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ABSTRACT

Accommodating asymmetric information in a dynamic asset pricing model is technically challenging due
to the problems associated with higher-order expectations. That is, rational investors are forced into a
situation where they must forecast the forecasts of other agents (i.e., form higher-order expectations). In a
dynamic setting, this problem telescopes into the infinite future and the dimension of the relevant state space
approaches infinity. By employing the frequency domain approach of Whiteman (1983) and Kasa (2000),
this paper demonstrates how information structures previously believed to lead to disparate expectations
in equilibrium (e.g., Singleton (1987)) converge to a symmetric equilibrium. The “revealing” aspect of the
price process lies in the invertibility of the observed state space, which makes it possible for agents to infer
the economically fundamental shocks, thus eliminating the need to forecast the forecasts of others.
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1 Introduction

In his seminal work, Keynes (1936) likened investment decisions to beauty contests in which competitors had
to select the “prettiest faces” from a hundred photographs. Keynes argued that competitors will not pick the
faces they find most attractive but will be forced into a situation where they must guess what average opinion
expects the average opinion to be; that is, they must form higher-order expectations. This scenario accurately
describes the behavior of differentially informed investors in a simple asset pricing model. Traders recognize
that information disseminated through current and past prices reflects not only the information endowment of
other investors, but also their attempts to forecast the forecasts of other traders. The main result of this paper
is to model explicitly how information is disseminated through prices, and to show when this dissemination
becomes too widespread to maintain asymmetric information in equilibrium. Models previously believed to
impose asymmetric information in equilibrium [e.g., Singleton (1987)] are shown to degenerate into symmetric
information, representative agent models.

The empirical failures of representative agent models have inspired a literature that introduces information
heterogeneity and higher-order expectations in hopes of reconciliating theory with data.! However, the compu-
tational problems associated with heterogeneous information have long proven to be a significant impediment to
solving dynamic, intertemporal trading models with differentially informed investors. The crux of the problem
is how to model higher-order expectations. Investors who anticipate what average opinion expects the average
opinion to be form, what Keynes called, third-degree expectations. Due to the complexities of the fourth degree,
Phelps (1983) quipped “one gets a vertiginous feeling, the eyes dull, and the face goes slack.” Yet in a dynamic
model, rational investors will fall into the trap of infinite regress where they must forecast what the average
opinion expects the average opinion expects the average opinion..., ad infinitum. Agents behaving optimally
must incorporate these infinite-order expectations into their beliefs, thus making the state space infinite dimen-
sional. Moreover, as recently emphasized by Allen, Morris, and Shin (2003), average expectation operators fail
to satisfy the law of iterated expectations. Therefore the price of an asset today in an economy with asymmetric
information will not equal the representative agent’s discounted expected value of the asset’s payoff stream
conditional on information available today, but the price will also encompass investors’ higher-order beliefs.

To circumvent the problem of infinite regress, existing models typically make simplifying assumptions or
cleverly construct the model to bypass infinite regress. Lucas (1975) was the first to capture the technical
formalities of infinite regress in expectations, yet neatly sidestepped the problem by assuming traders got
together each period and pooled their forecasts. Townsend (1983) did not make this simplifying assumption and

resorted to a truncation strategy, where the state of the economy is revealed to all agents with a two-period lag.

IRecent contributions include Allen, Morris, and Shin (2003), Bacchetta and van Wincoop (2004), and Woodford (2003).



Singleton (1987) employed the truncation solution of Townsend to study dynamic asset pricing when traders
are forced into infinite regress.? In lieu of this truncation technique, which only offers an approximate solution,
other approaches to elude the problem of infinite regress have included: constructing a hierarchical information
structure with limited dispersion of information [e.g., Wang (1994), Wang (1993)]; assuming a continuum of
investors and invoking the law of large numbers to remove all aggregate uncertainty [e.g., He and Wang (1995)];
assuming a finite or static environment in which the asset is liquidated at a certain date [e.g., Allen, Morris,
and Shin (2003), Foster and Viswanathan (1996)].

Recently, there have been several advances in solving dynamic models with heterogeneous information. Sar-
gent (1991) describes a method for computing equilibrium (vis-4-vis Townsend’s partial revelation approach) in
which the state of the economy is never revealed to the agents. By incorporating moving average components
into agents’ perceptions, he establishes a method to accommodate the infinite dimensional state space associated
with dynamic asymmetric information models. In particular, Sargent appeals to the ability of low-order moving
average (MA) representations, in certain special cases, to approximate spaces of infinite dimensional autoregres-
sive processes. Using the techniques of Whiteman (1983), Kasa (2000) demonstrates how closed-form solutions
that are difficult to obtain in the time domain (& la Sargent (1991)) are easily obtained in the frequency domain.
More recently, Pearlman and Sargent (2005) show that the signal extraction problem of Townsend (1983) is not
enough to preserve divergent beliefs when agents act rationally. By defining a new state variable (the agent’s
forecast error) and applying the recursive techniques of Pearlman, Currie, and Levine (1986), they show that
every agent will make the same forecast in equilibrium, thus eliminating the need to forecast the forecasts of
others.

These advancements have all been made in the context of Townsend (1983), which is a special case due to
the unique structure of the model.? But it has long been suspected that this conclusion applies more generally

to a broader class of models. Consider the concluding remarks of Singleton (1987),

“Another interesting finding is that the equilibrium prices for the models with disparate information
and partial, homogeneous information follow very similar time series properties. It remains to be
seen whether this carries over to alternative parameterizations and information structures. Based on
the findings to date, however, it appears that disparate information per se in a competitive market
does not significantly effect the equilibrium price process.”

The contribution of this paper is to show that a certain class of signal extraction problems, which includes
Singleton (1987), is not general enough to generate and preserve divergent beliefs in a dynamic equilibrium

where agents can learn from past forecast errors. While this has long been believed to be true, no formal

2Bacchetta and van Wincoop (2004) also use Townsend’s (1983) truncation technique to analyze exchange rate movements.

3The model of Townsend induces informational asymmetries by assuming that prices do not simultaneously clear markets due
to production lags. Thus the resulting signal extraction problem is endemic to the economy [see Kasa (2000)] and is unlike the
“typical” signal extraction problem (i.e., where there are more noises than signals).



analysis to date has proven this claim. I will use frequency domain techniques in both a linear model of Futia
(1981) and a model that introduces risk aversion (i.e., negative-exponential utility maximizers) to show how
endogenous variables reveal all privately held information. This, in turn, eliminates the need to forecast the
forecasts of others and the asymmetric information equilibrium will be shown to degenerate into a symmetric
information equilibrium. The next section introduces the model of Futia (1981) and describes the solution
technique. Section 3 solves the model in a symmetric information setting and in an asymmetric information
environment, and proves that these two information structures yield the same equilibrium. The final section of

the paper introduces risk aversion and demonstrates how the results of the previous section continue to hold.

2 The Model

In this section of the paper, I briefly outline the model of Futia (1981). The basic features of the model include
a competitive, Walrasian market structure with a single asset in fixed supply that is traded among speculative
and nonspeculative or liquidity traders, who serve to break the no-trade theorem. Because of its simplicity, the
model is conducive to examining the problems associated with heterogenous beliefs. Moreover, the model has a
very general interpretation and thus has a broad appeal.

