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Abstract

This paper studies how the trade size and the historicabsegof trades affect bid-ask spreads,
investors’ trading strategies, and the market maker'silagrprocess in a multi-period economy.
First, we show that there is a nonzero cut-off size below Wiméormed traders never buy or sell,
and that larger trade sizes have positive bid-ask spreddlg smaller sizes do not. Then, we prove
that the cut-off size decreases stochastically . We alsiwaddre functional relationship between
bid-ask spreads and trade sizes and show that bid-ask s@esmthonotonically increasing in trade
sizes. Moreover, we prove that when additional trade sigeg&roduced to the market, the market
maker’s learning process can be impaired and the bid-aglagdpifor the previously existing trade
sizes can vanish under a mild condition. We prove that thdlsnteade sizes that do not have a
positive bid-ask spread result in zero price change, wloitddrger trade sizes the rate at which
price change increases is a decreasing function of the siadén all trading periods. Most of our
results are broadly consistent with the empirical findin@shers provide testable hypotheses for

future studies on the subject.
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1 Introduction

Trade sizes, bid-ask spreads, and price changes have beem tethigaanalysis of market microstruc-
ture. Empirical market microstructure seeks to characterize the dynanpased, bid-ask spreads and
trade sizes and has identified a strong link between trade sizes and thaelatue of price change
for each trade size (see [14]). The motivation for this paper is to utadetfow trade sizes affect the
dynamics of bid-ask spreads and price changes within the frameworkartiical market microstruc-
ture model. The market considered here has a market maker who tradkg asset with traders and
exposes bid and ask prices to traders. The presence of traders péttosinformation leads to a pos-
itive bid-ask spread. A bid-ask spread compensates a market malkke fagk of doing business with
the informed traders.

Models of information based bid-ask spreads have been developedd®fatid and Galai [1] and
Glosten and Milgrom [10]. In the Copeland and Galai model, the true valukeo§tock is public
information after one trading round. In contrast, in the Glosten and Milgromemdhere are many
trading rounds. Orders are assumed to be for one roufhddot there are two types of traders, either
informed or uninformed. Glosten and Milgrom showed that the transactioaspare informative and
spreads tend to decline with trade. They finally showed that bid-askdspaséshes when the trading
periods go to infinity.

One of important extensions of Glosten and Milgrom is Easley and O’HdraTbey extended
Glosten and Milgrom by allowing two trade sizes. In an efficient market, tloe @f an asset should
reflect the true value of the asset. However, empirically, we observblttek trades are made at worse
prices than small trades, which is called “block trade premium”, and that #rersome asymmetric
patterns in trade sizes and the direction of price changes. By allowing tde siaes, Easley and
O’Hara consider block trade premium and shows that under some conditige trade size is trans-
acted at worse price than small trade size. Then, they have tried to findliffevent an impact of
each trade size on price is in two-period model. Easley and O’Hara comsitjeone and two-period
models. Our model generalizes Glosten and Milgrom, and Easley and O’Hara

The model that we have used is described as follows. As in Glosten ancomildiO] and Easley
and O’Hara [6], there are three types of agents: a competitive singleetmandker, informed and

uninformed traders. In the beginning of the whole game, Nature chooseslile of the risky asset

*According to [16], we can categorize all trades in stocks on the flooexafianges into round lots and odd lots based
on the unit of trading. A round lot is one for the unit of trading or some migltipereof. An odd lot is one for less than the

number of shares required for the unit of trading.



and informed traders observe the value. A market maker and uninforemder$rdo not observe the
value. In each round of trades, a trader is randomly selected and cothesmarket maker. She learns
the market maker’s price-quantity quotes and posts the order quantity epdi¢le at which she will
buy or sell the asset. If she is informed, she takes the profit-maximizinggjubtehe is uninformed,
she posts the order for her liquidity needs. In this setting, we consider tHeetmaaker’s regret-free
pricing. Trades occurs sequentially and we analyze movement of thekispeeads over time.

To understand why different trade sizes result in different pricengés, consider the following
situation. Suppose that there are many trade sizes available for tradegps@es of all trade sizes are
the same. Then, informed traders would rather trade larger trade sinestia#ler sizes if they know the
future payoff of the asset. In this sense, the trade sizes that inforntedgrimade convey information.
After large trades come into the market, the market maker can make an irde@moerning the risky
payoff of the asset. That is how trade sizes affect future price anccis\phtrade sizes on price differ.

Notice that in this paper, we consider two different relationship. One isela¢ionship between
trade sizes and price after each trade occurs. The other is the relgiibeshieen trade sizes and bid-
ask spreads. As the reasons stated above, trade size has an impaahanki®it maker’s expectation on
the risky asset and then the consecutive price. At the same time, sincekigraads also reflect the
market maker’s expectation on the risky asset, trade sizes also havéanstilg with bid-ask spreads.
In the paper, we derive these two functional relationships for empiristd.te

Our model follows the strand of Glosten and Milgrom and Easley and O;Hawe extend their
models in two dimensions; time and number of trade sizes. The main differetweedoeour model and
their models is that we allow multiple (more than two types of) trade sizes in a multidpecmomy.
Incorporating multiple trade sizes more than two allows us to examine the relafidretitveen more
variety of trade sizes and price changes, and to derive this relatiorslaiglenction, which is called
“price-impact functions”. Moreover, a multi-period model allows us to sttidy dynamic change of
trading behaviors and prices. Our model provides more enriched tleabfeamework and testable
hypotheses for future research on the subject.

The first contribution of the paper is a description of how trade sizetaffdd-ask spread, trading
behavior and the market maker’s learning process in a dynamic enviromrhere multiple trade sizes
are available. More specifically, we show that there is a cut-off sizeeatwnch the informed traders
sell or buy with strictly positive probabilities and larger trade sizes aboveuteff size have positive
bid-ask spreads, while smaller sizes do not. Also, we show that the csizefflecreases when both

informed traders and liquidity traders trade in the same way. Interestinghe tlesults explain how



smaller trade sizes start to have strictly positive bid-ask spreads andowetlséit it is more likely to
happen. In Glosten and Milgrom, bid-ask spreads just decrease. vidgveeir model shows that as
trade goes on, smaller trade sizes more likely have strictly positive bid-eas&ds

In relation with Glosten and Milgrom, we provide some interesting results. Wesphat the market
maker learns the true value of the asset almost surely when the numbetraifding periods is infinity
and thus bid-ask spreads eventually vanish almost surely. In additioprove that when additional
trade sizes are introduced to the market, the market maker’s learningsproene be impaired and the
bid-ask spreads for the previously existing trade sizes can vanisHo$te@ and Milgrom, the bid-ask
spread vanishes as trades occur infinitely. The similar result holds in odelmdth multiple trade
sizes. In addition to this result, we also prove that increasing the numbexdef $izes complicates the
market maker’s learning process under a mild condition.

The second contribution of the paper is an explanation of the functiolagibreship between trade
sizes and price changes. It becomes possible to describe this funcetatainship as price-impact
functions only within the model with multiple trade sizes more than two. We provideardtical
framework for an empirical analysis of price-impact functions. We @eaivtheoretical price-impact
function and prove that the smaller trade sizes that do not have a posdhasib spread result in
zero price change, while for larger trade sizes the rate at which pramggehincreases is a decreasing
function of the trade size in all trading periods. That is, the function dispdagoncave form in the
range of trade sizes which have strictly positive bid-ask spreads. Weslatsv that as trading round
goes, the price-impact function becomes flatter. Easley and O’Hara tidamne this result because
their model was two-period setting.

Our results about a price-impact function coincide with the empirical findiHgsbrouck [11] and
[12] measured a trade’s information effect as the ultimate price impact ofdlde innovation. The
estimates for a sample of NYSE suggest that the impact is a positive andrednnation of the trade
size. We show that a theoretical price-impact function derived in our hadge displays a concave
form and also our result predicts how the price-impact function chaogestime. This gives us an
interesting testable hypothesis for a future research.

In the paper, we give an explanation of why price change is a conoaetidn of trade sizes using
the model with asymmetrically informed traders. Then, we show how curvafulee price-impact
function changes along with the information structure. Another importaottresthe model is that
price-impact function that we have derived become flatter as trade goékhes implies that as more

information spreads in a market, the impact of trade sizes on price becomiégsrsma



The third contribution is a description of the functional relationship betwesletsizes and bid-ask
spreads. we derive the relationship between bid-ask spreads ana@dbesizes. We show that the
bid-ask spreads increases in the trade size. Also, the functional rekifidmetween bid-ask spreads
and the trade size shows the concave shape. Easley and O’Haratkhbwsder some condition, large
size has a strictly positive bid-ask spread, while small size does not. We tivat the bid-ask spread
increases monotonically in trade size by deriving the functional relatiot&tvpeen the bid-ask spread
and trade size.

Most of our results are consistent with the empirical findings. Our resbitstanformation based
bid-ask spreads coincide with the empirical findings of Glosten [8], whiatodhposes the bid-ask
spread into two parts: one part due to asymmetric information and the otheafygato other factors
such as inventory costs and shows that the part of the spread duemasyc information and the part
of the spread due to other factors affect the properties of the transgortiae process differently. Also,
by using a maximum likelihood technique, Glosten and Harris [9] find that Yymametric information
component of the bid-ask spread is not economically significant for sraalés; but increases with
trade size. Our results about a cut-off size and the dynamics of thefair®fire consistent with their
results. Especially, our result shows that larger trade sizes than tludf @ie have strictly positive
bid-ask spreads, while smaller sizes do not.

Overall, the paper links the theoretical market microstructure developm#nempirical work.
Although the model still includes the stylized assumptions, the paper providdslkwing testable

hypotheses:

¢ Information effect on price after small trade size is zero.

Price change after large trade sizes are transacted has a concagasieip with trade sizes.

Information component of bid-ask spread monotonically increases insiaele

Bid-ask spreads in large trade sizes have a concave relationship witstzag.

The structure of the paper is as follows. We introduce the model in the dseation. In the third
section, we provide the equilibrium analysis. In the fourth section, weteats price-impact function

and analyze it. Finally the fifth section concludes.



2 The Model of the Sequential Trades

We consider a model in which potential buyers and sellers trade assetsooitipetitive market maker.
The market maker sets prices at which she will buy or sell any quantity dfrdlded asset. In our
economy, one risky asset is traded fBrperiods. There is also a risk-free asset with peflodayoff
normalized tal. The terminal payoff of the risky asséf, is not known to all agents in the economy. In
particular,V e {V, V} with the prior probabilities such that < Pr(V = V) =4 < 1. We assume
thatV < V.

There are three types of agents in the economy:
1. risk neutral informed traderswho know the realizatiof” of the risky asset payoff;

2. liquidity traders whose trading motives are exogenously determined by a random vgyidiiddn

will be specified later);

3. a competitive risk neutral market makevho counter the trade orders made by informed traders

and liquidity traders.

The order sizes (quantities) in which the risky asset can be tradedstiietesl. In particular, the traders

can trade the risky asset only in the order sizes which are elements of the se
Qp={-n, .., —-1,0,1, ..., n}.

In our notation,k and —k represent purchase and salekafinits of risky asset, respectivelf2;! :=
{1, ..., n} denotes the set of possible purchase order sizes Wljile= {—n, ..., —1} denotes the set
of possible sales order sizes. The numbegpresents no trade.

We also assume that the number of informed traders is large enough to nchkeceaompetitively.
Since informed traders hold the information superiority about the asset, ¥hky have a motivation for
trades in order to maximize their expected profit. A market maker tradesdeetiaere is some chance
that she is dealing with an uninformed trader. In addition, bid-ask spoeedsompensate her for doing
business with informed traders.

Now we will describe how trades actually transpire. Theeriod trading game unfolds according

to the following timing structure:
1. In period0, nature chooses the realizatibnof V, and all informed traders observe

2. In successive periods indexedby: 1, ..., T, the events realize in the given order:



(a) Having observed the trades up to period 1, the competitive market maker posts a price

for each possible order size;

(b) A new trader (of either informed or liquidity type) arrives at the masdket learns the price-

guantity quotes of the market maker.

(c) If the trader is informed, she takes the profit-maximizing quote. If thestresda liquidity

trader, she trades in the order size determined by her liquidity needs.
3. Inthe end of period’, V becomes public information.

Now we describe the information structure in the market. The type of the teadeing in period
t is determined by the random varialslewhich takes values ifi,, [}. These lettersi, andl, denote
informed type and liquidity type, respectively. The random variabjissare i.i.d. acrosg = 1, ..., T,
and

Pr(6,=1i,)=p, t=1,...,T.

