Recovering Risk Aversion from Option Prices and Realized Returns by

Jens Carsten Jackwerth *

First draft: March 25, 1996

This version: October 31, 1997

C:\main\PAPER4\PAPER7.doc

Abstract

A relationship exists between aggregate risk-ne utral and subjective probability distributions and risk aversion functions. Using a variation of the method developed byJackwerth and Rubinstein (1996), we estimate risk-neutral probabilities reliablyfrom option prices.

Subjective probabilities are estimated from realized returns. This paper then introduces a technique to empiricallyderive risk aversion functions implied byoption prices and realized returns simultaneously. These risk aversion functions dramaticallychange shapes around the

1987 crash: Precrash, theyare positive and decreasing in wealth and thus consistent with standard economic theory. Postcrash, theyare partiallynegative and increasing and irreconcilable with the theory. Overpricing of out-of-the-moneyputs is the most likelycause. A simulated trading strategyexploiting this overpricing shows excess returns even after accounting for the possibility of further crashes and transaction costs.

* Jens Carsten Jackwerth is a visiting assistant professor at the London Business School. For helpful discussions I would like to thank Ian Cooper, Nils Hakansson, Hayne Leland, Anthony Neuberger, Mark Rubinstein, Stephen

Schaefer, and seminar participants at Berkeley, Michigan, McGill, Yale, Harvard, London Business School, Long

Term Capital Management (London), University of Southern California, Inquire (UK) at Newcastle, Davis, City

University London, Warwick, Bank of England (London), and the Computational Finance Conference at London.

Recovering Risk Aversion from Option Prices and Realized Returns

A relationship exist s between aggregate (that is market-wide) risk-neutral and subjective probabilitydistributions and risk aversion functions across wealth. In each state of the world the following relationship holds:

subjective probability = risk-neutral probability ´ risk aversion adjustment

The risk-neutral probabilityis the price that an ^average investor~ would payfor receiving one dollar in that state multiplied bythe riskfree return 1 . The subjective probabilityis simplythe assessment of the ^average investor~ of how likelya state is to occur. These two probabilities would be identical if the investor was indifferent to risk. However, the investor might value a dollar more highlyin certain states, namelyones where wealth is low. The risk aversion adjustment indicates these preferences of the investor. Once we know both risk-neutral and subjective probabilitydistributions, we can derive those preferences empiricallyand avoid specifying them explicitly a priori which was needed in the past.

Estimating risk aversion functions directlyis still notoriouslydifficult and, until recently, the same was true for risk-neutral distributions despite some theoretical papers on the problem 2 .

Jackwerth and Rubinstein (1996) developed a convenient method to recover risk-neutral distributions from option prices 3 . For the subjective distributions, we assume that theyare approximated bythe historical (actual) return distribution of a broad index such as the S&P500.

We then empirically derive risk aversion functions implied by option prices and realized returns 4 .

1 We need to multiply by the riskfree return in order to have a proper risk-neutral probability distribution which sums to one.

2 See Banz and Miller (1978), Breeden and Litzenberger (1978), and Ross (1976).

3 For alternative methods see Shimko (1993) and the extensions in Brown and Toft (1997) for polynomial interpolation of the smile. Melick and Thomas (1997) use lognormal mixtures and Aït-Sahalia and Lo (1998) use kernels. Derman and Kani (1994) use implied trees and Dumas, Fleming, and Whaley (1997) use deterministic volatility functions.

4 This methodology was also used in Aït-Sahalia and Lo (1997). Other, less closely, related studies are Rosenberg and

Engle (1997) and Derman et al. (1997).

At this point, we are confronted with a potential puzzle which is depicted in the following two figures. During the precrash period both the risk-neutral and the actual distributions look about lognormal. Figure 1 depicts the distributions on October 22, 1986, and is typical of the precrash period. The actual distribution is located slightlyto the right due to the risk-premium.

We know that in this case a power utilityfunction of moderate risk aversion is likelyto provide a reasonable risk aversion adjustment for translating one distribution into the other.

Figure 1 . Precrash risk-neutral and actual distributions. The risk-neutral distribution is the

30-dayoption implied distribution on October 22, 1986. The actual distribution is a kernel density of the 30-day non-overlapping returns over the 4 years prior to October 22, 1986.