Supply of the asset is assumed to be in fixed quantity. The net supply of the asset s; (total supply less

nonspeculative demand at time ¢, less the mean difference) is assumed to be the sum of two stochastic components
St = A(L)&lt + B(L)Egt (21)

where A(L) and B(L) are (possibly infinite-order) polynomials in nonnegative powers of the lag operator L with
square-summable coefficients (i.e., Z;’io A? < 00), and {e1;} and {eg;} are mutually and serially uncorrelated.
It is important to note that (2.1) places no restrictions on the serial correlation properties of {s;}. Also, Futia’s
version of (2.1) was more special in that he assumed supply was a function of a single shock rather than the
two used here. He restricted attention to a single shock because he assumed that traders see prices but not
quantities. I will assume below that traders see both prices and quantities; avoidance of trivial stochastic
singularities requires two independent shocks in (2.1).

The Wold Decomposition Theorem allows for such a general structure but in order to invoke the Wold
Theorem, we must place more structure on the underlying uncertainty.* Following Futia (1981), a random
variable will be deemed admissible if and only if it is a linear combination of independent, mean-zero Gaussian

random variables with finite variance and square-summable coefficients. Therefore, I assume ¢1; and e9; are

4See Sargent (1987) for details on the Wold Decomposition Theorem.



mutually independent for all ¢ and distributed normally with mean zero and finite variances denoted by 0?1
and 032. Let H denote the set of all admissible random variables; the completion in mean-square norm of these
variables constitutes a well-known Hilbert space. Hilbert spaces generated by the random variables contained
in the model will play an important role in determining the information content of the equilibrium price of the
asset.

Suppose there exists a continuum of price-taking speculative traders indexed by ¢ € [0, 1]. The nonspeculative
traders are assumed to have zero price elasticity of demand for the asset at all ¢, while each speculative trader

has demand given by®

diy = Efptﬂ — Py (22)

where @ = (1 +7) > 1 is the same for all ¢ and can be interpreted as the opportunity cost of investing in the
asset. The important thing to note here is that expectations are indexed by i — that is, by trader. Heterogeneous
information concerning market fundamentals (s;) may generate divergent beliefs about next period’s price of
the asset across traders. To see how this entails forecasting the forecasts of others, note that market clearing

for the asset requires
1 .
P = a‘l/ Eipiadi —a s (2.3)
0

Thus, following Singleton (1987), the equilibrium price of the asset at time ¢ depends upon the market-wide
average expectation of the asset at ¢t + 1. However, each trader’s forecast of p;;1 will depend upon the market-
wide forecast of p;12, and so on, ad infinitum. If traders’ information sets generate disparate expectations, the
problem of infinite regress arises. When forecasting p;4 1, each trader must take into account every other traders’
forecast of pyy1, pry2,---. If the equilibrium price does not reveal all privately held information, then the usual
method of solving for the rational expectations equilibrium (e.g., Blanchard and Kahn (1980)) breaks down. The
principal technical difficulty is that agents are extracting signals from endogenous variables. When endogenous
variables convey information it becomes difficult to identify a tractable set of state variables because an agent’s
notion of the state of the economy would include other agents’ forecasts of the asset price at indefinitely many
future dates, thereby making the dimension of the state indefinitely large.

In contrast, in representative agent models involving signal extraction from endogenous variables, the true

state vector is latent from the optimizer and beliefs can serve as the defacto state variable (e.g. Muth (1960),

5A more general demand will be studied in Section 3.



Lucas (1972)). Then the Kalman filter can be employed to estimate the hidden state. But when the state
becomes infinite dimensional, as it does here, this method cannot be applied. The next section describes an

alternative technique that preserves tractability.

2.1 Information and Solution Technique

Solutions to the model will be sought in the space spanned by square-summable linear combinations of the
fundamental driving processes {€14,€9:}, which implies that the conditional expectation of tomorrow’s price
E}(ps+1) will depend upon a collection of admissible random variables from H. The information set of agent
i at time ¢, denoted by W}, is a subset of H and represents the current and past values of the variables seen
by trader i. Let J; denote the set of information known by all traders at date ¢ (ie., J; = |J, W/). There
will be two types of information available to each agent — exogenous and endogenous. Exogenous information
is by definition not affected by market forces and will be denoted by U;. Endogenous information may be
generated through market interactions of differentially informed agents. Assuming all agents behave rationally,
the Projection Theorem (see Brockwell and Davis (1991)) implies that agent i’s conditional expectation of p;y;
is the orthogonal projection of p;+1 on the smallest closed subspace of H which contains W;. This subspace will
include both exogenous and endogenous information, and since the collection of variables in H is jointly normal,
conditional expectations will reduce to linear least-squares projections. Let H,(t) denote the space spanned by

square-summable linear combinations of current and past values of x. Then trader i’s expectation of p;1 is

given by
B} (pr41) = Olpra |[W] = Ulpya [UF \/ Hy ()] (2.4)

where IT denotes linear least-squares projection and U; \/ H,(¢) is standard notation for the “linear space spanned
by U} and H,(t).” That is, agents use all exogenous information and information generated by current and past
values of the equilibrium price in evaluating the expectation of tomorrow’s price. The expectation of investor ¢
is then simply the orthogonal projection of p;41 onto the subspace generated by U; and H,(t). The endogenous
price process is then found by invoking market clearing. We are now ready to define a rational expectations

equilibrium (REE).

Definition 1. A rational expectations equilibrium is a stochastic process for {p:}, ps € Jy, that satisfies market

clearing (2.3), where expectations are formed according to (2.4).

The requirement, p; € Jy, is what Futia (1981) dubbed the axiom of “no divine revelation.” This condition

prevents equilibrium prices at date ¢ from conveying any more information than that which could be in principle



be available to traders at date t.

The equilibrium of the model is computed as follows. First, each trader uses all available information at time
t (W{) to form beliefs about the current price process. These guesses will then be used to evaluate the conditional
expectation of p;41 via Wiener-Kolmogorov optimal prediction formulas. The appropriate form of equation (2.3)
is then used to impose market clearing. In solving the subsequent fixed-point problem, I will appeal to the Riesz-

Fischer Theorem and derive the solution in the frequency domain.®

The benefit of working in the frequency
domain is computational convenience. Working in the time domain, Sargent (1991) shows how to convert the
infinite dimensional state space associated with the forecasting the forecasts of others problem of Townsend
(1983) into a finite dimensional system. Rather than guessing an infinite-order autoregressive representation
for beliefs (the state variable), Sargent models agents as forecasting by fitting low-order autoregressive, moving-
average (ARMA) representations. By introducing moving-average components in agents’ perceptions, Sargent
utilizes the fact that low-order ARMA representations have infinite-order AR representations to generate an
approximation of the infinite-dimensional solution. The drawback of this approach is that not only does one
have to solve a fixed point problem in the coefficients of the ARMA process, but the order of the ARMA process
must be matched as well. This led to the insight of Kasa (2000), who shows how this two-step process can be
condensed into a single step by working in the frequency domain. As opposed to guessing a functional form
for beliefs, applying the Kalman filter, and then attempting to match coefficients, the frequency domain allows
one to work with a functional fixed point problem. Therefore coefficients and order of the ARMA process are
matched simultaneously by using the theory of the residue calculus. However, this process will only generate
a candidate equilibrium price process. Traders will surely condition on past prices, therefore in order for the
information structure to preserve disparate expectations, the equilibrium price process must not reveal other
agents’ privately held information. In a sense, we must have an “informational fixed point” in order for the
price process to be sustainable in equilibrium. If the candidate equilibrium price does reveal information to
agents that they did not have in forming expectations, then the process just described will be repeated with

the updated information sets of the traders until it does not.

