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Abstract

This paper proposes a simple and unifying model to price the interest rate

contingent claims in a complete market where trading can be made in con-
tinuous time. The underlying dynamics of the yield curve is modelled by a
random string whose trajectory produces a random surface described by a
Brownian sheet. Generalising Black-Scholes' PDE methodology, we derive the
Kolmogorov �eld equation which describes the time-evolution of the contin-
gent claims and obtain explicit pricing formulae for a large class of interest

rate options including European calls, compound options, swaps, swaptions,
caps and captions. This model can be thought of as an in�nite-factor Gaus-
sian model in the Heath-Jarrow-Morton framework and can be implemented

without having to calibrate explicit parameters in the covariance function of
the discount bond returns.
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1 Introduction

Arbitrage pricing theory for equity derivatives has been very well established

by now since Black and Scholes (1973) �rst derived their famous option for-

mula. A very thorough account of this theory can be found in the books

by Du�e (1992) and Hull (1989). The main idea is to evaluate contingent

claims as discounted payo�s by establishing the equivalence between the con-

dition of no arbitrage and the existence of an equivalent Martingale measure.

There are two techniques in evaluating the contingent claims. In the Martin-

gale approach, a contingent claim can be priced from the expectation value

of the discounted payo� under an equivalent Martingale measure as shown by

Harrison and Kreps (1979) and Harrison and Pliska (1981). Alternatively, in

the partial di�erential equation (PDE) approach, one can price the claim by

solving its time-evolution equation derived from replicating the claim with a

self-�nancing portfolio in a risk-neutral market.

However, the challenge remains to develop a satisfactory arbitrage pricing the-
ory for interest rate contingent claims. The main di�culty lies in modelling
the stochastic term structures which arise from the dependence on maturities.
Earlier studies assume that the underlying dynamics is driven by a stochastic

short rate process and the results do not satisfactorily capture the full term
structure. More recent progress followed Heath-Jarrow-Morton (HJM) (1992)
who assume that the interest rate dynamics is driven by the instantaneous for-
ward rates. An alternative formulation based on the zero-coupon (discount)
bond price process has also been suggested by Hull and White (1993). In this
framework, the term structure is built in by specifying the maturity depen-

dence in the drift and di�usion coe�cients of the underlying process. Since the
evaluation of contingent claims relies on the Martingale techniques, results are
con�ned to models with a �nite number of random factors. As discussed by
several authors already, it is very di�cult to calibrate the di�usion coe�cients
such that all interest rate options can be priced reasonably and simultaneously.

In this paper, we assume that the interest rate market is in a continuous time
setting where bonds of maturity within a given continuous period are available
to trade without friction. The market dynamics is driven by the whole yield

curve (zero-rates) and can be modelled with the stochastic process of a ran-

dom string, where each point on the string represents a particular maturity.
This random string process can be formulated in terms of a Brownian sheet

on a Hilbert space and subsequently can be described by an in�nite number
of Brownian particles moving randomly (similar to those studied by Ito (1978,

1983) and Funaki(1983)). In the Martingale approach, it may seem impracti-

cal to evaluate anything with an in�nite number of random factors. However,
there are some encouraging results from Kennedy (1994, 1995) who has ob-

tained explicit pricing formulae for European calls and caps in the Martingale
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approach by formulating the forward rate process in terms of random �elds.

Our approach is di�erent fromKennedy's in that we shall follow Black-Scholes'

(PDE) methodology and do not employ Martingale techniques. The idea is to

model the zero-coupon bond (discount bond) return with a stochastic process

of a random string and construct a self-�nancing portfolio in a risk-neutral

market to derive the time-evolution equation for the contingent claims. This

gives the in�nite-dimensional analogue of Black-Scholes' PDE. We identify

this equation as the Kolmogorov �eld equation for the underlying zero-coupon

bond process whose drift term is given by the short rate. (In other words, the

bond price discounted by the short rate is a Martingale.) Solving this �eld

equation enables us to obtain explicit closed-form solutions for a wide range

of interest rate options including European calls, compound options, swaptions

and captions. As a con�rmation of our market assumptions, we recover the

same pricing formulae for calls and caps as in Kennedy (1994).

This new approach has several valuable advantages. First, the market assump-

tions and the derivation of Kolmogorov's �eld equation are easy to understand.
Secondly, �nite-factor HJMGaussian models correspond to special cases of our
general results by making special choices of the yield curve covariance func-
tion. This unifying feature is a direct consequence of modelling the movement

of the whole yield curve with a random string. Most importantly, this model
does not parametrise or impose any special functional form for the covariance
function as in the �nite-factor models. One can implement the results with-
out having to calibrate explicit parameters and therefore avoid the various
calibration problems in the �nite-factor models.

All the results obtained in this paper rely essentially on the assumption that
the interest rate market is e�cient and that an investor can trade continuously
to hedge away market risk so that contingent claims can be determined com-
pletely from the present term structure. Consequently, contingent claims do
not depend on factors such as trading volume, information asymmetry or other

econometric statistics. Because of this assumption, our model is suitable for
very liquid derivatives such as caps, 
oors, swaptions and other European op-
tions on the government bonds of a major currency. In practice, Black-Scholes
type models allow some freedom in specifying the market volatility although

in theory it is given by the covariance function of interest rates. This freedom

enables the users to absorb certain e�ects due to the lack of market e�ciency
by accordingly adjusting the implied volatility. Therefore, we are hopeful that

a Black-Scholes type interest rate model will be useful in providing a �rst
order approximation for the market term structure.

