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Abstract. We study price formation in securities markets, using tlogieatial trade framework of Glosten
and Milgrom [7]. This paper makes one basic methodologidaaace over previous research on sequen-
tial securities trading: we allow for multiple trade sizestraders to choose from in a multi-period market.
We examine how trade size multiplicity affects the intenpemal dynamics of trading strategies, bid-ask
spreads, and information revelation. We also show thaépnipact, as a function of trade size, is increas-
ing and exhibits (discrete) concavity.
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1 Introduction

Market microstructure studies the price formation procassl how this process is affected by the orga-
nization of the market. The main objective of this paper istiderstand how trade sizes affect the price
formation process dynamically within an environment wheaeders can choose from multiple trade sizes.

There are two standard reference frameworks in the markabstiucture theory. One is the con-
tinuous auction framework, first developed by Kyle [13]. Tdtber is the sequential trade framework,
introduced by Copeland and Galai [4] and Glosten and Milgféim Both frameworks are sufficiently
simple and well-behaved that they easily lend themselvasadysis of policy issues and empirical te'sts.
Although most markets are organized as in the sequentidé tnaodels, these models tend to be less
tractable than the Kyle model as Back and Baruch [2] poinfout

In this paper, we adopt the sequential trade framework tystiie relationship between price, trade
size, and information. Sequential trade models consideketmwhere a risky asset is traded between a
market maker, strategic traders and liquidity tradersstFthe market maker, who is not informed of the
risky asset payoff, quotes the bid and ask price. Then edtlstrategic trader or a liquidity trader arrives
at the market in a random manner. The liquidity trader'sitrgdnotive is not related to the risky asset
payoff at all. Whereas the strategic trader has informatiothe risky asset payoff, hence her trades reveal
information. In the model of Copeland and Galai [4], the yisisset payoff becomes public information
after each trade. In the Glosten and Milgrom [7] model, mgdjoes on for many rounds. Therefore, the
latter allows us to see how price compounds information tvee. Glosten and Milgrom [7] also show
that the bid-ask spread declines in expectation, and thagread eventually vanishes almost surely as the
number of trading rounds tends to infinity.

One of the simplified assumptions in Glosten and Milgrom §Ahiat traders can only trade one share
at any given period. Easley and O'Hara [6] extend the GleMédgrom model by allowing for two
trade sizes: one small and one large. By doing so, they ttiealtg justify the empirically observed
phenomenon that block trades are made at “worse” pricessiimaifi trades. However, Easley and O’Hara
[6] do not truly focus on the dynamic process of price formatas they restrict their analysis to one and
then two trading rounds within their paper.

Our model extends the models of Glosten and Milgrom [7] ansldyaand O’Hara [6] in two direc-
tions: time and trade size. We extend Glosten and Milgromgrjodel by allowing for multiple trade
sizes for traders to choose from. Also, in comparison todysshd O’Hara [6], we are not confined in our
analysis to two trade sizes or two trading rounds. In our mhdxieh trade sizes and trading rounds can be

1See Madhavan [14] and Biais, Glosten and Spatt [1] for eitersuirveys of the literature.
%In a continuous time setup, Back and Baruch [2] show that ¢dibrium of the Glosten-Milgrom model is approximately

the same as the equilibrium of the Kyle mode, when the trageisismall and uninformed trades arrive frequently.



arbitrarily many.

The main contribution of this paper is to examine how trade gi.e. trading volume) affects the
intertemporal dynamics of trading strategies, bid-askags and information revelation. In particular, we
establish the following results. In each period there is sitpe cutoff trade size for the informed trader
who observes that the risky asset payoff is high. She assigpsobability to purchasing amounts below
this trade size while assigning positive probability toleémde size above the cutoff. The situation is
symmetric for the informed trader who observes that theyresset payoff is low: there is a positive least
amount that she sells with positive probability, and shégasspositive probability to selling each allowed
amount greater than this cutoff. The bid-ask spreads erlgtin the trade sizes where informed trading
is considered probable by the market maker. The cut-ofeteizks for the informed traders can decrease
over time, and small trade sizes initially with zero bid-apkeads can later have positive spreads. We also
prove a couple of asymptotic results comparable to thosdasté and Milgrom [7]: the market maker
learns the true risky asset payoff almost surely as the nuwftteading rounds tends to infinity, and the
bid-ask spreads vanish in the limit. Finally we show thatghee impact as a function of trade size, is
increasing and exhibits (discrete) concavity. The finalliteas supported by empirical evidence.

The organization of our paper is as follows. Section 2 prisstiie model and the equilibrium concept.
In Section 3, we present the equilibrium analysis and ourt®sSection 4 concludes. Most of the proofs
are delegated to the appendix.

2 The Model

We consider a market in which potential buyers and selladgetia risky asset with a competitive market
maker. The economy lasts faf + 2 many periods. The periods are indexedtby 0,1,...,7,T + 1.
Trade takes place in periods= 1,...,T and consumption of a single good in peri@d+ 1. The risky
asset pays off in period” + 1. The risky asset payoff takes values from the s¢0, '} with the prior
probability Pr(v = 0) = . We assume thdt > 0 and0 < § < 1.

There are three types of agents in the economy: informeeénsatiquidity traders and a competitive
market maker. Informed traders are risk neutral, and thetptmaximize their expected profits by trading.
Informed traders also know the realization of the risky apagoff ©. Liquidity traders trade according to
their liquidity needs, which are exogenous to the model. ddmapetitive market maker supplies against
the demands of informed traders and liquidity traders.

Traders can choose from multiple trade sizes when they adty the risky asset. In particular, they
can trade the risky asset in the trade sizes which are elsrogtite set2,, := {—n, ..., =1, 0, 1, ..., n}.

In our notation,k and —k represent the purchase and the salé ahits of the risky asset, respectively.

3Price impact is the absolute value of the price change caugste latest trade.
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QF .= {1, ..., n} denotes the set of possible purchase trade sizes Wfjile= {—n, ..., —1} denotes the
set of possible sales trade siz@sepresents no trade.
The timing of events in our model is as follows:

1. In period0, nature chooses the realizatiore {0, V'} of the risky asset payoff. Informed traders
observev.

2. In successive periods, indexedy 1, ..., T, the events realize in the following order:

- Having observed the realized trades in peribds., ¢t — 1, the competitive market maker posts
a price for each trade size n,.