In a symmetric equilibrium, agents’ expectations coincide:

Definition 2. We say a REFE is symmetric if after observing the history of equilibrium prices {pt,j}‘j';o all

traders have identical information and make the same forecasts. That is

Bi(pi1) = Mlpe1|U7 \/ Hy(1)] = B (pe1) = Tpea|U7 \/ Hy ()]

6Recall the Riesz-Fischer Theorem states there is an equivalence (i.e., an isometric isomorphism) between the space of square-
summable sequences denoted by £2(—o00,00) and the space of square integrable functions, L?[r, —7]; the former is referred to as
the time domain and the latter the frequency domain.



for all i and j.

3 Information and Equilibrium

3.1 Symmetric Information, Symmetric Equilibrium

As a baseline model, it is useful to first assume a symmetric information structure that avoids infinite regress.”

To this end, suppose that every investor observes past prices and net supplies. That is, the common information

set of every trader ¢ is given by
Wi ={pi—j,s0-j:§ >0}  Vi.

Given this informational assumption, an investor’s belief about the average equilibrium price will be represented
by a linear combination of current and past values of p; and s;. In the absence of sunsopts, these stochastic
processes will be driven by the underlying shocks {e1¢,£9:}. For reasons outlined in Whiteman (1983) it is much
simpler to calculate equilibrium prices and quantities if agents’ expectations are computed under the assumption
that they can see these underlying shocks. This “candidate” equilibrium will be realizable if and only if the
space spanned by current and past values of the candidate {s;, p;} process is identical to that spanned by current
and past values of {e1;,e2:}. Thus we proceed by assuming agents see the shocks, compute equilibrium under
that assumption and then check to verify that the equilibrium {s;, p;} process would enable agents to uncover
{e1t,€2¢}. This candidate equilibrium is not a REE if this recovery is not possible. Thus we begin with the

tentative assumption that every trader believes the average equilibrium price to be given by
o0 o0
pe=Y Djeri—j+ Y Fyessy=D(L)ew + F(L)ex (3.1)
=0 =0

where D(L) and F(L) are infinite-order square summable polynomials in the lag operator L.® The Wiener-

Kolmogorov optimal prediction formula gives the conditional expectation as

E}(pey1) = L' [D(L) — Dolers + L7 [F(L) — Foleae.

7This case will not only serve as a benchmark but the next section shows how ez ante disparate information structures degenerate
to this symmetric case.

8]t is important to note that by working in the frequency domain one does not have to take a stance on the explicit functional
form of beliefs, D(L) and F(L). This is especially convenient when beliefs contain moving average components because MA
representations are difficult to handle in the time domain.



Imposing market clearing (2.3) and rearranging, one obtains

Oz[D(L)é‘lt + F(L)e’:‘gt] = Lil[D(L) — Do]é‘lt + Lil[F(L) — F0]€2t — A(L)Elt — B(L)é‘gt.

Assuming that this expression holds for all realizations of {e1:} and {ea:}, the coefficients on €15 and 25 must
match for every s. This implies the power series equalities: aD(z) = z7'[D(z) — Do] — A(z) and aF(z) =
2 '[F(z) — Fy) — B(2). Due to the symmetry of the problem, we can focus on solving the fixed-point problem

for one process, say £1;. A little algebra gives

D(2)(1 — az) = Do+ zA(2)

If the equilibrium price process p; is to be in the set H, it must be the case that the coefficients D; are square
summable. The requirement of square-summability in the time domain corresponds to the requirement that
D(z) be analytic on the open unit disk |z| < 1 in the frequency domain. Whiteman (1983) shows that given
a > 1 this function will not be analytic unless the free parameter Dy removes the singularity at z = a~". This
is achieved by setting the residue equal to zero and solving for Dy, which yields

lim D(z)(1 —az)=Dy+a *Ala')=0

z—a~1

Dy =—atA(a™).

This implies D(z) is unique and given by

D(z)=(1—az)"'(zA(z) —a"A(a™))

and thus the equilibrium price process has the form

B LA(L)—alA(al)]eltJr {LB(L)—alB(al) oo (3.2)

b= (1—aL) (1—aL)

which involves two instances of the prediction formula of Hansen and Sargent (1980). Equation (3.2) gives us the
candidate equilibrium price process. We must now determine whether the ex ante informational assumptions
support such a price process. To do so, we construct the “observer system” for agent 7, which includes all

exogenous information (U) and the endogenous information generated by p;. Setting this system up for the



symmetric case one obtains,

5t A(L) B(L) €1t
| LA(L)—a"tA(e"Y)  LB(L)—a 'B(a~l
Pt : )(lfaL)( : )(17aL) ABE
or more compactly
Yt = M(L)Et (33)

If this system is invertible, so that €; may be obtained as a square-summable linear combination of current
and past {y:}, then (3.3) is a REE. In order to proceed, we need to place more structure on the model;

anticipating analysis below, we follow Singleton (1987) in the specification:®

Assumption 1. The supply process is given by:

1

A==

B(L)y=1+¢L, 0<|p|,[s|<1

Note that under this assumption, supply is the sum of a first-order autoregression (AR(1)) and a first-order
moving average (MA(1)). Depending on the relative sizes of 031 and 032 and whether p and ¢ are nonzero, this
is general enough to include the following special cases for the univariate representation of supply: white noise,
MA(1), AR(1) (in the limit as 02, /o2 — oo0), ARMA(1,1) and ARMA(2,1). It is now possible to determine

conditions for the invertibility of (3.3).

Lemma 1. The vector moving average representation (3.3) is invertible (making (3.2) a REE) provided

asp

a(p—<)+sp (34

Proof. A necessary and sufficient condition for (3.3) to be a fundamental representation for [s¢, p¢]’ is that the

determinant of M (z) be analytic and have no zeros inside the open unit disk. By direct calculation,

A(2)[zB(z) —a'B(a™)]  B(2)[zA(2) — a”A(a™)]

det M(z) = (1-az) a (1—az) =0
_a?lalp—<) +sp+aspz]
T a-p-pr) (3.5)

the stated condition guarantees that det M(z) does not contain any zeros inside the unit circle, and therefore

(3.3) is invertible. O

9Following Singleton (1987), the model was also solved with A(L) = 1 + ¢L. Adopting a different representation for A(L) will
alter the solution of the model slightly but the main results found here continue to hold given |¢| < 1.



Invertibility makes (3.3) a fundamental (Wold) representation. This is important because it implies M (L)

has a one-sided inverse in nonnegative powers of L, so a corollary of the above lemma is that Hy(s)\/ H¢(p)

Hy(e1) \/ H(e2). Thus, the observables s; and p; span the same linear space as the underlying fundamental
shocks e1; and €9, and therefore the Hilbert spaces generated by {y:,y¢—1,yYt—2, ...} and {€;, €,_1, €2, ...} must

be identical (in mean-square sense). Thus, the equality

E{(pr+1) = Ulpes1 [Hy(t) \/ H(8)] = Mpera| He, (1) \/ Hey (8)] (3.6)

holds for all 7. By allowing traders to guess an equilibrium price that is a linear combination of the underlying
shocks (3.1), equality (3.6) was implicitly assumed to hold. This suggests, and was subsequently proven, that by
observing the combination of the history of net supplies and equilibrium prices agents would be able to infer the
underlying shocks. Of course this relationship does not have to hold in equilibrium. The next section studies

whether disparate expectations are preserved in this setup under Singleton’s (1987) information structure.

