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Valuing Finite-Lived Options as Perpetual

Abstract

We show how the value of a finite-lived option can be interpreted as the limit of a sequence of perpetual
option values subject to default risk. This interpretation yields new closed form approximations for European
and American option values in the Black Scholes model. Numerical results indicate that the approximation is
both accurate and computationally efficient.



I Introduction

Closed-form solutions for the value of European-style options have been widely known since the seminal papers of
Black-Scholes[3] and Merton[28]. Unfortunately, the vast majority of listed options are American-style. Despite a
profusion of research on the subject, a completely explicit analytic solution for the value of a finite-lived American
option continues to elude finance theorists.

Nonetheless, much progess has been made in developing approaches which approzimate the value of such
options. These approaches bifurcate into either numerical methods or analytic approximations. Numerical meth-
ods for valuing American options comprise lattices[34],[11],[36],[21], finite differences[6][43], and Monte Carlo
simulation[41],[16]. Analytic approximations include those based on compound options[14],[8],[17], the quadratic
formula[24],[2], exponential exercise boundaries[33],[10], integral formulations[22],[9],[44], or regressions between
lower and upper bounds[20],[7]. The purpose of this paper is to develop a new analytic approximation based on
an analogy between American options and annuities.

A standard approach for valuing a (finite-lived) annuity is to consider it as the difference between a perpetuity
and a deferred perpetuity. Since closed-form solutions for perpetual American option values have been known since
Samuelson/McKean[39], it is tempting to use these solutions to attempt to value (finite-lived) American options.
Unfortunately, the value of an American option is not given by the difference between a perpetual American option
and its deferred counterpart.

This paper presents an alternative approach for valuing finite-lived securities such as annuities, which also
relies on knowing perpetual values. This alternative approach has the advantage of being applicable to American
options. In common with all other approaches, it also has the disadvantage of merely approzimating the desired
continuous-time values. However, the approximation for both annuities and American options is given by a simple
closed-form formula, which does not involve integrals of any kind. Furthermore, numerical implementation of the
formula for American options indicates convergence to the unknown exact value in a computationally efficient
manner.

The inspiration for the alternative approach relies on the observation that the values of both annuities and
American options decline over time. In contrast, the values of perpetual annuities and American options experience

no time decay. In this paper, we mimmick the time decay experienced by an annuity by supposing that the



corresponding perpetuity undergoes a series of downgrades in credit quality. Since the terminal value of a finite-
lived annuity is zero, the final downgrade of the corresponding perpetuity becomes bankruptcy with zero recovery.
Just as it is easier for rating agencies to deal with a finite number of discrete credit classes (eg. AAA, BBB, etc.),
we analogously assume that the finite-lived annuity has a finite number of discrete time periods to maturity (eg.
n periods, n — 1 periods etc.).

When dealing with American options, we similarly show that time decay may be mimmicked by credit down-
grades of perpetual option values. The lowest possible credit class corresponds to the terminal value of the option,
which is a known function of the underlying stock price'. Since we are able to derive an exact valuation formula
for perpetual options subject to a finite series of credit downgrades, the formula can be used to approximate the
value of finite-lived American options.

Our approach offers several advantages over existing methods for valuing American options. First, when
compared with numerical methods, the analytic nature of our approach allows us to simultaneously speed up the
computation and to eliminate the error due to truncation of the spatial domain (eg. in finite differences) or to
price discretization (eg. in lattices). The analytic nature of our solution also offers insights into the signs and
magnitudes of comparative statics, and implies that derivatives may be calculated without introducing additional
discretization error. Second, when compared with other analytic approaches, our option valuation formulas are
easier to implement because they do not use distribution functions or any other special functions (other than the
natural log). This key result is due to the fact that the implied risk-neutral density for the underlying stock price
may be integrated in closed form. Third, in contrast to most other approaches, our approach yields an explicit
analytic approximation of the critical stock price, so long as dividends are modelled as continuous and constant?.
Consequently, we are able to derive a new analytic approximation for the behavior of the exercise boundary near
expiration.

The structure of this paper is as follows. The next section reviews standard results on the pricing of American
puts in the Black-Scholes model. The following section presents our technique for approximating the time decay of a

finite-lived security with credit downgrades of a perpetual one. The following section discusses the implementation

1We couch the presentation in terms of options on the spot price of a stock. Since we allow for a constant proportional dividend,
readers should have no difficulty applying the analysis to options on the spot or futures price of a stock index, currency, or commodity.

?In contrast, when dividends are modelled as continuous and proportional to the underlying stock price, the critical stock price is
implicitly given by an algebraic equation, which is easily solved numerically.



of our American put formula and compares this implementation with extant approaches in terms of both speed
and accuracy. The penultimate section extends the analysis to dividends and American calls. The final section

summarizes our results and suggests directions for future research.

IT American Put Valuation in the Black-Scholes Model

In this section, we focus on the valuation of American puts in the Black-Scholes model. We defer the corresponding
development for American calls until dividends have been introduced. The Black-Scholes model assumes that over
the option’s life [0, 7], the economy is described by frictionless markets, no arbitrage, a constant riskless rate r > 0,
no dividends from the underlying stock, and that the underlying spot price process {5, t € (0,7)} is a geometric
Brownian motion with a constant volatility rate o > 0. Let P(¢,5;7) denote the value of an American put as a
function of the current time ¢, the current stock price .5, and the maturity date 7. Figure 1 graphs the value of
an American put against the current stock price, holding ¢ and T fixed. The critical stock price S(t),t € [0,7] is
defined as the largest stock price 5 at which the American put value P(¢,5;7) equals its exercise value K — S,
where K is the strike price.

As time evolves, the alive American put value falls, which is a phenomenon widely known as time decay. In
contrast, the exercise value K — 5 does not erode with time. The passage of time therefore raises the critical
stock price at which exercise occurs. When graphed against time, the critical stock price is a smoothly increasing
function termed the exercise boundary (see Figure 2). The continuation region {(t,5); 5 > S(t),t € [0,T]} lies
above this boundary, while its complement, the exercise region {(t,5);5 < S(¢),t € [0,T]} lies below. In the

exercise region, the put value P(t,S5;7) is given by its exercise value:
P(t,5;T) = K — 8, 5 €(0,8(),t € (0,7). (1)

Thus, the problem is to determine the put value in the continuation region at the initial time ¢ = 0.
For quite general stochastic processes, the American put’s value at this time is given by the solution to an
optimal stopping problem:

P(0,8;T) =refo.1] Eo,s{e " [K — S,]*}, (2)

where 7 is a stopping time and the conditional expectation is calculated under the risk-neutral probability measure.

