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Abstract
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1 Introduction

In a continuous setup where the evolution of a single stock is modelled by
geometric Brownian motion, Black and Scholes (1973) derived a closed—form
solution for the value of the European—style call and put option by presenting
a strategy that duplicates its payoff through continuous trading in the stock
and one bond. Later Harrison and Kreps (1979) and Harrison and Pliska
(1981) developed the equivalent martingale measure concept, which gives an
elegant technique to express and solve pricing problems in terms of expected
discounted payoffs.

This paper addresses the pricing of American put options in the Black—Scholes
setup. No closed—form solution is known to this problem, and prices need
to be calculated numerically. The main financial tools for this purpose are
binomial models, partial differential equations and the Monte—Carlo technique.
Other approaches have been adopted from the literature on numerical dynamic
programming; e.g., Carr and Faguet (1996) and Meyer and van der Hoek
(1997) using Rothe’s method of lines.

Cox, Ross, and Rubinstein (1979) (henceforth CRR) and Rendleman and Bart-
ter (1979) independently presented the binomial model, which is a discrete pro-
cess approximation of the original Black—Scholes framework. Binomial models
are an easy way to explain how continuous trading takes place and how in-
finitely many states are spanned. Furthermore, binomial models can yield sim-
ple approximations for option values where no closed form solution is available
as, for example, for the American put option. Binomial models were gener-
alized by He (1990) to a basket of lognormally distributed assets and Nelson
and Ramaswamy (1990) to general diffusion processes?® .

Monte-Carlo methods were introduced as a finance pricing tool by Boyle
(1976). They rely on the equivalent martingale measure technique which cal-
culates prices as expected discounted payoffs. After discretizing the time axis
by a refinement 7, a sequence of m price path trajectories is simulated accord-
ing to the risk—neutral dynamics and the corresponding mean and variance of
the payoff is calculated. According to the Law of Large Numbers the empirical
mean converges to the true price for European—style options. The empirical
variance gives an estimation of how close the mean is to the correct price in a
model with refinement n of the time—-axis. A great advantage of the Monte—
Carlo approach is its being readily applicable to any pricing problem. For an
overview on the state—of—the—art of Monte—Carlo techniques in option pricing,

L There also exists a different interpretation for binomial models: Black and Sc-
holes (1973) noted that financial derivatives must fulfil a specific partial differential
equation. Discretizing this by explicit finite differences is equivalent to the CRR
model.



see Boyle, Broadie, and Glasserman (1997).

Monte-Carlo techniques are suggested as a solution to the “curse of dimen-
sionality.” In binomial models with a fixed refinement the computational cost
exponentially increases in the number of assets, but it is independent for
Monte—Carlo techniques. For American put options the exercise decision and
the price are upward biased; the downward biased estimator constructed re-
cently by Broadie and Glasserman (1997) now allows valuing these options
properly, too. Their approach is closely related to the “random multigrid” of
Rust (1997) for solving dynamic programming problems. Rust (1997) analyzed
the complexity of his approach and proved that it is successful in breaking the
“curse of dimensionality” for discrete decision processes.

This paper focuses on the one-dimensional Black Scholes setup, where the
“curse of dimensionality” does not apply. Improvements of the original CRR
approach have been suggested by several authors: Jarrow and Rudd (1983),
Boyle (1988) and Tian (1993). Leisen and Reimer (1996) proved that the order
of convergence in pricing European options for these variations is equal to one,
which is also the order of convergence of CRR; thus the many improvements
on the CRR model are all equivalent. Furthermore the convergence structure
exhibits waves and is not monotonic. This is unsatisfactory since effective use
of extrapolation would require a convergence structure as smooth as possible.
Whereas this problem can be addressed in the case of European put options,
no adjustments are known for the early—exercise premium of American put
options.

The idea of approximating the Black—Scholes setup by a binomial model with
random time—steps appeared in Follmer and Sondermann (1986) and Sonder-
mann (1987) in the form of a two-sided compound jump-process. Binomial
models with random time-steps only recently have been brought back to con-
sideration by Dengler and Jarrow (1997) and Rogers and Stapleton (1998).
The latter studied a model in the Black—Scholes framework where the hedg-
ing portfolio is adjusted when certain prespecified barrier lines are reached.
Although this is a clever way to value barrier options, it faces the drawback
that the distribution of the number of jumps needs to be approximated.

Our random—time binomial model assumes that the difference between two
trading dates is random. The main contribution of this paper is that such a
randomized model smoothes the convergence structure and results in quadratic
convergence order by extrapolation. We do not present a formal proof. However
this is suggested by a detailed analysis of the deficiencies as well as simula-
tions. This makes our approach a competitive valuation tool. We suppose that
a Poisson process is driving the jumps; i.e., the time increment is exponentially
distributed. We also present an easy valuation formula for European style op-
tions. In a further step we extend it to the valuation of American put options.



Related to our approach is Carr (1997), using exponentially distributed ran-
dom variables to study contracts with random maturity.

A second contribution is that our model can be used in a natural way to con-
struct approximations for jump diffusions. Such a model has been suggested as
a response to the observation that market participants are well aware of sudden
strong price changes (“crashes”). In fact, the assumption of continuous sample
paths has also been criticized in empirical studies (see, for example, Jarrow
and Rosenfeld (1984), Ball and Torous (1985) and Jorion (1988)). Here, we
adopt the framework of Merton (1976) who superimposed a compound Pois-
son process on the Black—Scholes setup. Whereas geometric Brownian motion
describes the arrival of “normal” information, the jump part models large
(discontinuous) price changes due to the arrival of rare “information shocks.”
A discrete framework for the valuation of options in this setup was given by
Amin (1993). The jump part was simply put on top of the binomial model. In
contrast it is merely an adjustment to the intensity of the driving process in
our model.

The remainder of the paper is organized as follows. In section 2 we review the
Black-Scholes setup and the binomial model. Section 3 discusses numerical
issues related to the structure of convergence. Section 4 presents our model as
well as necessary and sufficient conditions for weak convergence to geometric
Brownian motion. Section 5 discusses the valuation of European and American
options. Section 6 discusses jump diffusions. Section 7 concludes the paper.
Throughout the paper, all figures related to practical implementations use the
same parameter selection of a put option with strike 110 and one year maturity,
written on a stock with today’s price equal to 100 and whose volatility is 0.3
when the short—term interest rate is equal to 0.1. All proofs are postponed to
the appendix.

