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1 Introduction

The problem of modelling the variations of the interest rates is important especially
in the context of the evaluations of the value-at-risk and marked-to-market positions
in trading floors.

In two recent articles [1], [2], it was shown using empirical data published by
the governors of the Federal Reserve System [3] from 1962 until 2002 that the term
structure of interest rates decreases essentially as a power for large variations of
the interest rates and that this power is of the order three to four. Moreover the
distributions seem to obey simple approximate scaling laws as functions of the initial
interest rate, of the lag and of the maturity. These findings invalidate many models
which predict distributions having either very short tails, generally exponentially
decreasing, or very long tails as do Levy type structures [4], [5], [6], |7].

In this paper, a theoretical model is built to serve as a basis for computing
the distribution of the variation of interest rates in terms of a few fundamental
“microscopic parameters” whose meaning will be highlighted. At the basis of the
theory, the ”seed” notion is introduced. It is closely related to the variation of the
interest rates for very short time intervals.

In order to simplify the presentation, the problem is set in terms of continuous
variables. Later, to allow numerical simulations and come closer to the empirical
distributions, the variables are discretised.

In the course of this article, in order to make a connection to a real situation, we
have chosen to refer systematically to an application of our ideas to the FRS data
[3]. Needless to say, we expect our analysis to be extendable, mutatis mutandis, to
many other situations.

2 The basic equations with continuous variables

In this section, the basic equations, which govern the continuous time propagation
of the term structure of interest rates, are analyzed.

Suppose that, the interest rate for a certain maturity [m| has the value I at
time ;. We want to study the normalized density of probability as seen as at time
t

ng,m](tfvlfvtOv]O) (1)
that, at a later (final) time ¢y, thus after a lag

L:tf—to, (2)



the interest rate has a value [;. In principle, this density of probability p; is an
unknown function of the five “continuous variables” ¢,¢¢, If, 1o, [y. In order to sim-
plify the notation we will restrict ourselves to a given maturity and suppress the
corresponding upper index.

The compounded probability (at time ) Ftytfyfnéffgb’to’[o that, starting with an
initial interest rate [ at the initial time ¢y, the final interest rate /¢ at the final time
¢ is in the interval between I, and I, is given by the integral on this interval of the
probability density

— I
Pugnctyninn = | pulty,Irto, o) dly (3)

with, obviously, by normalization

Ft:tfﬁOOSIf§+oo,to,IO =1. (4)

We will now make the hypothesis that the interest rate variations satisfy some
market laws which are rather stable and are governed by sufficiently smooth equa-
tions. Let us try to state and justify our simplifying assumptions.

2.1 Time translation invariance

This is a very delicate hypothesis. It is equivalent in saying that, whatever be the
political or economical situation the average behavior will be identical. The effects
of the exceptional situations (political or economical crisis) which usually may lead
to seemingly incoherent variations of the interest rates are accurately taken into
account by the tails of the functions which we will be using. The postulate is that,
even if there are extreme situations of various importance, all in all they connect
smoothly with the more normal situations which prevail during the peaceful times.
It is precisely these extreme situations which are the prime reason for the fat tails
of the distributions. And they must be incorporated correctly by the model. The
hypothesis is that what happens in the exceptional situations is well taken into
account by the smooth tails of the distributions. There is no abrupt transition
between really exceptional situations and what we would call the normal situations.
Between the extremes, there are situations of intermediate seriousness which lead
for the distribution to a smooth passage from a restful period to a chaotic one.
More mathematically, for any time ¢, the time translation operation is given by

=t T (5)



where T is the value of the translation time (minutes or days or months or years
later). Suppose that at some time [, later than ¢q given by the translation time T

the interest rate /; is again exactly equal to /;. Consider the new final time ¢/
te =ty +T (7)

obtained by the same translation time. Technically, the time translation invariance
demands that the densities of probability p;(t}, I1, 1), lo) and p(t ¢, I 1, to, Iy) be equal
pt(t}vlfvté)v]O) :pt(tf7]f7t07]0) (8)

whatever be T.
It is not difficult to prove mathematically that this condition essentially implies
that p is independent of ¢ and that

pe(ty, Iy, to, o) = p(ty — to, Iy, Io) - (9)
In other words, the density of probability depends on the lag

In other words, the density of probability p; is reduced to a function p of three
continuous variables only: the lag, the final interest rates /; and initial interest rate
Iy. The variation V' of the interest rate during the lag L is defined as

Vel —1. (11)

For later convenience, a variable change is performed to define the time translation
invariant density of probability p and for now on, this form will be used

p(L7 ‘/7[0) Ep(tf - tOvlf - ]07]0) (12)

as the basic interest rate distributions.

