.H owever,inEvans(1 998)I showhowreal

yieldscanbeconstructedusingatwo-step procedure.First,theindex-linkedyieldcurveiscalculatedfrom

marketpricesusingano-arbitragetechniqueliketheoneusedto n̄dthenominalterm structure.Second,

thee®ectsofin° ationuncertainty(arisingfromtheindexationandreportinglags)arepurgedfromtheindex

linkedyieldstoderiveestimatesoftherealyieldcurve.Theanalysisbelowutilizestheseestimates.

Table1 reports summarystatistics ontheestimatedlogyields fornominalandrealbonds estimated

from theU .K.term structures onthelastbusiness dayofthemonthfrom January1 983 untilN ovember

1 995.T heyields areexpressed in annualpercentcalculatedas yrk´¡1 20 0
k lnQ r

kand ynk ´¡1 20 0
k lnQ n

k
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Table1 :SummaryStatistics

k:months
N ominalyields:ynk mean std. skewness kurtosis ½1 ½2 ½3

1 2 9.468 2.292 -0 .265 2.479 0 .958 0 .91 2 0 .874
24 9.464 1.923 -0 .476 2.657 0.951 0 .893 0 .845
36 9.548 1.742 -0 .541 2.71 2 0 .945 0 .877 0 .821
48 9.626 1.636 -0 .525 2.687 0.941 0 .869 0 .80 9
60 9.680 1.559 -0 .481 2.637 0.939 0 .867 0 .80 5
1 20 9.665 1.252 -0 .31 4 2.645 0 .929 0 .864 0 .799

R ealyields:yrk mean std. skewness kurtosis ½1 ½2 ½3
1 2 5.0 31 2.992 1 .242 4.859 0 .491 0 .443 0 .441
24 4.426 1.465 0 .926 4.441 0 .547 0 .480 0 .455
36 4.246 0 .996 0 .583 3.975 0 .61 0 0 .51 9 0 .472
60 4.1 22 0 .660 0 .0 68 3.436 0 .71 8 0 .589 0 .51 0
84 4.0 67 0.538 -0 .1 75 3.287 0.791 0 .646 0 .552
1 20 4.0 0 9 0 .465 -0 .287 3.1 91 0 .856 0 .71 3 0 .61 5

M onthlyIn° ation:¢ p mean std. skewness kurtosis ½1 ½2 ½3
4.675 5.863 1 .486 8.51 3 0 .21 0 0 .0 72 -0 .230

Notes:
T he yield sare calculated asy¤t;h -́ 1 20 0h lnQ ¤t;h and yt;h -́ 1 20 0h lnQ t;h: ¢ p isthe monthly d i®erence in
the logofthe R etailP rice Ind ex.The asymptotic stand ard errorsfor the skew nessand kurtosisstatistics
are 0.197,and 0.395.

wherekis measured inmonths.T heupperpanelofthetableshows thatthenominalyieldcurvewason

averagemildlyupwardslopingwhiletherealyieldcurvewasdownwardsloping.Short-termyieldsaremuch

morevolatilethanlong-term yields inbothterm structuresbutvolatilityfallsmorequicklyalongthereal

term structure.From theskewness andkurtosis statistics,theunconditionaldistributions forbothsets of

yields appearnon-normal.T heautocorrelations,½i;reported inrighthandcolumns ofthetableindicate

thatmovements innominalyields arehighlypersistent.T hepersistenceofrealyields aregenerallylower,

particularlyattheshortermaturities.

T helowerpanelreports statistics formonthly in° ation(measuredbytheretailprice index).A tthis

highfrequencyin° ationis extremelyvolatileandnotverypersistent.T hesestatistics implythatforecasts

ofin° ationoverayearormorederived from univariate(A R M A )models wouldnotbeveryvariable.If

changesinlong-termnominalyieldsprimarilyre° ectchangingin° ationexpectations,investorsmustbeusing

informationbeyondthehistoryofactualin° ationtoforecast.U nderthesecircumstances,rationalinvestors'

in° ationforecastsderivedfromtheterm structureshouldbesuperiortothosederivedformunivariatetime

seriesmodels.
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C. P reliminaryAnalysis

T hemodeldevelopedbelowis basedontheideathatbothregime-switchingandtime-varyingriskpremia

a®ectthebehavioroftheU .K.term structure.B eforeturningtothemodel, itis usefultoreviewsome

evidencesupportingthispremise.

Considertherelationbetweenlongandshortterm yields.From thedē nitionoftheterm premiumwe

havetheidentityµjt;k´kyjt;k¡(k¡1 )E [yjt+ 1 ;k¡1 jFt]¡yjt:Iteratingthisexpressionforwardgives

yjt;k=
1
k

k¡1X

i=0

E [yjt+ ijFt]+
1
k

kX

i=1

µjt+ i;k¡i j=fr;ng: (7)

A ccordingtothisequation,yieldsmoveeitherbecauseinvestorsrevisetheirforecastsoffutureshortratesor

becausethetermpremiachange.Because(7)followsdirectlyfromthedē nitionofthetermpremia,itcan

beusedtoempiricallydecomposethevolatilityofyieldswithoutreferencetoaspecī ctheoreticalmodelof

theterm structure.BelowI compareestimateddecompositionsagainstthepredictionsofoneversionofthe

EH ,theL ogExpectationsH ypothesis.U nderL EH µjt;kareassumedconstantsoallthemovementsinyields

areattributedtochangingshortrateforecasts.

T herelationbetweennominalandrealyieldsdependsonboththetermandin° ationriskpremia.From

thedē nitionofthein° ationriskpremiain(5)wehave

ynt =yrt + E [¢ pt+ 1 jFt]+ 't; (8)

whichisanaugmentedversionoftheFisherEquation.W hileitistheoreticallypossiblefor'ttoequalzero,

as thestandardFisherEquation implicitlyassumes,ingeneralthein° ationriskpremium willdi®erfrom

zeroandmaybetime-varying.Combining(7)and(8)weobtainthefollowingequationfortheyieldspread

ynt;k¡yrt;k =
1
k

kX

i=1

E [¢ pt+ ijFt] (9)

+
1
k

kX

i=1

fµnt+ i;k¡i¡µrt+ i;k¡ig+
1
k

k¡1X

i=0

E ['t+ ijFt]:

H ereweseethatvolatility intheyield spreadcangenerallybeattributedtothreefactors:(i)changing

forecastsoffuturein° ation,(ii)variations intherealandnominalterm premiaand(iii)movements inthe

expected in° ationriskpremia.O nceagain,noticethat(9)follows from thedē nitions oftheriskpremia

andsocanbeusedtoempiricallydecomposethevolatilityofthespreadwithoutreferencetoaspecī cterm

structuremodel.Clearly, ifboththe L EH andthestandardFisherEquationhold,changingforecasts of

in° ationwillbetheonlyfactorcontributingtothespread'svolatility.
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Table 2 reports decompositions oftheyields and spreadbasedon forecasts offutureshortrates and

in° ationderivefromaVectorA utoregression(VA R ).T hesearebasedonthefollowingratios:

R 1 ´
Cov

³
1
k
Pk¡1

i=0 E [y
n
t+ ij©t];ynt;k

´

V ar(ynt;k)
R 2 ´

Cov
³
1
k
Pk¡1

i=0 E [y
r
t+ ij©t];ynt;k

´

V ar(ynt;k)

R 3 ´
Cov

³
1
k
Pk

i=1 E [¢pt+ ij©t];y
n
t;k

´

V ar(ynt;k)
R 4 ´

Cov
³
1
k
Pk¡1

i=0 E [y
r
t+ ij©t];yrt;k

´

V ar(yrt;k)

R 5 ´
Cov

³
1
k
Pk

i=1 E [¢pt+ ij©t];y
n
t;k¡yrt;k

´

V ar(ynt;k¡yrt;k)

where©t½Ft is theinformationsetcomprisingcurrentandlaggedvaluesofthevariables intheVA R .In
eachcase,thepresentvalueterm iscalculatedfrom estimatesofathird-orderV A R thatcontainsthelong

andshort-term yields onnominalandrealbondsaswellasmonthlyin° ation.T hereportedratiosarethe

slopecoe±cients from theregressionoftheestimatedpresentvalueontheyieldorspread.T hetablealso

reportsstandarderrorscorrectedforconditionalheteroskedasticity.

T helefthandcolumnshowsestimatesoftheratioR 1 whichmeasuresthecontributionofchangingshort

rateforecasts tothevolatilityofnominalyields.3 T heseratios fallbetween 0.63 and 0.34,wellbelowthe

valueofunityimpliedbyequation(7)underL EH .T husvariationsinexpectedexcessholdingreturnsappear

tocontributesignī cantlyofthevariabilityofnominalyields.T heratiosR 2 andR 3 allowustodecompose

thevariabilityofnominalyieldsfurther.T heestimatesofR 2 measurethecontributionofchangingrealrate

forecasts.T heseestimates contributeabout30 % tothevolatilityofnominalyields.T hecontributionof

in° ationforecasts,measuredbytheestimatesofR 3;is higher,atabout50 %.T heseresultsareconsistent

withthe n̄dings reportedbyB arrandPesaran(1 995)intheiranalysis ofU .K.nominalyields.T heyare

alsobroadlysimilartotheresults inCampbellandA mmer(1 993)basedonU .S.data.

T heestimates oftheratioR 4 measurethecontributionofchangingrealrateforecaststothevolatility

ofrealyields.T heseratiosaremuchhigherthantheirnominalcounterparts.Formaturitiesoftwotofour

years,theratios areclosetounity,thevalueimpliedbytheL EH .T heestimates ofR 5 intherighthand

columnmeasurethecontributionofchangingin° ationforecaststothevolatilityoftheyieldspread.A gain

the estimates arewellbelowunity,thevalue implied by L EH and FisherEquation [see(9)].Changing

in° ationexpectationscontributeatmostbetween50 % to60 % tothevolatilityofthespread.Bothofthese

3To see this formally, take expectations onb oth sid es of(7) cond itionalon © t, and multiply the result by yjt;k:

Taking expec tations once againgives a d ec ompositionofV ar(ynt) as the sum ofC ov
³
1
k

Pk¡1
i= 0 E[y

n
t+ ij© t];ynt;k

´
and

C ov
³
1
k

Pk
i= 1E[µ

n
t+ i;k¡ij© t];ynt;k

´
:Similar calculationsapplied to realyield sand the spread lead to the ratiosR 4 and R5:

T he ratiosR 2 and R3 are d erived by applyingthe same proc ed ure to (7) combined w ith (8).
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Table2:Y ieldVolatilityD ecompositions

R z=Cov(1h
Ph¡1

i=0 E [zt+ ij©t];xt)=V ar(xt)

xt N ominalY ield:ynt;k R ealY ield:yrt;k Y ieldSpread:ynt;k¡yrt;k
zt ynt yrt ¢ pt+ 1 yrt ¢ pt+ 1
k R 1 R 2 R 3 R 4 R 5

24 0 .586 0 .31 1 0 .559 (0 .991 ) 0.51 0
(0 .0 1 0 ) (0.0 40 ) (0 .0 22) (0 .0 21 ) (0.0 55)

36 0 .631 0 .31 3 0 .537 0 .985 0 .623
(0.0 1 9) (0.0 33) (0 .0 27) (0 .0 48) (0.0 50 )

48 0 .61 0 0 .30 2 0 .488 0 .873 0 .590
(0 .0 23) (0.0 29) (0 .0 28) (0 .0 70 ) (0.0 41 )

60 0 .565 0 .290 0 .433 0 .727 0.51 0
(0 .0 24) (0.0 26) (0 .0 27) (0 .0 82) (0.0 35)

1 20 0 .340 0 .245 0 .20 7 0 .1 40 0 .20 4
(0 .0 20 ) (0.0 1 8) (0 .0 1 9) (0 .0 78) (0.0 20 )

Notes:
Expec tationsare calculated from a third ord er VAR for that containsthe longand short-term yield son
nominaland realb ond sasw ellasmonthly in°ation.E ach ratio iscomputed asthe slope coe± cient from
the regressionofthe expec ted present value onthe yield /yield spread .Asymptotic stand ard errorscorrec ted
for conationalheterosked asticityare reported inparenthesis.

resultsareconsistentwiththeregressiontests inEvans(1 998).

O newaytointerpretofthese n̄dings is toattributetheresults tothepresenceoftime-varyingterm

premiaand in° ation riskpremia. A ccordingtothis view, the VA R forecasts areunbiased estimates of

investors'forecastssothelowvaluesofR 1 andR 4 re° ectthefactthatbothnominalandrealyieldsmovein

responsetochangesinthetermpremia.Similarly,thelowvaluesforR 5 re° ectthepresenceoftime-varying

in° ationriskpremia.T hus,accordingtothis view,theresults inTable2 constituteevidenceagainstboth

the L EH and theFisherequation. A lternatively, the VA R forecasts mayprovideratherpoorestimates

ofinvestors'forecasts. A ccordingtothis interpretation, ifrationalinvestors'anticipated switches in the

behaviorofshortratesand/orin° ation,Pesoproblemswillinducesmallsamplebiasintheirforecasts.VA R

forecastscannotexhibitthis propertybytheirveryconstruction.T hus,thelowratios reportedinTable2

re° ectinsu±cientsamplevariabilityintheV A R forecastsduetoPesoproblems.