3.2 Asymmetric Information, Symmetric Equilibrium

Adopting the information structure and setup of Singleton (1987), suppose there are two distinct groups of
traders, in proportion k and (1 — k). Traders are not able to observe net supply directly, but every trader

receives a private, noisy signal on A(L)ey; and a public signal on B(L)ey;. Denote the two signals by
vig = A(L)e1s + it vy = B(L)ea

where n;; is assumed to be i.i.d, normally distributed with finite variance and is uncorrelated with all other
shocks. Not only will each individual trader receive different realizations of 7, but I will also assume that the
two groups of traders differ in their qualities of information. Traders in group 1 (in proportion k) see private
signals with smaller variance (0,271 < 07272). Of course agents will also be able to condition on current and past

prices, and the information set of agent ¢ at time ¢ is given by
Wti = {Utfj,’l)itfj,pt,j _] Z 0} (37)

The central question is, will this heterogenous information be enough to generate and preserve disparate expec-
tations in equilibrium? The exogenous information structure is asymmetric; each investor receives a different
realization of 7; and the two groups receive different qualities of information on average. However, in equilib-

rium, each trader will also extract information from current and past prices. If the equilibrium price provides

10



a rich enough information structure to bridge the gap among traders, then the equilibrium will degenerate into

the one studied in Section 3.1

The difference between this section and the previous section is that the agents must first solve the signal
extraction problem, which relates the signals to the underlying shocks. After solving this problem, agents will
then use this information to generate a guess of the equilibrium price process. Consider the following signal

system for agent 1,

€1t
= it
vy 0 0 B(L)
€2t
or more compactly,
Vi = G(L)Et (38)

Since there are more shocks than observables, agent ¢ will not be able to “see” or infer both economically
fundamental shocks (e14,e9¢). This implies, a priori, that a relationship analogous to (3.6) will not hold. That
is

7

Ei(pr1) = Mppsa | Hoy (6) \/ Ho(0)] # Wlppa | He, (1) \/ Heo (1) (3.9)

So what will the agents be able to infer? To give a concrete example, I adopt Assumption 1 and seek a
fundamental representation to replace (3.8). To find this moving average, we must first transform the private
signal (v;) into a fundamental, Wold representation — call it Cy(L)&;;. This is accomplished by factorization of

the covariance generating function of the private signal. This covariance generating function is given by!®

2

v, (2) = = pz)a(sll_ Py + 07271. (3.10)

In establishing a fundamental representation, we seek a A; and 0?1 such that

ol + 0' (A= p2) (1= pz') =07, (1 — Mz) (1= Az 7).

10See Whittle (1983) or Sargent (1987) Chapter XI Section 18.

11



Setting A\; equal to the smaller root ensures |A;| < 1 and yields!!

1 o? 1 o2 1 2 1/2
weal(G) G Al Gl o ]
2[\op,p p TP \P
2

The variance og, is then found by the formula

o _ g:(1) _ 0% +o5(1—p)

O¢, = (12 1— A )2

Note that Type 2 investors will have an analogous fundamental representation Co(L)&;; with Ay and 0?2 each a

function of 07272 )

This factorization puts the signal in a form that the agents can use to predict next period’s price and it
also tells us the relationship between the signals and the fundamental shocks. To see this note that after the

factorization, the signal system for agent 7 in group k becomes

Vit Cy(L) 0 &it
V¢ 0 B(L) Eat
1-X\ L

where C1(L) = T=)7*. By construction, this system is a fundamental (Wold) representation and can now be

used to generate trader i’s guess of the equilibrium price:

where &;; is related to the underlying shock €1; by the equation

1 1 E1t 1—pL
o - . 1
& =C1 (L) A(L)Elt + C4 (L) Nit - NL + 1= Aan” (3 2)

As the signal-to-noise ratio (0., /0,,) approaches infinity, A; approaches zero and the first component of (3.12)
approaches €1;. Conversely as the signal-to-noise ratio approaches zero, A; approaches p. Therefore traders in
group 1, who receive a more precise signal, will have a more accurate guess of the price process on average.
Further, because the entire price sequence is observable in equilibrium, in order that agents have perceptions

about the serial correlation properties of prices that are consistent with what is observed, the D;(L) functions

11 This also ensures &;; lies in the linear space spanned by current and lagged v;;’s. In other words, that &;; is the one step ahead
prediction error of predicting v;¢ from its own past, &; = II(vi¢|vit—1, Vit—2,...); and therefore the Hilbert spaces generated by
{vit,vit—1, ...} and {&q,&it—1,...} are equivalent.

12



must be identical within groups and proportional across groups:
fori<k: D;(L)=x1D(L), for k <i: D;(L)=x2D(L).
Still, this information setup implies disparate expectations for every i

El(pi41) = Mpesa| Ho, (t) \/ Ho(8)] = Tpry1| He, (1) \/ He, (1))

In particular, for i < k,

Eipii1 = L D(L) — Dolx1&i + L [F(L) — Fyleas.

Given that the n;;’s are i.i.d., I will assume that a version of the strong law of large numbers holds for each

of the two groups so that the overall impact of the idiosyncratic shocks averages to zero. That is,
k .
Elpi = / Elpiy1di = kL™ [D(L) — Dolés + kL™ [F(L) — Fyleas
0

where

X1€1t

k
it = Xl/o Eadi = A-nD)

and analogously for k <4 < 1. This assumption will not by itself lead to a symmetric REE because the traders
have different qualities of information (0727 L < 07272) which implies & # &. It is important to note that x1 > xo
and A\; < Ao implies traders of group 1 have more accurate perceptions and therefore smaller one-step-ahead

forecast errors. Thus heterogenous information and disparate expectations now exists across the two groups.

B} (pi1) = Mprya|He, (1) \/ He, (1) # EZ (pry1) = Ulpyia [He, (1) \/ Hey (1)) (3.13)

Because the idiosyncratic information integrates out, the equilibrium price will be a linear function of £1;. Thus,

pt = D(L)eys + F(L)eat, and x1 and x2 solve

2 _ 22 _ 22
Ocy = X10¢; = X20¢,
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ie.,

. ( o2 (1= \p)? )2>1/2 . < o2 (1= Ag)? )2)1/2.

agl—l—ogl(l—p 0'31+U%2(1—p

It is straightforward to verify that if p; is of the form D(L)ey; + F(L)eat, then the average forecast errors
pir1 — Efpisr and piy1 — EZpyiq are serially correlated. More troubling is the fact that individual forecast
errors are also serially correlated. If this serial correlation can be exploited to improve predictions (as will be
shown), perceptions (e.g., (3.11)) will not match reality, and we will not have a REE. The extent to which
this additional information generated by the candidate price process can be exploited is the crux of the issue.

Letting ¢ and j denote the two groups of traders, the market clearing condition is

k 1
apy = /0 Ezpt+1di +/€ Egpt+1dj — St (314)
o[D(L)e1s + F(L)eae] = k{L7[D(L) — Dd% + L [F(L) — Foleat}
+(1— k){LD(L) — DO]% + LY[F(L) — Fyleas} — A(L)ery — B(L)ea.