2.2 The normalization of the probability. Continuous vari-
ables

The total probability (4) that after the lag L the rate Iy has any value must be
equal to one. This implies the normalization

—+o00 —+o00
/ mgg—h%mgz/ (L, V, Ig)dV =1 . (13)

— OO0 [e o]

This normalization should hold whatever be the lag and whatever be the initial rate.
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2.3 The composition of the probabilities. Continuous vari-
ables

The basic equations, which govern the composition of the probability densities p,
have to be set up. Intuitively, consider three times ¢y, t;, 1y where the intermediate
time ¢; lies between the initial time ¢, and the final time ¢;.

to <t; <t;. (14)

The initial rate is I;.

During the time lag L; = (t; — to) the interest rate has a density of probability
p(t; — to, I; — Ip, Ip) to reach the intermediate value /;. Then starting from the
intermediate time ¢; up to final time ¢; (i.e. during the second time lag Ly = (t;—1;))
the intermediate observed interest rate [; at time ¢; has a density of probability
p(ty —ti, Iy — I;,1;) to become I; at the final time ¢;. Since the interest rate at the
intermediate time ¢; can take any value, the density of probability starting from the
rate [ at initial time ¢y to end up with a rate I; at the final time ¢, is given by the
integration on /; at the intermediate time (convolution of the probabilities)

+o0
MQ—%Jfahh):/mp@rﬁhQ—LJﬁﬂm—%JrJ@hML. (15)
This is the basic equation which the probability distribution has to fulfill. It shows
how the probability distributions of two successive lags L1 = (t; — ty) and Ly =
(t;—t;) compose to form the probability distribution for the lag L = t;—ty = Ly + L.
Eq.(15) should hold whatever be the intermediate time.

It is convenient to rewrite the equation by using the new variables [,V and the
new integration variable W

] — [0 5 [0 — ]
V — ]f—]() , ]f — V+[ (16)
w o= L—-1, |, I, = WH+1
Ll — tz_tO 5 L2 — tf—tl
as "
P(Ly+ Lo ViD) = [ p(Lo V=Wl W) p(Ly, W, W (17)

This is the basic equation.



2.4 1Initial conditions. Continuous variables

The probability distribution has to satisfy an initial condition which can be described
in terms of the Dirac é distribution (see Appendix A). Indeed if the initial rate at
time o has the value I, (whatever [y is), at t; = ¢, (i.e. after azerolag L = t;—ty =
0) we know for sure that the rate is still /5. The density of probability for the final
rate to be different from I is zero. In other words, when the lag is zero, the rate
has not moved. It is still Iy with probability one.

Mathematically, this implies that

p(0,V, Io) = 6(V) . (18)

Some properties of the distribution §(V') are given in Appendix (A) together with
a few useful approximations in terms of more conventional functions which will be
used later. In particular, the Dirac distribution is normalized

+oo +oo
/ p(0,V, Ip)dV = / S(VYdV — 1. (19)
As it should, in agreement with the composition of probabilities (15) evaluated either
for t; = ty or for ¢; = t;, the Dirac distribution, composed with any distribution,
satisfies the identities

—+o00
p(ty —to, Iy — Lo, Io) = / p(ty —to, Iy — 1;, 1) p(0, I; — Iy, Ip) d1

— OO0

“+o0
= / p(0, 1 — I;, ;) p(ty — to, I; — Iy, Io)dl;  (20)

— OO0

showing again that an evolution during a zero lag is, in fact, not an evolution.

2.5 The seed. Continuous variables

By the convolution equation (15), if one knows the probability distributions p(e, V, Ip)
for a given lag L. = ¢, whatever be the value of ¢, the probability distribution for
p(2¢,V, Iy) can easily be computed by the convolution of p(e) with itself. Then
p(3¢, V. Iy) is obtained by the convolution of p(2¢) with p(€). By successive itera-
tions p(ne, V, Iy) can be computed for any positive integer n. Hence, if one knew the
distribution of probability for a very small lag, ¢ much smaller than the empirical
lags, the distribution for a lag L. much larger than ¢ could be computed approxi-
mately by simple successive integration. Essentially a number of integration equal
to the integer n closest to (L/e — 1). This approximation would become better and
better when € — 0.



It is then tempting to let € go to zero and to take the first order approximation,

which will be called the seed S(V, Iy), as

V.1y) —p(0. V. [
S(Vv,]o) _ hn(l)p(ev ) 0) p(7 ) 0)
e— €

= O, p(L, V. Io)| . (21)

L=0

Since the V-integration of the two p terms in the right hand side are equal (before
€ is put to zero) by (13), the seed S satisfies the normalization condition

/700 S(V, I)dV = 0 (22)

Technically, it should be stressed that, as the initial condition (18) is a distri-
bution rather than a function, we should expect that the seed is also a distribution
with support restricted to V = 0.

