
IT
 IS

 IL
LE

G
AL 

TO
 R

EPRO
DUCE T

HIS
 A

RTI
CLE

 IN
 A

NY F
O

RM
AT

SUMMER 2004 THE JOURNAL OF ALTERNATIVE INVESTMENTS 7

M
easuring the probabilistic loss
that a hedge fund may suffer has
been previously analyzed in the
literature, mostly through VaR

models. In previous research, specific statis-
tical properties that hedge funds’ returns usu-
ally exhibit, such as negative skewness and
positive excess kurtosis have been analyzed
extensively. However, other fundamental
market risk measures besides VaR, such as time
under the water and drawdown have not been
explored as extensively. These two measures
have important implications for both investors
and practitioners. First, assessing the risks of
late recovery is as important as quantifying the
maximal loss their capital may suffer. Second,
estimation of time under the water and max-
imal loss is key for the estimation of the sur-
vival probability, the probability of hitting the
stop-loss that may trigger major liquidations
and the likelihood of reaching the high-water
mark before the end of the year and thus
receiving a performance fee. The measure-
ment of market risk in connection with the
ARMA time-dependence exhibited by hedge
fund returns has also not been explored as
extensively. To the best of our knowledge, the
literature has modeled hedge funds’ market
risk neglecting the effect of time-dependence
in returns distributions. The purpose of this
article is threefold: First, we develop a method-
ology to statistically infer hedge funds’ loss
potential according to the aforementioned
three market risk measures. Second we derive

those estimates under three analytic frame-
works: 1) normality and time-independence,
2) non-normality and time-independence,
and 3) non-normality and time-dependence.
Finally, we assess the accuracy of market risk
models based on those three analytical frame-
works and the sufficiency of VaR measures.

The data we used are monthly time series
from January 1990 until April 2003 published
by Hedge Fund Research for 16 indices, MSCI
for global equity markets, JPM for global fixed
income markets, and Barclays for CTAs, all of
them in USD. QisMIXTEST and Qis-
DRAWDOWN are quantitative tools devel-
oped by the authors. This article is organized
as follows: We will first define drawdown and
time under the water. In the following three
sections we will estimate drawdown and time
under the water under the three analytical
frameworks previously mentioned. Finally we
will offer some insights regarding our results.1

DEFINING DRAWDOWN

In the context of this article we will
understand Drawdown (1 – a)%, DD1–a, as the
loss a risky investment may suffer with a cer-
tain confidence level 1 – a, whatever the
investment horizon is. Recall that this defini-
tion is very similar to VaR1–a, DT, with the dif-
ference that VaR does provide the probabilistic
loss for a specific time period DT.

Let t be the threshold return which sep-
arates profits from losses and 
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the loss that results of investing Wt during a period dt
with respect to the threshold t. Considering jdt as a
random variable which follows a y density function affords
the definition of Drawdown (1 – a)% as

(1)

and VaR1–a, DT as

(2)

If we define DD1–a in terms of VaR1–a, DT, the con-
sideration of any t threshold return is implicitly intro-
duced in the VaR model, so we do not need to consider
it in the DD1–a definition.

(3)

i.e., drawdown is a maximal bound of VaR measures.
Unlike VaR1–a, DT, DD1–a does not refer to a spe-

cific time period DT > 0, but to the whole investment
horizon, "dt > 0.

DEFINING TIME UNDER THE WATER

Time Under the Water (1–a)%, TUW1–a, is simply the
period of time a risky investment may remain with a net
asset value (NAV) lower than its target value with a cer-
tain confidence level. Given a wealth value W at a time
point t and a t threshold return, the time under the water
is computed as:

TUWt : = Min{dtΩWt + dt ≥ Wt etdt}, dt > 0 (4)

which is obviously a random variable provided that W
represents the wealth value of a risky investment. Let Q
be the density function for TUWt. Then,
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Likewise, TUW1–a can be also defined in terms of
VaR with the same implications with respect to t.

TUW1–a := {dtΩVaR1–a, dt = 0}, dt > 0 (6)

CHARACTERIZING HEDGE FUND RETURNS

Brooks and Kat [2002] show that the distributions
of hedge funds’ monthly returns exhibit statistically sig-
nificant skewness, kurtosis, and autocorrelation of dif-
ferent orders. A direct consequence of such a result is that
mean-variance biased performance measures (such as
Sharpe ratio or Treynor ratio) may overestimate the effi-
ciency of hedge funds.

Favre and Galeano [2002] derive a modified Sharpe
ratio that takes non-normality into account. Similar anal-
yses were performed by Hwang and Satchell [1999], Amin
and Kat [2002], Jurczenko and Maillet [2002a, 2002b],
Zsolt [2002], and others. Ineichen [2003] provides a his-
torical analysis of drawdown for different hedge fund
indices. Measuring the impact of time-dependence on
hedge fund’s risk and efficiency has remained an unex-
plored territory so far.

COMPARING RESULTS

This article will deal with three different systems of
assumptions or frameworks. For each two frameworks,
results can be compared as shown in Exhibit 1.

Let’s assume that investors prefer more return over
less and shorter time under the water to longer. Then, in
Case I, Result 1 is Pareto-dominant with respect to Result
2. The opposite happens in Case IV, where Result 2 is
Pareto-dominant with respect to Result 1. In Cases II
and III there is no Pareto dominance and we need to
introduce a utility function in order to determine the
exact trade-off between drawdown and time under the
water. For instance, investors more sensitive to time-to-
recovery than losses (e.g., investors who require high li-
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(1)<(2) (2)<(1)
(1)<(2) I II
(2)<(1) III IV

Drawdown

Time Under the Water

E X H I B I T 1
Comparing Results

Source: Authors.
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quidity) will generally prefer Case II to Case III.
Exhibit 2 displays the diagrams of the Cases

described in Exhibit 1.

I. ASSUMING NORMALITY 
AND TIME-INDEPENDENCE

Computing Drawdown and Time Under the
Water When Normality Holds

Using the equations derived in Appendix A, one
can immediately construct an algebraic relation between
VaR, drawdown, and time under the water by substi-
tuting Zas in any of the expressions by

(7)

Exhibit 3 shows time under the water (in years) and
drawdown for a = 1%, a = 5%, and t = 0% per strategy
assuming normality. VaR, mean, and standard deviation fig-
ures are computed for a one-month time window. Mean
and standard deviation values are shown in Exhibit 4.

