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ABSTRACT

The Relative Value Theory predicts equilibrium pricesin aworld in which time value of money
isunique, and investors are risk-indifferent and only care about maximizing cumulative returns.
This paper shows that RV T’ s equilibrium prices determine intrinsic expected returns that satisfy
the CAPM equation. Theintrinsic return of the risk-free asset is equal to the harmonic mean of
the market’ sintrinsic returns (intrinsic returns are returns from equilibrium price to underlying
intrinsic values). Asset specific s can be explained by simply assuming scenario probabilities
fluctuate in time. Market price return Bs are approximately equal to intrinsic return s. Market
price expected returns do not satisfy the CAPM equation but will appear linear in the market
premium, with the risk-free rate as intercept. The above results significantly strengthen RVT's
ability to explain market prices behavior. Recasting most finance theory resultsinto an RVT

framework appears possible and beneficial.



Latane [1967] shows that maximizing the geometric expected return is the investing strategy that
will certainly outperform any other strategy in terms of long-term cumulative returns. Alb [2001]
suggests that geometric mean maximization should therefore replace arithmetic mean
maximization as rationality criterion’. Assuming rational investors are only interested in long-
term cumulative returnsis sufficient to explain most finance phenomena, without having to
assume risk aversion or rely on such questionable concepts as utility functions or required rates
of return. Alb [2001] shows that in aworld in which time value of money is unique, and
investors are risk-indifferent and only care about maximizing cumulative returns, the market
invariably evolvesto an equilibrium characterized by all investors holding the market, and

equilibrium prices (asset valuations) being:

P, = Zpii -GM @)
o M,

where:
Pa isthe market value of asset A at equilibrium (equilibrium price)
n isthe number of possible scenarios (ways in which the future can unfold)
pi isthe probability of scenario i
Ajistheintrinsic value of asset A under scenario i (present value of asset A’s stream of
future cash flows discounted at the unigue time value of money rate T)

M; isthe market’ sintrinsic value under scenario i (sum of the present values of all assets)

n
GM = H M, § is the geometric mean of the market (obviously GM = Ppy+Pg+Pc+...)
i=1



This paper investigates the implications of the above equilibrium prices formula. The paper
proceeds as follows: Section | shows that intrinsic expected returns predicted by the RVT satisfy
the CAPM equation, and that the intrinsic return of the risk-free asset equal's the harmonic mean
of theintrinsic returns of the market. Section 11 shows that asset specific 3s can be explained by
simply assuming scenario probabilities fluctuate in time, and that market price return Bs are
approximately equal to the Bs calculated using intrinsic returns. Section |11 investigates whether,
under the RVT, market price returns satisfy the CAPM equation. Section 1V contains additional
remarks about RV T’ simplications for finance theory. Throughout the paper returns refer to

gross returns.

Il Properties of RVT equilibrium prices

We use C as a notation for the present value of the risk-free asset (obviously Cisthe samein all

scenarios), and Pc as a notation for the market value of the risk-free asset. Under the RVT, Pc

will be different than C. Applying equation 1 to the risk-free asset will result in:

1
Ri = ——
Z P; @)
where:
R =§ isthe risk-free asset intrinsic return (from market value P to intrinsic value C)
C

M.
Rv, :G_I\I/I isthe market intrinsic return under scenario i (from market value GM to

intrinsic value M;)



Equation 2 basically says that the return of the risk-free asset is equal to the harmonic mean of

the market’ s returns (as previoudly stated all returns are gross returns).

These returns are not returns in the classical sense because they do not describe price changes
over aperiod of time. Consider an envelope containing either $140 with probability 0.5 or $70
with probability 0.5 that has a market price of $100. Buying the envelope at $100 to open it and
cash its content would result in either areturn of 1.4 or areturn of 0.7. These are intrinsic returns
and do not describe a change in the market price of the envelope. Intrinsic returns can be viewed
as describing the price change determined by a given scenario i becoming a certainty (because

the price of asset A would go from Pa to A)).