If a Taylor expansion could be written, in first approximation for L. = ¢ the
probability distribution p could written

ple, Vi Io) = p(0,V, Ip) + eS(V, Ip) (23)

In the continuous case, this is a distribution. Nevertheless in the discretised case,
this form can be used as a very good approximation.

2.6 The Master Equation. Continuous variables

If the seed is known, the density of probability of the interest rate variation can easily
be computed by integrating the master equation as an integro-differential equation

+oo
o, p(Lodp = Todo) = [ (LI = 1 1) SU = I lydl; — (24)
which follows from the convolution equation (15). With the change of variables (16)
the master equation can equivalently be written

+oo
o, p(L, Vo) = [ p(LV = WL+ W) S(W, 1) dW (25)

Technically, one obtains Fq.(24) by differentiating the convolution equation (15)
with respect to t; and letting ¢; — t5. The master equation (24) is a consequence of
the convolution equation. Conversely, in Appendix (B), it is shown, formally, that
the solutions of the master equation satisfy the convolution equation (15).
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3 The Gauss distribution as the solution for the
simplest seed

The simplest possible (59) (see Appendix (A)) seed is
S(V, 1) = r(lo) 95 (V) (26)

This can be justified naively as follows. During a very small amount of time ¢ one
expects the variation of the interest rate V' to be very small, say at most of the
order p where p decreases and goes to zero with €. Introduce the three intervals of
length p, the left interval L = [—=3p/2, —p/2|, the center one C' = [—p/2, +p/2] and
the right one R = [+p/2,+3p/2]. Outside these three intervals the probability is
essentially zero as is the density of probability. In the left and right intervals the
probability is small say of the order x and in the center it must be 1 —2x to conserve
the normalization of the probability. If the density of probability is then supposed
to be constant in the three intervals, the seed becomes r/p in the left and right
intervals and —2k/p in the center interval. Letting the time interval € go to zero
induces p to go to zero and the limiting seed becomes, up to s, the second derivative
of the delta function.

Taking this simplest form of the seed, the integro-differential equation (24) be-
comes a much simpler partial differential equation

aLp(Lvlf _[07]0) — K(IO) a%(]p([ﬁ]f _]07]0) (27)
which is also written

0, p(L. V. Io) = (Io) (9% p(L V. ) = 200 0y, p(L. V. o) + 0, p(L, Vi) (28)

This equation is still rather complicated.
It is shown in Appendix (C), assuming no /o dependence and simplified scaling
laws (75) and (76), that the solution of the master equation for the seed (26) is of

Gaussian type
~ 1 V2

p(V) = e 22 29

)~ (29

This solution as highlighted in [1| and [2] is completely excluded by the obser-
vations.




4 Some considerations about the numerical inte-
gration

Technically, given a seed which is a distribution, the convolution equation (17) or
the master equation (25) are usually very difficult or impossible to solve analytically.
Instead, in this present work, a numerical procedure has been implemented. This
numerical integration depends on the discretization of the continuous equation using
discretised variables on a grid.

We have focussed our attention to the following specific form of the continuous
equations (17) for L = Ly = Lg

PRIV = [T DLV = WL+ W) p(L, W, 1) W (30)

In the following, the ideas and the delicate points are briefly described. The pre-
cise application of the formalism to the FRS data [3] and the results are summarized
and highlighted in section (7).

In this section are presented in turn the ideas which are needed to perform the
approximate numerical integration of the equation. The continuous equations are
discretised by associating a finite lattice (a grid) to the continuous variables. The
initial conditions and the seed are then defined on a finite set of points at the nodes
of the grid. This allows then to define the x-squared merit function.

4.1 The ideas behind the grid

The equation (30) depends on three continuous variables. In order to perform nu-
merical integrations, the three variables have to be discretised.

The Lag grid

Suppose that the distribution is known for some value s; of the lag L. From
the first application of (30) one obtains the distribution for L. = 2s;. Applying
(30) a second time allows the determination of the distribution for 4s; = 22s;.
The iteration of the procedure produces the distribution for any L of the form
2ls; i.e. on a the L-grid of values

L=2s; 1=0,...,N; (31)

Our choice of the Lag grid



The

Our

The

Our

We have chosen to obtain a lag I. = 1 day after N, = 10 iteration. This leads
to a value of s;, = 1/(2'°) days i.e. about 30 seconds. This is a perfect choice
if individual contracts are concluded at this rate. If it turns out that the lapse
between two successive contracts is smaller, Ny should be increased.