For initial stock prices above the optimal exercise boundary, the continuity of the stock price process in the Black-



Scholes model implies that the optimal stopping time is a first passage time to this boundary. Consequently, the

alive American put may alternatively be valued as:

su
A

P(0,5;T) =B()ien,1) Eo s{e "MK — S, ]F}, (3)

where 7p is the first passage time® from S to an exercise boundary B(t),t € [0,7]. Since the optimal exercise
boundary {S5(¢),t € [0,7]} is an unknown function of time (see Figure 2), neither formulation yields a closed-form
solution for the alive American put value.

McKean[25] showed that an application of [té’s lemma to (2) implies that the alive American put value and
exercise boundary jointly solve a free boundary problem, consisting of the Black-Scholes partial differential equation

(p.d.e.):

2
%SzPss(t, S:T) — r[P(t,8;T) — SP(t, S:T)] + Pu(t, $;T) = 0, S € (S(t:T),00),t€(0,T), (4)

and the following boundary conditions:
P(T,S;T)= (K- 5)", Se(ST;T),~), and S(T;7T)=K.

lim P(t,5;7)=0, lim P(t,8;T)=K - S(;T), lim Py(t,5;7)=—1, te(0,7).
STeo SIS(t:T) S1S(t:T)

The hedging arguments given in the seminal papers by Black-Scholes[3] and Merton[28] permit an important
economic interpretation of each term in the differential equation. At any point in the continuation region, we may
consider a portfolio consisting of one alive American put with value P(¢,5;7), long |Ps(t,5;1)| shares with value
| Ps(t,5;T)]S,and P(t, S;T)+|Ps(t,5;7)|5 dollars borrowed. Absence of arbitrage implies that this delta-neutral
zero-investment portfolio must maintain zero value through time. This condition in turn implies that the gamma
profit measured by the first term in (4) must be offset by the cost of carrying the position and the time decay,
given by the second and third terms in (4) respectively.

While the p.d.e formulation lends insight into the local dynamics of the American put value, this formulation
does not lend itself to an exact closed-form solution. However, as the maturity date 1" approaches infinity, time

drops out of both the optimal stopping problem and the free boundary problem, leaving much simpler problems

?As usnal, the first passage time is considered to be infinite if the boundary is never touched.



to solve. The optimal stopping problem for the perpetual put value P(.5;00) involves the first passage time 75 to
a constant boundary B:

sup

B P(0,5;00) = Eygs{e”B(K — B)}, (5)

while the free boundary problem simplifies to the following ordinary differential equation (o.d.e.):

0.2

7S2PSS(S;OO)+TSPS(S;OO)—TP(S;OO) =0 Se(8,00), (6)

and the boundary conditions ng P(S;00) =0, g{% P(S;00)=K-59, g{% Py(S;00) = —1. From Samuelson[39],
both problems yield the following exact solution for the alive perpetual put value P(.5;00) and critical stock price

5

™)

P(S;00) = (K - 9) (%) 7 ,5> 5, where § = r—l—rﬁ
= 2

S

K. (7)

Just as time drops out when considering perpetual claims, the stock price drops out when considering claims
whose payoffs are independent of the stock price. For example, the time ¢ value of a T-maturity annuity with fixed

continuous payments of ¢ dollars per year is governed by the following o.d.e.:
—rAt; T+ At T)+ ¢ =0, t €10,T), subject to A(T;T) = 0. (8)
As was true for American options, a perpetuity is valued by setting the time derivative to zero:
—rA(t;00) + ¢ = 0. (9)
The solution A(t;00) = % can be used to generate the well-known solution for the finite-lived annuity:

A(t:;T) = ¢[1 — (T, (10)

.~
Note that the perpetuity value is independent of time, whereas the finite-lived annuity experiences time decay.

¢

Equation (10) clearly indicates that the value of a finite-lived annuity is given by the value of a perpetuity =,
less the value of a deferred perpetuity e_T(T_t)%. Unfortunately, using the corresponding approximation for the
American put will undervalue substantially because this approach implicitly forces the exercise boundary 5, to

the sub-optimal perpetual boundary S given in (7). In the next section, we develop an approximation procedure

for valuing finite-lived annuities which also applies to American put options.



IIT Approximating Time Decay as Credit Downgrades

The analysis in the previous section assumed that all claims are not subject to default risk. However, if we assume
as in Merton[29], Madan and Unal[27], or Duffie and Singleton[13] that default is triggered by a Poisson process,
then the governing differential equations change. In particular, suppose that the first jump of a standard Poisson
process with constant intensity ) forces the risky perpetuity value A1) to a given recovery value A Then the

generalization of (9) to risky perpetuities is:
— 7AW £ A[A© — AWM 4 ¢ =0, (11)

where the dependence on time has been suppressed as a reminder that we are dealing with perpetuities. The new
term is given by the product of the instantaneous probability of a jump A and the change in value which the jump

triggers. Since we will assume that the perpetuity has no recovery value (A(O) = 0), the solution is simply:

m_ _¢
AW = 2 (12)

indicating that A may be interpreted as a credit spread.
More generally, we may assume the existence of n 4+ 1 credit classes and that each jump of a standard Poisson
process triggers a credit downgrade of the perpetuity from class m to class m — 1, for m = 1,...,n. The resulting

difference equation governing the value of a risky perpetuity in credit class m is:
—rAl™) 4 /\[A(m_l) - A(m)] +¢ =0, m=1,...,n, subject to A®) = . (13)

Comparing (13) for a risky perpetuity with (8) for a riskless annuity indicates a mechanism by which credit
downgrades may be used to mimmick time decay. In particular, suppose that we divide the riskless annuity’s life
(0,7) into n equal steps, each of length A = % Further suppose that we defer the effect of time passing on the
annuity value A(¢;7') in (8) until the end of each time step. Let A(™) denote the resulting approximation for the
annuity value A(T — mA;T) with m periods to maturity. Then integrating (8) across time and dividing by A

implies that A(™) solves a difference equation of the same form as (13):

[A(m) — A0m=D] 4 ¢ = 0, m=1,...n, subject to A©® = 0. (14)



Re-arranging gives the sensible result:

) _ oA+ A
o 14+ rA

A (m

= R(¢A + A =1, n, (15)

where R = ﬁ is the single period discount factor. Iterating on m implies that the solution to (14) with n steps

to maturity is:

A = AR+ R*+ ...+ R"] = —R(1 — R"). (16)

r
Comparing with (10) indicates that this discrete-time approximation converges to the correct continuous-time
solution as the number of steps n becomes large. Furthermore, if we equate the intensity A in (15) to the reciprocal
of the time step length A in (14), then the resulting difference equations for Alm) and A(m) are formally identical.
As a result, (16) also gives the exact value of a perpetuity in the n-th credit class, where credit downgrades occur
according to a Poisson process with intensity A = i

Proceeding analogously for American options, let P(m)(S) and 5, respectively denote our approximations
for American put value P(T — mA,S;T) and the critical stock price S(T — mA;T) with m steps to maturity,
m=0,1,...,n, with P(O)(S) = (K — 95)" and Sy = K. If we suppose that the put’s value, delta, gamma, and
critical stock price do not change except at the end of each calendar time step, then integrating the p.d.e. (4)

across calendar time and dividing by A implies that:

( %[P(m‘l)(S) _ POm($§)] = 0, for § € (S,,, ), (17)

2
%52P§y>(5) — r[P(§) — §P(S)] +
subject to the boundary conditions:

' (m)(sy = 0. Ii (m)(g)y = K — ' (m)(g)y = — — ' O)(gy=(K—-9)T
%1%10]3 (S)—O,Sligl (5)=K ﬁm,gilrﬁnmPs (S)=—-1,form=1,...,n, with PY(5)=(K—-5)". (18)

We may interpret P(m)(S) as the value of a perpetual put in the m-th credit class. The o.d.e. indicates that the

put enters the next lowest credit class at the next jump time of a Poisson process with intensity A = i

Comparing (17) with (4) indicates that the net effect of our approximation procedure has been to replace

the time derivative Py(t,9;7) = 2Z£(¢,5;T) in (4) with the finite difference AP(Z)(S) = P(m_l)(sg—P(m)(S) in

(17). However, the spatial derivatives are not replaced with their finite differences, in contrast to standard finite

difference schemes or the binomial model*. The notion of discretizing time while leaving space continuous is

*The binomial model uses a forward finite difference for the maturity derivative leading to an explicit scheme. Our use of a backward
difference indicates that our procedure may be considered as the limiting case of a fully implicit scheme, where the size of each space
step 1s infinitessimally small.



known in the numerical methods literature as the method of horizontal lines or Rothe’s method (see Rothe[38] and
Rektorys[35]). Its application to free boundary problems has been promulgated in Meyer[30],[31] and in Meyer
& van der Hoek[32], who use it to numerically value American options. Goldenberg and Schmidt[15] test this
numerical scheme against other approaches and find that it is highly accurate, although slightly slower® than some
other approaches.

Our approach is similar to the work of Meyer & van der Hoek and Goldenberg & Schmidt, except that we treat
the method of lines as a way to generate explicit formulas for the approximate value of an American option and its
critical stock price. In contrast to the numerical method of lines, our analytic method of lines is immune to error
introduced by bounding and discretizing the spatial domain. The accuracy of our formulas may be anticipated «a
priori by noting that as the maturity date T" approaches infinity holding the number of steps n fixed, then our
modified problem, (17), approaches that of the perpetual put, (6). As a result, the solution at any time step to
our modified problem will converge to the correct perpetual solution, (7). Conversely, as n gets arbitrarily large
with 7" held fixed, then the finite difference % in (17) converges to the time derivative P4(0,5;7)in (4). As
a result, we conjectureSthat the solution (P{"($), .5, ) to our modified problem converges to the unknown solution
(P(0,5;7),5(0;T)) of the exact problem (2) or (4).

Re-arranging (17) leads to the following sequence” of (inhomogeneous second order Fuler) o.d.e.’s:

2
%52P§y>(5) +rSPU(S) = (r 4 A)PM(§) = —API(S), 5 e(S,,0),m=1,...,n, (19)

where recall A = i = 7 is both the intensity of the default process for the perpetual put and the number of time

steps per year for the finite-lived put.

Setting m = 1 in (18) and (19), the inhomogeneous term is —AP™=D(8) = —APO)(§) = —A\(K — §)* and
the boundary value problem defining P(l)(S) can be solved analytically. See Figure 3 for a graph of this first step
solution against the stock price. Setting m = 2 in (18) and (19), —AP(1(S) becomes the inhomogeneous term,
and P(Q)(S) may be solved for analytically. See Figure 4 for a graph of this second step solution and Figure 5 for

a graph of the solution over the first two steps. Continuing in this fashion, the entire sequence of o.d.e.’s in (19)

®However, given the speed of modern computers, they argue that its inherent accuracy makes it the method of choice among those
tested.

SWhile numerical implementation of our solution will prove to be consistent with this conjectured convergence, a formal proof of
convergence remains an open question.

"We define P V(S) = K — S for S € (S,,,5,,_1)

=m>’=m-1



can be solved explicitly.

As previously mentioned, the final solution P(”)(S) is also the value of a perpetual put in the n-th credit class.
Using the Feynman-Kac Theorem (see Duffie[12]), the value of this perpetual claim may be expressed as:

PU(S) = Eos /0 " e PO (5 ) 4 By s~ (K~ 5, (20)

where 7, is the first passage time to 5,,. The first term is the value arising if the first credit downgrade precedes
exercise, while the second term captures the value of exercising prior to any downgrade. Comparing (20) with
Samuelson’s solution (5) indicates that this second term is structurally identical® to the value of a riskless perpetual
put. Thus, the default risk (or maturity of the finite-lived claim) is captured by the first term in (20).

The analysis leading to the problem specifications (19) or (20) for the value of an American put applies to
European puts as well. The sequence of boundary value problems which governs the approximate value p(m)(S)

of a European put is:

2
%521;27;%)(5) rSplm(8) = (r+ ApM(S) = —Ap™I(8),  §>0,m=1,...,n, (21)
subject to éle p(m)(S) =0, g%p(m)(S) = KR™, form=1,...,n, with p(o)(S) = (K- 9)*.

