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Abstract

We develop a credit market model with adverse selection where risk-neutral bor-
rowers self select because lenders make use of a costly screening technology. The
model has some features which are similar to the Rothschild-Stiglitz adverse selec-
tion model. If an equilibrium exists it is a separating equilibrium, and there exist
parameter values for which an equilibrium does not exist. Equilibrium contracts are
debt contracts, and thisis robust to randomization, in contrast to results for the costly
state verification model. Thisframework can be extended to permit optimal financial

intermediary structures, and it potentially has many applications.
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1. INTRODUCTION

In this paper, we develop a model where the costly screening of borrowersin a credit
market with adverse selection yields debt contracts as an optimal financial arrangement.
The model has at least two advantages over awidely used and tractable alternative model
of debt contracts, the costly state verification model (though it would be difficult to argue
that our model strictly dominates). First, debt contracts survive randomization here and,
second, the frictions in our environment which imply the optimality of debt are closer to
the frictions that play an important role in real-world credit markets. The model can be
extended in straightforwardwaysto yield optimal intermediary structures, and it potentially
has other useful applications.

Thereis now alarge literature on optimal financial arrangements under private informa-
tion. A primary aim of this literature has been to show how private information frictions
giverise to the smple financial contracts and intermediary structures observed in practice.
A widely used financial contracting setup is the costly state verification (CSV) model, first
developed by Townsend (1979). Inthe CSV moddl, if attention isrestricted to deterministic
verification strategies, debt contracts arise as an optimal meansfor economizing on verifica-
tion costs, and these costs can then beinterpreted ascosts of bankruptcy. The CSV model has
been extended to study investment (Gale and Hellwig 1985), credit rationing (Williamson
1987a), financial intermediation (Williamson 1986), and macroeconomic issues (Bernanke
and Gertler 1989, Williamson 1987b).

There are at least two problemswith the CSV model as an explanation for debt contracts
and financial intermedation. First, as Townsend (1979) and Mookherjee and Png (1989)
have shown, debt contracts are not optimal if stochastic verification is permitted, and this
result holds even if attention is restricted to environments where all agents are risk neutral
(Border and Sobel 1987, Boyd and Smith 1993). Thus, the model loses some of its

appeal if very restrictive assumptions are required to obtain the ssimple contracts observed



in practice.! Second, as a vehicle for studying financial intermediary structures, the CSV
model relies on delegated monitoring results (Diamond 1984), whereby intermediation
economizes on ex post verification costs; an intermediary’s depositors delegate verification
to the intermediary. However, the costs that appear to be most important for real world
financia intermediaries are not ex post verification costs (i.e. auditing costs) but ex ante
costs of information acquisition. For banks, these costs are primarily associated with the
screening of loan applicants.

In the model we construct, there are two periods and three types of agents, lenders, good
borrowers, and bad borrowers. Each lender is endowed with an investment good in the first
period; borrowers receive no endowment, but each has access to an indivisible investment
project which takes the investment good as input in period one, and yields a random return
inthe second period. Theinvestment projectsof good and bad borrowersdiffer according to
aproperty that is somewhat stronger than first-order stochastic dominance. Typeis private
information. In contrast to standard adverse selection models, such as Rothschild and
Stiglitz (1977), where self selection is achieved with risk averse agents who have different
preferences (typically, some version of the single-crossing property is necessary for self
selection), all agents are risk neutral here. To obtain self selection, lenders must make use
of a costly screening technology, which reveals a borrower’stype at a cost.

We use an equilibrium concept similar to that studied by Rothschild and Stiglitz (1977).
That is, in equilibrium there exists no contract that, given the equilibrium contracts, makes
the agents who choose it better off while earning nonnegative expected profits. A contract
is apayment schedule/screening probability pair. That is, if aborrower accepts a particular
contract, she agrees to make contingent paymentsin period two as specified by the contract,

and submits to random screening in period one. Potentially, there might be a pooling

'However, Boyd and Smith (1993) argue that the suboptimality arising from the use of deterministic
auditing where random auditing would be optimal actually impliesa very small welfare lossin practice. To

the extent that we accept thisargument, it dampens the force of our objection.



equilibrium, where each borrower is offered the same contract and there is no screening, or
a separating equilibrium where payment schedules and screening probabilitiesare different
for different types of borrowers.

We show that, if the equilibrium exists, it must be a separating equilibrium. Pooling
equilibriado not exist here for much the same reason they do not exist in the Rothschild-
Stiglitz model. That is, any pooling equilibrium involves an implicit subsidy of bad
borrowersby good borrowers. A contract can always be offered which makes the good type
better off while not attracting any bad types and earning nonnegative profits. The separating
equilibrium has the property that good borrowers are screened with positive probability,
while bad borrowers are not screened. Incentive constraints are binding for bad borrowers
and do not bind for good borrowers. A central result isthat the unique equilibrium separating
contract for good borrowersisadebt contract. Thiscontract isrelatively unattractivefor bad
borrowers, and therefore permits self selection while minimizing the screening probability
for good borrowers. Debt contracts are also optimal for bad borrowers, but there exists a
continuum of contracts which do just as well.

The separating equilibrium exists provided that the cost of screening is sufficiently low
and the fraction of bad borrowers in the population is sufficiently large. A feature of
interest hereisthat, for any positive screening cog, if there are few enough good borrowers
relative to bad borrowers in the population, then a separating equilibrium exists. Thus, if
the adverse selection problem is sufficiently severe, the screening technology will be used
no matter how large the screening cost. Some comparative statics results show that the
screening probability decreases and loan interest rates increase as the cost of screening
increases. That is, as screening becomes more costly, the screening technology is used less
intensively, and the higher costs of lending result in an increase in market interest rates.
Also, an increase in the risk-free interest rate faced by lenders leads to an increase in loan
interest rates and in the screening probability. The screening probability increases in this

case as higher interest rates tend to aggravate the adverse selection problem.



The model can be extended in a straightforward way to obtain financial intermediation
with * delegated screening,” anal ogousto the del egated monitoring results obtained with the
CSV model (e.g. Williamson 1986). That is, if the investment projects of borrowers are
largein scalerelative to the endowment of anindividual lender, thenin general therewill be
replication of screening by the individual lenders who fund a particular borrower’s project.
This replication can be circumvented by afinancial intermediary which exploits the law of
large numbers, holding aperfectly diversified portfolio of loans and making noncontingent
payments to its depositors.