It is easy to see that the solution for F'(z) will be the same as the symmetric case; specifically,

2B(z) — ole(ofl)'

F(z)* = T (3.15)
Equating coefficients on €1¢,£1¢_1, ... yields the power series equality
D(2)[-MAgz® + (Mg + A)az? — (1 — k)Aix2 + daxik + @)z + kx1 + (1 — k)xa]
= Do[(1 — X22)kx1 + (1 — A12)(1 — k)xa] + 2(1 — M2)(1 — A22) A(2).
The roots of the cubic equation
—AAeaz® + (Ao + A)az? — (Qaxik + (1 — E)Aixe + @)z + kxa + (1 — k)x2 (3.16)

will determine the uniqueness of the candidate equilibrium encountered. The following proposition shows that
for the supply process given by Assumption 1 and assuming the gross interest rate exceeds unity (« > 1), there

is a unique candidate price.

Proposition 3.1. Given a > 1 and Assumption 1, the price process generated by information (3.7) and the

market clearing condition (3.14) is unique.

14



Proof. See Appendix A.1 O

In order for the equilibrium price to be unique, we need ezactly one root of (3.16) to lie inside the unit circle.
If no root lies inside the unit circle, then the free parameter Dy will not be pinned down and D(z) will not be
unique. If more than one root lies inside the unit circle, a square-summable D(z) satisfying (3.16) does not
exist. The proof found in Appendix A.1 shows that there exists exactly one root that lies inside the unit circle.

Let 6 denote this root. Then Dy will be set to remove this singularity as before; in this case we have

(1 — A10)(1 — X20)A(6)

;= — .
0 (1= X20)kx1 + (1 = M0)(1 = k)x2

Substituting Dg into D(z)

D(2)[-MAoaz® + (A2 + A1)az® — (1 — k)Aixz + Aexak 4+ @)z + kxa + (1 — k)xa]

_ (00 =M1 = 20)AO)[(1 = do2)kxs + (L= M)A —K)x] g\
B (1= Xa0)kx1 + (1 — M0 (1 — k)x2) +2(1 = Ai2)(1 = A22)A(2) (3.17)

or more compactly

D(L) e = Dg[(1 = AeL)kxa + (1 = ML)(1 = k)xa] + L(L = M L)(L = A L)A(L) ]
YT SN AaLd + (Mo + A)aL? — ((1— k)Aixz + Aexik + @)L+ kx1 + (1 — k)xz | "

We now have our unique candidate equilibrium price process,

Pt = D(L)*Elt + F(L)*é‘gt (318)

and we can construct the post-equilibrium observer system for a trader i:

Vit A(L) 0 1| |ewt
v | = 0 B(L) 0] |ea
bt D(L)* F(L)* 0| |nu
v, = H(L)e; (3.19)

Representation (3.19) corresponds to the information available to trader i at time ¢, Wj. If (3.19) is a funda-
mental (Wold) representation, then the Hilbert spaces spanned by {v},v}_q,...} and {e:, €;_1, ...} are equivalent,

and every trader will be able to infer the shocks £1; and e9; by observing the price sequence. In other words,
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even though we assumed (at (3.11)) that agents saw only a noisy signal on £1; when forming expectations, the
market interactions of those agents injects enough information into the price to reveal the underlying {e14+}
process. Thus after conditioning on the current price, every investor will have identical forecasts in equilibrium.

This leads to the following proposition.

Proposition 3.2. Under Assumption 1, the candidate price process (3.18) reveals the fundamental shocks {e1;}

and {eat} to all traders.

Proof. The proof is given in Appendix A.2. The intuition is as follows. O

Following Lemma 1, in order to prove that (3.19) is fundamental and reveals {1, } and {e2:}, we must show
that the determinant of H(z) has no zeros inside the unit circle. Recall B(z) = 1 4 ¢z where [¢| < 1. By direct

calculation, the numerator of det H(z) is

—(14¢2)(z - 0)[Qz* — Rz + 5]

where

Q = MA2fkx1(1 = A20) + x2(1 = k) (1 = M0)](1 - Op)
R=(1-M0)(1—X0)[kx1A2 + (1 = k)xaM] + (1 = Op)[kxa A (1 — A20) + (1 — k) x2A2(1 — A16)]

S = (1 — )\19)(1 — )\29)[16)(1 + (1 — k)Xg].

The determinant of H(z) has four zeros. The root z = 6 is by construction (recall D§ was set to ensure such a
numerator zero would cancel the like term in the denominator of D(z)) and the root z = —¢ =" lies outside the

unit circle. Therefore, the roots of

Q2> +Rz+S (3.20)

determine whether or not representation (3.19) is a fundamental (Wold) moving average. Appendix A.2 shows
that for a > 1 there exists no roots that lie inside the unit circle.

The upshot is simply that the assumption of asymmetric information is not sustainable in equilibrium.
Traders will surely condition on past prices and update their forecasts accordingly. Showing (3.19) is a funda-

mental representation is tantamount to the argument that all traders will guess a price process of the form

pt = D(L)ers + F(L)eas.
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And therefore the idiosyncratic shock will not enter the average traders’ perceptions. More importantly, the

conditional expectation (3.9) will be replaced by

E{(pr+1) = U[ps1|H, (1) \/H62 (t)]- (3.21)

All traders will share the same forecast! Hence there is no need to forecast the forecasts of others. This economy

will then degenerate into the one studied in Section 3.1.

3.3 Relation to the Existing Literature

The results obtained here are analogous to the results found in Pearlman and Sargent (2005). Their results were
achieved recursively in the time domain by defining a new state variable —the forecast error. This forecast error
provided enough information to agents so as to reveal all privately held information in equilibrium. However the
findings of Pearlman and Sargent (2005) apply only to the unique structure of Townsend (1983) (see Footnote

3). The previous section shows that asset prices also reveal private information in Singleton’s (1987) setup.

The results derived here shed light on the consequences of the truncation approach of Townsend (1983) and
Singleton (1987), who assumed the equilibrium would preserve disparate expectations and allowed traders to
see the fundamental shocks with a two-period lag, that is {€1 1—2,€1,4—3,...} and {e2¢_2,€24_3,...}. Therefore
instead of matching the entire sequence for D(z) and F(z), the truncation approach requires that one match only
a handful of coefficients, namely Dy, D1, Fy and Fy. This, however, only approzimates the actual equilibrium. To
see this more clearly, note that the privately held information of each trader under this informational assumption

is given by

€1,t—2 L2 0 0 €1t

gat—2| = | 0 L* 0| |ex

Vit A(L) 0 1 Nit
Xt = M(L)Et (322)

The above representation is not a fundamental one due to the zero in the determinant of M(L) at L = 0; therefore
traders will not be able to infer the economically fundamental shocks £1; and e9;. This signal extraction problem
is slightly different from the one encountered in the previous section and is an artifact of the truncation approach.

In order to obtain a fundamental representation, we must employ Blaschke matrices (see Hansen and Sargent
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(1991)). Appendix B shows how Blaschke matrices are used to derive the fundamental representation

x; = M*(L)e; (3.23)

where
M*(L) = M(L)WB(L), € =B(L™)W'g,
J 0 agle
L20'51 0 0 - Agogl—'ra%j A%U§1+UT217‘ L_2 0 0
MIL)=| o L., 0 W = 0 1 0 BL)=|0 L2 0
0'2 (o "
A(L)o, 0 o £ 20 0 i 0 0 1

5 2 52 2 2 52 2
/AOUE1+UTI7‘ A0‘751+‘77)7~

and j = 1,2 denoting the two distinct groups of traders.

