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Abstract

This paper considers the estimation of the volatility of th&tantaneous short inter-
est rate from a new perspective. Rather than using disgredehpounded market rates as
a proxy for the instantaneous short rate of interest, wevelexirelationship between ob-
served LIBOR rates and certain unobserved instantaneowari rates. We determine the
stochastic dynamics for these rates under the risk-nennealsure and propose a filtering
estimation algorithm for a time-discretised version of thsulting interest rate dynamics
based on dynamic Bayesian updating. The method is applig&tdreasury rates of vari-
ous maturities and is found to give a reasonable model fit.

*School of Banking and Finance, The University of New Southe#/aSydney, r.bhar@unsw.edu.au

tSchool of Finance and Economics, University of Technolog@ydney, Australia, E-mail:
Carl.Chiarella@uts.edu.au

iSchool of Finance and Economics, University of Technolog@ydney, Australia, E-mail:
hing.hung@uts.edu.au

$Dipartimento di Matematica Pura ed Applicata, Universit®adova, E-mail:runggal@math.unipd.it

1



1 Introduction

Literature on estimation in models of the instantaneous igfie of interest has burgeoned
since the seminal contribution of Chan et al. (1992) (hemtlefCKLS). The sustained interest
in this topic is due to the great deal of activity, both amdragsademics and practitioners, in
pricing interest rate related securities.

CKLS applied the generalised method of moments (GMM) tonestie the parameters of
a one factor model of the instantaneous spot rate of intdrasis mean-reverting in the drift
term and has a diffusion term that is of constant elasticitthe spot rate. Their estimate for
US data of about 1.5 for the elasticity in the diffusion termaywked much discussion as it was
much higher than the value of 0.5 for the popular Cox, Ingeesw Ross (1985) model.

Subsequent contributions either extended the basic CKb@uilation and/or considered
alternative estimation procedures.

Longstaff and Schwartz (1992), Brenner et al. (1996), Aselerand Lund (1997) and
Koedijk et al. (1997) in various ways add volatility dynamito the model for interest rate
dynamics. Sun (2003) considers a quite general specificatiowing for a non-linear drift as
well as ARCH-type stochastic volatility.

As far as estimation methodology is concerned, GMM has neetdihe work-horse for most
of the empirical studies cited. However Nowman (1997, 12§#)lied the Gaussian estimation
techniques developed by Bergstrom (1990) for continuene stochastic differential equations.
In contrast to GMM the Gaussian estimation methodology hasativantage of producing an
exact maximum likelihood estimator. Episcopos (2000) eghently applied this methodology
to estimate the parameters of the CKLS specification forltbetderm interest rate for a number
of countries. Interestingly he obtained estimates for tlasteity in the diffusion term that
are much lower than those obtained by CKLS. The fact that twth @stablished estimation
methodologies can yield widely differing parameter estasasuggests a need to look at the
estimation issue from a different perspective and that esafrthe motivations for the current
paper.

Irrespective of the estimation methodology one employstler significant issue relates
to what data is used to proxy the instantaneous spot rateterfest that itself is not an ob-
served quantity. Proxy variables that have been used iadll®lone-month Treasury bill rates
(CKLS) and one-month interbank rates (Episcopos). It sedragge that the literature has not
developed in the direction of deriving and including in tlséimation procedure, the stochastic
differential equations that the assumed dynamics of thamtgneous spot rate imply for these
market observed rates. Certainly Chapman et al. (1999) prv@veded some evidence that use
of the indicated proxy variables may not induce a great deatror. However given that the
choice of appropriate estimation procedures is not yet éinegnsettled issue, it would seem
useful to establish a framework that removes entirely artgmg@l for errors or biases due to
choice of the proxy variable. The current paper provides sutamework.

In this paper we use the framework of Heath-Jarrow-Mortd@®g) (henceforth HIM) to
model the dynamics of the interest rate market. The stapgt of HIM is a specification of
the dynamics of the forward rate to any general maturity. Yécsy a forward rate volatility
function that yields the same volatility function for thesiantaneous spot rate of interest con-
sidered in the eatrlier cited literature. An important difiece is that the dynamics of the interest



rate processes occur under the risk-neutral measure. mdeneasure the HIM procedures
enable us to obtain the dynamics of pure discount bond prifiesse can in turn be related to
the discretely compounded LIBOR rates. This link then eesilols to determine the dynamics
for LIBOR rates. It turns out that the dynamics of the LIBORerahe instantaneous spot rate
of interest and another instantaneous forward rate evaivelt®neously under the risk-neutral
measure. The link between pure discount bond prices and RIBfdes mean that these rates
can be regarded as observable under the risk-neutral neeasguist the other two instantaneous
rates just referred to are not observable. We are thus deaith a partially observed stochastic
dynamic system whose estimation may be undertaken by thefusmn-linear filtering meth-
ods. Here we develop a dynamic Bayesian updating algorithmtas to the one proposed in
Chiarella, Pasquali and Ruggaldier (2001). The basic agbrproposed here has been applied
to a much simpler (and approximate) representation of eisdenor interest rate dynamics in
Bhar, Chiarella and Runggaldier (2002).

The plan of the paper is as follows: in section 2 we derive thelgstic dynamic system
followed by the instantaneous spot rate and discretely cumged LIBOR rates. Since the
data are observed in discrete time, in section 3 we outli@ethy in which the continuous time
stochastic differential equation system is discretisadsdction 4 we outline the way in which
the dynamic Bayesian updating algorithm is applied to thienegion problem. In section 5 we
discuss implementation issues and apply the algorithmnoedd.S. data. Section 6 concludes
and makes suggestions for future research. Detailed tesdhaherivations are relegated to the
appendix.