Our model thus yields many results which are reminiscent of those obtained with costly
state verification, in particular the optimality of debt contracts and intermediary structures.
However, thisenvironment is more appealing in that debt contracts survive the introduction
of random screening strategies, and because ex ante screening costs appear to be a much
more important component of intermediation costs than are ex post auditing costs. Also,
themodel permitsapplicationsto problemswhere adverse selection plays an important role
in credit markets and financial intermediation. It would be difficult to argue, though, that
our model dominates the CSV model in all respects. For example, we rely extensively
on risk neutrality for our results. Also, to obtain debt contracts as an equilibrium, we
require a monotonicity restriction on payment schedules (see a'so Innes 1990). This latter
assumption can be justified, but only by appealing to features of the environment which are
not completely worked out.

Related work that deals with the optimality of debt contractsin an environment different
fromthat of the CSV model isLacker (1992). Lacker appealsto differencesin valuation of
collateral by borrowers and lenders to obtain optimal debt contracts. A model with costly
screening, which focuses on multiple equilibrium issues isin Gale (1992), and an adverse
selection model with costly screening is studied in De Meza and Webb (1988). De Meza
and Webb do not deal with the optimal contracting issues which are central to this paper.

The remainder of the paper is organized as follows. In Section 2 we construct the



model, and then define an equilibrium in Section 3. We then characterize the separating
equilibrium and pooling equilibrium in Sections 4 and 5, respectively. In Section 6, we
study the existence of equilibrium and describe some comparative statics results. We show
how the model can be extended to yield financial intermediary structuresin Section 7, and

derive conclusions in Section 8.
2. THE MODEL

There are two periods, denoted 1 and 2, where investment takes place in period 1 and
agents consume in period 2. There are three types of agents. lenders, type g borrowers,
and type b borrowers. There is a continuum of borrowers and lenders, with the measure of
borrowers being strictly less than the measure of lenders. Among the group of borrowers,
afraction « istype g, and the remaining fraction, 1 - «, istypeb.

Each lender has one unit of an investment good in period 1, which can either go to a
borrower in exchange for some promise to pay consumption in period 2, or it can earn a
certainreturn of r unitsof consumptioninperiod 2 for each unitinvested in period 1, through
arisk-freeinvestment technology. Lenders maximize the expected value of u(c,e) = c — g,
where c isconsumption in period 2, and e is effort in screening borrowersin period 1.

Borrowers have no endowment in period 1 and maximize the expected value of period
2 consumption. Each borrower has access to an investment project which requires 1 unit
of the investment good in period 1 to operate, and which yields a random quantity of the
consumption good as output in period 2, if funded. If aborrower of typei funds her project,
thereturnin period 2 is distributed according to the probability distribution function F;(-),
with the corresponding probability density function fi(-). We assume that fi(x) > O for
x € [0,1], fi(x) = 0 otherwise, that fi(x) is continuous on [0, 1], and that x; > r fori = g,b,

where y; is the mean investment return faced by borrower i. We also assume

fg) . M;X,y € [0,1];x<Yy. (1)
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Condition (1) isessentially identical to themonotonelikelihood ratio property often assumed
in principal agent problems with moral hazard. In the appendix, we show that condition
(1) implies that Fg(X) < Fyp(x) for al x € (0,1), that is Fy4(-) dominates Fy(-) in terms
of first-order stochastic dominance. Therefore, condition (1) is stronger than first-order
stochastic dominance of Fy(-) by Fq(-). However, there are some probability distributions
for which (1) is equivalent to first-order stochastic dominance. For example, if Fy(x) = x*
and Fp(X) = X%, with a > 3, then Fy(X) < Fy(x) for all x € (0,1) and condition (1) holds.

Another example is the exponential case, where Fg(X) = =6 and Fp(x) = =7, with
f>a>0.

If borrowersare not screened, then typeis privateinformation. However, each lender has
access to atechnology which allows the lender to observe a borrower’s type by incurring
a fixed cost ~, in units of effort, where v > 0. We assume that a given borrower can
contact at most one lender in period 1, but that alender may contact as many borrowers as
she likes. Thisis somewhat similar to the costly state verification technology studied by
Townsend (1979), in that there exists a costly technology for revealing information which
would otherwise be private. This environment differs, however, in that there is adverse
selection rather than moral hazard (asin the costly state verification approach), and because
here private information isrevealed by the technology before investment occurs rather than

after. Also, the return on a borrower’sinvestment project is publicly observable here.
3. EQUILIBRIUM

Our equilibrium concept is similar to that in Rothschild and Stiglitz (1977). Equi-
librium contracts written in period 1 between lenders and borrowers consist of payment
schedule/screening probability pairs [Ri(X), wi],1 = g,b,x € [0, 1], where R (X) denotes the
payment made by the borrower to the lender in the event that the return on the borrower’s
investment isx, and «; denotesthe probability that alender uses the screening technology to

revea the type of a borrower who claimsto be typei. We consider two types of contracts,
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separating contracts and pooling contracts. A separating contract is offered by a lender
to a particular agent type, while a pooling contract is offered to all agent types. There
are potentialy two types of equilibriac separating equilibria where all contracts offered
by lenders are separating contracts, and pooling equilibria, where all contracts are pooling

contracts.

3.1 Separating Equilibrium

A separating equilibrium isapair of contracts [Ri(X), 7i],1 = g, b, which must satisfy the

following conditions, in addition to some other conditions which will be discussed later.

0<R(X < xxe[01],i=gb. @

x<y= R <R(y);xyel[01]i=g,b. ©)
/OlRi(x)dFi(x) <(1- rj)/OlR,-(x)dFi(x) Fmpiij = g,b. (4)
/OlRi(x)dFi(x) > r+my,i=g,b. (5)

Condition (2) states that the payment schedule must be feasible for each type. Condition
(3)imposes monotonicity on the payment schedules. This monotonicity condition is also
used by Innes (1990), and he provides several justifications for it that rely on an appeal to
implicit features of the environment. Among these justifications are the following. First,
supposethat aloan market opensin period 2 after borrowersobservetheir output realization,
but before lenders do. Loans are repaid at the end of the period at a zero interest rate, and
these transactions are unobserved by lenders. Then, if the payment schedulefor agiventype
isdecreasing over somerange, it isin the interest of that agent type to borrow temporarily
in period 2 in some states of theworld in order to fake a higher quantity of output. Thus, the
payment schedule in this case is effectively monotonic, so we can simply impose condition
(3). A problemwith thisjustification for monotonicity isthat borrowers' participation onthe

loan market must be limited to borrowing, otherwise they can fakelower levels of output as
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well.2 A second implicit assumption that will yield monotonicity isto suppose that alender
can unilaterally destroy any or all of theborrower’soutput in period 2, if he/shewishes. The
lender would destroy output only if the payment schedul e were decreasing over some range,
but destroying output is clearly suboptimal, so payment schedules must be monotonic. This
second justification may appear implausible when taken at face value, but it suggests that
there may be well-specified (and plausible) moral hazard problemsin lending (effort by the
lender affects the borrower’s return) which would guarantee monotonicity and not change
the flavor of our results.