Thus the fundamental innovations (€;) implied by this truncation approach are linear combinations of all
the underlying shocks, including the idiosyncratic shock 7;;. It is obvious, due to the law of large numbers, that
the market-wide average of the equilibrium price will not include 7;;. However the expectations will continue to
be disparate across the two groups due to the presence of the variance of  in W. Therefore when solving for

the undetermined coefficients, the solution will slightly differ from the symmetric information equilibrium (3.2).

Comparing the informational assumption of (3.22) with that of Section 3.2, Equation (3.8) implies less
information in that investors are not able to see £1; with a two-period lag.'? In fact, the only information given
to traders concerning 14 is that which can be extracted from the signal v;;. However, through the information
contained in the candidate price process p;, it was shown that investors actually had the information set of
{e1t,€1,4-1, ...} and {ea,€2,4-1,...}, the equilibrium derived in Section 3.1. Therefore assuming that investors
could only condition on {&1 4_2, ...} and {€2 ;_o, ...} only approximated the actual symmetric equilibrium. Indeed,
when traders see {p;} in addition to (3.23), then all underlying uncertainty about the fundamental shocks is

revealed. The next section extends this result to environments with risk aversion.

12The public signal v¢ could have been lagged by two periods with no change in the fundamental result. This is because all
asymmetric information arises from the private signal.
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4 Risk Aversion, Multiplicity and Price Revelation

Singleton (1987) examined a slightly different model than the one analyzed in the previous section by incorpo-
rating risk aversion via negative-exponential (CARA) preferences and by assuming the asset holder received a
stochastic coupon payment (c¢;) at the beginning of period ¢. Abstracting from constants, the coupon stream is

given by
oo
Ct = ch52’t_j = C(L)€2t, Egt N(O7U?2)'
j=0

The assumptions concerning the underlying stochastic processes described in Section 2.1 continue to hold here.
Investors may finance the purchase of these securities by borrowing at the constant rate r, which implies that

trader i’s wealth evolves according to

Wit41 = Vit (De41 + 1) — (Vaepe — wie) (1 +1)

where v;; is the amount of the risky asset held at time ¢ by agent ¢. Investors are assumed to be myopic in
that they have a one-period investment horizon. Investment strategies are ranked according to the negative-

exponential utility function
E} — exp|—viwir 1] (4.1)

where ; is the coefficient of absolute risk aversion for agent 4. It is well known that (4.1) can be calculated via the
(conditional) moment generating function for the normal random variable —v;w;¢+1, and that the corresponding

demand for the risky asset of trader i is
dit = (i6:) ' [E{pe1 — apy + E{cip] (4.2)

where « = (1+7r) > 1 and 6; = Vari(ptﬂ + ¢t+1). It is the conditional variance term d; that introduces
nonlinearities into the model and leads to existence and multiplicity issues not encountered in the previous
section. As in Section 3, the no-trade theorem is broken by assuming the supply of the risky asset is stochastic

and given by!?

St = A(L)c?lt E1t N(O’U§1)'

13 Adding an additional, orthogonal component (as in the previous section) would not alter the following results.
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Consider the case of asymmetric information studied in Section 3.2, where each individual trader receives a

private noisy signal of supply. That is,
vie = A(L)ere + mit

As before, assume there are two groups of traders, in proportion k and 1 — k, that receive a different quality of

signal (0’%1 < 072,2). The observer system for agent ¢ is the same as the previous section and given by

(%73 Cy (L) 0 fit
Ct 0 C(L) Eot

Invoking Assumption 1 with C'(L) = 14¢L implies the derivations follow exactly as in the previous section, and
therefore Equations (3.8) through (3.13) remain valid here. The only difference is the addition of the conditional
variance term, J. Given that agents initially only condition on the information extracted from signals and that
they are able to match the serial correlation properties of the actual price process, the conditional variance

terms will be identical across groups, i.e.,

§ = vary(pi41) + varg(ce1) + 2cove(piti, Cey1)

= Dgagl + (F() + 00)20'2

g9"

The corresponding market-clearing condition is given by

k 1
apy = / Ei(pey1 + cip1)di +/ B/ (pe1 + cep1)dj — dyse
0 k

€1t X1
1—-— XML

a[D(L)er + F(L)ex] = k{L™'[D(L) — Do + L7HP(L) = Folea + LTHC(L) — Colea}

HL= W{LTD(E) = Dol {30 + L7 F(E) = Rlea + L7O(E) - Colear) — yA(L)e

As before, both D(z) and F(z) must be analytic on the unit disk for all realizations of {e1;} and {e2:}, but
the inclusion of the conditional variance has linked the two power series, which can be seen by rearranging and

expanding the conditional variance term,

D(2)[-A1A2az® + (A2 + A1)az® — (1= k)Aixz + dexik + a)z + kxa + (1 — k)xa]
= Do[(1 = Xoz)kx1 + (1 — M2) (1 — k)xa] + 2(1 — \2)(1 — Ap2)[yDgo?, + (Fo + Co)?02,]A(2) (4.3)

F(2)(1 —az)=Fy+ Cy — C(z) (4.4)
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There exists a potential pole at z = |a™'| < 1 in (4.4) unless the free parameter Fy is set to remove the
singularity. That is, Fy = C(a™) — Cy and F*(z) = W The root condition for uniqueness in (4.3)
continues to be identical to the previous section (Equation (3.16)), and we know that there exists exactly one

root (#) that lies inside the unit circle. Then as before, Dy must be set to remove the singularity at z = 6. Thus

we have

Dol(1 = MO)(1 = k)xa + (1 — Maf)kxa] + [D202, + Cla)20% ]y A(0)0(1 — A10)(1 — Af) =0 (4.5)

Given that there are two roots that satisfy (4.5), there are exactly two equilibria. Moreover, the excess ‘noise’
associated with the stochastic coupon stream coupled with risk-averse investors severely diminishes the prob-
ability of finding equilibria that are real valued. In order for Dy (and the corresponding price process) to be
real valued, restrictions must be placed on the parameter values. Removing uncertainty in the coupon stream
(02, = 0) yields two equilibria with'*

o (17/\19)(17]6))(24*(17)\29)]6)(1
o2 AA0)0(1-A10)(1-20)

D = (4.6)

The second case implies p; = F*(L)ey; for all t. However, if 0?2 = 0, then, from the quadratic formula, a

necessary and sufficient condition for finding a real solution is given by the following restriction

2 [(1—M0)(1 — k)x2 + (1 — Xab)kx1]?
%% = 402 PA0)262(1 — MO)2(1 — 2e0)2C(a )2

(4.7)

Assuming 052 satisfies the above restriction then the number of roots in Dy satisfying (4.5) will be the
number of equilibria encountered. While the potential existence of multiple equilibria is disconcerting, we are
more concerned here with the revelation properties of the price process(es). The candidate equilibrium price

process(es) will be given by: p; = D(L)*e1; + F(L)*eat, where

€2
—)\1)\QOZ2’3 + ()\2 + )\1)0[22 — ((1 — k)>\1X2 + )\2X1k + OZ)Z + kX1 + (1 — k)XQ
Cla) - C(L)

1—al

D(L)" = D[(1 = Aaz)kxa + (1 — Aiz)(1 — k)xa] + 2(1 — Miz)(1 — Aez)y(Dg?02, + Cla')?02,) A(2)

F(L)* =

The post-equilibrium observer system for trader 7 is then

M Singleton(1987) found these equilibria numerically.
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c | = 0 C(L) 0 Eot
P D(L)* F(L)" 0] |ni
xi = J(L)e (4.9)

As in the previous section, this observer system will reveal the underlying shocks {e1:} and {e9;} if (4.9) is a
fundamental Wold representation; that is, if the determinant of J(L) does not contain any zeros inside the unit
circle. Assuming the minimum variance condition (4.7) is met with equality implies that there exists exactly

one root that solves (4.5),

(1= M0)(1 —k)x2 + (1= Aab)kxy .