This paper is organised as follows. In Section 2, we formulate the stochas-
tic yield curve as a random string and discuss its relation with an in�nite-

dimensional Brownian motion. Readers who are already motivated to consider
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an in�nite-factor HJM model may wish to skip this section. In Section 3, we

study this stochastic process for the zero-coupon bond price and construct a

self-�nancing portfolio to derive the time-evolution equation of the contingent

claim. This equation is identi�ed as Kolmogorov's �eld equation which for-

mally has unique solutions given by the Feynman-Kac formula. In Section 4,

we solve for a large class of interest rate options explicitly. These include Euro-

pean calls and puts, compound options, swaps, swaptions, caps and captions.

Issues regarding model implementation and comparison will be discussed in

Section 5. We conclude this paper by analysing the pros and cons of this new

approach to studying interest rate derivatives. A proof of the general pricing

formulae given in Theorem 4.1 can be found in the Appendix.

2 Random String and In�nite-Dimensional Brownian Motion

To formulate the yield curve dynamics as the random motion of a string, let
us denote the length of the string by a positive real number L (e.g. maximum

maturity of the yield curve). The time evolution of this string produces a
random surface, Y (s; T ), with string coordinate T 2 [0; L] and time coordinate
s 2 R+ � [0;1]. The simplest example of such a random surface is a Brownian-
sheet whose de�nition is given as follows.

De�nition 2.1: A Brownian sheet B(s; T )(!) : ([0;1]
N
[0; L])

N

! R is a

Gaussian process de�ned on some probability space 
̂ � (
;F ;P), such that

its mean and covariance are given by

E [B(s1; T1)�B(s2; T2)] = 0;(2.1)

E [B(s1; T1)B(s2; T2)] = min(s1; s2)�min(T1; T2):

It is easy to see from the variance of (B(s1; T1)�B(s2; T2)) that the increment
is given by the change in area and not in length. Since the random surface
makes no distinction between the s and T coordinates, the shape of the string
(along T -axis) is fairly jagged. This is not quite the type of random surface
that we would expect from the trajectory of a yield curve which in general is
smooth along the maturity axis.

This problem can be resolved if we impose a Hilbert space structure on the
Brownian sheet as discussed in the book by Da Prato and Zabczyk (1992).
The advantage of considering this structure is that the maturity coordinate
T simply plays the role of a continuous label on the string. We now give a
representation for such a Hilbert space.
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De�nition 2.2: Let L2([0; L]) denote the Hilbert space whose basis vectors
are a set of orthonormal polynomials fek(T ); k = 0; 1; 2; : : : ;1:g such that the

following properties are satis�ed for every element Ys(T ) 2 L2([0; L]):

(i) Ys(T ) =
1X
k=0

Y (k)
s ek(T ); Y (k)

s �

LZ
0

duYs(u)ek(u);(2.2)

(ii)

LZ
0

du ej(u)ek(u) = �jk;
1X
k=0

ek(u)ek(T ) = �(u� T );

(iii) jYsj
2 �

LZ
0

duYs(u)Ys(u); 0 � jYsj <1

(iv) jYsj = 0 i� Ys(u) = 0; 8u 2 [0; L]

These properties correspond to the completeness of H and that every element
Ys is square-integrable in the interval [0; L] and has a positive de�nite norm.
Examples for the basis are either the shifted Jacobi polynomials or the Fourier
series when L is a �nite positive real number. When L is in�nite, e.g. a consol
bond has in�nite maturity, the basis can be the Laguerre polynomials.

If the Brownian sheet B(s; T ) de�ned in (2.1) takes values in the Hilbert space,

H � L2([0; L]
N

̂), then we can expand it in terms of an in�nite number of

independent Brownian motions as follows:

B(s; T )(!) =
1X
k=0

B(k)
s (!)

TZ
0

du ek(u) 2 H(2.3)

E[B(j)
s �B(k)

s ] = 0; E[dB(j)
s dB(k)

s ] = �jk � ds; 8j; k = 0; 1; : : : ;1

Using this construction, we consider a general stochastic process of a random
string on this Hilbert space, Y (s; T ) 2 H, in the following form:

dY (s; T ) =My(s; T; Y )ds+

LZ
0

�y(s; T; u; Y )B(ds; du);

Since dY (s; T ) 2 H, the drift coe�cient is also an element in the Hilbert space
My(s; T; Y ) 2 H and the di�usion coe�cient �y(s; T; u; Y ) 2 L(H) is a linear
operator which maps H into H. In terms of the basis expansion, this process
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is then speci�ed by an in�nite number of Brownian motions:

dY (s; T ) =My(s; T; Y )ds+
1X
k=0

�(k)
y (s; T; Y )dB(k)

s :(2.4)

To ensure the existence and uniqueness of a �nite solution to this stochas-
tic process equation (2.4), My and �y must satisfy the growth and Lipschitz
properties (see Da Prato and Zabczyk (1992)). Bear in mind that although

the individual di�usion mode �(k)
y depends on the choice of the orthonormal

basis, the covariance function of the process Y does not.

Proposition 2.1: The covariance function of dY (s; T ) does not depend on
the explicit choice of the basis.

