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UHWLFDO GLVWULEXWLRQV PDWFKLQJ WKH HPSLULFDO GDWD IURP WKH )HGHUDO 5HVHUYH 6\VWHP
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� ,QWURGXFWLRQ

7KH SUREOHP RI PRGHOOLQJ WKH YDULDWLRQV RI WKH LQWHUHVW UDWHV LV LPSRUWDQW HVSHFLDOO\
LQ WKH FRQWH[W RI WKH HYDOXDWLRQV RI WKH YDOXH�DW�ULVN DQG PDUNHG�WR�PDUNHW SRVLWLRQV
LQ WUDGLQJ oRRUV�
,Q WZR UHFHQW DUWLFOHV >�@� >�@� LW ZDV VKRZQ XVLQJ HPSLULFDO GDWD SXEOLVKHG E\

WKH JRYHUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP >�@ IURP ���� XQWLO ���� WKDW WKH WHUP
VWUXFWXUH RI LQWHUHVW UDWHV GHFUHDVHV HVVHQWLDOO\ DV D SRZHU IRU ODUJH YDULDWLRQV RI
WKH LQWHUHVW UDWHV DQG WKDW WKLV SRZHU LV RI WKH RUGHU WKUHH WR IRXU� 0RUHRYHU WKH
GLVWULEXWLRQV VHHP WR REH\ VLPSOH DSSUR[LPDWH VFDOLQJ ODZV DV IXQFWLRQV RI WKH LQLWLDO
LQWHUHVW UDWH� RI WKH ODJ DQG RI WKH PDWXULW\� 7KHVH nQGLQJV LQYDOLGDWH PDQ\ PRGHOV
ZKLFK SUHGLFW GLVWULEXWLRQV KDYLQJ HLWKHU YHU\ VKRUW WDLOV� JHQHUDOO\ H[SRQHQWLDOO\
GHFUHDVLQJ� RU YHU\ ORQJ WDLOV DV GR /HY\ W\SH VWUXFWXUHV >�@� >�@� >�@� >�@�
,Q WKLV SDSHU� D WKHRUHWLFDO PRGHO LV EXLOW WR VHUYH DV D EDVLV IRU FRPSXWLQJ

WKH GLVWULEXWLRQ RI WKH YDULDWLRQ RI LQWHUHVW UDWHV LQ WHUPV RI D IHZ IXQGDPHQWDO
?PLFURVFRSLF SDUDPHWHUV� ZKRVH PHDQLQJ ZLOO EH KLJKOLJKWHG� $W WKH EDVLV RI WKH
WKHRU\� WKH �VHHG� QRWLRQ LV LQWURGXFHG� ,W LV FORVHO\ UHODWHG WR WKH YDULDWLRQ RI WKH
LQWHUHVW UDWHV IRU YHU\ VKRUW WLPH LQWHUYDOV�
,Q RUGHU WR VLPSOLI\ WKH SUHVHQWDWLRQ� WKH SUREOHP LV VHW LQ WHUPV RI FRQWLQXRXV

YDULDEOHV� /DWHU� WR DOORZ QXPHULFDO VLPXODWLRQV DQG FRPH FORVHU WR WKH HPSLULFDO
GLVWULEXWLRQV� WKH YDULDEOHV DUH GLVFUHWLVHG�
,Q WKH FRXUVH RI WKLV DUWLFOH� LQ RUGHU WR PDNH D FRQQHFWLRQ WR D UHDO VLWXDWLRQ� ZH

KDYH FKRVHQ WR UHIHU V\VWHPDWLFDOO\ WR DQ DSSOLFDWLRQ RI RXU LGHDV WR WKH )56 GDWD
>�@� 1HHGOHVV WR VD\� ZH H[SHFW RXU DQDO\VLV WR EH H[WHQGDEOH� PXWDWLV PXWDQGLV� WR
PDQ\ RWKHU VLWXDWLRQV�

� 7KH EDVLF HTXDWLRQV ZLWK FRQWLQXRXV YDULDEOHV

,Q WKLV VHFWLRQ� WKH EDVLF HTXDWLRQV� ZKLFK JRYHUQ WKH FRQWLQXRXV WLPH SURSDJDWLRQ
RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� DUH DQDO\]HG�
6XSSRVH WKDW� WKH LQWHUHVW UDWH IRU D FHUWDLQ PDWXULW\ >P@ KDV WKH YDOXH ,� DW

WLPH W�� :H ZDQW WR VWXG\ WKH QRUPDOL]HG GHQVLW\ RI SUREDELOLW\ DV VHHQ DV DW WLPH
W
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WKDW� DW D ODWHU �nQDO� WLPH WI � WKXV DIWHU D ODJ

/  WI b W� � ���
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WKH LQWHUHVW UDWH KDV D YDOXH ,I � ,Q SULQFLSOH� WKLV GHQVLW\ RI SUREDELOLW\ SW LV DQ
XQNQRZQ IXQFWLRQ RI WKH nYH ?FRQWLQXRXV YDULDEOHV� W� WI � ,I � W�� ,�� ,Q RUGHU WR VLP�
SOLI\ WKH QRWDWLRQ ZH ZLOO UHVWULFW RXUVHOYHV WR D JLYHQ PDWXULW\ DQG VXSSUHVV WKH
FRUUHVSRQGLQJ XSSHU LQGH[�
7KH FRPSRXQGHG SUREDELOLW\ �DW WLPH W� 3 W�WI �,D�,I�,E� W��,� WKDW� VWDUWLQJ ZLWK DQ

LQLWLDO LQWHUHVW UDWH ,� DW WKH LQLWLDO WLPH W�� WKH nQDO LQWHUHVW UDWH ,I DW WKH nQDO WLPH
WI LV LQ WKH LQWHUYDO EHWZHHQ ,D DQG ,E LV JLYHQ E\ WKH LQWHJUDO RQ WKLV LQWHUYDO RI WKH
SUREDELOLW\ GHQVLW\

3 W�WI �,D�,I�,E� W��,�  
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SW�WI � ,I � W�� ,�� G,I ���

ZLWK� REYLRXVO\� E\ QRUPDOL]DWLRQ

3 W�WI �b��,I���� W��,�  � � ���

:H ZLOO QRZ PDNH WKH K\SRWKHVLV WKDW WKH LQWHUHVW UDWH YDULDWLRQV VDWLVI\ VRPH
PDUNHW ODZV ZKLFK DUH UDWKHU VWDEOH DQG DUH JRYHUQHG E\ VXpFLHQWO\ VPRRWK HTXD�
WLRQV� /HW XV WU\ WR VWDWH DQG MXVWLI\ RXU VLPSOLI\LQJ DVVXPSWLRQV�

��� 7LPH WUDQVODWLRQ LQYDULDQFH

7KLV LV D YHU\ GHOLFDWH K\SRWKHVLV� ,W LV HTXLYDOHQW LQ VD\LQJ WKDW� ZKDWHYHU EH WKH
SROLWLFDO RU HFRQRPLFDO VLWXDWLRQ WKH DYHUDJH EHKDYLRU ZLOO EH LGHQWLFDO� 7KH HmHFWV
RI WKH H[FHSWLRQDO VLWXDWLRQV �SROLWLFDO RU HFRQRPLFDO FULVLV� ZKLFK XVXDOO\ PD\ OHDG
WR VHHPLQJO\ LQFRKHUHQW YDULDWLRQV RI WKH LQWHUHVW UDWHV DUH DFFXUDWHO\ WDNHQ LQWR
DFFRXQW E\ WKH WDLOV RI WKH IXQFWLRQV ZKLFK ZH ZLOO EH XVLQJ� 7KH SRVWXODWH LV WKDW�
HYHQ LI WKHUH DUH H[WUHPH VLWXDWLRQV RI YDULRXV LPSRUWDQFH� DOO LQ DOO WKH\ FRQQHFW
VPRRWKO\ ZLWK WKH PRUH QRUPDO VLWXDWLRQV ZKLFK SUHYDLO GXULQJ WKH SHDFHIXO WLPHV�
,W LV SUHFLVHO\ WKHVH H[WUHPH VLWXDWLRQV ZKLFK DUH WKH SULPH UHDVRQ IRU WKH IDW WDLOV
RI WKH GLVWULEXWLRQV� $QG WKH\ PXVW EH LQFRUSRUDWHG FRUUHFWO\ E\ WKH PRGHO� 7KH
K\SRWKHVLV LV WKDW ZKDW KDSSHQV LQ WKH H[FHSWLRQDO VLWXDWLRQV LV ZHOO WDNHQ LQWR
DFFRXQW E\ WKH VPRRWK WDLOV RI WKH GLVWULEXWLRQV� 7KHUH LV QR DEUXSW WUDQVLWLRQ
EHWZHHQ UHDOO\ H[FHSWLRQDO VLWXDWLRQV DQG ZKDW ZH ZRXOG FDOO WKH QRUPDO VLWXDWLRQV�
%HWZHHQ WKH H[WUHPHV� WKHUH DUH VLWXDWLRQV RI LQWHUPHGLDWH VHULRXVQHVV ZKLFK OHDG
IRU WKH GLVWULEXWLRQ WR D VPRRWK SDVVDJH IURP D UHVWIXO SHULRG WR D FKDRWLF RQH�
0RUH PDWKHPDWLFDOO\� IRU DQ\ WLPH W� WKH WLPH WUDQVODWLRQ RSHUDWLRQ LV JLYHQ E\
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ZKHUH 7 LV WKH YDOXH RI WKH WUDQVODWLRQ WLPH �PLQXWHV RU GD\V RU PRQWKV RU \HDUV
ODWHU�� 6XSSRVH WKDW DW VRPH WLPH W�� ODWHU WKDQ W� JLYHQ E\ WKH WUDQVODWLRQ WLPH 7
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�
 W� � 7 ���

WKH LQWHUHVW UDWH , �
�
LV DJDLQ H[DFWO\ HTXDO WR ,�� &RQVLGHU WKH QHZ nQDO WLPH W
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REWDLQHG E\ WKH VDPH WUDQVODWLRQ WLPH� 7HFKQLFDOO\� WKH WLPH WUDQVODWLRQ LQYDULDQFH
GHPDQGV WKDW WKH GHQVLWLHV RI SUREDELOLW\ SW�W

