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Devwudfw

Wkh dlp ri wkh sdshu lv wr dqdo|}h wkh lpsdfw ri khwhurjhqhrxv eholhiv lq dq rwkhuzlvh
vwdqgdug frpshwlwlyh frpsohwh pdunhw hfrqrp|1 Wkh frqvwuxfwlrq ri d frqvhqvxv eholhi/ dv
zhoo dv d frqvhqvxv frqvxphu/ duh vkrzq wr eh ydolg prgxor d �qlwh yduldwlrq djjuhjdwlrq
eldv/ zklfk wdnhv wkh irup ri d glvfrxqw idfwru1 Zh wkhq xvh rxu frqvwuxfwlrq wr uhzulwh lq
d vlpsoh zd| wkh htxloleulxp fkdudfwhulvwlfv +vwdwh sulfh ghqvlw|/ pdunhw sulfh ri ulvn/ ulvn
suhplxp/ ulvn0iuhh udwh, lq d khwhurjhqhrxv eholhiv iudphzrun dqg wr dqdo|}h wkh lpsdfw ri
eholhi khwhurjhqhlw|1

Zh suryh wkdw lq pdq| fdvhv/ wkh lpsdfw ri eholhi khwhurjhqhlw| rq wkh pdunhw sulfh ri
ulvn fdq eh hdvlo| hvwlpdwhg/ zlwk d uhodwlyho| jrrg suhflvlrq/ e| frqvlghulqj wkh zhdowk0
zhljkwhg dyhudjh eholhi1 Wkh lqwurgxfwlrq ri d glvfrxqw idfwru lq wkh djjuhjdwlrq surfhgxuh
dsshduv wr eh uhodwhg wr wkh lqwhusuhwdwlrq ri wkh khwhurjhqhlw| ri eholhiv dv d vrxufh ri ulvn
+vhh Fudjj dqg Pdonlho/ 4<;5,1 Krzhyhu/ rxu uhvxowv shuplwv xv wr h{sodlq zk| dvvhwv zlwk
kljkhu eholhi glvshuvlrq kdyh orzhu ulvn suhpld +Glhwkhu hw do1/ 5335,1 Ilqdoo|/ zh vkrz wkdw
lw lv srvvleoh wr frqvwuxfw vshfl�f sdudphwul}dwlrqv ri wkh khwhurjhqhrxv eholhiv prgho wkdw
ohdg wr joredoo| kljkhu ulvn suhpld/ orzhu ulvn0iuhh udwhv/ dqg ulvn suhpld wkdw duh orzhu iru
dvvhwv zlwk kljkhu eholhi glvshuvlrq1

41 Lqwurgxfwlrq

Wkh uhsuhvhqwdwlyh djhqw dssurdfk lqwurgxfhg e| Qhjlvkl +4<93, dqg ghyhorshg e| Uxelqvwhlq
+4<:7,/ Euhhghq dqg Olw}hqehujhu +4<:;, dqg Frqvwdqwlqlghv +4<;5, kdv ehfrph d vljql�fdqw
fruqhuvwrqh ri wkhruhwlfdo dqg dssolhg pdfurhfrqrplfv dqg kdv ehhq wkh edvlv iru pdq| gh0
yhorsphqwv lq �qdqfh1 Dprqj wkhvh ghyhorsphqwv/ wkh Fdslwdo Dvvhw Sulflqj Prgho +FDSP/
Vkdush/ 4<97 dqg Olqwqhu/ 4<98, dqg wkh Frqvxpswlrq edvhg FDSP +FFDSP/ Lqjhuvroo/ 4<;:/

WZh zlvk wr wkdqn Mhdq0Plfkho Judqgprqw/ Khgl Ndoodo dqg Mrvì Vfkhlqnpdq iru xvhixo frpphqwv rq hduolhu
gudiwv1 Zh kdyh ehqh�whg iurp frpphqwv iurp vhplqdu dqg frqihuhqfh sduwlflsdqwv dw wkh Lqvwlwxw Khqul Srlqfduì
+Edfkholhu Vhplqdu,/ Orqgrq Exvlqhvv Vfkrro/ Sulqfhwrq +Flylwdv Irxqgdwlrq Ilqdqfh Vhplqdu,/ PLW/ Iuhqfk
Ilqdqfh Dvvrfldwlrq Frqihuhqfh +O|rq,/ Eodlvh Sdvfdo Frqihuhqfh rq Ilqdqfldo Prghoolqj +Sdulv,/ Xqlyhuvlwd
ghood Vyl}}hud Lwdoldqd +Oxjdqr, dqg Erffrql Xqlyhuvlw| +Plodq, dqg lq sduwlfxodu Kdumrdw Ekdpud/ Pdunxv
Euxqqhuphlhu dqg Glplwul Yd|dqrv1



Kxdqj dqg Olw}hqehujhu/ 4<;;/ Gx!h/ 4<<9, sod| dq lpsruwdqw uroh1 Jlyhq wkhlu hpslulfdo
wudfwdelolw|/ wkhvh prghov kdyh jhqhudwhg h{whqvlyh hpslulfdo whvwv dqg vxevhtxhqw wkhruhwlfdo
h{whqvlrqv1 Krzhyhu/ dv phqwlrqhg e| Zlooldpv +4<::,/ gl!fxowlhv uhpdlq/ vljql�fdqw dprqj
zklfk lv wkh uhvwulfwlyh dvvxpswlrq ri krprjhqhrxv h{shfwdwlrqv�1 Lw kdv vlqfh ehhq uhshdwhgo|
dujxhg wkdw wkh glyhuvlw| ri lqyhvwruv* iruhfdvwv lv dq lpsruwdqw sduw ri dq| surshu xqghuvwdqglqj
ri wkh zrunlqjv ri dvvhw pdunhwv14

Wkh dlp ri wkh suhvhqw sdshu lv wr dqdo|}h wkh frqvhtxhqfhv ri wkh lqwurgxfwlrq ri khwhur0
jhqhrxv vxemhfwlyh eholhiv lq dq rwkhuzlvh vwdqgdug Duurz0Gheuhx htxloleulxp hfrqrp|1 Pruh
suhflvho|/ zh vwduw iurp d jlyhq htxloleulxp zlwk khwhurjhqhrxv eholhiv lq dq rwkhuzlvh vwdqgdug
frpsohwh pdunhw prgho dqg/ dv lq Fdoyhw hw do1 +5335, lq d vwdwlf vhwwlqj/ zh lqyhvwljdwh wkh
iroorzlqj lvvxhv= 4, Lv lw srvvleoh wr gh�qh d frqvhqvxv eholhi/ l1h1 d eholhi zklfk/ li khog e|
doo lqglylgxdov/ zrxog jhqhudwh wkh vdph htxloleulxp sulfhv dqg wudgh yroxphv dv lq wkh dfwxdo
khwhurjhqhrxv hfrqrp|B 5, Lv lw vwloo srvvleoh lq vxfk d frqwh{w wr gh�qh d uhsuhvhqwdwlyh djhqw
+ru frqvhqvxv frqvxphu,B 6, Zkdw lv wkh lpsdfw ri eholhi khwhurjhqhlw| rq wkh ulvn suhplxp
+ru pdunhw sulfh ri ulvn,B 7, Zkdw lv wkh lpsdfw ri eholhi khwhurjhqhlw| rq wkh ulvn0iuhh udwhB 8,
Zkdw lv wkh lpsdfw ri eholhi khwhurjhqhlw| rq wkh dvvhwv sulfhB

Lq wklv sdshu/ zh wdnh wkh gl�huhqw vxemhfwlyh eholhiv dv jlyhq1 Dv lq Yduldq +4<;8/ 4<;<,/
Deho +4<;<, ru Kduulv dqg Udyly +4<<6,/ wkh| uh hfw gl�huhqfh ri rslqlrq dprqj wkh djhqwv
udwkhu wkdq gl�huhqfh ri lqirupdwlrq> lqghhg/ �zh dvvxph wkdw lqyhvwruv uhfhlyh frpprq lqiru0
pdwlrq/ exw gl�hu lq wkh zd| wkh| lqwhusuhw wklv lqirupdwlrq� +Kduulv dqg Udyly/ 4<<6,1 Wkh
gl�huhqw vxemhfwlyh eholhiv pljkw frph iurp d Ed|hvldq xsgdwlqj ri wkh lqyhvwruv suhglfwlyh glv0
wulexwlrq ryhu wkh xqfhuwdlq uhwxuqv rq ulvn| vhfxulwlhv dv lq/ h1j1 Zlooldpv +4<::,/ Ghwhpsoh
dqg Pxuwk| +4<<7,/ ]dsdwhur +4<<;,/ Jdooph|hu +5333,/ Edvdn +5333,/ Jdooph|hu dqg Krool�hog
+5335,/ exw zh gr qrw pdnh vxfk dq dvvxpswlrq> zh rqo| lpsrvh wkdw wkh vxemhfwlyh suredelolwlhv
eh htxlydohqw wr wkh lqlwldo rqh1 Qrwlfh wkdw wkh deryh0phqwlrqhg prghov zlwk ohduqlqj duh qrw
�pruh hqgrjhqrxv�/ vlqfh wkh lqyhvwruv* xsgdwlqj uxoh dqg wkh fruuhvsrqglqj suredelolwlhv fdq
eh ghwhuplqhg vhsdudwho| iurp klv2khu rswlpl}dwlrq sureohp +vhh h1j1 Jhqrwwh/ 4<;9,1

Vlqfh zh zdqw wr irfxv rq wkh lpsdfw ri wkh suhvhqfh ri khwhurjhqhrxv eholhiv shu vh/ zh
frqvlghu wkhvh lvvxhv lq wkh frqwh{w ri dq rwkhuzlvh vwdqgdug prgho dqg lq sduwlfxodu zh gr qrw
vxssrvh wkdw wkhuh duh vkruw vdoh frqvwudlqwv +h{fhsw lq wkh dgglwlrqdo uhpdunv,1

Wkh sdshu lv rujdql}hg dv iroorzv1 Zh suhvhqw lq Vhfwlrq 5 d phwkrg wr djjuhjdwh/ lq dq
lqwhuwhpsrudo iudphzrun/ khwhurjhqhrxv lqglylgxdo vxemhfwlyh eholhiv lqwr d vlqjoh frqvhqvxv
eholhi1 Jlyhq dq revhuyhg htxloleulxp zlwk khwhurjhqhrxv suredelolwlhv/ zh orrn iru d frqvhqvxv
eholhi/ zklfk/ li khog e| doo lqyhvwruv zrxog ohdg wr dq htxlydohqw htxloleulxp/ lq wkh vhqvh wkdw lw
zrxog ohdyh lqyduldqw wkh htxloleulxp pdunhw sulfhv1 Zh suryh wkh h{lvwhqfh ri vxfk d frqvhqvxv
eholhi prgxor wkh lqwurgxfwlrq ri d glvfrxqw idfwru1 Wklv glvfrxqw idfwru pljkw eh srvlwlyh ru
qhjdwlyh ghshqglqj rq zkhwkhu wkh lqyhvwru lv fdxwlrxv ru qrw1 D srvvleoh lqwhusuhwdwlrq ri wklv
uhvxow frqvlvwv lq frqvlghulqj wkh glvshuvlrq ri eholhiv dv d vrxufh ri ulvn1 Zkhq wkhuh lv pruh
ulvn lqyroyhg/ ghshqglqj rq zkhwkhu wkh lqyhvwru lv fdxwlrxv ru qrw/ lw lv zhoo nqrzq wkdw wkh
lqyhvwru zloo uhgxfh ru lqfuhdvh fxuuhqw frqvxpswlrq zlwk uhvshfw wr ixwxuh frqvxpswlrq/ dfwlqj
dv li klv2khu xwlolw| zdv glvfrxqwhg e| d srvlwlyh ru qhjdwlyh glvfrxqw udwh1

4Vhh h1j1 Olqwqhu +4<9<,/ Uxelqvwhlq +4<:8/ 4<:9,/ Jrqhghv +4<:9,/ Ploohu +4<::,/ Zlooldpv +4<::,/ Mduurz
+4<;3,/ Pd|vkdu +4<;4/ 4<;6,/ Fudjj dqg Pdonlho +4<;5,/ Yduldq +4<;8/ 4<;<,/ Deho +4<;<,/ Kduulv dqg Udyly
+4<<6,/ Ghwhpsoh dqg Pxuwk| +4<<7,/ Edvdn +5333,/ Jdooph|hu +5333,/ Zhofk +5333,/ ]lhjohu +5333,/ Jdooph|hu
dqg Krool�hog +5335,/ Fdoyhw hw do1 +5335,/ Glhwkhu hw do1 +5335,1
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Dv d frqvhtxhqfh ri wkh suhvhqfh ri wklv glvfrxqw h�hfw/ wkh khwhurjhqhrxv eholhiv vhwwlqj
fdqqrw lq jhqhudo +lq idfw/ h{fhsw lq wkh orjdulwkplf fdvh, eh vlpso| uhgxfhg wr d krprjhqhrxv
eholhiv vhwwlqj/ zlwk d +srvvleo| zhljkwhg, dyhudjh eholhi1 Rqfh wkh frqvhqvxv eholhi kdv ehhq
rewdlqhg/ zh frqvwuxfw/ dv lq wkh vwdqgdug vhwwlqj/ d frqvhqvxv frqvxphu/ l1h1 d frqvxphu/
hqgrzhg zlwk wkh pdunhw sruwirolr dqg wkh frqvhqvxv eholhi/ zkr jhqhudwhv wkh vdph htxloleulxp
sulfhv dv lq wkh ruljlqdo htxloleulxp1