2 TheDynamicsof LIBOR RatesImplied by HIM Bond Prices

We use the Brace and Musiela (1994) (henceforth BM) paramat®n of the HIM model,
which is in terms of(¢, z)(x > 0)thez-period instantaneous forward rate at titrfer maturity
(t + z). Under the risk-neutral measurethis rate satisfies the stochastic integral equation

r(t,z) =r(0,t+x) + /ta(s,t+x)5(s,t+x)ds + /ta(s,t+x)dzﬂ(s), (1)

wherer (0, z) is the initial forward curveg is a Wiener process undBrando(t, =) is the
instantaneous forward rate volatility function that co(ddd in our application will)depend on
certain instantaneous forward rates. In equation (1)

o(s,t+x) = /Hi o(s,u)du. (2)

It is important to stress that even though we use the BM paexisation for the forward
rate dynamics, we use the notation for the volatility fuoctas in HIM in that (¢, x) refers to
the forward rate volatility at time t applicable for timé> ¢). This is in contrast to BM who
use the volatility functiorr (¢, =) to denote the forward rate volatility at tinteapplicable for



timet + x. Of course these two different specifications of the forwarté volatility function
are related via

T(t,z) = o(t,t + x)

and one may work with either specification. For our applarait turns out to be more conve-
nient to uses (¢, x).
In this notation the instantaneous spot rate of intergstis given by

r(t) = r(t,0) 3)

and satisfies the stochastic integral equation

r(t) = r(0,1) +/ U(v,t)ﬁ(v,t)dv—l—/o o(v,t)dw(v). 4)

The price at time of a (¢ + x)- maturity zero coupon bond is relatedit@, =) by

b(t, ) = exp (- /0 i, u)du) | (5)

Next we relate the:-period LIBOR rate to the bond pridét, z). We then derive the re-
lationship between the bond price and the underlying statmbles (a set of discrete tenor
forward rates) upon which the forward rate volatility fuioct depends. The dynamics of these
state variables determine the evolution of the forward eurv

Consider a time period0, t) over which we have a set of observations of thperiod
LIBOR rate, that we denoté,(¢).This is an annualised rate at whigh invested at time
compounds simply to becon$¢1 + xL,(t)) at time ¢ + z).
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Figure 1: The LIBOR Raté ,(¢)

The LIBOR rateL,(t) is related to the continuously compounded Brace-Musiatadad
rate by (see figure (1))

1+ aL,(t) = emp(/x r(t,u)du). (6)



From equations (6) and (5) we deduce the relationship betwee LIBOR rate and the
bond price, viz

Lx(t) = (b(t, .’L’) - 1) (7)

However it turns out to be more convenient to work in termshefquantity

(1) = L(t) + ®
which is related ta(¢, x) via
() = (1 = (9)

We consider the volatility function of the general form
o(t,u) = g(r(t,xy), -, r(t,z,))e 2D, (10)

wherer(t,-) = [r(t,z1),--- ,r(t, z,)] IS a vector of discrete tenor forward rates chosen in the
belief that these particular maturities most affect thewvan of the forward curve e.g. perhaps
they correspond to the most liquid maturities. In our subseatjapplication we shall specialise
(10) to the case wherg-) depends on just one argument and has the particular form

g(r) = oo(min{e~", max[|r|, ]})° (11)

whered > 0 ando, are parameters to be estimated and 0 is a given, arbitrarily small
constant.

This representation is consistent with the earlier citegienal literature that concentrates
merely on dependence on the instantaneous short rate. Weiu$e™', max||r|, ]} to the
prevent the volatility from becoming either zero or infinite

Thus

o(t,u) = g(r(t))e_)‘(“_t). (12)

Subsequent applications could allow for dependence on &®euaf different tenor forward
rates.

Chiarella and Kwon (2003) show that with the specificatioB)(the bond price may be
expressed as a deterministic combination of two discretert®rward rates:(¢, ), r(t, x2)
whose tenors may be chosen arbitrarily. The relevant dedad summarized in Appendix 2
from equation (72) of which we have

2

b(t, x) = exp(—[bo(t, ) + Y bi(t, x)r(t, 2:)]), (13)

=1



where the;(t, 2)(i = 0, 1, 2) are defined in general by equations (70) and (73) and evalfmte
the specific volatility function (12) in equations (84)-{88 he stochastic differential equations
followed by ther(t, z;)(k = 1,2, -- ,n) are given by equations (75) of appendix 2, nantely

2
dr(t,ze) = [bo(t, mr) + > byt ai)r(t,2:) + o (t, 1 + 24)5 (¢, + 24)]lt
=1

n e‘“’Cg(r(t,m), oyt 2y))dw(t), (k=1,2,...,n). (14)

Keeping in mind that our aim is to estimate the parametesso, \) used to specify the
particular volatility structure (12), we use the foregoiegm structure dynamics as follows.
First we treat equation (9) fdg(¢) (with b(¢, z) given by (13)) as the observation equation, with
underlying unobserved state variabi¢s ), r (¢, z2), - - - , 7(¢, z,,) being driven by the system
(14). Note that here we have set things up in such a way that(the,), r(t, z,) appearing
in (13) are the first two elements of the vecidt,-) upon which the volatility function is
dependent. It should be stressed that this choice is somewdhtaary and any two elements of
7(t,-) might have been chosen. Indeed it is possible to use twoedéstgnor forward rates not
belonging tor (¢, -), in which case an additional two stochastic differentialatgpns for their
dynamics would have to be appended to the system (14). Thieyar choices made in this
regard are implementation issues.

Turning to our particular implementation with the voldgilfunction (12), this fits into the
general structure of equation (10) by setting- 1 andz; = 0 so that

7(t,-) = r(t,0) = r(t).

In equation (13) we also sett, z;) = r(t,0) = r(¢) and leaver(t, zo) as some arbitrary
tenor discrete forward rate. The dynamics f@t, z5) will append an additional stochastic
differential equation to the one to which the system (14)oed in this case.

To summarise, the expression fat, =) will be given by

b(t7 .’L’) = 6.’L’p(— [60 (t7 .’L’) + Bl (ta I)T‘(t) + 62 (t7 .’L’)T(t, IZ)})’ (15)
where the dynamics for(t) andr (¢, x2) are given by

dr(t) =[by(t,0) + by (¢, 0)r(t) + b5 (¢,0)r(t, x2)]dt
+ g(r(t))dw(t),

and

dr(t, o) = [by(t, xa) + Uy (t, xa)r(t) + by(t, )7 (¢, 22)
+O’(t, t+ 372)5’(t, t+ 372)] dt
+e M2 g(r(t))dw(t).

As we have stated, the choicemfis arbitrary, for an initial implementation we choasg
to be the same as the tenoof the observed LIBOR rates.

!Note that}(t,z) = -Zb;(t, z) and the precise expressions are given in equations (8))-(83
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Here we should stress that the driving dynamics (14) areruhéerisk neutral measui®
However the LIBOR rates are observed under the real worlgoreR. To convert the dynamic
(14) to the dynamics und@ we would have to introduce the market price of interest riate r
However if we assume (as we shall) that the market price kfisiat most a time deterministic
function (and so in particular not stochastic) then theudifin of the underlying process will
be the same undét andP. Of course the drifts will differ but we are not concerned hist
paper with estimating the drift term. If the market price iskrwere stochastic, either through
dependence on some of the state variables, or becausews$otome independent stochastic
differential equation then we would need to consider theadyics and estimation procedure
under the historical measure. The Bayesian updated digo(@ppropriately modified) to be
described below could still be applied to the resulting Iséstic dynamical system.