Proof: Using the properties of the orthonormal basis in (2.2.ii),

COV [dY (s; T1)dY (s; T2)] = (ds)
1X
k=0

�(k)
y (s1; T1; Y )�

(k)
y (s2; T2; Y )

= (ds)
1X
k=0

LZ
0

du1�y(s1; T1; u1; Y )ek(u1)

LZ
0

du2�y(s1; T2; u2; Y )ek(u2)

= (ds)

LZ
0

du�y(s1; T1; u; Y )�y(s1; T2; u; Y ) 2

Notice that the covariance function is of the order ds and not dT . Thus,
there is no di�usion in the maturity T direction and one can regard T as a

continuous label of the string. With suitable di�usion coe�cients �(k)
y , this

process describes a smooth string moving randomly in the time (s) direction.
Throughout this paper, we shall assume that the yield curve dynamics is
described by this type of stochastic process.

3 Risk-Neutral Portfolio and Kolmogorov's Field Equation

In the previous section, we have proposed to study the yield curve dynamics
in terms of an in�nite-dimensional Ito process Y (s; T ) given in equation (2.4)
by introducing the Hilbert space structure to a random string. To construct
a Black-Scholes type of pricing model, we need a self-�nancing portfolio to
replicate the derivatives. Since one can trade directly with bonds and not
with yields or forward rates, it is therefore easier to formulate the model in
terms of the stochastic process of the zero-coupon bond prices. Denote P (s; T )
as the current price of a zero-coupon bond maturing at time T 2 [0; L] with
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a principal (face value) of one unit of the currency. By de�nition, P (s; T ) is
related to the yield (zero rates) Y (s; T ) as follows,

P (s; T ) = e�Y (s;T )(T�s); s � T; P (T; T ) = 1:(3.1)

Therefore, we come to the �rst major assumption in this paper:

Assumption 3.1: The zero-coupon bond price P (s; T ), with the face value of
one unit of the currency, paid at maturity P (T; T ) = 1, is described by the
following random string process,

dP (s; T )

P (s; T )
=M(s; T; P )ds +

1X
k=0

�(k)(s; T; P )dB(k)
s :(3.2)

The drift coe�cientM and the di�usion coe�cient � can be determined from
the yield curve process in equation (2.4) using Ito's Lemma. In particular, the
covariance of the bond returns is related to the yield covariance by

COV

"
dP (s; T1)

P (s; T1)

dP (s; T2)

P (s; T2)

#
= (T1 � s)(T2 � s)COV[dY (s; T1)dY (s; T2)]:(3.3)

In other words, our model can be thought of as an in�nite-factor HJMmodel in
disguise. Had we chosen a special set of di�usion coe�cients, say with only m

nonzero �(k), this bond process would be equivalent to the one in an m-factor
HJM model. In contrast with most literature using the HJM framework, we
shall use the PDE approach instead of the Martingale approach to evaluate
the prices of contingent claims.

To proceed, we shall assume that the interest rate market is e�cient and
that there is no arbitrage opportunity. Investors can borrow and lend cash
at the same rate for any amount; they can trade and hedge their portfolio
continuously at any time; and there are no bid/o�er spreads, no transac-
tion/administrative costs, no taxs and no defaults. For simplicity, we will also
restrict our discussion to one currency only in this paper.

Assumption 3.2: The interest rate market is e�cient; namely, there is no
arbitrage opportunity and all contingent claims can be replicated by a self-
�nancing portfolio in a risk neutral world.

Under this assumption, an interest-rate contingent claim depends only on the
present term structure of the zero-coupon bonds and can be written as a
functional of these bonds. Denote the present value of the claim at time s by
C[s; fPg] where fPg is a short-hand notation for the whole term structure
fP (s; u);8u 2 [0; L]g. Using Ito's Lemma for the underlying bond process
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given in equation (3.2), we have the following in�nitesimal variation of the
contingent claim:

dC[s; fPg] = @sC[s; fPg]ds+

LZ
0

du
�C[s; fPg]

�P (s; u)
dP (s; u)(3.4)

+
1

2

LZ
0

du1

LZ
0

du2
�2C[s; fPg]

�P (s; u1)�P (s; u2)
COV[dP (s; u1)dP (s; u2)]:

This formula is similar to those for the �nite-dimensional Ito processes. The
only di�erence is in the replacement of ordinary derivatives with functional
derivatives �=�P (s; u) and in summing over contributions from all bonds by
integrating over all maturities u.

Suppose an investor is investing with a self-�nancing portfolio of value V

which consists of one unit of the contingent claim and a bond portfolio with
a holding of �(s; u) units of P (s; u) for all u 2 [0; L]:

V [s; fPg] = C[s; fPg] +

LZ
0

du �(s; u)P (s; u):

By the de�nition of a self-�nancing trading strategy �(s; u), there is no external
cash 
ow and the earning or loss from the bond portfolio comes solely from
the change of the bond prices:

dV [s; fPg] = dC[s; fPg] +

LZ
0

du �(s; u)dP (s; u):(3.5)

Substituting in equation (3.4) for dC[s; fPg], one can see that the di�usion
terms on the right hand side of equation (3.5) cancel if we choose the holding
�(s; u) to be

�(s; u) = �
�C[s; fPg]

�P (s; u)
: (no risk)(3.6)

In other words, one can hedge away the market risk provided that one can
trade continuously to adjust the holding of the bond portfolio according to
equation (3.6). With this trading strategy, the gain or loss of this investment
can be rewritten as

dV [s; fPg] = V [s; fPg] � r[s; fPg; V ]ds;(3.7)
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where r[s; fPg; V ] can be interpreted as the instantaneous return rate of this
investment.When the market is e�cient (no arbitrage), this return rate should
be the same as the short rate o�ered in the moneymarket. Consistency requires
that the short rate depends on the bond prices via

r[s; fPg] = lim
T!s

�@T lnP (s; T ):

Thus, we have the following proposition for the time-evolution equation of the
contingent claim.