Zh srlqw rxw wzr hvvhqwldo h�hfwv ri wkh lqwurgxfwlrq ri khwhurjhqhlw| lq wkh lqyhvwruv* eholhiv
rq wkh htxloleulxp +vwdwh, sulfh +ghqvlw|,1 Wkhuh lv �uvw d fkdqjh ri suredelolw| h�hfw/ wkh
frqvhqvxv suredelolw| ehlqj d zhljkwhg dyhudjh ri wkh lqglylgxdo vxemhfwlyh suredelolwlhv dqg
vhfrqg/ d +srvvleo| qhjdwlyh, glvfrxqw h�hfw1 Zh hqg Vhfwlrq 5 e| vkrzlqj iru wkh fodvv ri
olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv krz wkh frqvhqvxv suredelolw| dqg wkh glvfrxqw surfhvv
fdq eh rewdlqhg dqg zh fkdudfwhul}h wkh vlwxdwlrqv zkhuh wkh glvfrxqw udwh lv srvlwlyh +uhvs1
qhjdwlyh,1 Iru wklv fodvv ri xwlolw| ixqfwlrqv +zklfk lqfoxghv orjdulwkplf/ h{srqhqwldo dv zhoo dv
srzhu xwlolw| ixqfwlrqv,/ lw fohduo| dsshduv wkdw wkh frqvhqvxv suredelolw| lv gluhfwo| uhodwhg wr
d zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv dqg wkdw wkh glvfrxqw surfhvv lv gluhfwo| uhodwhg wr
wkh glvshuvlrq ri wkh lqglylgxdo eholhiv1 Iru wkdw fodvv ri xwlolw| ixqfwlrqv dqg iru vpdoo eholhi
glvshuvlrq/ wkh glvfrxqw h�hfw lv vpdoo zlwk uhvshfw wr wkh fkdqjh ri suredelolw| h�hfw1

Lq Vhfwlrq 6/ zh dqdo|}h wkh lpsdfw ri wkhvh wzr ihdwxuhv ri wkh htxloleulxp xqghu khwhur0
jhqhrxv eholhiv rq wkh pdunhw sulfh ri ulvn dqg rq wkh ulvn0iuhh udwh1 Lq sduwlfxodu/ zh ghulyh
dq dgmxvwhg FFDSP irupxod1 Zh suryh wkdw rqo| wkh fkdqjh ri suredelolw| kdv dq lpsdfw rq
wkh pdunhw sulfh ri ulvn1 Zh �qg wkdw wkh FFDSP irupxod xqghu khwhurjhqhrxv eholhiv lv jlyhq
e| wkh FFDSP irupxod lq dq hfrqrp| zkhuh doo lqyhvwruv zrxog vkduh wkh vdph suredelolw|
eholhi/ qdpho| wkh frqvhqvxv eholhi rewdlqhg wkurxjk wkh djjuhjdwlrq surfhgxuh1 Wkh lpsdfw
ri wkh lqwurgxfwlrq ri khwhurjhqhrxv eholhiv rq wkh pdunhw sulfh ri ulvn lv wkhq yhu| fohdu= lw
ohdgv wr dq lqfuhdvh +uhvs1 ghfuhdvh, ri wkh pdunhw sulfh ri ulvn ri d jlyhq dvvhw +zlwk uhvshfw
wr wkh krprjhqhrxv vhwwlqj, li dqg rqo| li wkh frqvhqvxv suredelolw| lv shvvlplvwlf +uhvs1 rswl0
plvwlf,/ zkhuh shvvlplvwlf lv phdqw lq wkh vhqvh wkdw wkh lqvwdqwdqhrxv udwh ri uhwxuq iru wkdw
dvvhw +xqghu wklv suredelolw|, lv orzhu wkdq xqghu wkh remhfwlyh lqlwldo suredelolw|1 Lq idfw/ wkh
htxlw| suhplxp vxemhfwlyho| h{shfwhg lv wkh vdph iru shvvlplvwlf dqg rswlplvwlf djhqwv dqg wkh
uhdvrq wkdw shvvlplvp lqfuhdvhv wkh remhfwlyh h{shfwdwlrq ri wkh htxlw| suhplxp lv qrw wkdw
d shvvlplvwlf uhsuhvhqwdwlyh djhqw uhtxluhv d kljkhu ulvn suhplxp1 Kh2Vkh uhtxluhv wkh vdph
htxlw| suhplxp exw klv2khu shvvlplvp ohdgv klp2khu wr xqghuhvwlpdwh wkh dyhudjh udwh ri uh0
wxuq ri htxlw| +ohdylqj xqfkdqjhg klv2khu hvwlpdwlrq ri wkhulvn0iuhh udwh,1 Wkxv wkh remhfwlyh
h{shfwdwlrq ri wkh htxloleulxp suhplxp lv juhdwhu wkdq wkh uhsuhvhqwdwlyh djhqw*v vxemhfwlyh
h{shfwdwlrq/ khqfh lv juhdwhu wkdq wkh vwdqgdug htxlw| suhplxp1 Rxu uhvxowv duh frqvlvwhqw zlwk
wkrvh ri Deho +5333,/ Fhffkhwwl hw do1 +5333,/ Kdqvhq hw do1 +4<<<,/ ru Dqghuvrq hw do1 +5333,/
zklfk lqwurgxfh glvwruwhg eholhiv dvvrfldwhg zlwk fdxwlrxv2shvvlplvwlf lqglylgxdo ehkdylru/ exw
wkh pdlq gl�huhqfh olhv lq wkh idfw wkdw lq rxu iudphzrun/ wkh rswlplvp2shvvlplvp lv uhohydqw
dw wkh djjuhjdwh ohyho dqg qrw dw wkh lqglylgxdo rqh1 Lq sduwlfxodu/ lw lv srvvleoh wr kdyh rs0
wlplvp2shvvlplvp dw wkh djjuhjdwh ohyho/ hyhq lq prghov zkhuh wkh dyhudjh +htxdo0zhljkwhg,
eholhi lv qhxwudo +qhlwkhu rswlplvwlf/ qru shvvlplvwlf,1 Zh surylgh lq Vhfwlrq 7 frqglwlrqv rq wkh
lqglylgxdo vxemhfwlyh suredelolwlhv wkdw ohdg wr d shvvlplvwlf +uhvs1 rswlplvwlf, frqvhqvxv eholhi1

Frqyhuvho| wr wkh pdunhw sulfh ri ulvn/ erwk wkh fkdqjh ri suredelolw| dqg wkh glvfrxqw idfwru
kdyh dq lpsdfw rq wkh ulvn0iuhh udwh1 Wkh lpsdfw ri wkh fkdqjh ri suredelolw| frqwulexwhv wr d
orzhulqj ri wkh ulvn0iuhh udwh li dqg rqo| li wkh frqvhqvxv suredelolw| lv shvvlplvwlf1 Lqghhg/ li wkh
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uhsuhvhqwdwlyh djhqw lv shvvlplvwlf derxw wkh jurzwk udwh ri djjuhjdwh zhdowk/ wkhq uhodwlyh wr wkh
vwdqgdug fdvh/ kh2vkh zloo dwwhpsw wr uhgxfh fxuuhqw frqvxpswlrq dqg lqfuhdvh fxuuhqw vdylqjv1
Wkh dwwhpsw wr lqfuhdvh fxuuhqw vdylqjv wkhq sxwv grzqzdug suhvvxuh rq wkh lqwhuhvw udwh1
Ehvlghv/ wkh lpsdfw ri wkh glvfrxqw idfwru frqwulexwhv wr dq lqfuhdvh +uhvs1 ghfuhdvh, ri wkh ulvn0
iuhh udwh zkhq wkh �glvfrxqw udwh� lv qrqqhjdwlyh/ zklfk kdv d fohdu lqwhusuhwdwlrq= d qrqqhjdwlyh
�glvfrxqw udwh� phdqv wkdw ixwxuh frqvxpswlrq lv ohvv lpsruwdqw iru wkh uhsuhvhqwdwlyh djhqw/
dqg ohdgv wr d kljkhu htxloleulxp lqwhuhvw udwh1 Iru olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv dqg iru
d vpdoo eholhi glvshuvlrq/ wkh �uvw h�hfw lv txdqwlwdwlyho| pxfk pruh lpsruwdqw wkdq wkh vhfrqg
rqh1

Lq Vhfwlrq 7 zh vkrz/ lq wkh vhwwlqj zlwk wzr djhqwv dqg frqvwdqw sdudphwhuv/ wkdw iru
h{srqhqwldo xwlolw| ixqfwlrqv/ wkh frqvhqvxv eholhi +uhvs1 wkh glvfrxqw idfwru, lv d ulvn0wrohudqfh0
zhljkwhg dyhudjh +uhvs1 yduldqfh, ri wkh lqglylgxdo eholhiv/ dqg wkdw iru srzhu xwlolw| ixqfwlrqv/
wkh frqvhqvxv eholhi +uhvs1 wkh glvfrxqw idfwru, lv/ lq h{shfwhg ydoxh/ dssur{lpdwhg e| wkh
zhdowk0zhljkwhg dyhudjh +uhvs1 yduldqfh, ri wkh lqglylgxdo eholhiv1 Wkh dqdo|vlv ri wkh lpsdfw
ri eholhi khwhurjhqhlw| rq wkh ulvn suhplxp dqg rq wkh ulvn0iuhh udwh lv wkhq yhu| vlpsoh1 Lw
ohdgv wr d orzhu +uhvs1 kljkhu, h{shfwhg ulvn suhplxp li wkh zhdowk0zhljkwhg dyhudjh +ru wkh
ulvn0wrohudqfh0zhljkwhg dyhudjh lq wkh h{srqhqwldo fdvh, ri wkh lqglylgxdo eholhiv lv rswlplvwlf
+uhvs1 shvvlplvwlf,1 Wkh lpsdfw lv wkhuhiruh gluhfwo| olqnhg wr wkh fruuhodwlrq ehwzhhq ulvn
dyhuvlrq2wrohudqfh dqg rswlplvp2shvvlplvp lq wkh h{srqhqwldo fdvh/ dqg ehwzhhq zhdowk dqg
rswlplvp2shvvlplvp lq wkh srzhu fdvh1 Wkhuh lv iru lqvwdqfh d eldv wrzdugv rswlplvp dqg d
orzhu h{shfwhg ulvn suhplxp li zh vxssrvh wkdw wkhuh lv d srvlwlyh fruuhodwlrq ehwzhhq zhdowk
dqg rswlplvp/ zklfk vhhpv wr eh vxssruwhg e| hpslulfdo vwxglhv1 Iru lqvwdqfh/ wkh lqgh{ ri
frqvxphu vhqwlphqw sxeolvkhg e| wkh Xqlyhuvlw| ri Plfkljdq lv v|vwhpdwlfdoo| kljkhu iru idplolhv
zlwk lqfrph deryh '83 333 wkdq iru idplolhv zlwk lqfrph xqghu '83 3331 Hyhq wkrxjk vkruw
vdoh frqvwudlqwv duh qrw sduw ri rxu prgho/ dv lq/ h1j1 Ploohu +4<::,/ zh �qg wkdw sulfhv uh hfw
wkh pruh rswlplvwlf ylhz1 Wklv phdqv wkdw dvvhwv zlwk d kljkhu eholhi glvshuvlrq vkrxog |lhog
orzhu uhwxuqv1 Wklv uhvxow lv frqvlvwhqw zlwk wkh �qglqjv ri Glhwkhu hw do1 +5335,/ zkr �surylgh
hylghqfh wkdw vwrfnv zlwk kljkhu glvshuvlrq lq dqdo|vwv* hduqlqjv iruhfdvwv hduq orzhu ixwxuh
uhwxuqv wkdq rwkhuzlvh vlplodu vwrfnv�1

Wkh iroorzlqj h{dpsoh looxvwudwhv wklv uhvxow1 Wkh yrodwlolw| ri djjuhjdwh zhdowk lv wdnhq wr
eh htxdo wr 8(/ lwv guliw lv htxdo wr 6(/ dqg zh dvvxph wkdw wkh rswlplvwv* +uhvs1 shvvlplvwv*,
eholhi iru wkh guliw lv htxdo wr 8( +uhvs1 4(,1 Ohw xv vxssrvh wkdw wkh rswlplvwv* zhdowk lv wkuhh
wlphv odujhu wkdq wkdw ri wkh shvvlplvwv1 Zh vkrz wkdw wkh ulvn suhplxp lv wkhq 6( orzhu wkdq
lq wkh vwdqgdug vhwwlqj iru dq dvvhw zkrvh yrodwlolw| lv htxdo wr 48(1

Pruhryhu/ zh vkrz wkdw li lqyhvwruv duh rq dyhudjh shvvlplvwlf/ wkhq wkh dvvhwv zlwk d kljkhu
eholhi glvshuvlrq vwloo |lhog orzhu uhwxuqv/ wkh ulvn suhplxp lv kljkhu wkdq lq wkh vwdqgdug vhwwlqj/
dqg wkh ulvn0iuhh udwh lv orzhu wkdq lq wkh vwdqgdug vhwwlqj/ zklfk lv lqwhuhvwlqj lq oljkw ri wkh
htxlw| suhplxp dqg wkh ulvn0iuhh udwh sx}}ohv +Phkud dqg Suhvfrww/ 4<;8/ dqg Zhlo/ 4<;<,1

Vhfwlrq 8 lv ghyrwhg wr vrph dgglwlrqdo dqg frqfoxglqj uhpdunv1
Doo wkh surriv duh lq wkh Dsshqgl{1

51 Frqvhqvxv eholhi/ frqvhqvxv frqvxphu

Lq wkh fodvvlfdo uhsuhvhqwdwlyh djhqw dssurdfk/ doo lqyhvwruv duh wdnhq dv kdylqj wkh vdph vxemhf0
wlyh eholhiv/ wkh vdph xwlolw| ixqfwlrqv dqg wkh vdph rssruwxqlw| vhwv1 Lq wklv vhfwlrq/ zh dqdo|}h