2 Binomial Models

We suppose that the stock price process can be described under the objective
measure, as in Black and Scholes (1973), by

Sy = Sp - exp {ut + oW, }, (1)

where the drift u and the interest rate r, as well as the volatility o, are supposed
to be constant. (W;); is a standard Wiener process on a suitable probability
space (2, F,Q). It can be seen that E[S;] = Sy - exp{ut + (02/2)t} for all
t > 0. We assume that py :=r — "72 under the measure (), which is then the
risk-neutral measure. According to Harrison and Pliska (1981), option prices
are expectations w.r.t. Q.



A European call option gives its holder the right to buy the stock at some date
T for a price K. If the holder rationally decides to exercise the option — i.e.
if S7 > K — by selling the stock immediately after exercising the option, he
incurs a profit of Sy — K. The payoff is therefore determined by the function
f:x— (x— K)*. Similarly a European put option gives the owner the right
to sell and is described by f : 2z — (K — x)*. Black and Scholes (1973) were
the first to present price formulae for these options:

C(S,T,K,0%,r)=S - N(dy) — K - e7"" N (dy) for a call,  (2)
P(S,T,K,0*r)=K e ™" N(=dy) — S-N(—dy)  for a put, (3)
In(S/K) + (r + 30T

oVT

and N (+) is the cumulative standard normal distribution function.

where d; =

An American option gives its holder the right to exercise the claim at any date
up to maturity 7. Merton (1973) pointed out that an American call option
on a dividend—free stock should never be exercised prior to maturity, and so
the price is equal to its European counterpart. This is no longer true for an
American put option, whose price is

P =supE [e 7" (K - 8,)"], (4)

oeS

where S denotes the set of stopping times ( “policies” ) smaller than maturity 7’
and adapted to the filtration generated by the stock process (S;); (see Myneni
(1992)). No closed—form solution is known for P®.

For an American put option with maturity date 7', we know from Van Moer-
beke (1976) that there is a smooth function ¢ — B; separating the time-state
space into two regions: the option should be exercised if — and only if — the
stock price at time ¢ is below or at B;. From Carr, Jarrow, and Myneni (1992),
we know that the so—called early—exercise premium 7 = P — P¢ takes the
form:

T
T =rK / e B Ly ]dt (5)
0

Here, for any t € [0,7], I, denotes the cash-or-nothing option with strike
B; and maturity date ¢; i.e., the option paying one unit at ¢ if the stock price
at that date is below or equal to B; and zero, otherwise.

In the following it will be more convenient to work on the logarithmic stock
price process, since it is homoscedastic. Let us define



Xt = lIl(St/So)
=  X,=ut+ oW, (6)

Now fix two sequences (ky,), N, (Un),cN C R, with s, = O(At,). Then,
for any refinement n, a discrete setup is defined as follows. The set 7" =
{0=t,0 <th1...<tyn =T} of trading dates is assumed to be equidistant
tnjts — tng = Aty = T

n'

The per period return in the risk-less bond is r, = exp{rAt,}; and the per

period return in the asset is modeled by the sequence of (R,, ;); of i.i.d. random
variables

— Kn + Uy ;dn
Rn,i ~ ) (7)

Rp — Un ;I_Qn

where ¢, will be specified later. Denote for all 0 < ¢ < T"

and gin) =Sy exp Y,En) ,

n t
where Nt():{AtJ .

The process (gin))ogth is called a Binomial Model with refinement n. An ex-
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Fig. 1. Example dynamics

ample for possible dynamics is given in figure 1, where we assume a refinement
of n = 2, today’s stock price Sy = 100, and «, +v, =In 1.2,k, —v, =1n 0.9 .



We denote by =% the weak convergence (also called convergence in distribu-

tion) for stochastic processes. A necessary condition for X" =L X is the
convergence of any finite-dimensional distribution at date ¢. This requires

Enl n
F | —=
l Atn] — (8)
Var ( R,
—A(tn ), Q

At the beginning of this section, we stated that ut = (r — ‘772)15 and ot are the
expectation and variance of X;. To price options as expected payoffs, we must
set the probability ¢, for an upward move as the risk-neutral probability; i.e.,
for given v, k,

Elexp{R,.1}] = rn = exp{rAt,} (10)

must hold. In the series expansion of the exponential function, it can be
checked that, if condition (8) is fulfilled, the martingale measure condition
FElexp{R..1}| = exp{rAt,} is matched up to second-order terms. Yet, for
the logarithmic process X, condition (8) corresponds to equation (10). We
therefore require the equality £ [Rm] = pAt,. It is straightforward to show
that

B PAt, — Kp + vy,

dn 20,

Using (8) and the equality Var(R,,1) = E[(Rm.1)?]— E[Rma)? = v2—E[Rma)?,
we see that condition (9) requires

lon]  n

\/A_tn—>0'.

To fulfil this condition, v,, is chosen equal to ov/At,. The models proposed in
the literature differ in the specification of k,,:

(1) Jarrow and Rudd (1983):
Setting Vn : k,, := (r - ”72) At,, we get ¢, = %
(2) Cox, Ross, and Rubinstein (1979):

2
Setting Vn : k,, := 0, we get ¢, = % + T;? At,,
We call the vector (u,, dy, 7, @) = (eXp(kn +vn), exXp(Ky — vy ), exp{rAt,}, q,)
the characteristic terms of the specific binomial model under consideration.
Although r, and ¢, are somewhat redundant, we prefer to include both since
this will make the exposition in section 5 easier. We can now state a general
convergence



Theorem 1 For a sequence of binomial models which fulfil conditions (8) and
(9), we have

XL x
and g(n) 4.9 .

Using theorem 1 we deduce that 5™ —4 S for the models proposed in the
literature. Since the payoff function for the European put is bounded, con-
vergence of price follows. Put—call parity then implies the same for European
call options. From Lamberton and Pages (1990) we deduce that American put
option prices converge.

The remainder of this section treats pricing in a fixed binomial model with
characteristic terms (uy, dy,, rn, ¢y). If S is the current stock price at date t,,;,
the European option price can be calculated as discounted expected prices at
the next trading dates ¢, ;41:

Pﬁ(tn,i, S) = ’I“;IE[PS:(tn,iJrl, S - exp Rn,z)]
:Trzl{QnPS(tn,i-l-l: S Un) + (1 - Qn)PS(tn,H—l: S dn)} .

Since the conditional terminal payoff is known, backward induction yields
today’s option price.