T heanalysis inthis papertakes bothoftheseinterpretations seriously.M yaim is todevelop amodel

thatwillallowustoexaminehowPesoproblemsandtime-varyingriskpremiacontributetothebehaviorof
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theU .K.term structure.

III. B ond P ricing

T hissectionpresentsthemodelusedtoanalyzetheU .K.termstructures.T hemodelgivesrisetovariations

inexpectedexcessholdingreturnsonbothnominalandrealbondsaswellaschangesintheexpectedexcess

realreturnonnominalbonds.Italsoallows fordiscretechanges inthetimeseries behaviorofin° ation

andthecovariancestructurebetweenin° ationandrealrates.A saresult,equilibriumyieldsarea®ectedby

thepresenceofPesoproblemsthroughboththeirimpactonexpectationsandriskpremia.First,I describe

theequilibrium pricingequationsthatlieattheheartofthemodel.I thenpresentaB aselinespecī cation

thatgenerates time-varyingriskpremiawithoutregime-switching.T hemodelwithregime-switchingand

time-varyingriskpremiaisdevelopedfromthis specī cation.

L etM t+ 1 bearandomvariablethatpricesone-periodstate-contingentclaims.Iftheeconomyadmitsno

purearbitrageopportunities,itcanbeshownthattheone-periodrealreturnsonalltradedassets,i,must

satisfy

E t[M t+ 1R i
t+ 1jFt]=1 ; (1 0 )

whereR i
t+ 1 isthegrossrealreturnonassetibetweentandt+ 1 :I shallrefertoM tastherealpricingkernel.

Ineconomieswherethereisacompletesetofmarketsforstate-contingentclaims,thereisauniquerandom

variable M t > 0 satisfying(1 0 ).U nderothercircumstances,this no-arbitrageconditionstillholds butfor

arangeofM ts [seeD u±e(1 992)].In economies witharepresentativeagent, M t+ 1 is the intertemporal

marginalrateofsubstitutionsothat(1 0 )alsorepresentsa r̄st-ordercondition.

W ecanuse(1 0 )to n̄dequations thatpricebothrealandnominalbonds.Inthecaseofanominal

bondwithkperiods tomaturity,theoneperiodrealreturnis (Q n
t+ 1 ;k¡1 =Q

n
t;k)(P t=P t+ 1):Substitutingthis

forR i
t+ 1 in(1 0 )andrearranging,gives(fork> 0 ),

Q n
t;k=E

·
M t+ 1 P t
P t+ 1

Q n
t+ 1 ;k¡1

¯̄
¯̄Ft

¸
: (1 1 )

Forthecaseofrealbonds,recallthatQ r
t;k isthenominalpriceofaclaim attto$ (P t+k=P t)paidatt+ k.

Considertherealreturnfrom holdingthisk-periodclaim foroneperiod.In t+ 1 thenominalpriceofa

claim to$ (Pt+k=P t+ 1)is Q r
t+ 1 ;k¡1 sothepriceofaclaim to$ (Pt+k=P t)mustbeQ r

t+ 1 ;k¡1 (P t+ 1 =P t):T he

realreturnonholdingthek-period claim is therefore Q r
t+ 1 ;k¡1 =Q

r
t;k: Substitutingthis forR t+ 1 ;i in (1 0 )

gives(fork> 0 );

Q r
t;k=E

h
M t+ 1 Q r

t+ 1 ;k¡1

¯̄
F̄t

i
: (1 2)

Equations(1 1)and(1 2)determinethecompletesetofrealandnominalbondprices intheeconomyin
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termsofthedynamicsofthepricingkernel,M t;andaggregatepricelevel,Pt:SinceQ r
t;0 andQ n

t;0 mustequal

unity,wecanuse(1 1 )and(1 2)tosolverecursivelyforbondspricesgiventhesedynamics.Tofacilitatethese

calculations,I willworkwiththeloglinearizedversionsof(1 1 )and(1 2):

qnt;k = E
£
mt+ 1 ¡¢ pt+ 1 + qnt+ 1 ;k¡1 jFt

¤
+
1
2
V ar

¡
mt+ 1 ¡¢ pt+ 1 + qnt+ 1 ;k¡1jFt

¢
; (1 3)

qrt;k = E
£
mt+ 1 + qrt+ 1 ;k¡1 jFt

¤
+
1
2
V ar

¡
mt+ 1 + qrt+ 1 ;k¡1 jFt

¢
; (1 4)

wherelowercaselettersdenotethelogsofthecorrespondinguppercaseletters.Theseequationsholdexactly

ifthejointconditional distributionofmt+ 1 ;and¢ pt+ 1 arenormal.T hiswillbethecaseintheB aseline

modelpresentedbelow.W henthemodelis extendedtoallowforregime-switching,(1 3)and(1 4)contain

approximationerrorsthatwillneedtobequantī ed.

A. T he B aseline M od el

T heB aselinemodeldoesnotallowforregimeswitchingandfalls intotheclassofD u±eandKan's (1 996)

A ±netermstructuremodels.T hesemodelshavebeenusedextensivelytostudythebehaviorofthenominal

term structure[see,forexample,B ackus,Foresi,M ozumdarandW u(1 997),FisherandG illes (1 996),and

R oberds andW hiteman(1 996)].T hemodelI develop focuses onthejointbehaviorofin° ationandbond

yields.InthisrespectitbuildsonPearsonandSun(1 991 ),Pennacchi (1 991 ),Sun(1 992),Foresi,Penatiand

Pennacchi (1 996)and G ongandR emolona(1 996)whomodelthejointbehaviorofin° ationandnominal

yields.TotakefulladvantageoftheU .K.data,likeR emolona,W ickensandG ong(1 996)themodeldeveloped

belowfocusesonthebehaviorofbothnominalandrealyieldsandtheirinteractionwithin° ation.

T heB aselinemodelcontains twostatevariables;¹t thatgoverns theexpectedpathoftherealpricing

kernel,and¼t thatgovernsthedynamicsofexpectedin° ation.T heBaselinemodelassumesthatthestate

variablesfollow

¹t+ 1 = ¹ + ®m¹t+ ¾u¹
1 =2
t ut+ 1 ; (1 5)

¼t+ 1 = ¼ + ®¼¼t+ ®¼m¹t+ ½¾u¹
1 =2
t ut+ 1 + ¾¼¼

1 =2
t vt+ 1 ; (1 6)

whereutandvtarei:i:d:N (0 ;1 )shocksand¾¹;¾¼ > 0 .Equations(1 5)and(1 6)formarecursivesystem.The

statevariable¹ta®ectstheconditionalmeanandvarianceof¼tbutnotviseversa.W iththis structure,¹t

turnsouttobetheonlystatevariablegoverningtherealtermstructureandsocanbeviewedassummarizing

informationinrealyields.N oticetoothat(1 5)and(1 6)includeatime-varyingcovariancestructure.T his
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featureintroducestime-varyingriskpremiaintothemodel.4

B ond prices aregovernedbythejointbehaviorofthelogrealpricingkernel,mt;and in° ation, ¢ pt.

T hesevariablesarerelatedtothestatevariablesby

¡mt+ 1 = ·m + ¹t+ ¸m¾u¹
1 =2
t ut+ 1 (1 7)

¢ pt+ 1 = ·p+ ¼t+ ¸p½¾u¹
1 =2
t ut+ 1 + ¸p¾¼¼

1 =2
t vt+ 1 : (1 8)

T heparameters ¸m and¸p determinetheextenttowhichinnovations inthestatevariables a®ectthereal

pricingkernelandin° ationwithintheperiod.A sweshallsee,theseparametersdeterminetheequilibrium

marketpriceofrisk and play an importantrole in thedetermination ofthe term premia in each term

structure.N oticetoothatthecovariancebetweentherealpricingkernelandin° ationvarieswiththestate

variable¹t:T his time-varyingcovariancegivesrisetochanges inthein° ationriskpremium.

T hedynamics oftherealpricingkernelin (1 5)and(17)representadiscretetimeversionoftheone

factorCIR model.T hus theBaselinemodelassumes thatthedynamics oftherealterm structurecanbe

capturedbyasinglefactor.T hedynamics ofthenominalterm structurearedeterminedbytwofactors.

N oticethatthesecondfactor,¼t;is notindependentofthe r̄stunless ®¼m=½=0 :T hus,themodeldoes

notmakethestrongmoneyneutralityassumptionusedinthemodelsofPearsonandSun(1 991 ),G ongand

R emolona(1 996)andR emolona,W ickensandG ong(1 996).T his is importantfeatureofthemodelbecause

itgeneratestime-varyingin° ationriskpremia

Tosolvefortheequilibriumrealandnominalbondprices, r̄stwrite(1 5)-(1 8)invectorformas

xt+ 1 = · + zt+ ¤et+ 1

zt+ 1 = z+ ®zt+ et+ 1

wherex0t´[¡mt;¢ pt];z0t´[¹t;¼t];e0t´[ut;vt]andE
£
et+ 1e0t+ 1 jFt

¤
=­(zt):W iththis structure,realand

nominalbondpricessatisfy

¡qjt;k=Ajk+ B j
kzt j=fn;rg k=0 ;1 ;::: (1 9)

forsomeparametersA j
kandvectors B

j
k:T heseparametersarederivedfromthepricingequations(1 3)and

4 O ne theoreticald raw b ack ofthe d isc rete time framew ork ad opted here isthat it isalw ayspossible to ob tainnegative
realizationsof¹tand ¼tthat are inconsistent w ith the square root termsmultiplyingthe shocks.Iinsure that the sample paths
ofutand ¼tremaininthe positive orthant w henestimatingthe mod els.
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(1 4).Bothsetsoftheparametersfollowthegeneralrecursions

A j
k = Ajk¡1 + dj· + B j

k¡1z;

B j
k = dj + B j

k¡1 ® ¡
1
2

h
dj¤+ B j

k¡1

i
­

h
dj¤+ B j

k¡1

i
¡; j=fn;rg;k=1;2:::

wherevec[­(zt)]=¡zt;dr=[1;0 ]anddn=[1;1 ]withAj0 =0 andB j
0 =[0 ;0 ]:

T heB aselinemodelgenerates timevaryingriskpremiathroughthemechanism found inotherA ±ne

models.M ovementsinthestatevariables,zt;alterthecovariancestructurebetweenequilibriumbondprices

andtherelevantpricingkernel.T hesechanges,inturn,a®ecttherelativeriskinessofinvestinginlongrather

thanshorttermbonds,ornominalratherthanrealbonds,andsoequilibriumexpectedexcessreturnshave

toadjusttocompensate.T hiscanbeseenmoreclearlyifwecombinethepremiadē nitions in(4)and(5)

withthepricingequations in(1 3)and(1 4)togive

µjt;k = ¡1
2
V ar

³
qjt+ 1 ;k¡1

¯̄
F̄t

´
+ Cov

³
qjt+ 1 ;k¡1 ;d

jxt+ 1
¯̄
F̄t

´
j=fr;ng (20 )

't = ¡1
2
V ar

³
¢ pt+ 1

¯̄
F̄t

´
+ Cov(¢ pt+ 1 ;mt+ 1 jFt): (21 )

U sing(1 5)- (1 9)is straightforwardtoverifythatallthevarianceandcovarianceterms abovevarywith

atleastoneofthestatevariables (¹t and ¼t): Section 5 provides adetailedexaminationofthesee®ects.

T hepointtoemphasizehere is thattheBaselinemodelallows forquitegeneralvariation in riskpremia

throughoutthenominalandrealterm structures. In principle,therefore, itis capableofexplainingthe

resultsinTable2.TheBaselinemodelalsoprovidesuswithabenchmarkgeneralequilibriummodelagainst

whichwecanjudgetheimportanceofPesoe®ects inducedbytheintroductionofregime-switching.

B . T he P eso M od el

L ikeothergeneralequilibriummodelsofthetermstructure,theBaselinemodelassumesthatthestatevari-

ablesfollowstabletimeseriesprocesses.5 I willnowextendthemodeltoallowforinstabilitybyintroducing

regime-switchingin theseprocesses.T his is anaturalextensionofthe Baselinemodelgiven thesample

periodcoveredbytheU .K.data.A s noted intheintroduction,thereis littleeconomicreasontobelieve

thatU .K.in° ationfollowedastableprocessduringtheperiod.T herewereseveralchangesinpolicyregime

whichwereaccompaniedbyvigorousdebateandconsiderablevariationinin° ation.T herewerealsonumer-

5O ne exceptionisthe mod elofNaikand Lee (199 4 ) w ho extend the Vasicek(1977)mod elto allow for sw itchesinthe mean
and variance ofthe short rate.
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ousstructural/institutionchanges intheeconomyduringtheperiodthatmayhaveresultedininstabilityin

thedynamics ofrealvariables.Consequently,its seemsquitelikelythatrationalinvestors tookaccountof

possiblefuturechanges inthebehaviorofin° ationandrealvariables orwerelearningaboutpastchanges

duringthesample.U nderthesecircumstances,boththerealandnominalterm structureswillbea®ected

bythepresenceofPesoproblems.