7



wr zklfk h{whqw wklv dssurdfk fdq eh h{whqghg wr khwhurjhqhrxv vxemhfwlyh eholhiv1 Pruh suh0
flvho|/ zh vwduw iurp d jlyhq htxloleulxp zlwk khwhurjhqhrxv eholhiv lq dq rwkhuzlvh vwdqgdug
frpsohwh pdunhw prgho/ dqg zh h{soruh wr zkdw h{whqw lw lv srvvleoh 4, wr gh�qh d frqvhqvxv
eholhi/ l1h1 d eholhi/ zklfk/ li khog e| doo lqglylgxdov zrxog jhqhudwh wkh vdph htxloleulxp sulfhv
dqg wudglqj yroxphv dv lq wkh dfwxdo khwhurjhqhrxv hfrqrp| dqg 5, wr gh�qh d uhsuhvhqwdwlyh
djhqw +ru d frqvhqvxv frqvxphu,1 Wkh vwduwlqj srlqw ri rxu djjuhjdwlrq surfhgxuh lv wkh sdshu
e| Fdoyhw hw do1 +5335,1

Wkh prgho lv vwdqgdug/ h{fhsw wkdw zh doorz wkh djhqwv wr kdyh glvwlqfw vxemhfwlyh sure0
delolwlhv1 Zh �{ d �qlwh wlph krul}rq W rq zklfk zh duh jrlqj wr wuhdw rxu sureohp1 Zh

frqvlghu d �owudwhg suredelolw| vsdfh
�


> +Iw,w5^3>W ` > S
�

> zkhuh wkh �owudwlrq +Iw,w5^3>W ` vdwlv0

�hv wkh xvxdo frqglwlrqv1 Hdfk lqyhvwru/ lqgh{hg e| l @ 4> ===> Q> vroyhv d vwdqgdug g|qdplf
xwlolw| pd{lpl}dwlrq sureohp1 Kh2Vkh kdv d fxuuhqw lqfrph dw gdwh w ghqrwhg e| h�l

w dqg d

yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq iru frqvxpswlrq ri wkh irup HTl
k

U W

3
xl+w> fw,gw

l

>

zkhuh Tl lv d suredelolw| phdvxuh htxlydohqw wr S zklfk fruuhvsrqgv wr wkh vxemhfwlyh eholhi ri
lqglylgxdo l= Li zh ghqrwh e|

�

P l
w

�

w5^3>W `
wkh srvlwlyh ghqvlw| surfhvv ri Tl zlwk uhvshfw wr S /

wkhq wkh xwlolw| ixqfwlrq fdq eh uhzulwwhq dv HS
k

U W

3
P l

w xl+w> fw,gw
l

=

Zh pdnh wkh iroorzlqj fodvvlfdo dvvxpswlrqv1
Dvvxpswlrq

� Iru doo w 5 W> xl+w> �, = ^nl> 4, $ U ^ i�4j lv ri fodvv F4 rq +nl> 4, > vwulfwo| lqfuhdvlqj
dqg vwulfwo| frqfdyh/5

� xl+=> f, dqg x3
l+w> =, @ Cxl

Cf +w> =, duh frqwlqxrxv rq ^3> W ` >

� iru l @ 4> ===> Q / S 
 gw
�

hl A nl

�

A 3 dqg S 
 gw
�

hl � nl

�

@ 4>

� wkhuh h{lvwv % A 3 vxfk wkdw h� A
SQ

l@4 nl . %> S 
 gw d1v1/

� HS
k

U W

3
h�

w gw
l

? 4>

� wkh ghqvlw| surfhvv P l lv xqlirupo| erxqghg iru l @ 4> ===> Q=

Wkh �uvw wzr frqglwlrqv duh fodvvlfdo uhjxodulw| frqglwlrqv1 Li zh lqwhusuhw nl dv d plqlpxp
vxevlvwhqfh ohyho/ wkh wklug frqglwlrq fdq eh lqwhusuhwhg dv d vxuylydo frqglwlrq iru hdfk djhqw16

Wkh irxuwk frqglwlrq lv d vxuylydo frqglwlrq iru wkh zkroh hfrqrp|1 Wkh odvw wzr frqglwlrqv duh
whfkqlfdo rqhv dqg duh gluhfwo| olqnhg wr wkh fkrlfh ri O4 dv d frqvxpswlrq vsdfh iru wkh djhqwv17

Zh gr qrw vshfli| wkh xwlolw| ixqfwlrqv xl/ dowkrxjk zh vkdoo irfxv rq wkh fodvvlfdo fdvhv ri
olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv +zklfk lqfoxgh orjdulwkplf/ srzhu dv zhoo dv h{srqhqwldo

5Qrwh wkdw zh frxog hdvlo| jhqhudol}h doo wkh iroorzlqj uhvxowv wr wkh fdvh zkhuh &� lv d ixqfwlrq ri |�
6 Lq idfw/ wklv frqglwlrq fdq eh zhdnhqhg1 Iru lqvwdqfh/ li wkh htxloleulxp sulfh lv nqrzq/ zh rqo| qhhg wr

lpsrvh wkdw .�
k

U A
f ^W

| e�
|_|

l

: .�
k

U A
f ^W

| &�_|
l

c zklfk shuplwv xv/ wkurxjk wudgh/ wr uhdfk doorfdwlrqv
�

+Wl
�

: &�

� 	 _| d1v1
7Wklv sdlu ri frqglwlrqv fdq hdvlo| eh uhsodfhg e| .�

k

U A
f

�

�e�
|

�

�

R
_|

l

	 " dqg .�
k

U A
f

�

���
|

�

�

^
_|

l

	 " zkhuh R

dqg ^ duh vxfk wkdw �
R
n �

^
' ��
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xwlolw| ixqfwlrqv,1 Zh wdnh wkh gl�huhqw vxemhfwlyh suredelolwlhv dv jlyhq1 Dv lq Yduldq +4<;8/
4<;<,/ Deho +4<;<, ru Kduulv dqg Udyly +4<<6,/ wkh| uh hfw gl�huhqfh ri rslqlrq dprqj wkh
djhqwv udwkhu wkdq gl�huhqfh ri lqirupdwlrq> lqghhg/ �zh dvvxph wkdw lqyhvwruv uhfhlyh frpprq
lqirupdwlrq/ exw gl�hu lq wkh zd| wkh| lqwhusuhw wklv lqirupdwlrq� +Kduulv dqg Udyly/ 4<<6,1
Wkh| pljkw frph iurp d Ed|hvldq xsgdwlqj ri wkh lqyhvwruv* suhglfwlyh glvwulexwlrq ryhu wkh
xqfhuwdlq uhwxuqv rq ulvn| vhfxulwlhv dv lq/ h1j1 Zlooldpv +4<::,/ Ghwhpsoh dqg Pxuwk| +4<<7,/
]dsdwhur +4<<;,/ Jdooph|hu +5333,/ Edvdn +5333, dqg Jdooph|hu dqg Krool�hog +5335,/ exw zh
gr qrw pdnh vxfk dq dvvxpswlrq> zh rqo| lpsrvh wkdw wkh vxemhfwlyh suredelolwlhv eh htxlydohqw
wr wkh lqlwldo rqh1 Wklv pdlqo| ohdgv wr dvvxplqj wkdw lqyhvwruv gl�hu rqo| lq wkhlu rslqlrq
derxw phdqv dqg djuhh derxw yduldqfhv1 Wklv k|srwkhvlv lv uhdvrqdeoh/ vlqfh dv xqghuolqhg
e| Jdooph|hu dqg Krool�hog +5335,/ �djjuhjdwh frqvxpswlrq lv revhuyhg frqwlqxrxvo|/ ^dqg` doo
lqyhvwruv fdq shuihfwo| hvwlpdwh lwv yrodwlolw| e| frpsxwlqj wkh rxwsxw surfhvv txdgudwlf yduld0
wlrq�1 Qrwlfh wkdw wkh deryh0phqwlrqhg prghov zlwk ohduqlqj duh qrw �pruh hqgrjhqrxv� vlqfh
wkh lqyhvwruv* xsgdwlqj uxoh dqg wkh fruuhvsrqglqj suredelolwlhv fdq eh ghwhuplqhg vhsdudwho|
iurp klv2khu rswlpl}dwlrq sureohp +vhh h1j1 Jhqrwwh/ 4<;9,1

Lq wkh uhpdlqghu ri wkh sdshu/ dq dgplvvleoh frqvxpswlrq sodq iru djhqw l lv dq dgdswhg

^nl> 4,0ydoxhg surfhvv |l vxfk wkdw HS
k

U W

3

�

�|l
w

�

� gw
l

? 41 Zh uhfdoo wkdw dq htxloleulxp uhodwlyh

wr wkh eholhiv
�

P l
�

dqg wkh lqfrph surfhvvhv
�

hl
�

lv gh�qhg e| d srvlwlyh/ xqlirupo| erxqghg

sulfh surfhvv t� dqg d idplo| ri rswlpdo dgplvvleoh frqvxpswlrq sodqv
�

|�l
�

vxfk wkdw pdunhwv

fohdu/ l1h1
+

|�l

@ |l+t�> P l> hl,
SQ

l@4 |�l

@
SQ

l@4 hl � h�

zkhuh

|l+t> P> h, � duj pd{
HS ^

U W
3

tw+|l
w�hw,gw`�3

HS

%

] W

3

Pwxl+w> fw,gw

&

=

Zh vwduw iurp dq htxloleulxp
�

t�>
�

|�l
��

uhodwlyh wr wkh eholhiv
�

P l
�

dqg wkh lqfrph

surfhvvhv hl= Vxfk dq htxloleulxp/ zkhq lw h{lvwv/ fdq eh fkdudfwhul}hg e| wkh �uvw0rughu qhfhv0
vdu| frqglwlrqv iru lqglylgxdo rswlpdolw| dqg wkh pdunhw fohdulqj frqglwlrq1 Wkhvh frqglwlrqv
fdq eh zulwwhq dv iroorzv=

;

A

A

A

A

A

?

A

A

A

A

A

=

P l
w x3

l+w> |�l

w , � �lt
�
w > rq

q

|�l

@ nl

r

P l
w x3

l+w> |�l

w , @ �lt
�
w > rq

q

|�l

A nl

r

HS
k

U W

3
t�

w

�

|�l

w � hl
w

�

gw
l

@ 3
SQ

l@4 |�l

@ h�

+514,

iru vrph vhw ri srvlwlyh Odjudqjh pxowlsolhuv +�l, =

Lq wkh vhtxho/ zh zloo vd| wkdw +t�> +|�l

,, lv dq lqwhulru htxloleulxp uhodwlyh wr wkh eholhiv
�

P l
�

dqg wkh lqfrph surfhvvhv
�

hl
�

li |�l

A nl> S 
 gw d1v1 iru l @ 4> ===> Q 1 Qrwh wkdw xqghu wkh
iroorzlqj dgglwlrqdo frqglwlrq=

x3
l+w> nl, @ 4 iru w 5 ^3> W ` dqg l @ 4> ===> Q>
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doo wkh htxloleuld duh lqwhulru rqhv1
Rxu �uvw dlp lv wr �qg dq �htxlydohqw htxloleulxp� lq zklfk wkh khwhurjhqhrxv vxemhfwlyh eh0

olhiv zrxog eh djjuhjdwhg lqwr d frpprq fkdudfwhulvwlf P= Iroorzlqj wkh dssurdfk ri Fdoyhw hw do1
+5335,/ zh vkdoo gh�qh dq �htxlydohqw htxloleulxp ri wkh �uvw nlqg� e| wzr uhtxluhphqwv1 Iluvw/

wkh �htxlydohqw htxloleulxp� vkrxog jhqhudwh wkh vdph htxloleulxp wudglqj yroxphv
�

|�l � hl
�

dqg sulfh surfhvv t� dv lq wkh ruljlqdo htxloleulxp zlwk khwhurjhqhrxv eholhiv1 Vhfrqg/ hyhu|
lqyhvwru vkrxog eh lqgl�huhqw dw wkh pdujlq ehwzhhq lqyhvwlqj rqh dgglwlrqdo xqlw ri lqfrph
lq wkh ruljlqdo htxloleulxp zlwk khwhurjhqhrxv eholhiv dqg lq wkh �htxlydohqw htxloleulxp�/ vr
wkdw hdfk dvvhw jhwv wkh vdph pdujlqdo ydoxdwlrq e| hdfk lqyhvwru +lq whupv ri klv2khu pdujlqdo
xwlolw|, lq erwk htxloleuld18 Wkh h{lvwhqfh ri vxfk dq �htxlydohqw htxloleulxp ri wkh �uvw nlqg�
lv jlyhq e| wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5141 Frqvlghu dq lqwhulru htxloleulxp +t�> +|�l

,, uhodwlyh wr wkh eholhiv
�

P l
�

dqg

wkh lqfrph surfhvvhv
�

hl
�

1 Wkhuh h{lvwv d xqltxh srvlwlyh dqg dgdswhg surfhvv +Pw,w5^3>W ` zlwk

P3 @ 4/ wkhuh h{lvwv d xqltxh idplo| ri lqfrph surfhvvhv
�

�hl
�

zlwk
SQ

l@4 �hl @ h� dqg d xqltxh

idplo| ri lqglylgxdo frqvxpswlrq surfhvvhv +�|l, vxfk wkdw
�

t�> +�|l,
�

lv dq htxloleulxp uhodwlyh wr

wkh frpprq fkdudfwhulvwlf P dqg wkh lqfrph surfhvvhv
�

�hl
�

dqg vxfk wkdw wudglqj yroxphv dqg
lqglylgxdo pdujlqdo ydoxdwlrq uhpdlq wkh vdph/ l1h1

|�l � hl @ |l � hl l @ 4> ===> Q

P l
w x3

l+w> |�l

, @ Pwx3
l+w> �|l,> w 5 ^3> W ` > l @ 4> ===> Q=

Wklv phdqv wkdw
�

t�> +�|l,
�

lv dq htxloleulxp zlwk lqfrph wudqvihuv uhodwlyh wr wkh frpprq

fkdudfwhulvwlf P dqg wkh lqfrph surfhvvhv
�

hl
�

vxfk wkdw lqglylgxdo pdujlqdo ydoxdwlrq lv wkh
vdph dv lq wkh ruljlqdo htxloleulxp zlwk khwhurjhqhrxv eholhiv1 Lq rwkhu zrugv/ zh suryhg wkdw
prgxor d ihdvleoh prgl�fdwlrq ri wkh lqglylgxdo lqfrphv +l1h1