The algorithm is slightly modified for an American option. We check at each
point in time whether exercise might yield a higher payoff, taking the maxi-
mum with (K —S5)*; ie.,

P(t,;,S) = max{(K — S)*,r, 'E[P*(t,i11,S - exp R,.;)]} -

At each time ¢, ;, Bi(") will denote the highest node at which exercise occurs.
A backward induction argument performed in Leisen (1998) is used to deduce
a description for the discrete early—exercise premium m, = Py — Pr in terms

of the discrete boundary B™ = (B™");:

)

T =T} + 7, (11)
n—1
where  m =Y r' K1 —-r")-E {f—(n) } (12)
Z:O n,t
n—1 )
and ﬂi = rt o E {15@ <B™ i, SVSB,

(@B = P ST | (13)



Here, 1, denotes the indicator random variable corresponding to the set A
and Iﬁ(n) - is defined similarly to the continuous case.

7,1

3 The Convergence Structure in Binomial Models

This section discusses the convergence structure and ways to improve it in
detail. First, we consider the European put option and later we study the
American put by its premium component.

3.1 The European put option

0.1 ¢

0.01 F-
5 0001} .
)

[

o

S 0.0001 |

1e-05 | SMO extra -
1/n
1/(n*n)
1le-06
le-07 :
10 100 1000

refinement n

Fig. 2. Error picture for the European put option

Figure 2 shows the error e,, = |P¢ — P¢| in calculating European put prices for
the parameters Sy = 100, K =110, T'=1, r = 0.1, 0 = 0.3. The selection will
be used in figures throughout this paper in order to make them comparable.
In all figures the resulting errors for the different refinements are connected
by straight lines to present the convergence structure more clearly.

In figure 2 we iterated over even refinements n = 10,12,...,1000. For the
CRR model we observe quite erratic convergence to the continuous time solu-
tion with waves. Iterating over all integers n = 10, ... ,1000 would result in a

figure where the waves are even more pronounced. Fairly high refinements are
required to achieve sufficiently high accuracy. In the example of figure 2, at
least a refinement of n = 200 is necessary to ensure “penny—accuracy”’. We did
not depict a price picture, because the error is of most interest. Furthermore, it
would exhibit even worse behaviour, since price approximations which overes-
timate the continuous time price are followed by others which underestimate.



We have chosen a log-log—scale; exponential functions z +— ¢/n” (¢, p € R")
become straight lines which intersect logc at n = 1 and slope —p. Looking at
1/n the picture suggests that the order—of-convergence is one. Indeed Leisen
and Reimer (1996) proved this result.

The oscillations in figure 2 are due to the fact that the payoff-function of the
European put is not differentiable at the strike price. At maturity the differ-
ence between two adjacent nodes is u, — d, = O(v,) = O(0+/At,), and the
probability of a single node at the centre of the tree is of order O(v/At,,) (see
Feller (1966)). So, rounding off the strike to the next node induces distortions
of order O(At,) in addition to the time-space discretization error (for a de-
tailed discussion, see Leisen and Reimer (1996)). To remove these waves the
position of the grid in relation to the strike needs to be controlled: the strike K
should always lie at a fixed proportional distance to the next two grid nodes,
independent of the refinement; e.g., the strike should be on a node. Leisen
(1998) presented the following model for even refinements n:

_lIlK/SO

n

and v, :a\/rtn .

It changes the drift in such a way that the centre grid point of the tree lies fixed
on K for any even refinement. This model yields a very smooth convergence
structure. It was therefore called SMO (“smooth”) (see figure 2). The results
of Leisen and Reimer (1996) can be used to prove that the order is one.

Kn

3.2 Extrapolation

Since European put option prices typically converge with order one, their error
e, can be represented in the form

o 7(171) N ajl(Qn)

for suitable real valued functions «;(-) and as(-) with «; bounded. For two

refinements n; and ny with ny > n; and corresponding prices Py , Py, let us

suppose for a moment that function o4 (+) is constant, equal to oy and ay = 0.
That is, P, = <+ + P(enlm), where P(emm) denotes the approximation for P¢
under this assumption. We then resolve:

10



Pe =2+ PG ) (14)

ni nl niy,n2
aq
P767f2 — n_2 + P(enl,nz) (15)
e Tlgpe — Tllpe
= Plnn = ;Z — nL (16)

Equation (16) is called the extrapolation rule. We denote by e, n,) the error

(ine) — L° resulting from extrapolation. Further analysis reveals

_ a1(”2) - a1(n1) i ”1%(”2) - n26¥2(”1) . (17)

N9 — 1y ’ﬂlng(ng — nl)

€(n1,n2)

Let us set @ = max, a;(n) — min, a;(n). If «;(-) is not constant, we have
€(ni ) < f(ng —ny) up to higher order error terms. The term & can be
interpreted as a measure of smoothness or as a measure for the possible im-
provements by extrapolation. The important case is the one of a constant a;.
Then the first term on the right-hand side of equation (17) vanishes. Iterating
the refinement n and using the sequence (n,2n) for extrapolation, equation
(17) becomes e, 20) = (a2(2n) — aa(n))/n?. So, for ap bounded, extrapolated
prices converge with order two. For models with constant «;, the error picture
looks “smooth.” Therefore, we try to construct new models with this property;
this is why we loosely speak of smoothing options when constructing better
performing models (see Leisen (1998) for a detailed discussion).

Figure 2 shows the error e, 2,) resulting from extrapolating SMO while it-
erating n = 10,12,...,1000. A comparison with the 1/n? line suggests that
order two in n holds. This confirms our preceding analysis. We would like to
point out that this improvement holds for any parameter selection, although
we depicted only one example.

3.8  The early—exercise premium

This subsection studies the additional price component in American put op-
tions resulting from the possibility of exercising it before maturity. This is
given by the early—exercise premia 7 = P* — P¢ (see equation (5)) and
m, = P% — P¢ (see equations (11)—(13)). We present the numerical problems
and explain our approach to improve them. Only the errors resulting from the
first component 7! in equation (11) are discussed; those of 72 can be treated
similarly. Figure 3 shows the error |7 — 7,| resulting from the premium. True
prices are calculated using a CRR model with refinement 50000 for Ameri-
can put options. Although all models exhibit waves, those of SMO seem to be
more regular than those of CRR. Since the order appears to be one, we applied

the extrapolation rule (16) iterating the refinement n and using the sequence

11
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Fig. 3. Error picture for the early—exercise premium

(n,2n) as in subsection 3.1. Extrapolating SMO no longer gives significant im-
provements. SMO yields better results for options where the premium is small
in comparison to the European put component; i.e., those where the boundary
is quite far from today’s stock price. Our specific parameter selection is not
only of theoretical interest, but illustrates the remaining numerical problems
and also represents the typical one in applications.