The corresponding sequence of continuous-time perpetual claim valuation problems is:
p(m)(S) = EQS/ e_(”A)“/\p(m_l)(Su)du, form=1,...,n, with p(o)(S) =(K - 95T, (22)
0

The corresponding solution to either (21) or (22) for the European put value when m = n is:

—en—1 {9¢In (2 M kot _
W= () g () (" 1+l)[ffR”q”p’+’“—I(d”ﬁ”’“], S>E. (2
=0

K = k! ; n—1
where:
1 1 r 2

R = = - — — = 24— 24
14+ rA’ 7 2 g2’ ¢ 7 —I—RU?A’ (24)

and where:

€— 7 e+ . e—v+1 R . e+v-1

= 1 =1—-p= = 1 dé=1l—-p= ———— )
p 2€ 6(07 )7q p 2€ 7p 2€ 6(07 )7 an q p 2€ (5)

8However, the discount rate and critical stock price differ.

10



may be thought of as pseudo-probabilities. Note that the solution is only valid for S > K, i.e. for a European put
which is currently out-of-the-money. The solution for the initial value of an in-the-money Furopean put is given
by put-call-parity:

P8y = KR — 5 +4M(8),  S<K, (26)

(n)

where ¢ 7(.9) is the initial value of an out-of-the-money European call, given by:

. k
+en—=1 [2¢] K n—k—1 _
an)(s) _ (S )’7 Z M Z (n 14 l) [I(ﬁnqk-l_l _ ](Rnpn(]k—l—l], S < K. (27)

7 1 _
K k=0 k! =0 n—1

For completeness, we record the initial value of an in-the-money European call as:

sy =85 — KR + (),  §>K, (28)

where pén)(S) is given by (23). These European option formulas are slightly more complex than the Black-Scholes

formulas in that a different formula must be used depending on whether the stock price is above or below the strike
price. However, the formulas are also simpler in that no special functions such as normal distribution functions
require evaluation.

One can also use either method to solve for the value of an American put. However, one must first determine the
sequence of critical stock prices 5,...,5,,, where monotonicity of the free boundary implies Sy > S5 > ... > 5,
(see Figure 8). Like the FEuropean put formula, the American put formula will depend on whether the stock price
is above or below the strike. In addition, for stock prices below the strike, the American put formula for P(”)(S)
will depend on which interval (.5;,.5;_;) contains the current spot price 9.

Assuming that the critical stock prices are known, the solution to either (19) or (20) for the value of an

American put with n periods to maturity is:

P05) + 6l (5) ifS>S,=K
PUS) =S KRt — 5 400 (5) 4 A(S51) i S € (S8 qlii=1,....n (29)
K-S its<9,.
where for 1 =1,...,n:
5 k
n—i+1 y—e j—1 <2dn (s )) j=k=1 /. 4 4
o= 8 () m)) S (s
j=1 Spj1 =0 . —o 7—1
k
n—i+1 Ve -1 (9¢1y (Enmita i=k=1 /. 4 4
Agn)(S;h) = ( 5 ) ( (k'S )) (‘] . 1+Z)p]qk+lR]KrA.
71=h in—j+1 k=0 . =0 J— 1

11



The formula in the first line of (29) for the out-of-the-money value of an American put reflects the well-known
decomposition into the value of the corresponding European put and the early exercise premium (see [22], [18],
[9], [44], and [19]). The formula in the second line is a new decomposition of the American put value into the
value if forced to sell at a given date® prior to expiration, and the premia which arise because exercise can occur
before or after this date. Appendix 1 provides an economic justification for this decomposition. The final line of
(29) indicates that the put should be exercised immediately if the stock price S is at or below the critical stock
price 5.,.

A significant advantage of our new decomposition is that it yields an explicit formula for the sequence of
critical stock prices §4,...,5,. Continuity at the strike price for each time step m = 1,...,n implies cgm)(I() =
Agm)(K; 1), which in turn implies the following explicit recursive solution for each critical stock price S,,:

szl(( pRETA ) . om=1,...,n, (30)
MKy = Al (K 2)

where from (27), the at-the-money European call value with m periods to maturity simplifies to:

m—1
—1+1

ERTSEDY (m ! )[Ix’ﬁ%’—lx’RMpmq’], m=1,....n. (31)

=0 a

To initiate the sequence, we simply set m = 1:

1
. [ pRrA ) e

S, =k . 32
21 =8 (13— Rp (32)

Letting the time step size shrink yields the following simple approximation for the expiration behavior of the

exercise boundary!?:

AR EVAN
lim $§; =~ K (T—) , where g = =
A0 0 2

IV Implementation
Our solution (29) for the American put value P (S;T)is atriple sum. Clearly, we need the number of steps n to be

small in order to achieve computational efficiency. This section describes an ingenious technique called Richardson

extrapolation, which can be used to provide accurate answers in at most 3 time steps. Richardson extrapolation

°The given date used is the unique time ¢ solving ﬁ(t;T) = S, where ﬁ(t;T) is our step function approximation (see Figure 8) to
the exercise boundary.
198ee Barles et. al.[1], Van Moerbeke[42], and Wilmott et. al.[43] for alternative approximations.

12



has been used previously to accelerate valuation schemes for American!! options. Geske and Johnson[14] first
used Richardson extrapolation in a financial context to speed up and simplify their compound option valuation
model. Breen[5] applied this idea to accelerate the binomial model of Cox, Ross, and Rubinstein[11]. Yu[44]
and Subrahmanyam and Yu[40] use the approach to accelerate a modification of the integral representation of
McKean[25]. Finally, Broadie and Detemple[7] use it to accelerate a hybrid of the binomial and Black-Scholes
models.

Richardson extrapolation works off the same principle as option valuation itself. The key insight of the Black-
Scholes analysis is that the positive correlation between a call option and its underlying stock allows the formation
of a riskless portfolio involving opposing positions. If trading can only occur discretely, then the portfolio will have
risk, but which is of an order of magnitude below that of either component security. In the same vein, the positive
correlation between the errors in two successive put value approximations (eg. PM(S5;T) and PP)(S;T)) allows
the formation of a weighted average which has lower error than either approximation. In particular, when the error
of each approximation is of order O(A) as assumed here, the two point Richardson extrapolation, P12(S;T), is
obtained from incrementing the more accurate two step value with the improvement over the less accurate single

step value:

PI:Q(S;T) _ P(Q)(S;T) 1+ [P(Q)(S;T) _ P(U(S;T)] = _P(l)(S;T) + 2P(2)(S;T).

It can be shown that the order of the error of the improved approximation P2(.5;T) is O(A?).