The conditions (4) are incentive compatibility constraints. Here, a borrower of typei
has probability 7; of being screened. The left side of (4) is the loss in expected utility
for the borrower if she reports her true type. The right side of (4) is the loss in expected
utility if the borrower falsifies her type, reporting typej. Inthis case, with probability 1 — x;
the agent is not screened and cheating is not detected. In this case, the loss in expected
utility is the expected cost of making payments as for a type j borrower. Alternatively,
with probability 7; the borrower is screened, in which case cheating is discovered and the
borrower is denied aloan. If aloan is denied, then the borrower cannot fund her project
(as she can contact only one borrower) and consumes zero, so that the loss in expected
utility is ij. Condition (5) states that the expected return to a lender from each separating
contract is at least as great as from the alternative risk-free investment opportunity. Asin
the Rothschild-Stiglitz (1977) insurance model, each contract earns nonnegative expected

profits; there is no cross-subsidization.

2| thereis unconstrained lending and borrowing, and if the participantsin the period 2 loan market include
agents outside the credit market, then the credit market would shut down entirely. If borrowers can lend and

borrow only among themselvesin period 2, thiswould imply that payment schedules must be linear.



3.2 Pooling Equilibrium

Pooling contracts clearly do not involve the use of the screening technology, so that
these contracts can be characterized by the payment schedule, denoted by R(x). A pooling
equilibrium is then an equilibrium payment schedule R(x) which satisfies the following

three properties, in addition to some other conditions to be discussed |ater.

0<R(X) <xxec[0,1]. (6)
x<y=RX <Ry);xye[01]. (7)
1 1
a / RX)AF4(x) + (1 — @) / RO)dFs(X) > r. 8)
0 0

Conditions (6) and (7) require, respectively, feasibility and monotonicity of the equilibrium
payment schedule. These conditions are the counterparts of (2) and (3), respectively.
Condition (8) states that the expected return from the equilibrium contract for alender must
be no less than the return on the alternative risk-free investment. Note here that, when a
lender offersthe contract R(x), the probability of lending to agood borrower is«. Condition

(8) isthe counterpart of (5) in the separating equilibrium.

3. Remaining Equilibrium Conditions

In either a separating equilibrium or a pooling equilibrium, it must be the case that, given
the equilibrium contracts, no contract could be offered which is (i) weakly preferred by a
lender to the safe alternative investment, given the borrowers who would accept it, and (ii)
strictly preferred by some borrower to the equilibrium contract she would otherwise accept.
Therefore, in a separating equilibrium, it must be the case that, for i = g, b, there exists no
separating contract [R*(X), 7], such that

0<R () <xxe[0,1]. ©)
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x<y= R <R(Y);xye[01]. (10)

/O "ROAF() < (1 ) /O "ROOAF() + 7y . (1)
[ RO < (1 %) [ ROIIF09 + 77 (12)
/0 TROAF() > 1+ 7o (13)

1 1
| ROdF09 < [ RE9dF (9 (14

0 0

Conditions (9)-(12) state that the proposed separating contract must be feasible, monotonic,
and incentive compatible for each type, respectively. Condition (13) requires that the
proposed separating contract be weakly preferred by a lender to the risk-free alternative
asset, while (14) states that the proposed separating contract be strictly preferred by typei
to the equilibrium contract for typei.

Similarly, in a separating equilibrium there can exist no pooling contract R*(x) with the

following properties.

0<R(X¥) < xxe [0,1]. (15)

x<y= R <R(y):;xyel[01]. (16)

a /O "RAF,() + (1 — a) /O R AF(X) > 1. (17)
/0 "R AR < /0 "ROOAF (0 = g,b. (18)

Here, note that both types must strictly prefer the proposed pooling contract to the equilib-
rium contract for their type.
In a pooling equilibrium, there can exist no separating contract [R*(x), 7;] for which the

following hold.

0< R <xxeI[0,1]. (19)
xsy=RK<R:xy<[01] (20)
[ RO < (1 77) [ ROQAF) + 7 @)
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[ ROGF() > 1+ (22)

1 1
| R09dR00 < [ ROAF(9 23
Also, in apooling equilibrium there can exist no pooling contract R*(x) with the following
properties.
0<R(X) < xxe€[0,1]. (24)
x<y= R <R(y):xyel01]. (25)
a /0 "RAF,() + (1 — a) /0 R AF(X) > 1. (26)
/ "R AR (X) < / "RKAF(X):1 = g.b. 27)
0 0

4. CHARACTERIZATION OF THE SEPARATING EQUILIBRIUM

Now that separating and pooling equilibriahave been defined, we can proceed to establish
some basic properties of these equilibria, starting with the separating case. We first need
to show that conditions (5), which play the role of nonnegative expected profit conditions,
hold with equality.

Lemma 1 Ina separating equilibrium, 7 = 0.

Proof: Suppose not, and suppose that condition (4) is a strict inequality for i = g. Then,
there exists an alternative separating contract for type b, [Rs(X), 7], with 7 = 0 < m,
Rs(X) = 6Ry(X), 0 < 6 < 1, and conditions (9)-(14) hold. Alternatively, suppose that =, > 0
and condition (4) is an equality for i = g. Consider the pooling contract R*(x) = Ry(X).
Since this contract is monotonic, and since Fy4(X) < Fp(X), we have folR*(x)ng(x) >
fol R*(X)dFyp(x) > r, where the first inequality is due to the monotonicity of R*(x) and the
first-order stochastic dominance of Fy(X) by F4(X), and the second inequality follows from

(5). Therefore, condition (17) holds with strict inequality. In addition, this contract is
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strictly preferred by type g, as f, Ry(})dFg(X) > o R{(X)dF4(X). Findly, R*(X) is weakly
preferred by type b. Thus, (15)-(18) hold for R*(x).0

The above lemma states that type b borrowers will never be screened in a separating
equilibrium. If type b borrowers were screened, then we have one of two cases. First, it
might be the case that a separating contract could be offered to type b borrowers with a
lower screening probability and a preferable payment schedule. This contract could earn
nonnegative expected profitsasthelower expected screening costs make up for thereduction
in expected payments to the lender. Second, the type b contract could be offered to both
types as a pooling contract. This contract is preferred by both types, and earns positive
expected profitssince it involves no screening and will yield a higher expected profit from

atype g borrower than from atypeb.