Another interesting result, considering the striking similarity to the CAPM, is the following (see

Appendix A for aproof):
Cov(R i)
E(RA) - Rf _ A RM
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where

Ra, Rum, Rf are dl intrinsic returns

E(Ra) and E(Rwv) are probability-weighted arithmetic expectations (2_pR).

Using o as a notation for the ratio of covariances on the right-hand side, equation 3 becomes:

E(R,) =R, +a(E(R,)-R,) (@)



where

CoR, )
e Ry
- 1
Ry
The o coefficient defined above is generally a good approximation of M (the
CouRy.Ry)

intrinsic return B). Moreover, if Ry has a continuous normal distribution, o can be shown? to
equal theintrinsic return 3. In section Il (equation 6) we'll see that intrinsic return Bs are

approximately equal to market price return s.

The bottom lineis that under RV T’ s assumptions (unique time value of money rate, and risk-
indifferent, geometric mean maximizing investors with homogeneous expectations) equilibrium

prices determine intrinsic expected returns that satisfy the CAPM equation.

Again, these returns are not returns in the classical sense. They do not describe market price
movements over a period of time but rather returns from market price to underlying intrinsic
values. Consistently successful investor Warren Buffett appears to focus on intrinsic returns,

while paying little attention to returnsin the classical sense.



. Explaining B under the RVT framework

The RVT predicts that, as long as expectations about the future do not change, asset prices will
all increase over time at the same rate T (the unique time value of money rate®). To explain asset
specific Bs under the RVT framework it is sufficient to assume that the set of scenario
probabilities fluctuates in time around a central set of values{p;}. Such assumption does not take
much away from RV T’ s plausibility, since it isonly natural for expectations to fluctuate in time

dueto avariety of factors.

A changein probabilities will determine a change in asset prices, thus generating market price
returns (these are returns in the classical sense). It can be shown that these market price returns
will exhibit asset specific B coefficients. Moreover, these B coefficients will closely approximate

the 3 coefficients of the assets' intrinsic returns.

For ssimplicity and in light of equation 4, | will actually calculate o, which as previously stated
closely approximates . If the fluctuation around { pi} israndom, has a small amplitude, and a
uniform probability distribution spanning the n-fold interval {p;-dp , pi+dp}, it can be shown that

o isclosely approximated by (see Appendix B for details):

A
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where:



Cov( IiA : Ai)

a= 1 isthe o coefficient (“hat” indicates o refers to market price returns)

Cov(R,,—)
A Ry

fiA and IQM are market price returns generated by the fluctuation of probabilities

A and M refer to theintrinsic values of asset A and the market respectively

Equation 5 basically says that different assets will exhibit different Bs when probabilities
fluctuate in time. The covariances on the right-hand side of equation 5 are not weighted with
probabilities®, they are computed as if al scenarios have the same probability p equal to 1/n. To

indicate thisaprime sign ” has been added to the notation.

1 Cov(AM)

The right-hand side of equation 5 appearsto closely approximate (which
> p %VI Cov(M, M)
- COV( RA) RM ) - ~ . - -
isequal to ——————). Since & closely approximates 3 as previously discussed, we have:
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where:
fiA and I§M are market price returns (returnsin the classical sense)

R, andR,, areintrinsic returns

Equation 6 basically says that market price return s are equa to intrinsic return 3s. In other

words, business operations risk determines market risk. Assuming probabilities fluctuate in time



istherefore sufficient to explain the connection between market risk and business operations

risk.
[I1.  Doesthe CAPM equation hold under theRVT?

Although intrinsic returns satisfy equation 3, which closely resembles the CAPM equation,
market price returns (generated by the fluctuation of probabilities) do not satisfy the CAPM

eguation.

