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Abstract:

We consider a portfolio built according to the Capital Market Line of the Capital-Asset-Pricing
Model. The universe of asset classes include marketable shares and bonds only. We investigate
losses that emerge when the rate of return of the portfolio is lower than that required to fulfil a

defined obligation. We will classify these losses and calculate upper limits for them.

1 Introduction

In Germany, pension liabilities that are financed internally by so called “book reserves”,
support fund or pension funds are almost entirely underwritten by the
Pensionssicherungsverein auf Gegenseitigkeit (PSV aG). This institution levies an insurance
premium proportional to the value (measured by the accrued actuarial liability using the
Entry Age Normal Valuation Method with fixed assumptions) of the legally vested benefit
obligation. The funding method used by the PSV aG can be described as a Pay-As-You-Go
method until retirement commencement. For retirees, however, the full present value (on
very conservative assumptions) is provided to a consortium of insurers, that account for
experience gains and losses in an own profit and loss statement towards the PSV aG
(Terminal Funding). The central question to ask therefore is: what percentage of the
obligation is used as a premium (over the last 30 years, the percentage has been fairly

volatile), and is this premium a good measure of the risk not to fulfil the obligation?

Several reports ' still suggest a premium which is proportional to the value of the legally
vested obligation but that this premium should be modified in accordance with the different

pension vehicle (pension fund, support fund, book reserve, etc.) in operation.

In this publication we give a definition of this risk or loss, based on the so called lower partial

moments as published by Fishburn.
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We consider a portfolio consisting of bonds and shares. Portfolios containing derivatives and
other instruments such as futures, options, etc. are beyond the scope of this paper. We
describe the shares as assets with a variable rate of return. We assume that the capital market
can be described with the Capital Asset Pricing Model (CAPM)?, and that the investment of
the portfolio corresponds to the Capital Market Line of the CAPM. Our model is a one
periodic model. We give a measure of this loss as a function of expected rate of return,

variance, etc. of the assets.

2  Selection of losses

We have selected three different losses: the average loss L4 , the maximum loss Ly, and the
value-at-risk-loss Lg. We assume that the rate of return R and the probability density p(R) of
the portfolio are random variables with real values. From this we conclude that the following

integrals which define the losses are well defined.

2.1 The average loss L,
We define L4

Rnec

1) L =1 j(R — R)p(R)dR

nec

R, 1s the rate of return, which is necessary to fulfil obligations. / is the amount of the

investment. The probability to obtain a loss larger than 0 is:

2) [ p(R)aR
with
3) T P(R)dR=1.

We use 1) instead of:
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— R)p(R)dR

nec

T

because the yield above R,..,1s not of immediate interest. Rather, we focus on the value of

the loss.

2.2 The maximum loss Ly,

We define Ly,

R min

5) LM = I J.(Rnec _R)p(R)dR ‘
We call R,,;, the minimum rate of return. This means that for a rate of return above R,,;,, we

assume that the loss is not relevant.

2.3  The value-at-risk loss L,

Ly is the loss which is caused by the very low rates of return from the portfolio. We define it
similar to the Value-at-Risk®. Therefore we consider the 1-y-Quantil, which is defined as

follows:

6) PR, —R>=VaR)=y.

nec

VaR is the rate of return, for which only y of all R are below. Ly is therefore

Rnec—VaR

7) L= [R,. ~RpRAR)

nec

Concerning value-at-risk there is also the following definition®:

8) VaR=z o

with z, is the y -Quantil of standard normal distribution.

3 Estimation of loss of the portfolio

We consider a portfolio whose investment is a combination of the bonds and the so called
tangency portfolio which consists of assets only. The rate of return of this (pension fund)

portfolio Rpp is:
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9) R,, =aR, +(1-a)R,,

the expected rate of return is Epr (Or tipr)

10) Hpp =Ry +(1—a) iy ;

and the standard deviation opr

11) O =(l-a)o,;

with Rrp is the rate of return, rp the expected rate of return, o7p the standard deviation of the
Tangency portfolio and Ry the rate of return of the bonds. Also we assume 0<a<1. This

investment on this tangent is also called an investment on the capital market line’. Using 1)

we obtain for the loss Ly:

Rer
12) L, =1 [(R,.—aR,~(1=a)Rp,)p(aR, + (1 - )Ry )d(aR, + (1= @) Ryy) -
We define
13) Prr (Rpp)=p(aRy + (1 —a)Ry).

In the following we will use only ppr(R1p) and we call this p(Rrtp). From this we conclude:

Riec—0Ry

14) L,=I(1-a) T(R

+00

—oR, —(1=)Ry,) p(Ryp)dR -

nec

Ly and Ly we can calculate in a analogue manner.

4  Loss of the portfolio, when the rate of return of the portfolio is normal
distributed

We assume, that R7p is “normally” distributed:

exp{— (Ryp — ;UTP)2 }
15) P(Ryp) =

Calculations with other densities of probability may be done in other publications.