Lemma 2 In a separating equilibrium, if condition (5) is a strict inequality for given i,

then condition (4) is an equality for j Zi.

Proof: Suppose not. Then, it is possible to offer an aternative separating contract for
typei, [R*(X), 7], with =* = 7, and with R*(X) < R(X),x € [0, 1] with strict inequality for
some x € Swith positive measure, such that (9)-(14) are satisfied.C

Thus, if there were a separating equilibrium where the contract for agent typei earned
positive expected profits, then it must be the case that atypej agent, j Zi, must be indifferent
between the type i contract and the type j contract. Otherwise, some lender could offer an
alternative contract which typei strictly prefersand which isincentive compatible for type
j.

Proposition 3 In a separating equilibrium, (5) holds with equality for i = g, b.

Proof: Suppose that (5) is astrict inequality for i = b. Then, from the previous lemma,
(4) holds with equality for i = g. Consider the aternative pooling contract R (X) = 6 Ry(X),
where 0 < § < 1, with ¢ sufficiently close to 1. This contract is strictly preferred by both

13



types of borrowersand, we have ,

1 1
o / Ro(X)dFg(X) + (1 — @) / Ry(X)dFo(X) > 1.
0 0

Therefore, for 6 sufficiently close to 1, R*(x) satisfies (15)-(18), acontradiction.

Now, suppose (5) isadtrict inequality for i = g. Since (5) holds with equality for i = b,
and since rp, = 0, we have fol Ry (X)dF,(X) = r. Therefore, since i > r, the above lemmaand
(4) fori = bimply that =4 < 1. Now, consider an alternative separating contract for typeg,
[R5(X), mg], with Ry(X) = 6Rg(X) for all x, and =5 > mq. For properly chosen =5 and ¢, this
alternative contract can be constructed so that (9)-(14) hold for i = g, acontradiction.O

The above proposition states that expected profits on each separating contract must be
zero in equilibrium. Given separating contracts which are incentive compatible but which
earn positive expected profits for a lender, an alternative contract exists which, if offered,

earns nonnegative expected profits and is incentive compatible.
Lemma4 Ina separating equilibrium, =4 > 0.

Proof: Supposenot. Then, givenLemmal, Proposition3, and (4), wehave [ Ry(X)dFg(X) <
fol Ry(X)dF,(X), a contradiction given (1) and the monotonicity of Ry(X).0

Given Lemma 1 and Lemma 3, any separating equilibrium must involve screening for
type g borrowers, with no screening for type b borrowers. Without screening of type g
borrowers, it is not possible to achieve self selection while satisfying the zero expected

profit conditions. However, screening of type b borrowers simply wastes resources.®
Lemma 5 Condition (4) holds with equality for i = b.

Proof: Suppose not. Then, given Proposition 3, Lemma 1, and Lemma 4, there exists
an alternative separating contract for type g, [R;(x), 73], with Rj(X) < Rg(x),x € [0, 1], and

75 < g, Suich that (9)-(14) hold.0

3De Meza and Webb (1988) also obtain the result that good types are screened and bad types are not, in a

mode!l with costly screening and adverse selection.
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Theabovelemmastatesthat theincentive constraint must bebinding for atypeb borrower.
Type g borrowers are screened with positive probability for the purpose of preventing type
b agents from falsely reporting their type to be g. Since the type g borrowers effectively
incur the expected screening costs, given that each contract earns zero expected profitsin
equilibrium, type g agents can always be made better off with alower screening probability
and preferable payment schedule if the incentive constraint for type b borrowers is not
binding.

Now, since 7 = 0 in a separating equilibrium and (5) holds with equality for i = b, the
expected utility of type b borrowersiseffectively fixed in aseparating equilibriumat i, —r.
As type g borrowers bear the expected screening costs for their type, to find separating
contracts which are optimal (that is, immune from aternative separating contracts which
earn nonnegative expected profitswhile making some agents better off) we need to minimize
the verification probability =4 subject to the binding incentive compatibility constraint for
type b borrowers and the zero expected profit constraint for type g borrowers. This will
serve to relax the incentive constraint for type g borrowers as much as possible. We will
ignore(4) fori = ginsolving for the optimal contract, and then show that, given the optimal
contract, this constraint is not binding. Thus, the separating contract for typei = g is

determined by choosing Ry(X) and 74 to solve:

max(—mg)
subject to
1
| RidF00 =1+ 71, 29
r=(1—mg) /01 Ry(X)dFp(X) + mgpen, (29)

(2) and (3). From the previous analysis, the separating contracts which solve this problem
then only need to be checked to insure that there is not a feasible, monotonic pooling
contract which makes each type of borrower better off while earning nonnegative expected

profits. We are now ready to prove the main proposition of this section.
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Proposition 6 If a separating equilibrium exists, the unique equilibrium separating con-
tract for type i = g is a standard debt contract. That is, Ry(X) = Ry, X € [Ry, 1]; Ry(X) =
X, X € [0,Ry] for some Ry € (0, 1).

Proof: The Lagrangian for the above optimization problem s

L= —7g+M[r +mgy — 5 Ry(¥)f(x)ax]
o[~ + mgup + (1 — 7g) fol Ro(X)fu(X)dx],
and we want to choose A 20,1 = 1,2, 74 € [0, 1], and Ry(X) to maximize £ subject to (2)

and (3). We canrewrite £ as

£= =g+ ol + 21— 7o) Mfo(IRe(lx

+A1(r + mgy) + Aa(—r + mgpup).

(30)

If Ay >0and X, < Oorif Ay <0and A, > 0, then maximizing (30), we get Ry(X) = 0,
which violates (28). If A; < 0and X, < 0, then maximizing (30), we get 74 = O, which
violates Lemma 4. We therefore have A\ > 0,1 = 1,2. Now, given optimal \;,i = 1,2, and

7g, We must have — £ + 32(1 — 74) < 0 for somex € (0, 1), otherwise Ry(x) = x is optimal

for al x € [0,1], and (29) is violated. Similarly, we must have —% + i—i(l —mg) >0

for some x € (0, 1), otherwise Ry(x) = O is optimal for all x € (0, 1), and (28) is violated.