If period ¢ type isl, then the demand is determined by the random variapleith

for ¢ € Q,. The random variable&it}t:17,,,7T are mutually independent. The random variatsles
Ly, V are mutually independent for al] as well. We assume that an informed trader, who arrives
at the market once, gets the chance to re-trade with probabilifyhus, an informed trader behaves
myopically and ignores the effect of her trade on future periods. Thetste of this trading game is
common knowledge.

This is the game in which the market maker observes the realized demand rad thfeeach period.
Let ¢; denote the order size that the market maker receives in peribaus, eachy; is the action that
is played in period. A history h; = (q1, ..., q¢) is the realized choices of actions at all periods before
t+ 1. The space of all possibteperiod historiest > 1, is denoted by! := Hizl Q,, andh; is taken
to be the generic element Q!fl. Also, hy, t > 1, is said to beconsistentvith hy = (q1, ..., qr) € QZ
if hr = (ht, qev1, ..., qr). FOr notational convenience, we leg = . Letr; : Q! x Q,, — Rbea
price function. Theng;(h;—1, q) denotes the market maker’s price-quantity quote of tradegsigeen
hi—1.

Next we define trading strategies of informed traders. The market mages & different trader in
each period. Since there are multiple trade sizes available and the marketaha&ses a price for

each quantity, an informed trader may possibly obtain the same profit fralingrdifferent sizes. In
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this case, the informed trader assigns positive probabilities to those trade(thiat is, she will take
the behavior strategy that assigns positive probabilities to these actioaslioitthese quantities in an
information set).

First, we call as trading strategies a probability function2,, — [0, 1] suchthad . ¥(q) = 1.
We also define support af assupp(v) := {q € Qn|¥(q) # 0}. We further let

q€Qn

A(Q,) = {w : Qp — [0, 1]

Zw(Q)l}

to be the set of trading strategies. Second, we define a trading stratéyfprofied traders in each
period. In periodt, observing the value oV and historyh, 1, informed traders choose a trading
strategy which assigns a probability distribution over trade size3,in Formally, we can define a

trading strategy of informed traders as follows:

Definition 1 A trading strategy of an informed trader in period t prescribes a probabdistribution

¥ (V, hi—1) € A(Q,) over trade sizes i, for eachV € {V,V'} and historyh; ;.

Notice thaty(V, hy—1) assigns a probability that an informed trader trades each quantity. We shall
denote the assigned probability to trade a trade gize(,, by ¢ (q|V, h;—1). Game theoretically, a
collection ofy;(V, hs—1) is a behavior strategy over all trade sizes (2,,.

Next, we consider optimal trading strategy of an informed trader in periédhong trading strate-
gies, the informed trader chooses the strategy which maximizes her exmpeofgdyiven the price
schedule given by the market maker. In other words, an informed tvelieh arrives at the market in

periodt chooses the trading strategy assigning probability distribution which maximézgs dfit.

Definition 2 An optimal trading strategy of an informed trader in period t with respectrtas a
probability distributiony; (V, ht—1) € A(Q,,) over trade sizes if2,, for eachV € {V, V} and history
ht,1 if for Tt,

Ui (Vihet) € arg | max > (@) g (V —mi(hio1,q))] (1)

Before we proceed, we consider the market maker’s decision problée.dé&ides each period
price schedule based on the history of trade sizes that she has eeedaap to the current period and
a Bayesian updated belief contingent on each quantity. Our importanhpsen is that the market
maker earns zero expected profits on each purchase and eachndadbgedaces no transaction costs.

This is a central assumption about a market maker that Glosten and Milg@naftl Easley and



O’Hara [6] have used. Competition between market makers leads to swedcaptdion. Two market
makers are enough to make competition and drive them to zero profit pricing.

To illustrate this, suppose that there are two market makers in this marketostuhe first market
maker put the ask pricé; so that it is strictly greater than her expected value of the asset conditional
her information. Then, the second market maker will choose an ask4yiee A, which is greater than
the conditional expected value of the asset to attract a trader. Notice tHadtmeakers are assumed
to be uninformed of the valu€ and risk neutral. In each period, an available information set is same
for the market makers. Thus, the conditional expected value of thewitide¢ the same. In this way,
the market makers set prices with zero expected profit. We do not explisglynze the existence of
multiple market makers because our focus in the paper is information basagksgpreads and as long
as zero expected profit pricing is imposed, the result from having multiplkanarakers is equivalent
with one from a single competitive market maker.

We consider how the market maker updates the belief according to eaehsiz@d The market
maker sets prices with zero expected profit by using the belief updatedatte trade size. In order to
move on to equilibrium analysis, we have to specify the market maker’s pciotgs and thus we need
her updating formula. We assume that the market maker is a Bayesian. Nepewiéy her updating
formula.

Take a functiony; : Qf, — [0, 1]. Letd,(h:) denote the probability of risky payoff equal ¥ given

history h,. From the initial distribution o, we haves, = 4. Using Bayesian updating, we now have

forall g € Q,,
O(hi-1,9) = Pr(V=Vlhi1,q) )
Pr(V :K~|ht—1) Pr(q!ht_l,V :K~) (2)
>veqy vy Pr(V =Vih1) Pr(qlhi1,V =V)
_ Pr(V = VIh 1) [pte(@lV hey) + (L= p) ()] 3)
>veqy iy Pr(V = V1) ptu(qlV, hi1) + (1 = p) 7(q)

Notice thatd) < 6 < 1 and~(q) > 0 for all ¢ € €, for all ¢, the denominator of (3) is non-zero.

Also, following the zero-profit pricing condition, the market maker sets tieequal to
me(he—1,q) = 6¢(he—1,q) V. + (1 — 5t(ht—1;q>)va Vhi—1 € Qﬁflqu € Q. (4)

We say that a price functiom, satisfies the zero-profit pricing condition if the equation (4) holds.
The updating process of the market maker’s belief is summarized in the fodivia letter MM

means market maker in Figure 1.).



[72)

ATrader arfives he MM quoteSThe MM receive The MM updates
at the market | mt(he—1, ). the orderg,. | fthe beliefd;(hs_1, q:).

Figure 1. Updating the belief in perigdyiven the historyh; ;.

Finally, we define an equilibrium of this game. The equilibrium is defined asfagieBayesian

equilibrium of the trading game and the zero-profit pricing condition.

Definition 3 An equilibrium consists of a sequence of price functions and optimal trastirdge-
gies of informed traders{z;, ¢/ },_, , 7, and posterior belief§d; };—1 2, such that for allt €

{1,---,T},allq € Q,,and allh; € O,

(P1) =} satisfies the zero-profit pricing condition with respectfdV, h;_1),

(P2) forall V € {V,V}, ¥;(V, hy_1) is an optimal trading strategy in every periadvith respect to
T,

(B) forall ¢ € Q2,,,

_ PV =V i @Y ) + =) y(@)]
ZVG{K,V} Pr(V = Vlhi—1) py (qlV, he—1) + (1 — p) v(q)

5:(ht—17 Q) (5)

The condition(P1) implies that the competitive market maker determines the price for each order
sizeq such that it is equal to the expected value of the risky asset payofitmorad ong and the history
of orders. The competition between potential market makers is not explicitlglteddere. Also, since
in order to calculate the expected valug/othe market maker uses a updated belief contingent on each
order size, the first condition explicitly implies that the belief has to be updatedgh a Bayesian rule.

The condition(P2) means that an informed trader chooses a trading strategy to maximize her profi

Also, note that thé-period historyh depends on the realizatiq{6; }/_,, {L:}{_,) of the random
vector ({ét}thl, {Et}tT:1> :
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The condition(B) specifies the equilibrium belief. The market maker’s belief in equilibrium fatlow
the process defined in (5). For alle Q,,, (1 — u)y(q) is non-zero and then the denominator of (5) is
non-zero. Thus, the equilibrium belief path (5) is well-defined.

Notice that since a liquidity trader trades for her liquidity needs, she dddsme strategic choices.
Therefore, in an equilibrium there is no condition for her strategy to satiShus, the equilibrium
definition above does not include any conditions for her. Actually, thertgagiame is played between
a market maker and an informed trader. The market maker is uninformeglsasd Bayesian rule to
update her belief. In this sense, the equilibrium definition has Bayesianftmroe On the other hand,
the market maker uses the zero profit condition for pricing assuming theetitimip between potential
market makers, although this situation is not explicitly modelled. Thus the equitibration that we
are using here could be called a (Bayesian) Nash market equilibrium.

Finally, the bid-ask spread of quantity sizés the difference between the ask price of quangity
and the bid price of the same size. Thus, the petibitl-ask spread for historg;_; € Q! and order

sizeq € {1, ...,n} is formulated as

St(hi-1,q) == m(hi—1,q) — 7 (he—1, —q).

3 Equilibrium Analysis

3.1 Optimal Trading Strategies of the Informed Traders

Here we analyze the optimal informed trading strategies for given orderieis. Our first result shows
that if an optimal trading strategy assigns positive probability to a tradegsiak trade sizes larger
than g are also assigned positive probabilities. To motivate this result, let us eoreidinformed
trader’s size preference in a uniform-price setting: with a uniform ptive,informed trader always
prefers to buy the largest trade size if price is lower than the payoff eligis the largest trade size if
price is higher than the payoff. When there is differential pricing, as ircase, informed traders may
avoid trading in the largest size with probability one fearing that such agyratght lead the market
maker to hike up the price for that size. As a result, trading that size withapiiity one would not be
profitable for the informed traders.

First, we introduce one proposition about the basic properties of optinthh¢yatrategies. The

next proposition is helpful to define an equilibrium. Fgrwhich satisfies (4), the following holds.
Proposition 1 For all possibleh; 1 € Qt-! andt = 1, ..., T, for zero-profit price functions;,

11



1. 0|V, he—y) =0VV € {V, V1.
2. 95 (qlV,hi—1) =0 Vg eQ,.
3. i (qlV,h—1) =0 Vg e Q.

Proposition 1 implies that an informed trader always trades in non-zemtitiesa. Also, the in-
formed trader sells in cadé = V, and buys in cas& = V. Notice that a sale decreases the market
maker’s expectation df and a purchase increases it. Also, sifice 1) y(q) is always strictly positive
in all non-zero trade sizeg the denominator of (7) is non-zero for all non-zetd\otice that there is
no liquidity trader who trade® and that the informed trader’s trading zero quantity is of measure zero.
So, wheng = 0, the market maker can not obtain any information and so the belief staysnige ba
other words, a null order does not affect the market maker’'s exjiatiaf V. From these arguments,

we can clarify the equilibrium belief as follows:

67_1(he-1) rg=0
N 87 (he—1) [ (gIV,he—1)4+(1—p) v(q)] . _
5 (hi-1,0) = { S e Dpvra@h o ¢ 9€ (6)
67 1 (ht—1) 1—p)v(q) ge Q;}L—

(1=6;_y (he—1)) 7 (alV he—1)+(1—p) v(q)

From (6), for allg € Q,,,

0< 5t(ht) < 1, Vhy € Q%,Vt. (7)

That is, the realization df is never fully revealed due to the non-degenerate possibility of liquidity

trading at each non-zero order size.

n

ki(hi—1) = min{k: (1 —p) Z(l - %)’Y(’L) + (1 = 0¢(ht—1,q)) )0 > 0}; (8)
i=k

By(her) = minfk: (U 0) S0~ Dy(-i) 4+ dulhe s, g > 0} (©)
i=k

The lettersk;(hs_1) or k,(h;_1) are the minimal possible cut-off size above which the informed

traders trade with strictly positive probabilities on the long side or the shat adpectively.

Theorem 2 Forall h;_1 € Qi-Yandt = 1,..., T, there exists a cut-off size(h; 1) andk, (h;_1) with
ki(h¢—1) > 1andk,(hy—1) > 1 suchthasupp{¢; (V, hy—1)} = {ki(he—1), -+ ,n} andsupp{y; (V, he—1)} =
{_n> ) _Et(htfl)}'
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This simply means that an optimal trading strategy of informed tradersartially pooling for

somek with 1 < k < n. By Theorem 2 we can classify the types of the optimal trading strategies.

DEFINITION. An optimal trading strategy of informed traders,, is

e [ partially poolingon the long side if
0 < ¥f(q|V,h—1) <1 forallq € {k,k+1,...,n} and ¢} (q|V,h—1) = 0 forall ¢ €
{0,....,k —1}.

e k partially poolingon the short side if
0 < ¥f(qlV,he—1) <1 forallg € {—n,—n —1,...,—k} and ¢} (q|V,hi(—1) = 0 for all
q€A{0,...,—k+1}.