When trading occurs in discrete time, the variance of a portfolio may be reduced by adding more options. In
a similar manner, the error in a Richardson extrapolation may be reduced by adding more approximations. In a
three point Richardson extrapolation, the single and double step values are combined with the three step value to

obtain the following approximation P1?(S;T) for the limiting value:
. 1
PY3(S;T) = 5P<1>(S;T) —4P3(5;T) + %P(3)(S;T). (33)

The resulting error is of O(A?). Figures 6 and 7 illustrate the idea behind a 3 step extrapolation. From Marchuk

" Boyle, Evnine, and Gibbs[4] also use the approach to value multivariate options.
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and Shaidurov[23], p. 24, an N point Richardson extrapolation is the following weighted'? average of N put values:

1: N (—)N-npN
P .N(S;T) = Z (n'(])V —n)!

n=1

PUI(S;T). (34)

The critical stock price can be obtained by imposing either of the smooth pasting conditions in (18) or'® by
Richardson extrapolation:
. N (Z1)N=npN
$(r) = 3 S )

In our implementation of the three point Richardson extrapolation (33), we found it useful to modify the
weights slightly. To understand the nature of this modification, it is instructive to examine a typical test case:
S =100, K = 100, 7 = 1,r = .1,6 = 0, and ¢ = .3. The true value based on the binomial method with 2000
time steps appears to be 8.3378. Table 1 shows that for this test case, extrapolated put values obtained from
our approach converge rapidly to this true value, with penny accuracy obtained in only 5 points. In contrast,
the unextrapolated values converge very slowly from below. The undervaluation observed in this test case was
observed in other cases as well.

The source of this undervaluation may be understood from two perspectives. Treating the American put value
as the solution to an optimal stopping problem (2), we are freezing the exercise boundary over each time step (see
Figure 8), and therefore optimizing the put value over a restricted set. Treating the American put as a solution
to a free boundary problem (4), we are approximating the average value of the put’s time derivative over each
maturity step with its value at the end of each maturity step. Since the put value is an increasing concave function
of maturity (see Figure 7), our first order scheme undervalues. Viewed from either perspective, the approximation
error is largest for short maturity options. Fortunately, the early exercise premium is also smallest for such options.

We may nevertheless mitigate the undervaluation by adjusting the Richardson weights upwards in a manner

that depends on the time to maturity. After some numerical experimentation, we settled on the following “fine-

tuning” of the three point Richardson extrapolation:

PYm(5,T) = %P(l)(S; T)— 4[1 = .0002(5 — T)F|PA(S; T) + %P(?’)(S; 7). (35)

12The weights always sum to unity and alternate in sign. In general, higher order approximations involve weights with greater
absolute value. As a result, implementing higher order extrapolations on a computer requires double precision to control roundoff
error.

1*We prefer the former method when accuracy is important and the latter method when speed matters.
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Thus, no adjustment is made if the time to maturity exceeds 5 years. For shorter maturities, the middle weight is
modified so that the three weights sum to slightly more than one. The maximum adjustment to the middle weight
is .004, which occurs when T'" = 0. When applied to our test case, the modified value is 8.3332, giving penny
accuracy in only 3 time steps. The extrapolated put value given by (35) is the central result of this paper.
Broadie and Detemple[7] conduct extensive numerical simulations of a wide array of methods for valuing
American options. Their results indicate that our approach dominates most methods in terms of speed and
accuracy. Indeed, their results indicate that our above three point extrapolation is on the “efficient frontier”,
intermediate in terms of speed and accuracy between the quadratic formula and their capped option formulae.
We believe that our three point extrapolation given by (35) represents a satisfactory tradeoff between speed and
accuracy. Furthermore, our approach displays more flexibility than other efficient approaches, in that speed or
accuracy can be emphasized whenever one consideration is paramount, simply by varying the number of Richardson

points used. In particular, arbitrary accuracy can be achieved in contrast to other efficient methods.
V Extension to Positive Dividends and American Calls

Merton[28] generalized the Black-Scholes analysis to continuously-paid dividends which are either constant or
proportional to the price of the underlying. He did not permit a dividend rate which is linear in the spot price,
presumably due to the difficulty in generating analytic solutions under this assumption. While we are also unable
to deal with a linear dividend rate, this section values American options explicitly when the dividend payout rate
has both a fixed and a proportional component. We also show that our approximation to the put’s critical stock
price is still given by an explicit formula when dividends are constant, but must be determined numerically when
there is a proportional component to the dividend flow. Finally, we develop corresponding results for American
call options.

To obtain a truly fixed component ¢ of the dividend flow, we follow Roll[37] in assuming that this component

has been escrowed out of the stock price. In other words, the time ¢ stock price 5y decomposes into:

S, = ?[1 _ e—T(T—t)] + 54, te[0,T], (36)

r
where the first term is the present value at ¢ of the constant flow ¢ until T', and the residual s; is the stripped price,

reflecting the stripping off of the fixed component of the dividend flow from the stock price. We assume that the
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risk-neutralized process for the stripped price {s;, ¢ € [0,T]} is the following geometric Brownian motion:

2
S = sexp l(r—é—%)t-l-ffwt]a te[0,T], (37)

where {W;,t € [0,T]} is a standard Brownian motion, and from (36), the initial value is:

s=5-— ?[1 — e, (38)

r

Thus, the dollar dividend rate d; has both a fixed and a proportional component:
dt = §b + (5815, t e [O,T] (39)

The parameter ¢ captures the stickiness of dividends in the short run, while 6 captures the tendency for dividends
to increase with stock prices in the long run. If § = 0, then ¢ is the constant dividend rate, while if ¢ = 0, then &

is the constant dividend yield, since s; = 9; from (36).

V-A Positive Dividends and American Puts

We generalize the previous analysis by letting P(¢,s;7) denote the value of an American put as a function of the
current time ¢, the current stripped price s, and the maturity date T'. We also define the critical stripped price
s(t) as the unique stripped price s at which the alive American put value P(t,s;7') just equals its exercise value

K—s5— %[1 —e7(T-9] for t € [0,T]. From (36), the critical stock price S(t) is now defined by:
s)= 21— T, e f0.1] (10)

To obtain discrete-time analogs, note that (16) implies that the discrete-time value of a finite-lived annuity
paying ¢,, each period for n periods is:
Al = ¢—”R(1 — R,
r

1
1+rA

where R = is the single period discount factor. We define the periodic cash flow ¢, so that the discrete-time

value matches its continuous counterpart:

1— e—TT

Pn =0
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We define P(m)(s) as our approximation'* for the American put value when m periods remain, m = 1,...,n. Our
approximation for the critical stripped price, s,,, is the unique s satisfying P(m)(s) =K —s5— (banl R]:,m =

1,....n.