For example, with a 99% confidence the loss over
one month will not be larger than 3.72% when investing
in the hedge fund weighted composite. However, with a
small likelihood (1%), an investor will experience a loss
larger than 5.17% (assuming no specific time horizon)
and it might take about 1.51 years until his wealth has
recovered. Also, hedge funds provide more favorable num-
bers than stocks, using the MSCI Global Equity Index as
a proxy. In this case, an investor might lose almost 75%
of his wealth and it might take more than 72 years until
a loss is completely recovered.2

In this context, all three risk measures depend on the
mean and the standard deviation of the distribution; a low
mean and/or a high standard deviation will lead to a high
VaR and a high DD, ceteris paribus. However, DD increases
much faster than VaR when risk increases, for a given
mean (ceteris paribus). Also, for a given risk level, DD
decreases much faster than VaR with an increase in the
expected value of the distribution. Thus, DD is more sen-
sitive to changes in the return distribution, and the ratio
between DD/VaR is higher the bigger VaR is. Increasing
the confidence level, e.g., from 95% to 99%, increases the
VaR as well as the DD. However, since DD is again more
sensitive, the ratio increases as well.

Although in the case of normal distributions the

Z
VaR E r T

T
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t
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D

three risk measures reflect the same information, it might
be illustrative for investors and practitioners to consider
the three different aspects.

Our main conclusion to these results is that, even
though drawdown and time under the water may differ
from VaR in the “normal” case, both of them can be
determined by applying the mathematical relation that
bind them, thus being redundant to VaR.

II. CONSIDERING NON-NORMALITY,
ASSUMING TIME-INDEPENDENCE

Modeling Hedge Fund Returns Through
Mixture of Normal Distributions

Non-normal returns have been widely modeled
through mixture of normal distributions.3 The assump-
tion underlying this procedure is that the unconditional
return distribution is the result of two or more processes
that may happen with a certain probability. The influ-
ence of higher moments is illustrated in Exhibits 5 and 6,
where we observe a trade-off between co-skewness and
co-kurtosis that mixture of normals can model (cf. López
de Prado and Rodrigo [2004]).

The estimation of the parameters for mixture of
normal distributions out of historical data is described in
Hamilton [1991]. Applying this quasi-Bayesian approach
on a time series of monthly returns, we derived the results
displayed in Exhibit 7. Mean and standard deviation have
been annualized.

The average squared error is small while there is no
significant improvement in estimating a mixture of more
than two distributions. The mixtures estimated in Exhibit
7 are characteristic in the sense that each of them provides
the same four principal moments about the mean as com-
puted in Exhibit 4. Exhibit 8 illustrates the fitting of the
cumulative distribution for the HFR Weighted Com-
posite Index.

Computing Drawdown and Time Under 
the Water When Normality Does Not Hold

As it is not possible to assume normality in the dis-
tribution of hedge funds’ returns, drawdown (DD) and
time under the water (TUW) cannot be computed ana-
lytically:4 When returns do not follow a normal distri-
bution, the stochastic components of returns do not
comply with a Wiener process; thus NAV cannot be
modeled through a geometric Brownian motion (GBM)
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TUW (99%) DD (99%) VaR (99%) TUW (95%) DD (95%) VaR (95%)  DD/VaR (99%)  DD/VaR (95%) 
HFR Convertible Arbitrage 0.49 1.38% 1.34% 0.24 0.69% 0.67% 3.14% 2.88%
HFR Distressed 1.15 3.94% 3.10% 0.57 1.97% 1.86% 26.94% 5.96%
HFR Emerging Markets 6.49 23.08% 9.27% 3.25 11.54% 6.21% 148.89% 85.81%
HFR Equity Hedge 1.64 6.94% 4.85% 0.82 3.47% 3.02% 43.05% 15.04%
HFR Equity Market Neutral  0.61 1.48% 1.38% 0.30 0.74% 0.74% 7.12% 0.25%
HFR Equity Non-Hedge 4.92 18.94% 8.58% 2.46 9.47% 5.69% 120.90% 66.50%
HFR Event-Driven 1.42 4.72% 3.46% 0.71 2.36% 2.13% 36.18% 10.99%
HFR Fixed Income Arbitrage 1.62 3.40% 2.38% 0.81 1.70% 1.48% 42.60% 14.77%
HFR Fund of Fund Index 1.93 4.77% 3.14% 0.96 2.38% 1.98% 51.81% 20.43%
HFR Fund Weighted Composite 1.51 5.17% 3.72% 0.75 2.58% 2.29% 38.97% 12.61%
HFR Macro 1.39 5.80% 4.29% 0.70 2.90% 2.62% 35.31% 10.49%
HFR Market Timing 1.64 5.14% 3.59% 0.82 2.57% 2.23% 43.27% 15.17%
HFR Merger Arbitrage 0.97 2.55% 2.12% 0.48 1.28% 1.24% 20.48% 2.93%
HFR Relative Value Arbitrage 0.51 1.56% 1.51% 0.25 0.78% 0.76% 3.66% 2.26%
HFR Short Seller 63.61 100.00% 14.62% 31.80 52.39% 10.18% 583.85% 414.73%
HFR Statistical Arbitrage 1.07 2.44% 1.96% 0.53 1.22% 1.17% 24.20% 4.61%
CTA Barclays 8.04 15.26% 5.58% 4.02 7.63% 3.76% 173.45% 102.87%
JPM Global Bond 3.54 6.56% 3.41% 1.77 3.28% 2.23% 92.41% 47.10%

E X H I B I T 3
VaR, Drawdown, and Time Under the Water per Strategy Assuming Normality in Returns’ Distributions

Source: Authors, based on time series of monthly returns.