Theorem 2 implies that all optimal trading strategiesfapartially pooling for somé:, 1 < k < n.
For instancey (i|V, hy—1) = 1, for i < n, cannot occur for any” and historyh,_;. As we will see in
Theorem 2, there is a cut-off size beyond which the informed trader tedes with strictly positive
probabilities. In this sense, the above classification does include all fepiiimal trading strategies.

Notice that as special caseskopartially pooling, we have the followings.

e ¢ is separatingon the long side (short side)f; is n partially pooling on the long side (short
side).

e ¢} is completely poolingn the long side (short side)qf; is 1 partially pooling on the long side

(short side).

Now, we consider when an optimal trading strategy is separating or podiimg following three
propositions give us a necessary and sufficient condition for eachdfimptimal trading strategies.
Proposition 3 is about separating, Proposition 5 is akqdrtially pooling, and Proposition 6 is about

completely pooling.
Proposition 3 For all h;—; € Q! andt € {1,...,T},

1. +} is separating on the long side if and only If =V and

n (1 = d¢—1(he—1))p
> 1+ ; 10
n—1 A1 —p) (0
2. 9} is separating on the short side if and only if =V and
n Op—1(he—1) p
>14 — . 11
no1 2 T ) -
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This proposition says that as the probability of informed trading goes upptamal trading strategy
is less likely to be separating. On the other hand, as the probability of infomagidg goes down, an
optimal trading strategy is more likely to be separating. One interpretation is thatpirobability that
informed traders trade the largest quantity is high, the market maker putsrthiaxge bid-ask spread
in the largest quantity. Then, the informed traders avoid trading the lagigestity and instead trade
a different quantity size. In this sense, an optimal trading strategy is le$g likbe separating as
the probability of the informed trading increases. Reversely, as the lgfitypaf the informed trading
decreases, an optimal trading strategy is more likely to be separating be¢bausd-ask spread in the

largest quantity is not so large. As a direct corollary to Proposition 3 alt@rfing holds.

Corollary 4 In equilibrium, if 11 is sufficiently close t0, ¢} is separating. On the other hand,yifis
sufficiently close td, V = V andg,_; > 0, ¢; is not separating in equilibrium. Ifi is sufficiently

closetol, V =V andg;—; <0, ¢} is not separating in equilibrium.
Proposition 5 Forall h;_; € Q- andt € {1,..., T},

1. +f is ki(hs_1) partially pooling on the long side if and only i¥” = V' and

I—p) > (1 - m) v(@) + (1 =61 (he—1))p > 0, and (12)
i=k¢(h¢—1) B

t-n Y (1o )0 Gt < 0 ()

i=ke (he—1)—1 hu1) —1

2. Y} is ki(ht—1) partially pooling on the short side if and only it =V and

n

(1—p) > <1—m> (=) + 6—1(he—1)p > 0, and (14)
i=k¢(ht—1) N

I—p > (1 - m> Y(=1) + -1 (he—1)p < 0. (15)

i=ki(he_1)—1

We can see that the condition (12) for the set of trade sizes which theneéotraders trade with the
positive probabilities is complement of the condition (13) of the set of trads sihich the informed
traders trade with the probability of zero. The condition for the existendmefartially pooling
equilibrium is that there must exist sorkeabove and beyond which each condition holds. Then, this
k will be a cut-off size above which the informed traders trade with strictly p@sjirobabilities. As
a special case of the above proposition, we obtain the following propositicacompletely pooling

equilibrium.

14



Proposition 6 For all h;—; € Q! andt € {1,...,T},

1. +; is completely pooling on the long side if and onlyWif = V' and

n

(L= Y (1=i)y(i) + (1 =S (hea))pp > 0; (16)

i=1

2. v} is completely pooling on the short side if and onlylif =V and

n

(=) Y (L =iy (=i) + 61 () > 0. (17)
=1

In the case of a completely pooling equilibrium, the informed traders trade sdile trade sizes
with strictly positive probabilities. Therefore, in the above proposition weaohave condition like
(13) in Proposition 5. The similar interpretation stated in Corollary 4 applies. h&he first term
of (16), (1 — p) >_ (1 —9)v(4), is always negative. In order for (16) to hold, the second term,
(1—08;—1(ht—1)) 1, has to be positive. Therefore, the probability of informed tradihg,d;—1 (h¢—1)) 1,
has to be positive. So, we can say that as the probability of informed tremdgrgater, an equilibrium

is more likely to be completely pooling.

3.2 Existence and Uniqueness of Equilibrium

We have given the necessary and sufficient conditions for the exéstedneach kind of equilibrium.
Before we move on to the analysis of dynamics of these equilibria, we condgid¢her those equilibria
would always exist or different kinds of equilibrium exist simultaneousiyie answer is no. The
following proposition says that it is always the case that there exists theoptilypal strategy of the

informed traders in each period.

Proposition 7 For a historyh; ; € Qt~1,1 <t < T, an optimal trading strategy of informed traders

f is unique.

From Proposition 5, inequalities (12) and (13) or inequalities (14) any ¢& can find a unique
k. In other words, on the long side, a trade size that satisfies both (1213t a unique cut-off size.
For example, when an equilibrium ispartially pooling,k + 1 makes the right hand sides of (12) and
(13) greater than 0 ankl— 1 makes the right hand sides of (12) and (13) smaller than 0. Then, from
Lemma 2.} is determined uniquely (see appendix for details). Therefore, an optiauh¢y strategy

of informed traders is uniquely determined.
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Notice that Proposition 7 establishes that there can be no an optimal tracateggty; with
iV, hi—1) = Yy(—n|V,hy—1) = 0 foranyV € {V,V}. This means that the informed traders
always trade the largest quantity with a strictly positive probability. As thetaerollary to the above

proposition, we obtain the unique existence of an equilibrium.
Corollary 8 There exists a unique equilibrium.

The proof is done in the following way. From Proposition 3, Propositiond Riroposition 6, we
prove that one of the three propositions must hold. Then, we can spleeifut-off size in each period.
Thus, there is an optimal strategy. The existence of an equilibrium followscéthat the equilibrium
consists of the optimal trading strategies and the price function. The pricéidas are given by the
zero profit condition. Given the market maker’s belief, we can determmerilie-quantity quotes. As
stated in Proposition 7, an optimal strategy is unique. Therefore, the egurlilexists uniquely. Now
we have given the necessary and sufficient conditions for each kiegudibrium and established the
unique existence of an equilibrium. From the point of a game theory, wedpaafied a behavioral
strategy at each node. Also we have shown that a behavioral straietg/uniquely at each node. The
analysis so far is very static in the sense that we focus on period by menmatition. Now we turn our

attention to the dynamics of the bid-ask spreads in the next section.

3.3 Equilibrium Dynamics

In this section, we consider the market maker’s learning process in trerdgs setting. In order to
do so, we will extend the results that we have gotten in the previous sectior tatthiple periods
environment. First, we consider the movement of each kind of equilibriumtowe. The following

proposition specifies the condition under which the set of trade sizeg alfteh the informed traders
trade with strictly positive probabilities expands. In other words, we hpgeified the condition under

which a cut-off trade size decreases over time.

Theorem 9 Let {x},v;, ;7 }1_; be an equilibrium. Giveh;_1 € Q' ' andh; = (hy—1,q) for ¢, €

Qn,

1. if oy is ky(hy—1) partially pooling on the long side angy > 0, thenv}, , is kyy1(he—1, qr)

partially pooling on the long side with; ;1 (hi—1,q:) < ki(hi—1);

2. if 4} is k¢(hs—1) partially pooling on the short side angt < 0, thenvy,; is ki 1(he—1,q1)
partially pooling on the short side witky 1 (hi—1, q:) < ki(hy—1).
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We have known that the cut-off size weakly decreases with a certairalpiiitp in each period.
In other words, with that probability the cut-off size would not increasethk next proposition, we

consider the conditions under which the cut-off size decreases.
Proposition 10 Let {=}, v}, d; }L_; be an equilibrium.

1. Suppose that for a history_; € Q'Y andh; = (hy_1,q) for ¢; € Q,, ¥} is ki(hy—1) partially
pooling on the long side ang > k;(h;—1). Themy)y, ; is ki1 1(h:—1, g;) partially pooling on the
long side withk; 1 (hi—1,qt) < ke(hi—1) if

1 B 1—pu

Z?:kt(ht—l) 27(2) at Prt(CIt > kt(ht—l))

S 1—p 1 )
— o k(hie1) x (ki(he—1) — 1)

67 (he) % (

(18)

2. Suppose that for gively_; € Q! andhy = (hy_1,q) for ¢ € Qn, ¥ (V, hy—1) is ky(hi—1)
partially pooling on the short side ang < —k;(h¢—1). Thenyy,; is ki1 (hi—1, q¢) partially
pooling on the short side witky 1 (hi—1,q:) < ki(hy—1) if

1 1—p
D ki (hy_y) 1Y (=) el Pri(g < —kt(ht—l)))
S 1—pu 1
T b k(b)) x (Re(hy—1) — 1)

(1 =6, (he)) x (

(19)

Notice that if the condition (18) or (19) does not hold, we will h&y€v;—1) = ki1 (hi—1,¢:). One
interpretation of the above proposition is that all trade sizes that the infomagel's trade with strictly
positive probabilities have bid-ask spreads and then in the next periodftinmed traders will trade

the smaller quantity. As a direct corollary of Theorem 9, we have the follpwin

Corollary 11 Let{r},;,6;}1_, be an equilibrium.

For a historyh; 1 € Q=Y andh; € {(hi—1,q) : ¢ € U},

1. if )} is completely pooling on the long side (short side) apd> 0(¢; < 0), thenvy,, is

completely pooling on the long side (short side);

2. if+f, | is separating on the long side (short side) apd> 0(q; < 0), then); is separating on
the long side (short side).

Now we consider the dynamics of the market maker’s equilibrium bé&lieProposition 3, Proposi-

tion 5 and Proposition 6 include endogenous varialdlesThe following proposition gives the general
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formula of the market maker’s belief and expresses the market makdie$ Wéh only exogenous
variables. We express the market maker’s belief in a recursive way.

For a historyh; = (q1, ..., q:) € 2, let
m* (k) == {1 :7 <t,6;(h;) < 6,_1(h,_1) h,_1 consistent with, } ,

and

m”(hy) :=={7:7 <t,0:(h;) > 0r—1(hr—1) hr_1 CcONsistent withh, } .

Let m(h:) = m*(hs) Um™(h:). In words,m™ (h;) denotes the set of periods in which the market
maker’s belief is updated upward and (h;) denotes the set of periods in which the market maker’s
belief is updated downward. Moreover,(h;) denotes the set of periods in which the market maker’s

expectation o/ is non-trivially updated, i.e., it is the set of the periadwhich satisfies

5T(h7') 7£ (57'71(17!7'71)
for h, andh_; consistent with,.

Proposition 12 Let {r},;,d; }L_, be an equilibrium. There exist functios : O, x [0,1] — [0,1]
ands;" : Qf x [0,1] — [0, 1] such that for{h; }._, consistent witthr, if |m~ (k)| = 0, thend; (h;) =
;" (hy, ) and if [m™ (hy)| = 0, thens; (hy) = 6; (he, 6)2.

An idea behind Proposition 12 is as follows. In order to derive the markletrisaupdated belief in
periodt, we first focus on the evolution of the market maker’s belief associatedpaitbds inm ™ (h;)
and then we consider periodssim—(h;). In other wordsg;™ gives us the market maker’s belief that is
updated downward given a history and the initial distributiord .ofn the same wayj, gives us the
market maker’s updated belief that is updated upward given a historthanditial distribution of§.

A history can be divided into two setsy* (h;) andm ™~ (k). A functiond;” (hs, §) gives us the market
maker’s updated belief associated with periodsiin(h;) whenm™(h;) is an empty set and a function
d; (h+,0) gives us the market maker’s updated belief associated with periods {h;) whenm™ (h;)

is an empty set. An equilibrium beliéf (~;) is a combination of these two types of belief because in
general both ofn ™ (h;) andm ™~ (h;) are non-empty.

Let us describe the relationship betweih,), andd;" (h;,d) andd; (h:,6). We consider the

following situation: up to period;, m~(h;) is empty and aftet; up tots, m™(h;) is empty. Then,

2The details are found in Appendix.
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the market maker’s equilibrium belief in periodis given byéjg(htl, 9), and then the market maker’s
equilibrium belief in period, is given byé;! (hy,,d; (hs,,6)). In a similar fashion, we repeat this
procedure up to perio@ and obtain a general formula of the market maker’s béliéf, ).