The fluctuation of probabilities around { pi} will not change the fact that, over the long term, all
market prices grow at the same rate T. However, asset prices will have different arithmetic
expected returns. It can be shown (see Appendix C for details) that, for small probability

fluctuations, the following approximation holds reasonably well in most cases:

E(R) = ER,) +7(E(R,) - E(R,)) @
where:

Cov(IiA, } )
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IiA and IQM indicate market price returns for asset A and the market

Iif indicates market price returns for the risk-free asset



Using an approach similar to the one described in Appendix B (for &), it can be shown that, for

small fluctuations, yis closely approximated by:

Cov’(l\';‘,lnM) 1
A'Cov’(InM,InM)JrZ”:p_A'Cov’(InM,InM) ®)
i=1 | M; i=1 I M.

COV’(A , A)
MM

y=1+

n
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Equations 7 and 8 indicate that RV T market price returns generated by probabilities fluctuation

do not satisfy the CAPM equation, primarily because the 7 coefficient is significantly different
than 3. However, E(FAQA) would appear to be alinear function of the market premium

(E(R,)-E(R,)), withE(R, ) asthe intercept.

Time value of money and the fluctuation of probabilities are only two of the factors that can
affect returns. Intrinsic returns also affect market price returns over the long term since, astime
passes, the “true” intrinsic value would become apparent and the market price would adjust
accordingly. The fluctuation of T itself (which affects growth and non-growth stocks
differently), the fluctuation of payoffs, and random new information are also relevant. All these
factors need to be considered in order to assess CAPM’s degree of compatibility with the RVT
framework. Considering the above results, RVT’ s predictions about market price returns cannot

be in sharp contrast with the CAPM (especially if we further assume risk aversion).

Anyway, an empirical test to reject the RVT cannot be conclusive unlessinvestors are aware of

the cumulative return maximization strategy, which doesn’t seem to be the case at present.



V. Additional commentsabout RVT’simplicationsfor finance theory

If we were to assume that investors use expectations about future prices instead of expectations
about intrinsic values (plausible since investors nowadays appear to focus on price movements),
than the RVT would pretty much explain the CAPM equation. Thiswould be afairly spectacular
result considering the assumptions made (risk indifference, unique time value of money,
cumulative return maximization). However, it would entail making the same mistake the CAPM
does, which isto look at market prices behavior in order to determine what these prices should
be. The RVT’ s attractiveness comes mainly from its ability to determine market prices based
solely on expectations about business operations. Moreover, predicting short-term price
movements seems a futile exercise, in spite of its popularity. Market prices do not obey
immutable laws of physics, they are determined by investors' behavior, which can change as
they acquire new knowledge. Stretching RV T’ slogic in order to explain the CAPM equation,

and losing RVT’s main appeal in the process, seemsto make little, if any, sense.

Finance theory is maybe too concerned with explaining market data, and not concerned enough
with investigating optimal investing strategies. To find such strategies it should be useful to look
at those employed by consistently successful investors. It would be interesting to estimate the

probability of an investor matching Warren Buffett’s record by ssmply being lucky.

The RVT represents a dramatic departure from mainstream finance theory because it adopts

geometric mean maximization as anew rationality criterion. | believe recasting all major finance

theory achievementsin RV T’ s framework is possible, and potentially beneficial in furthering
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understanding of finance phenomena. For instance, it is easy to show that Modigliani & Miller
proposition | holds under the RVT. Indeed, debt/equity financing decisions affect asset intrinsic

values within any given scenario but not the market’ sintrinsic value or the scenario’s
probability. Consequently, the total capitalization of the market (given by GM = H M *) does

not depend on debt/equity financing decisions either. It can be similarly shown that mergers and
spin-offs do not add value to the market (unless cost savings are involved). The RVT is
obviously helpful in explaining why employed investors invest more in stocks than retired
investors, since investors maximize the geometric mean of their entire wealth, which includes
the present value of future income. Other results, in various areas of finance, can be similarly

investigated.

Due to the very nature of the geometric mean, widespread adoption of cumulative return
maximization would make markets deeper and consequently less volatile. Trading volumes

would likely decrease.