110
100 ¢
9
(]
.Q
S sof
[8]
70 ) ) o
continuous —— ° N 5
60 I CRR (refinement 10) -
grid points ¢ N .
50 ‘ ‘ ‘ N | 3
0 0.2 0.4 0.6 0.8 1
time

Fig. 4. The continuous boundary and its CRR. approximation

Figure 4 exhibits the “continuous-time” boundary, calculated in a CRR model
with a refinement of 100000, to explain the reason, why the convergence be-
haviour of the premium has worsened. The points represent the discrete stock
grid of a CRR model with refinement n = 10. We connected the discrete

boundary points (tw,g,ﬁgw)), . ,(tw,w,ﬁ%o)) by straight lines; they repre-

12



sent an approximation to the continuous boundary. The discrete boundary
seems to move in a zig—zag pattern up and down one layer of nodes. Although
there are some exceptions, in general it is at the next node below the contin-
uous boundary. Only when the distance becomes too large does it jump an
entire layer following the upward trend in the continuous boundary. Near to
maturity where the slope of the continuous boundary becomes infinity, the
jumps become more and more important.

The boundary behaviour has an impact on the approximation structure of the
premium. Exceptional cases are those where the discrete boundary is above
the continuous one; however, in order to explain the odd convergence be-
haviour and our improvements in a simple way, we now assume that the dis-
crete boundary is always at the node directly below the continuous one. Then
we can treat B as the “effective” cut—off of B to the node immediately
below; i.e., IE("),tnk in equation (12) can be treated as Ip;, .. Comparing 7,

with the represenfation of the continuous boundary in equation (5), we note
first that exp{—rt,} = r,*. Approximating 1 —r;! = 1 — exp{—rAt,} =
rAt, + O(At?), the summation can be treated essentially as a trapezoidal
approximation to the integral, with expectations over indicator functions of
type Ip; in both cases. At each date, the cut—off problem is the same as in the
European put option case: with changing refinement, the difference between
the boundary and the next grid point below will change. SMO placed nodes
only at the critical point — the strike — at terminal time and not on the
boundary at intermediate time. This explains why the convergence behaviour
is no longer smooth.

Unfortunately, the functional form of the early-exercise boundary is unknown.
So, it is not feasible to place nodes on it. We address the problem here from
an entirely different perspective and try to smooth variations in the overall
distance between the discrete and the continuous boundary over time when
changing refinement. Heuristically, this is a way to minimize changes in the
difference between the discrete and the continuous boundary at a fixed time
for changing refinements. To do so, take two models with different refinements
but the same up and down factors u, d, where the boundary does not evolve
completely synchronous. If the discrete boundary approximation is a round—off
of the continuous one to the next node below, this is the “standard” case (re-
member the zig—zag structure). A fictitious mean boundary can be calculated
by averaging with equal weight one half the (linearly interpolated) bound-
aries resulting from both models. In those situations where both boundaries
are moving up or down, there will be no change; however in those situations
where they move in an asynchronous way, the new approximation will be flat.
Consequently, the boundary will exhibit less variation; i.e., it will appear to
be smoother.

An extension of this idea is necessary. If we reinterpret the weights as proba-

13



bilities, we can think of this approach as a mix of different binomial models,
drawing one randomly as the true dynamics. However, mixing randomly over
two models is hardly a realistic dynamics for the evolution of the price of some
underlying asset. At the first trading date, the information about the underly-
ing binomial model will be fully revealed. The optimal exercise decision in the
future will then be based on this newly revealed information, and not on an
average of the two early—exercise boundaries. But this averaging is what we
are trying to achieve in some market model. Therefore, we need to formalize
it differently. To prevent the information about the underlying model of the
actual dynamics from being fully revealed after the first time-step, we will
randomize the time between two trading dates, each increment being inde-
pendent of the previous ones. This will also resolve the second problem, that
we can expect a good approximation only if we mix over a whole sequence of
binomial models with different weights.

4 Randomization of the Binomial Model

This section extends the previous approaches, allowing the time increment
between two trading dates to be random. Our discrete process is constructed
such as to ensure weak-convergence to the Black-Scholes setup. The next
section addresses the option valuation problem.

We start with two sequences (Azp,), N> (Am),cN C R with Az, == 0

and \,, —= oo; for each m € IN, a Poisson process N = (Nt(m))tzo with
intensity A,,. m corresponds to a refinement of the state space. Let us recall
that denoting the sth interarrival time by 7, ;, the process N is described

by

(1) (7im4); are independent exponentially random variables with parameter
1/Am

(2) Nt(m) =max{n|X" | Tm; < t}.

For any m, take a sequence of i.i.d. random variables (Em,i)i, where each

element is also independent of N(™ and distributed according to

— TAV/ S
Ry ~ . (18)
_Axm ; 1-—- Pm

Binomial models assume that the change in the process X between two trading

dates t,,;,tp 41 € T" is given by i.i.d. random variables ﬁn,i. Similarly, here

we will now approximate it by i.i.d. random variables R,,; between two inter-
arrival times 7,, ;, Tyi+1. In the sequel we further assume that each element of

14



(R,n); is independent of N We define the processes

and gim) = exp Xim’

and call this the Random-Time Binomial Model (henceforth RTBM). Then
we have the following

(m)

Theorem 2 Necessary conditions for X =% X are that for all t > 0:

E [ R i) A~ 1 (19)
and Var [Rm,i] A, — o2 (20)

Please recall from the beginning of section 2 that u = r — ‘772 These two
conditions are also sufficient. The counterpart to theorem 1 is:

Theorem 3 For the RTBM, suppose that conditions (19) and (20) are ful-
filled. Then,

xXm L x
and g(m) 4.9,

We would like to remark that ), — oo implies E[r,,;] — 0. This can
be interpreted in the sense that with m being sufficiently great, it can be
expected that jumps will occur almost always. Indeed, theorem 3 tells us that
for suitably adjusted return variables (exp{R,.;})m,, in the limit m — oo
geometric Brownian motion is obtained. Condition (19) in theorem 2 requires

E[Rpmi]=An (21)
il

+ A Az,

1
— Gm= 5
Although we have taken (Az,,),, and (), as inputs, both cannot be chosen
independently of the other to ensure convergence to the Black—Scholes setup.
Similar to the standard binomial case where we deduced the asymptotic form
of (vp)n, here we deduce from condition (20)

15



Lemma 4 A necessary condition for convergence to the Black—Scholes setup
15 that asymptotically we have

o \2
A, ~ )
<Amm>

Allowing the time increment in the binomial model to be random introduces
a further risk and the market becomes incomplete. Whereas in the original bi-
nomial model framework of the previous section there was a unique equivalent
martingale measure — represented by ¢,, — here we are losing this property.
Instead we have a whole set of equivalent martingale measures, all compatible
with the assumption of absence of arbitrage opportunities. We can index them
by the jump—intensity A,,. For valuation purposes we need to choose one mea-
sure among all. Yet, this cancels out in the limit according to theorem 3. The
easiest way to meet the asymptotic form of Lemma 4 is obtained by setting

A = <Aim)2 ’ (23)

which we adopt in the sequel. Under this choice, we deduce from (22) that

I
m — _Am
Im =5 T 52027

For any Az, and (R,,;); as in (18), our RTBM is completely described by
the characteristic terms (u,, dm, @m, Am) = (exp{Az,,}, exp{—Az,,},1/2 +
w/(20%) Az, (0/Azyn)?).