Toexaminethesee®ects,I modifythedynamicsofthestatevariables,in° ationandthepricingkernel.

Inparticular,I shallassumethatx0t´[¡mt;¢ pt]andz0t´[¹t;¼t]nowfollowM arkovswitchingprocesses:

xt+ 1 = ·(st+ 1)+ zt+ ¤(st+ 1)et+ 1 ; (22)

zt+ 1 = z(st+ 1)+ ®(st+ 1)zt+ et+ 1 ;

with E
£
et+ 1e0t+ 1 jFt

¤
= ­(st+ 1 ;zt): H eretheelements of·(s);¤(s);z(s)and ®(s)varyaccordingtothe

regimewhich is determinedbythediscrete-valuedvariablest thatfollowsan independentM arkovprocess

withconstantprobabilities.I alsoallowthecoe±cients inthecovariancematrix,­(s;z)[i.e.,¾u,¾vand½]

tovarywiththeregimeaswellasthestatevariables.T hismeansthatboththe r̄standsecondmoments

ofxt andzt areregime-dependent.A lthoughs couldtakeonalargenumberofvalues,forcomputational

tractability,I onlyestimatemodelswithtworegimes.I willthereforecon̄ nemyanalysis heretothecase

wheres=f1;0 g.
Tosolvethemodel,I proceedmuchasbefore.I positthatlogbondpricesbondssatisfy

¡qjt;k=A j
k(st)+ B j

k(st)zt j=n;r k=0 ;1 ;::: (23)

andverifythatsomeregimedependentparameters Ajk(s)andvectors B
j
k(s)existsatisfyingthelogpricing

equations in (1 3)and(1 4)given thedynamics in (22). A ppendix A shows thatthis gives thefollowing

recursionsfortheparameters:

Ajk(s) = ¡1
2

n
A j
k¡1 (1)¡Ajk¡1(0 )+ dj(·(1)¡·(0 ))

o
V ar(st+ 1jst=s) (24)

+ E s
n
dj·(~s)+ Ajk¡1 (~s)+ B j

k¡1 (~s)z(~s)
o

j=fn;rg k=1 ;2 :::

B j
k(s) = dj + E s

½
B j
k¡1 (~s)®(~s)¡

1
2

h
dj¤(~s)+ B j

k¡1 (~s)
i
­

h
dj¤(~s)+ B j

k¡1 (~s)
i
¡(~s)

¾

where E sff(~s)g =
P 1

~s=0 f(~s)Pr(st+ 1 = ~sjst = s)and vec[­(st+ 1 zt)]= ¡(st+ 1)zt with Aj0 (s)= 0 and

B j
0 (s)=[ 0 ; 0 ]fors=f1 ;0 g:
A lthough(23)and(24)exactlysolvetheloglinearbondpricingequationsgiventheswitchingdynamics,
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theyonlyprovideanapproximatesolutiontothenon-linearpricingequationsin(1 1 )and(1 2).T hereasonis

thattheloglinearpricingequations(1 3)and(1 4)onlyholdexactlywhenthejointdistributionofmt+ 1 ;¢ pt+ 1

andqjt+ 1 ;k conditionalon informationFt is normal.W hilethis holds trueintheB aselinemodel, itdoes

notintheswitchingmodelbecausetheconditionaldistributionofmt+ 1 and¢ pt+ 1 impliedbytheswitching

dynamics (22)is aconvolutionofnormals.Equations (1 3)and(1 4)thereforecontain anapproximation

errorthata®ectsthepricingsolutionin(23)Fortunately,theseerrorsturnouttobeverysmallinpractice.

A ppendixB presents simulationresultsbasedonthemodelestimatestoshowexacthowsmall.I n̄d,for

example,thatthepricingerrors for1 2 monthrealandnominalyields (expressedinannualpercent)have

samplemeansof1.36 and-0.2593 basis pointsandstandarddeviationsof1.57and0 .0 0 7basis points.The

pricingerrorsforlongermaturitybondsusedtoestimatethemodelsareevensmaller.

IV. M od elE stimates

I shallbeginbyexaminingalternativemodelestimatesoftherealtermstructure.T hisallowsustopindown

anappropriatespecī cationforthedynamicsoftherealpricingkernel.B asedontheseresults,I willthen

examinemodelsforboththerealandnominalterm structures.

A llthemodels areestimatedbymaximum likelihoodusingtheyields onbonds of1 , 3,5 and7year

maturities.Incommonwithprevious studies,I introduceapricingerrorintotheequationforequilibrium

yieldswhenestimatingeachmodel.Specī cally,I assumethattheobservedyields, ~yjt;k;arerelatedtothe

theoreticallydeterminedbondprices,qjt;k;by

~yjt;k=¡
1
k
qjt;k+ »jt k=1 2;36;60 ;84 j=fn;rg;

where»jt is an i:i:dmeanzeronormalvariable(withavariancespecī ctoeachyield).Initially,I allowed

forpricingerrors inalltheequationsandestimatedtheBaselinemodelwithaKalmanFiltertechnique.In

this caseI foundthattheestimatederrorvariances forthe3 yearbondswereextremelysmall.Toobtain

greaterprecision,I thereforere-estimatedthemodelswithoutpricingerrors intheseequations.U nderthese

circumstances,thereisnoneedtousetheKalmanFilteranditis possibletocalculatetheexactlikelihood

functionforthePesomodels.6 T heestimatesreportedbelowarebasedonthisprocedure.

6T he K almanFilter isneed ed to form the sample likelihood b ec ause the state variables z tc annot b e inferred d irectlyfrom
observed yield s.P ennachi(1991) ¯rst used thistechnique to estimate a homosked astic A± ne mod elb ased onVasicek(1977).
To ob tainmyinitialestimatesofthe baseline mod elIextend ed the technique to allow for cond itionalheterosked astic ity.W hen
there are no pric ingerrorsinthe equationsfor 3year nominaland realyield s,the state variablescanb e rec overed d irec tlyfrom
these yield s.T hissimplī escalculationsofthe baseline sample likelihood .It also meansthat the sample likelihood for the P eso
mod elcanb e c alculated usingHamilton's (1988) ¯lteringalgorithm.K im (1993) explainsw hy thisisnot possible w henthe
state variablescannot b e rec overed d irec tly.
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Table3:R ealTerm StructureM odels

B aselineM odel PesoM odel
parmeters st=1 st=0

·m -35.1 90 (0 .31 0 ) -52.0 55 (0 .290 ) -49.0 35 (0.363) ¤¤¤

®m 0 .692 (0 .0 0 2) 0 .547 (0 .0 0 4) 0 .560 (0 .0 0 3) ¤¤

¹ 26.80 4 (0 .20 3) 38.20 6 (0 .527) 38.233 (0.0 0 3)
¾2u 2.763 (0 .0 0 7) 1.657 (0 .0 28) 2.1 77 (0.0 25) ¤¤¤

¸m -0 .824 (0 .0 0 1 ) -0 .926 (0 .0 1 4) -0 .80 3 (0 .0 0 9) ¤¤¤

Pr(st+ 1 =st) 0 .974 (0 .0 0 1) 0 .989 (0.0 0 1 )

Notes:
T he struc ture ofthe mod elsisgivenby (14 ) (15) and (17).Inthe b aseline mod elallthe parametersare
constant.Inthe P eso mod el·m;®m;¹;¾2uand ¸mvaryacross regimes accordingtothevalueofst+ 1
that follow sanind epend ent ¯rst ord er M arkov Sw itchingprocess.Asymptotic stand ard errorsare reported
inparenthesis.B oth mod elsare estimated usingthe yield son1,3,5 and 7year realb ond sfrom the U .K .
over the period J anuary1983to Decemb er 1995.T he symb ols\¤¤"and \¤¤¤"d enote a rejec tionofthenull
hypothesisthat the parameter pairsare same acrossregimes.

A. T he R ealTerm Struc ture

Table3 reportsestimatesoftwomodelsfortherealtermstructure:T helefthandcolumnshowsestimatesof

theB aselinemodelwherethesinglestatevariablefollowsanA R (1)process.T heseestimatesimplythatvari-

ations intherealpricingkernelarequitepersistentanddisplayconsiderableconditionalheteroskedasticity.

T heautocorrelationcoe±cientisapproximatelyequalto0 .7.Interestingly,theestimateof¸missignī cantly

negative.A sweshallseebelow,this impliesthatallthetermpremiaarenegative.T hereasonisthatreal-

izedholdingreturnonlongtermbondscovaries positivelywiththerealpricingkernelsothattheyprovide

ahedgeagainstfuturestateswheretherepresentativeinvestors'marginalutilityishigh.T hevalueofthis

hedgelowerstheequilibriumexpectedexcessholdingreturn.

T herighthand columns showparameterestimates from the Pesomodel. T his modelhas the same

structureas theBaselineexceptthattheparameters ofthestateprocess varyacross tworegimes.A s the

tableshows,theparameterestimates ineachregimearegenerallyquitesimilartotheircounterparts inthe

Baselinemodel.H owever,usingaseries ofW ald tests,wecanrejecthypothesis ofparameterconstancy

acrossregimesfor·m;®m;¾2u and¸m:B ythismeasure,thereappearstobeasignī cantdegreeofinstability

inthedynamics oftherealpricingkernel.T heestimatedM arkovtransitionprobabilitiesareverycloseto

oneindicatingthatthereisaverysmallprobabilityofachangeinregimeoverasinglemonth.U singaW ald

test,wecanalsoeasilyrejectthehypothesisthatM arkovtransitionprobabilitiessumtounity.T his implies

thatthereisagooddealofserialcorrelationinst:
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Table4:M odelComparisons

k D ata BaselineM odel PesoM odel Cross-M odel
M ean Std M ean Std. Corr. M ean Std Corr Correlations

1 2 4.987 3.0 0 2 5.0 22 2.943 0 .956 5.0 45 3.0 36 0 .925 0 .959
36 4.284 0 .989 4.284 0 .989 1 .0 0 0 4.284 0 .989 1 .0 0 0 0 .989
60 4.1 73 0 .632 4.1 35 0 .60 9 0 .970 4.20 3 0 .599 0 .956 0 .992
84 4.1 22 0 .499 4.0 69 0 .455 0 .892 4.0 45 0 .428 0 .860 0 .992

Notes:
T he table reportssample statisticsfor realyield scalculated from the d ata, the B aseline mod el, and the
P eso M od elusingthe parameter estimatesinTable 3.Und er Cross-M od elCorrelationsthe table reports
the sample correlationb etw eenthe pred ic ted yield sfrom each mod el.

A lthoughtherearestatisticallysignī cantdi®erencesbetweentheregime-dependentparameters,initself

this shouldnotbeviewedasevidencefavoringthePesomodel.Formaltestingforthepresenceofregime-

switchingrequires non-standardtestingprocedures thatareextremelycomputationally intensive.7 A s an

alternative,Table4 reports comparativestatistics basedonthetwomodels.H ereweseethattheaverage

yieldcurveestimatedbybothmodelsiswithin1 0 basispointsofthedataandtheestimatesofthestandard

deviations areevencloser.B othsets ofestimatedyields arehighlycorrelatedwiththedataandwithone

another. Basedon these statistics, therearenoeconomically signī cantgrounds tochoosebetweenthe

models.B othdoanextremelygoodjobofdescribingthedynamics oftherealterm structure.From this

perspective,therefore,thequestionofwhethertherearetrulyswitches inthedynamics oftherealpricing

kernelislargelymute.

B . T he NominalTerm Struc ture

I nowturn toconsiderB aseline and Pesomodels forboth therealand nominalterm structures. The

structureoftheB aselinemodelis givenbyequations (1 5)-(1 8)whereallthevariables followstabletime

series processes. In the Pesomodel, regime-switching is con̄ ned tothe equations for¢ pt and ¼t that

determinethedynamicsofin° ation.Sincethepresenceofswitchingintherealpricekerneldidnotimprove

theperformanceoftherealterm structuremodel,this seems tobeajudicious restriction Itmeans that

instabilityinthein° ationprocess isthesolesourceofPesoproblems inthenominalterm structure.