- A new trader (either an informed trader or a liquidity trgdemrives at the market and learns
market maker’s price quote for each trade size.

- If the trader is informed, she takes the profit-maximizingtgu If the trader is a liquidity
trader, she trades in the trade size determined by her iiguideds.

3. In periodT + 1, the realization ot is publicly disclosed, and consumption takes place.

The type of the trader arriving in perigds determined by the random variatlewhich takes values
from the set{i,,l}. The letters;, and!l, denote the informed type and the liquidity type, respetfiv
The random variable§d, : t = 1,...T} are i.i.d. across the periods..., T and satisfyPr (0, = i,) = p.

If the trader type in period is [, then the demand at that period is determined by the randoiablel;
which takes values frorf,,. The random variable§L, : ¢ = 1,..., T} are i.i.d. and satisfPr(L; = q)

= ~(q) > 0. Also, for any given period, the random variable§,, L;, & are mutually independent.
We assume that informed traders, who trade once, gets tmeeha re-trade with probability. Thus,
informed traders behave myopically and they (rationaliyiare the effect of their trades on future periods.
The market maker is risk-neutral and her price quotes makedre expected profit in each peribd.e.

in periodt, t = 1,...,T, she chooses the price of each trade gize 2,, equal to the expected value of
the risky asset payoff conditional on her information atigebt and the trade realization being equal to
g. Informed traders and market maker correctly anticipatd @dher’s trading and pricing strategies. The
structure of the economy, described so far, is common kruiyele

Next we describe the details with regard to market makeismy strategy and informed traders’
trading strategy. To that end, we first need to introduce sootation. Letg; denote the trade size that
the market maker receives in periodi.e. ¢ is the realized trade size for peried A period+ history
ht == (q1, ..., q) is the sequence of realized trade sizes for periods upwutll. The space of all possible

4A Bertrand competition among market makers is the standssdraption to have zero expected profit for the (competitive)
market maker.



period+ histories,t > 1, is denoted by := szl Q,, andh; is taken to be the generic element of
QL. hy € QL is called acomplete history h; is said to beconsistentwith hr = (qi,...,qr) € QL if

hr = (h¢, a1, -, qr). FOr notational convenience, we leg = ). Also, we letr; : Q-1 x Q, — R
represent the market maker’s pricing strategy functiog (her price menu for all trade sizes) so that
m(hi—1, q) is the market maker’s price quote for trade sjagiven historyh;_;.

Since there is a price quote for each trade size, it is pa&s$iblinformed traders to obtain the same
profit from two or more different trade sizes. In such casefrimed traders assign positive prob-
abilities to those trade sizes that yield equal profit whesy tHetermine their demands. We formal-
ize this as follows: In our model, a trading strategy is a piolity function+ : ©Q, — [0,1] such
that }- ., ¥(q) = 1. The support ofy is given bysupp(¢) = {q € Qu|¢(q) # 0}. We let
A(Qy) = {v: Q, — [0,1]] > qen, ¥(q) = 1} denote the set of all possible trading strategirformed
trader’s trading strategy for price menty prescribes a probability distribution), (v, hy—1, ) € A(Q,)
over trade sizes if,, for eachv € {0,V} and historyh; 1 € QL. We letv;(q|v, hy_1, ;) denote
the probability assigned to trade sizéy the probability distribution,(v, hy—1, 7). Among all trading
strategies, the informed trader chooses the strategy wingtimizes her expected profit given the market
maker’s price menu. Thereforimformed trader’s optimal trading strategy for price menuprescribes
the probability distributions; (v, hy—1,m) € A(£2,) over trade sizes if2,, for eachv € {0,V} and
history h;_1 € Q.1 such that

Vi (v, hy—1, ;) € arg e % ¥(q) [q (v — i (he—1,9) )] -

The market maker is Bayesian. She updates her belief abmusiky asset payoff in each period after
having observed the realized trade size for that periodmBby, J;(h:—1, q) is the probability assigned
by the market maker to the risky payoff being equabtgiven that realized history is;_; € Q!~! and
the realized trade size in perigds going to beg. As a notational convenience, we gt= §. Bayesian
updating dictates

5t(ht—17Q) = PI‘(’{} = Oyht_l,Q)
Pr( = O|hs—1) [ (|0, he—1,m) + (1 — 1) v(q)]
> vefovy Pr( = vlhi—1) pie(qlo, hy—1,m) + (1 — p) v(q)

if the market maker believes that informed trader is emplgyirading strategy), in periodt. As the

(1)

market maker makes zero profit from her price quotes, hee pnienur; satisfies
me(hie1,q) = (1 = 8 (he—1,q)) V,  Vhy_1 € Q7L Vg e Q.. (2)

We say thatr,(h;—1, q) satisfies the zero-profit condition if equation (2) holds
Next we define the equilibrium for our economy:
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Definition 1 An equilibrium consists of market maker’s price mefws: ¢t = 1, ..., T}, informed trader’s
trading strategies{v; : t = 1,2,...,T}, and posterior beliefd¢; : t =1,2,...,7} such that for all
te{l,--- ,T}andforallh,_; € Q!

(P1) =f(hi—1, q) satisfies the zero-profit condition (2) given the posterigidd §; (h,—1, ¢) forall g € Q,,,
(P2) ¥y (v, hy—1, ;) is informed trader’s optimal trading strategy for price mem; for all v € {0,V'},

(B) forall ¢ € Q2,,,

Pr(v = 0lhs—1) [pef(ql0, he—1, 7)) + (1 — 1) 7(q)]

5t (heot,q) = / .
¢ he-10) > veqovy Pr(0 = vlhe—1) p o (qlv, he—r, 7)) + (1 = p) v(q)

Condition (B) specifies the equilibrium belief. It esselyiaeflects two critical assumptions of our
model: first, market maker is Bayesian; second, informedetmand market maker correctly anticipate
each other’s trading and pricing strategies.

Finally, we define the bid-ask spread for trade gizthe periodt bid-ask spread for histork; | € Q!~!
and trade sizg € {1, ...,n} is given by

St(ht—1,Q) = Wt(ht—1,Q) - 7Tzt(hzt—1, —Q), 3

wherem,; is the market maker’s price menu

3 Sequential Trades with Multiple Trade Sizes

Our analysis makes one basic methodological advance oe@ops research on sequential trade models:
we let traders choose from multiple trade sizes. This allow$o see the impact of trade size on price
menus, trading strategies, and information revelationrimu#ti-period economy.