SQ
l@4 �hl @

SQ
l@4 hl, wkh lqlwldo

htxloleulxp sulfh surfhvv dqg wudglqj yroxphv uhpdlq htxloleulxp sulfh surfhvv dqg wudglqj
yroxphv lq d krprjhqhrxv eholhiv vhwwlqj1 Wkh srvlwlyh surfhvv P fdq wkhq eh lqwhusuhwhg dv d
frqvhqvxv fkdudfwhulvwlf1 Lq sduwlfxodu/ li wkhuh lv qr khwhurjhqhlw|/ l1h1 li doo wkh lqyhvwruv kdyh
wkh vdph eholhi uhsuhvhqwhg e| P l @ �P iru doo l/ zh rewdlq P @ �P dqg wkhuh lv qr wudqvihu qru
rswlpdo doorfdwlrq prgl�fdwlrq +l1h1 �hl @ hl dqg �|l @ |�l

iru doo l,1
Dv zh vdlg/ wkh frqvhqvxv fkdudfwhulvwlf wkdw zh rewdlqhg lv vxfk wkdw wkh dvvrfldwhg htxlole0

ulxp sulfh dv zhoo dv wkh lqglylgxdo pdujlqdo ydoxdwlrq uhpdlq wkh vdph dv lq wkh khwhurjhqhrxv
iudphzrun1 Wkh lqglylgxdo pdujlqdo ydoxdwlrq lqyduldqfh surshuw| lv lq idfw htxlydohqw wr wkh
lqyduldqfh ri wkh Odjudqjh pxowlsolhuv1 Lq rwkhu zrugv/ wkh �htxlydohqw htxloleulxp ri wkh �uvw
nlqg� lv fkdudfwhul}hg e|

;

A

?

A

=

Pwx3
l+w> �|l

w, @ �lt
�
w > w 5 ^3> W `

HS
k

U W

3
t�

w

�

�|l
w � �hl

w

�

gw
l

@ 3
SQ

l@4 �|l
w @ h�

w

8Wklv uhtxluhphqw lv lq idfw htxlydohqw wr wkh frqglwlrq wkdw hdfk lqyhvwru*v revhuyhg +ru lqlwldo, ghpdqg eh
odujhu wkdq +uhvs1 htxdo wr/ ohvv wkdq, klv2khu ghpdqg lq wkh �htxlydohqw htxloleulxp� li dqg rqo| li kh2vkh
dwwdfkhv d vxemhfwlyh suredelolw| wkdw lv odujhu wkdq +uhvs1 htxdo wr/ ohvv wkdq, wkh djjuhjdwh frpprq suredelolw|/
zklfk dsshduv dv d qdwxudo uhtxluhphqw iru dq djjuhjdwlrq surfhgxuh1

:



zkhuh wkh pxowlsolhuv �l duh wkh vdph dv lq wkh fkdudfwhul}dwlrq ri wkh lqlwldo htxloleulxp +Htxd0
wlrq +5=4,,1 Wkh frvw zh sdlg lq rughu wr pdlqwdlq wkh Odjudqjh pxowlsolhuv lqyduldqw kdv ehhq
wr dxwkrul}h lqfrph wudqvihuv ehwzhhq djhqwv1 Dqrwkhu zd| wr frqvwuxfw dq �htxlydohqw htxlole0
ulxp� dqg khqfh d frqvhqvxv eholhi zrxog eh wr surklelw wudqvihuv dqg wr doorz iru lqglylgxdo
pdujlqdo ydoxdwlrq prgl�fdwlrq1 Pruh suhflvho| zh kdyh wkh iroorzlqj uhvxow/ zklfk shuplwv xv
wr gh�qh wkh frqfhsw ri �htxlydohqw htxloleulxp ri wkh vhfrqg nlqg�1

Sursrvlwlrq 5151 Frqvlghu dq lqwhulru htxloleulxp +t�> +|�l

,, uhodwlyh wr wkh eholhiv
�

P l
�

dqg

wkh lqfrph surfhvvhv
�

hl
�

1 Wkhuh h{lvw d srvlwlyh dqg dgdswhg surfhvv +Pw,w5^3>W ` zlwk P3 @

4 dqg d idplo| ri lqglylgxdo frqvxpswlrq surfhvvhv +�|l,/ vxfk wkdw
�

t�> +�|l,
�

lv dq lqwhulru

htxloleulxp uhodwlyh wr wkh frpprq fkdudfwhulvwlf P dqg wkh lqfrph surfhvvhv
�

hl
�

1

Zh vkdoo ghqrwh e|
�

�3
l

�

wkh fruuhvsrqglqj Odjudqjh pxowlsolhuv1 Iru erwk frqvwuxfwlrqv/ rqfh
wkh uhvxow rq eholhi djjuhjdwlrq kdv ehhq dfklhyhg/ lw lv hdv| wr frqvwuxfw/ dv lq wkh vwdqgdug
fdvh/ d uhsuhvhqwdwlyh djhqw/ l1h1 dq h{shfwhg xwlolw| pd{lpl}lqj djjuhjdwh lqyhvwru/ uhsuhvhqwlqj
wkh hfrqrp| lq htxloleulxp1 Pruh suhflvho|/ zh orrn iru d vlqjoh djjuhjdwh lqyhvwru/ hqgrzhg
zlwk wkh pdunhw sruwirolr/ zkr/ zkhq pd{lpl}lqj klv h{shfwhg xwlolw| xqghu wkh djjuhjdwh
fkdudfwhulvwlf/ jhqhudwhv wkh vdph htxloleulxp sulfhv dv lq wkh ruljlqdo htxloleulxp1 Wkh qh{w
sursrvlwlrq hvwdeolvkhv wkh h{lvwhqfh ri vxfk d uhsuhvhqwdwlyh djhqw1

Dv lq wkh vwdqgdug fdvh/ iru � 5
�

U
�
.

�Q
> zh lqwurgxfh wkh ixqfwlrq

x�+w> {, @ pd{
S Q

l@4 {l�{

Q
[

l@4

4

�l
xl+w> {l,=

Fruroodu| 5161 Frqvlghu dq lqwhulru htxloleulxp +t�> +|�l

,, uhodwlyh wr wkh eholhiv
�

P l
�

dqg

wkh lqfrph surfhvvhv
�

hl
�

= Wkhuh h{lvwv d frqvhqvxv lqyhvwru gh�qhg e| wkh qrupdol}hg yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq x� +uhvs1 x�3 , dqg wkh frqvhqvxv fkdudfwhulvwlf P ri
Sursrvlwlrq 514 +uhvs1 Sursrvlwlrq 515,/ lq wkh vhqvh wkdw wkh sruwirolr h� pd{lpl}hv klv2khu h{0

shfwhg xwlolw| HS
k

U W

3
Pwx+w> fw,gw

l

xqghu wkh pdunhw exgjhw frqvwudlqw HS
k

U W

3
t�

w +fw � h�
w , gw

l

�
3=

Wkh frqvwuxfwlrq ri wkh uhsuhvhqwdwlyh djhqw lv h{dfwo| wkh vdph dv lq wkh vwdqgdug vhwwlqj1
Dv d frqvhtxhqfh/ doo fodvvlfdo surshuwlhv ri wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq uhpdlq
ydolg lq rxu vhwwlqj +vhh h1j1 Kxdqj dqg Olw}hqehujhu/ 4<;;,1 Dprqj rwkhu surshuwlhv/ li doo
lqglylgxdo xwlolw| ixqfwlrqv duh vwdwh lqghshqghqw/ wkhq wkh djjuhjdwh xwlolw| ixqfwlrq lv dovr
vwdwh lqghshqghqw/9 dqg li doo lqglylgxdo xwlolw| ixqfwlrqv h{klelw olqhdu ulvn0wrohudqfh/ l1h1 duh

vxfk wkdw � x3

l+w>{,
x33

l +w>{, @ �l.�{> wkhq wkh djjuhjdwh xwlolw| ixqfwlrq lv dovr vxfk wkdw � x3+w>{,
x33+w>{, @ ��.�{

zkhuh �� @
SQ

l@4 �l=
9Qrwh wkdw rxu djjuhjdwlrq surfhgxuh dssolhv wr d iudphzrun zkhuh djhqwv kdyh frpprq eholhiv exw srvvleo|

gl�huhqw vwdwh0ghshqghqw xwlolw| ixqfwlrqv ri wkh iroorzlqj �vhsdudeoh� irup=

L� E|c /c %� ' �� E|c /��� E|c %� �

Lq wkdw fdvh +qrwh wkdw hyhq li wkh ��*v duh qrw pduwlqjdohv/ rxu uhvxowv vwloo dsso|,/ zh rewdlq d uhsuhvhqwdwlyh
djhqw xwlolw| ixqfwlrq ri wkh vdph irup L E|c /c %� ' � E|c /�� E|c %�/ zkhuh � lv rewdlqhg iurp wkh ��*v dv lq wkh
vwdqgdug iudphzrun/ dqg zkhuh � lv dq dyhudjh ri wkh ��*v +qrwh wkdw hyhq li wkh ��*v duh qrw pduwlqjdohv/ rxu
uhvxowv vwloo dsso|,1

;



H{dpsoh 5171 41 Li wkh lqglylgxdo xwlolw| ixqfwlrqv duh ri h{srqhqwldo w|sh/ l1h1 li � x3

l+w>{,
x33
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�l A 3/ wkhq x3+w> {, @ dh�{@�� iru d @ hh�
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51 Li wkh lqglylgxdo xwlolw| ixqfwlrqv duh ri srzhu w|sh/ l1h1 vxfk wkdw � x3

l+w>{,
x33

l +w>{, @ �l . �{ iru

� 9@ 3> wkhq x3+h, @ e+�� . �h,� 4
� iru e @ +�� . �h3,
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+zh kdyh
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l@4 �l @ 4,1

Wkh frqvhqvxv fkdudfwhulvwlf P lv d pduwlqjdoh +l1h1 wkh ghqvlw| surfhvv ri d jlyhq suredelo0
lw|, rqo| zkhq � @ 4 +orjdulwkplf fdvh,1 Lw lv d vxshupduwlqjdoh zkhq � ? 4/ dqg d vxepduwlqjdoh
zkhq � A 4=

Qrwlfh wkdw lw lv qrw srvvleoh +h{fhsw lq wkh h{srqhqwldo fdvh, wr frqvwuxfw P dqg wr rewdlq
t� dv ixqfwlrqv ri wkh djjuhjdwh fkdudfwhulvwlf +h1j1 frqvxpswlrq, ri wkh hfrqrp| dqg qrw ri wkh
lqglylgxdo rqhv1 Krzhyhu/ dv zh vkdoo vhh lq wkh qh{w vhfwlrq/ wkh irupxodwlrq t�

w @ Pwx3+w> h�
w ,

zloo hqdeoh xv wr frpsduh wkh htxloleulxp xqghu khwhurjhqhrxv eholhiv zlwk wkh htxloleulxp lq
wkh vwdqgdug vhwwlqj1

Lw lv lqwhuhvwlqj wr qrwlfh lq H{dpsoh 5=7 wkdw iru doo xwlolw| ixqfwlrqv lq wkh fodvvlfdo fodvv
ri olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv/ wkh frqvhqvxv fkdudfwhulvwlf lv rewdlqhg dv d zhljkwhg
dyhudjh ri wkh lqglylgxdo vxemhfwlyh eholhiv1 Lw lv hdv| wr vhh wkdw lq wkh jhqhudo fdvh/ wkh
frqvhqvxv fkdudfwhulvwlf fdq vwloo eh frqvlghuhg dv dq dyhudjh ri wkh lqglylgxdo eholhiv1:

Wkh surfhvv P uhsuhvhqwv d frqvhqvxv fkdudfwhulvwlf> krzhyhu/ dv vhhq deryh/ h{fhsw lq wkh
orjdulwkplf fdvh/ lw idlov wr eh d pduwlqjdoh1 Frqvhtxhqwo|/ lw fdqqrw eh lqwhusuhwhg dv d eholhi/
l1h1 wkh ghqvlw| surfhvv ri d jlyhq suredelolw| phdvxuh1 Lw lv hdv| wr vhh wkdw lw lv qrw srvvleoh
lq jhqhudo wr uhfryhu wkh frqvhqvxv fkdudfwhulvwlf dv d pduwlqjdoh/ dv vrrq dv zh zdqw wkh

:Vlqfh iru doo �/ zh kdyh
�
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Lw lv fohdu wkhq wkdw zh fdqqrw kdyh �| : ��
| +uhvs1 �| 	 ��

| ,/ iru doo �/ zlwk d srvlwlyh suredelolw|1 Lqghhg/ wklv

zrxog ohdg wr
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zlwk d srvlwlyh suredelolw| zklfk frqwudglfwv wkh htxdwlrqv deryh1
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htxloleulxp sulfh wr uhpdlq wkh vdph dqg wkh rswlpdo doorfdwlrqv lq wkh htxlydohqw htxloleulxp
wr eh ihdvleoh/ lq wkh vhqvh wkdw wkh| vwloo dgg xs wr h� +hyhq li zh gr qrw lpsrvh wkh lqyduldqfh
ri lqglylgxdo pdujlqdo ydoxdwlrq,1;