Now that we know how to obtain the market maker’s belief expressed byexolgenous variables,
we combine it with propositions that we have seen in the previous sectionesntosv the initial
conditions influence on the optimal trading strategies of the informed traddrs.most interesting
result is the one applied to Proposition 3. let(h.)| count the number of periods in the seth,).
The following proposition describes when informed traders always ttegllargest trade size, in other
words when the optimal trading strategy in each period is separating. Taesitleat since Proposition
3 specifies the necessary and sufficient conditions for an optimal trattedggy to be separating, by

substitutingy; derived in Proposition 12, we obtain the following proposition.

Proposition 13 Let {r}, v}, d; }1_; be an equilibrium.

For a historyh;_1 € Q-1 andh; € {(hi—1,q) : ¢ € Qn},

1. +} is separating on the long side if and only If =V and

=

>1
n—17— +

y(n) (1 — ) + 5 (y(n) A—p))Imtl gz(gb) (1)) -1

2. v} is separating on the short side if and onlylif =V and

n 1

-1 (1=8)(v(=n) (1—p)) ™I
n A(=n) (1 = p) + F2OCR Ul

An interesting thing about the above proposition is thatd > 1 + m or 5 > 1+
m, an equilibrium is separating even when the number of periods goes to inTihigyproposi-
tion says that if the probability of the informed trading is sufficiently small, arligum is separating.
In other words, if the probability of the liquidity trading is sufficiently large carga to the informed

trading, an equilibrium is not separating.

3.4 Bid-Ask Spreads and The Market Maker’s Learning Process

So far, we have given the general analysis of the dynamics of an equiibFinally, in this section, we

consider the bid-ask spreads. A bid-ask spread in each trade sidinisddas the difference between
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bid-price and ask-price in each quantity. We will consider the behavititeobid-ask spreads after the
infinitely many transactions in this section.
Notice that:
Se(hi-1,q) = (Ge(he-1,~q) = 0(he—1,9)) (V — V). (20)
Bid-ask spread reflects the difference between the market makergagpbelief after setting the
size ¢ and one after buying the size Let K;(h;_1) and K,(h;_1) denote the maximum and the
minimum of k; (k1) andk.(h:—1), respectively. Also, lefs; (h:_1,q) denote the bid-ask spread in

trade size; associated with the equilibrium belief 8f(h;—1, ¢) andd; (hi—1, —q).

Proposition 14 Sy (hi—1,q) > 0 for all ¢ € {K,(hi-1),--- ,n} and Sf(hi—1,q) = 0 forall ¢ €
{1’ T 7Kt(ht*1) - 1}'

Proposition 14 implies that the larger trade sizes which informed tradersviittdstrictly positive
probabilities have strictly positive bid-ask spreads, while the smaller sizastd@n interpretation of
Proposition 14 is straightforward. Since the market maker understarids twhde sizes the informed
traders trade, she assign strictly positive bid-ask spreads in thos@nsizdsr to deal with the informed
traders. Proposition 14 explains which sizes have strictly positive bidfaglads. Next, we consider
when bid-ask spreads for each trade size, even larger sizes, .vimakler to do so, we first calculate
the bid-ask spreads. By substituting the optimal trading strategy deriveenmmia 2 (see Appendix)

into (20), we obtain the following lemma:

Lemmal Let{x},v;, 67}, be an equilibrium. There exists a functigh(h;_1,-) : 2, — R such

that for a historyh;_; € Qi1

Si(hi-1,9) = [ (he-1,9)(V = V) (21)

for g =1,...,n.

First, we consider how the bid-ask spread looks like as a function of gizads. As we can see
from (20), bid-ask spread shows the difference of the market nskefiefs after selling and buying
the size. Thus we can say that we will consider how this difference esamger the trade sizes. In
order to express it, we use the notion of “concavity.” Before we prdcee define concavity in our
setting, because the concavity of functions are usually defined in a conilomain and our domain

is discrete.

3The details are found in Appendix.
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Definition 4 A functionsS;(h, q) is defined to be concave in a discrete domain with respegiftéor

all ¢ andq” withq' < ¢", Sy(h, ¢ +m) — Si(hy,q) > Se(he,q" +m) — Sy(hy,q") forall m e N.
Proposition 15 In each interval of K, (h;—1), K(hi—1)] and [K(hs—1), n], S§ (he, q) is concave in a

discrete domain with respect to

The figure 1 is a continuous representation of the bid-ask spread®fus¢ (h,—1, ¢) with respect
to ¢. In the calculation, we have set the market maker’s béliefjual to0.1 and assumed that there
are 10 trade sizes available for traders. Also, in the first figure, liquidity tradeesassumed to be
distributed uniformly over all trade sizes and in the second figure, liquiditietsaare distributed with
poisson distribution of mea, that isv(q) = %exp(—S). From the figure, we can see that when
the probability of informed trading increases, bid-ask spreads of alitijyaizes become larger. This
reflects the market maker's“risk hedging.” Also, as Proposition 15, sagentinuous representation of
S} (h, q) displays concave form in two intervals @&, (h;_1), K¢(hi—1)] and[K;(hi—1),n].

Informed traders are indifferent about trading those sizes in the ifgeiNatice that there are two
possible equilibrium, long side and short side. The market maker doesiaat\khich kind of equi-
librium occurs. Therefore, the market maker considers both casescdse of long side equilibrium,
informed traders are indifferent about trade sizes betvegh; 1),n] and in a case of short side, in-
formed traders are indifferent between trade sizés,ith;_1), n]. Itis often the case that these two cut
off sizes are different. It is actually the case that as the market maladies bhanges, these trade sizes
change. In this example of Figure 1, the market maker’s bélief0.1. From our calculation, when
liquidity traders are distributed uniformly, (h;_1) = 8 for k;(h;_1) = 5 in a case of: = 0.2. In other
words, whenV = V, informed traders are indifferent about trading sizes atiosad whenV = V/,
informed traders are indifferent about trading sizes al®véhe market maker does not know which
case is realized. What the market maker knows is that the sizes befvaa8 are transacted only
whenV = V and the sizes abowgare transacted in either case. That is the reason why there is a kink
in the functionS; (h+, ¢) defined ing € {0,---,10}. This is true for the general case for the reasons
explained above.

Notice that the bid-ask spread function for any distribution of liquidity tradisplays the simi-
lar form. As we explained above, the concave form in the two intervals andxistence of the kink
come from the condition that informed traders are indifferent betweemgadbese sizes in each in-
terval. When the market maker posts quotes, the market maker consideistthmition of liquidity

traders and the informed traders’ trading strategies. For example, agtteme case, we consider
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the situation where almost all liquidity traders selshares and very few traders trade at other sizes
than —9. Informed traders are indifferent between selling the sizes larger tieaouthoff size of8
on the short side of the above example. As presented in Lemma 2, (29);%) > ~(—10), then
0 (=91V, hi—1) > 6; (—10|V, hs—1). However, since the informed traders are indifferent between sell-
ing both sizes, it is natural that the change of the market maker’s beliefsgflng the sizel0 is as

much as one after selling the si2e

Spr eads

Spr eads

0.5 0.6

0.5
0.4

0.4
0.3
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Si zes

2 4 6 8 10

Figure 1: Bid-ask Spreads with Uniformly or Poisson Distributed Liquidityd€ra

Corollary 16 Let{r}, 7,5}, be anequilibrium. Giveh;_; € QL-tandh; € {(hi—1,q) : ¢ € U},
1. S¢(he_1,n) > 0.

2. if

then
Sy (hi—1,q9) = 0 forqe{l,..,n—1}.

The first part of the corollary says that there always exists a bid@slad in the largest quantity.
Since the informed traders trade the largest quantity with a strictly positimpiidy, it is always the
case that a bid-ask spread in the largest quantity is strictly positive. Tridbtiom in the second part
is from the condition of Proposition 3. The second part says that if aapg equilibrium exists, a
bid-ask spread in smaller quantities than the largest size is zero. This i©i§tueigrd because if there
is no probability that the informed trade these smaller quantities, there is ndardbd market maker
to put the bid-ask spread. Next, we consider the behavior of the bidpaskds when we take the limit

of the probability of liquidity trading.
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Corollary 17 The followings hold.
1. Asy(n) +~y(—n) — 0, Sf(hi—1,n) — ¢1 > 0.
2. If

. p p
— <1+ min 5 ) (1-9) )
= v (=) + aemammre Y0 =0+ seesaeam

then asy(n — 1) + y(—n + 1) — p for some positive, S} (hi—1,n — 1) — ca > 0.

The first part says that as the probability of informed trading in the lagyesttity decreases tiy
then the bid-ask spread vanishes. The second part says that astibiliry of informed trading in
the second largest size converges to some positive probability, thelbgpeesads in that quantity do
not vanish. An interpretation is that when the probability of liquidity trading inléingest trade size is
sufficiently small, then the trading in that size will be most probably from therinéal traders. Then,
we would not have a separating equilibrium because the market maker wdllptge bid-ask spread
and the informed traders will trade different trade sizes. Therefoedyithask spread in that quantity
vanishes as the probability of liquidity trading decreases to zero.

An intuition of the second part is also similar to the first part. Here we havsidered the second
largest quantity. In a (completely or partially) pooling equilibrium, the informaders trade the second
largest size with a strictly positive probabilities. If there is some probability ahliquidity trading
occurs in that quantity, it would be easier for the informed traders to 'tidghselves in that quantity
and the spreads in the second largest size do not vanish.

So far, we have considered bid-ask spreads across all trade s&é&spariod game. Now, we turn
our attention to bid-ask spreads in the case whgbecome sufficiently large. In other words, we study
the market maker’s learning process when there are sufficiently largbemof trading periods. Before
we proceed, we introduce one proposition about when bid-ask spfeiadll trade sizes vanish. From

(21), the following proposition is straightforward.
Proposition 18 The following holds:S; (h:—1,¢) = 0 if and only if5; (h¢—1,q) = 0 or 1 for g € Q,,.

An interpretation of Proposition 18 is as follows. When the market makelisfbe 0 or 1, the
bid-ask spreads vanish. In other words, when the market maker le@ether or not the valuation
of the asset is high, the bid-ask spreads for all trade sizes vanishrw@bgeit does not. The result

is natural in the sense that when the market maker learns the value of éhedagsto the zero profit
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pricing condition, she quote the bid and ask prices of each size at thiyesame level of the value of
the asset. Therefore, the bid-ask spreads vanish.

An interesting is that even if the asset is of low value but if the market makiewbe that the asset
is of high value, the bid-ask spreads vanish. The question here is wihogthet this could happen.
Else, we would like to know whether or not the market maker learns the vathe asset.

Notice that: for a historyy,,

E[0i+1(he, qe1)|he] = E[Pr(V = V|he, gry1)| ]

= PI‘(V = ‘ht)

<

= (St(ht)

Therefore, the belief; forms a martingale. An optimal strategy of informed traders prescribes
probability distribution over all trade sizes in each periodpfand the market maker’s belief assigns a
probability of risky asset’s being equal to the low value in each periochgiveistory up to the period.

We consider the market maker’s equilibrium belief as a stochastic process.

Theorem 19 LetT = co. Thenlim; .., 6;(h;) = §* almost surely wheré* = 0if V = V andé* = 1
ifvV=V.

The sketch of the proof is as follows. Within the game of an infinitely many psriwwd prove that
the equilibrium belief converges to some random variable by Martingaleecgerice theorem. Finally,
using the condition for the equilibrium belief, we can show that the randaorabia takes if V =V
andl if V = V. Therefore, we can conclude that the market maker finally learns thevdiue of
the asset almost surely. The important thing is that by Corollary 18, theskidgeads vanish almost

surely when the number of trading rounds goes to infinity.

3.5 The Number of Trade Sizes and Its Impact on Equilibrium

In this section, we investigate how the number of trade sizes affects bigpaskds and the market
maker’s learning process. To keep the notation simple, we previouslyeidiioe fact that equilibrium
is dependent on the largest trade sizeincen has been fixed in our analysis till now. We introduce
the following notation to carry out the comparative statics required for eessiigation: whem is the

largest trade size, we let

e -, denote the probability function for liquidity demand;
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{7F ns Vins 01 fe=1,....7 denote the equilibrium;

¢ n(h:) denote the probability of risky payoff being equal taywen the history,;

vary, (V'|h:) denote the variance of risky paydff conditional on the historyt;;

St.m(hi—1,q) denote the period bid-ask spread for the history,_; € Q}' ; and the trade size

qge{l,...,n}.