V grid

For the V variable, the best choice is a regularly spaced grid consisting of
points of the form

V =uwvsy (32)
where sy, is the step size in V' and v is an integer. A smaller sy should lead to
a choice of a smaller sy .
choice of the V grid

We have chosen to take sy to be (75)'° basis point ie. around (%)10 basis
point. Indeed a larger sy turned out not to be small enough while a smaller
one was not necessary and increased the computation time and memory re-

quirements with little reward.

[0 gI‘ld

For the I, variable, the best choice is a regularly spaced grid consisting of
points of the form

[0 — iSI (33)
where s; is the step size in [y and ¢ is an integer.

choice of the Iy grid

Since all the parameters vary with Iy rather weakly, a choice of s; = one
percent is quite sufficient.

In our actual computations due memory size problems, we have been led to adapt

the sy step size to the level [ of the iteration. The step size is progressively increased
in such a way as to become one basis point at the tenth iteration. This required
delicate numerical adjustments



4.2 The ideas behind the discretised equations
Obviously, on the grid (31), (32), (33) the equation (30) becomes

p(2"M sy, vsy isr) A~ sy { Z p (QZSLv (v —w)sy,is + WSV) X

W=—00

X p(QZsL,wSV,isI)} (34)

To be on the grid, the argument is; + wsy which appears in the first p on the right
hand side must be an integer multiple of s;. This would at first sight imply that sy
is an integer multiple of s;. In fact, our numerical implementation uses, for technical
reasons, a more elaborate grid than (32) in the V and a better adapted form of the
convolution (34) together with smoothing and interpolation techniques. Moreover
the normalization implies

i p (QZSL,USV,iSI) =1 (35)

V=—00

4.3 The ideas behind the discretised initial condition

The initial condition (18) on the grid is taken as a step-type (61) approximation of
the Dirac é distribution, as explained in Appendix (A). Namely

1
p(07 07 Z.SI) -
Sy

p(0,vsy,is;) = 0 for v #£0 (36)

4.4 The ideas behind the discretised seed

Using the discretization initial condition, for ¢ = s; chosen sufficiently small, the
Taylor expansion (23) of p to the first order in s,

p(sp,vsy,isy) = p(0,vsy,isy) + spS(vsy, isy) (37)

The resulting p(sy,,vsy,is;) must be a true function (not a distribution anymore).
[t must be positive and normalized (35)

i S(vsy,is;) =0. (38)

V=—00
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Hence, S(vsy,isy) is expected to be a step-type function of vsy with the following

properties
S(0,is;) = =Y S(vsy,isg)
v#£0
S (vsy,is;) > 0 for v # 0 (39)
. 1
S5(0,is7) < " (40)

The form of the seed inferred by the FRS data is presented and discussed in sec-
tion (5).

4.5 The ideas behind the y-squared function

In order to determine the seed free parameters, a y-squared minimization method
is used.
As usual the generic y-squared function is defined by

o = (Nineory (k) = Nuara(k))?
X = Z U(k)2 (41)

k

where the sum is performed on the generic discrete label k indexing all the available
data. In (41), Nyata(F) and Nieory (k) are respectively the number of events observed
and predicted for the label k.

The natural error (0(k)patuar) is usually taken as if the distribution was of Poisson
type i.e.

U(k)natural - Ndata(k) lf Ndata(k) # 0
U(k)natural — 1 lf Ndata(k) - 0 (42)

The choice of the error function requires more attention in the present case. As
has been already stressed, the theory should take into account and reproduce as
accurately as possible the tails of the experimental distributions. This is achieved
by choosing in the y-squared a modified form of o (k)

U(k)modiﬁed — (Ndata(k)Ntheory(k))l/4 lf Ndata(k) # 0
U(k)modiﬁed — (]Vtheory(’l/”j))l/4 lf Ndata(k) — 0 (43)

Obviously, if theory and experiment match very closely the o’s in (42) and (43) are
essentially identical. This happens in the bulk of the distribution. For the tails

11



of the distributions, when Ng.., is equal to zero or one event, the o0(k)modified 18
smaller than o(k)yatwa. Hence, more emphasis is put on these tail points by the
minimization procedure. The tests performed using both forms of o (k) confirm this
argument. The use of (43) leads to a very good agreement between theory and data
in the tails as can be seen in Figure 9.

5 The Federal Reserve System data. Determina-
tion of Nyata(v, ipim)

The FRS [3] data gives in successive working days the daily average interest rate
I(day) between banks. It is given in percent by a number with exactly two decimal
figures, i.e. by a integer number in basis points. It allows the definition of the
following meaningful distributions for a lag L of one day. These distributions have
to be compared to the corresponding theoretical distributions.