Wklv phdqv wkdw lq wkh jhqhudo fdvh/ wkhuh lv d eldv lqgxfhg e| wkh djjuhjdwlrq ri wkh
lqglylgxdo suredelolwlhv lqwr d frqvhqvxv suredelolw|1 Zh vkdoo vhh lq wkh iroorzlqj sursrvlwlrqv
wkdw wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw lv qrw dq h{shfwdwlrq ri wkh ixwxuh xwlolw|
iurp frqvxpswlrq exw dq h{shfwdwlrq ri d glvfrxqwhg ixwxuh xwlolw| iurp frqvxpswlrq1 Wkh
+srvvleo| qhjdwlyh, glvfrxqw udwh zloo eh rq dyhudjh qrqqhjdwlyh +uhvs1 }hur/ uhvs1 qrqsrvlwlyh,
zkhq P lv d vxshupduwlqjdoh +uhvs1 pduwlqjdoh/ uhvs1 vxepduwlqjdoh,1

Lq rughu wr ixuwkhu vshfli| rxu prgho/ ohw xv dvvxph wkdw +Iw,w5^3>W ` lv wkh S �dxjphqwdwlrq
ri wkh qdwxudo �owudwlrq jhqhudwhg e| d rqh0glphqvlrqdo Eurzqldq prwlrq Z rq +
> I> S ,/ dqg
wkdw h� dqg wkh P l*v vdwlvi| wkh iroorzlqj vwrfkdvwlf gl�huhqwldo htxdwlrqv=<

gh�
w @ �wh�

w gw . �wh�
w gZw> � A 3

gP l
w @ �l

wP l
w gZw> P l

3 @ 4

Li zh ixuwkhu dvvxph wkdw wkh xwlolw| ixqfwlrqv duh ri fodvv F4>6> wkh �uvw0rughu frqglwlrqv iru
dq lqwhulru htxloleulxp dqg Lw÷*v Ohppd jlyh xv wkdw wkh htxloleulxp sulfh t�> wkh htxloleulxp

doorfdwlrqv
�

|�l
�

dv zhoo dv P dovr vdwlvi| vwrfkdvwlf gl�huhqwldo htxdwlrqv ri wkh irup
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Lq wkh vhtxho/ zh zloo dvvxph wkdw �P vdwlv�hv wkh vr0fdoohg Qrylnry frqglwlrq/43 l1h1
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lqwhulru htxloleulxp� doorfdwlrqv E7+�
|� dvvrfldwhg zlwk wkh vdph htxloleulxp sulfh ^W dv lq wkh lqlwldo htxloleulxp

dqg zlwk d frpprq fkdudfwhulvwlf � 1 Wkh �uvw0rughu frqglwlrqv wkhq ohdg wr
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zkhuh � lv wkh fdqglgdwh frqvhqvxv fkdudfwhulvwlfv dqg zkhuh wkh ��*v duh jlyhq srvlwlyh pxowlsolhuv1 Wklv ohdgv
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dqg � lv d pduwlqjdoh rqo| li doo wkh ��*v duh htxdo1
<Zh dvvxph wkdw wkh frh!flhqwv ri wkhvh VGHv vdwlvi| wkh fodvvlfdo joredo Olsvfklw} dqg olqhdu jurzwk frqgl0

wlrqv wkdw hqvxuh h{lvwhqfh dqg xqltxhqhvv ri d vwurqj vroxwlrq +vhh Ndudw}dv dqg Vkuhyh +4<;;, iru pruh ghwdlov
dqg zhdnhu frqglwlrqv,1

43Wklv frqglwlrq hqvxuhv wkdw
U

B� _` lv d pduwlqjdoh1 Iru olqhdu ulvn wrohudqfh xwlolw| ixqfwlrqv/ lw lv hdv| wr

fkhfn wkdw wklv frqglwlrq lv lq sduwlfxodu vdwlv�hg li/ iru � ' �c ���c � / zh kdyh .
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Sursrvlwlrq 5181 Frqvlghu dq lqwhulru htxloleulxp sulfh surfhvv t� uhodwlyh wr wkh eholhiv +P l,>
dqg wkh lqfrph surfhvvhv +hl,= Wkhuh h{lvw d srvlwlyh pduwlqjdoh surfhvv �P zlwk �P3 @ 4> dqg
d �qlwh yduldwlrq srvlwlyh surfhvv E zlwk E3 @ 4 vxfk wkdw/ zlwk wkh qrwdwlrqv ri wkh suhylrxv
sursrvlwlrqv

�PwEwx3+w> h�
w , @ t�

w =

Wkhvh surfhvvhv duh jlyhq e|

Ew @ h{s

] w

3

�P +v,gv

�Pw @ h{s

�] w

3

�P +v,gZv � 4

5

] w

3

�5
P +v,gv

�

=

Wkh surfhvv E phdvxuhv wkh ghidxow ri pduwlqjdolw| ri wkh frqvhqvxv fkdudfwhulvwlf P dqg
ohdgv wr d +srvvleo| qhjdwlyh, glvfrxqw ri xwlolw| iurp ixwxuh frqvxpswlrq wkurxjk wkh �glvfrxqw
udwh� +��P ,1 Wkh dgmxvwphqw surfhvv E wkhq phdvxuhv wkh djjuhjdwlrq eldv lqgxfhg e| wkh
khwhurjhqhlw| ri lqglylgxdo eholhiv1

Wkhuh duh pdlqo| wzr fdvhv zkhuh wkhuh lv qr vxfk dgmxvwphqw h�hfw/ l1h1 E lv frqvwdqw dqg
htxdo wr 4=

� Li doo lqyhvwruv vkduh wkh vdph eholhi1 Wkh frqvhqvxv eholhi �P lv wkhq htxdo wr wkdw frpprq
eholhi1

� Li doo wkh xwlolw| ixqfwlrqv duh orjdulwkplf1 Wklv surshuw| pdnhv wkh fdvh ri orjdulwkplf
xwlolw| ixqfwlrqv +zklfk lv riwhq frqvlghuhg lq wkh olwhudwxuh/ vhh h1j1 Uxelqvwhlq/ 4<:9/
Ghwhpsoh dqg Pxuwk|/ 4<<7/ ]dsdwhur/ 4<<;, yhu| vshfl�f1

Zkhq E idlov wr eh frqvwdqw/ lw lv d qdwxudo frqfhuq wr ghwhuplqh zkhwkhu lw lv juhdwhu
ru vpdoohu wkdq 4/ lqfuhdvlqj ru ghfuhdvlqj1 Wklv zloo shuplw wr dqdo|}h wkh qdwxuh ri wklv
djjuhjdwlrq eldv dqg lwv lpsdfw rq wkh htxloleulxp vwdwh sulfh ghqvlw|1 Iru olqhdu ulvn0wrohudqfh
xwlolw| ixqfwlrqv/ wkh surfhvvhv �P dqg E fdq eh frpsxwhg1 Zh vkdoo ghqrwh wkh ulvn0wrohudqfh

e| Wl +w, � x3

l+w>|�
l

w ,

x33

l +w>|�
l

w ,
1

Sursrvlwlrq 5191 Iru olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv/ zh kdyh
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SQ
l@4 �l @ 4 dqg H� +uhvs1 Y du�, ghqrwh wkh h{shfwhg ydoxh +uhvs1

yduldqfh, ri � dfurvv djhqwv zlwk d zhljkw �l iru djhqw l1
Qrwlfh wkdw �P � 3 li dqg rqo| li � � 4 +wklv hqfrpsdvvhv wkh h{srqhqwldo fdvh,1
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Iru wklv fodvv ri xwlolw| ixqfwlrqv/ �P lv d ulvn0wrohudqfh0zhljkwhg dyhudjh ri wkh lqglylgxdo �l*v
dqg �P lv sursruwlrqdo wr wkh yduldqfh ri wkh �l*v zlwk uhvshfw wr wkh vdph zhljkwv1 Lw dsshduv
wkhq wkdw wkh htxloleulxp sulfh fdq eh uhsuhvhqwhg dv dq htxloleulxp sulfh lq dq htxlydohqw
hfrqrp| zkhuh wkh lqglylgxdo eholhiv duh uhsodfhg e| d ulvn0wrohudqfh0zhljkwhg dyhudjh eholhi
dqg zkhuh dq dgglwlrqdo h�hfw lv lqwurgxfhg lq rughu wr wdnh wkh lqlwldo khwhurjhqhlw| lqwr
dffrxqw1 Wklv h�hfw lv phdvxuhg e| E ru htxlydohqwo| e| �P > zklfk lv gluhfwo| uhodwhg wr wkh
eholhi glvshuvlrq1

Ixuwkhupruh/ lw lv hdv| wr vhh wkdw E lv qrqghfuhdvlqj/ juhdwhu wkdq 4 +uhvs1 qrqlqfuhdvlqj/
orzhu wkdq 4, li � � 4 +uhvs1 � � 4,= Wkh whfkqlfdo uhdvrq iru wklv uhvxow lv wkh iroorzlqj1
Ghshqglqj rq zkhwkhu � ? 4 ru � A 4/ wkh ixqfwlrq {� lv frqyh{ ru frqfdyh1 Khqfh wkh
vxshupduwlqjdoh uhvxow iru � ? 4/ wkh vxepduwlqjdoh uhvxow iru � A 4 dqg wkh pduwlqjdoh uhvxow
iru � @ 41 D srvvleoh lqwhusuhwdwlrq frxog eh wkh iroorzlqj1 Wkh sdudphwhu � lv d fdxwlrxvqhvv
sdudphwhu1 Zkhq wkhuh lv pruh ulvn lqyroyhg/ ghshqglqj rq zkhwkhu wkh lqyhvwru lv fdxwlrxv ru
qrw/ wkdw lv wr vd|/ ghshqglqj rq zkhwkhu � ? 4 ru � A 4/ lw fdq eh vkrzq wkdw wkh lqyhvwru
zloo uhgxfh ru lqfuhdvh fxuuhqw frqvxpswlrq zlwk uhvshfw wr ixwxuh frqvxpswlrq1 Iru lqvwdqfh/
iru � ? 4/ wkh lqyhvwru lv fdxwlrxv dqg lqfuhdvhv fxuuhqw frqvxpswlrq dfwlqj dv li klv2khu xwlolw|
zdv glvfrxqwhg e| d srvlwlyh glvfrxqw udwh1 Wkh frqyhuvh uhdvrqlqj ohdgv wr d qhjdwlyh glvfrxqw
udwh li � A 41 Qrz lq rxu frqwh{w zlwk khwhurjhqhrxv eholhiv/ d srvvleoh lqwhusuhwdwlrq frqvlvwv
lq frqvlghulqj wkh glvshuvlrq ri eholhiv dv d vrxufh ri ulvn/ wkhuhe| ohdglqj iru wkh uhsuhvhqwdwlyh
djhqw wr d glvfrxqw idfwru dvvrfldwhg zlwk d srvlwlyh ru qhjdwlyh glvfrxqw udwh ghshqglqj rq
zkhwkhu � ? 4 ru � A 4=

Wr vxppdul}h/ zh kdyh srlqwhg rxw wkurxjk suhylrxv sursrvlwlrqv wzr glvwlqfw h�hfwv ri wkh
lqwurgxfwlrq ri vrph eholhi khwhurjhqhlw| rq wkh htxloleulxp sulfh1

Wkhuh lv �uvw d fkdqjh ri suredelolw| h�hfw iurp S wr wkh qhz frpprq suredelolw| T> zkrvh
ghqvlw| lv jlyhq e| �P= Wklv djjuhjdwh suredelolw| T fdq eh vhhq +dw ohdvw lq wkh fodvvlfdo xwlolw|
ixqfwlrqv fdvhv, dv d zhljkwhg dyhudjh ri wkh lqglylgxdo vxemhfwlyh suredelolwlhv1 Wkh zhljkwv
ri wklv dyhudjh duh jlyhq e| wkh lqglylgxdo ulvn0wrohudqfhv h{dfwo| dv lq Uxelqvwhlq +4<:9, ru
Ghwhpsoh dqg Pxuwk| +4<<7,/ zkhuh wkh dxwkruv irfxvhg rq orjdulwkplf xwlolw| ixqfwlrqv1

Wkh vhfrqg h�hfw lv uhsuhvhqwhg e| dq �djjuhjdwlrq eldv� ri wkh pdunhw sruwirolr ru ri wkh
htxloleulxp +vwdwh, sulfh +ghqvlw|,/ zklfk lv ri �qlwh yduldwlrq dqg wdnhv wkh irup ri d glvfrxqw
idfwru1 Zh duh deoh/ iru olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv/ wr ghwhuplqh li lw lv dvvrfldwhg
zlwk d srvlwlyh ru qhjdwlyh glvfrxqw udwh1 Pruhryhu/ wkh dgmxvwphqw surfhvv fdq eh vhhq +dw
ohdvw lq fodvvlfdo fdvhv, dv d phdvxuh ri glvshuvlrq ri lqglylgxdo eholhiv1

Zh vkdoo qrz dqdo|}h wkh lpsdfw ri wkhvh wzr ihdwxuhv rq wkh htxloleulxp surshuwlhv1

61 Dvvhw sulflqj zlwk khwhurjhqhrxv eholhiv

Lq wklv vhfwlrq/ zh xvh rxu frqvwuxfwlrq ri d uhsuhvhqwdwlyh frqvxphu +Vhfwlrq 5, wr vwxg| wkh
lpsdfw ri khwhurjhqhlw| ri eholhiv rq dvvhw sulflqj1 Zh �uvw h{soruh wkh lpsdfw rq wkh htxloleulxp
+vwdwh, sulfh +ghqvlw|,1 Zh wkhq wxuq wr wkh lpsdfw rq wkh FFDSP irupxod +ru pruh suhflvho|
rq wkh pdunhw sulfh ri ulvn +PSU,, dqg rq wkhulvn0iuhh udwh1