Dy == 202, 7 A(0)0(1 — \0)(1 — Az0)

The price process is therefore unique and given by

D(z)*[—)\lx\Qazs + (A + /\1)a22 — (1= k)Aixe + Aaxik + o)z + kx1 + (1 — k)x2]

C (= M0)0 =k)xe + (1 = Mb)kxa
- 2902 A(0)(1 — M0)2(1 — \o0)2 2(1=A2)(1 = )‘QZ)A(Z)[(l —M0)(1 —k)x2+ (1 - AQH)kXI]_

O(1 —A10)(1 — A0)A(O)[(1 — A12)(1 — k)x2 + (1 — A22)kxa] (4.10)

Comparing (3.17) with (4.10) it is easy to see how risk aversion enters the candidate equilibrium price process.
More importantly, it is easy to see that the zeros of (3.17) and (4.10) will coincide. In other words, the zeros of

the determinant of J(L) are given by

det J(L) = —D(L)*C(L)

= —(1+12)(z — 0)[Qz* + Rz + 5]

The exact condition for price revelation encountered in Section 3.2! Appendix A.2 shows that there are no
zeros that lie inside the unit circle and therefore the price process will reveal all privately held information. The
equilibrium price of this economy is determined by a symmetric information structure. Moreover as a?z falls
below the minimum variance condition (4.7), the economy converges to the candidate equilibria with D given
by (4.6). Using the techniques of this paper, it is easy to show that these candidate equilibria will also reveal

and degenerate into symmetric information equilibria.
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5 Conclusion

It seems doubtful that the bulk of fluctuations in asset markets is due primarily to differences in risk tolerance.
A more likely alternative is that trade is generated by agents who are endowed with different sets of information.
Unfortunately, tractable models of heterogenous information in a dynamic setting are difficult to construct and
even more difficult to sustain in equilibrium. This paper has demonstrated explicitly how endogenous variables
reveal the privately held information of other agents in a dynamic asset pricing model. It was shown, via
frequency domain techniques, that the invertibility of the post-equilibrium observer system corresponds to the
revelation of economically fundamental shocks. Traders then condition upon this “new” information and update
their forecasts accordingly. Models and informational constructs previously believed to maintain asymmetric
information (e.g., Singleton (1987)) were shown in fact to lead to revealing equilibria. The information content
of equilibrium prices was too rich to sustain disparate information. This result is robust to various degrees of
risk aversion. It was shown how introducing risk aversion leads to specific restrictions on parameter values. A
minimum variance result was established that guaranteed a real equilibrium price process. Once these restric-
tions were satisfied, the equilibrium again revealed all privately held information and a symmetric equilibrium
resulted.

An obvious extension of this research is to develop a dynamic rational expectations model that preserves
asymmetric information. To that end, Kasa, Whiteman and Walker (2005) show how this can be achieved in the
frequency domain by assuming a special information structure that gives rise to zeros in the post-equilibrium
observer equations. These zeros prohibit equilibrium prices from revealing the economically fundamental shocks.
Woodford (2003) achieves this goal in the time domain by following Sims (2001) in assuming that agents have
limited capacity. That these efforts seem to require very special circumstances to preserve differential informa-
tion in equilibrium when disparate expectations seem so widespread suggests that information differentials will

constitute a fruitful area for research for some time to come.
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Appendix A: Unique and Fundamental Representations

Appendix A.1

The following theorem will be used to show that two roots of (3.16) lie outside the unit circle with one real root

inside the unit circle (see Barnett (1983)).

Theorem A (Jury). Given the real polynomial

T(z) = Coz" + 2" 4+ o1z + G

construct the matrices A1 and Ao

G G - Gamr 0 -~ 0 G
A, A 0 e G 0 - () G
A A A Ay - Co Cn—2 A, = Cn o Cn1
Ay Ay : ‘. :
100 - G | [Cn 0 G G

Let X denote the principal submatriz of Ay obtained by deleting the last row and last column; and let Y denote
the submatriz of Ag obtained by deleting the first row and last column. Define the two (n—1) x (n—1) matrices

Z1 =X —-Y and Zo = X + Y. If the inner matrices satisfy |Zj<i)\ #0 for alli and j = 1,2 then define

n—1 n—3 1 n—1
. vz V201200, 2801280 neven

—1 -3 2 2 n—1
v(ZU 920712911282, 0287Y) nedd

where V (-) denotes the number of sign changes in the sequence. The number of roots of T(z) inside and outside

the unit circle are, respectively, k and n — k, where

k=n—-V -1
L, (-O)"*VTMT(-1) <0

0, (=O)"VT(M)T(-1)>0
Recall the cubic equation (3.16) is given by
T(z) = —MAgaz’ + (A + A)az? — Qaxak + (1 — k)Aixe + @)z + kxa + (1 — k)xo
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Notice first that T'(-) > 0 for any z < 0 and

T(l) = —AMA2x + Ao + /\1)04 — ((1 — k))\l)(Q + )\2)(1]{1 + a4+ kX1 + (1 — k)XQ
=—a(l = A)(1 = X2) +hxa(L—X2) + (1= k)xa2(1 = A2)
ko, (1 — ]C)O’6

—al <0
Joet o L=p? o2 402,01 p)p

=(1—=M)(1—Ap) [

Therefore there exists at least one real root inside the unit circle. Forming |Z;] and |Z5|,

7 —aA1 Ay Ot()\l + /\2) — le — (1 — k)XQ
1= )

—kx1— (1 —=k)x2 —adira+ (1 —k)Aixtkdlexs +a
1Z1] = @?[(Md2)? = Mido] + afkxi (A + Ao — AiA3) + (1= B)xa (A1 + Ao — ATA2)] — (kxa + (1 — k)x2)?
2, = —aAi s a(A1 4+ ) + kx1 + (1 —k)xe ,
Exi+ (1 —k)xa —adda—(1—k)Aixe —krloxi —«a

| Za| = a?[(M1A2)? + MAa) — alkxa (A + A2 — A A3) + (1 — B)xa(A1 4+ A2 — ATXa)] — (kxa + (1 — k)x2)?