3 State Space Form of the Model

Summarizing the results of the previous section, we shiedl & our partially observable sys-
tem the (unobservable) instantaneayseriod forward rate (¢, ), and instantaneous spot rate
r(t,0) = r(t). The set of stochastic differential equations for the steag be written

dr(t,z) = Rg(r(t,z),r(t,0))dt +e*g(r(t,0))dw, (16)
dr(t,0) = R(r(t,x),r(t,0))dt + g(r(t,0))dw, (17)

where we set

Ry (r(t,z),r(t,0)) =by(t, x) + b (¢, x)r(t,0) + by(t, z)r(t, x)
+o(t,t+x)a(t,t+ x) (18)
and
R(r(t,z),r(t,0)) = by(t,0) + b (¢,0)r(t,0) + by(t, 0)r(t, x). (19)
( Eg]uaztion)s (16), (17) are the state transition equationshi@runobserved state variables,
r(t,z), r(t,0).

We shall uses := (r(t,0),r(¢,z))" to denote the state vector. This enables us to write the
state transition equations (16) as

dS(t) = F(S(t);0)dt + V(S(t);6)dw, (20)

where
F(S;0) = (R(r(t,z),7(t,0)), Ru(r(t, ), 7(t,0)))", (21)
V(S;0) = (g(r(t,0)),e *g(r(t,0)))", (22)

andd is the (to be estimated) parameter vector

0= (0'(), (5, )\)



Financial implementations of estimation methodologiesumually carried out in a discrete
time setting as data are observed discretely. Thus we dserEl6), (17) using the Euler-
Maruyama scheme to become

r(k+1,2) — r(k,x) = Ry(r(k,z),7(k,0))At + e g (r(k,0)) AW}
r(k+1,0) —r(k,0) = R(r(k,x),r(k,0))At + g(r(k,0)) AW} (23)

where,At denotes the time steps and see (18), (19),

R, (r(k,x),r(k,0)) = by(kAt, x) + by (kAL x)r(k, 0) + by (kAL x)r(k,z) + o(k, k + z)5(k, k + x)
R(r(k,z),r(k,0)) = by(kAt, 0) + b} (kAL 0)r(k, 0) + by (kAL 0)r(k, x). (24)

Equation (23) can be synthesized as
Sk11— Sk = Fy, (Sk, Q)At + Vk(Sk, G)AWk (25)

with F(-) andVj(-) corresponding to (21) and (22) respectively and wheVg, ~ N (0, At).
We have used the shorthand notatid®, =) to represent(kA, z) and, similarly, with other
quantities such aS;, standing forSy ;.

We take as the observations in our system the LIBOR ratés From equations (9) and
(15), and using the approximatidml,(¢) ~ I,(t) — 1 we have that,(¢) is related to the state
variables by

L(t) =1—Inz +bo(t,z) + by (t, x)r(t) + ba(t, z)r (L, 2) (26)
UsingY}, to denotd, (kAt), the observation equation becomes
Yy = CpSk + bo(kAt, 2) + 1 — Inx + gy, (27)
where
Cr = (b1 (kAt, x), by (kAL ). (28)

We have assumed in (27) the existence of an observation teyiseg,n,, wheren, ~
N(0,1) is serially uncorrelated and independent of the The strength of the observation
noise, g, would reflect features (such as bid-ask spread) of the LIB@#Rket. In order to
express the observation equation (27) in standard form fueedine noise term

Ak = Gk, (29)

so that
A ~ N(0,Ag), (30)

where
A = qi- (31)

With this notation the observation equation (27) may betemit

Yy = CpSi + bo (kAL 2) +1 — Inx + \;. (32)
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4 TheDynamic Bayesian Updating Algorithm
From (25) we obtain for the conditional distribution®f, ;, givensSy, the Gaussian distribution

where we use the notatiok (X; m, ) to denote a Gaussian random varialilavith meanm
and covariance matrix. More specifically, we have

9% (r(k,0)At) e g?(r(
e A g2(r(k,0)At) e 22 g2(r(

k,0)At
k,O)))A)t ) (34)

which is immediately seen to be singular (the conditionatelation among the two compo-
nents is equal to 1 and their joint distribution degenejatébe two components of the state
vector are in fact linearly dependent and one can write

Vii(Sk, )V (Sk, ) A = (

r(k+1,2) =e r(k+1,0) + [(r(k,z) + Ry(r(k,2),7(k,0)) — e **(r(k,0) + R(r(k,z),r(k,0)))]
=ar(k+1,0)+ S(r(k,x),r(k,0)) (35)

thereby implicitly defining the constant and the functions(-) that (see (24) with (11), (12)
and (2)) is uniformly continuous in its arguments.

Putting S, = (S}, S?) whereS} = r(k,0), S = r(k, z), and making use of (35) we may
also rewrite (25) as

Spi1 = Sp + FL(Sk, 0)At + V,' (Si, 0) AW,
Sk = S + B(Sk), (36)
where F} and V! are the first components of the 2-vectdfs and V}, in (25) respectively.

Below we shall also consider the conditional distributidrp, ,, given Sy, that is induced by
(36) namely

Po(SisalSk) ~ N (Spi1; S + Fi (Sk, 0) At, (V) (Sk, 0))* At) (37)

and that admits a density with respect to the Lebesgue measli' (notice thatpy (S 1|Sk),
being degenerate, does not admit a density with respece toehesgue measure &j).
On the other hand, from (32) we obtain the conditional dsition ofY;, givenS, andf as

1 _
exp {—— [Yk — CiSk — bo(kAL, ) — 1+ lnx}Q} (38)

1
vV 271'Ak 2Ak

Using the representation (36) of the dynamics (25) we may@ssider the distribution of
Y; givenS}, S, andd namely

1 1 - _
D (Yk|S,1, Sk_1; 9) = ?Ak exp {—m [Yk — by (kAt, 7)S; — by(kAt, 7)aS),

—bo(kAt, )B(Sk1) — bo(kAL, z) — 1+ In xf} . (39)
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We are interested in the conditional joint distributje(®;., 6|y*) of S, andé in the generic
periodk = kAt, given the observationg = (y1, ...,yx). Notice that, since the two components
of Sy are linearly dependeng(Sk, f|y™) does in general not have a density with respect to the
Lebesgue measure @i.