0

2

4

6

8

10

12

0. 80 0. 85 0. 90 0. 95 1. 00 1. 05 1. 10 1. 15 1. 20

W e a l th

Probability

Ri sk-Ne utra l Di stri buti on Actua l Di stri buti on

Next, we turn to the postcrash period where the actual distribution looks about lognormal again, but the risk-neutral distribution is now left-skewed and leptokurtic (more peaked). 5 Figure

2 depicts the distributions on April 15, 1992, and is typical of the postcrash period. If we conclude that the risk-neutral distributions changed in shape around the crash and that the actual distributions (which proxyfor the subjective distributions) did not, then we are confronted with a relationship between risk-neutral and subjective distributions and risk aversion functions where the first component (risk-neutral distributions) changed and the second (subjective distributions) remained the same. That in turn could implythat the third component (risk aversion functions) changed, too, around the crash. This paper sets out to empirically investigate this possibility.

Figure 2 . Postcrash risk-neutral and actual distributions. The risk-neutral distribution is the

30-dayoption implied distribution on April 15, 1992. The actual distribution is a kernel density of the 30-day non-overlapping returns over the 4 years prior to April 15, 1992.

0

2

4

6

8

10

12

0. 80 0. 85 0. 90 0. 95 1. 00 1. 05 1. 10 1. 15 1. 20

W e a l th

Probability

Ri sk-Ne utra l Di stri buti on Actua l Di stri buti on

5 Compare Jackwerth and Rubinstein (1996) for more extensive results with respect to the implied risk-neutral distributions.

We find indeed that implied risk aversion functions dramaticallychange shapes around the

1987 crash and thereafter exhibit negative and increasing risk aversion across parts of the wealth dimension. These findings are remarkablystable with respect to changes of almost all model parameters. Moreover, a number of potential criticisms of our methodologyare discussed and rejected. One potential explanation is that the postcrash options market overvalues deep-out-of-the-moneyputs. A simulated trading strategybased on selling these puts mean-variance dominates holding the market. This result would not surprise us since there were no more significant crashes between 1988 and 1995. However, we simulate crashes as well and still find put strategies which strictlymean-variance dominate holding the market even in the presence of transaction costs.

Section Ipresents the model for obtaining the implied risk aversion fun ctions. Section II describes the data and procedures used for the empirical work. Section IIIpresents and analyzes the empirical results. The implied risk aversion functions are checked against standard assumptions such as positivityand potential explanations for empirical violations are provided.

The most likelyexplanation is mispricing of out-of-the-moneyputs. A trading strategyis simulated which exploits these inconsistencies and mean-variance dominates holding the market.

Section IV concludes.

I. Implied Risk Aversion Functions

In this section, we introduce a model of the economywithin which we derive implied risk aversion functions across wealth. We consider a complete market economywith a representative investor with an endowed wealth of 1 unit and a fixed time-horizon t. 6 The problem is to maximize utility across future wealth given that all wealth has to be invested in the market 7 :

Max

W

QU(W)dW r

PWdW t

ò ò - -

l ( )

1

1 (1)

where: W = future wealth

Q = subjective probability across states

U = state-independent utility function across states

l = shadow price of the budget constraint (incremental utility associated with

increasing the available investment marginally)

r = 1 + riskfree interest rate

t = time horizon

P = risk-neutral probability across states

We can then differentiate with respect to the shadow price l in order to obtain our original

wealth constraint again. Bydifferentiating with respect to wealth, we find the first order

conditions which have to hold in equilibrium. In equilibrium we know that the aggregate investor

has to hold the market portfolio. Thus, if S is the return (cum dividends) on the market portfolio

across states then the following relation has to hold in equilibrium 8 :

6 See Constantinides (1982) for the argument that the economy has a representative investor under completeness.

7 Alternatively, we can think in terms of Arrow- Debreu securities: W is then the number of elementary securities

optimally held in a given state.

8 U ¢ is guaranteed to be positive since all terms on the right-hand side are positive.

U S

r

P

Q t

’ ( ) = l

(2)

The approach to find the implied utilityfunctions byusing equation 2 directlysuffers from

the fact that we cannot measure the value of the shadow price l accurately. Its formula involves

the probabilityin the tails of the subjective distribution where we have little confidence in our

estimates. But there exists an interesting wayaround this problem. Manyutilityfunctions have

simple expressions for the absolute risk aversion which we can rewrite in terms of the subjective

and risk-neutral distributions after differentiating equation 2 with respect to S once more:

U S

r

P Q PQ

Q t

’ ’ ( )

’ ’

=

- l

2

(3)