If the market regulators add new trade sizes to the economy, how wouldffixis #he bid-ask
spreads for the previously existing trade sizes? This is the first questabnvéhinvestigate in this
section. Our analysis introduces new trade sizes by increasing thetlaagis sizen. We see that
if sufficiently high number of new trade sizes are introduced into the ecormrdythe probability of
liquidity trading in these new sizes is high enough then the bid-ask spreatefpreviously existing

trade sizes vanish. Formally, we have the following:

Proposition 20 Let{~},,, ¥}, 6;, }i=1,..r be the equilibrium, given the largest trade size {1,2,...}.
Supposéim,, oo Y iy 1n(4+4) = limy oo iy ¥y (—i) = oco. Forany given trading period > 1
and history(h; 1, q) € ,,, there existsV(;,, , o) € {m+1,m+2, ...} such thatforaltm’ > N, ,

0 = SZm’(ht—lv q) < S;m(ht—la q)
The inequality above becomes strictjif ,, (V, h¢—1, ¢) is non-zero for som& € {V,V}.

The key to this result lies in the following observation. If pricing were umifpmformed traders
would choose to trade in the largest available trade size since they cathedaighest profit by doing
so. In anticipation of such behavior, the market maker puts a spreaddretive bid and ask prices
of the large trade sizes, which compensates her for the risk of doingesssimth informed agents.
Naturally, the spread for any given trade size decreases as thebpitghaf liquidity trading in that
size increases, because such an increase means lower risk of tréttlimgfovmed traders. When the
probability of liquidity trading in large trade sizes is high enough, spreadsksand informed traders
prefer to trade in these large quantities. Introducing new trade sizesi@asieg the largest trade size
n essentially means adding larger trade sizes to the economy. If the numbesefidw and large trade
sizes is sufficiently large and the probability of liquidity trading in these newssizsufficiently high,
informed traders will trade in these new sizes and they will no more trade imekipsly existing trade

sizes. Since there is no more risk of doing business with informed tradeespnetiously existing trade
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sizes, these trade sizes will have no spreads between their bid andcask pience we have the result
stated in Proposition 20.
Proposition 20 guarantees a high probability of liquidity trading in the newlydiized large trade
sizes by imposing the condition
lim Y iy (+i) = lim Y iy (—i) = oo.
=1 =1
This condition is satisfied, for instance, by the sequence of probabilitytiturs, {~,,}>° ;, which
uniformly distributes liquidity trading over the trade sizeqlp. This is the sequencéy,, } > ;, with

T+ 2y — [0, 1] andy, (7) Vi € Q.

= ﬁ
Next we investigate how the introduction of new trade sizes affects the tmaddeer’'s learning

process. We measure the effect of a trade, in the@med period,, on the market maker’s learning

process by the precision of risky paydff conditional on her information and the knowledge that

g will be traded in that period, which i So, the higher this conditional precision, the

1
Var(V]hi—1,9)"
market maker’s learning process improves, and the lower this conditie@sn, the learning process
gets impaired. The following proposition shows that introducing new tradss 4y increasing the
largest trade size can actually impair the market maker’s learning process for trades augimrthe

previously existing trade sizes.

Proposition 21 Let {r,,, V7, }+=1,...7 be the equilibrium, given the largest trade sizec {1,2, ...}.
Supposéim,, oo Y i 1n (i) = limy oo Y iy iy (—i) = oco. Forany given trading period > 1
and history(h;_1,q) € QL , there existsV(,, _, o) € {m+1,m+2, ...} suchthatforalim’ > Ny,

1. vary, (V|hi—1,q) > var,(V|hi—1,q) if 0 %
2. vary, (V|hi—1,q) > vary,(VIhy—1,q) if &> 3, and(hi—1,q) € (2, U {o})".
The inequalities above become strictuf ,,,(V, hi—1,¢) is non-zero for som& e {V,V}, in

addition to the conditions stated above.

It is easy to check that all results in this paper hold when the space ofdizateis taken as

12 1
{—,—,...,” ,1}.
n n n

Therefore, our analysis also allows us to investigate the implications of poliatréaluce smaller trade

unit in a stock market, that is, we can see the impacts of trading in smaller indseaistock numbers.
The analysis above shows that this institutional change can cause tag+askls to vanish and market

maker’s learning process to be impaired when orders are made in smakizade
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4 The Price-Impact Function

In this section, we consider the relationship between trade sizes and #etexxprice changes condi-
tional on each trade size. This relationship is formed as a price-impadidontVe define the function
as:

Ri(hi—1,q9) = me(he—1,q) — m—1(he—1)- (22)

The functionR,(h;—1, q) shows the expected change of price conditional on trade;sipeen the

history h;_; in periodt. We can rewrite (22) as:
Ri(hi—1,q) = (O¢—1(he—1) = 0¢(he—1,9))(V = V). (23)

For a simplicity of calculation, we suppo$e— V = 1. Notice that forg > 0, R;(h;_1,q) > 0 and
for g < 0, Ri(hi—1,q) < 0. We also denote the price-impact function in pericafter a historyh; 1

determined by the equilibrium variables B (h;—1, ¢) for eachq € Q,,.

Proposition 22 Let {r}, 1}, 6; }}_, be an equilibrium and suppose that we hayepartially pooling
equilibrium on either the long side or the short side. For@lK k;, R;(ht,q) = 0. For all ¢ > k,

R} (hs,q) is concave in a discrete domain with respectto

Proposition 22 says that among all trade sizes with strictly positive bid-askdg, in other words,
larger than the cut-off size, the increment of price change decreasesla sizes increase. Since trade
sizes take on only integers, we do not explicitly use the words,“concblmever, we can say that the
approximated continuous function of the price-impact function displayseas@ form.

Here, we have some numerical examples of the price-impact functions Tak).5 andn = 10.
The Figure 1 shows the price-impact function in the case whére= 5-. The first figure shows the
function on the long side and the second one shows the function on thesiler Notice that trade
sizes can take on only integers. That is, the liquidity traders are distribatéatraly. In this figures,
we connected those points to approximate the functional form. The Figurevilsghe price-impact
function in case where(q) = 25—;!e:rp(—5). That is, the liquidity traders are distributed with poisson
distribution of mears.

In the following figures, we plotR; (h.—1, ¢)| over all quantities. In both figures, points which
intersects withz-axis are cut-off sizes. We can see that the cut-off size decreasafeaseases on the
long-side or ag increases on the short-side. Also, we can see that after the cut-offisz®ice impact
takes on a concave functional form and that is why in a small quantity jiesttae cut-off size, change

in impact is large.
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Figure 2: Price-impacts with uniform distributed liquidity traders
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Figure 3: Price-impacts with poisson distributed liquidity traders

5 Concluding Remarks

The old adage of Wall street says that “it takes volume to move prices”.p@&per sheds light on the
relationship between trade sizes and prices in a dynamic model. In a marketsyitimetrically in-
formed agents, trade sizes that informed traders trade convey infornaaiibtherefore cause impacts
on the security price. The impacts of trade sizes on price differ. It is impitidaunderstand what is the
relationship between price change and trade size. For this purposeapsis gives the enriched the-
oretical framework of the canonical model Glosten and Milgrom [10] andfige testable hypotheses
for future studies on the subject.

Our main results are as follows. We have shown that there is a nonzeodf sige above which
informed traders possibly buy or sell, and that larger trade sizes haievpdid-ask spreads, while
smaller sizes do not. Then, we have proved that the cut-off size desriédmth informed traders and

liquidity traders trade in the same way. Moreover, we have proved that adhditional trade sizes are
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introduced to the market, the market maker’s learning process can be ichpadéhe bid-ask spreads
for the previously existing trade sizes can vanish under a mild conditionllysiwe have proved that
the smaller trade sizes that do not have a positive bid-ask spread reseitbiprice change, while for
larger trade sizes the rate at which price change increases is a degfaastion of the trade size in all
trading periods and then we have also derived the functional relatiobehigeen trade sizes and bid-
ask spreads. The function for bid-ask spreads displays monotonicatBasing and locally concave
form. Most of our results are broadly consistent with the empirical findings

Another important result of the model is that the price-impact function thatave derived more
likely becomes flatter as trade goes on. As the market maker learns motetfadoisky asset in the
sense that the market maker’s belief becomes closer to the true probabditgfahmation that each
trade gives to the market maker decreases. This result shows how dhmatibn content that each
trade has for the market maker changes over time. The dynamic setting of dle¢atiows us to derive
this result.

There have been many empirical works done on the analysis of pricetifapations. Gabaix et al.
[5] and [4] empirically addressed the question of how stock prices resfmochanges in demand. More
specifically, using 116 most traded stock in NYSE, they consider the furadtielationship between
price changes and trade sizes transacted over fifteen minutes andtiatadunction of price change
conditional on trade sizes displays a concave functional form that seeiessal for all stocks. They
consider fifteen-minute interval because large trade sizes tend to be &ptieireral trades. Moreover,
Gabaix et al. [3] proposes a theory of price-impact functions and stiwat a price change is a concave
function of the trade size. It uses a search model and claims that a peangesis proportional to the
square root of trade size. In their model, traders consider a costitiigvand price-impact that their
trade makes. If they sell too soon, they can shorten waiting time but theytdvaeeept a large impact
on price after their large trade. Large traders are willing to wait for a Iotiges to moderate their price
impact.

In our model, traders can trade only once and cannot choose whertdéo &, by assumption,
we eliminate the possibility that informed traders trade dynamically and manipulateatiet. One
important extension of our model could be to relax this assumption of myopieiefibtraders and to
see how dynamic behavior of traders affects the price process. Witthiresuenvironment, traders can
buy many shares and influence the price. After the price increaseg;aheg-sell the shares. In other
words, there could be an arbitrage opportunity depending on the priceirfynction. Investigating

the conditions that prevents the arbitrate opportunity would be very integestin
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Another stylized assumption in the paper is that there are only two possiblesvafuthe risky
payoff and informed traders know the exact value of the risky assetsi@ering more complicated
information structure will be interesting extension. For example, we caridemshen we allow more
variety of information signals, how this affects a current shape of pricaatfpinctions. Investigating
an empirical price-impact function and bridging our theoretical results witpigcal findings of price-

impact functions will be promising for the future research.
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Notation

Vi (hi—1,1) = 6 (he—1,9) V. 4+ (1 = 67 (hy—1,1)) V.

tp = [m™ (hy).
tm = \m*(ht)]
Appendix A

Proof of Lemma 1.
The proof is straightforward from (6).
Letq > 0. Forg € (0, k¢(ht—1)), 0; (hi—1,q) = 6;_(hi—1). Moreover, by using the formula, we
can calculate: fog > k;(hs_1),
5 A (b)) (1= 1) S0y 1 (0)
AT > gy 7@ + 0= 87 (1)l

For —q € (—ki(hi-1),0), 6f (ht—1,—q) = 6;_1(h«—1). Moreover, by using the formula, we can

67 (hi-1,q) = (24)

calculate:

(1= 03y (ha—1)) (X = 1) D20, () v (—9)
(U= ) g, (e Y (=) + 67 ()]
Let K; denotemax{k,(h:_1), k:(hs—1)}. Then, forg > K;, we have:
(1= 03y (1)) (X = 1) D23, () ¥ (—19)
ql(X = 1) 323k, (hey) V(=) + 03y (he—1) ]
511 (o) (= 1) gy 176)
[l = 1) g, ey 7@+ (1= 67 ()]

Next, we consider the sizes< K;(h:—1). In doing so, we consider the following two cases: Case

(1) ky(he—1) < ke(hi—1) and Case (0, (hy—1) > Fki(he—1).

(25)

5;(ht—17 _Q) =

5;:(}7%—17 _q) - 5:(ht—17 Q) = 1 -

Case (I)k;(ht—1) < ke(hi—1)
Forg € [k;(he-1), ke(he-1)),
(1= 03y (h—1)) (X = 1) D23, () v (=)

07 (hi—1,—q) — 6 (h4—1,q) =1 — = - -
t( t—1 ) t( =1 ) q[(l—u) Zz‘:@t(hhﬂf}/(_z)+5t*1(ht_1)'u]

— 81 (hui—1). (26)

Case (I)k,(hi—1) > ki(hi—1)
Forq € [ky(hi—1), ky(he—1)],
71 (he—1) (X = 1) D207, (e YD)

0f (hi—1,—q) — 65 (hi—1,q) = 6;_1 (he—1) — J0 =) Z?:Et(ht_lﬂ(i) =0 A

(27)
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Moreover, in both cases, far< K;(h¢-1), 6; (hi—1, —q) — 07 (ht—1,q) = 0.
Therefore, we can define the functigh(h:—1, q) as follows:

(1=6;_1(he—1))(1—p) Z:;Et(htfl) iy(—1)

1- al(1=p) 223, g ) V(D071 (he—1)p]
Of 1 (1) (A=) X7 g, g,y V(D) —
B () S G (e ey 7y forq > Ky
(1=63_y (o) (A=) X0 p, (ny_y V(1) -
1- q[(l—u)Z?:Etmt_l)7(—@’)-:-52‘111(%71)”] — 0;_1(he-1) forq € [ky(hi—1), ki(he—1)]

ft*(htfb Q) = if Et(htfl) < Et(htfl)

. 51y () (=) S (D) B
0i-1 (he1) = a[(1—p) ?:Etmt_l)’Y(i)+(1—%§i1(ht—1))u] forq € [ki(hi=1), ks (hi—1)]

if &y (hy_1) < ky(he_1)
0 for g < ky(hi-1).