Mean St Dev Skewness Ex. Kurtosis Beta Correl Co-Skew Ex. Co-Kurt
HFR Convertible Arbitrage  0.9% 1.0% -132.3% 315.4% 6.5% 29.2% -39.4% -59.0%
HFR Distressed 1.1% 1.8% -63.9% 544.9% 14.8% 35.3% -71.0% 23.1%
HFR Emerging Markets 1.2% 4.5% -76.0% 360.4% 63.7% 61.9% -51.9% 22.7%
HFR Equity Hedge 1.4% 2.7% 16.9% 114.9% 38.3% 62.0% -36.9% -79.2%
HFR Equity Market Neutral  0.8% 0.9% 5.2% 19.7% 2.3% 10.7% -18.1% -146.6%
HFR Equity Non-Hedge 1.3% 4.2% -47.6% 50.2% 68.6% 70.7% -50.0% -43.7%
HFR Event-Driven 1.1% 2.0% -134.1% 470.4% 26.5% 58.8% -72.5% 55.0%
HFR Fixed Income Arbitrage 0.7% 1.3% -167.4% 903.6% -17.8% -23.2% -15.5% -85.5%
HFR Fund of Fund Index 0.8% 1.7% -26.5% 388.8% 16.6% 42.4% -39.7% -23.4%
HFR Fund Weighted Composite 1.1% 2.1% -61.6% 261.9% 32.4% 67.7% -59.8% 6.5%
HFR Macro 1.4% 2.4% 45.6% 8.0% 22.6% 40.4% -25.1% -151.7%
HFR Market Timing 1.0% 2.0% 14.9% -54.9% 30.0% 65.7% -11.6% -156.6%
HFR Merger Arbitrage 0.9% 1.3% -276.2% 1168.6% 12.4% 42.0% -72.2% 79.6%
HFR Relative Value Arbitrage 1.0% 1.1% -100.5% 1055.4% 8.9% 35.5% -55.2% 61.1%
HFR Short Seller 0.5% 6.5% 4.9% 113.3% -97.1% -65.0% 33.1% -101.5%
HFR Statistical Arbitrage 0.8% 1.2% -13.3% 45.1% 13.5% 50.5% -45.0% -132.7%
CTA Barclays 0.6% 2.7% 38.5% 35.9% -13.4% -21.9% 23.6% -139.8%
JPM Global Bond 0.6% 1.7% 19.6% 1.9% 100.0% 100.0% 19.6% 1.9%

E X H I B I T 4
Sorting HFR Strategies According to the Co-Skewness and Co-Kurtosis Relative to the Market

Source: Authors, based on time series of monthly returns (1990.01 - 2003.03).
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diffusion process.5 A wide-range consequence of not
having an analytical solution to compute VaR, draw-
down, and time under the water is that the algebraic link
between these three disappears, and VaR is no longer
able to fully represent all three dimensions of market risk.

A numerical solution to this problem comes from
computing via Monte Carlo a significant number of wealth
paths, by generating random returns which comply with

the assumed distribution function. Wealth paths are sim-
ulated as shown below:

where (8)

where et is white noise that distributes as a mixture of m
normal distributions.

r N P Pt i i i
i 1

m

i
i 1

m
= Æ ( ) ◊Â Â =

= =
e m st , 1W W et t-1

rt= ◊
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Ex. Co-Kurtosis Coefficients Standard Error t Stat P-value
Intercept -1.394361126 0.158953037 -8.772157806 2.71952E-07

Co-Skewness^2 4.068362243 0.577469738 7.045152286 3.96991E-06

Adjusted R Square 0.752452924

E X H I B I T 6
Substitution of Co-Skewness for Co-Kurtosis in HFR Indices and Barclays CTA

Source: Authors, based on Hedge Fund Research and Barclays time series of monthly returns.
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Then, we can bootstrap via Monte Carlo y, Q den-
sity functions for DD and TUW. Applying definitions set
for DD1–a and TUW1–a, these risk values can be easily
computed via Monte Carlo maximization in several alter-
native ways.6

Our calculations are based on 10,000 simulations car-
ried out on a monthly frequency7 until VaR1–a, dt* ≥ 0.
When this happens, the simulation is finished, providing as

results TUW1–a = dt* and DD1–a = Max{VaR1–a, dt} ≥
VaR1–a,DT, "dt Œ (0, •). No yearly withdrawal rate is
considered and no simulations are excluded due to the
“end of path effect.” Readers interested in exploring the
accuracy of this approach may contact the writers about
receiving an analytic study.

For a standard Pentium IV computer each of these
19 Monte Carlo experiments should be completed in no

SUMMER 2004 THE JOURNAL OF ALTERNATIVE INVESTMENTS 13

Mean (1) StDev (1) Mean (2) StDev (2) Prob Avg. SE
HFR Convertible Arbitrage 0.14 0.02 - 0 . 0 1 8 0.045 0.82 0.01%
HFR Distressed 0.15 0.039 0.057 0.1234 0.83 0.03%
HFR Emerging Markets 0.23 0.082 - 0 . 0 5 5 0.251 0.71 0.02%
HFR Equity Hedge 0.15 0.079 0.228 0.1418 0.82 0.01%
HFR Equity Market Neutral 0.0925 0.029 0.1095 0.0375 0.73 0.01%
HFR Equity Non-Hedge 0.27 0.12 - 0 . 5 4 0.1375 0.86 0.04%
HFR Event-Driven 0.187 0.031 - 0 . 0 2 7 0.115 0.74 0.05%
HFR Fixed Income Arbitrage 0.112 0.02417 - 0 . 0 5 1 0.0989 0.86 0.03%
HFR Fund of Fund Index 0.105 0.0375 0.066 0.104 0.79 0.02%
HFR Fund Weighted Composite 0.17 0.05 - 0 . 0 1 0.115 0.77 0.01%
HFR Macro 0.045 0.06 0.45 0.0735 0.7 0.02%
HFR Market Timing 0.235 0.0567 - 0 . 1 0 5 0.037 0.67 0.02%
HFR Merger Arbitrage 0.14 0.021 - 0 . 1 6 9 0.0937 0.89 0.01%
HFR Relative Value Arbitrage 0.13 0.021 0.055 0.092 0.88 0.03%
HFR Short Seller 0.081 0.275 0.038 0.1 0.63 0.02%
HFR Statistical Arbitrage 0.105 0.037 0.063 0.0541 0.79 0.01%
CTA Barclays 0.141 0.102 - 0 . 0 7 7 0.045 0.7 0.01%
JPM Global Bond 0.0113 0.05 0.23 0.0541 0.71 0.02%

E X H I B I T 7
Estimating the Parameters for the Mixture of Normal Distributions Out-of-Time Series

Source: Authors, based on time series of monthly returns.
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more than two hours. Results are displayed in Exhibit 9,
where VaR is expressed for a one-month time window.
Exhibit 10 illustrates the results for the HFR Fund
Weighted Composite Index, where a drawdown of 7.48%
is achieved after six months but recovery takes about 2.25
years with a confidence of 99%.