We may again approximate European option values by solving for the mimmicking perpetual values:

n—1 s WF n—k—1
sy (en(E)) RN Rr gt — KDrgrphtl] it s > K
n K & > K
p( )(8) — (Ix) kZ::O k! IE:O ( n—1 )[ qp ] (41)
KR" — sD" + ¢(")(s) if s <K
o) IxR”—I—p (s) if s> K
n = En—k—1
¢ (8) - <%)W+E kz_:o (zdn]g! )) IZ:O (n;i-ll—l) [A Dn Ay Ak-|—l _K Rn n k-|—l] if s < ](7 (42)
where now:
1 r—946 1
= - - D= 4
1Ty T e N (43)

while R, ¢€,p,q,p, and ¢ are again given by (24) and (25).
For 6 = 0 and ¢ > rK, American puts are not rationally exercised early. Consequently, the American put

value P(")(s) is given by (41) in this case. For § > 0 or ¢ < 7K, the discrete-time decomposition of the American

put is:
sy +0l"(s) ifs>sy=K
P (s) = vz(n)(s) + bgn)(s) + Agn)(s; 1) ifsée(s,s_4,i=1,...,n (44)
K-5 if s < s,
where for 1 =1,...,n:
Rr—itl _ pn

vz(n)(s) = KR —spr—itl _ 4 R

1-R ’

approximates the value of a short forward position maturing in n — ¢ + 1 periods, while:

k
n—i+1 y—e j—1 (26111 ( s )) j—k—=1 /.
n S §n—j 1 - 1 -I— l . - . .
bg )(8) = Z (7) Z A i Z (] . )[q]pk-HR](AT - ¢ ) q pk+ D] Sp— ]—I—l(s]A
) =0

n—i+1 Yt+e j—1 [ 2eln| = 3+1 j—k—1 . .
Agn)(s;h) = ) (s y ) > ( ( T )) 2. (] 1+l>[1’] MHRI(KT — ) _ﬁ]quD]ﬁn—Hl‘s]A'
71=h k=0 (=0

Sn—j+1
Continuity in s at the strike price for each time step m = 1,...,n again implies cgm)(I() = Agm)(K; 1), which
in turn implies that each critical stripped price s, implicitly solves:

) - A s = (-

Sm

Y+e
) [pR(Kr — ¢,) — pDs,, 014, m=1,...,n, (46)

14T we realistically assume that exercise of the put at the end of a calendar time period occurs immediately after that period’s
dividend is paid, then S is the ez-dividend stock price and s is the ex-dividend price after stripping off the fixed component of the
dividend flow.
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where from (42), the at-the-money call value on the left hand side (LHS) of (46) simplifies to:

m—1

m - m_l—l_l - ym am sl - pm, m

cg )(Ix):lgzo( 1 )[IxD P — KR™p™q'] m=1,...,n. (47)
It is straightforward to solve (46) numerically for each critical stripped price s,,, since s, does not appear on the

LHS. Setting 6 = 0in (46) implies the following explicit solution for the critical stripped prices when the dividend

rate is constant at ¢:

- 4

ﬁm:K( PR(ET — ¢) 0 ) et (18)
(K ) — AT (K5 2)

(m)

where the call value ¢; /(K) is now given by (31). This solution is a good initial guess when numerically solving

(46). From (40), the critical stock price 9, is determined by:
S, = 21— 45, (19)

where s, is given by setting m = n in (48) when 6 = 0 and solves (46) with m = n otherwise.

V-B Positive Dividends and American Calls

Let C(t,s;T) denote the value of an American call as a function of the current time ¢, the current stripped price
s, and the maturity date 7. We also define the call’s critical stripped price s(t) as the unique stripped price s at
which the alive American call value C(t,s;7T') just equals its exercise value s+ %[1 — e—T(T—t)] — K, fort €[0,T].

From (36), the call’s critical stock price S(t) is defined by:

S(t) = %[1 C e @0 sy, e [0,T]. (50)

In discrete time, C(m)(s) denotes our approximation!® for the American call value when m periods remain,

m = 1,...,n. Our approximation for the critical stripped price, §,,, is the unique s satisfying C(m)(s) =

s+ (bnARll__R]: —K,m=1,...,n. For § = 0 and ¢ < rK, American calls are not rationally exercised early.

Consequently, the American call value C(”)(s) is given by (42) in this case. For § > 0 or ¢ > r K, the discrete-time

decomposition of the American call is:

S—K if s > s,
C(”)(s) — —vl(n)(s) + agn)(s) + Bl(n)(s; 1) ifsesi—1,8),i=1,....,n (51)
cén)(s) + agn)(s) ifs<sp=K

15Tf we realistically assume that exercise of the call at the end of a calendar time period occurs immediately before that period’s
dividend is paid, then S is the cum-dividend stock price and s is the cum-dividend price after stripping off the fixed component of the
dividend flow.

18



where for: =1,...,n, —vl(n)(s) is the initial value of a long!'® forward position maturing in n — ¢ + 1 periods,

- k

n—i4+1 vre j-1 (9¢]p ( Zn=itt j=k—1 /.

n s S —1 + [ L . . S

af"(s) (7 ) > ( (k' ) > (‘] . )[P]qk“Dfsn—mé — V" RI(Kr — )]
k=0 ' =0

k

n—it+1 7€yl (2¢ln [ —2 TR ; ; ;

Bz(n)(s;h) ( 8 ) > ( (Zlv_ﬁl)) (] : ¥ )[‘f]ﬁkHD]Sn—jHé — P RI(Kr — ¢,)] A
: k=0 : =0

Appendix 2 also provides an economic justification for the decompositions in (51).
Continuity in s at the strike price for each time step m = 1,...,n implies that the critical stripped price 3,
implicitly solves:

K

Sm,

y—e
W) = BU (K5 2) = ( ) (D806 — qR(ET — 6D, m=1,....n, (52)

where from (41), the at-the-money put value on the LHS of (52) simplifies to:

m—1
m - m_l—l_l s DM, M s ym amoa
pé )(Ix): IEZO ( 1 )[IxR q"p' — KD"§" ) m=1,...,n. (53)

It is straightforward to solve (52) numerically for the critical stripped price S,,, since it does not appear on the