Proposition 3.1: Under the market assumptions (3.1) and (3.2), the present
price of the contingent claim, denoted by C[s; fPg], satis�es the following �eld
equation, given the initial term structure of the zero-coupon bond fPg and the
�nal payo� function C[T; fPg] = �(T ):

@sC[s; fPg]� r[s; fPg]

8<
:C[s; fPg]�

LZ
0

duP (s; u)
�C[s; fPg]

�P (s; u)

9=
;(3.8)

+
1

2

LZ
0

du1

LZ
0

du2 Z(s; u1; u2)P (s; u1)P (s; u2)
�2C[s; fPg]

�P (s; u1)�P (s; u2)
= 0:

where Z(s; u1; u2) is the covariance function for the bond return:

COV [dP (s; u1)dP (s; u2)] � Z(s; u1; u2)P (s; u1)P (s; u2)ds;(3.9)

Z(s; u1; u2) =
1X
k=0

�(k)(s; u1)�
(k)k(s; u2):

Proof: Combine equation (3.5) and equation (3.7) and substitute equation
(3.6) for the self-�nancing trading strategy �.

2

This equation describes how the value of a contingent claim evolves in time and
is determined by the initial term structure and the correlation function of the
bond returns Z de�ned in equation (3.9). Since this covariance function does
not depend on which orthonormal basis is used, it is not necessary to specify

each individual di�usion coe�cient �(k) in order to evaluate the contingent
claim. What is observed and really matters is the total covariance function
Z(s; T1; T2). We shall discuss in more details in Section 5 on how to calibrate
this function empirically.

Similarly to Black-Scholes' PDE, equation (3.8) can be interpreted as the
Kolmogorov �eld equation for an underlying bond process whose drift term
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is given by the short rate r[s; fPg]. (We have called this a �eld equation to
re
ect the in�nite number of degrees of freedom involved.) Hence the ques-
tion of how to evaluate an interest-rate contingent claim can be answered by
solving this �eld equation with a boundary condition given by the �nal payo�
function. Formally, one can prove that there exists a unique solution given by
the Feynman-Kac formula (see Da Prato and Zabczyk (1992)):

C[s; fPg] = E
h
C[T0; fPg]e

�
R T0
s

r[t;fPg]dti

In other words, the current price of a contingent claim is the expected value
of its �nal payo� discounted by the short rate. In practice, it is not easy to
evaluate this expectation nor to solve the �eld equation. Luckily, a large class of
interest rate options belongs to the class of degree-one homogeneous functions
of the zero-coupon bonds. This homogeneous property of contingent claims
were �rst considered by Merton (1973). For these options, the �eld equation
(3.8) becomes much simpler because the two terms multiplied by the short
rate cancel each other. As shown in the next section, we can solve for these
pricing formulae explicitly when the covariance function Z is deterministic.

4 Pricing Formulae of Interest Rate Options

Let us consider European (path-independent) interest rate options whose �nal
payo� is of the following type.

De�nition 4.1: Let the pay-o� (boundary) function � be a class of homoge-
neous functions of degree 1 which satisfy

NX
j=0

yj
@

@yj
�[y0; y1; : : : ; yN ] = �[y0; y1; : : : ; yN ]:(4.1)

For the examples considered in this paper, such as European calls and com-
pound options, the payo� function � belongs to one or a combination of the
following two types:

(i) �[y0; y1; : : : ; yN ] =
NX
j=0

ajyj;(4.2)

(ii) �[y1; y2] = y2 N

0
@ ln( y2

Ky1
) + 1

2
a2

a

1
A�K � y1 N

0
@ ln( y2

Ky1
)� 1

2
a2

a

1
A ;
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where a is deterministic, aj and K are constant, and N (h) is the accumulated

normal distribution function, N (h) �
R h
�1

dxp
2�
e�

1

2
x2.

Given a boundary condition of this type, we can proceed easily to solve for
Kolmogorov's �eld equation when the covariance function of the bond return
Z(s; u1; u2) is deterministic. The solutions can be written in terms of integrals
similar to those of Harrison-Pliska (1981). We state the result as follows (the
details of the proof can be found in the appendix):

Theorem 4.1: If, under the market assumptions in (3.1) and (3.2),

(a) the �nal payo� of the contingent claim at time T0 is given by the homoge-
neous degree-1 payo� function � de�ned in equation (4.1),

C+[T0; fPg] =
�
� [P (T0; T0); P (T0; T1); : : : ; P (T0; TN)]

�
+

(4.3)

where 0 � s � T0 < T1 : : : < TN and (A)+ denotes max(A; 0), and

(b) The following correlation matrix W is deterministic and not singular

Wij(s)=
1

bi(s)bj(s)

T0Z
s

dtZ(t; Ti; Tj);(4.4)

b2i (s)=

T0Z
s

dtZ(t; Ti; Ti); i = 0; 1; : : : ; N:

then the pricing formula for the contingent claim is given by

C+[s; fPg] =

1Z
�1

dN+1x g(x0; x1; : : : ; xN ;W )�(4.5)