The empirical N(v,I) and N(v,i) density distributions

For v and I both expressed in basis points, the empirical distribution N (v, )
is the number of occurrences, between 1962 and 2003, when the interest rate
of the FRS on some day was [ and the next day I + v. These numbers are
statistically very small. It is useful to consider the compounded empirical
distribution N (v,4) where v is still expressed in basis points but the interest i
is expressed in percent by grouping the days when the interest rate is almost ¢

More precisely, for the data, the N(v, ) (v and [ in basis points) density
distribution is defined as follows

N(v,I) = number of days when /(day) =1 and I(day+1) =1 +v . (44)

Note that, in order to obtain /(day+1), non working days are simply discarded.
The average discretised N(v,4) (v in basis points and ¢ in percent) density
distribution is precisely defined by

100¢+50

Nwi)= S N@I). (45)

1=100¢—49

[t is the number of days when the interest rate was between ¢ — 1/2 percent
( exactly 1007 — 49 basis points) and 7 + 1/2 percent (exactly 100i + 50 basis
points) and the interest rate has moved by an amount v basis points by the
next day.
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1 2 3 4 5 6 7 8 9
1) | 239 | 262 | 664 | 1269 | 1674 | 2147 | 1110 | 1147 | 582

7
(
7 10 | 11 | 12 13 14 15 16 17 18
(7) | 469 | 176 | 202 | 105 | 160 | 131 65 38 0

gl

gl

Table 1: The empirical (%)

o 1 2 3 1 5 6 7 3
i€y | 13 | 4 5 6 7 8 | 910 | 11-17
W(iny,) | 1165 | 1269 | 1674 | 2147 | 1110 | 1147 | 1051 | 877

Table 2: The empirical W(iy,)

The empirical w(/) and @(i) interest distributions

The empirical interest distribution w(/) is defined as

Umax

w(l) =Y N(v,1) (46)

Umin

where [ is in basis point. It is the number of days between 1962 and 2003
when the interest rate was [ in basis point. The average discrete version w(7)

of (46) is defined by
100i+50

w(i)= Y wl) (47)
1=100i—49
where 7 is an integer giving the interest rate in percent. it is simply the number
of days when the interest rate was between (i — 1/2) and (i + 1/2) percents.
The total number of events @ = Y, w(i) is 10,440.

The w(i) are given in Table (1). In preceding papers it was realized that
bins with less than about one thousand events present too much statistical
fluctuations. Hence it is useful to group the data in bins. In Table (2), the
W(iyy,) are given together with a definition of the bins.
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The empirical Ny, (v, i) density distributions

The final empirical density distribution N (v, ,;,) which enters the y-squared
merit function is taken as

Nata(V, Tpin) = Z w(i) N(v,1) (48)

1€ %hin

6 The definition of Ny .., and the y-squared merit
function

The empirical distribution N4, (v, ) has to be compared to the effective distribution
Ntheory (v,1) computed from the theoretical distribution evaluated at lag L = 1 day,
which means for I = Ny. This distribution p(Ny,v,4) is computed from the seed by
N1 successive convolutions.

We have

Ntheory(vvi) w( )p(Nva Z)
Ntheory(vvibin) - Z N heory v, Z (49)

The y-squared merit function

The following y-squared function is minimized

Z % (Neteory (¥ bin) = Naata(V, ibin))? (50)
ipin=1 v=—300 U(Uvbin )2

In this formula, the numerator is the square of the difference between the
empirical distribution (45) and the theoretical distribution (49). It is a measure
of the discrepancy between theory and experiment. The denominator is the
square of the modified error o(v,,, ) According to the previous discussion
around (43), this o(v,,;, ) is taken as

U(Uv Z.bin)modiﬁed — (Ndata (Uv Z.bin)]\]theory (Uv Z.bin) ) L/ if Ndata (Uv Z.bin) # 0

U(U7 Z.bin)modiﬁed — (Ntheory (Uv Z.bin))l/4 lf Ndata (Uv Z.bin) — 0 (51)

Finally, let us note that the limits on the summation over v, [—300, 300], have
been chosen at the point where the distributions in v have become empirically
completely negligible. For example, increasing the limits from 300 to 400
basis points does not change the values of the parameters provided by the
minimization method in any appreciable way.
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7 Seed Parametrization

In preceding articles [1], [2], distributions fitting very closely the FRS data have
been obtained using Padé Approximants [0,4] i.e. a polynomial of zero degree in
v in the numerator divided by a polynomial of fourth degree in the denominator.
Moreover, it is shown that the Padé coefficients follow rather simple scaling laws.
Extrapolating these scaling laws for values of the lag small compared to one day
leads to guess forms for the seed.