T heBaselinemodelestimates arereported inthelefthandcolumnofTable5.H ereweseethatthe

parametersdeterminingrealratesarealmostidenticaltotheestimatesinTable3.T heyimplythatthereal

7Commonhypothesistestscannot b e used to test for the numb er ofregimesb ec ause unid entī ed nuisance parametersare
present und er the nullofno sw itchingthat invalid ate the use ofstand ard asymptotic theory.Hansen(1992 ) hasd eveloped a
test that circumventsthisproblem but it isvery computationally intensive to apply to evenunivariate mod els.It issimply
imprac tic alto apply the technique to the multivariate mod elstud ieshere.
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Table5:R ealandN ominalTerm StructureM odels

B aselineM odel PesoM odel
parmeters st=1 st=0

·m -35.322 (0 .51 0 ) -63.392 (1.795) -63.392 (1.795)
®m 0 .691 (0 .0 0 2) 0 .624 (0 .0 0 2) 0 .624 (0.0 0 2
¹ 26.969 (0 .338) 51 .591 (1 .255) 51.591 (1.255)
¾2u 2.762 (0 .0 0 1 ) 3.0 79 (0 .0 20 ) 3.0 79 (0.0 20 )
¸m -0 .824 (0 .0 0 1 ) -0 .7776 (0 .0 0 1) -0 .7776 (0.0 0 1 )
·p -1 0 .0 1 1 (1 .376) -1 3.991 (7.227) -5.597 (1 7.0 53)

®¼ 0 .977 (0 .0 0 3) 0 .989 (0 .0 0 5) 1.0 0 0 - ¤¤

®¼¹ -0 .1 0 4 (0 .0 1 8) -0 .0 30 (0 .0 0 4) -0 .0 56 (0.0 1 6) ¤

¼ 8.833 (1.651 ) 6.571 (1.650 ) 1 4.285 (2.265) ¤¤¤

¾2¼ 0 .688 (0 .0 82) 0 .1 68 (0 .0 20 ) 0 .91 3 (0 .0 87) ¤¤¤

¸¼ -0 .1 37 (0 .1 24) 0 .1 1 3 (0 .0 94) -1.280 (0 .0 48) ¤¤¤

½ -0 .0 26 (0 .0 20 ) -0 .0 44 (0 .0 0 8) -0 .0 27 (0.0 20 )

Pr(st+ 1 =st) 0 .990 (0 .0 0 1) 0 .965 (0.0 0 4)

Notes:
T he struc ture ofthe mod elisgivenby equations(13) (14 ) and (15) - (18).Inthe B aseline mod elallthe
parametersare constant.Inthe P eso mod elthe parameters·p ¼;®¼;®¼¹;¾¼;½ and ¸p allvaryac cord ing
the value ofst+ 1 that follow sanind epend ent ¯rst ord er M arkov Sw itchingproc ess.Asymptotic stand ard
errorsare reported inparenthesis.B oth mod elsare estimated usingthe yield son1,3,5and 7year realand
nominalb ond sfrom the U .K .over the period J anuary1983to Decemb er 1995.T he symb ols\¤¤"and \¤¤¤"
d enote a rejec tionofthe nullhypothesisthat the parameter pairsare same acrossregimes.

pricingkerneldisplaysagooddealofpersistenceandconditionalheteroskedasticity.T hestatevariable,¼t;

displaysevengreaterpersistent.T hemodelestimatesimplythat¼t;followsaunivariateA R (2)processwith

roots equalto0.977and 0 .691 .8 T henegativeestimates of½ and ¸¼ implythatinnovations in ¼t covary

negativelywith shocks totherealpricingkerneland in° ation.T heparameterestimates alsoimplythat

in° ationcovariespositivelywiththerealpricingkernel.T hismeansthatthein° ationpremium impliedby

themodelwillbepositiveforlargevaluesof¹t (seebelow).

T heparameterestimatesfromthePesomodeldeterminingrealratesaregenerallysimilartotheB aseline

modelexceptfor·m and¹: H owever,sincetheAjkcoe±cientsaredeterminedbytheestimatesof·m + ¹

whicharesimilar,thereislittledi®erencebetweenbehaviorofrealrates impliedbythemodels(seeTable6

below).T his similaritydoesnotcarryovertothenominalterm structurebecausetheparameterestimates

ofthein° ationprocess di®eracross regimes.A s therighthandcolumnshows,thatwecanrejectthenull

8To see this,substitute for ¹tw ith (15) inthe equationfor ¼t+ 1 to ob taina univariate AR (2 ) representation.T he rootsare
c alculated from thisrepresentationevaluated at the parameter estimates.
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Table6:M odelComparisons

k D ata BaselineM odel PesoM odel
M ean Std M ean Std. Corr. M ean Std. Corr.

real
1 2 4.987 3.0 0 2 4.787 2.91 4 0 .91 3 4.943 2.946 0 .925
36 4.284 0 .989 4.284 0 .989 1 .0 0 0 4.284 0 .989 1 .0 0 0
60 4.1 73 0 .632 4.1 67 0.61 8 0 .950 4.1 33 0 .591 0 .956
84 4.1 22 0 .499 4.0 33 0 .453 0 .849 4.0 68 0 .422 0 .860

nominal
1 2 9.429 2.372 9.61 4 4.344 0 .872 9.1 90 3.81 6 0 .864
36 9.474 1.781 9.474 1.781 1 .0 0 0 9.474 1.781 1 .0 0 0
60 9.581 1 .572 9.0 0 3 1.0 48 0 .987 9.61 9 1.0 71 0 .989
84 9.60 5 1 .420 8.769 0 .749 0 .966 9.674 0 .765 0 .972

Notes:
T he table reportssamplestatisticsfor realand nominalyield scalculated from the d ata,the B aseline
mod el,and the P eso M od elusingthe parameter estimatesinTable 5.For each mod elthe table
reportsthe sample meanand stand ard d eviationofthe pred ic ted yield sand their correlationw ith
the ac tualyield s.

hypothesisofconstantcoe±cientsacrossregimes fortheparameters,·p;®¼;¾¼ and¸¼ atthe5% level.In

regimeone,theestimates implythat¼t followsahighlypersistentstationaryprocesswiththelargestroot

equalto0 .989.Changes in ¼t haveamoderatee®ectonthevarianceofinnovations,andthecovariance

between¼t+ 1 and¢ pt+ 1 ispositive.Inregimezero,theprocessfor¼tcontainsaunitroot9 H erechangesin

¼thavealargerimpactintheinnovationvarianceandthecovariancebetween¢ pt+ 1 and ¼t+ 1 is strongly

negative.T heseestimates implysignī cantdi®erences inthedynamicsofin° ationacrossregimesthatwill

manifestedinthebehaviorofnominalyields.Inparticular,theestimatesimplythatnominalyieldscontain

aunitrootinregime0 andaremeanrevertinginregime1.T his implicationofthemodelaccordswellwith

theresults from estimatingunivariateswitchingmodels inA ngandBekaert(1 998).T heseauthorsarealso

abletoformallyrejectthenullhypothesis ofnoregime-switchinginthebehaviorofU .K.nominalinterest

rates.

Table6 compares thepredictions ofbothmodels againstthedata.T hestatistics onrealyields inthe

upperpanelareverysimilartothoseinTable4.T heB aselinemodelunderpredictsshortterm yieldsby20

basispointswhilethelargesterrormadebythePesomodelis5 basispoints.Bothmodelsunderpredictthe

standarddeviationsofthreeyieldsbysimilaramounts.D espitethesediscrepancies,thegeneralimpression

portrayedbythesestatisticsisthatbothmodelsaccuratelydescribethedynamicsoftherealtermstructure.

T helowerpanelofthetablecomparesthebehaviorofnominalyields.H eretherearesomemoresignī cant

di®erences between themodels. In particular,while thedataand Pesomodelshowan upward sloping

9 T he reported estimatesare b ased ona mod elw ith the parameter ® ¼(0 ) restric ted to equalone. E stimatesfrom an
unconstrained versionofthe mod elgave almost id enticalestimates.
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averageyieldcurve,theBaselinemodelpredicts an invertedcurve.A s aconsequence,theB aselinemodel

underpredictstheaverage7yearyieldby94 basis points.T helargesterrormadebythePesomodelison

theoneyearyieldwhich is underpredictedby24 basis points.Bothmodels underpredictthevolatilityof

long-termyieldsandoverpredictthevolatilityofshort-termyields.T hisbiasinthevolatilitytermstructure

is somewhatless inthePesoM odel.A s inthecaseoftherealterm structure,thecorrelationsbetweenthe

actualandestimatednominalyieldsarehighforbothmodels.

Figure1 plotstheestimatedprobabilityofbeinginregimeone,Pr(st=1jFt);fromthePesoM odel.A s

theplotshows,in° ationfollowedtheregimeoneprocess from 1 983 to1 986,andfrom 1 988 untiltheend

of1 992.A ccordingtothemodelestimates,in° ationandnominalinterestratesweremean-revertingduring

theseepisodes.Intheinterim,thein° ationprocesscontainedaunitroot.Comparingtheseregimesagainst

pathofnominalinterestrates [showninFigure2 below],weseethatnominalinterestratesrosetoandfell

fromsharppeaksduringeachoccurrenceofregimeone.T hus,themodelestimatesimplythatnominalrates

displayedmoremean-reversionwhentheywereathistoricallyhighlevels.A similarrelationship between

thelevelanddegreeofmeanreversionhasbeenfoundintheU .S.term structurebyBekaert,H odrickand

M arshall(1 998)andG ray(1 996).

Figure1 alsohintsatonepotentialproblemwiththePesomodelestimates;smallsamplebias.A ccording

tothemodelestimates,thebehaviorofthenominalinterestrates implies thattherewererelativelyfew

regimeshifts duringthesampleperiod. T his means thattheestimatedtransitionprobabilities arebased

onrelativelyfewobservations andmayconsequently su®erfrom smallsamplebias. In particular, these

estimated probabilities mayhavedi®ered from theprobabilities rationalinvestors usedatthetime.For

example,investors'viewsabouttheprospects forfuturein° ationpriortotheU .K.'s exitfrom theE.M .S.

mightquitereasonablyhavebeenbasedondi®erentprobabilities thanwereconsistentwiththeincidence

ofregimeshifts duringtheprevious decades.T hePesomodelmakes noallowanceforsuchdi®erences.It

is thereforepossiblethattheperformanceofthemodelcouldbesignī cantly improved ifweallowedthe

transitionprobabilities governinginvestors'expectationstobesimilarbutnotidenticaltothoseestimated

fromthedata.

Toinvestigatethis issue,I foundthetransitionprobabilitiesdetermininginvestors'forecaststhatmini-

mizedthesumofsquareddi®erencesbetweentheactualandpredictedyieldsfromthePesomodel.Surpris-

inglythis produceprobabilitiesthatwerenearlyidenticaltotheestimates inTable5.I thenrepeatedthis

procedureusingonlythe1 8 monthsofdatafollowingO ctober1 992,thedatetheU .K.lefttheE.M .S.Inthis

casetheprobabilitiesofremaininginregimeoneandzerowere0 .999 and0 .972.W hilethesevaluesarevery

closetotheestimatesof0 .999 and0.965 inTable5,theirimpactontheestimatedyields isquitedramatic.

T hiscanbeseenfromtheplotsoftheone, v̄eandsevenyearnominalyieldsshowninFigure2.Comparing

theactualdata(plottedwiththesolidline)againsttheestimatedyieldsfromthePesomodel(plottedwith
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dashedline),wecanseethatthemodelseverelyover-estimatestheslopeoftheyieldcurveimmediatelyafter

theU .K.'sexitfromtheE.M .S;estimatedshort-termyieldsaremuchtoolow,whilelong-termestimatesare

muchtoohigh.B ycontrast,estimates impliedbytheprobabilities of0 .999 and0 .972 (shownas adotted

line)areveryclosetotheactualdata.A smallincreaseintheprobabilityofremaininginregimezero° attens

theestimatedterm structureconsiderably.

T hepointI wishtomakehereisnotthatthetransitionprobabilitieschangedinexactlythisway.R ather,

itistoillustratehowsensitivetheyieldcurveestimatesaretosmallvariationsinthetransitionprobabilities

usedtovaluebonds.G iventherelativelylowoccurrenceofactualregimeshifts, itis hardtoarguethat

rationalinvestors couldnothaveusedslightlydi®erentprobabilities tovaluebonds thanwecanestimate

from thedynamicsofactualyieldsoverthewholesample.Inwhichcase,thedi®erencesbetweenthePeso

modelestimatesandactualyieldsareprobablynotaseconomicallysignī cantastheymighthaveappeared

at r̄stsight.M oreover,ourresultssuggeststhatPesoproblemsinin° ationcouldhavesignī cantlya®ected

thebehaviorofnominalyields.T henextsectionexaminesthishypothesis indetail.

V. P eso E ®ec ts

I nowturntoexaminetheimplicationsofthePesoM odelindetail.Specī cally,I shallusetheestimation

results from Table5 toexaminethebehavioroftherealandnominalterm premiaandthein° ationrisk

premia.O fparticularinterestwillbetheroleplayedbyPesoproblems inthedeterminationoftheserisk

premia.BelowI begin byexaminingthegeneralimpactofPesoproblems.I thenapplythis analysis to

quantifytheire®ectsonthebehaviorofreturnsandtheriskpremia.