�
�
h
P (s; T0)e

b0x0� 1

2
b2
0; P (s; T1)e

b1x1� 1

2
b2
1; : : : ; P (s; TN)e

bNxN� 1

2
b2
N

i�
+

where g(x0; x1; : : : ; xN ;W ) is the multivariate normal distribution density

g(x0; x1; : : : ; xN ;W ) =
1q

(2�)N+1detW
exp

0
@�1

2

NX
i;j=0

xi(W
�1)ijxj

1
A(4.6)

Proof: See Appendix.
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In the rest of this section, we apply this result to obtain explicit option formu-
lae for European calls, puts; compound options; swaps, swaptions; caps and
captions.

Example 4.1: European Call and Put

For a European call on a zero-coupon bond maturing at time T with a strike
price K, the �nal payo� at the option expiry T0 is

Ccall(T0) =

�
P (T0; T )�K � P (T0; T0)

�
+

:

This corresponds to the boundary condition in (4.2.i) with N = 1. Therefore,
we can integrate equation (4.5) correspondingly and obtain the call price at
the present time s as

Ccall[s; P (s; T0); P (s; T )] = P (s; T )N

0
@ ln P (s;T )

K�P (s;T0) +
1

2
�2(s; T0; T )

�(s; T0; T )

1
A(4.7)

�K � P (s; T0)N

0
@ ln P (s;T )

K�P (s;T0) �
1

2
�2(s; T0; T )

�(s; T0; T )

1
A

and the volatility function �(s; T0; T ) is given by

�2(s; T0; T ) =

T0Z
s

dt

�
Z(t; T; T ) + Z(t; T0; T0)� 2Z(t; T0; T )

�
:(4.8)

On the other hand, an European put on a zero-coupon bond P (s; T ) has a
�nal payo� at the option expiry T0 given by

Cput(T0) =

�
K � P (T0; T0)� P (T0; T )

�
+

:

A similar integration shows that the put price satis�es the put-call parity,

Ccall(s)� Cput(s) = P (s; T )�K � P (s; T0):(4.9)
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Equation (4.7) is very similar to Black-Scholes' formula except for the di�erent
volatility function � in equation (4.8). This supports the rough approximation
given by Black-Scholes' formula which has been used frequently among practi-
tioners. The merit here is that the volatility function �(s; T1; T2) in the pricing
formulae should take into account the maturity dependence in the covariance
function of the bond returns Z(s; T1; T2) via the relation given in equation
(4.8). Di�erent interest-rate models in the HJM framework correspond to dif-
ferent choices of Z's. We shall return for more discussion on the calibration of
the correlation function in section 5.

Example 4.2: Compound Option (Call on Call)

Consider a compound option which is an European call maturing at time T0
on another European call maturing at a later time T1. Let the underlying
zero-coupon bond of the call be P (s; T2) and the strike price of the call be K,
while the strike price for the compound option is Kc. Then, the �nal payo� of
the compound option at expiry T0 is

Ccmp(T0) =

�
Ccall [T0; P (T0; T1); P (T0; T2)]�Kc � P (T0; T0)

�
+

where the call price Ccall is given in equation (4.7). This corresponds to solving
for the boundary condition in (4.2.ii) with �[y1; y2] = Ccall[T0; y1; y2]. Substi-
tuting this � into equation (4.5) and evaluating the integral with N = 2, we
obtain the following pricing formula for the compound option:

Ccmp(s) =

1Z
�1

dx1

1Z
�1

dx2

G(x1;x2)Z
�1

dx0 g(fxg;W )(4.10)

�
Ccall

h
T0; P (s; T1)e

b1x1� 1

2
b2
1 ; P (s; T2)e

b2x2� 1

2
b2
2

i
�KcP (s; T0)e

b0x0� 1

2
b2
0

�
;

where the x0 integration limit is given by

G(x1; x2) =
1

b0
ln

0
@Ccall

h
T0; P (s; T1)e

b1x1� 1

2
b2
1; P (s; T2)e

b2x2� 1

2
b2
2

i
KcP (s; T0)

1
A+ b0

2
;(4.11)

and Ccall is given in equation (4.7). In general, this integral can only be eval-
uated numerically.
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Example 4.3: Swap and Swaption

A payer forward swap is an agreement to pay a �xed-rate interest and receive
a 
oating-rate interest in return. Suppose the swap is settled and paid in
advance for N periods starting from T0 and ending at TN . Take the 
oat-rate
to be the LIBOR rate L(Tj) during the period [Tj; Tj+1] and the �xed-rate to
be some constant K. Then the payment at the beginning of each period is

C(j)
swap(Tj) =

(Tj+1 � Tj) (L(Tj)�K)

1 + L(Tj)(Tj+1 � Tj)
8 j = 0; 1; : : : ; N � 1:

Here, we have taken account of discounting the payment from Tj+1 to Tj.
This payment can be written in terms of zero-coupon bond prices because the
LIBOR rate is related to the zero-coupon bond price as follows:

P (Tj; Tj+1) =
1

1 + L(Tj)(Tj+1 � Tj)
:(4.12)

The swap payment due at the beginning of the j-th period is therefore

C(j)
swap(Tj) = P (Tj; Tj)� (1 +K(Tj+1 � Tj))P (Tj; Tj+1):