�
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�� ,�� DQG SW�WI � ,I � W�� ,�� EH HTXDO

SW�W
�
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�
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ZKDWHYHU EH 7 �
,W LV QRW GLpFXOW WR SURYH PDWKHPDWLFDOO\ WKDW WKLV FRQGLWLRQ HVVHQWLDOO\ LPSOLHV

WKDW S LV LQGHSHQGHQW RI W DQG WKDW

SW�WI � ,I � W�� ,��  S�WI b W�� ,I � ,�� � ���

,Q RWKHU ZRUGV� WKH GHQVLW\ RI SUREDELOLW\ GHSHQGV RQ WKH ODJ

/  WI b W� ����

,Q RWKHU ZRUGV� WKH GHQVLW\ RI SUREDELOLW\ SW LV UHGXFHG WR D IXQFWLRQ S RI WKUHH
FRQWLQXRXV YDULDEOHV RQO\� WKH ODJ� WKH nQDO LQWHUHVW UDWHV ,I DQG LQLWLDO LQWHUHVW UDWH
,�� 7KH YDULDWLRQ 9 RI WKH LQWHUHVW UDWH GXULQJ WKH ODJ / LV GHnQHG DV

9  ,I b ,� � ����

)RU ODWHU FRQYHQLHQFH� D YDULDEOH FKDQJH LV SHUIRUPHG WR GHnQH WKH WLPH WUDQVODWLRQ
LQYDULDQW GHQVLW\ RI SUREDELOLW\ S DQG IRU QRZ RQ� WKLV IRUP ZLOO EH XVHG

S�/� 9� ,�� s S�WI b W�� ,I b ,�� ,�� ����

DV WKH EDVLF LQWHUHVW UDWH GLVWULEXWLRQV�

��� 7KH QRUPDOL]DWLRQ RI WKH SUREDELOLW\� &RQWLQXRXV YDUL�

DEOHV

7KH WRWDO SUREDELOLW\ ��� WKDW DIWHU WKH ODJ / WKH UDWH ,I KDV DQ\ YDOXH PXVW EH
HTXDO WR RQH� 7KLV LPSOLHV WKH QRUPDOL]DWLRQ
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7KLV QRUPDOL]DWLRQ VKRXOG KROG ZKDWHYHU EH WKH ODJ DQG ZKDWHYHU EH WKH LQLWLDO UDWH�
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��� 7KH FRPSRVLWLRQ RI WKH SUREDELOLWLHV� &RQWLQXRXV YDUL�

DEOHV

7KH EDVLF HTXDWLRQV� ZKLFK JRYHUQ WKH FRPSRVLWLRQ RI WKH SUREDELOLW\ GHQVLWLHV S�
KDYH WR EH VHW XS� ,QWXLWLYHO\� FRQVLGHU WKUHH WLPHV W�� WL� WI ZKHUH WKH LQWHUPHGLDWH
WLPH WL OLHV EHWZHHQ WKH LQLWLDO WLPH W� DQG WKH nQDO WLPH WI �

W� � WL � WI � ����

7KH LQLWLDO UDWH LV ,��
'XULQJ WKH WLPH ODJ /�  �WL b W�� WKH LQWHUHVW UDWH KDV D GHQVLW\ RI SUREDELOLW\

S�WL b W�� ,L b ,�� ,�� WR UHDFK WKH LQWHUPHGLDWH YDOXH ,L� 7KHQ VWDUWLQJ IURP WKH
LQWHUPHGLDWH WLPH WL XS WR nQDO WLPH WI �L�H� GXULQJ WKH VHFRQG WLPH ODJ /�  �WIbWL��
WKH LQWHUPHGLDWH REVHUYHG LQWHUHVW UDWH ,L DW WLPH WL KDV D GHQVLW\ RI SUREDELOLW\
S�WI b WL� ,I b ,L� ,L� WR EHFRPH ,I DW WKH nQDO WLPH WI � 6LQFH WKH LQWHUHVW UDWH DW WKH
LQWHUPHGLDWH WLPH WL FDQ WDNH DQ\ YDOXH� WKH GHQVLW\ RI SUREDELOLW\ VWDUWLQJ IURP WKH
UDWH ,� DW LQLWLDO WLPH W� WR HQG XS ZLWK D UDWH ,I DW WKH nQDO WLPH WI LV JLYHQ E\ WKH
LQWHJUDWLRQ RQ ,L DW WKH LQWHUPHGLDWH WLPH �FRQYROXWLRQ RI WKH SUREDELOLWLHV�

S�WI b W�� ,I b ,�� ,��  
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7KLV LV WKH EDVLF HTXDWLRQ ZKLFK WKH SUREDELOLW\ GLVWULEXWLRQ KDV WR IXOnOO� ,W VKRZV
KRZ WKH SUREDELOLW\ GLVWULEXWLRQV RI WZR VXFFHVVLYH ODJV /�  �WL b W�� DQG /�  
�WIbWL� FRPSRVH WR IRUP WKH SUREDELOLW\ GLVWULEXWLRQ IRU WKH ODJ /  WIbW�  /��/��
(T����� VKRXOG KROG ZKDWHYHU EH WKH LQWHUPHGLDWH WLPH�
,W LV FRQYHQLHQW WR UHZULWH WKH HTXDWLRQ E\ XVLQJ WKH QHZ YDULDEOHV ,� 9 DQG WKH

QHZ LQWHJUDWLRQ YDULDEOH :

,  ,� � ,�  ,
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7KLV LV WKH EDVLF HTXDWLRQ�
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��� ,QLWLDO FRQGLWLRQV� &RQWLQXRXV YDULDEOHV

7KH SUREDELOLW\ GLVWULEXWLRQ KDV WR VDWLVI\ DQ LQLWLDO FRQGLWLRQ ZKLFK FDQ EH GHVFULEHG
LQ WHUPV RI WKH 'LUDF p GLVWULEXWLRQ �VHH $SSHQGL[ $�� ,QGHHG LI WKH LQLWLDO UDWH DW
WLPH W� KDV WKH YDOXH ,� �ZKDWHYHU ,� LV�� DW WI  W� �L�H� DIWHU D ]HUR ODJ /  WIbW�  
�� ZH NQRZ IRU VXUH WKDW WKH UDWH LV VWLOO ,�� 7KH GHQVLW\ RI SUREDELOLW\ IRU WKH nQDO
UDWH WR EH GLmHUHQW IURP ,� LV ]HUR� ,Q RWKHU ZRUGV� ZKHQ WKH ODJ LV ]HUR� WKH UDWH
KDV QRW PRYHG� ,W LV VWLOO ,� ZLWK SUREDELOLW\ RQH�
0DWKHPDWLFDOO\� WKLV LPSOLHV WKDW

S��� 9� ,��  p�9 � � ����

6RPH SURSHUWLHV RI WKH GLVWULEXWLRQ p�9 � DUH JLYHQ LQ $SSHQGL[ �$� WRJHWKHU ZLWK
D IHZ XVHIXO DSSUR[LPDWLRQV LQ WHUPV RI PRUH FRQYHQWLRQDO IXQFWLRQV ZKLFK ZLOO EH
XVHG ODWHU� ,Q SDUWLFXODU� WKH 'LUDF GLVWULEXWLRQ LV QRUPDOL]HG
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p�9 � G9  � � ����

$V LW VKRXOG� LQ DJUHHPHQW ZLWK WKH FRPSRVLWLRQ RI SUREDELOLWLHV ���� HYDOXDWHG HLWKHU
IRU WL  W� RU IRU WL  WI � WKH 'LUDF GLVWULEXWLRQ� FRPSRVHG ZLWK DQ\ GLVWULEXWLRQ�
VDWLVnHV WKH LGHQWLWLHV

S�WI b W�� ,I b ,�� ,��  
=
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VKRZLQJ DJDLQ WKDW DQ HYROXWLRQ GXULQJ D ]HUR ODJ LV� LQ IDFW� QRW DQ HYROXWLRQ�

��� 7KH VHHG� &RQWLQXRXV YDULDEOHV

%\ WKH FRQYROXWLRQ HTXDWLRQ ����� LI RQH NQRZV WKH SUREDELOLW\ GLVWULEXWLRQV S�q� 9� ,��
IRU D JLYHQ ODJ /  q� ZKDWHYHU EH WKH YDOXH RI q� WKH SUREDELOLW\ GLVWULEXWLRQ IRU
S��q� 9� ,�� FDQ HDVLO\ EH FRPSXWHG E\ WKH FRQYROXWLRQ RI S�q� ZLWK LWVHOI� 7KHQ
S��q� 9� ,�� LV REWDLQHG E\ WKH FRQYROXWLRQ RI S��q� ZLWK S�q�� %\ VXFFHVVLYH LWHUD�
WLRQV S�Qq� 9� ,�� FDQ EH FRPSXWHG IRU DQ\ SRVLWLYH LQWHJHU Q� +HQFH� LI RQH NQHZ WKH
GLVWULEXWLRQ RI SUREDELOLW\ IRU D YHU\ VPDOO ODJ� q PXFK VPDOOHU WKDQ WKH HPSLULFDO
ODJV� WKH GLVWULEXWLRQ IRU D ODJ / PXFK ODUJHU WKDQ q FRXOG EH FRPSXWHG DSSUR[L�
PDWHO\ E\ VLPSOH VXFFHVVLYH LQWHJUDWLRQ� (VVHQWLDOO\ D QXPEHU RI LQWHJUDWLRQ HTXDO
WR WKH LQWHJHU Q FORVHVW WR �/ qb ��� 7KLV DSSUR[LPDWLRQ ZRXOG EHFRPH EHWWHU DQG
EHWWHU ZKHQ q� ��

�



,W LV WKHQ WHPSWLQJ WR OHW q JR WR ]HUR DQG WR WDNH WKH nUVW RUGHU DSSUR[LPDWLRQ�
ZKLFK ZLOO EH FDOOHG WKH VHHG 6�9� ,��� DV