Therefore, since —% + i—j(l — 7wg) IS continuous and monotonic in X, there exists some

X € (0,1), such that — 8 + 32(1 — mg) > 0 for all x € (0,%), — {3 + 32(1 — mg) = O for
fg(®)

o T i—i(l — wg) < 0for x € [X,1]. Now, given the monotonicity of Ry(x),

it is clear that for optimality we must have Ry(X) = Ry(X),x € [X,1]. For x € [0,X], given

X = X, and —

congtraints (2) and (3), the optimal payment schedule is Ry(X) = X, X € [0,Ry(X)] and
Ry(¥) = Ry(X), x € [Ry(X),X]. The proof is concluded by letting Ry = Ry(X).O0

Giventhe above proposition, the separating contract for atypeg borrower ischaracterized
by (Ry, 74), Where Ry isinterpreted as the gross loan interest rate. From (28) and (29), Ry

and ry are determined by the following two equations.
Ry _ _
/0 xdFg(x) + Ry[1 — Fg(R)] = + 7g7y
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= (@ r [ XF0) + 1 Fo(RoT) + g

Alternatively, using integration by partsto ssimplify the above two equations, we get
_ Ry
R, — /O Fo(X)dx = 1 + g7 (31)

= (R~ [ o9 + g (32)

In the appendix, we show that there exists aunique Ry € (0, 1) and aunique rq € (0, 1) that
solve (31) and (32).

Proposition 7 In a separating equilibrium, given an optimal separating contract for type
I = g satisfying (31) and (32), an optimal separating contract for type i = b is a debt
contract characterized by R, > R,

Proof: We need only show that a debt contract for typei = b satisfies the zero expected
profit condition for i = b, and the incentive constraint for i = g. First, since up > r, there
existssaunique R, € (0,1) satisfying R, — foﬁb Fp(X)dx = r, so that (5) for i = bis satisfied
with equality. Second, since =g > 0 in a separating equilibrium, and ., > r, from (32) we
must have Ry — foﬁg Fp(X)dx < r. Now, given that R — fOR Fp(X)dx is an increasing function
of R, we therefore have Ry < R,, whichin turnimpliesthat (4) is satisfied for i = g.0

From Propositions 6 and 7, debt contracts are optimal for both types in a separating
equilibrium. A debt contract for typei = g is the least attractive monotonic and feasible
contract for typei = b, asit providesthe largest rewardsfor atype g borrower in the upper
tail of the probability distribution of returns, where type g has relatively more probability
mass than type b. Thus, a debt contract for type g induces as much self selection as is
possible, which minimizes the screening probability for type g, and maximizes the welfare
of type g borrowers. For type g borrowers, a debt contract is the unique equilibrium
contract. However, a debt contract is only one in a continuum of equilibrium contracts

for type b borrowers. Any contract which, given the optimal type g contract, satisfies
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the zero expected profit constraint for i = b and the incentive constraint for i = g is
an equilibrium contract for type b. In fact, another equilibrium contract for type b is
Ry(X) = 0,x € [0,X); Ry(X) = x,Xx € [x*, 1], where x* solves fxﬁ xdFy(X) = r. This contract
isfeasible, monotonic, and incentive compatible and it istherefore an equilibrium contract.
However, it is as far removed as possible from a debt contract.

A separating equilibrium, if it exists, has some attractive features. First, as we showed
above, debt contracts are equilibrium contracts for both types, which is consistent with the
widespread use of debt contractsin practice. Second, the optimality of the debt contract for
typei = g arises because of the costs of screening borrowers. In credit markets, screening
costs appear to be a large component of the costs incurred by financial intermediaries.
This second feature is an advantage of this approach in explaining debt contracts, relative
to the costly state verification approach. In costly state verification models, for example
Townsend (1979), Gale and Hellwig (1985), or Williamson (1986, 1987), the existence of
debt contractsis explained by costs to alender of verifying the ex post return of aborrower.
In equilibrium, these costs can beinterpreted as bankruptcy costs, i.e. auditing costs. These
costs would seem to represent a small fraction of the costs of advancing credit, relative to
the fraction accounted for by screening costs* Third, since screening costs areincurred for
the low interest rate contracts, these are the contracts which would be intermediated (with
some further assumptions about the scale of investment projects), as we will show later.
Thus, low quality borrowers pay high interest rates outside the intermediation sector, while

high quality borrowers are served by financial intermediariesin equilibrium.

4Some casua evidence isthe following. Our conversations with commercial 1oan officers suggest that, in
acommercia loan operation, theratio of those employed screening loans to those empl oyed in “working out"

loans (essentidly getting al the bank can before aborrower fails) isin therange of 5to 8.
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5. CHARACTERIZATION OF THE POOLING EQUILIBRIUM

Analysis of the pooling equilibriumis more straightforward than for the separating case,
as thereis no screening here; that is7; = O for al i. The (potential) equilibrium contract is
then completely described by the payment schedule, R(x), which both types of borrowers
face.

The constraint (8) is satisfied with equality in a pooling equilibrium, since otherwise
there exists another pooling contract R*(X) satisfying (24)-(27). That is, given a pooling
contract earning positive expected profits, both agents can be made better off with another
contract which is feasible, monotonic, and earns nonnegative expected profits. Thus, we
can restrict attention to the set of pooling contracts which earn zero expected profits. If a
contract within thisset isan equilibrium, there can be no other pooling contract earning zero
expected profits which makes both types better off, and no incentive compatible separating
contract for typei that makestypei better off.

Lemma 8 An equilibrium pooling contract R(x) solves
1
min /0 R(X)dF4(X)
subject to
o / "ROAFL() + (1 — ) / "ROFL() =T, (33)
0 0
(6), and (7).

Proof: We have aready shown that an equilibrium pooling contract must satisfy (33).
Suppose that the equilibrium pooling contract does not solve the above optimization prob-
lem. Then, we can have one of two cases. First, there may exist a contract R*(X) satisfying
(6) and (7) which both typesstrictly prefer toR(x), and which satisfiesa [ R (X)dFg(X)+(1—
@) fo Re(X)dFp(X) = r. Otherwise, there exists a separating contract [Ry(X), O] satisfying (19)
and (20) which type g strictly prefers, while type b weakly prefers contract R(x). This con-
tract is constructed so asto satisfy o fj Ry(¥)dFg(X) +(1—«) Is R;, (x)dFy(X) = r. Now, since
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Fg(X) < Fy(x) for dl x € (0, 1), and since R;(x) is monotonic, we have o Ry(X)dFg(x) > r.
Therefore, the contract [R;(X), 0] satisfies (19)-(23).0

The above lemma states that an equilibrium pooling contract is the pooling contract
which maximizes the welfare of type i = g borrowers subject to the zero expected profit
constraint. If this were not the case, then, either a pooling contract earning zero expected
profits could be found which both borrower types strictly prefer, or there exists an incentive
compatible separating contract for type g borrowers which earns positive expected profits

while making type g borrowers better off.