Since this is a linear functional of the bonds, the corresponding solution of the
Kolmogorov equation is simply

C(j)
swap(s) = P (s; Tj)�

�
1 +K(Tj+1 � Tj)

�
P (s; Tj+1):

It is straightforward to verify this solution using the property of the functional
derivative given in the appendix. Therefore, the total forward swap price at
the present time s is simply the sum of all the contributions from N periods:

Cswap(s) = P (s; T0)� P (s; TN)�
N�1X
j=0

K(Tj+1 � Tj)P (s; Tj+1):(4.13)

The forward swap rate is chosen to be the �xed rate Kf such that the total

oat-rate payment equals the total �xed-rate payment at the beginning of the

13



swap. Namely, the forward swap price is zero at the present time s,

Kf =
P (s; T0)� P (s; TN)PN�1

j=0
(Tj+1 � Tj)P (s; Tj+1)

:(4.14)

These swap formulae can be found in the work of Brace and Musiela (1994).
Next, we consider a payer swaption where the owner buys the right to swap
the 
oat rate payments with the �xed rate payments (say a strike rate K) for
N periods in [T0; TN ] starting at some future time T0 > s. This is equivalent
to a European call on a payer swap of N periods starting at T0. At the expiry
of the swaption, T0, the value of the contract is

Cswaption(T0) =

�
Cswap(T0)

�
+

=

0
@P (T0; T0)� P (T0; TN )�K

N�1X
j=0

(Tj+1 � Tj)P (T0; Tj+1)

1
A

+

:

This corresponds to the boundary condition given in (4.2.i). Thus, the present
price of the swaption can be evaluated by substituting the payo� function
� = Cswap[T0; fP (T0; Tj)g] into equation (4.5):

Cswaption(s) =

1Z
�1

dNx

1Z
GN

dx0 g(fxg;W )�(4.15)

0
@P (s; T0)eb0x0� 1

2
b2
0 �

NX
j=1

�
�j;N +K(Tj � Tj�1)

�
P (s; Tj)e

bjxj� 1

2
b2j

1
A ;

with the x0 integration limit GN given by

GN =
1

b0

0
@ln

0
@PN

j=1
ajP (s; Tj)e

bjxj� 1

2
b2
j

P (s; T0)

1
A +

1

2
b2
0

1
A ;

and aj � �j;N +K(Tj+1 � Tj). The b's and W are given as in equation (4.4).
For an one-period swap, N = 1, this integration gives rise to an accumulated
bivariate normal distribution function. For N > 1, it is in general not possible
to integrate this analytically. Numerical methods will be needed to evaluate
this integral. This swaption formula di�ers from those of Brace and Musiela
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(1994,1995) because the covariance function of bond returns (or the forward
rates) does not factorise in general as assumed in their papers.

Example 4.4: Cap and Caption

Let us consider a forward start cap consisting of N caplets starting at T0
and ending at TN . This can be rewritten as N European calls on the LIBOR
rates L(Tj) for the period [Tj; Tj+1] where each call has a cap-rate Kj and the
payment due at the beginning of the period Tj is

C(j)
cap(Tj) =

 
(Tj+1 � Tj)(L(Tj)�Kj)

1 + L(Tj)(Tj+1 � Tj)

!
+

:

In terms of the zero-coupon bonds, the j-th payment at the beginning of the
period is

C(j)
cap(Tj) =

�
P (Tj; Tj)� (1 +Kj(Tj+1 � Tj))P (Tj; Tj+1)

�
+

:

Thus, each individual caplet is equivalent to a European put on a bond matur-
ing at the end of the period Tj+1 where the bond principal is (1+Kj(Tj+1�Tj))
and the strike price is the inverse of the principal. The present value of each
caplet is then

C(j)
cap(s) = P (s; Tj)N (h+j )� (1 +Kj(Tj+1 � Tj))P (s; Tj+1)N (h�j );(4.16)

where

h�j �

0
@� ln

�
(1+Kj(Tj+1�Tj))P (s;Tj+1)

P (s;Tj)

�
� 1

2
�2(s; Tj; Tj+1)

�(s; Tj; Tj+1)

1
A ;(4.17)

and the volatility function is given by

�2(s; Tj; Tj+1) �

TjZ
s

dt

�
Z(t; Tj; Tj) + Z(t; Tj+1; Tj+1)� 2Z(t; Tj; Tj+1)

�
:(4.18)

With N such caplets, the total cap price at the present time s is simply the
sum of all caplets

Ccap(s) =
N�1X
j=0

C(j)
cap(s):(4.19)
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Next, we consider a caption which is an European call on a cap starting at
time T0 with cap rate as in equation (4.16), namely the interest rate is capped
at Kj for each j-th period. The �nal payo� of the caption at expiry T0 is the
value of the underlying cap if the cap is positive or else the payo� will be zero:

Ccptn(T0) =

�
Ccap[T0; P (T0; T0); P (T0; T1); : : : ; P (T0; TN)]

�
+

:

Hence the caption's present price can be evaluated as a compound option on
the cap given in equation (4.19), namely

Ccptn(s) =

1Z
�1

dNx

1Z
G(x1;:::;xN)

dx0 g(fxg;W )�(4.20)

 
N�1X
j=0

C(j)
cap

h
T0; P (s; Tj)e

bjxj� 1

2
b2
j ; P (s; Tj+1)e

bj+1xj+1� 1

2
b2
j+1

i !
;

where the x0 integration limit G(x1; : : : ; xN) is the solution to x0 in the fol-
lowing equation:

N�1X
j=0

C(j)
cap

h
T0; P (s; Tj)e

bjxj� 1

2
b2
j ; P (s; Tj+1)e

bj+1xj+1� 1

2
b2
j+1

i
= 0

and the caplet C(j)
cap can be found in equation (4.16)-(4.19). Again, for N > 1,

this integration has to be carried out numerically.