3.1 Informed Traders’ Equilibrium Trading Strategies

We first examine the impact of trade size on trading strasedie that end, we analyze informed traders’
equilibrium trading strategies. The following proposititists some of the basic properties of the equilib-
rium trading strategies of informed traders:

Proposition 1 If { (7}, 47, 6;) : t = 1,...., T} is an equilibrium, then for alk,_; € Q%' andt € {1,..., T}
informed traders’ equilibrium trading strategy; satisfies the following:

(@) 7 (0]v, hy—1,mf) = Oforall v e {0,V},

®In other words, informed traders and market maker haverratiexpectations about each other’s strategies.



() ¥5(q|V,he—1,7f) = Oforall g € Q.
(C) Tzz);fk(qmv ht—lvﬂ-;ﬁk) = 0 for all qe Q;’L_

Part (a) of Proposition 1 states that informed traders ati@gde in non-zero quantities. This is simply
a consequence of the information asymmetry between infdinaglers and the market maker. Since the
market maker can never fully infer the risky payoff realiaatv at any given period < oo due to the
presence of liquidity traders, informed traders, who kngvare better off trading non-zero quantities of
the risky asset as they can make non-zero profits by doingants @) and (c) say that informed traders
sell whenv = 0 and buy wheny = V, respectively. Since the market maker always quotes a gitictly
between0 and V' (due to her uncertainty about the risky asset payoff), mixnt traders are better off
selling when they know = 0 and they are better off buying when they know-= V.

The next result shows that informed traders’ equilibriuading strategies satisfy a special condition:
given any history and period, there is a cut-off trade sizevalwhich informed traders buy with positive
probabilities ifv = V' and another cut-off size above which informed traders sétl positive probabilities
if v = 0. Formally:

Theorem 2 If {(x},¥},6;) : t = 1,...., T} is an equilibrium, then for alh,_; € Q% andt € {1,..., T}
there exist cut-off trade sizés (h;—1) > 1 andk; (h;—1) > 1 such that

supp{e; (V, hy—1,7)} = {k (h4-1),---,n}, and
SUPP{W(O,ht—lﬂTf)} = {—TL,"' 7_kt_(ht—1)}'

Theorem 2 essentially says the following: if informed tnadassign positive probability to trade size
g in their equilibrium trading strategy, then they also asggsitive probabilities to trade sizes larger than
g. The key to this result lies in the fact that informed tradexguilibrium trading strategies affect the
market maker’s price menu. If there were a uniform price pare, then an informed trader, who makes
a profit by tradingg shares, would make higher profits by trading more thaares. However, in our
differential pricing setup, when informed trader wants tiy inore thany shares, say + z, ¢ > 1, she is
given a “worse” price quote by the market maker. How much wdng price quote will be is determined
by the market maker’s belief on how likely she thinks- = shares will be traded by an informed trader.
Therefore, informed traders would like to assign a positik@bability to the larger trade size,+ x, so
that the profit they make by trading on the larger trade sizex, at a worse price would equal the profit
they make by trading on the smaller trade sigegt a better price. Existence of such a positive probability
essentially implies that bothandq+ z are in the support of informed traders’ equilibrium tradgtategy,
and Theorem 2 proves that this positive probability exists.



Also, Theorem 2 lets us use a simple classification systermformed traders’ equilibrium trading
strategies. Let{(w;*,w;*,dj) t = 1,....,T} be an equilibrium. The equilibrium trading strategy of
informed tradersy;, is said to be

- k partially pooling on the long side for historfi;— if 0 < ¥/ (q|V,hi—1,7;) < 1 for all
qge{k,k+1,....n} and¢;(q|V, hy—1,7;) =0 forallq € {0,....,k — 1},

- k partially pooling on the short side for histori; 1 if 0 < 7 (q|0,ht—1,7;) < 1 for all
ge{-n,—n—1,..,—k} and ¥ (q|0,hi—1,7;) =0 forall ¢q € {0,...,—k+ 1}.

According to this simple classification, Theorem 2 implieattthere exisk;” andk;” such that informed
traders’ equilibrium trading strategy ks~ partially pooling on the long side arig™ partially pooling on
the short side. For convenience, we also employ the follgwénminology: we say); is

- separating on the long side (short side) for histagy ; if ¥} is n partially pooling on the long side
(short side) for historyh;_1,

- completely pooling on the long side (short side) for histhry; if ¢} is 1 partially pooling on the
long side (short side) for history;_1.

We now turn our attention to the necessary and sufficientitiond for informed traders’ equilibrium
trading strategies to blepartially pooling,1 < k < n.

Proposition 3 Let {(r},v;,0;) : t = 1,....,T} be an equilibrium. The equilibrium trading strategy of
informed tradersy)y, is

(@) k;" partially pooling on the long side for history; _; if and only if

0= Y (1=57 )20+ 0= > 0 and @

(=) 3 (1= ) o0+ =0 < 0, (4b)

k-1
i=k -1 t

(b) £, partially pooling on the short side for history;_; if and only if

n

1wy (1‘;?) (i) 45y (he)p > 0, and (40)
i=k; t
(-n) X (1= =)o+l < o (@a)
1=k, —1 ¢



To better understand the implications of Proposition 3, wam@ne the necessary and sufficient condi-
tions for the two special cases partially pooling trading strategies: separating and detety pooling.
We have following result for separating strategies:

Corollary 4 Let {(x},¢;,6;) : t = 1,...,T} be an equilibrium. The equilibrium trading strategy of
informed tradersy);, is

(a) separating on the long side for histohy_; if and only if

1—67 (he—
R Gy R )/ 5a)
no1 y(n)(T = )
(b) separating on the short side for histaiy_; if and only if
n > 1 5t—1(ht_l) Iu (5b)

n—1"""(n)1-p’

In the case of separating trading strategies, traders tnalgein the largest trade size, namely Ob-
serve that, for separating trading strategies, conditjéasand (4c) in Proposition 3 become redundant as,
for k; = k; = n, these conditions reduce tb—d; ;(h¢_1)) u > 0andd; ;(hs_1) u > 0, respectively,
which necessarily hold since the market maker can never ifufiér the risky payoff realization at any
given periodt or historyh;_; due to the presence of liquidity traders (meaning thaté; ,(h;—1) < 1).
This observation and straightforward manipulations or) &l (4d) prove Corollary 4.