6�9� ,��  OLP
q��

S�q� 9� ,��b S��� 9� ,��

q

 #
/
S�/� 9� ,��

/ �
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6LQFH WKH 9 �LQWHJUDWLRQ RI WKH WZR S WHUPV LQ WKH ULJKW KDQG VLGH DUH HTXDO �EHIRUH
q LV SXW WR ]HUR� E\ ����� WKH VHHG 6 VDWLVnHV WKH QRUPDOL]DWLRQ FRQGLWLRQ

=
�

b�

6�9� ,�� G9  � ����

7HFKQLFDOO\� LW VKRXOG EH VWUHVVHG WKDW� DV WKH LQLWLDO FRQGLWLRQ ���� LV D GLVWUL�
EXWLRQ UDWKHU WKDQ D IXQFWLRQ� ZH VKRXOG H[SHFW WKDW WKH VHHG LV DOVR D GLVWULEXWLRQ
ZLWK VXSSRUW UHVWULFWHG WR 9  ��
,I D 7D\ORU H[SDQVLRQ FRXOG EH ZULWWHQ� LQ nUVW DSSUR[LPDWLRQ IRU /  q WKH

SUREDELOLW\ GLVWULEXWLRQ S FRXOG ZULWWHQ

S�q� 9� ,��  S��� 9� ,�� � q6�9� ,�� ����

,Q WKH FRQWLQXRXV FDVH� WKLV LV D GLVWULEXWLRQ� 1HYHUWKHOHVV LQ WKH GLVFUHWLVHG FDVH�
WKLV IRUP FDQ EH XVHG DV D YHU\ JRRG DSSUR[LPDWLRQ�

��� 7KH 0DVWHU (TXDWLRQ� &RQWLQXRXV YDULDEOHV

,I WKH VHHG LV NQRZQ� WKH GHQVLW\ RI SUREDELOLW\ RI WKH LQWHUHVW UDWH YDULDWLRQ FDQ HDVLO\
EH FRPSXWHG E\ LQWHJUDWLQJ WKH PDVWHU HTXDWLRQ DV DQ LQWHJUR�GLmHUHQWLDO HTXDWLRQ

#/ S�/� ,I b ,�� ,��  
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S�/� ,I b ,L� ,L�6�,L b ,�� ,�� G,L ����

ZKLFK IROORZV IURP WKH FRQYROXWLRQ HTXDWLRQ ����� :LWK WKH FKDQJH RI YDULDEOHV ����
WKH PDVWHU HTXDWLRQ FDQ HTXLYDOHQWO\ EH ZULWWHQ

#/ S�/� 9� ,�  
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S�/� 9 b:� , �: �6�:� ,� G: ����

7HFKQLFDOO\� RQH REWDLQV (T����� E\ GLmHUHQWLDWLQJ WKH FRQYROXWLRQ HTXDWLRQ ����
ZLWK UHVSHFW WR WL DQG OHWWLQJ WL � W�� 7KH PDVWHU HTXDWLRQ ���� LV D FRQVHTXHQFH RI
WKH FRQYROXWLRQ HTXDWLRQ� &RQYHUVHO\� LQ $SSHQGL[ �%�� LW LV VKRZQ� IRUPDOO\� WKDW
WKH VROXWLRQV RI WKH PDVWHU HTXDWLRQ VDWLVI\ WKH FRQYROXWLRQ HTXDWLRQ �����

�



� 7KH *DXVV GLVWULEXWLRQ DV WKH VROXWLRQ IRU WKH

VLPSOHVW VHHG

7KH VLPSOHVW SRVVLEOH ���� �VHH $SSHQGL[ �$�� VHHG LV

6�9� ,��  ��,�� #
�

9 p�9 � ����

7KLV FDQ EH MXVWLnHG QD�rYHO\ DV IROORZV� 'XULQJ D YHU\ VPDOO DPRXQW RI WLPH q RQH
H[SHFWV WKH YDULDWLRQ RI WKH LQWHUHVW UDWH 9 WR EH YHU\ VPDOO� VD\ DW PRVW RI WKH
RUGHU | ZKHUH | GHFUHDVHV DQG JRHV WR ]HUR ZLWK q� ,QWURGXFH WKH WKUHH LQWHUYDOV RI
OHQJWK |� WKH OHIW LQWHUYDO /  >b�| ��b| �@� WKH FHQWHU RQH &  >b| ���| �@ DQG
WKH ULJKW RQH 5  >�| ����| �@� 2XWVLGH WKHVH WKUHH LQWHUYDOV WKH SUREDELOLW\ LV
HVVHQWLDOO\ ]HUR DV LV WKH GHQVLW\ RI SUREDELOLW\� ,Q WKH OHIW DQG ULJKW LQWHUYDOV WKH
SUREDELOLW\ LV VPDOO VD\ RI WKH RUGHU � DQG LQ WKH FHQWHU LW PXVW EH �b�� WR FRQVHUYH
WKH QRUPDOL]DWLRQ RI WKH SUREDELOLW\� ,I WKH GHQVLW\ RI SUREDELOLW\ LV WKHQ VXSSRVHG
WR EH FRQVWDQW LQ WKH WKUHH LQWHUYDOV� WKH VHHG EHFRPHV � | LQ WKH OHIW DQG ULJKW
LQWHUYDOV DQG b�� | LQ WKH FHQWHU LQWHUYDO� /HWWLQJ WKH WLPH LQWHUYDO q JR WR ]HUR
LQGXFHV | WR JR WR ]HUR DQG WKH OLPLWLQJ VHHG EHFRPHV� XS WR �� WKH VHFRQG GHULYDWLYH
RI WKH GHOWD IXQFWLRQ�
7DNLQJ WKLV VLPSOHVW IRUP RI WKH VHHG� WKH LQWHJUR�GLmHUHQWLDO HTXDWLRQ ���� EH�

FRPHV D PXFK VLPSOHU SDUWLDO GLmHUHQWLDO HTXDWLRQ

#
/
S�/� ,I b ,�� ,��  ��,�� #

�

,�
S�/� ,I b ,�� ,�� ����

ZKLFK LV DOVR ZULWWHQ

#
/
S�/� 9� ,��  ��,��

t
#�

9 S�/� 9� ,��b � #9 #,� S�/� 9� ,�� � #�,� S�/� 9� ,��
u

����

7KLV HTXDWLRQ LV VWLOO UDWKHU FRPSOLFDWHG�
,W LV VKRZQ LQ $SSHQGL[ �&�� DVVXPLQJ QR ,� GHSHQGHQFH DQG VLPSOLnHG VFDOLQJ

ODZV ���� DQG ����� WKDW WKH VROXWLRQ RI WKH PDVWHU HTXDWLRQ IRU WKH VHHG ���� LV RI
*DXVVLDQ W\SH

HS� H9 �  �
S
�{}�

Hb
H9 �

�}� ����

7KLV VROXWLRQ DV KLJKOLJKWHG LQ >�@ DQG >�@ LV FRPSOHWHO\ H[FOXGHG E\ WKH REVHU�
YDWLRQV�

�



� 6RPH FRQVLGHUDWLRQV DERXW WKH QXPHULFDO LQWH�

JUDWLRQ

7HFKQLFDOO\� JLYHQ D VHHG ZKLFK LV D GLVWULEXWLRQ� WKH FRQYROXWLRQ HTXDWLRQ ���� RU
WKH PDVWHU HTXDWLRQ ���� DUH XVXDOO\ YHU\ GLpFXOW RU LPSRVVLEOH WR VROYH DQDO\WLFDOO\�
,QVWHDG� LQ WKLV SUHVHQW ZRUN� D QXPHULFDO SURFHGXUH KDV EHHQ LPSOHPHQWHG� 7KLV
QXPHULFDO LQWHJUDWLRQ GHSHQGV RQ WKH GLVFUHWL]DWLRQ RI WKH FRQWLQXRXV HTXDWLRQ XVLQJ
GLVFUHWLVHG YDULDEOHV RQ D JULG�
:H KDYH IRFXVVHG RXU DWWHQWLRQ WR WKH IROORZLQJ VSHFLnF IRUP RI WKH FRQWLQXRXV

HTXDWLRQV ���� IRU /  /�  /�

S��/� 9� ,�  
=
��

b�

S�/� 9 b:�, �: � S�/�:� ,� G: ����

,Q WKH IROORZLQJ� WKH LGHDV DQG WKH GHOLFDWH SRLQWV DUH EULHo\ GHVFULEHG� 7KH SUH�
FLVH DSSOLFDWLRQ RI WKH IRUPDOLVP WR WKH )56 GDWD >�@ DQG WKH UHVXOWV DUH VXPPDUL]HG
DQG KLJKOLJKWHG LQ VHFWLRQ ����
,Q WKLV VHFWLRQ DUH SUHVHQWHG LQ WXUQ WKH LGHDV ZKLFK DUH QHHGHG WR SHUIRUP WKH

DSSUR[LPDWH QXPHULFDO LQWHJUDWLRQ RI WKH HTXDWLRQ� 7KH FRQWLQXRXV HTXDWLRQV DUH
GLVFUHWLVHG E\ DVVRFLDWLQJ D nQLWH ODWWLFH �D JULG� WR WKH FRQWLQXRXV YDULDEOHV� 7KH
LQLWLDO FRQGLWLRQV DQG WKH VHHG DUH WKHQ GHnQHG RQ D nQLWH VHW RI SRLQWV DW WKH QRGHV
RI WKH JULG� 7KLV DOORZV WKHQ WR GHnQH WKH ��VTXDUHG PHULW IXQFWLRQ�

��� 7KH LGHDV EHKLQG WKH JULG

7KH HTXDWLRQ ���� GHSHQGV RQ WKUHH FRQWLQXRXV YDULDEOHV� ,Q RUGHU WR SHUIRUP QX�
PHULFDO LQWHJUDWLRQV� WKH WKUHH YDULDEOHV KDYH WR EH GLVFUHWLVHG�

7KH /DJ JULG

6XSSRVH WKDW WKH GLVWULEXWLRQ LV NQRZQ IRU VRPH YDOXH V/ RI WKH ODJ /� )URP
WKH nUVW DSSOLFDWLRQ RI ���� RQH REWDLQV WKH GLVWULEXWLRQ IRU /  �V/� $SSO\LQJ
���� D VHFRQG WLPH DOORZV WKH GHWHUPLQDWLRQ RI WKH GLVWULEXWLRQ IRU �V/ s �

�V/�
7KH LWHUDWLRQ RI WKH SURFHGXUH SURGXFHV WKH GLVWULEXWLRQ IRU DQ\ / RI WKH IRUP
�OV/ L�H� RQ D WKH /�JULG RI YDOXHV

/  �OV/ O  �� � � � � 1/ ����

2XU FKRLFH RI WKH /DJ JULG

�



:H KDYH FKRVHQ WR REWDLQ D ODJ /  � GD\ DIWHU 1/  �� LWHUDWLRQ� 7KLV OHDGV
WR D YDOXH RI V/  � ��

��� GD\V L�H� DERXW �� VHFRQGV� 7KLV LV D SHUIHFW FKRLFH
LI LQGLYLGXDO FRQWUDFWV DUH FRQFOXGHG DW WKLV UDWH� ,I LW WXUQV RXW WKDW WKH ODSVH
EHWZHHQ WZR VXFFHVVLYH FRQWUDFWV LV VPDOOHU� 1/ VKRXOG EH LQFUHDVHG�

7KH 9 JULG

)RU WKH 9 YDULDEOH� WKH EHVW FKRLFH LV D UHJXODUO\ VSDFHG JULG FRQVLVWLQJ RI
SRLQWV RI WKH IRUP

9  YV9 ����

ZKHUH V9 LV WKH VWHS VL]H LQ 9 DQG Y LV DQ LQWHJHU� $ VPDOOHU V/ VKRXOG OHDG WR
D FKRLFH RI D VPDOOHU V9 �

2XU FKRLFH RI WKH 9 JULG

:H KDYH FKRVHQ WR WDNH V9 WR EH �
�

���
��� EDVLV SRLQW L�H� DURXQG � �S

�
��� EDVLV

SRLQW� ,QGHHG D ODUJHU V9 WXUQHG RXW QRW WR EH VPDOO HQRXJK ZKLOH D VPDOOHU
RQH ZDV QRW QHFHVVDU\ DQG LQFUHDVHG WKH FRPSXWDWLRQ WLPH DQG PHPRU\ UH�
TXLUHPHQWV ZLWK OLWWOH UHZDUG�

7KH ,� JULG

)RU WKH ,� YDULDEOH� WKH EHVW FKRLFH LV D UHJXODUO\ VSDFHG JULG FRQVLVWLQJ RI
SRLQWV RI WKH IRUP

,�  LV, ����

ZKHUH V, LV WKH VWHS VL]H LQ ,� DQG L LV DQ LQWHJHU�

2XU FKRLFH RI WKH ,� JULG

6LQFH DOO WKH SDUDPHWHUV YDU\ ZLWK ,� UDWKHU ZHDNO\� D FKRLFH RI V,  RQH
SHUFHQW LV TXLWH VXpFLHQW�

,Q RXU DFWXDO FRPSXWDWLRQV GXH PHPRU\ VL]H SUREOHPV� ZH KDYH EHHQ OHG WR DGDSW
WKH V9 VWHS VL]H WR WKH OHYHO O RI WKH LWHUDWLRQ� 7KH VWHS VL]H LV SURJUHVVLYHO\ LQFUHDVHG
LQ VXFK D ZD\ DV WR EHFRPH RQH EDVLV SRLQW DW WKH WHQWK LWHUDWLRQ� 7KLV UHTXLUHG
GHOLFDWH QXPHULFDO DGMXVWPHQWV

�



��� 7KH LGHDV EHKLQG WKH GLVFUHWLVHG HTXDWLRQV

2EYLRXVO\� RQ WKH JULG ����� ����� ���� WKH HTXDWLRQ ���� EHFRPHV

S��O��V/� YV9 � LV,� { V9

�
�;

Z b�

S
r
�OV/� �Y bZ�V9 � LV, � ZV9

s
d

d S
r
�OV/� ZV9 � LV,

sR
����

7R EH RQ WKH JULG� WKH DUJXPHQW LV, �ZV9 ZKLFK DSSHDUV LQ WKH nUVW S RQ WKH ULJKW
KDQG VLGH PXVW EH DQ LQWHJHU PXOWLSOH RI V, � 7KLV ZRXOG DW nUVW VLJKW LPSO\ WKDW V9
LV DQ LQWHJHU PXOWLSOH RI V, � ,Q IDFW� RXU QXPHULFDO LPSOHPHQWDWLRQ XVHV� IRU WHFKQLFDO
UHDVRQV� D PRUH HODERUDWH JULG WKDQ ���� LQ WKH 9 DQG D EHWWHU DGDSWHG IRUP RI WKH
FRQYROXWLRQ ���� WRJHWKHU ZLWK VPRRWKLQJ DQG LQWHUSRODWLRQ WHFKQLTXHV� 0RUHRYHU
WKH QRUPDOL]DWLRQ LPSOLHV

�;
Y b�

S
r
�OV/� YV9 � LV,

s
 � ����

��� 7KH LGHDV EHKLQG WKH GLVFUHWLVHG LQLWLDO FRQGLWLRQ

7KH LQLWLDO FRQGLWLRQ ���� RQ WKH JULG LV WDNHQ DV D VWHS�W\SH ���� DSSUR[LPDWLRQ RI
WKH 'LUDF p GLVWULEXWLRQ� DV H[SODLQHG LQ $SSHQGL[ �$�� 1DPHO\

S��� �� LV,�  
�

V9
S��� YV9 � LV,�  � IRU Y� � ����

��� 7KH LGHDV EHKLQG WKH GLVFUHWLVHG VHHG

8VLQJ WKH GLVFUHWL]DWLRQ LQLWLDO FRQGLWLRQ� IRU q  V/ FKRVHQ VXpFLHQWO\ VPDOO� WKH
7D\ORU H[SDQVLRQ ���� RI S WR WKH nUVW RUGHU LQ V/

S�V/� YV9 � LV,�  S��� YV9 � LV,� � V/6�YV9 � LV,� ����

7KH UHVXOWLQJ S�V/� YV9 � LV,� PXVW EH D WUXH IXQFWLRQ �QRW D GLVWULEXWLRQ DQ\PRUH��
,W PXVW EH SRVLWLYH DQG QRUPDOL]HG ����

�;
Y b�

6 �YV9 � LV,�  � � ����

��



+HQFH� 6�YV9 � LV,� LV H[SHFWHG WR EH D VWHS�W\SH IXQFWLRQ RI YV9 ZLWK WKH IROORZLQJ
SURSHUWLHV

6 ��� LV,�  b

;
Y� �

6 �YV9 � LV,�

6 �YV9 � LV,� ! � IRU Y� � ����

6 ��� LV,� �
�

V/V9
����

7KH IRUP RI WKH VHHG LQIHUUHG E\ WKH )56 GDWD LV SUHVHQWHG DQG GLVFXVVHG LQ VHF�
WLRQ ����

��� 7KH LGHDV EHKLQG WKH ��VTXDUHG IXQFWLRQ

,Q RUGHU WR GHWHUPLQH WKH VHHG IUHH SDUDPHWHUV� D ��VTXDUHG PLQLPL]DWLRQ PHWKRG
LV XVHG�
$V XVXDO WKH JHQHULF ��VTXDUHG IXQFWLRQ LV GHnQHG E\

��  
;
N

�1WKHRU\�N�b1GDWD�N��
�

}�N��
����

ZKHUH WKH VXP LV SHUIRUPHG RQ WKH JHQHULF GLVFUHWH ODEHO N LQGH[LQJ DOO WKH DYDLODEOH
GDWD� ,Q ����� 1GDWD�N� DQG 1WKHRU\�N� DUH UHVSHFWLYHO\ WKH QXPEHU RI HYHQWV REVHUYHG
DQG SUHGLFWHG IRU WKH ODEHO N�
7KH QDWXUDO HUURU �}�N�QDWXUDO� LV XVXDOO\ WDNHQ DV LI WKH GLVWULEXWLRQ ZDV RI 3RLVVRQ

W\SH L�H�

}�N�QDWXUDO  
T
1GDWD�N� LI 1GDWD�N�� �

}�N�QDWXUDO  � LI 1GDWD�N�  � ����

7KH FKRLFH RI WKH HUURU IXQFWLRQ UHTXLUHV PRUH DWWHQWLRQ LQ WKH SUHVHQW FDVH� $V
KDV EHHQ DOUHDG\ VWUHVVHG� WKH WKHRU\ VKRXOG WDNH LQWR DFFRXQW DQG UHSURGXFH DV
DFFXUDWHO\ DV SRVVLEOH WKH WDLOV RI WKH H[SHULPHQWDO GLVWULEXWLRQV� 7KLV LV DFKLHYHG
E\ FKRRVLQJ LQ WKH ��VTXDUHG D PRGLnHG IRUP RI }�N�

}�N�PRGLnHG  �1GDWD�N�1WKHRU\�N��
� �

LI 1GDWD�N�� �

}�N�PRGLnHG  �1WKHRU\�N��
� � LI 1GDWD�N�  � ����

2EYLRXVO\� LI WKHRU\ DQG H[SHULPHQW PDWFK YHU\ FORVHO\ WKH }
V LQ ���� DQG ���� DUH
HVVHQWLDOO\ LGHQWLFDO� 7KLV KDSSHQV LQ WKH EXON RI WKH GLVWULEXWLRQ� )RU WKH WDLOV