Here we would like to assure that U’’ < 0. However, the concavityof the utilityfunction is

not guaranteed from the data and we will check for violations in the empirical section. Finally,

we can write an expression for the absolute risk aversion in terms of the subjective and risk-

neutral distributions 9 :

RA

U S

U S r

P Q PQ

Q

r

P

Q

Q

Q

P

P t

t

= - = -

-

= -

’ ’ ( )

’ ( )

’ ’

’ ’ l

l

2

(4)

The expression for the risk aversion functions is no longer dependent on the shadow price

l and thus a lot more tractable. In particular, with equation 4 we are able to obtain the risk

aversion for anystate byusing information about that state only. Thus, we can concentrate our

attention to the center states with the highest probabilityof occurring and neglect the notoriously

9 See Leland (1980).

unreliable tails of the distributions 10 . Evaluation of the risk aversion functions is rather simple

since empiricallywe have to discretize our states and then we can use finite difference

approximations to the first derivatives.

II. Data

For our economywith a representative investor, we would like to use a broad i ndex

resembling the market in our empirical work. Thus, the empirical research in this paper is based

on a database which contains minute byminute trades and quotes covering S&P500 European

index options, S&P500 index futures, and S&P500 index levels from April 2, 1986 through

December 29, 1995. 11 Moreover, we use dailyclosing prices and dividends on the S&P500 from

January 2, 1928 through December 29, 1995.

A. Risk-Neutral Probability Distribution

In order to find the risk-neutral probabilitydistrib ution, we use a variation of the method

proposed in Jackwerth and Rubinstein (1996) for recovering the risk-neutral distribution from

option prices. The implied probabilities derived with the maximum smoothness criterion are

given on equallyspaced returns S

j

. All options used to obtain risk-neutral distributions have

times-to-expiration of 30 days. In order to obtain sets of option prices across several striking

prices we aggregate all dailyquotes into one volatilitysmile. We calculate the implied volatilities

for all options with the same striking price. We compute the mean implied volatilities for each

striking price and treat this set as our representative dailyvolatilitysmile for the 30-dayoptions.

We then deviate slightlyfrom the original method byfinding the smoothest implied volatility

function and not the smoothest probabilitydistribution consistent with the observed data. We

10 In particular, relative errors around the probability distributions are lower in the center than in the tails.

11 See Jackwerth and Rubinstein (1996) for a detailed description of the data.

also measure the standard deviation of those implied volatilities for each striking price. This

information is then used to force a tighter fit around at-the-moneyoptions (where standard

deviations are lower) and allow for a looser fit awayfrom the money. We achieve this byusing

the following objective function for which the first order conditions can be solved in closed

form 12 :

( ) ( ) ( ) 1 2 2 - ¢ ¢ +

-

ò å

p dK p

STD i i

i i s s s

(7)

where: p = trade-off parameter for balancing smoothness (integral) versus fit (sum)

s

i

= implied volatility associated with a given striking price K

i

s

i

= impl ied volatility of observed option with striking price K

i

STD

i

= standard deviation of s

i

From equation 7, we can calculate the Black-Scholes option prices and differentiate twice.

After multiplying by r t , we can write down the risk-neutral probability distribution directly:

P r r n d

S t

S t d S d t n d d d

t t

t = + ¢ + ¢ ¢ + ¢ é

ë ê ù

û ú

-

-

( )

[ ] ( )[ ( ) ] 2

1 0 1

1 2 2 1 2

s s s

s s (8)

where: n(x) = normal density function = 1

2

1

2

2

p

- x e

d

1

= ln

S d

Sr

t t t

t

0

1

2

-

-

+

s s

d

2

= d t

1

- s

S

0

= index value today

12 The related method of kernel regression ( Härdle (1990)) yields very similar volatility functions.

The dividend is assumed to be a dividend yield based on the actual payments throughout

the life of the option. The interest rate is the average of the median implied borrowing and

lending rates from put-call parityof all feasible pairs of 30-dayoptions on that day. The index

level for our representative dailysets of option prices is the median of the intradaylevels of a

futures-based index. The futures-based index is obtained bydeflating all futures quotes and

trades bythe median dailyimplied repo-rate corresponding to the time-to-maturityof the future.

For each minute, the median of all deflated quotes and trades is computed and used as the futures-

based index for that minute. This futures-based index does not suffer from stale prices as the

index does. 13

Out of our total sample, we are left with 116 days for which we have sufficient data since

we only observe the 30-day option once every month.