Now let us focus on the implication of this result. Corollatyimplies that as the probability of
informed trading goes up an equilibrium trading strategyopees less likely to be separating. The intuition
is straightforward: Following Theorem 2, informed tradaksays assign positive probability to the largest
trade sizen in their equilibrium trading strategies. If the probalyilidf informed trading is high, then the
market maker posts a large bid-ask spread for tradersimeavoid loss inflicted by informed traders.
This makes trading in the largest trade size less attrafiiveaformed traders, hence they decrease their
likelihood of trading in sizen by assigning positive probabilities to smaller trade sietheir trading
strategies. Therefore, an equilibrium trading strateggss likely to be separating if the probability of
informed trading is high.

The following result provides the necessary and sufficientitions for equilibrium trading strategies
to be completely pooling:

Corollary 5 Let {(w;*,w;*,éj) t = 1,....,T} be an equilibrium. The equilibrium trading strategy of
informed tradersy);, is

(a) completely pooling on the long side for histdry 1 if and only if

n

(L= p) Y (L —i)y(i) + (1= 6 (1)) > 0, (6a)
=1
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(b) completely pooling on the short side for histéry | if and only if

n

(=) (= iy(=i) + & (1) p > 0. (6b)
i=1

In the case of completely pooling trading strategies, imied traders trade in all possible trade sizes
with positive probabilities. Therefore, conditions (4lda(4d) in Proposition 3 are redundant, and the
result above is obtained as a straightforward corollaryropBsition 3.

Note the following implication of Corollary 5: as the proligp of informed tradingu increases in-
formed traders’ equilibrium trading strategy becomes ntikedy to be completely pooling. The intuition
behind this result is very much in line with the intuition wavg for Corollary 4. Following Theorem 2,
the market maker knows that informed traders are more liteetyade in large trade sizes and as a conse-
guence she posts large bid-ask spreads for these large Biigesnakes informed traders to assign positive
probabilities to smaller trade sizes so that they can erfpeytér” price quotes. Essentially, increased pool-
ing gives informed traders increased coverage by liquidi#iglers against the market maker. Therefore, if
the probability of informed trading is sufficiently highglequilibrium trading strategy of informed traders
is completely pooling.

3.2 Existence and Uniqueness of Equilibrium

In the standard sequential trade models, traders, who ¢razis get the chance to re-trade with probability
zero. This is also the case in our model. Therefore, infortresters’ time scope for portfolio decisions is
confined to one period. As a consequence, the only link betweesecutive periods is the market maker’s
belief on the risky asset payoff. That &, , is the only parameter from peridd-— 1), which the period-
equilibrium strategies;, ; and the period-equilibrium beliefé; depend on. Let us demonstrate this in
detail:

Take a complete historr € QF, and let{h; : t = 1,..., T} be the sequence of histories consistent
with hp. Fix periodt € {1, ..., T} and historyh,_;. Recall from equilibrium condition (B) that

% _ 87y (he—1) [ue; (ql0,he—1,m7)+-(1—p) v(q)]
0t (ht-1,9) = T @ e T A= ) RV A=) (7)

Equation (7) shows the functional relation between theogeriequilibrium beliefs; (h;—1,-) : 2, — R
and the period¢ — 1) equilibrium beliefs;_, (h;—1). Also, the zero-profit condition of the equilibrium,
namely (P1), dictates that the market maker’s price mentitteedform

i (hi-1,q9) = (1 =0 (he-1,9))V

(1=67_1 (he—1)) [w¥f (@I V,he—1,7f)+(1—p) v(q)] V ®)
07 _1(he—1) py (ql0,he—1,7mF ) +(1—=067_1 (ht—1)) p i (qlVihe—1,m ) +(1—p) v(q) *
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Equation (8) shows the functional relation between theopetriprice menur; (h—1,-) : 2, — R and
d;_1(ht—1). Finally, the functional relation between informed tralgreriod+ equilibrium trading strate-
giesyi (-, he_1,7) : {0,V} — RI% ands; | (h;_1) is derived in Lemma £. It states that if); is &,
partially pooling on the long side arig™ partially pooling on the short side for histoky_;, then

0 : qe{_n7...7k;‘_1}
ViaVihimn, ) = § GO TL, (o OOt (et ks (92)
(s a0} s 50 ARy

0 :ge{-k +1,---,n}

U5 ()0, he—r, ) = § = S0 (1= g )40 (e - (9b)
TS e : g€ {-n,--,—k }

; ladlv(@)

So far, we have been able to derive the peticetuilibrium strategies and belief solely as a function
of 6;_;(ht—1). It is easy to check thai; ,(h;—1) € R satisfies the inequalities (4a)-(4d) for some
kf k7 € QF as these inequalities span the whole space of real numbéss, the inequalities (4a)-(4d)
are mutually exclusive across different values:pfandk, . All these imply that, gives; ; (h;_1), there
exist periodt equilibrium strategies;, ¢; and periodt equilibrium beliefs;, and they are uniquely iden-
tified by the equations (7), (8), (9a)-(9b). Note that thesamgument applies to all periods {1,...,T}
and historieg; 1, and sinceyy = ¢ is an exogenous parameter of the model the overall equitibof the
economy can be derived in a recursive fashion, using (7)(98)-(9b). In summary we have proven the
following result:

Proposition 6 There exists a unique equilibriur{r(wf, Vi 05) it =1,...., T}. That is, given a complete
history hr € QT the sequence of historigs; : t = 1,...,T} consistent withhr, andt € {1,...,T},
the equilibrium price menur; (hi—1,-) : Q, — R, the equilibrium trading strategy of informed traders
VF (- he—1,7F)  {0,V} — Rl and the equilibrium posterior belied; (h;_1,-) : Q, — R uniquely
exist.

3.3 Equilibrium Dynamics

In this section we turn our attention to the equilibrium dynes. First, we examine the dynamics of the
equilibrium trading strategies of informed traders. Aslés unfold over time, the market maker updates
her belief on the risky asset payoff. Consequently, shegisiates the price menu, and in turn informed
traders revise their trading strategies. Givengartially pooling trading strategy in peridgthe revision
of the trading strategy in period-+ 1) can take place in two ways: (1) informed traders can mairitais

6See Appendix.
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the cut-off size and just change the probabilities theygast trade sizes ove, or (2) they can alter the
cut-off size, hence change the support of their tradingesisa Naturally, the latter implies a significant
change in the trading behavior of informed traders, andithathat we are after: we would like to see if
informed traders ever change the support of their tradirggegiies over time. The following result sheds
light on this/’

Proposition 7 Let{(x},v¢;,6;) : t = 1,...., T} be an equilibrium andy; = (h¢—1,q:) € Q. Lety} be
k;" partially pooling on the long side ank, partially pooling on the short side for history_;. Also, let
Ui bek:;jrl partially pooling on the long side ankj_ ; partially pooling on the short side for history;.