Zh kdyh rewdlqhg lq wkh vhwwlqj zlwk khwhurjhqhrxv eholhiv wkh iroorzlqj h{suhvvlrq iru wkh
htxloleulxp +vwdwh, sulfh +ghqvlw|, t� @ Px3 +h�, @ PEx3 +h�, zklfk zh zdqw wr frpsduh zlwk
wkh h{suhvvlrq rewdlqhg lq wkh vwdqgdug vhwwlqj/ zklfk lv jlyhq e| t @ x3 +h�,1 Zh frqvlghu dv wkh
vwdqgdug vhwwlqj dq htxloleulxp xqghu krprjhqhrxv eholhiv +jlyhq e| wkh remhfwlyh suredelolw|
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S ,/ iru zklfk wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq lv jlyhq e|44 x� zlwk wkh vdph +�l, dv
lq rxu khwhurjhqhrxv eholhiv vhwwlqj1 Wklv lv lq sduwlfxodu wkh fdvh zkhq wkh vwdqgdug vhwwlqj
htxloleulxp kdv wkh vdph Odjudqjh pxowlsolhuv +ru htxlydohqwo| wkh vdph pdujlqdo ydoxdwlrqv,
dv lq rxu iudphzrun/ ru zkhq lqyhvwruv kdyh olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv/ vlqfh lq wkdw
fdvh +vhh h1j1 Kxdqj dqg Olw}hqehujhu/ 4<;;,/ wkh uhsuhvhqwdwlyh djhqw xwlolw| ixqfwlrq grhv qrw
ghshqg xsrq wkh lqglylgxdo Odjudqjh pxowlsolhuv +ru lqlwldo doorfdwlrqv,1

Zh uhfdoo wkdw zh ghqrwh e| �P wkh guliw ri wkh dgmxvwphqw surfhvv E +ru htxlydohqwo| ri
wkh frqvhqvxv fkdudfwhulvwlf P,/ zklfk phdqv wkdw ��P lv wkh �glvfrxqw udwh� dqg e| �P wkh
yrodwlolw| ri wkh frqvhqvxv eholhi P +ru htxlydohqwo| ri wkh frqvhqvxv fkdudfwhulvwlf P,1 Zh
hdvlo| rewdlq wkh iroorzlqj uhvxow1

Sursrvlwlrq 6141 Wkh guliw dqg yrodwlolw| ri wkh htxloleulxp vwdwh sulfh ghqvlw| t� zlwk khw0
hurjhqhrxv eholhiv duh jlyhq e|

�

�t� @ �t . �P . �P �t

�t� @ �t . �P

zkhuh �t dqg �t ghqrwh wkh guliw dqg yrodwlolw| ri wkh htxloleulxp vwdwh sulfh ghqvlw| lq wkh
vwdqgdug vhwwlqj1

Vlqfh wkh h{suhvvlrqv ri wkh pdunhw sulfh ri ulvn +PSU, dqg ri wkhulvn0iuhh udwh duh gluhfwo|
uhodwhg wr wkh guliw dqg yrodwlolw| ri wkh htxloleulxp vwdwh sulfh ghqvlw|/ zh vkdoo qrz dqdo|}h
wkh lpsdfw ri wkh lqwurgxfwlrq ri eholhi khwhurjhqhlw| rq wkhvh wzr txdqwlwlhv1

6141 Dgmxvwhg FFDSP dqg pdunhw sulfh ri ulvn

Zh vxssrvh wkh h{lvwhqfh ri d ulvnohvv dvvhw zlwk sulfh surfhvv V3 vxfk wkdw gV3
w @ ui

w V3
w gw dqg

ri d ulvn| dvvhw zlwk �fxp glylghqg� sulfh surfhvv

gVw @ Vw�U +w, gw . Vw�U +w, gZw �U A 3=

Vlqfh t� lv d vwdwh sulfh ghqvlw|/ wkh sulfh surfhvv V pxvw eh vxfk wkdw t�V lv d S 0pduwlqjdoh
vr wkdw/ dv lq wkh fodvvlfdo fdvh +vhh/ h1j1 Gx!h/ 4<<9/ ru Kxdqj dqg Olw}hqehujhu/ 4<;;,/ zh
rewdlq

�U � ui @ ��t� �U1 +614,

Qrz/ vlqfh t�
w @ P wEwx3 +w> h�

w , > zlwk E ri �qlwh yduldwlrq/ zh kdyh vhhq lq Sursrvlwlrq 6=4 wkdw

�t� @ �t . �P = +615,

Zh hdvlo| rewdlq wkh iroorzlqj h{suhvvlrq iru wkh pdunhw sulfh ri ulvn
�

�U�ui

�U

�

lq wkh khwhurjh0

qhrxv eholhiv vhwwlqj1

44Zh uhfdoo wkdw iru k M
�

U
W
n

��
c �kE|c %� 
 4@ S Q

l@4 %l$%

S�
�'�

�
kl

��E|c %���

46



Sursrvlwlrq 6151 Wkh pdunhw sulfh ri ulvn zlwk khwhurjhqhrxv eholhiv lv jlyhq e|

PS U ^khwhurjhqhrxv` @ ��t � �P +616,

@ PS U ^vwdqgdug` � �P

@ PS U ^krprjhqhrxv xqghu T` +617,

Wkh PSU zlwk khwhurjhqhrxv eholhiv lv juhdwhu +uhvs1 orzhu, wkdq lq wkh vwdqgdug vhwwlqj li
dqg rqo| li �P � 3 +uhvs1 �P � 3,1

Htxdwlrq +6=6, lv wkh FFDSP irupxod zlwk khwhurjhqhrxv eholhiv1 Wklv dgmxvwhg irupxod
gl�huv iurp wkh fodvvlfdo rqh rqo| wkurxjk wkh fkdqjh ri suredelolw| iurp S wr wkh frqvhqvxv
suredelolw| T dqg wkh PSU lq wkh khwhurjhqhrxv eholhiv vhwwlqj lv jlyhq e| wkh PSU lq dq
hfrqrp| zkhuh doo lqyhvwruv zrxog vkduh wkh vdph eholhi T= Wkh dgmxvwphqw surfhvv E sod|v qr
uroh1

Wkh lqwurgxfwlrq ri khwhurjhqhlw| lq wkh lqyhvwruv* eholhiv ohdgv wr d kljkhu +uhvs1 orzhu,
pdunhw sulfh ri ulvn li dqg rqo| li �P � 3 +uhvs1 �P � 3,= D qrqsrvlwlyh +uhvs1 qrqqhjdwlyh,

�P fruuhvsrqgv wr d shvvlplvwlf +uhvs1 rswlplvwlf, frqvhqvxv suredelolw|1 Lqghhg/ ohwwlqj Z T
w @

Zw �
U w

3
�P +v, gv> zh nqrz e| Jluvdqry*v wkhruhp wkdw Z T

w lv d T0Eurzqldq prwlrq/ dqg wkh

g|qdplfv ri wkh djjuhjdwh zhdowk h� xqghu T lv jlyhq e| gh�
w @ ^�w . �P +w, �w` h�

w gw . �wh
�
w gZ T

w >
khqfh d qrqsrvlwlyh �P ghfuhdvhv wkh lqvwdqwdqhrxv djjuhjdwh zhdowk jurzwk udwh1 Qrwlfh wkdw
d shvvlplvwlf frqvhqvxv suredelolw| zloo dovr v|vwhpdwlfdoo| ghfuhdvh wkh lqvwdqwdqhrxv udwh ri
uhwxuq ri dq| dvvhw wkdw lv srvlwlyho| fruuhodwhg zlwk djjuhjdwh zhdowk1 Zh kdyh wkhq rewdlqhg
wkdw wkh PSU zlwk khwhurjhqhrxv eholhiv lv juhdwhu wkdq lq wkh vwdqgdug vhwwlqj li dqg rqo| li
wkh frqvhqvxv suredelolw| lv shvvlplvwlf1 Lq idfw/ wkh pdunhw sulfh ri ulvn vxemhfwlyho| h{shfwhg lv
qrw prgl�hg e| wkh lqwurgxfwlrq ri vrph eholhi glvshuvlrq ru ri vrph shvvlplvp1 Lq rwkhu zrugv/
wkh uhdvrq wkdw shvvlplvp lqfuhdvhv wkh remhfwlyh h{shfwdwlrq ri wkh PSU lv qrw wkdw shvvlplvwlf
frqvxphuv uhtxluh d kljkhu ulvn suhplxp1 D shvvlplvwlf uhsuhvhqwdwlyh djhqw uhtxluhv wkh vdph
PSU exw klv2khu shvvlplvp ohdgv klp2khu wr xqghuhvwlpdwh wkh dyhudjh udwh ri uhwxuq ri htxlw|
+ohdylqj xqfkdqjhg klv2khu hvwlpdwlrq ri wkh ulvn0iuhh udwh,1 Wkxv wkh remhfwlyh h{shfwdwlrq ri
wkh PSU lv juhdwhu wkdq wkh uhsuhvhqwdwlyh djhqw*v vxemhfwlyh h{shfwdwlrq/ khqfh lv juhdwhu wkdq
wkh vwdqgdug PSU1

Rxu uhvxowv duh frqvlvwhqw zlwk wkrvh ri Deho +5333,/ Fhfkhwwl hw do1 +5333,/ Hsvwhlq dqg
Zdqj +4<<7,/ Kdqvhq hw do1 +4<<<,/ ru Dqghuvrq hw do1 +5333,/ zklfk lqwurgxfh glvwruwhg eholhiv
dvvrfldwhg zlwk fdxwlrxv2shvvlplvwlf lqglylgxdo ehkdylru1 Vlqfh zh kdyh rewdlqhg wkdw wkh PSU
lq wkh khwhurjhqhrxv eholhiv vhwwlqj lv lq idfw jlyhq e| wkh PSU xqghu wkh krprjhqhrxv eholhi
T/ zh duh dfwxdoo| ohg wr idfh wkh vdph lvvxh dv lq/ h1j1 Deho +5333,/ zkhuh lqyhvwruv doo kdyh wkh
vdph vxemhfwlyh suredelolw|/ gl�huhqw iurp wkh lqlwldo remhfwlyh suredelolw|1 Deho +5333, vkrzv
lq d glvfuhwh wlph vhwwlqj/ dqg iru srzhu xwlolw| ixqfwlrqv/ wkdw �xqlirup shvvlplvp� rq wkh
djhqwv* +frpprq, vxemhfwlyh suredelolw|45 ohdgv wr d kljkhu ulvn suhplxp1 Xqolnh lq wkh vhwwlqj
ri Deho*v sdshu/ lq rxu vhwwlqj zlwk khwhurjhqhrxv eholhiv/ wkhuh lv qr qhhg iru doo lqyhvwruv wr
eh shvvlplvwlf/ exw shvvlplvp dw wkh djjuhjdwh ohyho lv vx!flhqw lq rughu wr hqvxuh dq lqfuhdvh
lq wkh pdunhw sulfh ri ulvn1 Pruh suhflvho|/ lq wkh fdvh ri olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv/
wkhuh lv qr qhhg iru doo �l wr eh qrqsrvlwlyh/ lw vx!fhv wkdw vrph dyhudjh ri wkh �l/ qdpho|

45Gh�qhg dv d ohiwzdug wudqvodwlrq ri wkh remhfwlyh glvwulexwlrq ri wkh djjuhjdwh frqvxpswlrq1
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�P @
SQ

l@4 �l�l> eh qrqsrvlwlyh1 Zh vkdoo lq Vhfwlrq 7 h{soruh frqglwlrqv rq wkh lqglylgxdo
eholhiv xqghu zklfk wkh frqvhqvxv suredelolw| lv shvvlplvwlf +uhvs1 rswlplvwlf,1

6151 Ulvn0iuhh udwh

Zh kdyh mxvw vhhq wkdw wkh khwhurjhqhlw| ri eholhiv ohdgv wr d kljkhu pdunhw sulfh ri ulvn +uhvs1
orzhu, li dqg rqo| li wkh frqvhqvxv eholhi lv shvvlplvwlf +uhvs1 rswlplvwlf,1 Zh qrz wxuq wr wkh
dqdo|vlv ri wkh h{suhvvlrq ri wkh ulvn0iuhh udwh zlwk khwhurjhqhrxv eholhiv/ dqg lq sduwlfxodu/ zh
h{soruh li wkh srvvleoh lqfuhdvh ri wkh PSU +lqgxfhg e| d shvvlplvwlf djjuhjdwh suredelolw|, fdq
eh dvvrfldwhg zlwk d orzhulqj ri wkh ulvn0iuhh udwh1

Vlqfh t�V lv d S 0pduwlqjdoh/ zh hdvlo| jhw/ dv lq wkh fodvvlfdo fdvh +vhh Gx!h/ 4<<9/ ru Kxdqj
dqg Olw}hqehujhu/ 4<;;, wkdw

ui @ ��t� 1 +618,

Qrz/ vlqfh t� @ PEx3 +h�, > zlwk E ri �qlwh yduldwlrq/ zh kdyh vhhq lq Sursrvlwlrq 6=4 wkdw

�t� @ �t . �P . �P �t +619,

khqfh wkh iroorzlqj h{suhvvlrq ri wkh ulvn0iuhh udwh ui lq wkh khwhurjhqhrxv eholhiv vhwwlqj1