7.1 The Padé guess for the seed

The naive form suggested by the preceding results was a Padé form

oy afi)
sy S(vsy,isy) = TF 000 1 ()t for v #£0 (52)

The v = 0 bin being determined by the normalization condition (40). As a function
of the interest rate the suggested form of the parameters is

a(i) = apel=io)
b(i) = byelio)
c(i) = ¢t (53)

where iy = 6 percents is an arbitrarily but conveniently chosen parameter. Mini-
mizing the x-squared function, the parameter b; becomes so small that b(i) can be
safely discarded. Moreover, the theoretical tails of the distributions are somewhat
small compared to the data. This conclusion comforts and even strengthen our ear-
lier findings. Though, the v~ ¢ with d equal four is not incompatible with the data,
Hill estimators were pointing towards a somewhat smaller value of d. Precise values
can be found in [1].

7.2 QOur educated guess

Following the above discussion, the following simpler form has been used

, a(i)
g _ Yy 0 54
St (USV7 ZSI) 1 I+ ’)/(Z) Ud(i) or v # ( )

with

ali) = aqer2liio)
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Qg Qg N Y2 d; dy ds
(2.65 (9.17 (5.40 | —(1.76 | 2.993 | —(9.29 | —(6.16
+0.04) | £0.56) | £0.11) | £0.70) | £0.004 | £0.43) | £0.71)
10-° 102 106 102 103 104

Table 3: The seed parameters. The standard errors correspond to the increase of
x-squared by one unit

7(1) — fhe%(i*io)
d(i) = dledz(i*io)er:—;(i*io)Q (55)

Again 7 is in percent and g is arbitrarily chosen to be six percents

The values of the seven parameters (ay, as, 1, Y2, d1, da, d3) obtained by min-
imization of the y-squared merit function are given in table (3).

The value of the minimal y-squared is about 680 which taking into account the
number of degrees of freedom leads to an excellent normalized value about 0.7.

7.3 Comparison with the data

With the set of parameters obtained in table (3), we have drawn the theoretical and
data curve for every bin. The connection between the bins and the initial interest
rates (expressed in percent) they contain is found in table (2). These curves appear
in the eight figures (1-8). In figure 9, the tail for the bin 7 as an example is zoomed
to show the perfect agreement for large v’s obtained by the minimization. In figure
10 and 11, the distributions for a lag of two days are given as an illustration of an
eleventh iteration ({ = Ny + 1 = 11 in (31)). In figure 12, the crucial exponent d is
drawn as a function of the initial interest rate.

& Conclusions

In this paper, a microscopic theory of the term structure of interest rates has been
developed. Convolution techniques, implying about ten successive convolutions,
combined with time translation invariance lead to a time scaled theory where the
term structure for practical lags (one day or more) can be deduced from a seed
function living at a microscopical lag scale (a few seconds).

The previously discovered scaling laws suggest forms for the seed related to the
Padé form i.e. ratios of polynomials.
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Our results show that the scaling law assumptions are even simpler at the mi-
croscopical lag scale. Indeed, it is shown that the FRS data are amazingly well
reproduced (for a lag of one day but the results easily extend to arbitrary higher
lags) by assuming that the seed has the critical form of a self-organized [8| econo-
physical system . In other words, a very simple power law behavior emerges with
essentially only one v=? term. The exponent d is of the order of three in close
agreement with the tail behaviors obtained previously using the Hill [9] estimator.

These results open the door to two major issues, one rather theoretical and the
other more practical and pragmatic.

Since the seed has such a simple scaling form, it suggests the existence of an
underlying statistical model. The discovery of the basic ingredients and laws leading
in a natural and systematic way to the scaling would be a major achievement which,
if attained, may also lead to new theoretical insights in related but different contexts.

Finally, one may wonder how this theory and its predictions can be efliciently
used in the context of risk management (e.g. Value-at-Risk computation) and fixed-
income derivative pricing. For the time being, studies are under way to measure the
add-value of using this model instead of the traditional ones. First results will be
provided in a near future.

17



A A naive introduction to Dirac type distribu-
tions

A.1 Formal definition

A distribution G(V') is a continuous linear functional on some space of functions
of a real variable V. The Dirac 6(V) distribution, which has compact support, is
defined on a continuous C*° function f(V') at V=0 by

6(V), f(V)) = J(0) (56)
The jth derivative GU of a distribution of compact support G(V) is defined as
(GHV), f(V)) = (1) (G(V), f9(V)) (57)

where

7 f(V)
Vi

7oV -

is the jth derivative of the function f(V').
In particular, the second derivative of the Dirac distribution

(82(v), 1)) = f2(0) (59)

is the second derivative of f(V') evaluated at V' = 0.

Without being mathematically rigorous, these definitions can be seen in a more
intuitive way. As Laurent Schwartz, the inventor of the general distribution concept,
used to caution : The formulae given below, with physicist notations, have to be

(58)

used with great care and have to be justified in a detailed and precise way. But he
also recognized that they were very convenient to guess properties of distributions.