(@) kfy <k if ¢ e{k,...,n}and

R ACST0) s (S LTORN R R (T Uew) —a o
5t—1< (=R S /D=0 (1) Z D) ikt 1Y) (102)

(b) k) <k if g e€{-n,..,—k }and

A= 27, - (1= )y (=048 (o) B o
(1—5;_1)< & > _(-n $ 200y iv(=i).  (10b)

(I=p) 2= V(=D () e = pky (k-1
For the sake of exposition, we cdk™, ..., n} the domain of informed purchasing—n, ..., —k~ } the
domain of informed sellingand{—n, ..., —k~} U {k™, ...,n} the domain of informed tradinif the equi-

librium trading strategy i&™ partially pooling on the long side arid partially pooling on the short side
for the given history and period. Proposition 7 reveals tllewing: (a) the domain of informed purchas-
ing gets bigger in periodt + 1) provided that the probability. of informed trading is sufficiently high, a
trade from the period-domain of informed purchasing has occurred, and the mark&emnbelieved that
the risky asset payoff was highly likely to bebefore the purchase realization; (b) the domain of informed
selling gets bigger in perio¢t+ 1) provided that the probability of informed trading is sufficiently high,

a trade from the period-domain of informed selling has occurred, and the market maddgeved that the
risky asset payoff was highly likely to bé before the sale realization.

Part (a) and part (b) of Proposition 7 can be motivated inlainfashions. Let us consider part (a).
Suppose that the probability of informed trading is sufficiently high, a trade from the ipdrt domain
of informed purchasing has realized, and the market makevid that the risky asset payoff was highly
likely to be 0 before the purchase realization. An informed purchase avialle place only if the risky

"Note the following weaker version of Proposition 7: (a)if is k; partially pooling on the long side for histofy_; and
@ > 0, thenyfy, is k/,, partially pooling on the long side for histoiy; 1, g:) with k., < k7, (b) if 47 is k;" partially
pooling on the short side for histofy—1 andg; < 0, thenyy,; is k_, , partially pooling on the short side for histofj;—1, g:)
with k., < k; . This result follows in a fairly straightforward manner findhe updating rule (1) and Proposition 3.
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asset payoff werd’. Since the probability of informed trading is high and therket maker previously
believed that the risky asset payoff was highly likely todhehe realized purchase leads to a significant
change in her belief. If informed trading strategy were mobé revised in perio@t + 1), the market
maker would substantially increase prices for the petiddmain of informed purchasing. Consequently,
the periodé domain of informed purchasing would yield lower profits irripd-(¢ + 1). Therefore, if
the true risky asset payoff is indeéd, informed traders revise their trading strategy by dedngathe
cut-off size. By doing so, they increase the probabilityigéidity trading within the domain of informed
purchasing and this allows higher probability of profit-rimakfor the market maker. As the market maker
is bound to make zero expected profit in equilibrium, the rggld domain of informed purchasing yields
more favorable price quotes for the informed traders.

As illustrated by the argument above, the dynamics of infmirtrading strategies and the market
maker’s learning process are closely related. We next éasklether the market maker’s belief on the
risky asset payoff converges to the truth as the number dintggperiods tends to infinity. Glosten and
Milgrom [7] show that such convergence is obtained almostiglf the only available trade size is the
unit trade size. In our generalized framework, where migtipade sizes are available, the asymptotic
result of Glosten and Milgrom [7] still holds.

Theorem 8 Supposel’ = oco. Let{(n},¢;,d;) : t = 1,....,00} be an equilibrium. Given a complete
history ho, € Q9°, let (h, : t =1, ..., 00) be the sequence of histories consistent with

(@) 97 (hy) converges td® almost surely as tends to infinity ifv = V/,

(b) 6; (h:) converges td almost surely ag tends to infinity ifv = 0.

This result is driven by the fact that transaction prices tihe prices of trade sizes that have been acted
upon) form a martingale. The martingale property of priceargntees their convergence. Of course, even
if the beliefs converge, they need not converge to the tidtdwever, as in Glosten and Milgrom [7], after
sufficiently high number of periods, the market maker obsgsufficient number of informed trades, and
these trades reveal the truth in the limit.

3.4 Bid-Ask Spreads

In this section, we investigate the equilibrium bid-askespis. The bid-ask spreads compensate the market
maker for the risk of doing business with informed traderfieréfore the equilibrium bid-ask spreads
depend on informed traders’ equilibrium trading strategjgositive bid-ask spreads are observed only in
the trade sizes which belong to the domain of informed tigdirhe following proposition formally states
this result:
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Proposition 9 Let{(wf,z/z;k,df) t=1, ....,T} be an equilibrium. Also, let; be k;” partially pooling
on the long side and; partially pooling on the short side for historf;_;. The equilibrium bid-ask
spreadsS; (h:—1,-) : Q7 — R satisfies the following:

@) S;(h¢—1,q) > 0 ifand only if min{k,", k; } < ¢ <n,
(b) Sf(ht—1,q) = 0 ifand only if 1 < ¢ < min{k;", k; }.

Notice that small trade sizes initially with zero bid-askesals can later have positive spreads as the
trades unfold over time. This actually follows from Propimsi 9 and our discussions in Section 3.3.
Section 3.3 has revealed that informed traders can enlaegddmain of informed trading over time as a
remedy against the market maker getting close to the truthight of Proposition 9, this means that the
domain of positive bid-ask spreads will get bigger over tifrthe domain of informed trading is indeed
enlarged. Formally, we have the following result as a dicecbllary of Proposition 7 and Proposition 9:

Remark 10 Let { (7}, 47, 6;) : t = 1,...., T} be an equilibrium. Also, lep; bek; partially pooling on
the long side and, partially pooling on the short side for history,_; .

(@) Ifk" <k;,q > k', andd;(hi_1,q;) satisfies (10a), then

St*(ht_l,k‘j — 1) = 0 while St*(ht,k?:_ — 1) > 0.