Proposition 9 If a pooling equilibriumexists, the pooling contract, R(x), isa standard debt
contract with R(X) = R x € [R 1]; R(X) = x,x € [0, R]; for some R < (0, 1).

Proof: From the optimization problem in Lemma 8, form the Lagrangian

=_ / "ROYAF(X) + A[o / "ROYAF(9) + (1 — @) / "ROYAF() — ]
0 9 0 9 0 b '

Then, the optimization problem is one of choosing R(x) and A > 0 to maximize £ subject
to (6) and (7). Now, if Aa — 1 > 0, then R(x) = x would be optimal, but then (33) is not
satisfied, so A\a — 1 < 0. We can then rewrite £ as

() AMl—a)
L= /O [ 00 1= oy RO Ay — .

If —% + 4854 < 0for dl x € [0,1], then R() = 0 for al x € [0,1] and (33) does

not hold. Alternatively, if —% + (Al(f;jg > 0 for al x € [0,1], then R(X) = x for all

X € [0, 1], and (33) does not hold. Therefore, since % iscontinuousand strictly increasing

. . y g0 4 Ml-o #)e _ fg® 4 M1-o
in x, there is some x* € (0,1) such that _fiﬂ’L(Jl—W% >0,x € [O,X),—fﬁ@ﬂfm% <

0,x € (x,1]; —% + (Al(f;jg = 0,x = x*. Therefore, given the feasibility and monotonicity
congtraints on R(x), the optimal contract is R(X) = x,x € [0,R]; R(X) = R x ¢ [R, 1], for

someR € (0,1).0
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Theoptimal grossloaninterest rate, R, isdetermined by the zero expected profit constraint.

Substituting in (33) and using integration by parts to ssimplify, we get
_ R
R / [aFg(X) + (1 — a)Fp(X)]dx =T. (34)
0

The left side of (34) is continuous and strictly increasing in R. In addition, the left side is
lessthanr for R = 0 and greater than r for R = 1. Therefore, (34) has a unique solution in
(0,1). From (34), a useful result is that

@ — fop[Fg(X) — Fp(X)]dx
da ~ 1= Fu(R) — alFy(R) — Fo(R)

<0. (35)

As for an equilibrium separating contract, the optimal pooling contract is a standard debt
contract. In contrast to the separating case, where debt was not the unique optimal contract
for typei = b, here both borrower types face a debt contract which is aunique equilibrium.
A debt contract isoptimal in apooling equilibrium, asit makestype g borrowersas well off
as possible subject to the constraint that the pooling contract earns zero expected profits.
That is, the debt contract minimizes the implicit subsidy that type g borrowers pay to type

b borrowers.

6. EXISTENCE OF EQUILIBRIUM AND COMPARATIVE STATICS

In this section we show that, if an equilibrium exists, it is a separating equilibrium. We
then explore how the parameters of the model, «, r, and ~, determine whether or not an
equilibriumexists, and study how changesin the parametersaffect equilibriuminterest rates
and screening probabilities.

In deriving the equilibrium separating and pooling contractsin the previoustwo sections,
we omitted some conditionswhich arerequired for the existence of each typeof equilibrium.
For the separating equilibrium, we need to check that there exists no pooling contract
satisfying (15)-(18), and for the pooling equilibrium, we need to check that there exists no
separating contract satisfying (19)-(23).
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Proposition 10 A pooling equilibrium does not exist.

Proof: Suppose a pooling equilibrium exists, which is characterized by the gross loan
interest rate R which solves (34). Now, consider a separating contract for typei = g which
is a debt contract [F?g, mg]. This contract is constructed to satisfy the zero expected profit

constraint
R )
%—A Fo0)aX =1 + 737, (36)

and the incentive constraint for typei = b,

=R~ [ o9 + 37

wheref = R — [§{Fo(X)dx < r. Now, equations (36) and (37) yield a unique solution for R

and =g, where, substituting for = in (37) using (36), we get an equation which solves for

Ry- )
i Ry F— R+ fo0 Fo(x)dx
— F dx = — .
RS /0 g(X) X=r+7 [,Mb B RS +f0Rg Fo(X)dx

Note that the left side of (38) is increasing and continuous in R; on [0,1], while the right

(38)

sideis decreasing and continuousin F?g on[0,1]. Therefore, given the values of theleft and
right sides of (38) at the endpoints of [0,1], there exists a unique solution for F?g . Now, note
that, for R = R, theright side of (38) equalsr, whilethe left side equalsR— IR Fo(X)dx>r.
Therefore, we have Ry < R. Thus, the alternative separating contract satisfies (19)-(23), a
contradiction.O

Therefore, given any potential pooling equilibrium, there always exists a separating
contract which type i = g borrowers strictly prefer, and which attracts only typei = g
borrowerswhile earning nonnegative expected profits. We can thus confine attention to the
separating equilibrium.

For the separating equilibrium, which can be characterized by theloan interest ratesfaced
by each type of borrower, R,i = g, b, and the screening probability =4, solving (31), (32),
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and
_ Ro
&—A Fo()dx =T, (39)

we need only check that there is no pooling contract which is feasible, monotonic, earns
nonnegative expected profits, and makesboth typesbetter off. Consider the pooling contract
which is a debt contract characterized by R solving (34). This contract clearly makes type
b borrowers better off than with the separating contract, since R, — foﬁb Fo(X)dx = r >
R— fOR Fyp(X)dx. The pooling contract al so maximizestheexpected utility of typeg borrowers
in the set of pooling contracts which earns nonnegative expected profits. Therefore, if type
g agents do not strictly prefer the pooling contract R to the separating contract Ry, then the
separating contracts characterized by R, i = g, b, and rg, constitute an equilibrium. That is,
an equilibrium exists if and only if R > R,

We will now show how the parameters «, v, and r determine existence of equilibrium,
and how changes in these parameters affect equilibrium interest rates and the screening
probability. First, to study the conditions under which an equilibrium exists, use (32) to

substitute for 74 in (31) to obtain an equation which solves implicitly for Ry.

fo— ¥
b — Ry + fo Fp(X)dx

In (40), the left side is increasing and continuous in Ry on [0,1], while the right side is

%—A%%®W=H7F— (40)

decreasing and continuous in Ry on [0,1]. Now note, from (40), that Ry is independent of
«, while from (34), Ris decreasing in o. Substituting o = 1in (34), weobtain R = R; as
the solution to .