Compared to the normal case, risk values are higher,
indicating that modeling hedge funds’ returns under the
assumption of normality may result in underestimation
of their risk. This is especially true for “presumably” pro-
tected strategies like HFR Fixed Income Arbitrage or
HFR Relative Value Arbitrage, where the level of risk

14 MEASURING LOSS POTENTIAL OF HEDGE FUND STRATEGIES SUMMER 2004

TUW (99%) DD (99%) VaR (99%) TUW (95%) DD (95%) VaR (95%) DD/VaR (99%) DD/VaR (95%)
HFR Convertible Arbitrage 0.67 2.16% 2.16% 0.33 0.96% 0.92% 0.00% 4.64%
HFR Distressed 1.42 5.54% 5.10% 0.67 2.46% 1.69% 8.61% 45.76%
HFR Emerging Markets 6.25 22.60% 13.63% 3.17 11.77% 7.31% 65.84% 61.01%
HFR Equity Hedge 1.75 7.34% 5.11% 0.92 3.38% 2.90% 43.72% 16.42%
HFR Equity Market Neutral 0.67 1.33% 1.31% 0.33 0.70% 0.67% 1.19% 3.86%
HFR Equity Non-Hedge 4.83 18.28% 10.34% 2.50 9.47% 6.38% 76.80% 48.48%
HFR Event-Driven 1.92 6.88% 6.10% 0.83 3.38% 3.11% 12.82% 8.68%
HFR Fixed Income Arbitrage 2.00 5.52% 4.61% 0.92 2.31% 1.48% 19.77% 55.88%
HFR Fund of Fund Index 2.17 5.59% 4.46% 1.08 2.51% 1.83% 25.29% 37.28%
HFR Fund Weighted Composite 2.25 7.48% 5.77% 1.08 3.47% 3.09% 29.71% 12.28%
HFR Macro 1.25 4.55% 3.42% 0.67 2.29% 2.18% 32.96% 4.89%
HFR Market Timing 1.75 4.67% 2.93% 0.92 2.49% 2.04% 59.34% 22.16%
HFR Merger Arbitrage 1.50 5.30% 5.02% 0.75 2.28% 1.72% 5.67% 32.77%
HFR Relative Value Arbitrage 0.75 3.27% 3.21% 0.33 0.66% 0.43% 1.74% 52.56%
HFR Short Seller 64.75 67.24% 16.37% 32.58 41.87% 10.51% 310.78% 298.37%
HFR Statistical Arbitrage 1.08 2.60% 2.20% 0.58 1.26% 1.18% 18.20% 6.76%
CTA Barclays 8.17 14.48% 5.28% 4.08 7.55% 3.33% 174.30% 126.87%
JPM Global Bond 3.25 5.75% 3.08% 1.67 3.08% 2.06% 86.73% 49.60%

E X H I B I T 9
Risk Measures per Strategy Modeling Non-Normality via Mixture of Normal Distributions

Source: Authors, based on QisDRAWDOWN.
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underestimation due to the assumption of normality is
between 50%-100% of the total drawdown.

Finally, Exhibit 11 compares risk measures based on
non-normal distributions with the similar measures
assuming normality in returns’ distribution. There is a
predominance of Case I for a confidence level of 99%, i.e.,
both DD and TUW look more unfavorable. For 95%
confidence level, there are only five Cases IV, which means
that for most of the strategies either drawdown, time
under the water, or both risk measures increase when
non-normality is considered.

Therefore, we may assert that risk models assuming
normality of returns’ distribution usually underestimate the
risk of hedge fund strategies. However, the size and direc-
tion of the error will depend on what dimension of market
risk, what strategy, and what confidence level you look at.
Since VaR, drawdown, and time under the water are not
analytically linked when the assumption of normality does
not hold, each of these figures provide complementary
information regarding the hedge funds’ risk profile.

III. CONSIDERING NON-NORMALITY 
AND TIME-DEPENDENCE

Time-Dependence of Non-Normally
Distributed Returns

Hedge fund returns time series exhibit not only
non-normality but also several forms of time-dependence.
Brooks and Kat [2002] report the presence of significant

serial correlation in hedge fund returns. This is a feature
with important consequences when measuring market
risk and therefore should not be neglected. We will model
time-dependence of logarithmic returns rt through a Non-
Gaussian ARMA(p, q) process, i.e., an ARIMA (p, 1, q)
process on the prices Wt:

(9)

and following the standard Box-Jenkins notation (Box
and Jenkins [1976]), 

which can be expressed as a finite differential equation

(10)

where et is white noise that distributes as a mixture of
normal distributions:
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TUW (99%) DD (99%) VaR (99%) Case (99%) TUW (95%) DD (95%) VaR (95%) Case (95%)
HFR Convertible Arbitrage 36.26% 56.80% 61.73% I 39.64% 37.30% -100.00% I
HFR Distressed 23.62% 40.62% 64.36% I 25.09% -9.06% -68.05% III
HFR Emerging Markets -3.76% -2.05% 46.99% IV 2.01% 17.73% -55.78% I
HFR Equity Hedge 6.97% 5.84% 5.34% I -2.68% -3.83% 1.56% IV
HFR Equity Market Neutral 10.17% -10.41% -5.17% III -5.93% -9.21% -83.24% IV
HFR Equity Non-Hedge -1.83% -3.50% 20.57% IV 0.02% 12.17% -36.47% I
HFR Event-Driven 35.01% 45.86% 76.06% I 43.29% 46.34% -64.56% I
HFR Fixed Income Arbitrage 23.36% 62.43% 93.39% I 35.76% -0.05% -53.60% III
HFR Fund of Fund Index 12.38% 17.23% 42.04% I 5.42% -7.52% -51.18% III
HFR Fund Weighted Composite 49.39% 44.87% 55.21% I 34.32% 34.72% -23.75% I
HFR Macro -10.26% -21.60% -20.22% IV -21.14% -16.93% -6.63% IV
HFR Market Timing 6.53% -9.23% -18.39% III -3.09% -8.63% 37.14% IV
HFR Merger Arbitrage 55.42% 107.84% 136.97% I 78.98% 38.76% -72.31% I
HFR Relative Value Arbitrage 48.41% 108.92% 112.86% I -16.06% -43.73% -52.50% IV
HFR Short Seller 1.78% -32.76% 11.95% III -20.09% 3.26% -46.77% II
HFR Statistical Arbitrage 1.40% 6.58% 11.99% I 3.28% 1.21% -24.82% I
CTA Barclays 1.53% -5.07% -5.37% III -0.95% -11.43% 0.49% IV
JPM Global Bond -8.12% -12.27% -9.60% IV -5.97% -7.54% -6.14% IV