However, it still satisfies the recursive Bayes formula, aBm

p(5k+1,9|yk+l) X p(Yk+1|Sk+1a9) /p9(5k+1|sk)dp(5ka9|yk) (40)

with initial condition that we choose of the forpi.Sy, ) = p(So)p(6) (independence of, and
#) and wherex denotes "proportional to”.

Recall tha¥) is supposed from the outset to take only a finite number ofegaéund so in the
Bayesian context it is considered as a discrete randomblaria

Since S, takes a continuum of possible values (its dynamics are wiibyethe Gaussian
AWy), to actually compute the recursion (40) we discretize tieeas ofS, (for the conven-
gence of the ensuing approximation see Proposition 4.1elo

For this purpose, given a step-sige> 0 and an integeiZ, consider the square iR
given by (—H¢, HS] x (—Hd, Hé] and its partition (grid) intotH? squares, the generieth
(1 <1 < 4H?) of which is derived as follows: let

l=02H)h+Ek+1
where0 < h < 2H,0 < k < 2H, then

R' = ((=H + k)5, (—H + k 4+ 1)8) x ((=H + h)s, (—H + h + 1)5))
= (af, B1] % (a3, By (41)

thereby implicitly defininga!, 3¢, o), 3%. In each of thetH? squareR! pick a representative
element, e.qg. its middle point, namely

<<<H+k+%>&<—ﬂ+h+%>&) (42)

if l=(2H)h + k + 1 (alternative choices for representative elements arellgquadid).
In addition to the squareR’ for I < 4H? that form a partition of —Hd, H5] x (—Hd, H4],
consider further 8 subsets Bf, denoted also by?’, and that fol = 4H? +1,...,4H? + 8 are

10



R = (00, —H] x (—o0, —H),
RYT+2 — (—H§, Hb) x (—o0, —HJ),
RMI*+3 — (H§, 4-00] x (—o0, —HJ],
RMH = (—00, —H6) x (—H6, HY),
R4S = (H§, +o00] x (—HE, HO),
RYM*H6 — (—o0, —H 8] x (H6, +00),

RMI*HT — (—H§, Hb) x (H6, +00),

RYTHE — (H§, 0] x (H6, +00).

given by (on the right of each set there appears a possibleecfar its representative element)

((—H - %)5, (—H — %)5)

We shall use the notatiok! = (o!, 8!] x (o}, }) also forl = 4H? + 1, ...,4H? + 8. Notice
that R/(I = 1,...4H? + 8) forms now a partition of all of®?> and we shall denote the chosen

representative element &f by r' = (r}, 7).

Given the discrete-time, continuous state Markov clsqiwith transition kerneby (Sy.1/Sk),
consider next the discrete-time finite state Markov chgininduced bysS, and having state
space’!(l =1,...,4H?+8). Denote byP[gf“,ﬁ) the generic{ h)-th elementi, h = 1, ...4H*+38)
of the corresponding transition probability matrix in metk. We then have, using the explicit
representation (23) of the state transition equation (25).

11



P = po { Sk = 1"k = 1"} = P {(Shi1. SE1) € RM(r}.7d)}
= P{(r(k+1,z),r(k+1,0)) € R"|(r(k,),r(k,0)) = (r{,7%)}
=P {o/f <r(k+1,2)< 6{‘,0/21 <r(k+1,0)< ﬁg|r(/~c,x) = r{,r(k,(]) = 7“3}

_p {a? — ri_—/\ Rx(z"i, rH)A < AW, < [ — ri_—)\ Rx(ir{', rH)A |
e g(rt) e~ g(r})
0/21 - T‘% - }}(Ti,T%)A S AWk S /Bg - T‘% - }f(riar%)A}
g(r) 9(5)
h i i i h i i i
— P, {max [Oﬁ 7“17)\ Rm(;lﬂb)A, Oy — Ty ]?(7“1:7"2)A} < AW,
? mg(rz) ‘ . g(rh) -
S min [5? B Ti _/\ RI(Zﬂia T%)A’ ﬁg B T% B Ij(ria T%)A:| }
el o)
_ ( . {5?—T§—Rm(ri;ré)ﬁ 53—7"§—R(T§;7“3)AD
= —— min = , -
VA ) R T R
o (Lo [a’f —r}— Ro(ri.ri)A af 7} - A ra))
VA e g(rh) ’ g(r5)

(43)

where®(-) is the cummulative standard Gaussian distribution fumctio
The recursive Bayes’ formula that corresponds to (40) ferdiscretized chaif;, becomes
then
4H?+8
P (Star =" 01" ") o p (Vi Sper = 2.0) > PEIB(Se =1 0ly")  (44)
i=1
with initial condition p(Sy = r%,0) = P{S, € R'}py(f) and the normalizing factor is the
inverse of

4H?48 4H248
> p(Ven|Sen =1r",60) - Y BED - p(Se =17, 0ly"). (45)
h=1 =1
Formula (44) can be written in matrix form as
Phar o< L (PR 7] (46)

wherep} is the(4H? + 8)-vector with entries

P(+9 is the matrix with element®," (i,h = 1,---  4H? + 8) andL{,, is the(4H? + 8) x
(4H? + 8)-diagonal matrix with entry in positioh (h = 1,--- ,4H* + 8) given by (see (38))

_ 1
Y, == .
p( k+1|5k+1 r 70) \/m
exp{—2A1 (Vior — bo((k + DAL 2)rh — b ((k + DAL 2)rh — bo((k + DAL ) + 1 — Inz)2).
k+1

(47)
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From the joint conditional distributiop(S, = r”,0|y*), (h = 1,---,4H? + 8) one can
obtain the marginal conditional distributions

= r"y") Zp (Sk =1",0y") (48)
4H2+8 ~

POl = > p(Sk=1"0ly") (49)
h=1

of S, andd respectively.
Combining (48) with (44) and (45) we obtain the explicit esgsion

5(5s = ) — — 2P ThlSin =1, mE?“*BaW”-XSkzioww
k=T == ) 2
> 4H +8 (Yk+1|Sk+1 =rh, 0) pild +8PH (Sk =1i,0]y*)

(50)

and, analogously, fq#(0|y").