Lemma 2 In a k pooling equilibrium on the long sidej(-|V, h;_1) is of the form:

n i ‘ .
(PMEZO—Eh%H%+ﬂ—5FNMA»M
GGV haa) - " i (+i) S g
IV, he—1) = 5 (AN
0 CGe{l, k—1).

\

In a k£ pooling equilibrium on the short sidéy (:|V, h;—1) is of the form:

n i » .
(1-p) Z(l - ;)’Y(_Z) + 0y 1 (he—1)p
% i Lk n . . : jE{k/’,"',n}
i (=jlV, hi—r) = 5 (htfl)/lz iy(—i) (29)
o — jv(=7)
0 Cjed{l, o k—1)

Proof of Lemma 2.

We consider the optimal trading strategj in period¢. Suppose that an informed trader strictly prefers
trading in{k,--- ,n} to trading in{k — 1,--- ,¢1}. Fix an arbitrary; > k. Then, we have: for all

i > kwithi # 7,

j[V—Wf(ht—laj)] = i[V—WZk(ht—bi)], (30)
and for alli < k, we have:
IV =7 (b1, 5)] = i[V — 7} (hy—1,9)]. (31)
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Thus, we obtain: for all € {k,--- ,n},

i 5:(]7'15*17].)

j 0f(he-1,1)

Therefore, we obtain: for alle {k,--- ,n},
(1= 64 (el GIV ) 2D 7, )] = (= (1 = i
3y (+7) j
The above equation must hold in general for any {k,--- ,n}\{j}. Summing them up over
{k,--- ,n}\{j}, we obtain:
\ g = iy(+i N . N
(A=81 sh DTGV S 2 S iV el = (1) 35 (= (+i),
i=k,it] JITI i=k,itj i=k,i#j J
Sinced Ly i i (i[V, hi—1) = 1 = 9f (j|V, he—1), we obtain:
n i . .
(1—p) Z(l - 3)7(‘”) + (1 =61 (he—1))p
Wi GV, her) = = ) (32)
1—07 (h - -
( t—l( t 1))”; ]'7(“—])
Since0 < () < 1, the following two conditions must hold:
= i , . . " iy (i
(1=p) > (1= )v(+i) + (1= 67y () < (L= 87—y (he1))p Y al6a) , (33)
= = Jv(+7)
and
1 . N
(L—p)) (- 3)7(+Z) + (1= 6;_1(he—1))p > 0. (34)

i=k
Note that we always have:

n

-S> (- ji)v(ﬂ') < (=6 (S

i=k i=k

iy (1)
Jv(+7)

because the left hand side is always negative and the right hand sitleais aositive. Therefore,

the first condition is always satisfied. So, if the second condition is satisfieavill have (i) with

0 < ¥(i) < 1 which satisfies the zero-profit condition and equal profit conditionfianformed trader
between trading il and other quantities. On the other hand, if there exists a long side completely
pooling equilibrium, we must have both conditions satisfied. Finally we cont¢hateghe equilibrium

¥y is of the form (28). The proof of a short side completely pooling equilibruthbe done similarly

with a long side casdll
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Appendix B

Proof of Theorems, Propositions, and Corollaries

Proof of Proposition 1. Let 7} satisfy the zero-profit condition.
1. Suppose for someandh;—1 = (q1, ..., ¢t—1), ¥; (0|V, hy—1) > 0. This implies that
0>q(V—mi(hi-1,9)) Vq€Q,
= 0>q(V—-0;(hu-1,9) V. — (1 = 6; (he—1,9)) V) Vg € Q. (35)
From (7), we hav® < §;(h;—1,q) < 1 forall t. Thus,
q (V=6 (ht—1,9) V. — (1 = 6; (he—1,9)) V) >0 Vg€, , and
q(V="06{(ht-1,9 V. — (1 = 6{(ht-1,9)) V) >0 Vqe Q.
This contradicts with (35).

2. LetV = V. Suppose there existandh; 1 = (q1, ..., q_1) such thaty; (—i|V, h;_1) > 0 for

somei € {1,...,n}. Then

—i (V =7} (he—1,—1)) = ¢ (V — 7} (he—1,q)) Vg € Q. (36)
Sincel < 6; (ht—1,q) < 1 forall t and for allg € 2,

V > rf(hio1,q) =0 (ht—1,Q) V. + (1 = 5/ (ht—1,q)) V, Vg€ Q.

Then
q (V— ﬂ;‘(ht_l,q)) >0>—i (V— 7 (hi—1, —2)) , VqeQr,

and this contradicts with (36).

3. The proofis similar to 2.

Proof of Theorem 2. The proof will be done by contradiction. On the contrary, suppose teag ik an
equilibrium such that an informed trader chooses(j|V, hy—1) > 0 bute); (i|V, hy—1) = 0 for some
j < i(thus,j < ). Then by zero profit condition, in an equilibrium;_; (ht—1,7) = V;* ;(ht—1).

Moreover, since the informed trader must prefer tradingto: , the following must hold:

3V =y (i1, )] 2 4V = iy (R, 9)]- (37)
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Note that

671 (P2, 3)(1 — p)y(+5) =
(1 =6 (he—2, INVEGIV, he—1)p + (1 = p)y(+5) (V' =V), (38)

V - ﬂ-zll(ht—Q)j) =
and
V—mi_(he-1,i) = V=V (he1)
= 051 (ht—2,)(V = V). (39)

Thus, we must have:
i Vomi(isi)

i 7 Vo ead)
(L = 031 (ha—2, VLGV hu—1) e
L (A= () | )

Since% < 1andy;(j|V, hi—1) > 0 by assumption, this is impossible. So, we would not have this kind
of equilibrium. The proof of the second part will be done similarly with the es lemma. In this
case, note that

(1 =674 (he—2, 7)) (1 — p)y(=J) .
S (e )GV b+ 0 — ()

i (hi—2,—j) =V =

and
Vi (heo1) = V.= (1= 61 (hi—2,5))(V = V).
Thus, at the final step in order to get a contradiction, we have:

671 (ha—2, )V (3|V, he—1)p
(1= p)v(=J)
This is impossible. So, we can not have this kind of equilibrilllh.

|,

> 14

~

Proof of Proposition 3.
First we consider the situation & = V. In this case, we have a short side separating equilibrium if an

informed trader prefers to sell the largest quantity of the asset. Heorad| f < n, we must have:

a[mt (heer, —n) — V] > ilrs (heer, —i) — V). (41)

Then,

] OV = (16" = o B0 (em)( = 0 (1)) (V = V)
T, mn) = Vo= (= (he))V -1 Y(=n)(1 = p) + pdiy (he-1)
(1 =671 (he—1))(1 = )

- Y(=n)d;_ 1 (he—1)p + (1 — p)y(—n) (V-V). (42)
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Notice that since the informed prefer to trade in the largest quantity, any qulatities do not change

the market maker’s evaluation of the asset. Therefore, we have: foall,
Vi (h—1, —1) = ViZy (hy—1).
Therefore, for all < n,

T (hi—1, =) =V = Vi (-1, —9) =V
= Viii(he) =V

= (1 - 5:71(ht—1))(v -V). (43)
Thus, by substituting (42) and (43) into (41) we have a short side a@pguequilibrium if for alli < n,

n > W?(ht_l,—i)—z

i = wf(h—1,—m) -V
5:—1(ht71)ﬂ
= 1+ ———"—. (44)
Y(=n)(1 — p)
Note that for alk < n — 1, we have
2 n
i " n—1

Therefore, we have a short side separating equilibrium if

n 0 1 (he—1)p
>1+ —.
n—1 Y(=n)(1 - p)

On the other hand, if the above equation holds, we have:

[t (heer, —n) — V] > ilrs (heer, —i) — V).

So, an informed trader choosesg; (—n) = 1 andy;(—q) = 0for ¢ € {1,--- ,n — 1}. Hence, this
gives us the sufficient condition for a short side separating equilibriuext e consider the situation

of V = V. In this case, we have a long side separating equilibrium if far alk,

[V — 1 (he1,n)] = i[V — 7 (he1,9)].

Similarly with the case ot/ = V, we obtain the first part of the lemmil

Proof of Corollary 4.

Take a sequencéyy} which converges t@. Then, there exists a sequeng | ; } such that for
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eachyuy, the Baysian rule (6) holds. Notice that even when= 0, the Baysian rule (6) holds. By
(16,1 s (he—1)]

y(=n)(1—pk)
sufficiently close td), ; is separating. This completes our proof of the first part.

the continuity of "+ the condition (3) holds. Therefore, we can conclude that i

Suppose that’ = V. Then, take a sequendg, } which converges ta. Suppose thag;_; > 0.
Then, by the Baysian rule ( 6), there exists a sequéﬁp_el’k} such that for eacpy,

Of_o(hi—2) (1 — pg) Y(qi-1)
(1- 52‘—2(ht72))ﬂk ¢ZF_1(Qt71|V, hi—2) + (1 — px) '7(‘]7&71)‘

By the continuity of the right hand side of (4®X,_1’,€(ht_2, gi—1) converges td as converges

(45)

61k (ht—2,qt-1) =

to 1. Notice that for allu € (0,1), 6;_5(hi(—2) € (0,1). Hence, the condition (3) does hold. Then, our
desired results follow by Proposition 3.
WhenV = V, we can apply the similar argument by usi#fg, instead ofl — §;_, in the above

argument. This completes our proof of the second llrt.

Proof of Proposition 5.

First, we consider a long side patrtially pooling equilibrium in which an informader strictly prefers
trading in{k,--- ,n} totrading in{k — 1,--- ,1}. By Theorem 2, we can focus on this setting without
loss of generality. In this equilibrium, an informed trader is indifferent betwteading in{k, - - - , n}.

Therefore, we have: for all> k

n[V =7} (he,n)] = iV — 7} (he—1,3)], (46)

and for all: < k, we have:

K[V — 7} (hi_1, k)] > i[V — 7f (hs—1,1)) (47)

It must be possible to choose a functigh with 0 < 7 (¢V,h;—1) < 1forall ¢ € {k,---,n} and
simultaneously satisfy the equal profit condition for any informed tradéishwis given above and the

zero-profit condition for the market maker. Similarly with the proof of Lemmae pbtain:

n

(1= ) D20 = (i) + (1= 8y () > 0, 49)
i=k

Now, we consider the condition for the trade sizes in which the informed nede. This condition is
expressed as (31). Then, we must have: for allk,

k (1= 07— 1 (he—1)) 5 (K|V , hy—r)
2t (L~ (1)

(49)
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Since’ > £ foralli < k — 1, we obtain:

k (1 = b1 (Pe—1))} (B|V, hy—1)pe
1ot (1- u)’yéJrk) ' 0
By Lemma 2 and (50), we obtain
(L= p) 2 (1= )v(+) + (1 = 8¢y (he—1))m
k i=k
. (1w (+h) 3" 20
= ky(+k)
ltiplying both sides by1 — ) e optain:
By multiplying both sides by1 — p)y(+k) 2 Ty (k) we obtain
0> (1—%)(1—u)zi7(; Z 1—— + (1 =61 (he—1))p.  (52)
i=k =k

Notice that:

i= i=k
= (- 3O Oy B,
i=k
= (1= ) Y (1= )y(+9)
i=k
= (- Y (= D)
i=k—1
Therefore, by (52), we obtain:
Z (1- — )+ (1= 0,1 (he—1)) -
i=k—1

Hence, we have obtained the desired condition.
The proof of a short sidé pooling equilibrium will be done similarly with a long side case. Next,

we will prove if part of the lemma. Suppose that there exists=a{1, ..., n} such that

n

(1= ) D20 = D) + (L= 57y () > 0, (53)
i=k
and . .
(=) D2 (L= =) + (1= 8y (o)) 0. (54)
i=k—1
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Then, we will prove that); defined in Lemma 2 maximizes the informed’s profit and the followings
hold: for all: > k

KV =7 (i1, k)] = [V — 7} (he—1,3)], (55)

and for all: < k, we have:

K[V —7; (he1, k)] > iV — 7} (he—1,9)). (56)