5 Model Implementation and Comparison

In order to implement the results in this paper properly, it is crucial to have
a good estimate of the covariance function of bond returns, Z(s; T1; T2), from
empirical data. Since our pricing formulae are derived for the case when Z is a
deterministic function of time, while in reality Z is most likely to be stochastic.
We need to �nd an approximation function for Z which will �t the market
prices. Di�erent assumptions on how Z behaves produce di�erent interest rate
models. Here, we discuss two types of covariance functions suggested in the
literature.
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5.1 The Random Field Model (Kennedy):

Let us rewrite Z in terms of the covariance function of the instantaneous
forward rates, F (s; u) � �@u lnP (s; u),

Z(s; Ti; Tj) ds =

TiZ
s

dv1

TjZ
s

dv2COV[dF (s; v1)dF (s; v2)]:

Then the result in Example 4.1 recovers the European call price (and the caplet
in Example 4.3) obtained in the random �eld model by Kennedy (1994). Fur-
thermore, if we substitute the forward rate covariance function suggested by
Kennedy (1995), assuming that the forward rate is a time-stationary Markov
process, Z is then speci�ed by three constant parameters, �, � and � (� > �):

Z(s; Ti; Tj) =

TiZ
s

du1

TjZ
s

du2 �
2 �e�s e((2���)min(u1;u2)��(u1+u2)):

Empirical testing will then require estimating these three constant parame-
ters and their stability. However, one may not expect a good �tting if the
instantaneous forward rate does not resemble a Markov process.

5.2 The m-Factor HJM Gaussian Models (Brace and Musiela):

By choosing a �nite number of nonzero deterministic di�usion coe�cients

�(k), we can easily recover the results in multi-factor Gaussian models. For
example, to compare with the results of Brace and Musiela (1994a), let the

forward rate di�usions �
(k)

f = 0 for k � m and the covariance function of

bond-returns becomes

Z(s; Ti; Tj) =

TiZ
s

dv1

TjZ
s

dv2

m�1X
k=0

�
(k)

f (s; v1)�
(k)

f (s; v2):

Notice that the following covariance function is related to our correlation ma-
trix W as follows:

�ij �COV [ln P (T0; Ti) ln P (T0; Tj)] = Wij bi bj:

If �ij can be factorised into a product of two m-dimensional vectors ~
i � ~
j,
then, for contingent claims with a linear payo�-function as in (4.1.i), our
pricing formula in Theorem 4.1 agrees with Theorem 3.1 in their paper. For
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implementation, these authors further assume that the forward rate di�usions

are functions of time to maturity only, �
(k)

f (s; v) = � (k)(v � s).

5.3 Nonparametric Calibration for the Covariance Function Z

In order to capture the full term structure accurately, it is better to calibrate
the whole covariance function of the bond returns Z(s; T1; T2) and not the

forward rate di�usions �
(k)

f (s; T ). Here, we propose how one may proceed with

a non-parametric calibration.

First, from the discount bonds and their correlation matrix including the
variances at a set of discrete maturities, say monthly or quarterly (for ei-
ther implied or historical volatility), we can obtain a table of data which de-
�ne (e.g. generate numerically from Mathematica) an interpolating function
F (Ti� s; Tj � s) = Z(s; Ti; Tj) for a given date s. By studying a series of such
interpolating functions, we can see how they vary in time s. If the discount
bond covariance is time-stationary,

Z(s+ h; Ti + h; Tj + h) = Z(s; Ti; Tj)

we can integrate the interpolation function F (Ti � s; Tj � s) over time s to
obtain the correlation matrixW in the pricing formulae. If the discount bond
covariance is not time-stationary, the covariance function can be approximated
by a time-dependent scaling factor H(s) which is determined empirically.

Z(s; Ti; Tj) = H(s)� F (Ti � s; Tj � s):

In contrast with Brace and Musiela (1994), we do not assume that the cor-
relation matrix factorises into some �nite-dimensional vectors �ij = ~
i � ~
j.
More empirical studies are needed in order to have a better understanding of
how the covariance function vary in time.

6 Conclusions

In this paper we generalise Black-Scholes' methodology (PDE approach) to
formulate the arbitrage pricing theory of the interest rate contingent claims
in a complete market. The underlying assumptions are that the yield-curve
dynamics is driven by a stochastic process of a random string and that an
investor can trade continuously in an arbitrage-free market where the bonds
mature within a continuous period T 2 [0; L]. The �rst assumption leads us
to specify the stochastic process of the discount bond returns in terms of
an in�nite number of Brownian motions and the second enables us to derive
the Kolmogorov equation which describes the time evolution of a contingent
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claim. We obtain explicit pricing formulae for a large class of interest rate
options by solving this equation when the covariance function of the bond
returns Z(s; T1; T2) is deterministic. Although these are obviously idealised
descriptions of the real interest rate market, the advantage of obtaining simple
analytic results is well worth pursuing. Our results are also very general in the
sense that they include �nite-factor HJM Gaussian models by choosing special
functional forms of the covariance function of the bond return.