LHS. If ¢, = r K, then (52) yields the following explicit solution for the critical stripped price:

po (K)— By (K;2)

This solution is a good initial guess when numerically solving (52). From (?7?), the call’s critical stock price 5, is

determined by:

g =2
r

Sp=—(1—e")+5,, (55)

where §,, is given by setting m = n in (54) when ¢ = rK and solves (52) with m = n otherwise. Appendix 2
collects all the formulas needed to implement European and American puts and calls when the underlying has a

continuous payout with a fixed component ¢ and a proportional component 6.
VI Summary and Future Research

We implemented a new approach to valuing American options, which is fast, accurate, and flexible. The approach

uses the known solution for perpetual options to value finite-lived American options. The insight allows one to

16gee (45) for vgn)(s).
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replace a free boundary problem involving a p.d.e. with a recurrent sequence of simpler free boundary problems
involving o.d.e’s. Alternatively, a finite-horizon optimal stopping problem involving a first passage time to a
time-dependent boundary is replaced with a simpler sequence of infinite-horizon stopping problems each involving
a passage time to a constant boundary. Under either perspective, each problem in the sequence may be solved
analytically, resulting in an explicit solution for the put value, with the critical stock prices determined recur-
sively. Richardson extrapolation is used to dramatically enhance convergence, with a modified three point scheme
performing particularly well in numerical tests.

Since American options are among the most difficult derivative securities to value, it appears plausible that our
approach can be applied to valuing other options, such as Asian, barrier, compound, installment, and lookback
options. While analytic solutions or approximations exist for these securities, it is also plausible that our approach
can be used to handle realities such as multiple barriers, discrete sampling, term structure effects, and volatility
smiles. Our approach may also be applied to other areas of finance where optimal stopping problems or p.d.e.’s
arise, such as signalling models or optimal consumption and portfolio theory. In the interests of brevity, these

directions are left for future research.
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Appendix 1

This appendix presents a new decomposition of the value of an American put into the value if forced to sell the
underlying at a given date T, € [0,T], and the premia which arise because exercise can occur before or after this
date. This decomposition may be understood from the following continuous-time trading strategy, which converts
the initial purchase of an American put into the final payoff of a Furopean call. Suppose that at ¢ = 0 an investor
buys an alive American put maturing at 7. In the period ¢ € (0,7,), the holder of the put exercises it each time
the stock price crosses the exercise boundary from above and repurchases the put each time the stock price crosses
from below. In order that the transitions self-finance, the investor keeps K dollars in an interest earning bank
account and is short one share in the exercise region for ¢ € [0,7,]. Thus, when the stock price is in this region
during this period, the investor withdraws interest continuously so as to keep his bank balance flat at K and
covers the dividends from the short share position. Consequently, if the stock price is still in the exercise region
at T, the investor can liquidate the position for a net payoff K — S7,, matching that of a short forward position
expiring at T,. However, if the stock price is in the continuation region at T,., obtaining this payofl requires that
the investor purchase one share at T, and borrow the delivery price K. For stock prices in the continuation region
during the period t € (1,,T), the investor withdraws any dividend payments and continuously pays interest on
these borrowings so as to keep his liability constant at K. As a result, his overall position in this region during this
period consists of the alive American put,long one share, and less the constant liability of K. During this period,
the investor liquidates this position by exercising the put each time the stock price crosses the exercise boundary
from above and re-enters the position each time the stock price crosses from below. The optimality of the exercise
boundary again ensures that these transitions are self-financing. At expiration, the position is worthless if the
stock price finishes below the strike and pays the difference between the stock price and the strike price otherwise.

Equating the initial cost of the strategy to the present value of the cash flows resulting from it gives the

following fundamental decomposition of the continuous-time value of an alive American put:
P(0,5:T) = 00,5 To) + b(0, 50, T2) + a(0, 5 T, T), 5> s(0). (56)
The value if forced to sell at T, is the value of a short forward position:

v(0,8;T,) = e "o By (K — S7,) = Ke T — se7010 — ?[e_TTE — e (57)
r
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Letting 1(A) denote the indicator function of the event A, and N(-) denote the standard normal distribution
function, the premium for allowing the sale to occur before T, is given by the value of the interest less dividends

(i.e. net interest) received below the boundary before T,:

Ty
b(0,5;0,T,) = EQS/ K — ¢ — 8s,]1(s; < s(t))dt
0

/OTE[(TK — ¢)e "IN (—do(s(1), 1)) — se T N (—dy(s(1),1))]dt,

where:

ey = DT (0.0 = s ) + oA

Finally, the premium for allowing the sale to occur after T, or never is the value of a Furopean call less the net

interest received above the boundary after T,.:

T
a(0,s,7,,T) = E0756_TT(ST — K)"' — EO’S/T e_”[rK — ¢ — 0s4]1(sy > s(t))dt

= se T TN(dy(K,T))— Ke "I N(dy( K, T)) - /T[(r]( — $)e "IN (dy(s(1), ) — dse PN (di(s(t),1))]dt.

Note that the simpler decomposition of the alive American put value into the corresponding European put value
and the early exercise premium is obtained by setting 7, = 7. In contrast, the discrete-time analog (44) of (56) is
generated by setting 7T, to the time 75 which solves S(TS) =5, where S is the step function approximation of the
exercise boundary (see Figure 8) and S is the current stock price, assumed to be in the interval (5(0), 5(7')). The
final term Agn)(s; 1) in our discrete-time decomposition (44) for the American put value reflects a simplification
obtained by imposing smoothness'” at the critical stock price at every time step.

Using a strategy mirroring the one underlying the decomposition of an American put, the alive American call

can be shown to decompose into three terms:
C(0,5T) = —0(0, 5 To) + (0,50, T2) + A0, T, T), s < s(0). (58)

The first term is the value if forced to buy at 7, and is given by the value of a long'® forward position maturing

at T,. The premium for allowing the purchase to occur prior to T}, is now the value of the dividends less interest

17Tt can be shown that at any time step, our solution for the American put is twice differentiable for all stock prices strictly above
the critical price. Furthermore, at the critical stock price, our solution is continuous and differentiable. It is not twice differentiable at
the critical price, as is true of the unknown solution to the original free boundary problem (4).

183ee (57) for v(0,s;Ty).

26



(i.e. net dividends) received above the boundary before T):

Ty
a(0,5:0,T,) = EOS/ e+ 8, — rK1(s, > 5(1))dt
0

)

/OTm [65e N (dy(5(1),1)) — (rK — ¢)e "N (dy(5(t), 1))]dt.