Taking fictitiously Az, = o/At,, the only difference with the CRR model
consists in replacing At, by random times (7,,;);- However all formulae hold
with the expected time At,, = (Az,,/0)? = 1/\,, = E[r1]-

Remark 5 Our setup could be generalized easily to allow the processes N(™
to be any renewal process, i.e., a process where the difference between two
trading dates is i.1.d., but not necessarily exponentially distributed. Rogers and
Stapleton (1998) constructed such a binomial model as follows: For any Ax >
0 they obtain the interarrival times by stopping X (see equation 6) at the grid
Ax - Z, i.e. with o := 0 by induction:

Ti+1 = lnf{t Z TZ| |Xt+7-i — X7—1| = Al‘} .

5 Valuation

The previous section introduced the RI'BM and motivated our choice of the
intensity A,,. This section presents a valuation algorithm, that gets rid of the
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additional randomness in an easy and straightforward manner for European
and American call and put options. We further discuss convergence issues.

5.1 The European put

Let us denote for any European option with maturity 7" its payoff function by
f. For example for a European call with strike K, thisis f : x — (z — K)*.
Except in places where we discuss convergence issues, we fix some RTBM
(W, Ay Gy Am)- Due to the independence of N and the random variables
in the sequence R,,, the value V¢ of the option can be split up by first condi-

tioning on the number of jumps N:(Fm) and then averaging all these:

m

v =e B [1(E)
— 7B B3N

=TS QN =] [ fEING = n
n=0

E [ f (F(Tm)) |N}m) = n] can be interpreted as the value calculated by backward—

induction in an n—step binomial model grid with characteristic terms (4, dpm, 1, Gm),
as at the end of section 2: i.e., it is the price in an n—step binomial model with

up (down) factor u,, (d,,) and probabilities ¢,, if we do not perform discount-

ing. Denoting this value by

= (n) Qe i i
o = 3= ()1 = )
we have

o0
vE=eNQ [N}m) = n] - plm (24)
n=0

To implement our RTBM for the specific option contract under consideration,
we now specify the selection of the sequence (Axzy,),, to ensure good conver-
gence. Please remember from the SMO model that nodes should always lie on
critical points of the payoff function. We use the parameter m to discretize
the state space equidistantly in the logarithm with an integer multiplicity of
Ax,, between Sy and K. For a given call or put option with strike K and a
refinement m, we adopt

 |InSy/K]
= vn

JAV (25)
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If So = K, any positive constant replacing In Sy/K is fine. This completely
specifies our RTBM with the characteristic terms (ty,, dp, m, Am) = (exp{Az,,},
exp{—Azn},1/2 4 11/ (20%) Az, (0/ Azn)?).

Since Az,, —= 0, we have \,, — 00, and so theorem 3 implies g(m) =4 3.
Convergence of put option prices follows from this; convergence of call prices
follows then via put—call parity. So we have the following:

Theorem 6 For a sequence of RTBM with the above characteristic terms,
European call and put option prices converge to their counterpart in the Black—
Scholes setup.

To implement our approach, we have to cut off the infinite sum in equation (24)
at some appropriate 7,,. We are looking for a cut—off with lim,, Q[N}m) €
{0,...,7%m}] = 1. The Central Limit Theorem for renewals states

N — AT
L __mt 4 N(0,1) .
T (0,1)

We deduce that -, = 2|\, T'| is one appropriate choice. In the sequel we
adopt this one and use the cut—off:

ZLAmT_] ()\mT)n

v~ e rHART N - plm) (26)

n

m |
n—0 .

Remark 7 These observations hold for any renewal and include the “stopping—
approach” proposed by Rogers and Stapleton (1998). However, Rogers and Sta-

pleton (1998) can calculate the probabilities Q[N}m) = n| only through a limit

theorem expansion. This procedure is quite complicated in our eyes. In contrast

our approach taking a Poisson process N'™ allows us to calculate them in a

stratghtforward manner.

An important observation prevails which greatly simplifies the calculation of
(@%m))nzoymgumﬂ. For an even refinement 7, the tree is recombining after ex-
actly two periods. Since our grid is time-homogeneous for any even refinement
n, the binomial model for even refinement n’ with 0 < n’ < n is contained as
the binomial model, starting at the same level 7 — n' periods later. Because

we do not perform discounting, we obtain <I>£Z,n) as intermediate calculations
of @%m) (see figure 5). We proceed similarly for odd refinements 0 < n’ < n
(see figure 6). In total, calculating @™ and &™) for # = 2|A\,T| in a bi-
nomial model with characteristic terms (u,, dm, 1, ¢,) gives us all the values

(q)g,n))n/:[]“_. 2|\ as intermediate calculations. Therefore computing prices in
an RTBM with refinement m is comparable to a CRR with refinement 2| A,,,T|
in terms of the computational cost.

Figure 7 presents pricing examples for the European put option. The im-
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Fig. 5. Example grids for n even (n = 0,2,4)
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Fig. 6. Example grids for n odd (n =1, 3)
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Fig. 7. Price, error and bounding error function for a European put

plementation proceeds as follows: For any refinement m we calculate Ax,, by
equation (25), which results in \,, = (¢/Ax,,)? by equation (23). We calculate
the European option value in a 2| \,,,T'| and a 2| A,,7| —1 step binomial model
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with characteristics (u,, dm, 1, ¢,,) and write @ﬁ””, . 7q)§T>\)mTJ to a separate

list. Our price approximation for fixed m is then calculated by equation (26).
In figure 7 we calculated European put option prices iterating over the re-
finements m = 1,...,7. We display them depending on a fictitious refinement
of 2|\, T| = 18,78,178,316,494, 712,970, since this corresponds to the CRR
model which is comparable in terms of the computational cost. On the left
hand we display the values according to the refinement. The right—hand part
contains the absolute difference to the true (continuous time) price.