Since we formulate the interest rate dynamics in terms of the bond returns
directly rather than the instantaneous forward rates as in the usual HJM mod-
els, the option pricing formulae depend explicitly on the covariance function of
the bond returns Z (or the yield curve di�erentials as in (3.3)). This covariance
function is not derived theoretically but requires input from empirical data.
So far, much e�ort has been put in the implementation of �nite-factor HJM
models by calibrating the parameters in the forward rate volatility function.
Our results suggest that it is better to calibrate the whole covariance function
of the bond-returns Z(s; T1; T2) directly or equivalently the implied volatility
function �'s de�ned in equation (4.8).

Thus, the state of the art in pricing interest rate derivatives lies in the knowl-
edge of the covariance function of the bond returns Z (or equivalently the
yield curve di�erentials). The more we know about this function, the better
we can capture the full term structure. The disadvantage of the �nite-factor
HJMmodels is that they impose restricted functional forms on Z and therefore
reduce the model's capability to describe the full term structure. Our model
does not impose such restrictions on Z and allows us to price the interest
rate options as long as the covariance function is deterministic. As discussed
in the last section, it is possible to implement the model in a non-parametric
way. Nonetheless, it will be very illuminating to carry out further theoretical
studies of the covariance function based on more general considerations such
as those discussed by Kennedy (1995) and to test it against empirical studies.
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A Appendix

Here we sketch the proof of Theorem 4.1 when the payo� function � is mono-
tonically decreasing in x0. (For other types of �, either monotonically increas-
ing in x0 or xj, the proof can be deduced in a similar fashion.) Let us �rst
rewrite the solution with explicit integration boundary as follows:

C+(s) =

1Z
�1

dNx

GNZ
�1

dx0 g(fxg;W )�[y0; y1; : : : ; yN ];(A.1)

where yj � P (s; Tj)e
bjxj� 1

2
b2
j and the x0 integration limit is given by

GN (s) �
1

b0(s)

 
ln

y�
P (s; T0)

+
1

2
b2
0
(s)

!
; �[y�; y1; : : : ; yN ] = 0:(A.2)

From equation (4.4), we have bj(s = T0) = 0 and yj(T0) = P (T0; Tj) for all j.
Therefore, at the option expiry T0, the integration boundary becomes

GN (T0) = �1 for � �[P (T0; T0); : : : ; P (T0; TN)] > 0;

and the dependence on xj in the integrand drops out. Thus equation (A.1)
gives the correct boundary condition.

Next, we substitute C+ into Kolmogorov's �eld equation and use the following
property of the functional derivative:

��[P (s; T )]

�P (s; u)
= �(u� T )

@�

@P (s; T )
;

where the delta function is de�ned by
R L
0
duH(u)�(u � T ) = H(T ) for T 2

[0; L]: Then, it is easy to check that the two terms which depend on the short
rate in Kolmogorov's �eld equation cancel each other because

r[s; fPg]

LZ
0

duP (s; u)
�C+

�P (s; u)
(A.3)

= r[s; fPg]

1Z
�1

dNx

GNZ
�1

dx0 g(fxg;W )
NX
j=0

yj
@

@yj
�[y0; y1; : : : ; yN ]
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= r[s; fPg]C+(s):

In the last step, we have used the homogeneous property of � de�ned in
equation (4.1). The second-derivative term in Kolmogorov's equation can be
evaluated similarly

1

2

LZ
0

du1

LZ
0

du2Z(s; u1; u2)P (s; u1)P (s; u2)
�2C+

�P (s; u1)�P (s; u2)
(A.4)

=
1

2

1Z
�1

dNx

GNZ
�1

dx0 g(fxg;W )
NX

i;j=0

Z(s; Ti; Tj)yiyj@yi@yj�

+
1

2

1Z
�1

dNx

�
g(GN ; x1; : : : ; xN ;W )

b0(
PN

i=1
yi@yi�)

NX
j;k=1

�
yj@yj�

�
(yk@yk�)

�
�
Z(s; Tj; Tk)� Z(s; Tj; T0)� Z(s; Tk; T0) + Z(s; T0; T0)

��
x0=GN

:

On the other hand, to calculate @sC+, it is easier to diagonalise W �rst by
changing the basis of the variables and rewrite the density function in terms
of uncorrelated Gaussian densities, dN+1xg(fxg;W ) = dN+1x0ĝ(x0

0
) : : : ĝ(x0N),

where ĝ(x0) � 1p
2�
e�

1

2
x02

. After calculating the time-derivative of C+, we then

transform it back to the original variables.

@sC+ =

1Z
�1

dNx

GNZ
�1

dx0 g(fxg;W )
NX

i;j=0

1

2
@s(bibjWij)yiyj@yi@yj�(A.5)

+

1Z
�1

dNx

�
g(GN ; x1; : : : ; xN ;W (s))

2b0(
PN

i=1 yi@yi�)

NX
j;k=1

�
yj@yj�

�
(yk@yk�)

�@s

�
b2
0
+ bjbkWjk � b0bjW0j � b0bkW0k

��
x0=GN

:

Substituting in the coe�cients b's and W from equation (4.4), we prove that
equations (A.4) and (A.5) cancel.

2

.
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