��



RI WKH GLVWULEXWLRQV� ZKHQ 1GDWD LV HTXDO WR ]HUR RU RQH HYHQW� WKH }�N�PRGLnHG LV
VPDOOHU WKDQ }�N�QDWXUDO� +HQFH� PRUH HPSKDVLV LV SXW RQ WKHVH WDLO SRLQWV E\ WKH
PLQLPL]DWLRQ SURFHGXUH� 7KH WHVWV SHUIRUPHG XVLQJ ERWK IRUPV RI }�N� FRQnUP WKLV
DUJXPHQW� 7KH XVH RI ���� OHDGV WR D YHU\ JRRG DJUHHPHQW EHWZHHQ WKHRU\ DQG GDWD
LQ WKH WDLOV DV FDQ EH VHHQ LQ )LJXUH ��

� 7KH )HGHUDO 5HVHUYH 6\VWHP GDWD� 'HWHUPLQD�

WLRQ RI 1GDWD�Y� LELQ�

7KH )56 >�@ GDWD JLYHV LQ VXFFHVVLYH ZRUNLQJ GD\V WKH GDLO\ DYHUDJH LQWHUHVW UDWH
,�GD\� EHWZHHQ EDQNV� ,W LV JLYHQ LQ SHUFHQW E\ D QXPEHU ZLWK H[DFWO\ WZR GHFLPDO
nJXUHV� L�H� E\ D LQWHJHU QXPEHU LQ EDVLV SRLQWV� ,W DOORZV WKH GHnQLWLRQ RI WKH
IROORZLQJ PHDQLQJIXO GLVWULEXWLRQV IRU D ODJ / RI RQH GD\� 7KHVH GLVWULEXWLRQV KDYH
WR EH FRPSDUHG WR WKH FRUUHVSRQGLQJ WKHRUHWLFDO GLVWULEXWLRQV�

7KH HPSLULFDO 1�Y� ,� DQG 1�Y� L� GHQVLW\ GLVWULEXWLRQV

)RU Y DQG , ERWK H[SUHVVHG LQ EDVLV SRLQWV� WKH HPSLULFDO GLVWULEXWLRQ 1 �Y� ,�
LV WKH QXPEHU RI RFFXUUHQFHV� EHWZHHQ ���� DQG ����� ZKHQ WKH LQWHUHVW UDWH
RI WKH )56 RQ VRPH GD\ ZDV , DQG WKH QH[W GD\ , � Y� 7KHVH QXPEHUV DUH
VWDWLVWLFDOO\ YHU\ VPDOO� ,W LV XVHIXO WR FRQVLGHU WKH FRPSRXQGHG HPSLULFDO
GLVWULEXWLRQ 1 �Y� L� ZKHUH Y LV VWLOO H[SUHVVHG LQ EDVLV SRLQWV EXW WKH LQWHUHVW L
LV H[SUHVVHG LQ SHUFHQW E\ JURXSLQJ WKH GD\V ZKHQ WKH LQWHUHVW UDWH LV DOPRVW L

0RUH SUHFLVHO\� IRU WKH GDWD� WKH 1�Y� ,� �Y DQG , LQ EDVLV SRLQWV� GHQVLW\
GLVWULEXWLRQ LV GHnQHG DV IROORZV

1�Y� ,�  QXPEHU RI GD\V ZKHQ ,�GD\�  , DQG ,�GD\ � ��  , � Y � ����

1RWH WKDW� LQ RUGHU WR REWDLQ ,�GD\���� QRQ ZRUNLQJ GD\V DUH VLPSO\ GLVFDUGHG�
7KH DYHUDJH GLVFUHWLVHG 1�Y� L� �Y LQ EDVLV SRLQWV DQG L LQ SHUFHQW� GHQVLW\
GLVWULEXWLRQ LV SUHFLVHO\ GHnQHG E\

1 �Y� L�  
���L���;

, ���Lb��

1 �Y� ,� � ����

,W LV WKH QXPEHU RI GD\V ZKHQ WKH LQWHUHVW UDWH ZDV EHWZHHQ L b � � SHUFHQW
� H[DFWO\ ���Lb �� EDVLV SRLQWV� DQG L� � � SHUFHQW �H[DFWO\ ���L� �� EDVLV
SRLQWV� DQG WKH LQWHUHVW UDWH KDV PRYHG E\ DQ DPRXQW Y EDVLV SRLQWV E\ WKH
QH[W GD\�

��



L � � � � � � � � �

Z�L� ��� ��� ��� ���� ���� ���� ���� ���� ���

L �� �� �� �� �� �� �� �� ��

Z�L� ��� ��� ��� ��� ��� ��� �� �� �

7DEOH �� 7KH HPSLULFDO Z�L�

LELQ � � � � � � � �

L � LELQ ��� � � � � � ���� �����
Z�LELQ� ���� ���� ���� ���� ���� ���� ���� ���

7DEOH �� 7KH HPSLULFDO Z�LELQ�

7KH HPSLULFDO Z�,� DQG Z�L� LQWHUHVW GLVWULEXWLRQV

7KH HPSLULFDO LQWHUHVW GLVWULEXWLRQ Z�,� LV GHnQHG DV

Z�,�  
YPD[;

YPLQ

1�Y� ,� ����

ZKHUH , LV LQ EDVLV SRLQW� ,W LV WKH QXPEHU RI GD\V EHWZHHQ ���� DQG ����
ZKHQ WKH LQWHUHVW UDWH ZDV , LQ EDVLV SRLQW� 7KH DYHUDJH GLVFUHWH YHUVLRQ Z�L�
RI ���� LV GHnQHG E\

Z�L�  
���L���;

, ���Lb��

Z�,� ����

ZKHUH L LV DQ LQWHJHU JLYLQJ WKH LQWHUHVW UDWH LQ SHUFHQW� LW LV VLPSO\ WKH QXPEHU
RI GD\V ZKHQ WKH LQWHUHVW UDWH ZDV EHWZHHQ �L b � �� DQG �L� � �� SHUFHQWV�
7KH WRWDO QXPEHU RI HYHQWV Z  

3
L
Z�L� LV �������

7KH Z�L� DUH JLYHQ LQ 7DEOH ���� ,Q SUHFHGLQJ SDSHUV LW ZDV UHDOL]HG WKDW
ELQV ZLWK OHVV WKDQ DERXW RQH WKRXVDQG HYHQWV SUHVHQW WRR PXFK VWDWLVWLFDO
oXFWXDWLRQV� +HQFH LW LV XVHIXO WR JURXS WKH GDWD LQ ELQV� ,Q 7DEOH ���� WKH
Z�LELQ� DUH JLYHQ WRJHWKHU ZLWK D GHnQLWLRQ RI WKH ELQV�

��



7KH HPSLULFDO 1GDWD�Y� LELQ� GHQVLW\ GLVWULEXWLRQV

7KH nQDO HPSLULFDO GHQVLW\ GLVWULEXWLRQ 1 �Y� LELQ� ZKLFK HQWHUV WKH ��VTXDUHG
PHULW IXQFWLRQ LV WDNHQ DV

1GDWD�Y� LELQ�  
;

L�LELQ

Z�L�1�Y� L� ����

� 7KH GHnQLWLRQ RI 1WKHRU\ DQG WKH ��VTXDUHG PHULW

IXQFWLRQ

7KH HPSLULFDO GLVWULEXWLRQ 1GDWD�Y� L� KDV WR EH FRPSDUHG WR WKH HmHFWLYH GLVWULEXWLRQ
1 WKHRU\�Y� L� FRPSXWHG IURP WKH WKHRUHWLFDO GLVWULEXWLRQ HYDOXDWHG DW ODJ /  � GD\�
ZKLFK PHDQV IRU O  1/� 7KLV GLVWULEXWLRQ S�1/� Y� L� LV FRPSXWHG IURP WKH VHHG E\
1/ VXFFHVVLYH FRQYROXWLRQV�
:H KDYH

1 WKHRU\�Y� L�  Z�L� S�1/� Y� L�

1 WKHRU\�Y� LELQ�  
;

L�LELQ

1 WKHRU\�Y� L� ����

7KH ��VTXDUHG PHULW IXQFWLRQ

7KH IROORZLQJ ��VTXDUHG IXQFWLRQ LV PLQLPL]HG

��  
�;

LELQ �

���;

Y b���

�1 WKHRU\�Y� LELQ�b1 GDWD�Y� LELQ��
�

}�Y�ELQ ��
����

,Q WKLV IRUPXOD� WKH QXPHUDWRU LV WKH VTXDUH RI WKH GLmHUHQFH EHWZHHQ WKH
HPSLULFDO GLVWULEXWLRQ ���� DQG WKH WKHRUHWLFDO GLVWULEXWLRQ ����� ,W LV D PHDVXUH
RI WKH GLVFUHSDQF\ EHWZHHQ WKHRU\ DQG H[SHULPHQW� 7KH GHQRPLQDWRU LV WKH
VTXDUH RI WKH PRGLnHG HUURU }�Y�ELQ � $FFRUGLQJ WR WKH SUHYLRXV GLVFXVVLRQ
DURXQG ����� WKLV }�Y�ELQ � LV WDNHQ DV

}�Y� LELQ�PRGLnHG  �1GDWD�Y� LELQ�1WKHRU\�Y� LELQ��
� � LI 1GDWD�Y� LELQ�� �

}�Y� LELQ�PRGLnHG  �1WKHRU\�Y� LELQ��
� �

LI 1GDWD�Y� LELQ�  � ����

)LQDOO\� OHW XV QRWH WKDW WKH OLPLWV RQ WKH VXPPDWLRQ RYHU Y� >b�������@� KDYH
EHHQ FKRVHQ DW WKH SRLQW ZKHUH WKH GLVWULEXWLRQV LQ Y KDYH EHFRPH HPSLULFDOO\
FRPSOHWHO\ QHJOLJLEOH� )RU H[DPSOH� LQFUHDVLQJ WKH OLPLWV IURP ��� WR ���
EDVLV SRLQWV GRHV QRW FKDQJH WKH YDOXHV RI WKH SDUDPHWHUV SURYLGHG E\ WKH
PLQLPL]DWLRQ PHWKRG LQ DQ\ DSSUHFLDEOH ZD\�

��



� 6HHG 3DUDPHWUL]DWLRQ

,Q SUHFHGLQJ DUWLFOHV >�@� >�@� GLVWULEXWLRQV nWWLQJ YHU\ FORVHO\ WKH )56 GDWD KDYH
EHHQ REWDLQHG XVLQJ 3DGuH $SSUR[LPDQWV >���@ L�H� D SRO\QRPLDO RI ]HUR GHJUHH LQ
Y LQ WKH QXPHUDWRU GLYLGHG E\ D SRO\QRPLDO RI IRXUWK GHJUHH LQ WKH GHQRPLQDWRU�
0RUHRYHU� LW LV VKRZQ WKDW WKH 3DGuH FRHpFLHQWV IROORZ UDWKHU VLPSOH VFDOLQJ ODZV�
([WUDSRODWLQJ WKHVH VFDOLQJ ODZV IRU YDOXHV RI WKH ODJ VPDOO FRPSDUHG WR RQH GD\
OHDGV WR JXHVV IRUPV IRU WKH VHHG�

��� 7KH 3DGuH JXHVV IRU WKH VHHG

7KH QD�rYH IRUP VXJJHVWHG E\ WKH SUHFHGLQJ UHVXOWV ZDV D 3DGuH IRUP

V/ 6�YV9 � LV,�  
D�L�

� � E�L�Y� � F�L�Y�
IRU Y� � ����

7KH Y  � ELQ EHLQJ GHWHUPLQHG E\ WKH QRUPDOL]DWLRQ FRQGLWLRQ ����� $V D IXQFWLRQ
RI WKH LQWHUHVW UDWH WKH VXJJHVWHG IRUP RI WKH SDUDPHWHUV LV

D�L�  D�H
D��LbL��

E�L�  E�H
E��LbL��

F�L�  F�H
F��LbL�� ����

ZKHUH L�  � SHUFHQWV LV DQ DUELWUDULO\ EXW FRQYHQLHQWO\ FKRVHQ SDUDPHWHU� 0LQL�
PL]LQJ WKH ��VTXDUHG IXQFWLRQ� WKH SDUDPHWHU E� EHFRPHV VR VPDOO WKDW E�L� FDQ EH
VDIHO\ GLVFDUGHG� 0RUHRYHU� WKH WKHRUHWLFDO WDLOV RI WKH GLVWULEXWLRQV DUH VRPHZKDW
VPDOO FRPSDUHG WR WKH GDWD� 7KLV FRQFOXVLRQ FRPIRUWV DQG HYHQ VWUHQJWKHQ RXU HDU�
OLHU nQGLQJV� 7KRXJK� WKH YbG ZLWK G HTXDO IRXU LV QRW LQFRPSDWLEOH ZLWK WKH GDWD�
+LOO HVWLPDWRUV ZHUH SRLQWLQJ WRZDUGV D VRPHZKDW VPDOOHU YDOXH RI G� 3UHFLVH YDOXHV
FDQ EH IRXQG LQ >�@�

��� 2XU HGXFDWHG JXHVV

)ROORZLQJ WKH DERYH GLVFXVVLRQ� WKH IROORZLQJ VLPSOHU IRUP KDV EHHQ XVHG

V/ 6�YV9 � LV,�  
m�L�

� � o�L� YG�L�
IRU Y� � ����

ZLWK

m�L�  m�H
m��LbL��

��



m� m� o� o� G� G� G�
����� ����� ����� b����� ����� b����� b�����
h����� h����� h����� h����� h����� h����� h�����
��b� ��b� ��b� ��b� ��b� ��b�

7DEOH �� 7KH VHHG SDUDPHWHUV� 7KH VWDQGDUG HUURUV FRUUHVSRQG WR WKH LQFUHDVH RI
��VTXDUHG E\ RQH XQLW

o�L�  o�H
o��LbL��

G�L�  G�H
G��LbL���G��LbL��� ����

$JDLQ L LV LQ SHUFHQW DQG L� LV DUELWUDULO\ FKRVHQ WR EH VL[ SHUFHQWV
7KH YDOXHV RI WKH VHYHQ SDUDPHWHUV �m�� m�� o�� o�� G�� G�� G�� REWDLQHG E\ PLQ�

LPL]DWLRQ RI WKH ��VTXDUHG PHULW IXQFWLRQ DUH JLYHQ LQ WDEOH ����
7KH YDOXH RI WKH PLQLPDO ��VTXDUHG LV DERXW ��� ZKLFK WDNLQJ LQWR DFFRXQW WKH

QXPEHU RI GHJUHHV RI IUHHGRP OHDGV WR DQ H[FHOOHQW QRUPDOL]HG YDOXH DERXW ����

��� &RPSDULVRQ ZLWK WKH GDWD

:LWK WKH VHW RI SDUDPHWHUV REWDLQHG LQ WDEOH ���� ZH KDYH GUDZQ WKH WKHRUHWLFDO DQG
GDWD FXUYH IRU HYHU\ ELQ� 7KH FRQQHFWLRQ EHWZHHQ WKH ELQV DQG WKH LQLWLDO LQWHUHVW
UDWHV �H[SUHVVHG LQ SHUFHQW� WKH\ FRQWDLQ LV IRXQG LQ WDEOH ���� 7KHVH FXUYHV DSSHDU
LQ WKH HLJKW nJXUHV ������ ,Q nJXUH �� WKH WDLO IRU WKH ELQ � DV DQ H[DPSOH LV ]RRPHG
WR VKRZ WKH SHUIHFW DJUHHPHQW IRU ODUJH Y
V REWDLQHG E\ WKH PLQLPL]DWLRQ� ,Q nJXUH
�� DQG ��� WKH GLVWULEXWLRQV IRU D ODJ RI WZR GD\V DUH JLYHQ DV DQ LOOXVWUDWLRQ RI DQ
HOHYHQWK LWHUDWLRQ �O  1/ � �  �� LQ ������ ,Q nJXUH ��� WKH FUXFLDO H[SRQHQW G LV
GUDZQ DV D IXQFWLRQ RI WKH LQLWLDO LQWHUHVW UDWH�

� &RQFOXVLRQV

,Q WKLV SDSHU� D PLFURVFRSLF WKHRU\ RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV KDV EHHQ
GHYHORSHG� &RQYROXWLRQ WHFKQLTXHV� LPSO\LQJ DERXW WHQ VXFFHVVLYH FRQYROXWLRQV�
FRPELQHG ZLWK WLPH WUDQVODWLRQ LQYDULDQFH OHDG WR D WLPH VFDOHG WKHRU\ ZKHUH WKH
WHUP VWUXFWXUH IRU SUDFWLFDO ODJV �RQH GD\ RU PRUH� FDQ EH GHGXFHG IURP D VHHG
IXQFWLRQ OLYLQJ DW D PLFURVFRSLFDO ODJ VFDOH �D IHZ VHFRQGV��
7KH SUHYLRXVO\ GLVFRYHUHG VFDOLQJ ODZV VXJJHVW IRUPV IRU WKH VHHG UHODWHG WR WKH

3DGuH IRUP L�H� UDWLRV RI SRO\QRPLDOV�

��



2XU UHVXOWV VKRZ WKDW WKH VFDOLQJ ODZ DVVXPSWLRQV DUH HYHQ VLPSOHU DW WKH PL�
FURVFRSLFDO ODJ VFDOH� ,QGHHG� LW LV VKRZQ WKDW WKH )56 GDWD DUH DPD]LQJO\ ZHOO
UHSURGXFHG �IRU D ODJ RI RQH GD\ EXW WKH UHVXOWV HDVLO\ H[WHQG WR DUELWUDU\ KLJKHU
ODJV� E\ DVVXPLQJ WKDW WKH VHHG KDV WKH FULWLFDO IRUP RI D VHOI�RUJDQL]HG >�@ HFRQR�
SK\VLFDO V\VWHP � ,Q RWKHU ZRUGV� D YHU\ VLPSOH SRZHU ODZ EHKDYLRU HPHUJHV ZLWK
HVVHQWLDOO\ RQO\ RQH Y

bG WHUP� 7KH H[SRQHQW G LV RI WKH RUGHU RI WKUHH LQ FORVH
DJUHHPHQW ZLWK WKH WDLO EHKDYLRUV REWDLQHG SUHYLRXVO\ XVLQJ WKH +LOO >�@ HVWLPDWRU�

7KHVH UHVXOWV RSHQ WKH GRRU WR WZR PDMRU LVVXHV� RQH UDWKHU WKHRUHWLFDO DQG WKH
RWKHU PRUH SUDFWLFDO DQG SUDJPDWLF�

6LQFH WKH VHHG KDV VXFK D VLPSOH VFDOLQJ IRUP� LW VXJJHVWV WKH H[LVWHQFH RI DQ
XQGHUO\LQJ VWDWLVWLFDO PRGHO� 7KH GLVFRYHU\ RI WKH EDVLF LQJUHGLHQWV DQG ODZV OHDGLQJ
LQ D QDWXUDO DQG V\VWHPDWLF ZD\ WR WKH VFDOLQJ ZRXOG EH D PDMRU DFKLHYHPHQW ZKLFK�
LI DWWDLQHG� PD\ DOVR OHDG WR QHZ WKHRUHWLFDO LQVLJKWV LQ UHODWHG EXW GLmHUHQW FRQWH[WV�

)LQDOO\� RQH PD\ ZRQGHU KRZ WKLV WKHRU\ DQG LWV SUHGLFWLRQV FDQ EH HpFLHQWO\
XVHG LQ WKH FRQWH[W RI ULVN PDQDJHPHQW �H�J� 9DOXH�DW�5LVN FRPSXWDWLRQ� DQG n[HG�
LQFRPH GHULYDWLYH SULFLQJ� )RU WKH WLPH EHLQJ� VWXGLHV DUH XQGHU ZD\ WR PHDVXUH WKH
DGG�YDOXH RI XVLQJ WKLV PRGHO LQVWHDG RI WKH WUDGLWLRQDO RQHV� )LUVW UHVXOWV ZLOO EH
SURYLGHG LQ D QHDU IXWXUH�

��



$ $ QD�rYH LQWURGXFWLRQ WR 'LUDF W\SH GLVWULEX�

WLRQV

$�� )RUPDO GHnQLWLRQ

$ GLVWULEXWLRQ *�9 � LV D FRQWLQXRXV OLQHDU IXQFWLRQDO RQ VRPH VSDFH RI IXQFWLRQV
RI D UHDO YDULDEOH 9 � 7KH 'LUDF p�9 � GLVWULEXWLRQ� ZKLFK KDV FRPSDFW VXSSRUW� LV
GHnQHG RQ D FRQWLQXRXV &� IXQFWLRQ I �9 � DW 9  � E\

�p�9 �� I�9 ��  I��� ����

7KH MWK GHULYDWLYH *>M@ RI D GLVWULEXWLRQ RI FRPSDFW VXSSRUW *�9 � LV GHnQHG DV
r
*>M@�9 �� I �9 �

s
 �b��M

r
*�9 �� I >M @�9 �

s
����

ZKHUH

I >M @�9 �  
GMI�9 �

G9 M
����

LV WKH MWK GHULYDWLYH RI WKH IXQFWLRQ I�9 ��
,Q SDUWLFXODU� WKH VHFRQG GHULYDWLYH RI WKH 'LUDF GLVWULEXWLRQ

r
p>�@�9 �� I�9 �

s
 I >�@��� ����

LV WKH VHFRQG GHULYDWLYH RI I�9 � HYDOXDWHG DW 9  ��
:LWKRXW EHLQJ PDWKHPDWLFDOO\ ULJRURXV� WKHVH GHnQLWLRQV FDQ EH VHHQ LQ D PRUH

LQWXLWLYH ZD\� $V /DXUHQW 6FKZDUW]� WKH LQYHQWRU RI WKH JHQHUDO GLVWULEXWLRQ FRQFHSW�
XVHG WR FDXWLRQ � 7KH IRUPXODH JLYHQ EHORZ� ZLWK SK\VLFLVW QRWDWLRQV� KDYH WR EH
XVHG ZLWK JUHDW FDUH DQG KDYH WR EH MXVWLnHG LQ D GHWDLOHG DQG SUHFLVH ZD\� %XW KH
DOVR UHFRJQL]HG WKDW WKH\ ZHUH YHU\ FRQYHQLHQW WR JXHVV SURSHUWLHV RI GLVWULEXWLRQV�

$�� 'LVFXVVLRQ DQG DSSUR[LPDWLRQV IRU WKH 'LUDF GLVWULEX�

WLRQV

7KH GLVWULEXWLRQ p�9 � LV D JHQHUDOL]HG IXQFWLRQ ZKLFK FDQ EH WKRXJKW DV EHLQJ ]HUR
IRU 9 � � DQG 9 ! � DQG LQnQLWH DW 9  � LQ VXFK D ZD\ WKDW� LQ IRUPDO DJUHHPHQW
ZLWK ���� = ��

b�

p�9 � I�9 � G9  I��� � ����

7KHUH DUH PDQ\ IXQFWLRQV ZKLFK FDQ DSSUR[LPDWH WKH GHOWD IXQFWLRQ� /HW XV JLYH
WZR�

��



�� 7KH VWHS�W\SH IXQFWLRQ

p�9 �  OLP
V��

'�9� V�

�!!!!!�
!!!!!�

'�9� V�  � IRU 9 � b V

�

'�9� V�  �

V
IRU b

V

�
� 9 � V

�

'�9� V�  � IRU V

�
� 9

����

KDV FRPSDFW VXSSRUW� ,W LV QRW GLpFXOW GR WKH 5LHPDQQ LQWHJUDWLRQ DQG SURYH
WKDW IRU VRPH A9

b
V

�
� A9 �

V

�
����

RQH KDV = ��

b�

'�9� V� I �9 � G9  I� A9 �

�= � V

�

b
V

�

'�9� V� G9

�

 I� A9 � � ����

7KH OLPLW IRU V� � UHSURGXFHV FOHDUO\ ���� DV I� A9 �� I����

�� 7KH 'LUDF GLVWULEXWLRQ FDQ DOVR EH DSSUR[LPDWHG E\ WKH FRQWLQXRXV IXQFWLRQ

p�9 �  OLP
c��

(�9�c�

(�9�c�  
c

{ �c� � 9 ��
� ����

7KLV IRUP LV YHU\ LQWHUHVWLQJ� DV LW VKRZV WKDW WKH p�9 � IXQFWLRQ LV WKH ERXQGDU\
YDOXH RI D FRQWLQXRXV IXQFWLRQ RI WZR YDULDEOHV� )RU SRVLWLYH c� WKLV IXQFWLRQ
LV SXUHO\ SRVLWLYH IRU DOO 9 �

$ VWHS�W\SH DSSUR[LPDWLRQ IRU WKH VHFRQG GHULYDWLYH RI WKH GHOWD IXQFWLRQ LV
JLYHQ DV IROORZV� &RQVLGHU WKH LQWHUYDOV $  >b�V ��bV �@� %  >bV ���V �@� $  
>�V ����V �@� WKH VWHS IXQFWLRQ ZKLFK LV ]HUR RXWVLGH WKH WKUHH LQWHUYDOV� KDV YDOXH
� V LQ WKH LQWHUYDOV $ DQG & DQG b� V LQ WKH LQWHUYDO % DQG OHW V� ��

% )RUPDO GLVFXVVLRQ RI WKH 0DVWHU (TXDWLRQ� &RQ�

WLQXRXV YDULDEOHV

,Q WKH IROORZLQJ LW LV VKRZQ WKDW WKH IRUPDO VROXWLRQ RI WKH PDVWHU HTXDWLRQ LV IXOO\
FRPSDWLEOH ZLWK WKH FRQYROXWLRQ HTXDWLRQ ���� ZKDWHYHU EH WKH LQWHUPHGLDWH WLPH

��



6XSSRVH WKDW� WKH SUREDELOLW\ GLVWULEXWLRQ KDV D 7D\ORU SRZHU H[SDQVLRQ� DURXQG
/  �� RI WKH IRUP

S�/� 9� ,��  
�;

Q �

/Q

Q�
S�Q��9� ,�� � ����

ZKHUH S�Q��9� ,�� LV WKH Q
WK RUGHU GHULYDWLYH RI S ZLWK UHVSHFW WR / HYDOXDWHG DW
/  �

S�Q��9� ,��  #Q

/
S�/� 9� ,��

/ �

� ����

7KH ]HURWK RUGHU S����9� ,�� LV NQRZQ E\ (T����� DQG WKH nUWK RUGHU S
����9� ,�� E\

(T�����

S����9� ,��  S��� 9� ,��  p�9 �

S����9� ,��  6�9� ,�� ����

,QWURGXFLQJ WKLV SRZHU H[SDQVLRQ LQ WKH PDVWHU HTXDWLRQ ���� DQG HTXDWLQJ� LQ WKH
OHIW DQG ULJKW KDQG VLGHV� WKH FRHpFLHQWV RI WKH VDPH SRZHUV LQ /� RQH JHWV WKH
UHFXUUHQFH HTXDWLRQV

S�Q��,I b ,�� ,��  
= ��
b�

S�Qb���,I b ,L� ,L�6�,L b ,�� ,�� G,L � Q  �� � � � �� � ����

,W LV HDVLO\ VHHQ WKDW WKH HTXDWLRQ IRU Q  � LV DQ LGHQWLW\� )RU Q  �� RQH nQGV

S����,I b ,�� ,��  
= ��
b�

6�,I b ,�� ,��6�,� b ,�� ,�� G,� ����

ZKHUH WKH GXPP\ LQWHJUDWLRQ YDULDEOH KDV EHHQ FDOOHG ,�� )RU DUELWUDU\ Q w �� RQH
REWDLQV

S�Q����,I b ,�� ,��  
= ��
b�

G,Q

= ��
b�

G,Qb� � � �

= ��
b�

G,�

6�,I b ,Q� ,Q�6�,Q b ,Qb�� � � � 6�,� b ,�� ,��

 
= ��
b�

�
# Q<

S �

G,S

�
$
�
# Q<

T �

6�,T�� b ,T� ,T�

�
$ � ,Q��  ,I �����

,W LV QRW GLpFXOW WR FKHFN WKDW WKH IRUPDO SRZHU H[SDQVLRQ ����� ����� ����� ����
VDWLVnHV WKH FRQYROXWLRQ HTXDWLRQ ���� ZLWKRXW DQ\ IXUWKHU FRQGLWLRQ� +HQFH� LW FDQ
UHDVRQDEO\ EH VXSSRVHG WKDW RQH FDQ IRFXV RQ WKH PDVWHU HTXDWLRQ ���� WRJHWKHU
ZLWK LWV QDWXUDO ERXQGDU\ FRQGLWLRQV�

��



& 0DVWHU (TXDWLRQ ZLWK D VLPSOLnHG 6FDOLQJ /DZ

DQG QR ,� GHSHQGHQFH� 7KH *DXVV GLVWULEXWLRQ

VROXWLRQ

$V VXJJHVWHG LQ VHFWLRQ ���� LW LV FRQYHQLHQW WR VWXG\ DQDO\WLFDOO\ WKH VROXWLRQ RI WKH
PDVWHU HTXDWLRQ ZLWK WKH VHHG ����

6�9� ,��  ��,�� #
�

9
p�9 � � ����

,Q RUGHU WR VLPSOLI\ WKH SUREOHP OHW XV OLPLW RXUVHOYHV WR VXSSRVH WKDW WKH GLV�
WULEXWLRQ S GRHV QRW GHSHQG RQ ,�

S�/� 9� ,��  ES�/� 9 � ����

DV ZHOO DV WKH VHHG ���� DQG KHQFH

��,��  E� � ����

(T����� EHFRPHV
#/ AS�/� 9 �  E�#�

9
ES�/�9 � � ����

7R VLPSOLI\ WKH SUREOHP HYHQ IXUWKHU� ?VFDOLQJ ODZV� ZKLFK DUH DSSUR[LPDWHO\
EXW QRW H[DFWO\ YHULnHG E\ WKH GDWD >�@� DUH DVVXPHG� ,W KDV WR EH HPSKDVL]HG WKDW
WKH GDWD GR QRW VXSSRUW H[DFWO\ WKHVH VFDOLQJ ODZV� +HQFH WKH UHVXOWV ZH ZLOO REWDLQ
LQ WKLV VHFWLRQ FDQQRW EH KRSHG WR EH FRUUHFW� 2Q WKH RWKHU KDQG� LW LV ZRUWK WR
TXRWH WKHP VLQFH WKH\ KDYH DV D FRQVHTXHQFH WKH YHU\ FRPPRQ EXW ZURQJ EHOLHI
WKDW� LQ D QDWXUDO ZD\� GLVWULEXWLRQV VKRXOG IDOO Rm DW ODUJH 9 DV H[SRQHQWLDOV�
7KH XOWUD VLPSOLnFDWLRQ RI WKH HPSLULFDO UHVXOWV IRXQG LQ >�@� >�@ LV HTXLYDOHQW

WR WKH VWDWHPHQW WKDW WKH GLVWULEXWLRQV GHSHQG RQ WKH UHGXFHG YDULDEOH H9 ���� DQG
VFDOHV ���� LQ WKH QDWXUDO ZD\ DV � 

S
/

S�/� 9� ,��  
HS� H9 �
S
/

����

H9  
9
S
/

����

5HSODFLQJ S E\ LWV JXHVV ���� LQ ����� RQH nQGV WKH nQDO HTXDWLRQ

��#�H9 HS� H9 � � # H9
tH9 HS� H9 �u  � ����

��



7KH VROXWLRQV RI WKLV HTXDWLRQ FDQ HDVLO\ EH IRXQG� ,QGHHG� LW FDQ EH ZULWWHQ

# H9
t
��# H9 HS� H9 � � H9 HS� H9 �u  � ����

ZKRVH JHQHUDO VROXWLRQ LV

��# H9 HS� H9 � � H9 HS� H9 �  5� ����

ZKHUH 5� LV DQ DUELWUDU\ FRQVWDQW� 7R VROYH WKLV nUVW RUGHU GLmHUHQWLDO HTXDWLRQV�
WKH KRPRJHQHRXV HTXDWLRQ LV VROYHG

��# H9 HSK� H9 � � H9 HSK� H9 �  � ����

JLYLQJ WKH KRPRJHQHRXV VROXWLRQ HSK� H9 �
HSK� H9 �  + Hb

H9 �

�� ����

$VVXPLQJ �WKH PHWKRG RI YDULDWLRQ RI FRQVWDQWV� WKDW + GHSHQGV RQ H9 � LQWURGXFH
���� LQ ���� WR REWDLQ WKH HTXDWLRQ

# H9 +� H9 �  5�

��
H
H9 �

�� ����

ZKLFK FDQ EH VROYHG E\ D VLPSOH LQWHJUDWLRQ

+� H9 �  5�

��

= H9
�

G[ H
[
�

�� �5� ����

ZKHUH 5� LV WKH VHFRQG FRQVWDQW RI LQWHJUDWLRQ� 2QH KDV QRZ WR SORW WKH nQDO VROXWLRQ
REWDLQHG E\ UHSODFLQJ WKH VROXWLRQ IRU + ���� LQ WKH KRPRJHQHRXV VROXWLRQ ����

HS� H9 �  +� H9 � HbH9 �

��

 
t
5�

��

= H9
�

G[ H
[
�

�� �5�

u
Hb

H9 �

�� ����

,Q IDFW� ZH DUH ORRNLQJ IRU D GLVWULEXWLRQ IXQFWLRQ S�/� 9� ,�� ZKLFK LV� LQ nUVW
RUGHU V\PPHWULF LQ 9 � KHQFH IRU D VFDOHG IXQFWLRQ HS� H9 � ZKLFK LV DOVR V\PPHWULFDO
LQ H9 � 6LQFH E\ ���� WKH KRPRJHQHRXV VROXWLRQ HSK� H9 � LV V\PPHWULFDO� RQH ORRNV IRU D
V\PPHWULFDO +� H9 � VROXWLRQ� 7KLV FOHDUO\ LPSOLHV WKDW 5� VKRXOG EH ]HUR�

��



:H WKXV FRQFOXGH WKDW WKH VROXWLRQ RI WKH PDVWHU HTXDWLRQ ZLWK VWULFW VFDOLQJ ODZ
OHDGV WR WKH IDPLOLDU *DXVV W\SH EHKDYLRU

HS� H9 �  5� H
b

H9
�

�� ����

ZKLFK LV QRW DW DOO VXVWDLQHG E\ WKH GDWD DV WKH PDLQ UHVXOW RI RXU SUHFHGLQJ LQYHV�
WLJDWLRQ KDV VKRZQ WKDW WKH DV\PSWRWLFDOO\ WKH WHUP VWUXFWXUH GHFUHDVHV DV D SRZHU
RI � 9 G ZLWK G DURXQG WKUHH WR IRXU�

$FNQRZOHGJPHQW

7KH ZRUN RI -HDQ 1X\WV ZDV VXSSRUWHG E\ WKH %HOJLDQ )�1�5�6� �)RQGV 1DWLRQDO
GH OD 5HFKHUFKH 6FLHQWLnTXH� DQG WKH ZRUN RI 7KRPDV $OGHUZHLUHOG SDUWO\ E\ WKH
%HOJLDQ ,�,�6�1 �,QVWLWXW ,QWHU�XQLYHUVLWDLUH GHV 6FLHQFHV 1XFOuHDLUHV� DQG WKH '(;,$
JURXS�

��



5HIHUHQFHV

>�@ 1X\WV� -� DQG 3ODWWHQ� ,�� 3K\VLFD $� ���� ������� �������

>�@ $OGHUZHLUHOG� 7� DQG 1X\WV� -�� 3K\VLFD $� ���� ������� �������

>�@ )HGHUDO 5HVHUYH 6WDWLVWLFV� +LVWRULFDO GDWD�
KWWS���ZZZ�IHGHUDOUHVHUYH�JRY�UHOHDVHV�K���GDWD�KWP�

>�@ /uHY\� 3�� 7KuHRULH GH O
$GGLWLRQ GHV 9DULDEOHV $OuHDWRLUHV� *DXWKLHU�9LOODUV �������

>�@ 0DQGHOEURW� %�%�� -RXUQDO RI %XVLQHVV� ��� ������� �������

>�@ 0DQGHOEURW� %�%�� )UDFWDOV DQG 6FDOLQJ LQ )LQDQFH� 6SULQJHU �������

>�@ :HURQ� 5�� ,QW� -� 0RGHUQ 3K\VLFV &� ��� ������� �������

>�@ %DFN� 3�� 7DQJ� &�� :LHVHQIHOG� .�� 3K\V� 5HY� /HW�� ��� ������� �������

>�@ +LOO� %�� $QQDOV RI 6WDWLVWLFV� ��� ��������� �������

��



)LJXUH &DSWLRQ

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� �� �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL�
]RQWDO D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV�
7KH VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\
WR WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL]RQWDO
D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV� 7KH
VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\ WR
WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL]RQWDO
D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV� 7KH
VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\ WR
WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL]RQWDO
D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV� 7KH
VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\ WR
WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�
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7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL]RQWDO
D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV� 7KH
VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\ WR
WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�
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SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL]RQWDO
D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV� 7KH
VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\ WR
WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  �� ��� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL]RQ�
WDO D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV�
7KH VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\
WR WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV
L  ��b ��� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG LQ ���� ���� 7KH KRUL�
]RQWDO D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV�
7KH VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\
WR WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ��

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH �OLQH� FRPSDUHG ZLWK WKH HP�
SLULFDO FXUYH �FURVVHV� IRU WKH WDLO �L�H� IRU Y JUHDWHU WKDQ � EDVLV SRLQWV� IRU WKH
VHYHQWK ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV L  �� ��� 7KH KRUL]RQWDO
D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXPEHU RI HYHQWV� 7KH
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VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO DSSUR[LPDWLYHO\ WR
WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV� 7KH DQDORJRXV FXUYHV RI WKH RWKHU
ELQV SUHVHQW nWV RI HTXLYDOHQW TXDOLW\�
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7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH IRU D /DJ RI � GD\V �OLQH� FRP�
SDUHG ZLWK WKH HPSLULFDO FXUYH �FURVVHV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH
LQLWLDO LQWHUHVW UDWHV L  �� �� �� 7KH UHODWHG WRWDO QXPEHU RI HYHQWV LV IRXQG
LQ ���� ���� 7KH KRUL]RQWDO D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV
WKH QXPEHU RI HYHQWV� 7KH VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV
HTXDO DSSUR[LPDWLYHO\ WR WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV�

)LJXUH ���

7KH FRPSDULVRQ EHWZHHQ WKH WKHRUHWLFDO FXUYH IRU D /DJ RI � GD\V �OLQH� FRP�
SDUHG ZLWK WKH HPSLULFDO FXUYH �FURVVHV� IRU WKH WDLO �L�H� IRU Y JUHDWHU WKDQ �
EDVLV SRLQWV� IRU WKH nUVW ELQ ZKLFK FRQWDLQV WKH LQLWLDO LQWHUHVW UDWHV L  ��
7KH KRUL]RQWDO D[LV LV LQ EDVLV SRLQWV� 7KH YHUWLFDO D[LV UHSUHVHQWV WKH QXP�
EHU RI HYHQWV� 7KH VL]H RI WKH DUPV RI WKH FURVVHV DUH HVWLPDWHG HUURUV HTXDO
DSSUR[LPDWLYHO\ WR WKH VTXDUH URRW RI WKH QXPEHU RI HYHQWV� 7KH DQDORJRXV
FXUYHV RI WKH RWKHU ELQV SUHVHQW nWV RI HTXLYDOHQW TXDOLW\�
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