Figure 7 for our RTBM has the same smooth structure and starts with the
same small initial errors as can be observed in figure 2 for SMO. To apply
extrapolation, we need to determine the order of convergence. We see that
the error is bounded by the line 1/n for the RTBM. This suggests that it
converges with order one in the fictitious refinement 2|\, 7'|. The following
theorem establishes this result for the RT'BM:

Theorem 8 The order of convergence in calculating European call and put
option prices vy, using the sequence of RTBM models (g(m))m 1S ONe N Apy:

v -l =0(3-) 27)

Here v¢ denotes the Black-Scholes continuous time solutions (equations (2)

and (3)).

Repeating the derivation of the extrapolation rule (equation (16)) in section
3, using \,, instead of n, we deduce the following extrapolation rule for RI'BM
in terms of the refinement m:

e
e )‘m2 va

,U(ml’m2) - )\mg - )\ml

— )\m €
e (28)

It gives us a way to calculate a new value v/

(m1,ms) from the values v, ~and
vy, corresponding to two refinements m,; and m,. Equations (27) and (28)
confirm our remark made in section 4 that all formulae for CRR hold with the

expected time difference 1/\,,.

Figure 7 presents also the extrapolated values using the sequence (m,m + 1).
We did not extrapolate the CRR model since the wavy patterns would be
even more pronounced due to the non-smooth convergence behaviour. On the
other hand, when we extrapolate our RTBM, we start with very small errors
which are almost immediately accurate to the penny. Moreover, extrapolated
prices seem to converge with a higher order of two.

A rough cost analysis to evaluate our improvements is the following: To cal-
culate prices for the standard CRR model with refinement n, the number of
calculations in the backward induction algorithm is of order n?. The same
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holds for our RTBM and its extrapolation, since RTBM and CRR are sub-
ject to the same computational cost in calculating prices and extrapolation
amounts to a computational cost which is larger only by a constant factor. On
the other hand, extrapolation gives the order two. Thus, a rough estimate is

1
error =0 <ﬁ> for CRR
cost!/

error =0 <L> for RTBM .
cost

These observations make it a powerful pricing tool in the Black—Scholes setup.

5.2 The American put option

In the European option setup, the simple adjustment which led to the SMO
yields the same impressive results as our RTTBM. We see, however, in this
subsection dealing with American options, that in contrast to SMO and CRR,
our model is capable of smoothing the American put option and achieves
impressive improvements for this case, too.

Similar to equation (4), we take for an RTBM with characteristic terms
(U, Ay Gy Am) the value V¢ of the American put is determinded by the
optimal stopping problem

a __ —-ro _—(m) *
vy = sup FE e K-S, : (29)

oeSm)

where here S™ denotes all stopping times at trading dates adapted to the
filtration generated by the stock process (?,E””).

From Lamberton and Pages (1990) we deduce, checking their condition (H)
by the sufficient conditions of Mulinacci and Pratelli (1998), the following:

Theorem 9 For a sequence of RTBM with Ax,, — 0 and characteristics
(U, Ay Gy Am) given by equations (18), (22) and (23), American put option
values v5, converge to their price in the Black-Scholes setup.

This consistency result allows calculating continuous—time prices by our RTBM.
Define U™ as the value calculated in an n-step binomial model with charac-
teristic terms (ty,, dpy, E[exp{—rTmyl}|N}m) = n|, ¢), according to the Amer-
ican put backward algorithm presented at the end of section 2. For European
put options, equation (24) shows that the price is a mixture over different sce-
narios corresponding to the number of trading dates occurring in the interval
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[0, T'], each weighted by its probability. Here we have a similar weighting result
for American options using the terms W™,

Proposition 10 For fized m, the value of the American put option is

) )\mT n
Uﬁz — ef/\mT Z ( )
n=0

n!

gl

The core of the proof is that conditioning on the (random) number of jumps
does not change the value (see also Chow, Robbins, and Siegmund (1991)).
The implementation is exactly as in the European put case. However we cal-
culate U™ using exp{—rT/n} instead of E[exp{—rTm71}|N}m) = n]. A series
expansion reveals that both are equal to E[1 — rTm,1|N}m)] =1—T/n up to
second—order error terms.

110

‘ ‘
continuous ——

105

100 r

95

boundary

90

85

80

75 \ //l I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

Fig. 8. Boundary approximation

From each n—step binomial model with characteristic terms (ty,, d,, exp{—rT/n},

qm), a (linearly interpolated) boundary B™™ results. Figure 8 presents the

boundary B™ .— 2225"“ Q[N}m) = n] - B"™™ . The discrete boundary B™
is not completely smooth, however the overall variation to the continuous
boundary over time is reduced. This result is astonishing as the discrete grid
is quite large. For example, for m = 1 the grid is the same as that in figure
4 — except that we have taken here a smaller scale of [75,110] — and nodes
lie at 75.1,82.6,90.9, 100, 110. This is in line with our motivation at the end
of section 3 that mixing boundaries resulting from different refinements would
result in one with a reduced variation and suggests good price approximations.

For the American put option, figure 9 presents in the left-hand part price cal-
culations and in the right—hand part the error to the continuous—time solution.
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Fig. 9. Price, error and bounding error function for an American put

Different to the wavy patterns in figure 3, here a smooth convergence struc-
ture can be seen. Extrapolating our RI'BM yields impressive results in terms
of accuracy. We have very small initial errors which give us “penny-accuracy”
almost immediately. Moreover extrapolated prices seem to converge with a
higher order of two. We would like to point out that besides our specific se-
lection these impressive results hold for any parameter selection different to
SMO.

To compare CRR and RTBM in terms of the computational cost necessary to
achieve a certain precision level, note that for CRR the number of calculations
and the order needed remain unchanged compared to the European case (n?
and order one). However for RTBM we get order two again, but the number
of calculations needed is now of order n?, since all intermediate calculations
need to be performed separately. Thus for American put options, the rough
estimate is

1

error =0 (W) for CRR (30)
1

error =0 (W) for RTBM. (31)
Cos

In this way, it gives also in the American put option case a very competitive
pricing tool, increasing the order by extrapolation from 1/2 to 2/3.