Sursrvlwlrq 6161 Wkh ulvn0iuhh udwh xqghu khwhurjhqhrxv eholhiv lv jlyhq e|

ui ^khwhurjhqhrxv` @ ��t � �P � �P �t +61:,

@ ui ^vwdqgdug` � �P . �P

�

�x33 +h�,

x3 +h�,
�h�

�

@ ui ^krprjhqhrxv xqghu T` � �P +61;,

Frqyhuvho| wr wkh PSU/ erwk wkh fkdqjh ri suredelolw| dqg wkh glvfrxqw idfwru kdyh dq
lpsdfw rq wkh ulvn0iuhh udwh1 Wkh lpsdfw ri wkh glvfrxqw idfwru lv uhsuhvhqwhg e| �P = Li E
lv qrqghfuhdvlqj +uhvs1 qrqlqfuhdvlqj,/ wkhq �P lv qrqqhjdwlyh +uhvs1 qrqsrvlwlyh, dqg frq0
wulexwhv wr d ghfuhdvh +uhvs1 lqfuhdvh, ri wkh ulvn0iuhh udwh1 Wklv h�hfw kdv d fohdu lqwhusuhwdwlrq>
frqvlghulqj +��P , dv d glvfrxqw udwh/ d qrqsrvlwlyh �P phdqv wkdw ixwxuh frqvxpswlrq lv ohvv
lpsruwdqw iru wkh uhsuhvhqwdwlyh djhqw/ dqg ohdgv wr d kljkhu htxloleulxp lqwhuhvw udwh1 Zh kdyh
vhhq wkdw iru srzhu xwlolw| ixqfwlrqv zlwk � � 4/ dv zhoo dv iru h{srqhqwldo xwlolw| ixqfwlrqv/ �P

lv qrqsrvlwlyh/ vr wkdw wkh h�hfw ri wkh djjuhjdwlrq eldv lv wrzdugv dq lqfuhdvh ri wkh lqwhuhvw
udwh1 Iru srzhu xwlolw| ixqfwlrqv zlwk � � 4/ zh rewdlq d qrqsrvlwlyh glvfrxqw udwh +��P ,1
Wklv lv lqwhuhvwlqj lq oljkw ri wkh ulvn0iuhh udwh sx}}oh1 Dv xqghuolqhg e| Zhlo +4<;<,/ �d ydoxh
ri � deryh 4 +zklfk fruuhvsrqgv lq rxu vhwwlqj wr d qrqsrvlwlyh glvfrxqw udwh, lv d frpsxwhu*v
vroxwlrq ri wkh ulvn0iuhh udwh sx}}oh�146

Wkh lpsdfw ri wkh fkdqjh ri suredelolw| iurp S wr wkh frqvhqvxv suredelolw| T lv uhsuhvhqwhg

e| wkh fryduldqfh �P

�

� x33+h�,
x3+h�, �h�

�

dqg frqwulexwhv wr d orzhulqj ri wkh ulvn0iuhh udwh li dqg rqo|

li T lv shvvlplvwlf/ l1h1 �P � 31 Wkh lqwhusuhwdwlrq lv wkh iroorzlqj= li frqvxphuv duh shvvlplvwlf

46 Lq klv vhwwlqj/ d ydoxh ri q deryh 4 fruuhvsrqgv wr dq h{rjhqhrxv qhjdwlyh glvfrxqw ri ixwxuh frqvxpswlrq
dqg grhv qrw fruuhvsrqg wr dq hfrqrplfdoo| phdqlqjixo ehkdylru1 Lq rxu vhwwlqj/ wkh srvvleo| qhjdwlyh glvfrxqw
udwh uhvxowv hqgrjhqhrxvo| iurp eholhi khwhurjhqhlw|1
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derxw wkh jurzwk udwh ri djjuhjdwh zhdowk/ wkhq uhodwlyh wr wkh vwdqgdug fdvh/ wkh| zloo dwwhpsw
wr uhgxfh fxuuhqw frqvxpswlrq dqg lqfuhdvh fxuuhqw vdylqjv1 Wkh dwwhpsw wr lqfuhdvh fxuuhqw
vdylqjv sxwv grzqzdug suhvvxuh rq wkh lqwhuhvw udwh1

Frpelqlqj erwk h�hfwv/ zh rewdlq wkdw wkh lpsdfw ri khwhurjhqhlw| ri lqyhvwruv* eholhiv
lv wrzdugv d orzhu +uhvs1 kljkhu, ulvn0iuhh udwh li wkh djjuhjdwh suredelolw| lv shvvlplvwlf +uhvs1
rswlplvwlf, dqg li E lv qrqghfuhdvlqj +uhvs1 qrqlqfuhdvlqj,1 Wkh h�hfw pd| uhpdlq/ iru lqvwdqfh/
grzqzdugv/ li wkh djjuhjdwh suredelolw| lv shvvlplvwlf/ dqg li E lv qrqlqfuhdvlqj dv orqj dv m�P m
lv �vpdoo�/ zklfk lv dvvrfldwhg lq fodvvlfdo h{dpsohv zlwk d vpdoo glvshuvlrq ri eholhiv1

6161 Dvvhw sulfh

Dgrswlqj wkh vdph dssurdfk dv lq wkh vwdqgdug vhwwlqj/ zh hdvlo| rewdlq wkdw iru d ulvn| dvvhw
zlwk sulfh surfhvv V dqg glylghqg |lhog surfhvv h�/

t�
w Vw @ Hw

%

] W

w

t�
v h�

vgv

&

zlwk t�
w @ P wEwx

3 +w> h�
w , > vr wkdw wkh dvvhw sulfh lq d khwhurjhqhrxv eholhiv vhwwlqj lv jlyhq e|

Vw ^khwhurjhqhrxv` @
4

x3 +w> h�
w ,

HT
w

%

] W

w

Ev

Ew
x3 +v> h�

v, h�
vgv

&

zklfk lv wr eh frpsduhg zlwk wkh iroorzlqj dvvhw sulfh irupxod lq wkh vwdqgdug vhwwlqj=

Vw ^vwdqgdug` @
4

x3 +w> h�
w ,

HS
w

%

] W

w

x3 +v> h�
v, h�

vgv

&

=

Dv lq wkh ulvn0iuhh udwh dqdo|vlv/ erwk h�hfwv ri wkh fkdqjh ri suredelolw| dqg ri wkh glvfrxqw
idfwru duh wr eh qrwlfhg1

Li E lv qrqlqfuhdvlqj/ zklfk lv wkh fdvh iru olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv zkhq � � 4/
wkh h�hfw ri wkh glvfrxqw idfwru lv wrzdugv d orzhulqj ri wkh dvvhw sulfh/ dqg lq wkdw fdvh/

Vw ^khwhurjhqhrxv` � 4

x3 +w> h�
w ,

HT
w

%

] W

w

x3 +v> h�
v, h�

vgv

&

zklfk phdqv wkdw wkh dvvhw sulfh xqghu khwhurjhqhrxv eholhiv lv orzhu wkdq wkh dvvhw sulfh lq d
prgho zkhuh doo lqyhvwruv vkduh wkh vdph suredelolw| T1 Wkh frqyhuvh h�hfw rffxuv iru jhqhudo
srzhu xwlolw| ixqfwlrqv zlwk � � 41 Wkh lqwhusuhwdwlrq khuh djdlq lv fohdu vlqfh E uhsuhvhqwv d
glvfrxqw idfwru1

Rq wkh rwkhu kdqg/ wkh fkdqjh ri suredelolw| h�hfw fdq eh phdvxuhg wkurxjk wkh frpsdulvrq

ehwzhhq HT
w

k

U W

w
x3 +v> h�

v, h�
vgv

l

dqg HS
w

k

U W

w
x3 +v> h�

v, h�
vgv

l

1 Wkh h�hfw lv wrzdugv d udlvlqj +uhvs1

orzhulqj ri wkh dvvhw sulfh, zkhq HT
w ^x3 +v> h�

v, h�
v` � HS

w ^x3 +v> h�
v, h�

v`/ zklfk djdlq lv uhodwhg wr
wkh shvvlplvp2rswlplvp ri wkh frqvhqvxv eholhi T1 Lqghhg/ frqvlghu iru lqvwdqfh wkh fdvh ri

srzhu xwlolw| ixqfwlrqv/ x3 +{, @ +�{,�4@� > dqg vxssrvh wkdw iru doo w/ �w dqg �w duh ghwhuplqlvwlf1
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Wkhq HT
w ^x3 +v> h�

v, h�
v ` @ HT

w

k

+h�
v,4�4@�

l

/ dqg lw lv hdv| wr vhh +vhh wkh dsshqgl{/ Surri ri

Lqhtxdolw| +6=<, wkdw li wkh frqvhqvxv suredelolw| lv shvvlplvwlf/ l1h1 li �P � 3> dqg li � � 4> wkhq

HT
w

k

+h�
v,

4�4@�
l

� HS
w

k

+h�
v,

4�4@�
l

= +61<,

71 Dssolfdwlrqv

Zh kdyh suryhg lq Vhfwlrq 5 wkh h{lvwhqfh ri d frqvhqvxv eholhi P prgxor wkh lqwurgxfwlrq ri d
glvfrxqw idfwru E/ dqg dqdo|}hg lq Vhfwlrq 6 wkh lpsdfw ri khwhurjhqhrxv eholhiv rq dvvhw sulflqj
wkurxjk �P +wkh guliw ri E,> dqg �P +wkh yrodwlolw| ri wkh frqvhqvxv eholhi P,1 Iru lqvwdqfh/ zh
kdyh vhhq wkdw wkh lqwurgxfwlrq ri khwhurjhqhlw| lq wkh lqyhvwruv* eholhiv ohdgv wr d kljkhu +uhvs1
orzhu, pdunhw sulfh ri ulvn li dqg rqo| li wkh djjuhjdwh lqyhvwru lv shvvlplvwlf +uhvs1 rswlplvwlf,/
l1h1 li dqg rqo| li �P � 3 +uhvs1 �P � 3,1 Wkh sureohp lv qrz wr lghqwli| wkh vlwxdwlrqv zkhuh
�P � 3 ru pruh jhqhudoo|/ wr ghwhuplqh P> �P dqg �P 1

Zh vkdoo irfxv lq wklv vhfwlrq rq wkh fdvh ri olqhdu ulvn0wrohudqfh xwlolw| ixqfwlrqv/ dqg lq
rughu wr glvhqwdqjoh wkh lqlwldo zhdowk h�hfw dqg wkh sxuh ulvn dyhuvlrq h�hfw/ zh zloo dqdo|}h
vhsdudwho| wkh fdvh ri h{srqhqwldo xwlolw| ixqfwlrqv dqg wkh fdvh ri srzhu xwlolw| ixqfwlrqv1 Lq
sduwlfxodu/ zh zloo vhh wkdw wkh rswlplvp2shvvlplvp dw wkh djjuhjdwh ohyho lv gluhfwo| uhodwhg wr
wkh fruuhodwlrq ehwzhhq lqglylgxdo rswlplvp2shvvlplvp dqg ulvn dyhuvlrq lq wkh �uvw fdvh dqg
wr wkh fruuhodwlrq ehwzhhq lqglylgxdo rswlplvp2shvvlplvp dqg lqlwldo zhdowk lq wkh vhfrqg fdvh1

7141 H{srqhqwldo xwlolw| ixqfwlrqv dqg wkh ulvn dyhuvlrq h�hfw

Lq wkh fdvh ri h{srqhqwldo xwlolw| ixqfwlrqv/ wkh sdudphwhuv lqyroyhg lq wkh h{suhvvlrqv ri P>
�P dqg �P duh h{rjhqrxvo| ghwhuplqhg1 Lqghhg/ zh kdyh/ iru xwlolw| ixqfwlrqv ri wkh irup

x3
l +{, @ dl h{s

�

� {
�l

�

>

P @
Q

\

l@4

�

P l
��l@��

>

�P @
Q

[

l@4

�l

��
�l>

�P @ �4

5

5

7

Q
[

l@4

�l

��

�

�l
�5 �

#

Q
[

l@4

�l

��
�l

$5
6

8 >

� +PS U, @ ��P > � +Ulvn Suhplxp, @ ��P �U

�
�

ui
�

@ ��P . �h��P

zkhuh iru d jlyhq htxloleulxp fkdudfwhulvwlf { +ulvn suhplxp/ pdunhw sulfh ri ulvn/ ulvn0iuhh udwh/
hwf1, � +{, vwdqgv iru wkh gl�huhqfh ehwzhhq wkh ydoxh ri { lq wkh khwhurjhqhrxv eholhiv vhwwlqj
dqg lq wkh vwdqgdug vhwwlqj1 Wkh djjuhjdwh fkdudfwhulvwlf P +uhvs1 wkh djjuhjdwh eholhi yrodwlolw|
�P , ryhuzhljkwv wkh lqglylgxdo eholhiv P l +uhvs1 wkh lqglylgxdo eholhi yrodwlolwlhv �l, iru zklfk �l

lv juhdwhu wkdq wkh dyhudjh dqg xqghuzhljkwv wkh eholhiv P l +uhvs1 wkh yrodwlolwlhv �l, iru zklfk
�l lv vpdoohu wkdq wkh dyhudjh1
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Li doo �l duh htxdo/ wkhq P @
TQ

l@4

�

P l
�4@Q

dqg �P @ 4
Q

SQ
l@4 �l> zklfk phdqv wkdw wkh

frqvhqvxv fkdudfwhulvwlf P lv dq htxdo0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv dqg fruuhvsrqgv
wr wkh qrwlrq ri d frqvhqvxv fkdudfwhulvwlf lq wkh frpprq vhqvh1 Wkh lpsdfw rq wkh ulvn suhplxp
lv vlpso| jlyhq e| wkh shvvlplvp2rswlplvp ri wkh �htxdo0zhljkwhg dyhudjh� lqyhvwru1 Li wkh
lqyhvwruv duh rq dyhudjh rswlplvwlf +uhvs1 shvvlplvwlf,/ wkhq wkh ulvn suhplxp lv orzhu +uhvs1
kljkhu, wkdq lq wkh vwdqgdug vhwwlqj1 Lq sduwlfxodu/ li zh vxssrvh wkdw wkhuh lv qr v|vwhpdwlf

eldv lq wkh eholhiv/ l1h1 wkdw Hd

�

�l
�

� 4
Q

SQ
l@4 �l @ 3> wkhq zh jhw wkdw wkh pdunhw sulfh ri

ulvn uhpdlqv xqfkdqjhg zlwk uhvshfw wr wkh vwdqgdug vhwwlqj1 Ixuwkhupruh/ wkh lpsdfw ri eholhi
khwhurjhqhlw| rq wkh lqwhuhvw udwh lv prghudwh dqg wrzdugv udlvlqj ri wkh lqwhuhvw udwh1