A. Id entī cation

Pesoproblemsmanifestthemselves inseveralways inthemodel.First,theya®ecttherelationshipbetween

realized and expected returns. T hese e®ects arise from thebehaviorofinvestorforecasterrors and are

commontoothermodels.Pesoproblemsalsogiverisetoanewsourceofriskthata®ectsthebehaviorof

boththeterm andin° ationriskpremia.

Toidentifythesee®ects,let° tdenoteagenericvariableinthemodel(i.e.,anelementofxt,ztoralog

bondprice).W ecandecomposerealizationsof° t+ 1as

° t+ 1 = ° et(0 )+ [° et(1)¡° et(0 )]st+ 1 + wt+ 1 ; (25)

where° et(s)´E [° t+ 1jFt;st+ 1 =s]is theexpectationconditionalontheregimeint+ 1;thewithin-regime

forecast.N oticethatitis always possibletodecomposefuturerealizations inthis wayirrespectiveofthe
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processtheyfollowineachregimeorthespecī cationofinformationFt:R ationalinvestors'expectations,
E [° t+ 1 jFt];coincidewiththemathematicalexpectationof° t+ 1 :Takingexpectationsonbothsidesof(25)
conditionedonFt;forst+ 1 = f0 ;1g;we n̄d thatE [wt+ 1 jFt]= 0 : T huswt+ 1 inherits theproperties of

conventionalrationalexpectationsforecasterrorsandrepresentstheerrorinvestorswouldmakeifthefuture

regimewereknown,i.e.,thewithin-regimeforecasterror.

Investors'actualforecastsareonlyconditionedonFt:Takingthedi®erencebetween° t+ 1andE [° t+ 1jFt]
calculatedfrom(25);wecanwriteinvestors'forecasterrorsas

° t+ 1 ¡E [° t+ 1jFt]=r° et(st+ 1 ¡E [st+ 1 jFt])+ wt+ 1 : (26)

T he r̄sttermontherightisequaltothedi®erencebetweenthewithin-regimeforecasts,r° et´° et(1)¡° et(0);
multiplied by the errorinvestors make in forecastingnextperiod's regime In large samples where the

frequencyofregimeshiftsisrepresentativeoftheunderlyingdistributionofregimechanges,st+ 1¡E [st+ 1jFt]
willhaveamean zeroandwillbeuncorrelatedwith theelements ofFt: In smallsamples, by contrast,

st+ 1 ¡E [st+ 1 jFt]may haveamean di®erentfrom zeroand be autocorrelatedwith elements ofFt: In
this case,thebehavioroftheforecasterrors willappearinconsistentwith standardrationalexpectations

assumptions.

N ext,considerhowPesoproblemsmaya®ectriskpremia.Sincethedecompositionin(25)holdsforany

twovariables inthemodel,say° i;tand ° j;t;itiseasytoshowthat

Cov(° i;t+ 1 ;° j;t+ 1 ;jFt)=Cov(wi;t+ 1 ;wj;t+ 1 ;jFt)+ r° ei;tr° ej;tV ar(st+ 1 jFt) (27)

IntheabsenceofPesoproblems,r° ei;t=r° ej;t=0 sothesecondtermvanishesandthecovarianceissolely

determinedbyCov(wi;t+ 1 ;wj;t+ 1 ;jFt);thewithin-regimecovariance.W henPesoproblemsarepresent,the

covariancebetweentheforecasts,E [° i;t+ 1 jFt;st+ 1 =s]andE [° j;t+ 1jFt;st+ 1 =s];identī edbythesecond

termontherighta®ectsCov(° i;t+ 1 ;° j;t+ 1 ;jFt):T hiscross-regimecovarianceterm accountsfortheforecast

uncertaintyinvestorsfaceacrossregimes.

B . R eturns

W enowusetheresults abovetostudyhowPesoproblems a®ectthebehaviorofreturns.In particular,

considerthebehaviorofexcessholdingreturns,ehjt+ 1 ;k´hjt+ 1 ;k¡yjt;andtheexcessrealreturnsonnominal
bonds,ert+ 1 ´ ynt ¡¢ pt+ 1 ¡yrt.B ydē nition both sets ofreturns canbewrittenas the sum ofarisk

premiumandaforecasterror.R ewritingtheseerrorsusing(26),(23)and(24),wehave

ert+ 1 = 't¡wpt+ 1 ¡r¯pt(st+ 1 ¡E [st+ 1jFt])
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(28)

ehjt+ 1 ;k = µjt;k+ wjt+ 1 + r¯jt(st+ 1 ¡E [st+ 1 jFt])

where

r¯pt ´ ·p(1)¡·p(0 )

r¯jt ´ Ajk¡1 (0 )¡Ajk¡1 (1)+ B j
k¡1 (0 )z(0 )¡B j

k¡1(1)z(1)+
h
B j
k¡1(0 )®(0 )¡B j

k¡1(1)®(1)
i
zt:

H ereweseethatbothsetsofexcessreturnscontainaPesotermthatmaya®ecttheirsmallsampleproperties.

L etE T [° t+ 1 j©t]denotethepredictedvalueof° t+ 1 from theregressionof° t+ 1 on©t=f¼t ¹t;st;¼tst;
¹tstg inasampleoflength T : M ultiplyingbothsides of(28)bythepredictedvalueofexcess returns and

takingexpectationsoftheresult,weobtain.

CovT
³
ehjt+ 1 ;k;E T [eh

j
t+ 1 ;kj©t]

´
= CovT

³
µjt;k;E T [eh

j
t+ 1 ;kj©t]

´

+ CovT
³
r¯jt(st+ 1 ¡E [st+ 1jFt]);E T [ehjt+ 1 ;kj©t]

´

(29)

CovT
³
ert+ 1 ;E T [ert+ 1j©t]

´
= CovT

³
't;E T [ert+ 1 j©t]

´

¡CovT
³
r¯pt(st+ 1 ¡E [st+ 1jFt]);E T [ert+ 1j©t]

´

whereCovT (:)denotesthesamplecovariancebasedonT observations.Byleastsquarestheory,thecovariance

termsontheleftequalthesamplevarianceofthepredictedvalues.T hus,(29)providesadecompositionof

thesevariancesthatholdsforallsamplesizes.Inlargesamples,thesecondcovarianceterm ineachequation

disappears becausethesamplemoments approachtheirpopulationcounterparts and©t½Ft: H ereallof
thevolatilityinpredictableexcessreturns isattributabletotheircovariancewiththeriskpremia.Insmall

samples,bycontrast,bothcovariancetermswillgenerallycontributetothevolatilityinpredictableexcess

returns.

Table7reports theempiricaldistributionofthecovariancebetweentheriskpremium andpredictable

excess returns generatedfrom 1 0 0 0 M onteCarloexperiments.IneachexperimentI usedtheestimates of

thePesoM odeltogenerateasampleof¢ pt;¼t ¹t and st containing1 55 observations (thelengthofthe

U .K.dataset).Excessreturnsandriskpremiawerecalculatedfromthesesimulateddatausingthepricing

equations ofthePesomodelandthereturns regressedon©t toform predictablereturns.T hevarianceof

predicablereturnsandtheircovariancewiththeriskpremiaarethencalculatedforeachsample.T hetable

reports results basedonreturns andriskpremiacalculatedforholdingperiods oftwelveratherthanone
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Table7:PesoE®ects

CovT (v;E T [wj©t])=V arT (E T [wj©t])

Excess H oldingreturns: Excess R ealR eturns

w=ehnt+ 1 2;k;1 2 v=µnt;k;1 2 w=ert+ 1 2 v='t;1 2
k 24 36 60 84
5 % 0 .860 0 .835 0 .834 0 .834 -0 .325
1 0 % 0 .890 0 .871 0 .870 0 .870 -0 .30 6
25 % 0 .950 0 .933 0 .932 0 .932 -0 .243
50 % 1.0 27 1.0 0 5 1.0 0 5 1 .0 0 5 -0 .1 84
75 % 1.1 32 1 .1 0 6 1.1 0 4 1 .1 0 4 -0 .1 42
90 % 1.30 7 1.266 1.266 1 .266 -0 .0 94
95 % 1.41 0 1 .380 1.378 1 .378 -0 .0 72
Notes:
ehnt+ 1 2;k;1 2 ´qnt+ 1 2;k¡1 2 ¡qnt;k+ qnt;1 2 isthe excessreturnonhold inga nominalkperiod b ond for 12
monthsrelative to the 12 monthnominalyield .ert+ 1 2 ´ynt¡¢ 1 2pt+ 1 2¡yrt isthe excessrealreturnfrom
hold inga 12 month nominalb ond to maturityrelative to a 12 month realb ond .µnt;k;1 2 ´E

h
ehnt+ 1 2;kjFt

i

and 't;1 2 ´E [ert+ 1 2jFt]are the comparab le riskpremia.T he table reportspercentilesofthe d istributions
d erived from 10 0 0 M onte Carlo experiments[see Append ixC for d etails].

monthasshownabove.1 0 A lthoughthechoiceofalongerholdingperiodcomplicatesthecalculationofrisk

premia[seeA ppendixC],thesamelogicapplies.Inlargesamples,thevarianceofpredictablereturnsshould

closelyapproximatetheircovariancewiththeriskpremia.

T helefthandcolumns reportthedistributions forannualexcess holdingreturns onnominalbonds.1 1

T hemedianvaluesofthedistributionareclosetounity,whichis thevaluewewouldseeinalargesample.

T hus,Pesoe®ectsdonotappeartoexertasignī cantin° uenceonthepredictabilityofexcessholdingreturns

ina\ typical"smallsample.T his isnottosaythattheyarealways insignī cant.O nthecontrary,fromthe

distributionsweseethatin35% ofthesamples thecovariancedi®ers inabsoluteterms from thevariance

byaleast1 0 %.H encethereisquiteahighprobabilitythatPesoe®ectswillsignī cantlycontributetothe

predictabilityofexcessreturns inanysinglesample.

T herighthandcolumnshowsthedistributionforannualrealexcessreturns.H eretheresultsarequite

dramatic.T heyshowthatthecovariancebetweenthein° ationriskpremiumandpredictableexcessreturns

is negative in almostallsamples. A ccordingtothese statistics,thepredictablevariations in excess real

10 Iconsid er the 12 month hold ingperiod sb ec ause the ac c ruacy ofthe P eso mod eltrailso® at the short end ofthe term
struc ture [see Append ixB ].Also,estimatesofshort term U .K .yeild sare based onthe pric esofrelativelyfew actualb ond sand
so are prone to error.

11Since there isno regime sw itchinginthe proc essfor the realpricingkernel,P eso e®ec tsare absent from realhold ingreturns
so these returnsare not examined .
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returnsareoverwhelminglyduetoPesoe®ects.

T heseresults indicatethatthere is ahighprobabilitythatPesoproblems signī cantlya®ectthepre-

dictabilityofexcessreturns intypicalsamples.N ext,I considerinturntheimpactofPesoproblemsonthe

termpremium andin° ationriskpremium.

C. Term P remia

Considerthetermpremiaidentī edby

µjt;k=¡
1
2
V ar

³
qjt+ 1 ;k¡1

¯̄
F̄t

´
+ Cov

³
qjt+ 1 ;k¡1 ;d

jxt+ 1
¯̄
F̄t

´
j=fn;rg: (20 )

T he r̄sttermontheleftarisesfrom Jensen's inequality;greatervariabilityinqjt+ 1 ;k¡1 lowerstheexpected

holdingreturnonlongbondsbutnotthecurrentshortrate.T hesecondisequaltothecovariancebetween

future bond prices and therelevantpricingkernel. To interpretthis term, recallthatin representative

agentmodels,mt+ 1 isequaltotherealintertemporalmarginalrateofsubstitution.T hus,inthecaseofreal

bondswheredrxt+ 1 =¡mt+ 1 ;thecovariancetermisequaltoCov
³
qrt+ 1 ;k¡1 ;¡mt+ 1

¯̄
F̄t

´
:W henthistermis

negative,longtermrealbondsprovideahedgeagainststateswheremarginalutilityishighsotheequilibrium

expectedreturnis lowertocompensate.Inthecaseofnominalbonds,dnxt+ 1 =¡(mt+ 1 ¡¢ pt+ 1);sothe

covarianceterm in (20 )comprises thesum ofCov
³
qnt+ 1 ;k¡1 ;¡mt+ 1

¯̄
F̄t

´
and Cov

³
qnt+ 1 ;k¡1 ;¢ pt+ 1

¯̄
F̄t

´
:

T hesecondterm identī esadeterminantofthenominalterm premiaabsentfrom therealterm structure.

W henbondpricesandin° ationcovarypositively,theexpectedrealreturnonnominalbondsfalls.Inthese

circumstances,(20 )showsthattheequilibriumthenominalterm premiumrisestocompensate.

Toseehowregime-switchinga®ectsthepremium,I applythedecompositionin(27)tothetermsin(20 ).