First, we will prove the equation (46) holds. It holds if and only if the follogvirolds:

b Vzmihe, i) (57)
i [V =mf(hi-1, k)]
By Lemma 4, we have known that:
75 (hi1,9) = 6 (he—1, @)V + (1 = 6} (hi—1,q))Vfor g € Q. (58)
Therefore,
V —mf(hi1,1) = 6 (hy—1,3)(V = V). (59)
Since
671 (he—1)(1 — p)y(+k)
5* h _ ,k — t—1 , 60
(e B = 5 e )G RV, e+ (L= @ () (0)
The equation (46) holds if and only if
ky(rk) (L= 07y (heoa ) (BIV, 1)+ (1 — p)y(+k) (61)

(1) (1= 6y (he—1))Uf GV, he—1)p+ (1 = p)y(+5)
By plugging; (k|V, hy—1) andy(i[V, hy_1) from Lemma 4 into the above, a simple calculation ver-
ifies that the above equation holds. Therefore, we can conclude thatwith, h;_1) defined in
Lemma 4 the profits of trading in these quantity sizes fioto n are same. Next, we will prove that
for all i < k, we have:

K[V — 7 (he1, k)] > iV — 7} (he—1, 7). (62)
Similarly with the above, this holds if and only if

Fy(+k) o (U= 6 (a7 (RIV, )+ (1= )y (+k)
() T (L= 67y (e ) GV o)+ (1= i)y (k)

(63)

By plugging v (k|V, h,—1) and; (i|V, h;—1) from Lemma 4 into the above, a simple calculation
verifies that the above inequality holds. Therefore, we can conclutievithes); (i|V', h;—1) defined in
Lemma 4 the profit of trading ik is higher than one of trading in smaller sizes. Finally, we will prove

that there does not exist any oth,e;rthat yields higher profits than;. Il
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Proof of Proposition 6.
The proof is similar to Proposition 5. The existence of a completely pooling equitikis proved by
the existence of the strictly positive (i|V, k1) for all i. Then, we can derive the condition similarly

to Proposition 5l

Proof of Proposition 7.
The proof for the short side is similar to one for the long side. Therefeeayill prove only the short

side. Suppose thdf = V. Moreover, suppose that there exists a &izgth 2 < k < n such that

<1—u>2<1—§) (i) 45y () > 0, and
i=k

= 3 (1= 555 )20+ ot < o

i=k—1
Then, by Proposition 5/} is k partially pooling. By Lemma 2, we can uniquely determine the informed
strategyy;.
Now, suppose that there does not exist such asiMptice that the following holds for anfy with

k> 2:

n

(=3 (1= 1) 20+ 0 st > () > (1= 755 ) 20+ 8t athien

i=k

Hence, we have:

n n

(=) 3 (1= g )i > > 0= 3 (1= 1 ) 2+ (e

i=1

i=n—1

Therefore, we must have:

n

(=03 (1= 1) 20+ 0T shes) >0 (64)

i=1

or

=) 3 (1= 55 )20+ 0t un <o, (65)

i=n—1
When the inequality (64) holds, by Proposition/g,must bek completely pooling. By Lemma 2,
we can uniquely determine the informed strategy

On the other hand, suppose that the inequality (65) holds. Then, we have

(- ) (1 - ) A(=n) + 67y (1)t < 0. (66)

n—1
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By arranging the order of the inequality (66), we obtain:

no oy Sl

n—1 Y(=n)(1—p)
Therefore, by Propositionprop:separating, is separating. Hence, we can specify the informed
strategy byy; (i|V, ht—1) = 1 for ¢ = n andy; (i|V, hs—1) = 0 otherwise. So, in this case we can also

uniquely determine the informed strategy. This completes our prooll

Proof of Corollary 8.

The proof is straightforward from Propositionll

Proof of Theorem 9.
Since proofs for the long side and the short side are similar, we provertgside equilibrium. Suppose
that in periodt, we have a long side partially pooling equilibrium, in which an informed traderavo

buy quantities > k;(h:—1). Then, by Proposition 5, we have:
(-n) Z Ty + (0= G ) > 0. (67)
ke (hy

Since an informed trader would trade in onlguch that > k.(h,—1), by the market maker’s updating

formula we must havé; , (hs, i) < 6/ (hs). Therefore, we have:

n

(A=p) > (= s M)+ (L= 8B ) > 0. (68)
t=k¢(hi—1) N

By Proposition 5, we can conclude that in peribgve will have a (partially) pooling equilibrium,
in which an informed trader would buy quantities> k.(h;—1). This gives us the desired result of

ki(hi—1) > kit1(hi—1, q:). The above argument completes the first part of the proposiibn.

Proof of Proposition 10.
Since proofs for the long side and the short side are similar, we provertyside equilibrium. Suppose
that in periodt, we have a long side partially pooling equilibrium, in which an informed traderdavo

buy quantities > k;(h;—1). Then, by Proposition 5, we have:

n 1
-0 Y (-
i=kt(hs—1

t_l))v(ﬂ') + (1 =65 (he))pe > 0. (69)
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We will havek;(hi—1) > ki+1(hi—1, ¢ ) if and only if in periodt + 1 the following holds:

n

1 ) y
I-—p) > (- W)’Y(ﬂ) + (1= 6741 (he, ) > 0. (70)
i=ke(he1)—1 AN
The inequality (70) holds if the following inequality holds:

n . n .
7

(=) 3 (=) = (=) 35 (1= ()

i=kt(ht—1)—1 i=ky (hi—1) ki(ht-1)
2 (5:+1(ht, Q) — 5:(/%)),&-

The inequality (71) holds if and only if the following holds:

1=m 3 T~ i) < G0 = G (7D

Notice that:

67 (he) (1 — 0f (he))¥; (@] V, by 1)
(1 =05 (he)) 5 (@t|V, 1) + (1 — )y (qe)”

By substitutings; (¢:|V, h+—1) and re-arranging terms, we conclude that we will havgw_;) >

(5f(ht) - 5z<+1(ht7Qt)) = (72)

kiy1(he—1, qr) under the condition:

5*(ht) - 5t (ht) Z'L':kt(ht—l) ’Zl_t > 1- H 1 Z Z’}/(Z)
' Dk V@) A =0 ()t T ke(hu—1) X (ke(he-1) — 1) kel )
Notice that
* n iv(i)
5% (h) 67 (Pe) D iy (ho1) —ar

D ieka(hey) V(@) + (1= 67 (he)) 15
= 0y (ht) (1 — a ).

ik (hy_ ) V(@) .
Sy @ T (L0 ()7

I3
1=p) 223y (hy_p) £7(0)

Therefore, we have,(hi—1) > kit1(hi—1, q¢) if and only if

1
67 (he)(1 — * )

ik (hy 1) V(@) .
Sy @ T L0 ()7

“
1=p) 2imky (hy_p) E7(0)

n

1 _ M 1 . B
= M kt(ht—l) X (kt(ht—l) — 1) i:k%_l)lpy(l). (73)

Dividing both sides of the inequality (73) @?:kt(ht_l) i~(i), we obtain the desired conditiolll
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Proof of Corollary 11.
Omitted.l

Proof of Proposition 12.
We will construct the market maker’s belief by using initial exogenous kg Our plan is first to
focus on the periods im™ (h;) and derive a recursive formulation for these periods and then totrepea
a similar method to the periodsin= (h;).

First, we consider all periods ofi* (h;) that the market maker’s belief is changed downward. We
first consider the situation where~ (h;) = (). By the updating formula, we can obtain the following:
(L= &y (he—))WF GV, he—y)p + (1 = )y ()

(1 =05y (he—))F GV hemr) 4 (1 = p)y(44)

_ Op_1 (he—1)(1 — p)y(+7) (74)

(1 =07y (Pa—1))F GV, 1)+ (1 = )y (+7)
For j with ¢} (j|V, hy—1) > 0, by Lemma 2 we obtain:
511 (1) (L= 1Y (+7) Dy D
(1- 5211(ht—1))ﬂ + (1= p)y(+7) Z?:kt(ht,l) ﬂgiﬁ)) + (1 —p) Z?:kt(ht,l)(l - %)’Y(‘H)
When the realized demand in perigdy, is 7, we can rewrite the above as follows:

51 1 (o) (1= 1) (@e) Sy 2
(1= 67y Cremn))pt+ (1= 1706 Sy () 25+ (1= 1) Sy (1 — 2)(H)

6i(hrj) = 1-

0f (hi—1,74) =

0f (he—1,qt) =

Leta; = m For the simplicity of notation, we ignork; for a temporary purpose. Then, we

obtain:
t = at—1 - " P — - e
(1 —p)v(qr) Zi:kt(ht_l) qj,gz;t)) (1 —p)v(a) Zi:kt(ht_l) qzﬂgz;t))

This is linear ina; _; and thus we can boil this form down to the expressioafTherefore, we obtain

the following:
" (L= 1) Xt () (L= o) () +
(1 - N)V(q‘l') ’ Zi:kf(hq—_l) qrv(qr)
(ti)p[ntp a4 Tk g) ) £
- s=7+1 n i~ (+i ' n iv(+i
=1 (1 - H)fy(qs) : Zi:ks(hsfl) qjq(/?;s)) (1 - ,LL)’}/(QT) Zi:k‘r(hﬂ'fl) qjé?;r))

1
(1= p)v(ay,) Zi:ktp(htp—l) qt:’Y(Qtp)
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Finally, we obtain the following:
1 TR (=) X (L= 2) (i) + e
sy o Mt " (i)
A (L= )Y(ar) - 2iker (hr 1) 700

—1)p n 3 ,
(tZ) ey ST Zikee (2 ) 2O e .
B s=7+1 n iy (+i ' n iy (+i
= (1= 1)7(as) - i) 2D (1= )7(ar) Sig, ) 2o
_ K
iy(+i)

(1= m)v(a,) Z;thp(htp—l) atpY(qtp)

Simplifying each term, we can obtadit (h;, 6).

Next, we consider all periods.~ (h;) that the market maker’s belief is changed upward. Similarly
with the above, we will construdt (hy, §). We start with the period and the market maker’s belief is
4. Inthe periodt + 1, ¢y, (V, hy—1) is aks11(hs—1, g:) pooling on the short side if and only if: there

exists ak: 41 (ht—1, q¢) such that

(1= n) >, - (i) + 6 (b > 0, (76)
i1 (h
i=kiy1(hi—1,q¢) t+1(he-1,qt)
and
Q- Y A=)+ (I <0, 7)
t=k¢p1(he—1,q¢)—1 Dkt 1 (he—1,q¢)—1
where
(L— )3 (1= ——) (=) + 1t
ﬁ = (1-omm (14 kr(hr—1) _ Gry (hr—1) Al
~ i) (U= w)7(9r) - 2Zimkr (b)) T
s P S ) D v }
B s=71+1 - i . - —
=1 (L= 1)7(@s) - i) 55700 (L= 107(=0) Xy i
7

n iy(=i) -
(1 — pw)v(g,,) Zi:ktm(htmfl) At Y (Qtm)

Simplifying each term, we can obtadp (h¢, d).
In summaryg; (h:) will be given by the followings.

Defines;" (h¢,-) ands;" (hy, -) as follows: s, (hy, &) = 6 if ¢, = 0; otherwise,

53— (ht’é): L 3

1 Hi’;l(HAT)Z(Tt:_f)”[ C Hzp:7_+1(1+As)

- O)
A=mvar) X3y (h, 1) q-rz(‘h—)

o

~ (D)
A=) v(ae) 28 g h, 1) th(qt)

where '
(=) T, (1= ) 1@ +0

Ar = " 20
(=) 9ar) 2imkr (1) 770
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ando; (h¢, ) = 0 if t,, = 0; otherwise,

87 (he,0)=1— L

N

ﬁﬂi’il(uﬂsr)fz(f;f)m = ) HZ’;‘TH(HBS) -

n iy(—
CORICLY Zi:kT(hq——l) qz"/(%—)

where

T =

(1= 1) X, (o)1 — q%)'f(*i), 1T
(L= )v(ar) ik, (hy 1) #@))

Proof of Proposition 13
First, we consider the long side. By Proposition 12, we have:
. (1 + #)tm

(1 —p)y(+n)
tm—1

1
o7 (ht) o
1 p

lj/ T . J—
B D s er e M e Ty Bl e e

Therefore, we obtain:

&; (he) =

By re-arranging terms, we obtain:

S1(1L = )y ()l
(=) = a ) + alim 43l = )y (Fm)l

5:(’%) =

1y (=1%)

A=pw)lar) 23 prree)

vr—1) atv(at)

(78)

(79)

This gives us the form. With Proposition 3, we have proved the first pdneqroposition. The second

part about the short side is similar with the first Jilkt.

Proof of Proposition 14.