_ Ru

&—A F()dx =T. (42)

Substituting Ry = Ry into (40), the left side of (40) is equal to r, while the right side is
greater thanr. Therefore, we have Ry > R;. Similarly, substituting o = 0in (34), we obtain
R = Ry asthe solution to
_ Ro
Ro — / Fo(X)dx =r. (42)
0
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Now, substituting Ry = Ry into (40), the left side of (40) is greater than r, while the right
sdeis equa tor. Therefore, we have Ry < Ry. Thus, by continuity and (35), given any
r and ~, there exists o € (0,1) such that an equilibrium exists for o € (0,«*], and an
equilibrium does not exist for o € (a*, 1). Note herethat, for any screening cost, no matter
how large, if the fraction of type b borrowersin the population is sufficiently large, then an
equilibrium exists where screening is worthwhile.

Next, notein (34) that Risindependent of v, whilein (40) Ry isincreasingin~. If v = 0,
from (40) and (34) we have Ry < R, so that an equilibrium exists. Alternatively, asy — oo,
from (40) we get r — Ry + [1? Fo(X)dx — 0, or Ry — Ry, > R Therefore, an equilibrium
does not exist asy — oo. Thus, from continuity and monotonicity, for given r and «,
there exists v* > 0 such that an equilibrium exists for v € [0,~*], and an equilibrium does
not exist for v > ~*. Thus, for any r and «, an equilibrium exists if the screening cost is
sufficiently small.

We do not get clear resultsfor how theinterest rater affectsthe existence of equilibrium.
Here, from (34) and (40), changesinr affect both Rand Ry, and the relative effects depend
on the other parameters.

From (31), (32), and (39), it isclear that loan interest rates R;,i = g, b, and the screening
probability =4 are independent of « in equilibrium. Thus, the relative fractions of borrower
typesin the population are irrelevant for equilibrium interest rates and the screening inten-
sity. From (40), an increase in ~ results in an increase in Ry. Then, from (32), 7y must
decrease when ~ increases. Therefore, an increase in screening costs causes the screening
technology to be used lessintensively (the screening probability falls) and the loan interest
rate faced by type g borrowersrises. Note that there is no change in the interest rate faced
by type b borrowers, from (39).

To determine the effects of achangeinr on R,i = g,b, and on =y, comparétive statics
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using (31), (32), and (39) gives

dR, _ 1 0

dr 1- Fb(Rb)
dRy _ o — Ry + Jo8 Fp(x)dx + 4 >0
dr [1— Fy(RIlim — Ry + fo Fu(dd +7(1 — mg)[L — Fu(Ry)]
drg _ Fo(R) — Fo(Re) + 7ol ~ Fu(Ry)] o

dr 12— Fo(R)luo — Re+ Jo© Fa(¥)d] + (1 — mg)[1 — Fo(Ry)]
Thus, when the interest rate faced by lenders increases, interest rates on loans increase for

both types of borrowers, and the screening probability increases for type g borrowers. The
increase in loan interest rates makes the loan contract for type g borrowerslook relatively
more attractiveto type b borrowersthan the type b loan contract. Therefore, the verification

probability must rise in order to induce self selection.
7. FINANCIAL INTERMEDIATION

Costly state verification models of debt contracts (Townsend 1979, Gale and Hellwig
1985, Williamson 1987a) can be extended in such away that financial intermediation arises
endogenoudy as an efficient means to economize on verification costs (Diamond 1984,
Williamson 1986). The costly verification of returnson investment projectsis delegated to
afinancial intermediary by its depositors, and the intermediary is able to guarantee certain
returnsto its depositors by diversifying its loan portfolio.

The model constructed here has some advantages over the costly state verification frame-
work asamodel of debt contracts, particularly in that debt contracts survive randomization,
and because screening costs seem more important for credit market activity than do ex post
verification costs (essentially auditing costs). Our model can aso be extended to generate
financial intermediation endogenoudly in astraightforwardway. Infact, intermediarieshere
will play a“delegated screening” role which is analogous to the “delegated monitoring”

role of afinancial intermediary in acostly state verification environment.
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We extend the model by changing the investment technology available to each borrower
so that it requires K > 1 rather than one unit of the investment good to fund an investment
project in period 1. This implies that more than one lender is needed to fund any one
investment project. We retain the assumption that one borrower can meet at most one
lender in period 1. Also, we assume that a given lender can observe the results of higher
screening only.

Supposefirst that al lending isdonedirectly. However, since one borrower can meet one
lender at most, some coordination among lendersisrequired. Thus, let lenderswhowishto
contract with borrowers form coalitions of K members each. Coalition members agreein
advance on nothing, except that they will offer their contracts, jointly meet one borrower,
and then the borrower will report his’her type to the coalition. A Nash equilibrium has
similar properties to the equilibrium for the model with K = 1, in that, if an equilibrium
existsit isaseparating equilibrium, only type g borrowersare screened, and debt contracts
are equilibrium contracts. An equilibrium consists of promised paymentsRP, i = g,b, and

a screening probability for atype g agent, 7rgD, satisfying

(K = (1— 7D) [RS _ /0 VR 00dd + 1@ D) o 43)

and

% [RS - /0 M Fg(x)dx] = 7Dyt (44)
Note, intheincentive constraint (43), that each lender in acoalition screenstypeg borrowers
with probability 7rgD, and that a borrower who is denied a loan from any member of the
coalition cannot fund his’her project.