We next show that the discretization introduced above toarthk recursion (40) com-
putable is meaningful by showing that the approximate domthl distributions computed via
(44) converge in a suitable weak sense to the original cimmdit distribution corresponding to
(40). Sincd is discrete already from the outset, it suffices that we a@rghe convergence of
the conditional distributions for each fixed valuedofWe have in fact the following

Proposition 4.1 (Weak convergence of conditional distributions)
Given any uniformly continuous and bounded func#dis) onR?, we have for any period
k, for any sequence of observatiogfsand for any of the finite values 6f

4H?+8

lim Z F(r"p(r", 0|y*)

H — oo
5 —0

- / F(S)dp(S1. 01y)dS, )
wherep(r”, 0|y*) is as in (44) angy(S, 0]y*) as in (40).

Proof: See Appendix 2.

From Proposition 4.1, we immediately obtain the followirgalary (for: below takeF’ =

1).

Corollary 4.1 (Convergence of the marginal distributions ébfind weak convergence of the

13



marginal distributions of5},).

4H?48

i) lm  ply*) = lim p(r", 0ly")

(1;1:000 f—?ooo h=1

- / dp(Si. Oly") = p(0]y"):
4H248 4H?48

. . . h=(.h| kY _ . h\=(..h k
i) lim hz; F()p("ly") = lim 29: hz; F(r")p(r", 0]y")

§—=0 = §—=0 =

:Z/F(Sk)dp(sk,9|yk) :/F(Sk)dp(5k|yk)'

Remark:

Since power functions are not uniformly continuous nor lod) Proposition 4.1 and
Corollary 4.1 would not allow us to obtain convergence of ¢baditional moments. We can,
however, obtain their convergence by truncating them withréitrarily large truncation factor.

5 Empirical Analysis

rate

Observed

0.063
0.062

0.061

maturity

2 4 6 8 10 12 14
0.059

Figure 2: The initial yield curve and its interpolant bhDecember 1997.

We take the daily 1 year US swap rates from Datastream forahegl* December 1997 to
1% December 1998, a5, (¢) with = 1. The initial yield curve (thin line in figure 2) is formed
using the 1 to 11 months US LIBOR rates and the 1 to 15 years ¢ sates observed arf
December 1997. This curve is approximated by the funetiont) = ag+ (by+ byt +bot?)e bst
whereayg, by, b1, by andbs are obtained by least squares optimisation.
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The parameterg = (), 0y, 0) are constrained to be within the getl.9, 3] x [0.01, 0.2] x
[0.05, 2] andr = (r(t,0), r(t, z)) to be within[0.02, 0.09] x [0.02, 0.09]. The parameter space is
discretised int@0 x 10 x 50 cells to give a total of 28611 combinations fhmwhich are stored
in a vector such that the first elementis1.9, 0.01, 0.05), increments are made 800, then),
and the last element {8, 0.2, 2). The vector is discretised as described in section 4.

In figure 3, the distributiom(S, = 7"|y,) is plotted against(¢,0) andr(¢,z), x = 1. The
peak of the distribution lies approximately on the circlehmadius 0.045. This can be seen
more clearly in the contour plot in figure 4.

Figure 5 shows a 3D contour plot of the distributipf¥|y;) againstA € [-1.9,3],0 €
[0.01,0.2], 5 € [0.05,2]. The colored region is the region where the probability sager than
zero. Figure 6 shows the distribution against the theta munithe maximum occurs at number
10679 which corresponds to= —0.038,0 = 0.01,d = 0.791. Foro = 0.01 the distribution
is shown in figures 7 and 8. A contour plot is shown in figure 9.

It is interesting to note that the value ®{0.791) at which the maximum occurs is not far
from the value of 0.7079 obtained by Sun (2003) using weel@yTbill rates and maximum
likelihood estimation of a simple discretisation of thenstard stochastic differential equation
for the instantaneous spot rate.

15



ol

Figure 3: Plot ofp(Sy = r"|yx) againstr(¢,0) andr (¢, z). The range for these two rates was
chosen to b0.02, 0.09].

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

r(t, x)

Figure 4: Contour plot of(S, = r"|y,) shown in the previous figure.
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d number

Figure 6: Plot ofp(f|y;) versus theta number.
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0.00100

0.00075 u

0.00050

0.00025

Of . ‘ ‘
0.0 0.5 1.0 1.5 2.0

d

Figure 7: Plot ofp(6|y,) viewed parallel to the axis. The peak lies a@t = 0.7, but the centre
is larger than that value.

0.0010} A

21-5
0.00075 |
0.00050

0.00025

Figure 8: Plot ofp(#|y) viewed along thelelta axis.
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Figure 9: Contour plot of(8|yx ).

6 Conclusion

We have derived the risk-neutral dynamics for unobservetbfa upon which pure discount
bond prices depend within the Heath-Jarrow-Morton frantewsing a certain forward rate
volatility specification. We have then used the link betwé#BOR rates, forward rates and
pure discount bond prices to obtain the corresponding digsafor LIBOR rates. The overall
stochastic dynamic system can then be treated as a padbabrved system with changes in
the LIBOR rates being the observations. We have considedeteetised version of the model
and developed a dynamic Bayesian updating algorithm tarobta distribution of the model
parameters conditional on the observed market LIBOR rafhs. algorithm has been applied
to some U.S. data and gives a model fit that seems consisténtsame of the traditional
econometric studies.

In addition to avoiding the use of proxy variables for theamsaneous spot rate of interest,
the methodology proposed here has the advantage that a nofmbe&ilable discretely com-
pounded rates may be used as the observed quantities. Wethisne could obtain the volatility
for the instantaneous spot rate most consistent with a si$afetely compounded LIBOR rates
whose maturities are of most relevance to the applicatitvaad.

Future research needs to relax some of our restrictive gdgums, in particular the non-
stochasticity of the market price of interest rate risk. Blevork also needs to be done on
statistical diagnostics to assess the goodness-of-fiecdstimated models.
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7 Appendix 1. BM Dynamics- Forward Rate Dependent Volatil-
ity Function

Consider the HIM model within the BM parameterisation. Weetthe forward rate (¢, x).
t t+x

r(t, )

Under the risk neutral measuPat satisfies the stochastic integal equation
t t
r(t,z) =r(0,t+z) + / o(s,t+x)5(s,t+ x)ds + / o(s,t+ x)dw(s), (52)
0 0
where
t+x
(s, t+x)= / o(s,u)du. (53)

From(52) withz = 0 we obtain the stochastic integal equation for the instadas spot
rater(t)(=r(t,0))

t t
r(t) = r(0,1) +/ U(v,t)cr(v,t)dv—l—/ o(v,t)dw(v). (54)
0 0
Here we consider volatility functions of the form
o(tu) =g (r(t,a1), .., r(t,z,)) e 0. (55)