From the updating rule (6), if < k;(hi—1), 0;(ht,q) = 0;_1(ht—1). On the other hand, i§ <

Et(ht—l), (5;(}”,(]) = 6t—1(ht—1)- Therefore, |fq < Kt(ht—l)’ Sz((ht—la q) = 0.

For ¢ > max{k,(hi—1),ki(hi—1)}, Sf(hi—1,q) > 0 because’;(hi—1,—q) > 07 (hi—1) >

5:(]7‘25717 Q)

Supposek, (hi—1) > ki(hi—1). Then, forg € [k, (hu—1), ke(hi—1)], 6 (he—1, —q) > 01 (he—1) =
67 (h¢_1,q). Therefore, we obtais; (h;_1,q) > 0. On the other hand, supposgh; 1) > k¢(hi_1).
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Then, forq € [ki(hi—1), k;(hi—1)], 67 (hi—1,—q) = 8 1(ht—1) > 07 (hi—1,q). Therefore, we obtain
St (ht-1,q) > 0. Finally, we can conclude thatdf < K, (hi—1), Sf (ht—1,q) = 0 andq > K, (h¢—1),
Sy (hi—1,q) >0.1

Proof of Proposition 18.
Omitted.l

Proof of Theorem 19.
An optimal strategy of informed traders prescribes probability distributiar aell trade sizes in each
period of h and the market maker’s belief assigns a probability of risky asset’s bejongl ¢o the
low value in each period given a history up to the period. We consider thieetmaiaker’s equilibrium
belief as a stochastic process. etdenote a sigma field generated by all the possible histafieBy
Theorem 3 in Page 432 of Fristedt and Gray [2], there uniquely exista@itional distribution over
5¢ given (&g, - -+, d:—1). Thus, we can take a probability space which contain the spaggofi’} x
{2, 4V, V} x Heo, P).

First, we will prove thatyy converges almost surely to a random variabie By the martingale
convergence theoreniy converges almost surely to a random variablel'hat is, for sufficiently large

t and arbitrarily smalk,

PI‘(ht : |(5t(ht) — (5/| > 6) =0. (80)

Second, we will prove that* is 1 if V = V and 0 ifV = V, respectively. The proof will be done
by contradiction. Suppose thét = V. On the contrary, suppose that there exists a set of histories
{h:} with positive probability whichj; converges to an intervép — ¢, p + ¢) for somep € (0,1) and
arbitrary smalk. Then, by the Bayesian updating rule (6), if an informed trader or a liquiditier who
trades higher volume than (h; — 1) arrives at the market, the beliéf deviates from the interval of
(p—e,p+e). In other words, the belief deviates from the interval with probab,iliiayZ?:kt(hﬁl) ().
This is a contradiction with the “almost surely” convergencé,of

It remains to show that thaim, ., 6;:(h;) = 0. On the contrary, suppose that it converges.to
In other words, for any gived there exists &; such that for alt > t1, |1 — &;(h:)| < €. Similarly

with the above, if an informed trader or a liquidity trader who trades highkemve thank,(h, — 1),
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the beliefs;(h;) deviates from the interval afl — ¢, 1) for sufficiently smalle’. Therefore, this is a

contradiction. This gives us the desired re k.

Proof of Corollary 16.

1. As we have seenin (7),
0< 5t(ht) < 1, Vhy € Q%,Vt.

By Lemma 1, since

(1= p) (7 GV, hum1)y (=) + 97 (—ilV, hee1)y(2)) + i GV, hema) 9 (=) -

* *( X7 . * * -\ . (V_K) > 0’
(05 (h—1) o iV, By—1) + (1= ) v(9)) (1 = 67 (he1)) by (—ilV, hy—1) + (1 — p) v(—i))
we can obtain the desired resll
2. Suppose that
© 7
> 1+ max { , }
n— y(n) (1 —p) " y(=n) (1 - p)
Then, we have:
" > {1 = 1 £ }
max —+ + .
— - (n) (1— ))m(h )( (n) 1— m(hg)—1 7 (1=8)(y(=n) (1— m(hy)
n 1 'y(n)(l—,u)+6(’y 1—p t 1w_é)(l H)+w) t y(=n) (1_“)+5(1(in;(17u)iu;)’3(ht)il

Then by Proposition 3R(£2,,); is separating. Thereforéy(i) = 0foralli € {-n+1,...,0,...,n—1}.

Thus, from Lemma 1, we can obtain the desired refllIt.

Proof of Corollary 17.
1.

Asv(n) + v(—n) goes to zeroy; (n|V, hy_1)y(—n) + ¥} (—n|V, hy_1)v(n) goes to zero. Notice
that since the informed traders always choose the largest quantity wittygtositive probabilities, we
have:,(n|V, hi—1) > 0andyy(—n|V, hy_1) > 0. Therefore, we havep; (n|V, hy_1) ¥f (—n|V, hy_1) >

0. From Lemma 1, we can obtain the desired redHit.

2. Suppose that

i 1 <1+ min = 5 ) a (1-9)
= 7)) A=)+ memamrs Y1) Q-0 + seennsee
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Then, we have

n

<mi I3 2
n_1 _mln{ 1+W(n) il (v(n) (1=)™ Pt (y(n) (1—p)+p)™(Re) =1 »1+’y(_n) (1 )+ (1=8)(v(=n) (1—p))™ ") }
1=9 8(v(=n) (1—p)+p) (P =1

Then, by Proposition 3); is pooling. We consider the spreads in the second largest%ize, 1, n —
1). Since in a pooling equilibrium the informed traders trade the second lssgestvith a strictly
positive probability, we havey; (n — 1|V, hy_1) # 0 or o} (—n+ 1|V, hy_1) # 0. Then, asy(n — 1) +
v(—n-+1) goes to some positive numbgry; (n—1|V, hy_1)y(—n+1)+; (—n+1|V, hy_1)y(n—1)

also goes to some positive number. Remember that as in (7),
0< 5t(ht) <1, Vhse€ QZ,Vt.

Therefore, from Lemma 1, we can conclude that the spresifisy;_;,n — 1), converges to some

positive number. ll

Proof of Proposition 20.

It is easy to verify that

Sin(hi-1,9) = 0 p(hi—1,9) (1 =65, (hi-1,9)
(1*H)(¢?,n(ht—1v‘l)Wn(*i)er;n(ht—lv*Q)’Yn(i))vL# Vi n (he—1,0) ¥ 5 (hg—1,—4) (V . V) (81)
—-/

X
(371, (o) 67 1 (-1 @+ 0= (@) ((1=81,m (Be 1) ot (—+ (1) n(=a)

foranyn > 1 and(h;1,q) € Q. For sufficiently largeN,, , o) € Zyy, Ym' > Ny, _, 4 and
Vk <gq
m’ i ‘ .
(=3 (1 ) i) + (1= 62 aCheae <0
i=k
because

— MK . *
= lim =Y iy (1) (1= ) Dy () + (1= 07y (1)
i=k 1=k
<1
= —o0.
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Consequently, from Lemma 2y, (q|V, he—1) = 0andy? . (—q|V, hy—1) = 0 ¥/ > N, .
Following (81),vm' > N, _, ¢

0 = Siwlh1,q) < Stnlhe-1,9). .

t,m/

Proof of Proposition 21.

First, note that, given the largest trade sizand history(h;_1, q),
Varn(v|ht*1, q) = 5:,n(ht*17 Q) (1 - 52:71(]11‘/71’ Q)) (V - M)2 (82)

Also, following (6), for any given largest trade sizeand trading period,

5:,71((]17 "‘7Qt—17qt) S 5211,71((]17 "‘JQt—l) S S (5>1k,n(Q1) S 57 V(Qla "'7qt) S (Qj{ U {0})t7

6ZH(Q17 ~-~,Qt—1aQt) 2 6:—1,n(‘]1) --~7Qt—1) Z 2 51,n(Q1) Z 55 V(QL "'7qt) S (Qr_y, U {O})t (83)

We now prove part (1) of Proposition 21 by induction on trading petidsuppose
n n
Tim Y iy (i) = lim Y iy (i) = oo,
i=1 =1

and let§ < 1.

e ¢ = 1: We shall show thatvg € Q;f, U {0} 3N, € {m+1,m+2,...} such thatym’ > N,

var,, (Vl]q) > vary,(V]q).

If ¢ = 0, then following (6)

Stnl@) =0, VneZir " var, (Vig) = vara(Vg), vm',m € Zy 1,

and we are done.

Suppose; # 0. Then, for sufficiently largeV, € Z 1, Vm' > N, andVk < ¢

=3 (1= D)ty + 0= o < o

i=k
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because

= dim | =S i () + (L= 1) Y () + (L= D)
i=k i=k
<1
= —00.

Then from Lemma 2y, ,,,(q) = 0 Vm’ > N, sincey; ,,,y always takes non-negative values as

a probability function. Thus, following (6)/m’ > N,
(@) =0 = varg(Vig) =06(1-08)(V - V)> (84)
On the other hand, following (6),

sinced<i

d1m(q) <0 — 7 var,(Vl]g) <6(1-6)(V -V)2% (85)

(84) and (85) together prove thég € Q.f 3N, € {m + 1,m + 2, ...} such that'm’ > N,

vary, (V]g) > var,(V]q).

e Induction hypothesis for = 7 — 1: V (h,—2,q) € (2 U{0})" " NG,
2,...} such that/m’ > N

)E{m+1,m+

T—2,9

hr—2,q)

var,, (V]hr—2,q) > vary,(V]h:—2,q).

e t = 7: Given the induction hypothesis for= 7 — 1, let us show that/ (h._1,q) € (), U{0})"

ING, 9 € {m+1,m+2,...} such thatym’ > N,

T—1,9 —lyq)

vary,, (V]h-—1,q) > var,(V|h:-1,q).

If ¢ =0, then 67, (hr—1,q) = &7

T—1,n

(hr—1), Yn € Z, following (6). Thus, from (82) and
the induction hypothesis far= 7 — 1, vm’ > N, _ )

var, (V|h:—1,q) = var,y (V|h.—1) > vary, (V|h,—1) = var,(V]h,—1,q)
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and we are done by lettiny;,. _, ) = N, _,)- Suppose # 0. For sufficiently largeV € Z, .,
vm/ > N andVk < q
m’ i . .
(=03 (1= 2) ) + 1= 854t < 0
i=k

because

= dim | =——E Y i () + (L= 1) Y A () + (1= 67y (o)
i=k i=k
<1
= —OQ.

Hence, from Lemma 2)* ,(q|V,h;—1) =0 VYm' > N becausepf;} takes only non-negative

values as a probability function. Now from (&)’ > N

6:,m’ (hr-1,q) = 5:—1,m’ (hr-1),
which implies

vary (Vihr—1,q) = 0r—1 ps (hr—1)(1 — 5:717m/(h7-,1))(7 —V)? =var,(V|h_1). (86)

Also, using (83), we get

N

5:7m(h7—17 Q) < 6:,177“(}17—_1) <

since(h,—1,q) € (2T U{0})" and§ < 1. Thus, we have

vary (VIhe—1,q) < 67 4 (hr—1)(1 = 67 1 (hr-1))(V = V)? = vary (V|hr—1).  (87)

Using (86), (87) and the induction hypothesis for= 7 — 1, we prove thatV(h,_1,q) €

QL U{0})" 3Ny, g € {m+1,m+2,..} suchthatm’ > Ny, _, 4

Valny (V|h7'—17 Q) > Varm(V’hT—lv Q)

by letting N, o) = max{N, Ny, }.

1,9)
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Part (2) can be proved using an induction argument similar to the one .aliosealso easy to check

that the inequalities in the statement of the proposition are strict whgfih; 1, ¢) is non-zeroll

Proof of Proposition 22.
Suppose that we havie (h;—1) partially pooling equilibrium. First, we suppoge > 0. Forq €
(0, k¢(hi—1)), R; (hi—1,q) = 0. Moreover, by using the formula, we can calculate: dof k;(hi—1),

O 1 (he—1) (1 — 1) D23k (1) TV (9)
(L= 1) D2k ) Y (@) + (L= 6y (he—1)) ]

Second, we suppose< 0. Forg € (—k¢(hi—1),0), Rf(ht—1,q) = 0. Moreover, by using the

(88)

Ri(ht—1,q) = 6{_1(ht—1) — .

formula, we can calculate:

B (1 =671 (1)) (L = 1) 20, () 1Y (1)
al(X = 1) X, ey V(1) + 07 (he—1)p]

In both cases, sinc& _, (h:—1), 1, and~y(i)’s are exogenous; (h:—1, ¢) is a concave function of

q in (0, kt(ht—l)) or (_kt(ht—l), 0). .

Ri(hi—1,q) = 6{_1(he—1) — 1 (89)
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