From this we conclude:
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16)

(l-a) 'f (Rpp = Hirp)’
L, =]—— (R,, —aR, —(1—a)R,,)exp| ———————|dR
! N27mo ,'[o ’ " 207, "
lllll 7!ZRU
_ 2 l-a _R _ aR R _ 2
=7 (1 a) nec 0o _ RTPj|eXp|:_ ( TP lzuTP) dRTP
N2mop S L (I-a) 207
R, —0R,
(1-a) 'F | R. —oR, (Ryp _Il'lTP)z
=1 e — U + U — Ry |eXp —————— |dR
T”O'Tp T a—a) TP TP TP 207, TP
Ree =Ry
1-a)* ‘¢ [R, —oR (Ryp — i)’
_;1-9 R — G #TP}XP[—TPZTP dR,, +
N2mop S L (I-a) 20
R,..—aR,
I (1-a)’ I]‘a [/1 _R ]exp Ry — )’ dR.. =
N2TO " ” 207, "

_aRO

:,a—af[Rm

N27mo

(-

207,

@)

R, —0Ry
,(-a)’
N2mo, S

using

o xz
17) I exp[— 2}1}6 =~27
we obtain
18) b T exp _(RTP _/'lTP)Z

Orp “» ;
and
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rrrrr

l-a R - U )2
J- [RTP B 'uTP]eXp|:_ 202 T d(Ryp — )

(Ryp _:uTP)2 :|d(RTP _/UTP)ZM

2
20 Orp
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Rne{‘ — aRﬂ

1 B a nec - aR e (R )
& )’ { 0o IUTP:| J‘ exp{_ Wy = Hip)” }dRrp
207

19) \/70}1, (1-a) 2o P
1 ~ R, . —aR, —(1-a
(Jzi; |: n(ci a) /JTP:|'\/g:I(1_a)2|: ne (i)_o(t) )IUTP:|
Using
20) = xexpl - expl-a’]" _ expl-a’]
—00 2 ‘—w 2
we conclude
Rype=0Ry
,-a)’ (Ryp — )’
M T e S i -
Rype—Ry
21) —7 (1- a)z\/EO-TP (lj'a) [RTP - /’lTP]eXp _ (Ryp — :;lTP)Z d(RTP — Hyp )=
N % Ao, 207 V20,
(1- a)2 Orp 1[ R, —oR, —(1—a)
=L oxp| ——
J2r ’ 2 (1- a)\/EO-TP
Using 19) and 21) we can give an upper limit for La:
L < I(l _a)Z Rnec _aRO B (1 B a)luTP
o (1-a)
22) ,
(1 - a)z O-TP 1 Rnec B aRO B (l - a)/uTP
+ 1 — T exp| ——
Sz 20 a-anoy,
This can be written as:
1—a)o @)
23) L,<Il-a) f(a;u )+I(7T‘Dexp e
A TP m IUTP
with
24) f(a, ,LlTP) — Rnec B aRO B (1 - a)luTP
(1-a)
or as
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25)

LASI(I—a)z( R,.. _ oR, _(l—a)’urpj
l-a) (- (1-a)

(1-a)’ o 1{ R, —oR, Hrp “
+[————Texp| ——| — - =
V2rm 2\~ a)\/io'rp \/EO-TP
(1=a)(R,, —aRy) = (1=a)" iy
=1 n (l_a)ZO-TP exp 1 R,.. — R, _ Hpy -
V27 2\~ a)\/garp \/EO-TP

We define the function ga (e, orp):

26) Q) = _ Opp ex _l R,. —aR, _ Hp .
gA( ) :uTP m p 2 (l—a)\/EJTP \/EO'TP

and therefore follows:

27) L, <I{(1-a)R,, —aR)~(1-a) g, (@)

Ly and Ly we can measure similarly.

We want to know how the investment on the Capital Market Line changes from bonds to
assets and vice versa when the investor demands that the losses should not exceed a value
which he defined a priori. We define L, which is an upper limit for L, Ly or Ly, as

proportional to the investment /, with a rate A:

28) L,<L=A
with
29) A=(1- )R, —aR,) - (1-a)g,(@)).

We have limited o as follows

30) 0<a<l.

When « = 1; i.e. that agent invests only in bonds we obtain:
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31) L,=0.

When a =0, i.e. investor invests only in the tangency portfolio and we obtain:

2
R -
32) L,<L=AI=(R. -g)=IR -u +&exp L R = Hrp
A nec A nec P (2” 2 /2GTP

Using 22) or 27) we can decide whether a loss which is given a priori can be reached with the
characteristics of the portfolio as ¢, urp and orp. Assuming, that the tangency portfolio (also

rp and orp) is fixed (e.g. DAX 30) we can decide whether changing « can reduce the loss.

5 Conclusion

Using a one-period model we have defined the loss which an investor can suffer when he
wants to fulfil obligations by using the returns on his portfolio. We measured these losses as
a function of the composition of the portfolio, of the expected rate of return of the assets, of

the rate of return of the bonds and of the variance of the asset.

The model prepared in this paper has limitations. In expanding this model the following

points should be taken into consideration:
e More than one periodic model.
e A different composition of the portfolio e.g. including futures, options, etc.

e Different distributions of probabilities in rates of return.
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