A ftersomerearrangement,thisgives

µjt;k = E s
n
µjt;k(~s)

o
¡ 1
2

³
r¯jt

2́
V ar(st+ 1 jFt)+ r

¡
djk

¢
r¯jtV ar(st+ 1jFt) (30 )

µjt;k(~s) ´ ¡1
2
V ar

³
qjt+ 1 ;k¡1

¯̄
F̄t;st+ 1 =~s

´
+ Cov

³
qjt+ 1 ;k¡1 ;d

jxt+ 1
¯̄
F̄t;st+ 1 =~s

´

= ¡1
2

h
B j
k¡1(~s)­B j

k¡1(~s)
i
¡(~s)zt+

h
B j
k¡1 (~s)­dj¤(~s)

i
¡(~s)zt:

µjt;k(~s)is thepremium thatwouldprevailifthefutureregime,st+ 1 ;wereknowntoinvestors att.T hus,

T he r̄stterm in(30 )istheexpectedvalueofµjt;k(s)andsorepresentsthecertaintyequivalentcomponent

oftheterm premium.T heremainingtwoterms showthedirecte®ects ofinvestoruncertaintyaboutthe

futureregime.T heyidentifythecross-regimetermin¡1
2V ar

³
qjt+ 1 ;k¡1

¯̄
F̄t

´
andCov

³
qjt+ 1 ;k¡1 ;d

jxt+ 1
¯̄
F̄t

´
:

Together,theyrepresenttheregime-uncertaintycomponentofthepremium.
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Table8:TermPremia

k R ealY ields N ominalY ields
M ean Std. M ean Std. M ean M ean Cov(:) V ar(:)
(x1 0 0 ) (x1 0 0 ) Sample Sample s=1 s=0

24 0 .1 1 6 0 .0 0 1 0 .0 55 0 .0 97 -0 .0 31 0 .222 -0 .0 0 5 0 .1 1 1
36 0 .20 4 0 .0 0 1 0 .0 48 0 .0 87 -0 .0 29 0 .1 98 -0 .0 37 0.0 77
60 0 .1 99 0 .0 0 3 0 .0 49 0 .0 87 -0 .0 27 0 .1 99 -0 .0 87 0.0 76
84 0 .1 93 0 .0 0 4 0 .0 49 0 .0 87 -0 .0 27 0 .1 99 -0 .1 42 0 .0 76
Notes:
T he table reportssamplestatisticsfor estimatesofhold ingreturnpremia d erived from the
estimatesofthe P eso mod elshow ninTable 5.Hold ingreturnsonthek-month b ond are
calculated over a 12 month horizon.T he frac tionofthe covariance and variance termsin
the premia d ue to the c ross-regime componentsare show ninthe columnshead ed Cov(:)
and V ar(:):Append ixC d escrib esd etailsofthe calculations.

Table8 reports statistics ontheterm premiain therealandnominalterm structures impliedbythe

estimates ofthePesomodel.[A s above,thepremiaarecalculatedfortwelvemonthholdingperiods.]The

lefthandcolumns reportstatistics ontherealterm structure.A s thestatistics indicate,thesepremiaare

smallandnotveryvariable.T his n̄dingis consistentwiththeresults inTable2.T herewesawthatmost

ofthevariations inrealyieldscouldbeattributedtochangingforecastsoffutureshortrates.

T hetermpremiainthenominaltermstructurebehavequitedi®erently.A sthelefthandcolumnsofthe

tableshow,overthewholesample,thepremiaaverageabout5 basispointswiththestandarddeviationof9

basispoints.T hus,thenominalpremiaarelargerandconsiderablymorevariablethantheirrealcounterparts.

T herearealsosignī cantdi®erencesinthebehaviorofthepremiaacrossregimes.Inregimeone,theaverage

premiaequal-3 basispoints,whileinregimezerotheaverageis20 basispoints.T he(unreported)standard

deviationofthepremiaineachregimeisapproximately4 basis points.U nderCov(:)andV ar(:)thetable

reports thefractionofthecovarianceandvarianceterms duetothecross-regimecomponents.Together,

thesecomponents identifythedirecte®ects ofregime-uncertainty.T hesmallnumbers inthetableimply

thatthepremiaareprimarilydeterminedbycertaintyequivalentcomponent.

W ecannowexplainthecross-regimedi®erencesinthepremia.FromtheparameterestimatesinTable5

weseethat¸¼ isweaklypositiveinregimeoneandstronglynegativeinregimezero.A saconsequence,the

covariancebetweenin° ationandnominalbondpriceswillbenegativeinregimeoneandpositiveinregime

zero.Iftherewasnouncertaintyaboutthefutureregime,thisdi®erencewouldmakethetermpremiamuch

higherinregimezero.B ecausethetransitionprobabilities aresohigh,this di®erence is almostperfectly

mirroredinthecertainty-equivalentcomponent,andhenceaccounts forthecross-regimedi®erences inthe

premium.

26



D. In°ationR iskP remia

Finally,weturntoexaminethebehaviorofthein° ationriskpremium:

't=¡
1
2
V ar

³
¢ pt+ 1

¯̄
F̄t

´
+ Cov(¢ pt+ 1 ;mt+ 1 jFt): (21 )

T he r̄stterm arises becausegreatervariability in prices raises theexpected futurepurchasingpowerof

money,therebymakingnominalbondsrelativelymoreattractive.T heequilibrium yieldonnominalbonds,

andhencethein° ationriskpremium,mustthereforefalltocompensate.T hesecondterm,thecovariance

between in° ationandtherealpricingkernel,identī es therealhedgingvalueofnominalbonds.T his is

mosteasilyunderstoodwithreferencetoarepresentativeagentmodel.W henthecovariance is positive,

therealizedrealreturnonnominalbondswillbeunexpectedlylowinstateswheremarginalutilityishigh

therebyloweringtheirvaluesasarealhedge.Equation(21 )showsthattheequilibriumin° ationriskpremium

hastorisetocompensate.N oticethatthereisnogeneralpresumptionaboutthesignofthein° ationrisk

premium.Italldependsuponthedegreetowhichfuturein° ationcanbepredictedandtheextenttowhich

unexpectedlyhighfuturein° ationoccurs instateswithhighmarginalutility.

W eexaminetheimpactofregime-switchingbyapplyingthedecompositionin(27)totheterms in(21):

't = E sf't(~s)g¡rkprkmV ar(st+ 1 jFt)¡
1
2
(rkp)2 V ar(st+ 1 jFt) (31 )

't(~s) ´ ¡1
2
V ar

³
¢ pt+ 1

¯̄
F̄t;st+ 1 =~s

´
+ Cov(¢ pt+ 1 ;mt+ 1jFt;st+ 1 =~s)

= ¡1
2
¸p(~s)2

³
½(~s)2¾(~s)2m¹t+ ¾(~s)2¼¼t

´
¡¸m(~s)̧ p(~s)½(~s)¾m(~s)2¹t

't(~s)identī esthevalueofthein° ationriskpremium isthefutureregime,st+ 1 ;wereknown.A sinthecase

oftheterm premium,wecanthereforeidentifycertaintyequivalentandregimeuncertaintycomponents in

thein° ationriskpremium.T heformercomponentis identī edbythe r̄stterm in(31 ),whilethelatter

is equaltothesecondandthirdtermswhichequalcross-regimecomponentsofCov(¢ pt+k;mt+ 1jFt)and
1
2V ar(¢ pt+ 1 jFt):

Table9 reportsstatisticsderivedformthePesomodelestimatesonthespreadbetweennominalandreal

oneyearbonds,ynt;1 2¡yrt;1 2;theexpectedrateofannualin° ation, 1
1 2E [¢

1 2pt+ 1 2jFt];andtheannualin° ation
riskpremia,'t;1 2 ´ynt;1 2¡yrt;1 2¡ 1

1 2E [¢
1 2pt+ 1 2jFt]:O verthewholesamplethatspreadaverages 4.25% of

which4.68% representsexpectedin° ationand-0 .43% thein° ation riskpremium.1 2T hereisalsoconsiderable

12 B ec ause the P eso mod elestimatesare b ased onb ond yield salone,w e c annot id entifythe average rate ofexpec ted in°ation
or the average in°ationriskpremium w ithout a further restric tion.T hisid entī cationproblem isa commonfeature ofA± ne
mod elsand isd iscussed inAppend ixD.Here Isolve the problem by imposinga parameter restric tiononthe in°ationprocess
to insure that the sample averagesofexpec ted in°ationand ac tualin°ation(measured by the R .P.I.) are equal. T hisisa
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Table9:In° ationR iskPremia

Spread ExpectedIn° ation In° ationR iskPremium,'t;1 2
ynt;1 2¡yrt;1 2 1

1 2E [¢
1 2pt+ 1 2jFt] Cross-R egime%

Sample s=1 s=0 Sample s=1 s=0 Total Cov(:) V ar(:)
M ean 4.247 4.680 5.347 3.493 -0 .433 -1.1 42 0 .623 0 .996 0 .297 0 .995
Std. 3.487 1.341 1 .0 0 6 1.0 76 2.51 0 2.80 5 2.1 80 0 .0 0 2 0 .0 46 0 .0 0 2

Notes:
T he tab le reportssample statisticsfor estimatesofthe in°ationriskpremia d erived from estimatesofthe
P eso mod elinTable 5. T he premia are calculated for a 12 month hold ing period . T he frac tionofthe
covariance and variance termsinthe premia d ue to the c ross-regime c omponentsare show ninthe columns
head ed Cov(:)and V ar(:):Append ixC d escrib esd etailsofthe calculations.

variabilityinthespread,asmeasuredbythesamplestandarddeviation.Interestingly,mostthevariability

originates from changes intheriskpremium,whichisalmosttwiceasvariableasexpectedin° ation.T hese

statisticsareobviouslyasharpdeviationfromthepredictionofthestandardFisherEquation.T heestimates

implythepresenceofasignī cantandhighlyvariablein° ationriskpremium.T hetablealsoshowsthatthe

behaviorofexpectedin° ationandthein° ationriskpremiadi®ersignī cantlyacrossregimes.Inregimeone,

expectedin° ationaveragesover5% whilethemeanriskpremium is -1 .1 %.Inregimezero,theaveragerisk

premium ismuchhigherat0.6% andthemeanofexpectin° ation is lowerat3.5%.N oticetoothatthere

is considerablevariationinriskpremiumwithineachregime.Itwouldbeanoversimplī cationtothinkof

regimezeroashighin° ationriskregime.

T he rightmostcolumns reportthe contribution ofthe cross-regime components tothe in° ation risk

premium.Intheonemonthcasethesecomponentsareidentī edbythelasttwoterms in(31 ).A ppendix

C describes thecalculations behindthestatistics in thetable.U nlikethecaseoftheterm premia,here

thecross-regimecomponents contributesignī cantly.R egime-uncertaintyaccounts forapproximately30 %

ofthecovarianceterm andalmost1 0 0 % ofthevarianceterm.T hereason is thatin° ationcontainsaunit

rootinoneregimebutnottheother.A saresult,therearelargedi®erencesbetweenforecastsconditioned

ondi®erentfutureregimes.

Figure3 allowsustoexaminethetimeseriesbehaviorofthesevariablesmoreclosely.T heupperpanel

plots actualandexpectedrateofannualin° ation(solidanddashedlines respectively).Itis importantto

rememberthatthePesomodelonlyusesdatafrom therealandnominalterm structuresotheestimatesof

expectedin° ationarenotdirectlyderivedfromactualin° ation.R athertheyrepresentthesetofexpectations

consistentwiththedynamics ofinterestrates.A s theplotshows,thereareconsiderableandpersistence

minimalrationalexpec tationsassumption.Importantly,it hasno impac t onthe changesinexpec ted in°ationor the in°ation
riskpremium w hich are id entī ed from the mod elestimates.T here isalso no a®ec t onthe d i®erencesinexpec ted in°ationand
the riskpremium ac rossregimes.
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di®erences between thetwoseries on occasion. Forexample,actualin° ation is persistentlyhigherthat

expected in° ation between 1 989 and 1 991. B etween 1 992 and 1 995, by contrast,expected in° ationwas

persistentlyhigher.

Suchapatterninforecasterrorsishardtoexplainwithinthecontextofastandardrationalexpectations

model.T hererationalinvestorswouldimmediatelyadjusttheirforecaststoeliminateanypersistentpatterns.

T hisneednothappenwheninstabilityinthein° ationprocess inducesPesoproblems.InaPesomodelsuch

patternscanemergeduringperiodswhererationalinvestorsareanticipatingachangeinthein° ationprocess

thatdoesnotmaterialize.T heforecastsofin° ationshownintheplotcontainsuchexpectationstotheextent

theyareembodiedintheterm structures.