(b) Ifk; <k, q < —k;,andé; (hs_1,q;) satisfies (10b), then

Sy (hi—1,k; —1) = 0 while Sf(ht,k, —1) > 0.

The bid-ask spreads exist due to the asymmetric informéisdween the market maker and informed
traders. If the market maker were to learn the truth aboutighg asset payoff, there would be no spreads
as the price of the risky asset would be set equal to its pagaoff following Theorem 8, we know that the
bid-ask spreads vanish almost surely as the number of {rgdinods tends to infinity.

Proposition 11 Supposd’ = co. Let{ (w7}, ¢;,d;) : t = 1,....,00} be an equilibrium. Given a complete
historyho, € Q9°, let(h; : t = 1, ..., 00) be the sequence of histories consistent with The equilibrium
bid-ask spreads; (h;) converges td almost surely as tends to infinity.

Finally, we would like to examine the functional relationtlween bid-ask spreads and trade sizes. To
that end, we first make the following mathematical definitiaet X € Z. We sayf : X — R exhibits
discrete concavityf, forany x,z — 1,z + 1 € X, it holds that

fle+1) = f(z) < fz) = f(z —1). (11)
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f is said to exhibitstrict discrete concavityf (11) holds with strict inequality. Notice that our defiioib

for discrete concavity essentially provides an extensidheconcavity definition of continuous functions

to discrete spaces. Recall that a differentiable funcsaohncave if and only if its first order derivative is a
decreasing function. In a discrete space, this correspniist order difference being a decreasing func-
tion, as in (11). The following proposition sheds light oe flanctional relation between the equilibrium

bid-ask spreads and trade sizes.

Proposition 12 Let { (},v},0;) : t = 1,...., T} be an equilibrium. Also, let} bek;" partially pooling
on the long side and; partially pooling on the short side for historf;_;. The equilibrium bid-ask
spreadsS; (h:—1,q), as a function of; > 0, is strictly increasing and exhibits strict discrete cowitg in
the domain{max{k, ,k;},...,n}.

Proposition 12 reveals that the equilibrium bid-ask spraad function of trade size, is strictly increas-
ing and exhibits strict discrete concavity within the domef trade sizes where both informed purchasing
and informed selling are deemed probable by the market maker

In Hasbrouck’s [11] empirical study, it is shown that largadies cause bid-ask spread to widen. This
empirical finding is consistent with our results. Theorenug@gests that large trade sizes are likely to be in
the domain of informed trading. Also, Proposition 12 implikat the bid-ask spread, as a function of trade
size, is strictly increasing within the domain where botfoimed purchasing and informed selling are
considered probable by the market maker. Therefore, The@rand Proposition 12 together suggest that
large trades are likely to be associated with a wideningebil-ask spread. Furthermore, Hasbrouck [11]
notes that the widening in the spread after a large tradenpdeary. This finding can also be justified by
our model. As large trades are likely to be in the domain afrimfed trading, they lead to the market maker
updating her posterior belief. Theorem 8 shows that the etamiaker gets close to the truth regarding the
risky asset payoff after a sufficiently number of periods.néte bid-ask spreads are eventually bound to
vanish, as indicated by Proposition 11. Consequently, fdening in the spread can only be temporary.

3.5 Price Impact

The last notion to be examined in our equilibrium analysihéprice impact. Price impact measures the
absolute impact of trade size on the risky asset price. Hbyrntlae period¢ price impact of tradey € €2,
for historyh,_, € Qt~1is given by

Ii(hi—1,q) = |m(hi—1,q) — m—1(he—1)] - (12)

Hasbrouck’s [11] estimates for a sample of NYSE suggestspifige impact, as a function of trade
size, is increasing and concave. Moreover, this concasityite typical of all the stocks in his sample.
We provide a theoretical justification for Hasbrouck’s [Ebjpirical finding in the following proposition:
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Proposition 13 Let{(wf,z/z;k,df) t=1, ....,T} be an equilibrium. Also, lep; bek;” partially pooling
on the long side and,” partially pooling on the short side for history;_;.

(@) The equilibrium price impack;(h.—1, ¢), as a function of trade siz@|, is increasing and exhibits

discrete concavity.

(b) The equilibrium price impact;(h;—1,q), as a function of trade sizfy|, exhibits strict discrete

concavity in the domaif—n, ..., —k; } U {k;", ...,n}.

This result follows from two basic equilibrium propertiegt) only a transaction in the domain of
informed trading leads to a change in the market maker’sepostbelief, hence a change in her price
menu, (2) given the market maker’s price menu, all transastin the domain of informed trading yield the
same expected profit (if a transaction yielded a lower exgueptofit compared to others, informed traders
would not have made that transaction in equilibrium). Thst faguilibrium property implies that the
equilibrium price impact of trade equals zero if; is outside the domain of informed trading. The second
equilibrium property implies that informed traders’ exfegtprofit, (v — 7/ (h:—1, ¢)) ¢, is same over all
trades,g, within the domain of informed trading. Consequently, pe+ equilibrium pricer; (hi—1,q) is
proportional to—% within the domain of informed trading. This in turn implidsat the equilibrium price
impact, as a function of trade sizg, is increasing and exhibits discrete concavity.

4 Concluding Remarks

To quote an old adage in the Wall Street, “it takes volume toemarices”. This paper investigates the
relationship between trade sizes and the dynamic procepsicaf formation. Following Glosten and
Milgrom [7] and Easley and O’Hara [6], we assume that theaasp of asset prices to trading activity is
a consequence of asymmetric information. Our theorettoalysreveals the following:

1. In each period there is a positive cutoff trade size foirtfmed trader who observes that the risky
asset payoff i9/. She assigns no probability to purchasing amounts beleswvtade size because,
even at the price induced by the market maker’s priors, saces cannot capture her equilibrium
information rents. She assigns positive probability tcchasing the cutoff trade size, by definition.
In equilibrium any positive trade size that she assigns pesbability to is priced according to the
market maker’s priors, so she must assign positive prabalid each trade size above the cutoff
because otherwise purchasing the cutoff trade size wousdilbeptimal. The situation is symmetric
for the informed trader who observes that the risky asseatfpes/0. There is a positive least amount
that she sells with positive probability, and she assigrsstipe probability to selling each allowed
amount greater than this cutoff.
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2. Bid-ask spreads exist only in the trade sizes where irgdrinading is deemed probable by the
market maker.