6 Approximating Jump Diffusions

This section studies the jump diffusion setup of Merton (1976). Adding the
jump part to the RTBM is straightforward, and we remain in the same frame-
work. The simple and competitive valuation tools developed in section 5 im-
mediately apply here.
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In an extension of the Black—Scholes model (see equation (1)), Merton (1976)
supposed that the stock—price can be described by

N
Sy = Spexp{ut +oW,} [[1+ ;) , (32)

1=1

under the objective measure, where the drift ;1 € R is some constant, (U;), .y C
| — 1, 00[ a sequence of iid random variables and (V;); a Poisson process with
intensity A.

Setting X; = In(S;/Sp), we have

Xt:/Lt+O'Wt+Jt, (33)
Ne
where J;= Z U;
i=1
and U;=In(1+U;) . (34)

This setup represents an incomplete market. In the language of Harrison and
Pliska (1981) this means there is no longer a unique equivalent martingale
measure that precludes arbitrage. Follmer and Sondermann (1986) specified
the measure that minimizes the writer’s risk in some sense. The choice of a
martingale measure can also be made by assuming that an exogenously fixed
risk-premium is required for the jump risk. Similar to Merton (1976), we
assume that jump risk can be fully diversified and is therefore not priced. The
risk-neutral probability measure is then the one with p = r — %2 — AE[U;).
All valuations are performed with respect to this measure.

Call option values are a mixture of Black-Scholes prices (see Merton (1976)):
e My %E[CB(SOZTL@**’“T, T,K,o0% )], (35)
n=0 b

where C¢(Sy, T, K, 0?,r) is the Black-Scholes formula for call options (equa-
tion (2)), k = E[U;] and Z, £ [T, (1 + U;) = exp{Z, U}

Amin (1993) presents the following extension of the binomial model to deal
with jump diffusions. As N is a Poisson process with intensity A, the prob-
ability of one jump equals AAt, - exp{—AA%,} on a discrete interval At,.
The probability of more than one jump is small in comparison to this, and
exp{—AAt,} is approximately equal to one. Therefore Amin (1993) assumes
that between two dates at the most one jump occurs and that the probability
of this event equals AAt,. Using a binomial model with grid v, = ov/At,,
Kn = pAt,, he assumes that jumps occur only to points of this grid. Further-
more, he explains how to suitably approximate U; by a random variable Un,i

24



which takes values at the grid-points at time ¢, ; only. The return En,i is then
modelled by

En + Uy 5 (1 — AAL,)gn
Ryi~1Q kn—vy,; (1= AAL,)(1 — gn)
Uni ,)\Atn

)

The probability g, is set according to equation (2) with p:=r — %2 — AE[U;].
Amin (1993) proved weak convergence for the processes and convergence for
American option prices. In this approach the jump part is simply put on top of
the binomial model and it inherits its poor convergence properties from this.
Moreover, although the model is computationally correct, it does not match
the idea of a rare event at random time.

For the RTBM corresponding in the jump diffusion setup let us first construct
along the lines of section 4 a sequence (N, R,,)n, each element independent
of the other and independent of /N such that

N(m)
H Ry, 4 ut +oWy |

=1

where p =1 — %2 — AE|[U;]. Define approximations Um,i of Ui along the lines
of Amin (1993) and the process

N(m) — N+ N™ 7

which is a Poisson process with intensity A, = A+ An; the sequence of random
variables

Um ) A

LERED Y .

Zm,’i ~ _ " )
Myt ) A A

and the processes

(m) Y
~-\m
Xt = Z Zm,i
i=1
and S :=exp XV .
This has the same structure as the model we constructed in section 4, and

therefore, we call this model also Random—Time Binomial Model (RTBM).
We have the following:
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Theorem 11 For the RTBM:

XML x
and g(m) 19,

The put payoff function is continuous and bounded. This fact, together with
the above theorem and put—call parity, imply:

Proposition 12 The value of European put and call option converges to their
corresponding continuous time solution.

The methods and proofs presented in the previous section immediately carry
over:

Proposition 13 The European call and put option value in the RTBM is

o7 o (A"
’U; _ ef(r+/\m)TZ ( m ) (bglm) :
— n!

where ®™) s its price in an n-step tree with characteristic terms (U, dp, 1, D).
The American put option value is
n

vt = B*S\WT i M\I{%m) ,
n=0 ’ﬂ'

m

where \If%m) is its price in an n—step tree with characteristic terms (U, dp,
E[exp{—rTm,1}|N¥n) = nl,pm)-

Theorem 14 The value of American put options converges to their continu-
ous time solution.

The construction is very easy and straightforward to perform. We believe
that it also puts more emphasis on the didactical advantages of the original
CRR binomial model. Moreover we observe in simulations that the remarkable
convergence properties of the RI'BM carry over to the approximation of jump—
diffusions.

7 Conclusion

In this paper we studied a binomial model with random time steps. We de-
scribed the difficulties with standard binomial models. We present a way to
easily calculate price approximations for European and American put and call
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options in the Black—Scholes setup and proved convergence to the continuous—
time solution. For European put options, we proved that the order of con-
vergence is equal to one. The major contribution lies in a smoothing of the
convergence structure for American put options, which allows speed—ups by
extrapolation: Simulations suggest a much smaller initial constant and order of
convergence two. The same holds for American put options. Thus this model
can serve as an efficient tool in the Black—Scholes setup. A second contribu-
tion is that our model gives intuitive and straightforward approximations to
jump—diffusions which seem to preserve the outstanding properties.

A Proofs

In contrast to the common literature, this paper defined the CRR model on
the whole interval [0, 7] instead of only at dates ¢,,; € 7™. This is for technical
convenience and as long as we restrict trading dates to the discrete set 7",
this makes no difference. The processes we study are processes whose paths
are continuous to the right, but have left-side limits (called cadlag processes).
We will further suppose that the space D of cadlag processes is equipped with

the Skorohod topology and denote by =%, the weak convergence D.

Proof of Theorem 1 The proof of the first assertion is an application of
Donsker’s theorem in a suitable form for our case (see corollary VIL.3.11 in
Jacod and Shiryaev (1987)). Please note that we only need to check the first
two moments. The second assertion follows from the observation that the
exponential function is continuous.