W iththis perspective,theexpectationalerrorshavearathernaturalinterpretation.Between1 989 and

1 991 investorsexpectedaswitchfrom thecurrentin° ationprocessgeneratinghighrates,toalowin° ation

process.SincetheU .K.wasexperiencingasevererecessionduringthis period,itishardtosaythatthese

expectationswereunwarranted.Similarly,thehighratesofexpectedin° ationbetween1 992 and1 995 coincide

withasurge in G D P growththatcouldhaveledrationalinvestors tofearthattheremighthavebeena

returntoahigh in° ationprocess.T hedepartureoftheU .K.from theEM S mayhavealsocompounded

suchfears.

T hecentralpanelofFigure 3 shows theyield spread, ynt;1 2 ¡yrt;1 2 (solid line)and expected in° ation

(dashedline): H ereweseethatmanyofthelargestmovements in spreadarenotaccompaniedbysimilar

changes inexpected in° ation.O nenotableexampleoccurs between 1 990 and 1 993 werethespreadfalls

muchfurtherthanexpected in° ation.D uringthis period,thein° ationriskpremium (representedbythe

verticaldistancebetweenthetwolinesandplottedinthelowerpanel)fellfromapproximately2% to-6%.

A ccordingtothe statistics in Table 9,mostofthis changecan beattributed toPesoe®ects. A lthough

in° ationwasfalling,themodelestimates implythatinvestorswereincreasinglyuncertainaboutits future

course.T hisraisedthevarianceterm in(21 )andloweredthein° ationriskpremium.Interestingly,asthe

lowerpanelshowsthein° ationriskpremiumquicklyreturnedtowardszeroaftertheU .K.lefttheEM S.

VI. Conclusion

T hispaperhasarguedthatinstabilityinthein° ationprocessleadtoPesoproblemsthatsignī cantlya®ected

thebehavioroftheU .K.term structure.First,I showedthatwecanwell-describethebehaviorofthereal

termstructurewithouttheresorttoregime-switching.A singlefactorCIR modelexplainsahighfractionof

boththetimeseriesand crosssectionbehaviorofrealyields.N ext,I comparedmodelsforthenominaland

realterm structureswithandwithoutswitchinginthein° ationprocess.H erewesawthattheswitching

modelwasbetterabletoexplainboththeaveragelevelandvolatilityofthenominalyieldcurve.M oreover,
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thismodelcouldaccuratelymatchthetimeseries behaviorofthenominalterm structureonceweallowed

forverysmallchanges intheprobabilitiesgoverningregimeswitchesoverthesampleperiod.

B ased on these n̄dings, I then used the switchingmodelestimates toquantify the impactofPeso

problems.M onteCarloexperiments showedtheyweretheprimaryfactora®ectingpredictableexcess real

returns on nominalbonds in smallsamples. T he experiments also indicated thatPesoproblems would

signī cantlya®ectthesmallsamplepredictabilityofexcessholdingreturnswithahighprobability.T hese

n̄dingsunderminethestandardrationalexpectations'viewthatchangingriskpremiaaresolelyresponsible

fortheobservedpredictabilityinexcessreturns.I alsoidentī edandevaluatedtheimpactofPesoproblems

ontheriskpremia.H erewefoundthemtohaveasmalle®ectontheterm premiaandalargee®ectonthe

in° ationriskpremium.

O verall,theseresultsshowthatbothregime-switchingandtime-varyingriskpremiaplayimportantroles

inexplainingthebehaviorofU .K.interestrates.Couldthis alsobetrueintheU .S.? T hereareseveral

reasonsforoptimism.First,thebehaviorofnominalyields intheU .K.andU .S.arequitesimilar.Second,

as B ekaert, H odrickand M arshall(1 998)and G ray(1 996)haveshown, U .S.yields displaygreatermean

reversionwhenratesarehighthanwhentheyarelow.N ominalyieldsdisplaythis samefeatureinthePeso

model.T hird,changes in U .S.monetarypolicyoverthepasttwodecades havebeen justas pronounced

as theyhave in the U .K.. Consequently, itwould beremarkable ifinvestors viewed U .S.in° ation as a

stableprocess throughoutthis period.Indeed,L ewis (1 991 )examinedthis hypothesis aroundthe1 979-82

period.Furthermore,Evans and L ewis (1 995)arguethatPesoproblems resultingfrom instability inthe

in° ationprocesswereresponsiblefortheanomalouslongrunrelationshipbetweennominalratesandin° ation

observed in U .S.data.T heseobservations suggestthatdevelopingofmodels fortheU .S.term structure

thatcombineregime-switchingandtime-varyingriskpremiamaywellprovesuccessful.
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Append ixA

T hisappendixderivesthesolutionforlogbondpricesinthePesoM odelpresentedinequations(23)and

(24).Tobegin,notethattheloglinearpricingequations(1 3)and(1 4) canbewrittenas

¡qjt;k=E [djxt+ 1 jFt]¡E [qjt+ 1 ;k¡1 jFt]¡
1
2
V ar

³
¡djxt+ 1 + qjt+ 1 ;k¡1 jFt

´
j=fn;rg (A 1 )

wherext=[¡mt;¢ pt]0;dn=[1 ;1 ];anddr=[1 ;0 ]:Substitutingforthepositedpricingsolution(23)onboth

sides,I obtain

Ajk(st)+ B j
k(st)zt = E

h
dj·(st+ 1)+ Ajk¡1 (st+ 1)+ B j

k¡1 (st+ 1)z(st+ 1)jFt
i

+ E
h
dj + B j

k¡1(st+ 1)®(st+ 1)jFt
i
zt

¡1
2
V ar

³h
dj¤(st+ 1)+ B j

h¡1(st+ 1)
i
et+ 1jFt

´
: (A 2)

Sincest followsan independentM arkovprocess,wecanapplythelawofiteratedexpectationstothe r̄st

twotermsontherighttoobtain

E s
n
dj·(~s)+ Ajk¡1 (~s)+ B j

k¡1 (~s)z(~s)
o

and E s
n
dj + B j

k¡1(~s)®(~s)
o
zt; (A 3)

where E sff(~s)g ´
P 1

~s=0 f(~s)Pr(st+ 1 = ~sjst): Toevaluatethevarianceterm,notethatV ar(° t+ 1jFt)=
E [V ar(° t+ 1 jFt;st)jFt]+ V ar(E [° t+ 1 jFt;st+ 1]jFt):SinceE [et+ 1jFt;st+ 1]= 0 ;wecanwritethevariance

as

E
·
V ar

³
[dj¤(st+ 1)+ B j

h¡1 (st+ 1)]et+ 1
¯̄
F̄t;st+ 1

´̄̄
¯̄Ft

¸

= E

" h
dj¤(st+ 1)+ B j

h¡1 (st+ 1)
i
­(st+ 1 ;zt)

h
dj¤(st+ 1)+ B j

h¡1 (st+ 1)
i0
¯̄
¯̄F̄t

#

= E s
½h
dj¤(~s)+ B j

k¡1 (~s)
i
­

h
dj¤(~s)+ B j

k¡1 (~s)
i
¡(~s)

¾
zt (A 4)

wherevec[­(st+ 1 ;zt)]=¡(st+ 1)zt:Substituting(A 2),(A 3)and(A 4)into(A 1 )produces

Ajk(st)+ B j
k(st)zt=E s

n
dj·(~s)+ A j

k¡1(~s)+ B j
k¡1(~s)z(~s)

o
(A 5)

+ E s

(
dj + B j

k¡1 (~s)®(~s)¡
1
2

h
dj¤(~s)+ B j

k¡1 (~s)
i
­

h
dj¤(~s)+ B j

k¡1 (~s)
i
¡(~s)

)
zt;

anequation thatmusthold forallvalues ofzt and st = f0 ;1g:Equatingcoe±cients gives therecursive

equations forAjk(s)and B
j
k(s)shownin(24).N oticealsothatifthereisnoswitching,E sff(~s)g=f(1)=
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f(0 ):A pplyingthissimplī cationto(A 5)andequatingcoe±cients,givesthesolutiontotheBaselineM odel

in(1 9).

Append ixB

T his appendixexamines theapproximationerrorintroduced inthePesomodelbyusingtheloglinear

pricingequations in(1 3)and(1 4)ratherthanthenonlinearequations in(1 1)and(1 2).Inprinciplethe

exactsolutionforbondpricescanbecalculatedfrom thenonlinearequationsbysolvingthemforwardas

exp(qjt;k)=E
·Y k

i=1
exp(¡djxt+ i)

¯̄
¯̄Ft

¸
(B 1 )

andsubstitutingtheswitchingforecastsofxt+ i:H owever,this isnotapracticalpropositiononcekbecomes

large.W ith2 states,thereare2kforecastsconditionalonfuturerealizationsofstthatneedtobecalculated

inordertoevaluate(B 1 ). So, sincetheestimatedmodelconsiders sevenyearbonds,wewouldhaveto

calculated 284 = 1 :9343£1 0 25 conditionalforecasts and theprobabilities associatedwith each possible

realizationofpathforfst+ 1 ;st+ 2 :::st+kg:Togetaroundthis problem,I adoptedtheproceduredescribed
below.

L etq̂jt;kdenotethetruelogbondprice,satisfying(1 1 )or(1 2)giventhedynamicsofthestatevariables.

O urinterestis inthebehavioroftheapproximationerrorln»jt;k´q̂jt;k¡qjt;kwhereq
j
t;k is theapproximate

solutionforthelogbondpricedē nedin(23).A ccordingtothenonlinearpricingequations,q̂jt;k satis̄ es

exp(̂qjt;k)=E
h
exp

³
djxt+ 1 + q̂jt+ 1 ;k¡1

´̄̄
F̄t

i
k=1 ;2;::::

Substitutingforq̂jt;kwith(B 1),andrearranginggives

»jt;k=E
h
exp

³
djxt+ 1 + qjt+ 1 ;k¡1 ¡qjt;k+ ln»jt+ 1 ;k¡1

´̄̄
F̄t

i
(B 2)

Sincebothq̂jt;0 andq
j
t;0 equalzerobydē nition,»jt;0 =0 :H ence,(B 1 )providesuswithanonlinearrecursive

equationfortheapproximationerrors.

Toevaluatethesizeoftheapproximationerrors,I proceedas follows.Since»jt;0 = 0 ;I r̄stcalculate

»jt;1 directlyfrom (B 2)usingthe Pesomodelestimates toevaluatetheexpectation foreachvalueofthe

statevariables,zt;inthesample.T hisgivemetwosetsoferrors,oneforeachvalueofst;ln»jt;1(s):N ext,I

regressln»jt;1 (s)onthevaluesofzt:[W hileinprinciple»jt;1 canvarynonlinearlywiththeelementsofzt;in

practiceI foundnosignī cantevidenceofnonlinearites.]Tocalculatethenextsetofapproximationerrors,
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A ppendixTable

R ealYeildErrors(basispoints) N ominalY ieldErrors(basis points)
k s=1 s=2 s=1 s=2

M ean Sdt. M ean Sdt. M ean Sdt. M ean Sdt.
1 -2.769 0 .0 92 4.0 1 1 3.1 1 0 -1.30 9 0 .0 34 -0 .322 0 .0 0 4
2 -2.0 0 4 0 .0 96 4.90 7 2.538 -0 .91 4 0 .0 20 -0 .432 0 .0 0 6
3 -1 .530 0 .0 61 3.279 1.80 6 -0 .788 0 .0 1 8 -0 .626 0 .0 0 5
4 -1 .21 6 0 .0 55 2.990 1 .50 2 -0 .687 0 .0 1 6 -0 .672 0 .0 0 4
5 -1 .0 1 9 0 .0 43 2.386 1 .21 9 -0 .628 0 .0 1 4 -0 .729 0 .0 0 3
6 -0 .873 0 .0 39 2.21 0 1 .0 66 -0 .474 0 .0 1 2 -0 .40 9 0 .0 0 3
7 -0 .766 0 .0 33 1 .91 6 0 .91 9 -0 .480 0 .0 1 1 -0 .572 0 .0 0 3
8 -0 .682 0 .0 30 1 .793 0 .826 -0 .365 0 .0 1 0 -0 .30 2 0 .0 0 2
9 -0 .61 5 0 .0 27 1.625 0 .738 -0 .387 0 .0 0 9 -0 .467 0 .0 0 2
1 0 -0 .560 0 .0 25 1 .534 0 .674 -0 .296 0 .0 0 8 -0 .241 0 .0 0 2
1 1 -0 .51 4 0 .0 23 1 .428 0 .61 6 -0 .324 0 .0 0 7 -0 .393 0 .0 0 2
1 2 -0 .476 0 .0 21 1 .358 0 .570 -0 .250 0 .0 0 7 -0 .20 1 0 .0 0 1
1 8 -0 .328 0 .0 1 5 1 .0 64 0 .390 -0 .1 70 0 .0 0 5 -0 .1 35 0 .0 0 1
24 -0 .249 0 .0 1 2 0 .929 0 .296 -0 .1 29 0 .0 0 3 -0 .1 0 2 0 .0 0 1
36 -0 .1 75 0 .0 0 9 0 .850 0 .20 0 -0 .0 87 0 .0 0 2 -0 .0 69 0 .0 0 1
48 -0 .1 43 0 .0 0 7 0 .80 2 0 .1 51 -0 .0 66 0 .0 0 2 -0 .0 52 0 .0 0 0
60 -0 .1 20 0 .0 0 6 0 .763 0 .1 22 -0 .0 53 0 .0 0 1 -0 .0 42 0 .0 0 0
72 -0 .1 0 5 0 .0 0 6 0 .737 0 .1 0 2 -0 .0 44 0 .0 0 1 -0 .0 35 0 .0 0 0
84 -0 .0 95 0 .0 0 5 0 .71 8 0 .0 87 -0 .0 38 0 .0 0 1 -0 .0 30 0 .0 0 0

I substitutetheseregressionresults into(B 2):

»jt;k=E
h
exp

³
djxt+ 1 + qjt+ 1 ;k¡1 ¡qjt;k+ ¯jk¡1 (s)zt+ 1 + ³jt+ 1 ;k¡1 (s)

´̄̄
F̄t

i
(B 3)

where ¯jk¡1 (s)is thevectorofcoe±cients from theregressionofln»jt;k¡1 (s)on zt.B yconstruction the

regressionresiduals ³jt(s)areuncorrelatedwithzt;xt+ 1andq
j
t+ 1 ;k¡1 ;sowecanrewrite(B 3)as.