3. The cut-off trade sizes decrease following a trade pesl/iitiat the trade leads to a substantial change
in the market maker’s belief. Consequently, the domain addrsizes, where informed trading is
deemed probable by the market maker, can get bigger overTihezefore, small trade sizes initially
with zero bid-ask spreads can later have positive spreads.

4. The market maker learns the true risky asset payoff alswsly as the number of trading rounds
tends to infinity. Hence, the bid-ask spreads are eventhaliynd to vanish.

5. The bid-ask spread, as a function of trade size, is strigtreasing and exhibits strict (discrete)
concavity within the domain where both informed purchasimgl informed selling are deemed
probable by the market maker. Also, the price impact, as etifiom of trade size, is increasing and
exhibits (discrete) concavity. Both results are conststath Hasbrouck’s [11] empirical findings.

There are a number of directions in which our theoreticaflystcan be furthered. One of them is
to introduce price discreteness. Numerous empirical stutdickle the dynamics of discrete bid and ask
quotes and investigate the impact of tick size reduction (price decimalization) on market qualy.
Another possible extension is to allow for re-trading: asGilosten and Milgrom [7], traders re-trade
with probability zero in our current model. Chakraborty aritmaz [3] show that there is room for
manipulation when re-trading is allowed and the informastructure is enriched.

Appendix
Proof of Proposition 1. (a) Suppose); (0|V, hy_1,7}) > 0 for somet > 1 andh;_; € Q!~1. Then we
have

0> (V—-mni(hi—1,9))q = 6 (hi—1,9)Vq, Vg€ Q,. (13)

Following (1),0 < d;(ht—1,¢) < 1 as the probability of liquidity trading is positive over alhde sizes.
Therefore inequality (13) fails to hold whene ;. This proves that); (0|V, hy—1,7;) = 0 forall ¢ > 1
andh;_1 € Qi1 In a similar fashion, it can be easily proved thiet 0|0, h;_1,7;) = 0 for all ¢ > 1 and
hy_q € Q1L

(b) Suppose there exist> 1 andh;_; € Qf! such that); (q|V, hy—1,7;) > 0 for someq € ..
Then it must hold that

(V =7 (hi-1,9)) g > 0. (14)

8See Goldstein and Kavajecz [8], Harris [9], [10], and Hasbko[12].
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However, sincé < 6; (hi—1,q) < 1 andq € Q,,
(V —m(h-1,9) ¢ = 6(h-1,9)V g < 0.

This contradicts with (14).
(c) The proof is similar to that of (b]]

Proof of Theorem 2. Suppose there exists an equilibrijir;, ¢f, ;) : t = 1,..., 7'} such that for some
t>1,h—q € Q7L andi, j € QF withi > 5

wzk(j“/’ ht—hﬂ-:) > 07 ¢:(Z|V7 ht—bﬂ-:) =0.

Then it must hold that
(V =mi(h-1,4))j = (V= m_y(he—1,9)) i
This in turn implies together with (1), (2), and Propositibthat

J o V —7i(hi—1,1) 1 (1 =063 (he—1, 7)) Vi GIV by, )
- = " < = 1+ - .
i~ V=mi(hi-1,7) (1= p()

Since% < landv;(j|V, hi—1,m) > 0 by assumption, (15) fails to hold. This proves that therestexi

ki (hi—1) € QF such thasupp{v; (V. hi_1,7f)} = {k; (h4_1), - ,n}. In a similar fashion, it can be

proved thasupp{¢; (0, h—1, 7))} = {—n, -, —k; (hy—1)} for somek, (hi—1) € Q,,. O

(15)

Some of the proofs in the rest of the Appendix are based orotlmving lemma.

Lemmal Let{(n},¢;,6;) : t = 1,...,T} be an equilibrium. Also, let; bek; partially pooling on
the long side and, partially pooling on the short side for history,_;. Then
0 pogefl, e k1)
vilaVimorw) =4 0-0 S (1290 + (0 -0 tea)n (16a)
(1 -3, (h-1)) /‘Z?:kj ;Y,E?) coged{kl, - n}

and
0 Poge{-k 1,1
G0 b ) = § (L= ) S (1= ) (=) + 01 (heoa) . (6b)
- i coge{-n,-- k }
O () 220 Talta)

Proof of Lemma 1. As ¢} is k;~ partially pooling on the long side for histoy_1, v} (q|V, hy_1,7}) = 0

forge {1,--- k7 — 1}. Nowletq € {k;", ...,n}. The equilibrium definition imposes that
alV = 7i(hie1,q)] = [V —af(h1,9)], Vi€ {k, ...}, (17a)
AV = i) > V-], Vie {01,k — 1}, (17b)
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Following (2) and (17a),
1 5?(ht—17q) . +
- = ———= Viedk ,...,n}
¢ S Wil

The equation above, (1), and Proposition 1 together im@lyftri € {k;",...,n}

(1 6ty (o) [«ﬁ(qm ht_l,w:>;§—8 g, ht_l,wzk)} — (1) (1 - q) AG). (18)

Summing left and right hand side of (18) ovet {k;",...,n} \ {q}, we obtain

(1 =61 (he—1)) o |7 (@lV, Bgr ) Z () Z q)z)j(ﬂ/,htl,ﬂ;f)]

=k i#q =k i#q

= (-p Y -1y (19)

i=k}itq 9
ReplacingZ?:k#q |V, he—y, ) with 1 — 4 (¢|V, he—1, 7} ) and rearranging the terms in (19) yield

n

A= S (1= L) 2+ =6y ()
iﬂ¢< Q> '
(10 (e Y D

it
i=k;

i (q|V, 1, m}) =

Hence, equation (16a) is obtained. Equation (16b) can lzraat in a similar fashiori]

Proof of Proposition 3. (a) Suppose); is k;~ partially pooling on the long side for history, ;. This
meansy; (q|V, hi—1,7}) > 0for q € {k;",...,n} andey; (q|V, hy_1,7;) = 0 for ¢ & {k,",...,n}. Hence,
following Lemma 1, the inequalities (4a) and (4b) must hold.