Alb [February 2004] illustrates, using numerical examples, that diversification is not necessarily
indicative of risk aversion. Investors that only care about cumulative returns would still diversify
(even into less attractive investments), not to reduce portfolio variance, but to increase
cumulative returns. The CAPM relies heavily on the assumption investors are risk-averse,
although investors being risk-indifferent or risk-loving is, at least theoretically, possible. The
RVT does not depend on (and consequently does not exclude) any risk preference assumption.

The RVT could accommodate a situation in which some investors are risk-averse, some risk-
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loving, and some risk-indifferent, and still predict an equilibrium that would not differ sharply

from the real world.

Conclusions

Latane [1967] shows that maximizing the geometric expected return will certainly outperform
any other strategy in terms of cumulative return. Alb [2001] assumes time value of money is
unigque and rational investors only care about maximizing the cumulative return of their wealth,
and shows that equilibrium can only be reached when all investors own the market and prices are

given by equation 1.

This paper shows that intrinsic returns predicted by the RV T do satisfy the CAPM eguation. The
paper also shows that the intrinsic return of the risk-free asset equals the probability-weighted
harmonic mean of market intrinsic returns. Intrinsic returns refer to arithmetic returns from

equilibrium price to underlying intrinsic values.

Asset specific Bs can be explained under the RVT by ssimply assuming that scenario probabilities
fluctuate in time around a central value. Moreover these market price return Bswill closely
approximate the Bs calculated using intrinsic returns. This result clarifies the connection between

business operations risk and market price risk.

Market price expected returns (determined by probability fluctuations) do not satisfy the CAPM.

However, for small fluctuations, expected returns would appear to be linearly related to the
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market premium, with the risk-free return as the intercept. The long-term effects of intrinsic
returns on market price returns, and other types of fluctuations, need to be considered but RVT’s

predictions cannot be in sharp contrast with the CAPM.

Finance theory goes to great lengths in order to explain why the CAPM equation holdsin the

real world. It postulates risk aversion, assumes investors “require” a particular return out of a
particular asset, and heavily relies on utility functions. The RVT showsthat alot can be
explained with fewer assumptions. Why should there be more than one time value of money
rate? What exactly prevents investors from being risk-indifferent (or risk-loving)? And do they
really pay attention to utility functions? The RVT only relies on the assumption investors want to
maximize cumulative returns. This assumption appears reasonabl e because cumulative returns
are popular, and because they can be maximized (in the sense that, over the long term, they do

tend to alimit).

The above mentioned results significantly strengthen RV T’ s ability to explain observable

finance phenomena. Recasting finance theory’ s magjor results into an RVT framework appears

possible and potentially beneficial.

Appendix A

The proof of equation 3 follows.

Considering the definition of expectations and equation 2, and factoring out Ry we can write:
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From equation 1 the following equality easily follows:
R
_ A
1= Z Y ﬁ (A2)

Replacing 1 in the numerator and denominator on the right-hand side of equation A1 we get:

. R

E(RM)_Rf - Pi RM (A3
N
PR 2R, T2,
It is now obvious that we can use Cov(X,y)=E(xy)-E(X)E(y) to rewrite equation A3 as.
Cov(R i)
E(R,)—-R A
(R)-R Ry ”

ERD-R  coy(r,, 1)

M
Appendix B

The proof of equation 5 follows.

We previously showed the following approximation holds very well for gross returns close 1:

14



Cov(liA,Ai) .
Ry _ Cov(R,,Ry)

5 1y Cov(R,.Ry)
Cov(R,,=)
i Ry

(B1)

Similarly we can show the following approximation holds very well for gross returns close to 1.