Now, suppose that somelendersact asfinancial intermediaries. That is, they take deposits
of the investment good in period 1, make loans to borrowers, and offer depositors returns
contingent onthereturnsontheir loan portfolios. Now, if afinancial intermediary diversifies
across alarge number of borrowers, and borrowsfrom alarge number of depositors, by the

law of large numbers it can guarantee each depositor a certain return in period 2 of r per
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unit deposited in period 1. The optimal contract results derived in the previous sections
apply here, so that debt contracts are equilibrium contractsfor both types of borrowers(and
the unique equilibrium contract for type g borrowers). An equilibrium consists of promised

payments R}, i = g, b, and a screening probability for atype g agent, w'g, satisfying

K = (1)) [R'g — /0 S e 0] + i (45)

and
R, — /OFJ“’ Fo()dx = 7ly + K. (46)
Now, supposethat financial intermediariesoffer acontract to typeg agentswith R'g = RS and
7y = Min(Kzg, 1). Inthe casewhere Kz > 1, from (44), (45), and (46), this contract earns
nonnegative expected profits, and the incentive constraint for atypeb agent is satisfied asa
strict inequality. Therefore, thereis some alternative contract with R'g < Rg and 7r'g < 1that
earns nonnegative expected profits and is incentive compatible. Therefore, direct lending
is dominated in this case by intermediated lending. Alternatively, suppose that ngD <1
Then, the proposed contract earns zero expected profits, from (44) and (46), and from (43)
and (45), it satisfies the incentive constraint for a type b borrower as a strict inequality if
and only if
1—moK < (1—7)) . (47)

But (47) holds by induction, for any integer K > 2. Therefore, financial intermediation
dominatesin this case as well.

In moving from a direct lending arrangement to intermediated lending there are two
effects. Firgt, with intermediated lending, screening is delegated to the intermediary, so
that, for a given screening probability, expected screening costs are reduced as screening
is not replicated by several lenders. Second, since aloan can be denied if any one lender
discovers cheating in the direct lending case, each individual lender can screen with alower
probability than with financial intermediation, and thiswill tend to make expected screening

costs lower in the direct lending case than with financial intermediation. Inequality (47)
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implies that the first effect outweighs the second, so that financial intermediation is more
efficient than direct lending.

Note here that the only contracts which need be intermediated are those to type g
borrowers, as these are the contracts for which costly screening takes place. Therefore,
thisframework yieldsafinancial structurewhere some lending isintermediated while some
lendingisnot. Again, thisisan advantage over related costly state verification environments

(e.g Williamson 1986), in that those modelstypically have all lending intermediated.

8. CONCLUSION

We have developed an adverse selection model of a credit market, where self selection
is achieved with risk neutral borrowers through the use by lenders of a costly screening
technology. In some ways, the model has features that are similar to the adverse selection
model of Rothschild and Stiglitz (1977), where self selection occurs with risk averse agents
who have different preferences. For example, if an equilibrium exists in our model, itisa
separating equilibrium where good borrowers submit to screening with positive probability.
Also, for some parameter values an equilibrium does not exist.

In this model, the unique equilibrium contract for a good borrower is a debt contract.
Given the characteristics of the probability distributions of investment returns faced by
borrowers, adebt contract isrelatively unattractive for bad borrowers, so that a debt contract
for good borrowers achieves self selection while minimizing the screening probability for
good borrowers, and therefore minimizes expected screening costs. Debt contracts are also
equilibrium contracts for bad borrowers if an equilibrium exists, but then there exists a
continuum of equilibrium contracts for bad borrowers which are not debt contracts. We
conjecture that, if the model were extended to include many types of borrowers whose
investment projects are ordered in the same way asthey are here, then debt contracts would
be optimal for each type except the lowest ranked.

Comparative statics results show that equilibrium loan interest rates and the screening

28



probability increase astherisk freeinterest ratefaced by lendersincreases. Also, anincrease
in the screening cost results in a decrease in the screening probability and an increase in
loan interest rates. An equilibrium exists for sufficiently low screening costs and given a
sufficiently large fraction of bad borrowersin the population. Somewhat surprisingly, for
any positive screening cost, no matter how large, an equilibrium exists provided the fraction
of bad borrowersin the population islarge enough.

Thismodel has at |east two advantages over the alternative costly state verification model,
which also can produce debt contracting as an optimal financial arrangement. First, debt
contracts survive here even when random screening is permitted; costly state verification
models do not yield debt contracts with random verification strategies. Second, ex ante
screening costs would appear to be much more important for the functioning of credit
markets than ex post auditing costs. In addition to having these advantages, our model
is capable of generating intermediary structures, just as in costly state verification setups
(e.g. Williamson 1986). Here, if borrowers investment projects are large in scale relative
to a lender’'s endowment, it is optimal for perfectly diversified financial intermediaries
to be delegated the role of screening borrowers, and this is also an equilibrium financia
arrangement.

Given that thismodel can generate debt contracting and intermediary structures, it poten-
tially has many applications. For example, themodel could be extended to study the effects
of deposit insurance on the portfolio behavior and screening behavior of banks. It is often
asserted that deposit insurance causes banks to take on too much risk and to expend too
little effort in screening borrowers. An extension of the model with aggregate risk could be
used to evaluate this assertion. Another possible extension would be to embed the model in
adynamic framework to study cyclical behavior. Here, we could makethe relative numbers
of good and bad borrowers endogenous by giving these agents some alternative to operating
their own projects. The endogenous mix of borrower types in the population could then

produce an interesting propagation mechanism, and allow us to study “credit crunches.”
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APPENDI X

Proposition 11 Condition (1) impliesthat Fg(X) < Fp(X),x € (0, 1).

Proof: First, note that

L1,) _
Lélﬁﬁ—-]MWW—O (48)

Now,(1) and (48) imply that % —1<0and % — 1> 0. Therefore, thereexistsx € (0, 1)

such that 9 — 1< 0,x € [0,X] and ®® — 1 > 0,x € [, 1]. Therefore, we have

o (X) o (X)
foy)

() ] fo(y)dy < 0. (49)

X
Fo(X) — Fo(X) =
409~ Fo¥ A[
O
Proposition 12 Given up > r and v > 0, there exists a unique Ry € (0,1) and a unique
mg € (0,1) that solve (31) and (32).

Proof: First, solving (32) for 74 in terms of Ry, we get

fo— T
o — Ry + 58 Fy(X)dx

Thus, from (50), given Ry we get a unique solution for ry. Next, substitute for xg in (31)

Tg=1-—

(50)

using (50) to get

fo — ¥
o — Ry + Jo Fo(X)dx

Now, note that the left side of (51) is increasing and continuous in Ry on [0, 1], and that

_ Ry
Ry [ amm=wwk— (51)

right side of (51) is decreasing and continuousin Ry on [0,1). For Ry = 0, the left side of
(51) equals O, while the right side equals r(1 + 1/up) > 0. For Ry = 1, the left side of (51)
equals ug4 > 1, whiletheright side goesto —oo as Ry — 1. Therefore, there exists aunique

solution to (51) for Ry in theinterval (0,1).0
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