»jt;k=E
h
exp

³
djxt+ 1 + qjt+ 1 ;k¡1 ¡qjt;k+ ¯jk¡1 (s)zt+ 1

´̄̄
F̄t

i
E

h
exp

³
³jt+ 1 ;k¡1(s)

´̄̄
F̄t

i
: (B 4)

T he r̄stterm on therightcan be evaluated analytically usingthe parameters ofthemodelwhile the

secondterm isevaluatedas 1
T

P T
t=1 exp

³
³jt;k¡1 (s)

2́
:(B 4)canthereforebeusedtocalculatethenextsetof

approximationerrors,forst=f0 ;1 g;i.e.,»jt;2(s):T hiswholeprocedureisthenrepeatedfork=2;3 :::

Clearlytheaccuracyofthis proceduredependsonprecisionwithwhichtheregressionofln»jt;1(s)onzt

represents thetrue(butunknown)nonlinearrelationship betweenthevariables.O newaytocheckthis,is

toconsiderthe t̄oftheregressions.BasedonthePesomodelestimates,R 2 statisticsfrom theregressions

areallgreaterthan0 .996.(Infactthemajorityaregreaterthat0 .999.).M oreover,thereisnosignofserial

correlationorheteroskedasticity in theestimatedresiduals.T hesestatistics indicatethattheregressions
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areindeedhighlyaccurate.T heyarealsoconsistentwiththei.i.d.assumptionthatliesbehindtheuseof
1
T

P T
t=1 exp

³
³jt;k¡1 (s)

2́
toevaluateE

h
exp

³
³jt+ 1 ;k¡1(s)

´̄̄
F̄t

i
:

T he A ppendixtableabovereports thesampleaveragestandarddeviationof k
1 2³

j
t;k(s)whichmeasures

the impactontheyields interms ofbasis points.T helefthandcolumns ofthetableshowtheerrors in

realyieldsbasedonthePesomodelestimatesfrom Table3.T heerrors innominalyieldsbasedonthePeso

estimates inTable5 areshownintherighthandcolumns.[R ealyields donotcontainanapproximation

errorinthismodelbecauseregime-switchingiscon̄ nedtothein° ationprocess.]From thestatistics inthe

table,isclearthatthedi®erencebetweentheapproximateandexactsolutiontothePesomodelsisextremely

smallforthebondsstudied[k¸1 2].

Append ixC

T hisappendixdescribeshowthePesomodelestimatesareusedtocalculateexcessholdingreturnsand

excessrealreturnsover1 2 monthhorizons.L etµjt;k;1 2 ´ 1
1 2E

h
qjt+ 1 2;k¡1 2¡qjt;k+ qjt;1 2jFt

i
bethe1 2 month

termpremiumand't;1 2 ´ynt;1 2¡ 1
1 2E [¢

1 2pt+ 1 2jFt]¡yrt;1 2 the1 2 monthin° ationriskpremium.Substituting
forlogpricesandyieldsfrom theloglinearpricingequations,wehavethat

µjt;k;1 2 =
1
1 2
Cov

³
qjt+ 1 2;k¡1 2;d

jx1 2t+ 1 2
¯̄
F̄t

´
¡ 1
2¢1 2V ar

³
qjt+ 1 2;k¡1 2

¯̄
F̄t

´
(C1)

't;1 2 =
1
k
Cov

¡
¢ kpt+k;mt+k;k

¯̄
Ft

¢
¡ 1
2k
V ar

³
¢ kpt+k

¯̄
F̄t

´
(C2)

forj=fr;ngwherex1 2t+ 1 2 ´[¡m1 2
t+ 1 2;¢ 1 2pt+ 1 2]andm1 2

t+ 1 2 =
P 1 2

i=1 mt+ i:

Tostudythebehavioroftheseriskpremia,considerthevectorY j
t;k´[qjt;k;z

0
t;x0t;x0t¡1 ;x0t¡2;:::x0t¡1 1 ;1 ]0:

A ccordingtothePesoM odel,Y j
t;k followsaswitchingV A R :

Y j
t+ 1 ;k=A

j
k(st+ 1)Y

j
t;k+ C

j
k(st+ 1)et+ 1 (C3)

where

Ajk(s)=

2
6666666664

0 B j
k(s)®(s) 0 A j

k(st+ 1)+ B j
k(s)z(s)

0 ®(s) 0 z(s)

0 I2 0 ·(s)

0 0 I22 0

0 0 0 1

3
7777777775

and Cjk(s)=

2
6666666664

B j
k(s)

I2

¤(s)

0

0

3
7777777775

(C3)cannowbeusedtocalculatemulti-periodforecastsasfollows:
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L etS ¿t+ 1 =fst+ 1 ;st+2 :::st+ ¿gbethesetoffutureregimesoverthenext¿ periods.From(C3)itfollows

that

E
h
Y j
t+¿;k

¯̄
F̄t;S ¿t+ 1

i
=

Q¿
i=1 Ajk(st+ i)Y j

t;k (C4)

TakingexpectationsonbothsidesconditionedonFt;gives

E
h
Y j
t+ ¿;k

¯̄
F̄t

i
=

X

st+ 1

X

st+ 2

:::
X

st+ ¿

hQ¿
i=1 Ajk(st+ i)

i
Pr

¡
S ¿t+ 1jst

¢
Y j
t;k (C5)

= B jk;¿(st)Y
j
t;k

N oticethat¢ 1 2pt+ 1 2 = ´pYt+ 1 2 andm1 2
t+ 1 2 = ´mYt+ 1 2 where ´p ´ [0 ;0 ;0 ;0 ;1 ;0 ;1 ;:::0 ;1 ;0 ]and ´m ´

[0 ;0 ;0 ;1 ;0 ;1;0 ;:::1 ;0 ;0 ]:W ecanthereforeusetheequationabovetocalculatetheriskpremiain(C1)and

(C2)as

't;1 2 = ynt;1 2¡
1
1 2
´pB jk¡1 2;1 2(st)Y j

t;k¡1 2¡yrt;1 2

µjt;k;1 2 =
1
1 2

h
´qB jk¡1 2;1 2(st)Y j

t;k¡1 2¡qjt;k+ qjt;1 2
i

j=fr;ng

where´qisthevectorpickingoutthe r̄stelementofY j
t;k;i.e.q

j
t;k=´qY j

t;k:Table7reportsresultsofM onte

Carloexperimentswhereriskpremiaarecalculatedfrom theseequationsusingthePesoM odelparameter

estimatesandsimulateddataonyjt;1 2;Y
j
t;k¡1 2;q

j
t;kandq

j
t;1 2:

Tables 8 and9 reportthefractionoftheterm andin° ationriskpremiaduetoregimeuncertainty.To

calculatethesecomponents,I applythecovariancedecomposition

V ar
³
Y j
t+ ¿;kjFt

´
=E

h
V ar

³
Y j
t+¿;kjFt;S ¿t+ 1

´̄̄
F̄t

i
+ V ar

³
E

h
Y j
t+¿;k

¯̄
F̄t;S ¿t+ 1

i¯̄
F̄t

´
(C6)

totheterms in(C1)and(C2).Tocalculatethe r̄stterm ontheright,letG(st+ 1)Y j
t;k´vec[­(st+ 1 ;zt)];

sothat

V ar
¡
et+¿jFt;S ¿t+ 1

¢
=vec¡1

n
G(st+ ¿)E

h
Y j
t+¿¡1 ;k

¯̄
F̄t;S ¿¡1t+ 1

io
:

From(C3),wenowhave

V ar
³
Y j
t+¿;kjFt;S ¿t+ 1

´
=Ajk(st+¿)V ar

³
Y j
t+¿¡1 ;kjFt;S ¿¡1t+ 1

´
Ajk(st+ ¿)0+ Cjk(st+ ¿)V ar

¡
et+¿jFt;S ¿t+ 1

¢
Cjk(st+¿)0

U singthisrecursion,wecancalculate
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E
h
V ar

³
Y j
t+ ¿;kjFt;S ¿t

´̄̄
F̄t

i
=

X

st+ 1

X

st+ 2

:::
X

st+ ¿

V ar
³
Y j
t+¿;kjFt;S ¿t

´
Pr

¡
S ¿t+ 1jst

¢
Y j
t;k=Djk;¿(st)Y j

t;k: (C7)

T hesecondterm in(C6)isbydē nitionequalto

E

" ³
E

h
Y j
t+ ¿;k

¯̄
F̄t;S ¿t+ 1

i
¡E

h
Y j
t+ ¿;k

¯̄
F̄t

i´³
E

h
Y j
t+ ¿;k

¯̄
F̄t;S ¿t+ 1

i
¡E

h
Y j
t+ ¿;k

¯̄
F̄t

i 0́
¯̄
¯̄F̄t

#
:

Substitutingfortheexpectations,wecanthereforewrite

V ar
³
E

h
Y j
t+¿;k

¯̄
F̄t;S ¿t+ 1

i¯̄
F̄t

´
=

X

st+ 1

X

st+ 2

:::
X

st+ ¿

H(S ¿t+ 1 ;Y j
t;k)Pr

¡
S ¿t+ 1 jst

¢
(C8)

where

H(S ¿t+ 1 ;Y j
t;k)=

nQ¿
i=1 Ajk(st+ i)¡B jk;¿(st)

o
Y j
t;k

³
Y j
t;k

0́nQ¿
i=1 Ajk(st+ i)¡B jk;¿(st)

o0
:

Tables 8 and 9 reports thesampleaverageofcross-regimecomponents ofthecovarianceandvariance

shown in (C1)and (C2). L etÁcet and Árut betheappropriateelements ofE
h
V ar

³
Y j
t+ ¿;kjFt;S ¿t+ 1

´̄̄
F̄t

i

andV ar
³
E

h
Y j
t+¿;k

¯̄
F̄t;S ¿t+ 1

i¯̄
F̄t

´
calculatedfrom(C7)and(C8)T hetablesreportthesampleaverageof

Árut =(Ácet + Árut ):

Append ixD

T his appendixexplainswhytheaveragerateofexpected in° ationcannotbeidentī edfrom themodel

estimates.Supposein° ationfollowed

¢ pt+ 1 =·p + ¼t+ ¸p½¾u¹
1 =2
t ut+ 1 + ¸p¾¼¼

1 =2
t vt+ 1 + ¾»»t+ 1 (D 1 )

where»t+ 1 is ani.i.d.N (0 ,1 )shock.W iththis specī cation,thecoe±cients inequationfornominalbond

prices intheBaselinemodelbecome

Ank = Ank¡1 + B n
k¡1z+ ·m + ·p¡

1
2
¾2» k=1 ;2 ::: (D 2)

B n
k = dn+ B n

k¡1 ®¡
1
2
£
dn¤+ B n

k¡1
¤
­

£
dn¤+ B n

k¡1
¤
¡; (D 3)

H ereweseethatherecursionforAnk in(D 2)dependson·p¡ 1
2¾

2
» ratherthanjust·p as in(1 9).T hus,if

weonlyusebondpricestoestimatethemodel'sparameters,·p¡1
2¾

2
» ratherthan·pwillbeidentī ed.T his

meansthattheaveragerateofin° ation,equalto·p+ [¼ + ®¼;¹=(1 ¡®¹)]=(1 ¡®¼);cannotbeidentī edfrom
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themodelestimates.Togeneratethestatistics inTables7and9,I setthevalueof¾2» tomakeaveragerate

ofexpectedin° ationandactualin° ationequalconsistentwiththeestimatedvalueoftheinterceptterm in

thein° ationequation,i.e.,·p¡ 1
2¾

2
» above.
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Figure 3