A.2 Discussion and approximations for the Dirac distribu-
tions

The distribution 6(V') is a generalized function which can be thought as being zero
for V< 0 and V > 0 and infinite at V' = 0 in such a way that, in formal agreement
with (56)

[ Tsnsav = ). (60)

There are many functions which can approximate the delta function. Let us give
two.
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1. The step-type function

[D(V,S):O for V<—3
]

5(V) = lim D(V,s) { DV,s) =L for i<V <: (61)
lD(V,S):O for s<V

has compact support. It is not difficult do the Riemann integration and prove
that for some V'

——<V< (62)

[Nl V)
[Nl V)

one has

[ o siav — sy ([ pwisav)

= [ (63)
The limit for s — 0 reproduces clearly (60) as f(V) — f(0).
2. The Dirac distribution can also be approximated by the continuous function
5(V) = lim B(V.A)

A
E(V.A) = ———— . 64
VA~ e (64)
This form is very interesting, as it shows that the §(V') function is the boundary
value of a continuous function of two variables. For positive A, this function
is purely positive for all V.

A step-type approximation for the second derivative of the delta function is
given as follows. Consider the intervals A = [-3s/2,—s/2], B = [—s/2, +s/2|,A =
[+5/2, +3s/2], the step function which is zero outside the three intervals, has value
1/s in the intervals A and C and —2/s in the interval B and let s — 0.

B Formal discussion of the Master Equation. Con-
tinuous variables

In the following it is shown that the formal solution of the master equation is fully
compatible with the convolution equation (15) whatever be the intermediate time
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Suppose that, the probability distribution has a Taylor power expansion, around

L =0, of the form

[e o]

Ln
P(L,Vilo) = 3 — p" (Vi Do) (65)

n=0

where p™(V, o) is the n’th order derivative of p with respect to L evaluated at
L=0
pwwwﬁ:%muw%w : (66)

L—0
The zeroth order p®(V, I) is known by Eq.(18) and the firth order p™(V, Iy) by
Eq.(21)
P (V. 1) = p(0,V,Iy) = 8(V)
p(l)(‘/v ly) = S(V,lo) (67)
Introducing this power expansion in the master equation (24) and equating, in the

left and right hand sides, the coefficients of the same powers in L, one gets the
recurrence equations

+oo
p(n)(]f — 1o, Io) = / p(nil)(]f — 13, 1;) S(L; — 1o, 1o) d n=1,...,00. (68)

It is easily seen that the equation for n = 1 is an identity. For n = 2, one finds

“+o0
Py —Todo) = [ Sy = 1, 1) S = fo, o) (69)

— OO0

where the dummy integration variable has been called . For arbitrary n > 1, one

obtains
o0 “+o0
/ dl, ... / I

p(n+1)([f _ [07]0) _ / I,
S(]f — 1, [n) S([n — ]n,l) . S([1 — Iy, [0)

— /+oo (ﬁ d[p) (ﬁ S([q+1 — [q,]q)) o A =1 (70)

+oo
d

It is not difficult to check that the formal power expansion (65), (67), (69), (70)
satisfies the convolution equation (15) without any further condition. Hence, it can
reasonably be supposed that one can focus on the master equation (24) together
with its natural boundary conditions.
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C Master Equation with a simplified Scaling Law
and no [y dependence. The Gauss distribution
solution

As suggested in section (3), it is convenient to study analytically the solution of the
master equation with the seed (26)

SV, 1o) = k(lo) 0% 6(V) . (71)

In order to simplify the problem let us limit ourselves to suppose that the dis-
tribution p does not depend on I

p(L, V, Io) = p(L, V) (72)
as well as the seed (26) and hence
k(lp) =R . (73)

Eq.(27) becomes

To simplify the problem even further, “scaling laws” which are approximately
but not exactly verified by the data [2|, are assumed. It has to be emphasized that
the data do not support exactly these scaling laws. Hence the results we will obtain
in this section cannot be hoped to be correct. On the other hand, it is worth to
quote them since they have as a consequence the very common but wrong belief
that, in a natural way, distributions should fall off at large V' as exponentials.