Given n = 3, we have V = V(|Z1|,1,|Zz|) and k =3 — V — 7. Note that T'(1)T'(—1) < 0 and therefore 7 = 1
given V =1, and 7 =0 given V =0 or V = 2. In order to show that £ = 1, we must rule out the case that
V = 0. Therefore, we must show that |Z;| > 0 implies that |Z2| < 0. To that end, we must first establish a few

inequalities. First, define

Y = , Vo = , x1 = V1(1 = A1), x2 = V2(1 = Ag)

and suppose

kxi+ (L—k)xa = kxi(A + A2 — MA3) + (1 — k)x2 (A1 + A2 — ATAo)
Exi(1—A1— X2+ MA2) + (1 — k)xa(1— A — Ao+ A3)g) =0

(1= X)L = A)[ED1 (1 = Ay — AoAp) + (1 — k)a(1 —Ag — MA2)] =0
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which gives!®

_ 9a(1 = Ag) — Fahi Ao
)\1)\2(191 — 192) — 191(1 — )\1) + 192(1 — )\2)

*

Assuming k* € (0,1) and noting

X2U1 — X192
X2 — X1+ A1 A2(d — V2)

=k + (1 — k"), < a

gives the result

E*(1 = A)91 + (1= E*)(1 = X2)P2 = E*x1 (A1 + A2 — AA3) + (1 — &%) xa(A1 + A2 — AT A2)

(X291 — x192) M A2

= < aAiA All
X2 — X1+ A1 (Y1 — 07) e ( )
Moreover, given
b < P21 — Aa) — P21 A2
)\1)\2(191 — 192) — 191(1 — )\1) + 192(1 — )\2)
yields
]{?Xl + (1 — k‘)XQ < le()‘l + Ao — )\1)\%) + (1 — k)XQ()\] + Ao — /\%)\2) < a1 (A.1.2)
where the last inequality follows due to x2 < x1.
Solving the equality
aridg = kx1 (A1 + A2 — A A3) 4+ (1 —k)xa(Ar + A2 — ATAg)
for k gives
k‘** _ Ot/\l/\z — X2(>\1 + /\2 - )\%)\2)
x1( A1+ A2 — AAZ) — xa(A1 + A2 — A2Xg)
Plugging k** into kx1 + (1 — k)x2 yields
aXide < AAgfa(x1 — x2) + x2x1 (A2 — A1) = K" x1 4+ (1 = £™) x2 (A.1.3)
151t is interesting to note in passing that given A\; = A2 the above inequalities can be established via the unique properties

associated with the golden ratio (i.e., the positive number that solves the equation ¢ +¢~1 = 1).
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where the inequality can be established by noting

191(1 — /\1)[1 — 192(1 — /\2))\1] — 192(1 — )\2)[1 —|—’L91(1 — )\1))\2] <l<a

Moreover, as k > k**

al g < le()\l + Ao — /\1)\3) + (1 - k)Xg(/\l + Ao — /\%/\2) < le + (1 — k)Xg (A14)

The last inequality follows because k* < k**.

Inequalities (A.1.1) through (A.1.4) can be summarized as follows

(0, k%) kxi+ (1 —k)x2 < kxi(A1 4+ A2 — A A3) + (1 — k)xa(M 4+ A2 — Afha) < adi)g
k€ q (k) kxt(A + A2 — MA2) + (1 — k) xa(Ar + Ao — A2Xa) < kxq + (1 — k)xa

(k**, 1) al g < le (/\1 + Ao — /\1/\%) + (1 — k‘)XQ(/\l + Ao — )\%/\2) < le + (1 — k‘)XQ

Now given |Z;| = € where € > 0 and small, then |Z] is positive if and only if

2a[kx1 (A1 + Ao — M A2) + (1 — k)xa(A1 + da — A2\o)] — 2% A dg 4+ >0
13
[Exi(A1 + A2 — A A2) + (1= k)xa(A + Ao — A2X2)] > adi g — %

However, in order for |Zs| to remain positive, the above inequality implies

aXihg > kixl =+ (1 — k)XQ

Notice that as ¢ approaches 0 we have the ordering!®

Exi+ (1= E)x2 < adida < Exi(A1 + Xa — A A2) + (1 — k)xa(A1 + da — A2)0)

which is prohibited by (A.1.1)-(A.1.4).

16This approach appeals to the continuity of roots; that is, T'(z) + ¢ will have the same number of roots inside the unit circle as
T'(z) given ¢ sufficiently small (see Jury (1982)).
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Appendix A.2

This section shows that the quadratic given by (3.20) has both roots outside of the unit circle. This implies that
the representation (3.19) is fundamental, hence eliminating the need to forecast the forecasts of others. Recall

the quadratic is given by

Y(2) =Qz*> -~ Rz+ S (3.14)
Q = MAzlkxa(1 = A20) + (1 — k)x2(1 — A10)](1 — 0p)
R=(1-XM0)1 = Xb)[kx1r2 + (1 — k)xaA1] + (1 = Op)[kx1 A1 (1 = A20) + (1 — k)x2A2(1 — A16)]

S=(1—=X0)(1—X20)[kx1+ (1 —k)xz]

First notice that @, R and S are all strictly positive, implying that Y (0) > 0 and all the corresponding roots

must be strictly positive. Moreover Y (1) > 0; ignoring (1 — k)x2 terms (due to symmetry) yields

V(1) = kx1[MA2(1 = A20)(1 = 0p) — (1 = Ai0)(1 — A20) A2 — (L = Op) A1 (1 — A2f) + (1 = A10)(1 — A20)]

= kxa(1 = A20)(1 = A)[(1 = Mi0) = Ai(1 - bp)]

which is clearly positive because (1 — A160) > A1 (1 — 0p).

We now need to rule out the case that both roots lie inside the unit circle. We do this by showing that the

minimum lies outside the unit circle.

R
¥ =argmin Y(2) = — >1

2Q

Again focusing on kx1, we need to show that

R —20Q = kx1A2(1 = M0)(1 = A20) + (1 = Op)kx1 A1 (1 — X2f) — 2[A1 Aok x1(1 — A20)(1 = 6p)] > 0

= kx1(1 — A20){A2[(1 — M10) — A1 (L — pO)] + (1 — p@)A1(1 — A2)}

which is clearly positive.
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Appendix B: Deriving a Fundamental Representation

Recall from (3.22) that the privately held information is given by the following system

61,t—2 L2 0 0 €1t

E2t—2| — 0 L? 0 Eot

Vit AL) 0 1 Nit
Xt = M(L)Et (Al)

where j = 1,2 contingent upon the group of investor. Following Rozanov (1967), we can find an equivalent
(same covariance generating function) representation through the use of orthogonal matrices B(L) and W. The

corresponding fundamental representation is given by

x; = M*(L)e; (A2)
where
M*(L) = M(L)YWB(L), € =B(L)W'e,
O o? Ao
9 _ " 0 —i _9
L O¢y 0 0 /A%a'gl +a’%j A%a’?l +a’,27j L 0 0
ML)=| 0 L%. 0 W = 0 1 0 BL)=|0 L2 0
o2 Ag
€1 - J
AlbJoe, 0 o, oz, 1, o, 77, S

The matrix B(L) is a Blaschke matrix that removes the root at zero by “flipping” the root outside the unit
circle, while the matrix W serves to ensure that the Blaschke matrix does not introduce any unwanted poles
into the fundamental representation.!” It is important to note that the orthogonal properties of the matrices
W and B(L) (i.e, WW'’ = I and B(z)B(z~!) = I) ensure that the fundamental representation continues to
emit the same covariance generating function. This representation is unique up to an orthogonal constant and

implies that investors will have knowledge of a linear combination of the innovations (€;).

17See Lippi and Reichlin (1994) for a good introduction to Blaschke matrices and fundamental representations.
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