The dynamics for each state variable, x;)(i = 1, ..., n) is obtained by setting = z; in
(52). We note that with the specification (55), the expras§i®) fora(s,t) becomes

(1 _ e—/\(t—s))

a(s,t) = g(r(s,x1), ..., r(s,24,)) . (56)

>

To ease the notation we set

g(7(s,°)) = g(r(s, 1), ..., (8, 22)) , (57)

so that we can write



and

1— e)\(uft)

6(t7 u) =g (F(ta )) 2

With these various notations the stochastic integal eqnddir (¢, z;) becomes

r(t,x;) = r(0,t + x;) + / g% (P, (s,-)) e AtHai=s) - s
0

! FS . e*/\(t+mifs) ﬁ)* s
+/Og<<,)) dii(s), (58)

fori =1.2,...,n.
Note that in terms of the Chiarella and Kwon (2002) notatienmay write

o(t,u) = c1(t)on (u), (59)

where
on(u) =, en(t) = Mg (7)), (60)

and so
ula) = = (61)

The naturally arising subsidiary variables needed to Magkuse the dynamics then turn
out to be

i) = [ e nane) - [ow e e e

S t) = / e (3)%ds = / g (s, )2 P ds. (63)

The quantities)| (t), ¢!, (t) are both stochastic, so in terms of Chiarella and Kwon (2002)
notation the stochastic differential equation 7¢t, =) is written

r(t,x) = r(0,t +x) + o1 (t +2)P (1) + o (t + )51 (t + )¢, (64)

By choosing any two values fare.g.z,, 5, we have two equations far, (¢) andy), (t) in
terms ofr(t, ;) andr(t, z5).
Thus we have the system (henceforth we write), ¢(¢))

on(t+az) on(t+z)on(t+ ) } {¢(t) }
O'11(t+372) O'11(t+372)5’11(t+372) gO(t)

B [ r(t,x) —r(0,t+ 1)
| r(tze) — (0t 4+ x9) |
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so that

0] [An0 30 [ e ] e

All( ) = O'll(t +$2)O’11(t+$2)/A A12( ) = —011(t+x1)611(t +$1)/A,
where ( ) —0'11(t+l'2)/A AQQ( ) = O'11(t+l‘1)/A, (66)
A= 01 (t+$1)011(t+$2) (5’11(t+$2) —5’11(t+$1)).

Rearranging (65) we can expresg) andy(t) as
P(t) = A (t)r(t, z1) + Aa(t)r(t, x2) — 61(2), (67)
@(t) = Do (1)1 (t, 1) + Aoa(t)r(t, x2) — da(t), (68)
where
01(t) = A (O)r(0, ¢+ 21) + Ao ()r(0, + z2),
82(t) = Ag1 (£)r(0, ¢ + x1) + Aga()r (0,1 + 22).

Thus the forward rate of any tenor can be expressed in termé& of;) andr (¢, z5) by
substituting (67) and (68) into (64) i.e.
T(t, .ZE) = 7"(0, t+ 3:) — O'll(t + x)&l(t) — Oll(t + x)&ll(t + x)ég(t)
+ [Ull(t + l’)AH(t) + O'll(t + x)én(t + I)Agl (t)] T(t, l‘l)
+ [Oll(t + .ZE)AH (t) + Oll(t + x)&ll(t —+ x)AQQ(t)] T(t, 372). (69)

In terms of equation (22) of Chiarella and Kwon (2003) we have

bo(t, 37) = 7"(0, t+ .ZU) — Oll(t + 37)61 (t) — O'll(t + x)&ll(t + LU)(SQ(t),
bi(t,z) = o (t+ ) A (t) + o1 (t + x)on1 (t+ 2) Ao (2), (70)
ba(t, ) = o11(t + 2)A12(t) + 011 (t + )11 (t + 2) Aga(2).

Thus (69) can be written

r(t,z) =bo(t,x) + Y bilt, x)r(t,z;). (71)

=1
We can then use equation (25) from Chiarella and Kwon (2G®8ptain the expression for
the BM bond price

b(t, ) = exp(—[bo(t, ) + Y bi(t, x)r(t,z;)]), (72)
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where
bi(t,:z:):/ bt u)du,  (i=0.1,2). (73)
0

Thex— tenor LIBOR rate is related (¢, ) via

L=, (mix) - 1) | 74

We treat (74) as the observation equation with the statebi@sr (¢, z4), ..., r(¢, z,) being
driven the stochastic differential equation system (semr€ha and Kwon (2002) just below
equation (23)

2
dr(t, zy) = [ (t, zx) Z (t,xp)r(t, x;) + o(t,t + xp)a(t, t + x3) | dt
+ e Mg (r(t, xl) 1 (t, my))dw(t), (k=1,2,...,n). (75)
Note that in (75)
/ 8[)1 (t, .ZE)
b.(t,r) = ——=. 76
(. 2) = = (76)
From the particular specification in (59) we have
Ull(t + .ZU) = 67/\(t+$), (77)
so that
w — _\e MNt+2) — —Xo (t+ ), (78)
ox
and
1— —A(t+z) 1— t
5’11(t+l‘) = ‘ = 011( +x)a (79)
A A
!
t

From equation (70) we calculate

bo(t,z) =7'(0,t +z) — oy, (t + x) [01(t) + 51

=7'(0,t + ) + Aoy (t + ) [61(t) + 11 (t + 2)a(t)] — o7, (t + 2)52(2)

=1'(0,t + ) + 011 (t + ) AL () + (1 — 2001 (¢ + 2))02(1)] (81)
Vy(t,z) = ofy (t+ ) A1 (t) + o1 (t + 2)F11(t + 2) Aoy () + 7711 (t + 2)o11 (t + 2)Agy (1)

= —Aou(t + 2)[An(t) + Tt + ) Agr (8)] + oF, (¢ + 2) Ana ()

= 011 (t + 2)[-AAL () — Ao (E+ 2) Aoy (£) + o1 (£ + 2) Aoy (2)]

=011 (t +2)[-AA 1 (t) + (o (t+2) — 1)Ag (t) + 011 (t + 2) Agy (2)]

= ou(t +2)[(2011( + 2) — 1) Az (t) — AMAn ()], (82)

1(t+2)02(t)] — a1, (t + 2)oq1(t + 1) (t)
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and
by(t, ) = o1 (t + 2)[(2011 (t + ) — 1) Aga(t) — ANA1(2)]. (83)