Now suppose the inequalities (4a) and (4b) hold. Followihgdrem 2, there exists somi&such that
1y is K partially pooling on the long side for history_;. From Lemma 1, we have

0 coge{l,- ,K—1}
Ui (alVoher,mf) = ¢ (L= 1) Ziik <1 - é) (@) + (1 = 6f_y (he—1)) o
(1= 0y () B T i

As ¢} is K partially pooling on the long side far;,_;, it must be true that

QG{K,"' ,’I’L}

n

=Y (15 )20+ 0 s > o

1=K

-0 Y (155 ) 0+ @ - daten < o
i=K—1
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Since the inequalities (4a) and (4b) hold, we haye= K. This proves that; is k; partially pooling on
the long side for historyi;_ .
(b) The proof is similar to that of (a].]

Proof of Proposition 7. (a) Let (10a) hold and, be from the domaifk;’, ...,n}. Assume to the contrary
thatk, 1 > k;. Sinceyy,; is k41 partially pooling on the long side for history, = (h;—1,¢q;), from
Proposition 3 we have

(I—p) > (1 - ﬁ) (@) + (1= 6 (-1, q))p < 0. (20)
i=ki 1 t+1
As ki1 > ki, from (20) we obtain
(-0 2 (1= ) a0+ 0= 5 hera < 0 @)
t

i=k —1
Sincey; is k; partially pooling on the long side fdr;_1, by Proposition 3, the inequalities (4a)- (4b) also
hold. (4a) and (21) together yield

n

(1—p) {Z (1 - k_+> v(i) — Z <1 - ﬁ) 7(2)} > (07_1(hu—1) = 0f (hu—1, qu) )
i=k; t i=k; —1 ¢
Given thatg; € {k;',...,n}, The inequality above, (1), and Proposition 1 imply

n

% Z iy(i) > (07_1(hi—1) = 6 (he—1, 1))
i=k;

. (O E s (15 )@+ e)n
= | T e )

(22)

(22) contradicts (10a). Therefore, it must hold that; < ;.
(b) The proof is similar to that of (a).]

Proof of Theorem 8. Let H,, denote the sigma field generated by all the possible histhge We con-
sider the market maker’s equilibrium belief as a stochgsticess, which we denote Ky, : t = 1,...,T}.
Following a theorem in Fristedt and Gray [5] (Theorem 3, )4 &ere exists a unique distribution over
d; conditional on(dy, - - - ,d;—1). Therefore, the collection of probability distributiofs, : ¢t = 1,...,T'}
and the probability spadé2>°, H,, P) are well-defined. Notice that is a martingale with respect to the
market maker’s information set. By the martingale convecgetheoremg, converges almost surely to a
random variabl@. Next we prove that = 0if v = V andd = 1 if v = 0. Letv = V and suppose to the
contrary that there exists a periedand historiesh; such that for alt > 7

Pr(h; : [6(h}) —pl > &) = 0 (23)
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for somep € (0,1] and arbitrary smak. Following Theorem 2, for alt > 7 there exists somg;" such
that informed traders’ equilibrium trading strategy is k,~ partially pooling on the long side for history
h;_,. By (1), if a trade larger thak; , (h.) realizes in periods + 1), the market maker’s belief.
deviates from the interval dp — ¢, p + €]. Formally,

Pr(h gy ¢ 641 (hyy) = pl > €) = Pr(hl : |6:(h,) —p| <€) (u+ 3 v(i)) > 0,
i=k (h)

which contradicts with (23). Therefore, it must hold that 0. It can be similarly shown that = 1 if
v=20.0

Proof of Proposition 9. From (1), (2), and Lemma 1, we have

Si(hi—1,q9) = (0¢(hi—1,—¢q) — 6t(he—1,q)) V
= 5;—1(}%—1)‘/

pY; (—q|0,he—1,m7)+(1—p)v(—q) _ (1-p)v(q)
0f_ 1 (he—1) pop; (=ql0he—1, 7)) +(A—p)y(=q)  p(A=067_1(he—1)) ¥ (@IVihe—1,7f)+(1—p)v(q)

= O01(he1) (1 =61 (he1)) pV

(A=) [¥f (@ Vihe— 1,75 )y (=) +9f (—ql0,he— 1,7 ) V(@] +1 5 (g|Vihi—1,7]) ¥f (—ql0,hs—1,7F) (24)
(1=067_1 (he—1)) pby (@I Vihe— 1,70 )+(1—=) (@) ) (671 (he—1) p o} (=ql0,he—1, 7)) +(1—p) v(—q))

X

T

If 1 < q<min{k, ,k'}, theny; (q|V, hy—1,7}) = ¥} (—q|0, hy—1,7}) = 0 and consequently (24) yields
Si(hi-1,9) = 0. If min{k;, K"} < g < n, thenmax {¢f (q|V, hy—1,7}), 97 (=q|0, by, 1)} > 0
hence (24) yields; (hi—1,q) > 0.

On the other hand, 6} (h:—1,q) = 0, then following (24) it must hold that; (q|V, hi—1, 7)) =
¥ (—q|0, hy_1, ) = 0 and this together with Lemma 1 impliés< ¢ < min{k;, k;"}. If S} (hi_1,q) >
0, then following (24) it must hold thahax {¢; (¢|V, hi—1, 7} ), ¥; (—¢q|0, he—1, 7))} > 0, which together
with Lemma 1 impliesnin{k; , k" } < ¢ <n.O

Proof of Proposition 11. The result immediately follows from (24) and TheoreniB.
Proof of Proposition 12. From Lemma 1 and (24), we have

167 4 (ht—1) (1=4) Z?:k; (1_%>7(_i)+52‘71(ht71)ﬂ

Si(ht-1,9) = 6 1(le—1)V 81 (he—1) A= A0+ (he—1)
-t

A=) 7 (175 1@+ =87y (o))
(=) S A 1))

(25)

if ¢ > max{k; , k;"}. The result immediately follows from (25]]

Proof of Proposition 13. Using (1), (2), and Lemma 1, we derive the following:
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cifqgg {-n,..,~k }U{k',..,n}, then
If(hi-1,9) = 0 (26a)

~if g € {k]",...,n}, then

» (A=) 3270, +i7(0)
If(hi-1,9) = &1 (hu-1)V | 1- - ; (26b)
q {(1_/1) Zj;k:r ’Y(i)+(1—5f71(ht71))u}

- if g€ {-n,..,—k; }, then

If(ht—lﬂ) = 5;:_1(ht—1)v

. (1—u>((1—5t71<ht71)>z;; B ) R SRS CISO) v w(—z’))+5t71<ht71>u 1) e
Gt () (=0 T, (=045 () )

The results immediately follow from (26a), (26b), and (260)
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