E X H I B I T 1 1
Differences Between Mixture of Normal Distribution Model and Normal Model

Source: Authors.
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(11)

In the next section we explain how to estimate the
necessary parameters in order to conduct this non-Gaus-
sian ARMA Monte Carlo process, i.e., ff, qq, mm, ss, P.

Estimating the Non-Gaussian ARMA Process

We have divided the procedure to estimate our non-
Gaussian ARMA model into four sequential steps:

1. Initial specification of the model.
2. LS estimation of the ARMA (p, q) coefficients,8 ff, qq.
3. From Step 1 until model is validated, following a

stepwise factor-selection algorithm.9

4. Quasi-Bayesian estimation of the parameters of a
mixture of normal distributions on the residuals of
the ARMA process, i.e., mm, ss, P. This is precisely
the same method applied earlier on the returns time
series, but now applied on the êt ARMA estimated
residuals.

Hamilton [1994] demonstrates that, in cases where
e follows a mixture of normal distributions (but also in
the more general case of Markov chains), the maximum
likelihood ARMA estimator is asymptotically unbiased
and optimal.10 Since our time series can be regarded as
large samples, the LS estimators of the ARMA process
are assumed to follow a Gaussian distribution although e
follows a mixture of normal distributions.

The four-steps estimation procedure described above
generates a stochastic process mimicking the statistical
properties of hedge fund returns indices, in particular
those related to non-normality and time-dependence. For
each hedge fund return index, Exhibits 12 and 13 pro-
vide the ARMA and mixture’s parameters that generate
a stochastic process with the same moments and ARMA
coefficients as exhibited by its returns time series.

Non-Gaussian ARMA Monte Carlo

The non-Gaussian ARMA process estimated in the
previous section has been fitted after 160 observations, and
any additional draw of the stochastic process should be
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based on an initial simulated sample of that length. Monte
Carlo specifications are as for the time-independent case.

Results are shown in Exhibit 14. For HFR Equity
Market Neutral, HFR Market Timing, HFR Short Seller,
CTA Barclays, and MSCI Global Equity we provide no
results because these return indices do not exhibit signif-
icant ARMA time-dependence, i.e., the model degener-
ates into a mixture of normal as discussed in Section II.

Exhibit 15 shows that for all the strategies but one
and for both confidence levels the comparison between
non-Gaussian ARMA results and mixture of normal dis-
tributions results is described by only two cases, I and IV.
Recall that in the section “Comparing Results” we jus-
tified that Cases I and IV were precisely those of Pareto
dominance. In fact, the appearance of this dichotomy between
Cases I and IV when comparing results simply means that
assuming time-independence in hedge fund returns is misleading
for estimating both risk measures, drawdown and time under the
water, and that the error happens for both indicators in the same
direction: underestimating the risks involved in strategies
belonging to Case I, overestimating the risks involved in
strategies belonging to Case IV.

What are the implications of missing Cases II and
III? Lacking cases of non-Pareto dominance means that
both risk measures, drawdown and time under the water,
move in the same direction once the hypothesis of time-
independence is relaxed. There is a clear explanation for
that observation: The stationary ARMA processes exhib-
ited by hedge fund strategies affect the modeling of returns
in the way of smoothing their time series. This is a well-
known property of hedge fund returns indices11 incorpo-
rated in our model, with the consequence that a higher
(lower) drawdown implies longer (shorter) time under the
water.

For illustration purposes, we compare in Exhibit 16
the Non-Gaussian ARMA model with the normal model.
Comments are similar to those regarding Exhibit 15.

CONCLUSIONS

This study has tackled three important dimensions of
the market risks involved in hedge funds’ investments: draw-
down, time under the water, and VaR. These are different
but complementary measures of market risk. VaR refers to
the probabilistic loss comparing today's wealth with a punc-
tual forward wealth. Drawdown represents the maximum
probabilistic loss that an investment may suffer, without
restricting its value to a specific investment horizon. Time
under the water shows how long it may take to recover

16 MEASURING LOSS POTENTIAL OF HEDGE FUND STRATEGIES SUMMER 2004
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from a loss with a certain confidence level. In a “normal”
world, the last two risk measures can be derived out of VaR,
and therefore they may be disregarded as redundant.

We have provided further evidence regarding the
existence of conditional volatility regimes which justify
the modeling of non-normally distributed hedge funds’

returns via mixture of normal distributions. In particular,
we cannot underestimate the importance of the four prin-
cipal moments of hedge fund returns, since there seems
to be a strong relation between them for each strategy
and a trade-off among them when comparing any two
strategies. The estimated mixture of normal’s parameters

SUMMER 2004 THE JOURNAL OF ALTERNATIVE INVESTMENTS 17

Mean (1) StDev (1) Mean (2) StDev (2) Prob
HFR Convertible Arbitrage 0.043706 0.01 -0.199106 0.05 0.82
HFR Distressed 0.01581 0.02 -0.07719 0.1234 0.83
HFR Emerging Markets 0.08265 0.073 -0.20235 0.25 0.71
HFR Equity Hedge -0.01404 0.079 0.06396 0.1418 0.82
HFR Equity Market Neutral 
HFR Equity Non-Hedge 0.1134 0.12 -0.6966 0.15 0.86
HFR Event-Driven 0.05564 0.025 -0.15836 0.115 0.74
HFR Fixed Income Arbitrage 0.02282 0.015 -0.14018 0.0989 0.86
HFR Fund of Fund Index 0.00819 0.0325 -0.03081 0.104 0.79
HFR Fund Weighted Composite 0.039914 0.043 -0.119741 0.115 0.75
HFR Macro -0.1215 0.059 0.2835 0.0735 0.7
HFR Market Timing
HFR Merger Arbitrage 0.03399 0.01 -0.27501 0.0937 0.89
HFR Relative Value Arbitrage 0.009 0.018 -0.066 0.093 0.88
HFR Short Seller
HFR Statistical Arbitrage 0.00882 0.0353 -0.03318 0.0543 0.79
CTA Barclays
JPM Global Bond -0.063423 0.048 0.155277 0.054 0.71

E X H I B I T 1 3
Mixture of Normal Distributions Fitted on ARMA Residuals

Source: Authors, QisMIXTEST.