To operationalise equation (72) we calculate accordingjtmton (73) the quantitie’s

bo(t, 7) = /0 (0, 4+ 1) — oy (E 4+ )0y (£) — oy (E 4+ ) (t + 1)Sn(8)] du

=7(0,t+ ) — 5 (1) /m e M dy — 6, (1) /m e _Aeu(tm du
=7(0,t+x) + W(an(t + ) — o1 (t)) + %—g?(afl(t) — ot (t+ 1)),
(84)
= / 1(t+u) A (t) + o11(t + )1 (t + u) Ay (t)du
:/ L+ u)Aq (8) + Ull(t+u);O%I(HH)Am(t)du
MG () + An(?) Aai(t), 4 >
= \2 (o (t) —on(t+z)) + oN\2 (011 (t +2) — 071 (1)), (85)
and
bt o) = 222220 ) k) 220 02 (140 - o2 (1), (86)

A2 2)2

For our application:; = 0 andz, = x SO in equation (66) we set = 0, z, = x, to obtain

1 — e Ait+a) 1 — e M
Ay(t) = mw’ App(t) = =X+ 1 — e’
A A
Ban(t) =~ A(t) = O

From equations (12) and (53) we find that

J
ot,t+x) = %(1 _ ey,

“Note thatr(0, ¢ + z) = [, r(0,t + u)du
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8 Appendix 2: Proof of Proposition 4.1.

(The proof is an adaptation to the present situation of the @hTheorem 4.1 in Bhar,
Chiarella and Runggaldier (2000).)

In the proof we shall uss’ to denote, for the generic periéd= kAt, the random variable
previously denoted by, that takes the valueg' (h = 1,--- ,4H? + 8) of the representative
elements in the discretization defined in this section arsddigtributionp(Sy, 0]y*) (see (44))
for a given value of). The proof then amounts to showing that, for any uniformlgtoaious
function F,

lim  E{ F(ST)|y"} = Bo{ F(Si)ly"}. (87)

H — oo
5 —0

We proceed by induction ol Fork = 0 we have by construction that
dim Eo{F(S§")} = Eo{F(S0)}. (88)

§—0

Assume then that the statement is trueffom period(k + 1) At consider now (see (44))

4H?48
EG{F(SIZA v} = Z F(r k+1 = r"y* )
4H248 4H2+8
x Z yk+1|7" 9 Z P 9|?J)
4H2+8 _ .
- Z (/b}['{(fz; 9; yk+l)ﬁ(£1; 9|yk) = E{(b}[f{(slflﬂ 9; yk+1)|yk} (89)
With
. 4H?+8
SR 0. yen) = Y F")p(yeile", 0) P
h=1
4H?48 _
=y F(zh)p(ykﬂlzh,@)/h dpy(Sk11|SiT = 1) (90)
h=1 R

where the rightmost equality follows from (43). Notice that
EG{QSI};I(SE, 0, yk+1|yk}

Eo{F(Sit)ly"'} = Bl (ST 0 yee) o] (91)
On the other hand, according to (40) we have
Eo{F(Sky1)]y* '} = /F(5k+1)dp(5k+1a 0ly™+")
o [ F(Sue0pluner|Serss0) [ dpalSen|Su)dp(S1. 010"
:/¢F(5k,a,yk+1)dp(5k79|yk)- (92)
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With
O (Sk, 0, Yr41) = /F(Sk+1)p(yk+1|5k+laH)dp0(5k+1|sk) (93)

and notice that, here too,

EG{QSF(S/W 07 yk+1|yk}
E0{¢1(Ska 9, yk-i—l) |yk} .

Given our assumptions, the functidf(S)p(y|S, #) with p(y|S,0) as in (38) is uniformly
continuous inS for all values ofy andé. Notice, in fact, thap(y|S, ) is continuous inS and
its limit for S going to infinity is, uniformly in(y, #) equal to zero. Given > 0, there is thus
HY, (depending orF' and the parameters in the model such andA,) such that, fold > Hy.
andd < (H%)™', one has in any perioklAt and for all values oy, 0, yx 1,

Eo{F(Sk41)|y* '} = (94)

|0 (Sky 0, Yks1) — 07 (Sk, 0, Yri1)|
4H2+8

/ P (et 6) — F(See)p (st Siers 0)dpo(Sest] Si)

4H°+8

< 7 Z /dpe Sk+1|5k) = (95)

To complete the induction step we have to show thatS; 0, y) is, for all values of(8, y),
uniformly continuous irf. In fact, if this is the case, then, givern> 0, there exists7 - (y***, 0)
(depending orf’ and the parameters in the model) such thatHos Hi andd < (Hi) !

|Eo{dr (S, 0, yrs)|y"} — Bo{dr(Sk, 0, yxs1) |y} < . (96)

From (95) and (96) it then follows that

|Eo{om (SE': 0, yir1)|y"} — Eo{dr(Sk; 0. i) [y*}H
<|Eo{op (St 0, k) |y*} — Eo{dr(Se5 0, yri) [y*}]
+ |E6{¢F(SI€I§ 9;?Jk+1)|yk} - E9{¢F(5k; aayk+1)| < 2n (97)

for H > Hp := max{H%, H}.(y*',0)} andé < (Hp)~'. Combining (97) with (91) and (94)
allows to complete the induction step and thus the proof@ptfoposition.

It remains thus to show that.(.S; 6, y) is uniformly continuous ir for each pair(9, y).

To this effect notice that, by (36) as well as (38) and (39¢ @so (93)) we have that

¢F(Sk,9,yk+1) = /F(Sziﬂ,S§+1)p(yk+1|5é+1752+1,9) : dp9(5é+1,52+1|5;,5,3)
- / F(SL, 1, S S2)p(sisr Sy, L S2,6) - pol(SE, IS, S2)dSL, . (98)

where B
F(S;Jrlasliaslz) = F(Sl%+1aasli+1+ﬂ(sliaslz)) (99)
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andpy(S;,,|S;, Sp) coincides with the Gaussian densigyS;,_,|S) in (37).

Since (see comment after (38))S;, S;) is uniformly continuous we have thatS;_ . S;, S7)
is bounded and uniformly continuous$ = (S}, S7).