Cov(R,,R,) _ Cov(InR,,InR,)
Cov(R,.R,) Cov(InR,,InR,)

(B2)

Considering equation 1, returns generated by a probability change from {p;} to {pi+dpi} can be

written as:

dp,
—ﬁl\/l dp, R, =| 1+ Z HM dp
1 ! i and A Z 4 (B3)
= pl B

Taking the logarithm:

. de. .
INR, =Y dp, INM, ang INR, =In 1+—i +>.dp InM, (B4)

i=1 Z IO. | i=1

A
2 dp—
Since "X' goes to zero when {dp;} goesto zero (small fluctuations):

me
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Considering B4, B5, and devel oping the covariances, then taki ngz pﬁA outside® we get:
A ZAInMjCov(dpi,dpj)
Cov(InR,,InR,) 1 7 M,
nR, INR) T A SInM InM Cov(dp,.d (86)
Cov(InR,,INR,,) Sph Zn . InM ;Cov(dp,,dp; )
M
Since the probabilities must add up to 1 we have that dei = 0and consequently:
ZCOV(dpi !dpj )=0 (B7)
i
Due to the symmetry of the fluctuation we have that:
Cov(p;, p;) =V forali,andaso Cov(p, p;)=Cforali#] (B8)
Replacing B8 in B7 we get that:
V =(1-n)C (B9)

Using B9 in B6, eliminating C, factoring out n?, rearranging a bit, and using Cov(x,y)=E(xy)-

E(X)E(y) we get® equation 5.
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Appendix C

The “proof” of equation 7 follows.

A A 1 N o
Due to the symmetry of R, around 1, R, and B haveidentical distributions, consequently:
A

~ 1 ~
Cov(R,, =) =1- E2(R,) (1)
RA

The sameistruefor R, and, since for small fluctuations 1+ IQA =1+ IQM = 2, we can write:

~ 1
ef)-1_ R, .
E(RM )_1 Cov(IfRM ,F;M)

Theratio of covariances on the right-hand side of equation C2 isthe very definition of 7, and

we know that for small fluctuations the following approximation holds very well:

. Cov(R,,R,) _ Var (R,)
Cov(R,.R,) Var(R,)

(C3)

Applying equation 8 to the risk-free asset and then Cov(a(x),b(y))=Ex(ax) Ey(by)Cov(X,y), we get
that y for the risk-free asset isin most situations close to 0 (again ” indicates expectations are not

probability-weighted):
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(C4)

Equations C3 and C4 imply that, in general, E(Iif) will be much closer to 1 than E(RA) and

E(ﬁA) . Consequently, replacing 1 with E(IAQf) on the left-hand side of C2 will not “ruin” the

approximation. Hence equation 7 holds reasonably well in most cases.
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FOOTNOTES

! Samuelson [1969] rejects the geometric mean saying it does not maximize utility, but
VVon Neumann and Morgenstern [1944] introduce utility by postulating the arithmetic mean, and
consequently, as Alb [February 2004] points out, using utility to reject the geometric mean
appearsto be alogical fallacy.

2 Equality follows from applying Cov(a(x),b(y))=Ex(a)Ey(by)Cov(X,y), which holds if
variables x and y are normally distributed and functions a() and b() are differentiable (see
Rubinstein [1976] for a proof). However, even if Ra and Ry are not normally distributed, o is
still a decent approximation of B, especialy if R stays closeto 1, in which case we could
approximate 1/ R = 2- R, and replacein a to get o = 3. We'll later use R = 1+ In(R).

3 Thisisin sharp contrast to mainstream financial theory, which predicts asset prices will
increase at different rates depending on the 3 coefficient. Empirically testing which prediction
appears more accurate is not atrivial task. Faugere and Erlach [2003] find evidence long-term
return closely approximates the return on risk-free debt.

* This follows from assuming that all scenario probabilities fluctuate within intervals (p;-
dp, pi-dp) that have all the same width. Assuming the intervals' width 2dp; is proportional to p;

would lead to asimilar result with covariances being “amost” probability-weighted.
> We approximate the Z pﬁA term by its value at the central probability set {p}. The

term becomes a constant and, consequently, can be factored out. A more precise calculation

should be possible using Taylor series (and might be worthwhile).
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® It can be similarly shown that in aworld where market prices are given by the

2 PM; Cov(AM)
> PA Cov(M,M)’

arithmetic mean of intrinsic values, & would be approximately equal to
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