B. Subjective Probability Distributions 14

In order to come up with the subjective distribution, we use the historical time ser ies of

the index. The length of the sample is an issue and we select 4 year time frames. This particular

choice and a number of parameter choices below can be criticized as somewhat arbitrary.

However, we show that varying these initial choices does not change the basic findings.

We calculate 30-day, non-overlapping returns from our 4 year sample and derive the

kernel density under a Gaussian kernel method for smoothing the raw returns with a bandwidth: 15

13 See Jackwerth and Rubinstein (1996) for a detailed description of the data.

14 In an earlier version of this paper, we used a bootstrap method which is susceptible to destroying serial dependence.

However, that method seems to be more stable with regard to higher order moments which are hard to estimate but can

affect the kernel method below. In particular, Jackwerth (1997a) argues that the loss of serial dependence might only

be a minor effect which does not distort the shape of the actual distribution too much.

15 See Silverman (1986), p. 15. This choice of a window-width leads to slight over-smoothing but removes spurious

multi-modalities. The volatility of the kernel density increases in the process but is reset to the sample volatility.

Solving an optimization problem which searches for the smoothest distribution consistent with the actual returns gives

very similar results but is significantly slower.

h

n

=

1 8

5

. s

(9)

where: h = bandwidth for the kernel

s = standard deviation of the sample returns

n = number of observations

Finally, we resample the smoothed returns onto an equal spacing S j which we choose to

be compatible with the sample intervals of the risk-neutral probabilitydistribution. The

resampling is conducted in the cumulative probabilities and with adjustments for the discreteness

of the sample space. 16

III. Empirical Results

At this point, we have to make a few choices to obtain our risk aversion functions.

However, we will show shortlythat our empirical results are not sensitive to reasonable changes

in anyof these choices. We measure the actual distribution with a historical mean and volatility

which can be rather different from those moments for the future period associated with the risk-

neutral probabilitydistribution. We know that the historical mean is verydifficult to estimate 17

and that the historical volatilityis not necessarilyindicative of the volatilitywhich will be

realized in the future. Thus, we normalize the actual distribution to a distribution with mean 0

and volatility1 and then set the mean to the riskfree interest rate + 8% per year for the risk

premium 18 and the standard deviation to the standard deviation of the risk-neutral probability

distribution. Resetting the volatilities has an additional benefit. If we believe that the subjective

16 See Jackwerth (1996) for a more detailed discussion of the procedure.

17 See Merton (1980) who also argues that one should explicitly model positive risk-premia.

18 However, a better assumption might actually be that the risk-premium per unit variance ( m - r) / s 2 is constant rather

the risk-premium itself.

and the risk-neutral probabilitydistributions varyonlyin the drift term due to the risk premium

then it is reasonable to require the volatilities to be identical.

A. Empirical Risk Aversion Functions

We are now in the position to calculate the risk aversion functions across wealth.

However, we are also interested in error-bounds around our estimates. The following analysis is

based on bootstrapped error-bounds 19 where the basic idea is to resample from the inputs

(historical returns and option quotes) with replacement and recalculate the risk aversion

functions. The process is repeated 100 times and 95% percent error-bounds are calculated. For

this procedure to be valid, we have to assure that the inputs, that is the historical returns and the

option quotes, are independent from each other. For the historical returns, we assume stationarity

and the non-overlapping returns are then independent draws from the true, actual probability

distribution. For the option quotes, we use the partial smiles for each minute as independent

input variables. Theyappear to move around some true smile as the dayprogresses. This waywe

avoid dependencies across striking prices.

The empiricallyobserved risk aversion function s across wealth are unfortunatelynot

nearlyas well behaved as the standard economic theorysuggests. Figure 3 shows our empirical

results which are aggregated but still indicative of the respective periods covered. The error-

bounds are surprisinglytight. This has been known for the error-bounds around the risk-neutral

distributions 20 but is a new result for risk aversion functions.

19 See Press et al. (1988), pp. 548, for a very clear introduction and Härdle (1990), p. 105, for further details on the

bootstrap method in particular.

20 Jackwerth (1997b) and Aït-Sahalia and Lo (1998).

Figure 3 . Risk aversion functions across wealth. For 116 days from April 2, 1986 through

December 29, 1995 we calculate the absolute risk aversion functions across wealth where a

wealth level of one corresponds to the forward price of the index at maturityof the options used

for obtaining the risk-neutral probabilitydistribution. For each wealth level we calculate the

mean risk aversion across the periods 860402-871018 (

{ ), 881019-910318 ( ), 910319-930818

(

� ), 930819-951229 (