We next have from (37) with (35) and (22) that

1 _ 1 . ex B 7 B r(k,z),r 2
(S} 150) = o= e { = Sk = 84— Rl (k). (1.0)°
= ¢1(Sk) - P2(Ski Spy1) (100)

where (see (11) and (249 (Sx) and ¢,(Sk; S;.,) are bounded functions that are uniformly
continuous inS;. Concerningp,(S; Sy ;) notice in fact that it is continuous and the limit for
Sk going to infinity is, uniformly inS;_,, equal to zero. Being a product of two bounded and
uniformly continuous functiongy (S, ,|Sx) is thus bounded and uniformly continuousSp
Coming top(yk+1]Sy,1, Sk; 0) defined in (39), it is immediately seen that, as a function
of Sk, it is bounded uniformly in(y;.1, Sk11,6). Since it is continuous iy, and the limit
for Sy, going to infinity is zero uniformly in(yy.1, Sk11,0), it is also a uniformly continuous
function of.S;.. Notice, furthermore, that the integral with respec$}o, is equal to the constant
v =by((k+ 1)At, ) + by((k + 1)At, z)av.
Take nowS,, S, € R2. By (98), the previously shown uniform continuity propesiand
uniform integrability inS; , , of ps(S}, ,|S}, S2) andp(y11|S, 1, St, SZ,6) we have that, given
n > 0, one can choos&> 0 such that foi| .S, — S|| < 4 it results that

|65 (Sks 0, Y1) — G (Sk, 0, Yi1]
< [ IP(St 1.5k SDpnISEor. 5L 52.0)
- F(S;Jrl? gl%ﬂ Si)ﬁ(ym |511+1a S’,i, 52, 0) |p9(5,i+1 S Sﬁ)dsiﬂ
+/F(Sli-i—l’gl%ﬁglg)|p0(sli+l|sliﬁSlg) _p0(5;+1|‘§’li7glz)|ﬁ(yk+1|sli+1agl%aglgae)dsk—i—l

’)” _ ~ ~
Sﬁ/p0(5é+1|511a513)d51i+1 + ; /p(ykﬂlsiﬂ,si,513,9)d51i+1 = 2n. (101)

Thus showing the uniform continuity ifi of ¢ (.S, 6, y) for each paird, y) and with it also
the induction step.

27



9 References

ANDERSEN T. and LUND, J. (1997): Estimating continuous-time stochastic vigatnod-
els of the short-term interest ratéournal of Econometricg7, 343-377.

BaLl, T.G. (1999): An empirical comparison of continuous timed®lg of the short-term
interest rateThe Journal of Futures Marketd, 777-797.

BERGSTROM A. (1990):Continuous time econometric modelljii@xford University Press.

BHAR, R. and GHIARELLA, C.(1997): Transformation of Heath-Jarrow-Morton models
Markovian systemsEuropean Jounal of Financg, 1-26.

BHAR, R., CHIARELLA, C. and RINGGALDIER, W.(2002): Estimation in Models of the
Instantaneous Short Term Interest Rate by Use of a Dynanyiedan Algorithm inAdvances
in Finance and Stochastics: Essays in Honour of Dieter Sonden, Eds. K. Sandmann and
P. Sclénbucher, Springer-Verlgd77-195.

BRENNER, R., HARJES R. and KRONER, K. (1996): Another look at models of the short-
term interest rateJournal of Financial and Quantitative Analys3d, 85-107.

CHAN, K., KAROLYI, A., LONGSTAFF, F. and 3NDERS, A. (1992): An empirical com-
parison of alternative models of the short-term interest. tlournal of Financet7, 1209-1227.

CHAPMAN, D., LONG, J. and BARSON, N.(1999): Using proxies for the short rate: when
are three months like an instari®@view of Financial Studiek?(4), 763-806.

CHIARELLA,C. and KwoON,0.K.(2003): Finite Dimensional Affine Realisations of HIM
Models in Terms of Forward Rates and Yiel&eview of Derivatives Resear6(R), 129-155.

CHIARELLA, C., FASQUALI, S. and RINGGALDIER, W.J. (2001) : On Filtering in Marko-
vian Term Structure Models (an approximation approaé&yances in Applied Probability
33(4), 794-809, 2001.

CHEYETTE, 0.(1992): Term structure dynamics and mortgage valuafidre Journal of
Fixed Incomepp. 28-41.

Cox, J., INGERsoOLL, J. and Rss S. (1985): A theory of the term structure of interest
rates.Econometricéb3, 385-407.

EPiscopPOSA. (2000): Further evidence on alternative continuous tinoglels of the short-
term interest rateJournal of International Financial Markets, Institutiords Money 10, 199-
212.

HARVEY A.C. (1989): Forecasting, structural time series modets the Kalman filter.
Melbourne: Cambridge University Press.

INUI, K. and KIJIMA, M.(1997): A Markovian framework in multi-factor Heathrdaw-
Morton modelsJournal of Financial and Quantitative Analys38(3), 423-440.

JazwiNsKl, A.H. (1970): Stochastic Process and Filtering Theory. Nevk: Academic
Press.

JMINEZ, J.C. and QAKI, T.(2002): An innovation appproach for the estimation &-di
cretely observed stohastic volatility model¥'¢ International Conference on Financial Engi-
neering and Statistical Financélitotsubashi University, Tokyo, March 18-19, 2002.

KOEDIJK, K. , NISSEN, F., SCHOTMAN, P. and WOLFF, C. (1997): The dynamics of the
short-term interest rate volatility reconsider&liropean Finance Reviety 105-130.

Lo, A.W. (1988): Maximum likelihood estimation of generaliz&d process with dis-
cretely sampled dat&conometric Teory4(2), 231-247.

28



LONGSTAFF, F. and $HWARTZ, E. (1992): Interest rate volatility and the term structure
of interest ratesJournal of Financet7, 1259-1282.

NowMAN, K. (1997): Gaussian estimation of single-factor contumtime models of the
term structure of interest rate¥ournal of Financeb2, 1695-1706.

NowMAN, K. (1998): Continuous-time short term interest rate med&pplied Financial
Economics3, 401-407.

RITCHKEN, P. and SNKARASUBRAMANIAN , L.(1995): Volatility structures of forward
rates and the dynamics of the term structd@thematical Financ&(1), 55-72.

SANDMANN, K, AND SONDERMANN, D.(1997). A note on the stability of lognormal
interest rate models and the pricing of Eurodollar futuMathematical Financ&(2),119-125.

SUN, L. (2003): Nonlinear drift and stochastic volatility: Ammgirical investigation of
short-term interest rate modelBhe Journal of Financial ResearctXVI(3), 389-404.

VASICEK, O. (1997): An equilibrium characterization of the termusture. Journal of
Financial Economic®, 177-188.

29