In tercept A R ( 1 ) A R ( 2 ) A R ( 3 ) M A ( 1 ) M A ( 2 ) M A ( 3 )
HFR Convertible Arbitrage 0 . 0 1 3 0 . 5 6 1 2 9 3 - 0 . 1 4 8 5 8 8
HFR Distressed 0 . 0 1 1 2 - 0 . 5 4 4 5 2 5 0 . 1 9 3 6 8 7
HFR Emerging Markets 0.015 0 . 3 0 8 3 5 7
HFR Equity Hedge 0 . 0 1 4 4 7 2 0.155912
HFR Equity Market Neutral  
HFR Equity Non-Hedge 0 . 0 1 2 7 4 9 - 0 . 1 6 0 5 6 1
HFR Event-Driven 0 . 0 1 0 9 7 1 - 0 . 3 1 5 8
HFR Fixed Income Arbitrage 0 . 0 0 7 0 0 6 - 0 . 4 1 8 3 0 8
HFR Fund of Fund Index 0 . 0 1 0 . 3 1 4 5 2 4
HFR Fund Weighted Composite 0 . 0 1 3 2 0 . 2 4 7 6 3
HFR Macro 0 . 0 1 7 0.159457
HFR Market Timing 
HFR Merger Arbitrage 0 . 0 0 8 6 8 2 - 0 . 3 1 5 6 5 2 - 0 . 1 7 4 7 3 2
HFR Relative Value Arbitrage 0 . 0 1 0 1 - 0 . 2 1 5 9 2 9 - 0 . 1 7 6 7 0 9
HFR Short Seller 
HFR Statistical Arbitrage 0 . 0 0 9 0 . 2 1 6 1 5 6
CTA Barclays
JPM Global Bond 0 . 0 0 5 5 - 0 . 2 8 9 5 9 9

E X H I B I T 1 2
ARMA Parameters

Note: Parameters in bold represent Prob<1%. For the rest, Prob<5%.

Source: Authors, E-Views.
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afford the modeling of non-normally distributed returns
consistent with the four principal moments observed in
hedge fund time series. The error obtained in this esti-
mation has been negligible even for the simplest case of
two distributions conforming the mixture.

Time-dependence of hedge fund returns is also a
statistical property reported in the literature. We have
estimated for each strategy the parameters corresponding

to a non-Gaussian ARMA process with the same
moments and ARMA time-dependence as exhibited by
hedge fund indices. 

Since it is not possible to provide an analytical solu-
tion for the computation of drawdown and time under
the water whenever normality or time-independence
assumptions on returns’ distribution do not hold, we have
developed a Monte Carlo simulation based on a non-

18 MEASURING LOSS POTENTIAL OF HEDGE FUND STRATEGIES SUMMER 2004

TUW (99%) DD (99%) VaR (99%) TUW (95%) DD (95%) VaR (95%) DD/VaR (99%) DD/VaR (95%)
HFR Convertible Arbitrage 0.58 3.32% 3.25% 0.33 1.68% 1.68% 2.18% 0.00%
HFR Distressed 2.75 10.80% 5.35% 1.25 4.78% 2.19% 101.84% 118.45%
HFR Emerging Markets 4.25 16.00% 13.95% 2.00 8.32% 7.57% 14.68% 9.86%
HFR Equity Hedge 1.67 6.17% 5.30% 0.83 3.27% 3.04% 16.32% 7.66%
HFR Equity Market Neutral  
HFR Equity Non-Hedge 7.75 26.10% 10.94% 3.75 12.97% 6.64% 138.61% 95.31%
HFR Event-Driven 3.50 12.52% 6.22% 1.75 5.66% 3.14% 101.34% 80.39%
HFR Fixed Income Arbitrage 4.33 10.10% 4.40% 2.08 4.01% 1.83% 129.62% 119.11%
HFR Fund of Fund Index 1.50 4.55% 4.55% 0.75 1.85% 1.85% 0.00% 0.00%
HFR Fund Weighted Composite 1.42 5.83% 5.83% 0.75 2.84% 2.70% 0.00% 5.18%
HFR Macro 0.92 3.65% 3.40% 0.50 2.17% 2.04% 7.28% 6.20%
HFR Market Timing 
HFR Merger Arbitrage 4.50 12.12% 5.10% 2.08 4.12% 1.64% 137.61% 151.34%
HFR Relative Value Arbitrage 1.83 4.99% 3.28% 0.67 1.14% 0.49% 52.06% 132.30%
HFR Short Seller 
HFR Statistical Arbitrage 0.83 2.31% 2.28% 0.50 1.26% 1.20% 1.26% 4.89%
CTA Barclays
JPM Global Bond 7.83 12.48% 3.22% 4.17 5.96% 2.14% 287.48% 178.38%

E X H I B I T 1 4
Risk Measures per Strategy Modeling Returns Through a Non-Gaussian ARMA Process

Authors, QisDRAWDOWN.