Finally, the premium for allowing the purchase to occur after T, or never is now the value of the net dividends

received below the boundary after T,:

B(0,51,,T)

T
— Eoue T(K = Sp)* — Eo / e+ 8, — rK1(s, < 5(1))dt
Tz
T
= Ke TN (—dy(K,T))— se T N(=dy(K,T)) - / [65e 9N (=dy(5(t),1)) — (rK — ¢)e "' N (—dy(5(1),1))]dt.
As in the put case, the discrete-time analog sets T, to the time which equates a step function approximation of

the exercise boundary to the initial stock price. The final term Bl(n)(s; 1)in (51) reflects a simplification obtained

by imposing smoothness at the critical stock price at every time step.
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Appendix 2

This appendix collects all the formulas needed to implement Furopean and American puts and calls when the
underlying has a continuous payout with a fixed component ¢ and a proportional component é. Letting s =

S — %[1 — ¢, the N-point Richardson extrapolation of the European put formula is:

N (_1)N—nnN

pN(s;T) = > ml’(n)(&ﬂa

n=1
where:
5 )1E " (2eln T fnkt n—= n nAn A . -
P (s T) = (%) 2 % > (K R gt - KD R if s > K
’ k=0 (=0
KR" = D"+ c((s;T) if s < K,

with c(”)(s; T),s < K given on the next page, and where:

1 r—4¢ T 1 1 2 €—7 e—v+1 .
= —— A=— R= D= = 2 = =1- = dg=1-
TEYT T2 n’R 14 rA’ 1—|—6A76 7 +R02A’p 2¢ 1 P, 9e 0 anad P
The N-point Richardson extrapolation of the American put formula is:
N N-n, N
. e
Pty =S ET pi ),
(87 ) nzz:l n'(N—n)' (87 )
where:
P (s T) + b8 (s) ifs>sy=K
P (sT) = § o0 (s) 4 507 (s) + A (s: 1) 1fse( snsii=1,....m
K-5 if s <s,
where fori = 1,...,n, vl(n)(s) = KR —spr=itl _ ¢ R w, On = %1%(_1 _];T)

e =y (;)H Ji <2€ln <§n—sj+1))k ' (j — 14

. !
j=1 Sn—j+1 k=0 k! (=0

)WS (26111 (ﬁ))k I (j —1+1

!
k=0 k! (=0

n—i+1
A (shy= Y (

i=h \Zn—j+1

o +e
If 6 = 0, the critical stripped prices are given by s, = K (c(lm]))fl«((l)xjA?:))(i';z)) ’ ,m=1,...,n, where

m—1
cgm)(I() = IZ:O (" H'l) [KD™"pmg — KR™p™q']. If 6 > 0, the critical stripped prices solve:

) - AP 2) = (S

Sm

Y+e
) [pR(Kr — ¢,) — pDs,, 014, m=1,...,n.

I_TL

The N-point Richardson extrapolation of the put’s critical stock price is S*V(T) = %[1 —e7 T+ Z M
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Similarly, letting s = 5" — %[1 — ¢7"T], the N-point Richardson extrapolation of the European call formula is:
N N-n, N
1:N _ (_1) n n)( ..
C (87 T) = nzz:l mc (87 T),
where:
sD" — KR™ + p(")(s;T) if s > K
(n) — n=1 (o n( & Fn—k—1
(s T) (2)+ 5 (2¢1 Igls)) ("MK DrprgEt! — K RrprgEt] i s < K,
k=0 ’ (=0

with p(”)(s; T),s > K given on the previous page, and where again:

1
2 g2’

r—20 T 1 1 2 €—7
A= — D= = 2
n’R 14 A’ 1—|—6A76 7t

7= RUQA’pE 2¢ - 2¢

The N-point Richardson extrapolation of the American call formula is:

S—K if s> 3,
CO Ty = § =0 (s) + i (s) + BM (51) if s € [5im0,5),0 = 1,
(s )—I—ag )(s) ifs<sp=K
where for: =1,...,n,
n—i+1 n T
_ (n) — Dn—i—l—l R - R _K n—i+1 — ? 1—e
vl (8) s +¢TLR 1_R XR s — TR(l_Rn)7
k
n—i+1 vrej-1 (9¢]p [ In=itl j—k—1 /.
n S J = 1 —I_l ~j oA 7
ag )(8) = Z ( ) ) Z ( (kl )) ( i1 )[p] kHD]Sn j+16 —p ‘]k—HRJ(AT_(bn)]A
j=1 \Pn=itl k=0 : 1=0 J=
k
n—it+1 Y=€j=1 (9¢In [ —= j—k=1 /.
" s T — 141 e . . S
Bz( )(S;h): Z ( 4 ) ( (k' J+1)) (] . )[(]]pk—HD]Sn_]‘_H(S—q]pk-HRJ(AT—Cbn)]A
i=h \Sn—itl k=0 . 1=0 J

If ¢, = r K, the critical stripped price 5, is given by:

! KqDsA e
e W e
po () — By (K;2)

m—1
where pém)(lf) = > (m H'l) [KR™¢™p' — KD™§™p').

=0
Otherwise, the critical stripped price s, implicitly solves:

m > m - ]Xr
o) - B2 = (=

Sm,

y—€
) [GD3,0 — qR(Kr — @) A, m=1,...,n.

The N-point Richardson extrapolation of the call’s critical stock price is STN(T) = %[1 —e 14 Z K—IL:L)N
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Table 1: Convergence without and with Richardson Extrapolation

S=100,K=100,T=1,r=0.1,6=0,0 = 0.3

Number of Steps n or Points N | Unextrapolated Put Value P(" | Extrapolated Put Value PU:N
1 7.0405 7.0405
2 7.6175 8.1946
3 7.8353 8.3089
4 7.9505 8.3257
5 8.0220 8.3311
6 8.0709 8.3333
7 8.1065 8.3345
8 8.1335 8.3353
9 8.1548 8.3358
10 8.1720 8.3362
11 8.1862 8.3365
12 8.1981 8.3367
13 8.2082 8.3369
14 8.2169 8.3370
15 8.2246 8.3371
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Figure 2: Exercise Boundary vs. Calendar time.
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Figure 4: Approximate Solution Using Two Time Steps.
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Figure 6: Three Point Richardson Extrapolation
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Figure 8: Piecewise Constant Approximation to Fxercise Boundary
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