The ultra simplification of the empirical results found in [1], [2]| is equivalent
to the statement that the distributions depend on the reduced variable V (76) and
scales (75) in the natural way as 1/v/L

pevi — B2 (73
oo (76)

VL
Replacing p by its guess (75) in (27), one finds the final equation

202, 5(V) + ;7 (v ﬁ(v)> 0 (77)
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The solutions of this equation can easily be found. Indeed, it can be written

2 (Q/fav e EnY ﬁ(?)) 0 (78)

whose general solution is

260y )+ Vp(V) =Ry (79)

where R, is an arbitrary constant. To solve this first order differential equations,
the homogeneous equation is solved

20 V) +VE(V) =0 (80)

giving the homogeneous solution p*(V)

~ V2
4k

PV) = He % (81)

Assuming (the method of variation of constants) that H depends on V, introduce
(81) in (79) to obtain the equation

O H(V) = —e (82)

which can be solved by a simple integration

Y = B [V e 83
(V)= 5% [ dee® + R, (83)

where Ry is the second constant of integration. One has now to plot the final solution
obtained by replacing the solution for H (83) in the homogeneous solution (81)

2

pV) = H(V)e =
\4 22 T2
= (ﬁ/ doc¥ 4 By ) e (84)
2K Jo

In fact, we are looking for a distribution function p(L,V, Iy) which is, in first
order symmetric in V/, hence for a scaled function ﬁ(‘N/) which is also symmetrical
in V. Since by (81) the homogeneous solution " (V) is symmetrical, one looks for a
symmetrical H (‘N/) solution. This clearly implies that R; should be zero.
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We thus conclude that the solution of the master equation with strict scaling law
leads to the familiar Gauss type behavior

- 2

p(V) = Rye e (85)

which is not at all sustained by the data as the main result of our preceding inves-
tigation has shown that the asymptotically the term structure decreases as a power
of 1/V¢ with d around three to four.
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Figure Caption

Figure 1.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 1,2,3. The related total number of events is found in (1), (2). The hori-
zontal axis is in basis points. The vertical axis represents the number of events.
The size of the arms of the crosses are estimated errors equal approximatively
to the square root of the number of events.

Figure 2.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 4. The related total number of events is found in (1), (2). The horizontal
axis is in basis points. The vertical axis represents the number of events. The
size of the arms of the crosses are estimated errors equal approximatively to
the square root of the number of events.

Figure 3.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 5. The related total number of events is found in (1), (2). The horizontal
axis is in basis points. The vertical axis represents the number of events. The
size of the arms of the crosses are estimated errors equal approximatively to
the square root of the number of events.

Figure 4.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 6. The related total number of events is found in (1), (2). The horizontal
axis is in basis points. The vertical axis represents the number of events. The
size of the arms of the crosses are estimated errors equal approximatively to
the square root of the number of events.

Figure 5.
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The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 7. The related total number of events is found in (1), (2). The horizontal
axis is in basis points. The vertical axis represents the number of events. The
size of the arms of the crosses are estimated errors equal approximatively to
the square root of the number of events.

Figure 6.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 8. The related total number of events is found in (1), (2). The horizontal
axis is in basis points. The vertical axis represents the number of events. The
size of the arms of the crosses are estimated errors equal approximatively to
the square root of the number of events.

Figure 7.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
1 =9,10. The related total number of events is found in (1), (2). The horizon-
tal axis is in basis points. The vertical axis represents the number of events.
The size of the arms of the crosses are estimated errors equal approximatively
to the square root of the number of events.

Figure 8.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the first bin which contains the initial interest rates
i = 11 —17. The related total number of events is found in (1), (2). The hori-
zontal axis is in basis points. The vertical axis represents the number of events.
The size of the arms of the crosses are estimated errors equal approximatively
to the square root of the number of events.

Figure 9.

The comparison between the theoretical curve (line) compared with the em-
pirical curve (crosses) for the tail (i.e. for v greater than 5 basis points) for the
seventh bin which contains the initial interest rates ¢ = 9,10. The horizontal
axis is in basis points. The vertical axis represents the number of events. The
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size of the arms of the crosses are estimated errors equal approximatively to
the square root of the number of events. The analogous curves of the other
bins present fits of equivalent quality.

Figure 10.

The comparison between the theoretical curve for a Lag of 2 days (line) com-
pared with the empirical curve (crosses) for the first bin which contains the
initial interest rates © = 1,2,3. The related total number of events is found
in (1), (2). The horizontal axis is in basis points. The vertical axis represents
the number of events. The size of the arms of the crosses are estimated errors
equal approximatively to the square root of the number of events.

Figure 11.

The comparison between the theoretical curve for a Lag of 2 days (line) com-
pared with the empirical curve (crosses) for the tail (i.e. for v greater than 5
basis points) for the first bin which contains the initial interest rates i = 7.
The horizontal axis is in basis points. The vertical axis represents the num-
ber of events. The size of the arms of the crosses are estimated errors equal
approximatively to the square root of the number of events. The analogous
curves of the other bins present fits of equivalent quality.

Figure 12.

The parameter d as a function of the initial interest rate for ¢ between 1 and

17.
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Figure (7)
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