TUW (99%) DD (99%) VaR (99%) Case (99%) TUW (95%) DD (95%) VaR (95%) Case (95%)
HFR Convertible Arbitrage -12.50% 53.57% 50.30% II 0.00% 74.51% 82.61% I
HFR Distressed 94.12% 94.96% 4.90% I 86.34% 94.22% 29.59% I
HFR Emerging Markets -31.99% -29.23% 2.35% IV -36.84% -29.34% 3.56% IV
HFR Equity Hedge -4.76% -16.06% 3.72% IV -9.09% -3.06% 4.83% IV
HFR Equity Market Neutral  
HFR Equity Non-Hedge 60.34% 42.79% 5.80% I 50.00% 36.90% 4.08% I
HFR Event-Driven 82.61% 81.97% 1.97% I 110.00% 67.58% 0.96% I
HFR Fixed Income Arbitrage 116.67% 82.99% -4.56% I 127.27% 73.80% 23.65% I
HFR Fund of Fund Index -30.77% -18.58% 2.02% IV

-30.77%
-26.36% 1.09% IV

HFR Fund Weighted Composite -37.04% -22.11% 1.04% IV -30.77% -18.15% -12.62% IV
HFR Macro -26.67% -19.79% -0.58% IV -25.00% -5.25% -6.42% IV
HFR Market Timing 
HFR Merger Arbitrage 200.00% 128.44% 1.59% I 177.78% 80.50% -4.65% I
HFR Relative Value Arbitrage 144.44% 52.72% 2.18% I 100.00% 73.52% 13.95% I
HFR Short Seller 
HFR Statistical Arbitrage -23.08% -11.21% 3.64% IV -14.29% -0.09% 1.69% IV
CTA Barclays
JPM Global Bond 141.03% 116.94% 4.55% I 150.00% 93.31% 3.88% I

E X H I B I T 1 5
Differences Between Non-Gaussian ARMA and Mixture of Normal Distribution Models

Source: Authors, QisDRAWDOWN.
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Gaussian ARMA stochastic process.
Finally, results achieved in this study indicate that:

1. Whenever normality or time-independence assump-
tions do not hold, VaR does not capture all dimensions
of market risk: There is an algebraic correspondence
between VaR, drawdown, and time under the water
when normality and time-independence assumptions
hold, and the three can be analytically computed by
using mean and variance. Whenever either one or
both hypotheses are relaxed, there is no analytical solu-
tion nor algebraic correspondence between VaR,
drawdown, and time under the water. In such a case,
VaR is not able to fully capture all market risk dimen-
sions, and its measure must be complemented with
others like drawdown and time under the water.

2. Drawdown and VaR measures may notably differ for
hedge fund investments: A relatively low VaR value
can coexist with a four times larger drawdown figure.
Thus, investors should be aware that VaR models, even
when considering non-normality and time-indepen-
dence of hedge fund returns for a high confidence
level, may hide much higher likely losses than expected.

3. To apply higher confidence levels does not compen-
sate for the error committed when the non-nor-
mality or time-dependence is neglected: Some
practitioners apply higher confidence levels in an
attempt to reduce the errors committed when nor-
mality or time-independence is assumed. This
practice delivers inaccurate results when com-
puting VaR as well as drawdown and time under
the water figures.

4. Relaxing the normality hypothesis makes hedge funds
riskier. Neglecting time-dependence of returns does
not always underestimate hedge funds’ risks: Assuming
normality of hedge funds’ returns generally leads to
the underestimation of risks. However, assuming
time-independence of hedge funds returns does not
always underestimate risks, but whatever the direc-
tion of the estimation error, drawdown and time
under the water are affected in the same way.

In a future study we will examine the loss potential
of hedge funds in the context of a diversified portfolio
and the precise impact of moments and co-moments on
coherent risk figures. Readers interested in this line of
research may find a mathematical derivation of a port-
folio optimization algorithm dealing with non-normality
and time-dependence of hedge funds’ returns in López
de Prado and Rodrigo [2004].
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TUW (99%) DD (99%) VaR (99%) Case (99%) TUW (95%) DD (95%) VaR (95%) Case (95%)
HFR Convertible Arbitrage 19.23% 140.81% 143.09% I 36.28% 143.69% 150.72% I
HFR Distressed 139.96% 174.15% 72.41% I 118.18% 142.95% 17.85% I
HFR Emerging Markets -34.54% -30.68% 50.44% IV -38.40% -27.92% 21.91% IV
HFR Equity Hedge 1.88% -11.16% 9.26% III 1.90% -5.66% 0.81% III
HFR Equity Market Neutral 
HFR Equity Non-Hedge 57.42% 37.79% 27.56% I 52.36% 36.94% 16.74% I
HFR Event-Driven 146.55% 165.42% 79.52% I 146.58% 140.14% 47.75% I
HFR Fixed Income Arbitrage 167.27% 197.22% 84.58% I 157.03% 135.95% 23.59% I
HFR Fund of Fund Index -22.20% -4.55% 44.90% IV -22.19% -22.37% -6.51% IV
HFR Fund Weighted Composite -5.94% 12.84% 56.82% II -0.39% 9.95% 17.72% II
HFR Macro -34.19% -37.11% -20.68% IV -28.20% -25.28% -22.27% IV
HFR Market Timing
HFR Merger Arbitrage 366.27% 374.79% 140.75% I 331.80% 223.05% 32.30% I
HFR Relative Value Arbitrage 262.79% 219.07% 117.51% I 163.88% 45.66% -35.88% I
HFR Short Seller
HFR Statistical Arbitrage -22.00% -5.37% 16.07% IV -6.39% 3.19% 2.92% II
CTA Barclays
JPM Global Bond 121.45% 90.32% -5.49% I 135.62% 81.77% -3.95% I

E X H I B I T 1 6
Differences Between Non-Gaussian ARMA and Normal Models

Source: Authors, QisDRAWDOWN.
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APPENDIX A

ANALYTICAL DERIVATION OF DRAWDOWN
AND TIME UNDER THE WATER FOR
NORMALLY DISTRIBUTED RETURNS

Time Under the Water for 
Normally Distributed Returns

Let’s consider the following financial variables:
Wt = Investor’s wealth at time point t.
rP = Portfolio P’s return.

t = Investor’s threshold return.
sP = P portfolio’s volatility.

a = Significance level.
d = Yearly withdrawal rate of funds. If d < 0, there is

an inflow.
Za = Critical value for distribution N(0, 1) that verifies

that P( Z £ Za) = a.

Assuming that rP ~ N(E(rP), sP), we can compute for a
confidence level 1 – a the time necessary to achieve a return
t for portfolio P. Such a time interval is called Time Under the
Water (1 – a)%, TUW1–a.