Proof of Theorem 2 Necessary conditions include convergence of the first
. . 2
moment to its continuous value E [X;] = (r - "7) t and of the second moment

to Var(X;) = ot. For the first moment, using the Wald equality, we have

N
E {Xim’} —E|Y R
=1

We have
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i 2
5 |(%)]
g )
=F (Z Rm,i)
=1
_Nt(m) N )
=E|Y (Boi) + > Y BumiBm,
| i=1 i=1 j=1,j#i
N N )
¢ — 2 S
=E|E| Y (Rui) + X Y R Ry N
i i=1 1=1 j=1,j#i

o0 m n . 2 n n o .
S PINM =nlE Y (Rui) +3 Y iR,
n=0 i=1 i=1 j=1,j#i

—ZP ™ _ ] (nE{(EmZ) ] +n(n—1)E [Emf)

If we denote for t > 0 : p,(t) == E[Nt(m)] = A t, the previous result implies
Var (71(57%))
2 2
—E [ X" -k {XE’”)}

() E [Bo]” = (i (2)

= [t () Var

(P

)
1)+ B[R] <E

() 8 B ]

"2 (R }2
)] = ut0?)

~~

=Var(n™)

As Var(Nt(m)) = Uy (t) = Apt, we conclude with the result on the first moment

(equation (19)).

Proof of Theorem 3 Let us define the two sequences of processes (Mt(m)>

and (A,Em) )t by
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(m) (m)\? _ 7(m) -
Then, for each m, the processes (Mt )t and <(Mt ) — A ) are martin-

gales. As the jump sizes are of order v, and vanish in the limit, we deduce
from the Martingale Central Limit Theorem as stated in Ethier and Kurtz

(1986) that M =% oW .

Proof of Theorem 8 Similar to Leisen and Reimer (1996), we define the
(pseudo—) moments

i B S
ml i=E |exp{Ry, } — —
_ So

N}m) = n]

- B S ) i
m?2 =F |(exp{R,, ‘L (ﬂ> N — g
m,n _( p{ ,1}) SO T

- B S s :
m? =F |(exp{R,, i (ﬂ> N — g
m,n ( p{ ,1}) SO T -

i B (Fos) (50 (o) 1))

which are the structural properties of the RI'BM under consideration. Now,
the proof is just the application of a general technique to derive error bounds
(see Kloeden and Platen (1992)). For binomial models in the Black—Scholes
setup, it was applied in the proof derived by Leisen and Reimer (1996). De-
composing v —vf, = >, P[N}m) =n]- (ve - e*TTq)%m)), the proof proceeds

on ve—e’rTq)g”) exactly as in their paper. We sketch the main ideas: A Taylor—
series expansion up to order three yields terms of structure (I = 1,2, 3):

oo n—2 I Al,e

m R <m0V L o(m)
> PNy =n]ml,, > e E{(% > 57 (T S )
n=0

k=0

N:(Fm) = n}

Th4+17 7 Tk

00 n—2
Z P[N%m) = n] Z e E {R3(lel+1=§(m) g(m))
n=0 k=0

N = } ,

where R is a remainder term.

It remains to prove that the terms Y75 ... (I = 1,2, 3) are of order O(n), and
the summation over the remainder is of order O(np,,). The proof concludes
by checking that the (pseudo—)moments have the right order: It is easy to

29



see that p,, = O (1/A\2). Furthermore for the [ = 1 term this can be calcu-
lated in a straightforward way using E[R,,1] = 1 + T/, + O(1/)2,) and
E[STm,l/Sg|N}m) =n] =1+4+7rT/n+ O(1/n?). All others can be derived imme-
diately from this by applying the method in Appendix B of Leisen and Reimer
(1996).

Proof of Proposition 10 The proof is independent of any specific choice
on m. To ease exposition we will therefore omit here any dependence on m.
For any ¢ € [0, 7], denote by F;, = o(Sy|t' < t) the filtration corresponding
to the information observing the discrete process S, and by S the stopping
times which are adapted to the filtration (F;); and take values at trading
dates before T'. We refer the current time after the i—th jump has occurred by

ﬂ' = Z;Zl Tj.

We first prove the theorem in the case where the number Nz of jumps on the
interval [0, 7] is bounded by some M € IN. In a second step we will prove it
in its full generality through a limit argument M — oco. Fix one M € IN. We
study

the driving process N™ = min{N, M}

NM
and the process M = I exp{R:} .
i=1

as well as the filtration (set of stopping times) FM = o(Sy [t/ < t) (SM)
corresponding to the information observing S, F;'"M = 0(??,/[ S NME < t)
(SMM) corresponding to the information observing S and knowing N, and
FM = FM v {Np =n} (8™M) corresponding to the information that results
from the observation of S, and when it is known that n jumps will occur in
total on the interval [0, 7.

For fixed M, we define a correspondence o <+ 0¥ between the stopping times
o € 8M and oV € SMM gsuch that both yield the same expected payoff as
exercise policy; i.e., for any o € SVM we assign a 0 € SM such that o A N
is equivalent to oV in the sense that they yield the same expected payoff. This
proceeds as follows: First, on the part where o = i and N > i we can
take o = i since there the exercise decision o depends only on FZM and on
the actual time 7; (for i = 1,..., M). Second, the part where 0¥ > NM is
the complementary part to the union of the previously mentioned sets and
hence depends on giw, e ,gﬁ only. In this part, we adopt 0 = M. From the
construction o € SM and oV € MM yield the same payoff.

Now take any o € 8™ and its corresponding o € SV Then, we have
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=Y I, 7e T (K - S];:[)Jr
7,:41 o _ -
=> D> Inyej Ioer, € (K - Sﬂ)
1=1 j=t :IUN:,:i

For n < M now define,

UM.= sup E [e‘“’ (K - §f)+

oceSN.M

Due to our correspondence (o <+ o) taking the supremum over o is equivalent

to taking the supremum over oV and vice versa. Therefore,
M —
sup F [e’”(K — 5’,,)*] =Y PNy =] 9, .
oceSM j=1

From Theorem 4.3 in Chow, Robbins, and Siegmund (1991) follows

sup E [6_’"‘7 (K — S(,)ﬂ M sup E [e_”’ (K — Sg)+] :

oceSM ceS

Thus, it remains to prove that for any n < M

U, = oM
Knowing the number of jumps n having occurred up to time T, calculating W
is a simple backward induction argument at dates I'—7,, I'— 7, —Tp_1,... , 1T —
Tp — ... — 11 = 0 using the discount factors E[exp{—rTm,1}|N}m) = nJ. This is

however exactly how W, is defined.

Proof of Theorem 11 Denote by Y, the process Y; := ut + cWy; and by h,
the function h: ¢ — = + Zf\;l U; on D.
Since

N (m)

o) d
Z Rm,i — Y,
=1
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and the latter is continuous, we have according to VI.1.23 and VI.3.8 (ii) in
Jacod and Shiryaev (1987)

N (m)
X" = h (Z Em,i) L h(Y)=X .

=1
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