• Case 1: Let’s suppose that d = 0. Thus, provided
that E(rP) > t and Za < 0:

(A-1)

which can be easily solved for TUW1–a as:

(A-2)

• Case 2: When d  π 0, there is no analytical solution for
TUW1-a However, when a solution exists, it is possible
to compute a numerical one by applying Newton-Raph-
son’s algorithm on the expression:

(A-3)

where f(TUW1–a) is the loss value with respect to the threshold
and the solution comes from TUW1–a’s value which makes
f(TUW1–a) = 0.
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Drawdown for Normally Distributed Returns

With the same notation, assuming that rP ~ N(E(rP), sP),
we can compute for a confidence level 1 – a  a the maximum
loss that Portfolio P may suffer. Such a loss is called Drawdown
(1 – a)%, DD1–a, and can be expressed as:

(A-4)

The solution of this optimization problem for dt is:
1) Necessary condition of first order:

(A-5)

2) Sufficient condition of second order:

(A-6)

and substituting dt in the maximized expression, it is a suffi-
cient condition that Za < 0 and E(rP) > t + d for deriving that

(A-7)

APPENDIX B

SIMULATION RESULTS PER STRATEGY

For each index, the following exhibits afford the com-
parison between results from the three alternative analytical
frameworks:

• Normal: As discussed in Section I.
• Non-Normal: As discussed in Section II.
• Non-Normal ARMA: As discussed in Section III.
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ENDNOTES

1We gratefully acknowledge the contributions of Heinz
Müller (Universität St.-Gallen, Switzerland), Pascal Guillet
(head of asset allocation services at UBS Wealth Management),
and Laurent Favre (CEO, AlternativeSoft).

2However, note that the historical characteristics of the
different assets used as input for the calculation might not reflect
the future accurately.

3Cf. Alexander [2001] for numerous examples.
4An exception must be noted for the case that returns

are modeled through mixtures of zero-mean normal densities,
since P(X < –c) = SpiP(Z < –c/si) = a. However, that’s not
appropriate for hedge funds.

5As can be easily proved by applying Îto’s lemma on
GBM expression.

6Cf., for instance, Jäckel [2002].
7It is possible to investigate different frequencies; how-

ever, we apply monthly iterations since this is the frequency of
our data.

8Hamilton [1994], Section 8.2.
9Greene [2002], p. 245.
10For a strict proof of this result, cf. Hamilton [1994], pp.

685-689.
11Brooks and Kat [2002].

REFERENCES

Alexander, C. Market Models. Chichester, UK: John Wiley &
Sons, 2001. 

Amin, G.S., and H.M. Kat. “Generalization of the Sharpe Ratio
and the Arbitrage-Free Pricing of Higher Moments.” Working
Paper No. 2002-15, ISMA Center, University of Reading,
May 2002.

Box, G.E.P., and G.M. Jenkins. Time Series Analysis: Forecasting
and Control, 2nd ed. San Francisco: Holden Day, 1976. 

Brooks, C., and H. Kat. “The Statistical Properties of Hedge
Fund Index Returns and Their Implications for Investors.” The
Journal of Alternative Investments, Vol. 5, No. 2 (2002), pp. 26-44.

Favre, L., and J.A. Galeano. “Mean-Modified Value-at-Risk
Optimization with Hedge Funds.” The Journal of Alternative
Investments, Vol. 5, No. 2 (2002), pp. 21-25.

Greene, W.H. Econometric Analysis, 5th ed. Upper Saddle River,
NJ: Prentice Hall, 2002.

Hamilton, J. “A Quasi-Bayesian Approach to Estimating Param-
eters for Mixture of Normal Distributions.” Journal of Business
and Economic Statistics, Vol. 9, No. 1 (1991), pp. 27-39.

30 MEASURING LOSS POTENTIAL OF HEDGE FUND STRATEGIES SUMMER 2004

-0.75

-0.65

-0.55

-0.45

-0.35

-0.25

-0.15

-0.05

0.0
00

3.0
00

5.9
17

8.9
17

11
.9

17

14.8
33

17.8
33

20.8
33

23.7
50

26.7
50

29.7
50

32.6
67

35.6
67

38.6
67

41.5
83

44.5
83

47.5
83

50.5
00

53.5
00

56.5
00

59.4
17

62.4
17

65.4
17

68.4
17

71.3
33

74.3
33

77.3
33

80.2
50

Time (in years) 

E
xc

es
s 

W
ea

lt
h

Normal

Non-normal

Non-normal ARMA

E X H I B I T B - 1 9
Drawdown and Time Under the Water (in years) for MSCI Global Equity

Source: Authors, QisDRAWDOWN.

It is illegal to reproduce this article in any format. Email Reprints@iijournals.com for Reprints or Permissions.



——. Time Series Analysis. Princeton, NJ: Princeton Univer-
sity Press, 1994.

Hwang, S., and S.E. Satchell. “Modelling Emerging Market
Risk Premia Using Higher Moments.” Working Paper No.
99-13, Department of Applied Economics, University of Cam-
bridge, August 1999.

Ineichen, A.M. “Asymmetric Returns and Sector Specialists.”
The Journal of Alternative Investments, Vol. 5, No. 4 (2003), pp.
31-40.

Jäckel, P. Monte Carlo Methods in Finance. Chichester, UK: John
Wiley & Sons, 2002. 

Jurczenko, Emmanuel, and Bertrand Maillet. “Multimoment
Kernel Asset Pricing Model (KAPM): Some Basic Results.”
Working paper, ESCP-EAP, University of Paris I Pantheón-
Sorbonne, March 2002a.

——. “The Four-Moment Capital Asset Pricing Model: Some
Basic Results.” Working paper, ESCP-EAP, University of Paris
I Pantheón-Sorbonne, September 2002b.

López de Prado, M., and C. Rodrigo. Invertir en Hedge Funds:
Análisis de su Estructura, Estrategias y Eficiencia. Madrid, Spain:
Ediciones Díaz de Santos, 2004.

Zsolt, B. “Measuring Hedge Fund Risk with Multi-moment
Risk Measures.” Working paper, University of Munich, April
2002.

To order reprints of this article, please contact Ajani Malik at
amalik@iijournals.com or 212-224-3205.

SUMMER 2004 THE JOURNAL OF ALTERNATIVE INVESTMENTS 31

Copyright © 2004 Institutional Investor, Inc. All Rights Reserved