Frqvlghu qrz wkh vhwwlqj zlwk gl�huhqw ulvn0wrohudqfh sdudphwhuv �l1 Lq wkdw fdvh/ �P @
Hd

�

�l
�

. fryd

�

�l
��

> �l
�

zkhuh Hd dqg fryd ghqrwh wkh djhqwv* htxdo0zhljkwhg h{shfwdwlrq dqg
fryduldqfh1 Wkh �uvw h�hfw rq wkh yrodwlolw| �P +khqfh rq wkh ulvn suhplxp, lv jlyhq dv lq
wkh suhylrxv fdvh e| wkh dyhudjh ohyho ri rswlplvp2shvvlplvp Hd

�

�l
�

1 Wkh vhfrqg h�hfw lv
jlyhq e| wkh fryduldqfh ehwzhhq ulvn0wrohudqfh2dyhuvlrq dqg rswlplvp2shvvlplvp1 Li zh vxssrvh
wkdw wkhuh lv qr v|vwhpdwlf eldv lq wkh eholhiv dqg wkdw wkhuh lv qr fruuhodwlrq ehwzhhq ulvn0
wrohudqfh2dyhuvlrq/ wkhq wkh eholhi khwhurjhqhlw| kdv qr lpsdfw rq wkh pdunhw sulfh ri ulvn1 Li zh
dvvxph wkdw wkhuh lv vrph fruuhodwlrq ehwzhhq ulvn0wrohudqfh2dyhuvlrq dqg rswlplvp2shvvlplvp/
e| iru lqvwdqfh dvvxplqj wkdw wkh pruh ulvn wrohudqw lqyhvwruv duh shvvlplvwlf +uhvs1 rswlplvwlf,
dqg wkh ohvv ulvn wrohudqw lqyhvwruv duh rswlplvwlf +uhvs1 shvvlplvwlf,/ wkhq wkh vhfrqg h�hfw
fruuhvsrqgv wr dq lqfuhdvh +uhvs1 ghfuhdvh, ri wkh pdunhw sulfh ri ulvn dqg wr d ghfuhdvh +uhvs1
lqfuhdvh, ri wkh lqwhuhvw udwh +dv vrrq dv wkh glvshuvlrq uhpdlqv prghudwh,147 Frqyhuvho|/ li
ulvn0wrohudqfh dqg rswlplvp duh srvlwlyho| fruuhodwhg/ wklv lqgxfhv d orzhu ulvn suhplxp iru
dvvhwv zlwk d kljkhu glvshuvlrq1 Lw uhpdlqv wr dqdo|}h wkh ydolglw| ri vxfk d srvlwlyh2qhjdwlyh
fruuhodwlrq1 Wklv frxog eh grqh wkurxjk ehkdylrudo ru sv|fkrorjlfdo hpslulfdo vwxglhv/ dqg wr
rxu nqrzohgjh/ wklv txhvwlrq lv vwloo rshq1 Wklv frxog dovr eh grqh wkurxjk wkh lqwurgxfwlrq lq
rxu prgho ri d vshfl�f ohduqlqj surfhvv zklfk zrxog ohdg wr vxfk d fruuhodwlrq/ dqg wklv lv ohiw
iru ixwxuh uhvhdufk148

7151 Srzhu xwlolw| ixqfwlrqv dqg lqlwldo zhdowk h�hfw

Zh kdyh vhhq wkdw lq wkh fdvh ri srzhu xwlolw| ixqfwlrqv/ l1h1 iru xwlolw| ixqfwlrqv ri wkh irup
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47Zh rewdlq dqdorjrxv uhvxowv rq wkh h{shfwhg ydoxh ri wkh pdunhw sulfh ri ulvn li zh gh�qh d shvvlplvwlf +uhvs1

rswlplvwlf, lqyhvwru e| . dB�o $ f +uhvs1 . dB�o D f, ru pruh jhqhudoo| li zh vxssrvh wkdw
S�

�'� w�.
�

B�
�

$ f

+uhvs1
S�

�'� w�.
�

B�
�

D f,1
48Rqfh djdlq/ qrwlfh wkdw wkh lqwurgxfwlrq ri vxfk d ohduqlqj surfhvv lv frqvlvwhqw zlwk rxu iudphzrun1

4;



� +PS U, @ ��P > � +Ulvn Suhplxp, @ ��P �U>
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�
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Ohw xv dqdo|}h wkhvh irupxodv lq wkh vshfl�f iudphzrun ri wzr djhqwv/ zlwk frqvwdqw yrodwlo0
lw| sdudphwhuv �l1 Wkh djjuhjdwh fkdudfwhulvwlf P +uhvs1 wkh djjuhjdwh eholhi yrodwlolw| �P ,
ryhuzhljkwv wkh lqglylgxdo eholhi P l +uhvs1 wkh lqglylgxdo eholhi yrodwlolw| �l, iru zklfk +4@�l,

�

+uhvs1
�

P l@�l

��
, lv juhdwhu1 Wkh sureohp lv wkdw wkh sdudphwhuv +4@�l,

� dqg
�

P l@�l

��
duh

hqgrjhqrxvo| vshfl�hg1
Lq wkh fdvh ri orjdulwkplf xwlolw| ixqfwlrqv +� @ 4,/ zh hdvlo| rewdlq wkdw 4@�l @ zl/ zkhuh

zl @ H
k

U W

3
twhl�

w gw
l

ghqrwhv lqyhvwru l*v lqlwldo zhdowk dqg wkh frqvhqvxv eholhi lv d zhdowk0

zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv +vhh Uxelqvwhlq/ 4<:9,1 Zh suryh lq wkh vhtxho wkdw
wklv odvw uhvxow uhpdlqv wuxh/ lq dq dssur{lpdwh zd|/ iru srzhu xwlolw| ixqfwlrqv1

Zh vwduw e| surylqj wkdw
�

�4

�5

���

lv dssur{lpdwho| htxdo wr z4

z5
1 Pruh suhflvho|=

Ohppd 7141 Zkhq wkh sdudphwhuv +�4> �5> �> �, duh frqvwdqw/ zh kdyh

z4

z5
h{s n5%� �

�

�4

�5

���

� z4

z5
h{s n4%�

zkhuh % lv jlyhq e| m�4��5m
5 dqg n4 @ pd{

�

5
�

4 � 4
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+%� � �,. > �5
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1

Wklv phdqv wkdw iru d vpdoo glvshuvlrq ri eholhiv +l1h1 iru vpdoo %,/ wkh djjuhjdwh fkdudf0
whulvwlf P fdq eh dssur{lpdwhg e| wkh zhdowk0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv/ jlyhq

e|
k�

z4

z4.z5

�

�

P 4
��

.
�

z5

z4.z5

�

�

P5
��

l4@�

1 Wkh frqvhqvxv fkdudfwhulvwlf lv qrw lq jhqhudo dq

htxdo0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv/ exw lw uh hfwv wkh rswlplvp2shvvlplvp ri wkh
�zhdowklhu� djhqw1 Ghshqglqj rq wkh uhodwlyh zhdowk ri wkh djhqwv/ wkhuh lv d eldv wrzdugv
rswlplvp ru shvvlplvp1

Qrwh wkdw lq wkh fdvh ri wzr djhqwv zlwk wkh vdph lqlwldo zhdowk/ zh suryh +vhh wkh dsshqgl{,
wkdw wkhuh lv d eldv wrzdugv rswlplvp +uhvs1 shvvlplvp, zkhq � ? 4 +uhvs1 � A 4,> hyhq li wklv

h�hfw lv qhjoljleoh/ vlqfh dv vwdwhg lq Ohppd 7=4 wkh uhodwlyh zhljkw
�

�4

�5

���

lv qhdu 4=

Dv d gluhfw dssolfdwlrq ri Ohppd 7=4> zh surylgh lq Wdeoh 4 qxphulfdo uhvxowv iru wkh xsshu

erxqg ri wkh uhodwlyh huuru wkdw zh pdnh zkhq zh dssur{lpdwh wkh sdudphwhu
�

���
4

���
4 .���

5

�

e|
�

z4

z4.z5

�

1

WDEOH 4

Wkh frqvhqvxv fkdudfwhulvwlf P lv d zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv P 4 dqg P5= Iru d
eholhi glvshuvlrq % htxdo wr 315 dqg 3166 dqg iru djjuhjdwh zhdowk yrodwlolw| � @ 3=48/ wkh dssur{lpdwlrq

ri wkh zhljkw ri P4 +jlyhq e|
���

4

���
4 .���

5

, e| wkh uhodwlyh zhdowk
�

z4

z4.z5

�

ohdgv wr wkh iroorzlqj xsshu

erxqgv iru wkh uhodwlyh huuruv1
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@ 6 z4
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% @ 3=5 % @ 3=66 % @ 3=5 % @ 3=66 % @ 3=5 % @ 3=66
� @ 3=5 6=37( 8=:3( 4=7:( 5=9<( 3=8<( 4=3;(
� @ 3=8 5=83( 8=4<( 4=55( 5=7:( 3=7<( 3=<<(
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Lw dsshduv iurp Wdeoh 4 wkdw iru d odujh udqjh ri srvvleoh ydoxhv iru � +qdpho| � 5 `3=5> 4=8^,/
wkhuh lv d vlpsoh zd| wr ghwhuplqh wkh djjuhjdwh fkdudfwhulvwlf zlwk d uhdvrqdeoh suhflvlrq= lw
vx!fhv wr dssur{lpdwh lw e| wkh zhdowk0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhiv149

Dv idu dv wkh ulvn suhplxp lv frqfhuqhg/ zh kdyh vhhq/ lq Vhfwlrq 6/ wkdw wkh lpsdfw ri
wkh khwhurjhqhlw| ri eholhiv lv phdvxuhg e| �U�P / zkhuh �U ghqrwhv wkh yrodwlolw| ri wkh dvvhw
xqghu frqvlghudwlrq= Zh suryh wkdw wkh h{shfwhg ydoxh ri wkh frqvhqvxv eholhi yrodwlolw| �P lv
dssur{lpdwho| jlyhq e| wkh zhdowk0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhi yrodwlolwlhv �l= Wkh
iroorzlqj ohppd jlyhv dq xsshu erxqg iru wkh huuru lqgxfhg e| wklv dssur{lpdwlrq lq wkh vshfl�f
fdvh ri qr v|vwhpdwlf eldv/ l1h1 zkhq Hd ^�l` @ 3> �4 @ ��5 @ %1 D vlplodu dssur{lpdwlrq fdq eh
rewdlqhg lq wkh jhqhudo fdvh1

Ohppd 7151 Li �4 @ ��5 @ % 5 U
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./ wkhq
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Dv d gluhfw dssolfdwlrq ri wklv ohppd/ zh surylgh lq Wdeoh 5 iru gl�huhqw ydoxhv ri eholhi
glvshuvlrq %> fdxwlrxvqhvv sdudphwhu �> dqg zhdowk udwlr z4

z5
> dq hvwlpdwlrq ri wkh lpsdfw ri

eholhi khwhurjhqhlw| rq wkh pdunhw sulfh ri ulvn/ dv zhoo dv wkh huuru pdgh1

WDEOH 5

Wkh lpsdfw ri wkh eholhi khwhurjhqhlw| rq wkh pdunhw sulfh ri ulvn �+PS U, lv dssur{lpdwho| jlyhq

e| wkh zhdowk0zhljkwhg dyhudjh ri wkh lqglylgxdo iruhfdvw huuruv +gl�huhqfh ehwzhhq wkh dfwxdo guliw dqg

wkh vxemhfwlyh guliw,1 Lq wklv wdeoh/ zh surylgh iru gl�huhqw ydoxhv ri wkh eholhi glvshuvlrq % dqg gl�huhqw

ydoxhv ri wkh zhdowk glvshuvlrq z4

z5
/ wkh ydoxh ri wklv dssur{lpdwh lpsdfw1 Wklv ydoxh grhv qrw ghshqg

rq wkh fdxwlrxvqhvv sdudphwhu �= Krzhyhu/ wkh h{dfw ydoxh ri wklv lpsdfw ghshqgv rq � dqg dq xsshu

49Qrwlfh wkdw hpslulfdo vwxglhv vxssruw d ydoxh ri # qhdu 4 dqg ehorz 41
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erxqg iru wkh dssur{lpdwlrq huuru lv surylghg iru gl�huhqw ydoxhv ri �= Qrwh wkdw wklv xsshu erxqg lv

doprvw dozd|v orzhu wkdq 3134/ zklfk phdqv wkdw zh kdyh d jrrg dssur{lpdwlrq ri �+PS U,=

% @ 3=5 % @ 3=6
z4

z5
< 6 4 < 6 4

�+PS U, � 3149 314 3 31597 3148 3
Xsshu erxqg rq wkh huuru ri dssur{lpdwlrq�436

� @ 3=5 5= 46 7= 7< 9= 3: 8= 55 44= 3 48= 4
� @ 3=8 4= :9 6= :3 7= << 7= 9; <= ;< 46= 7
� @ 3=< 4= <4 5= 87 4= 65 9= :9 <= 4< 6= ;8
� @ 4 5= 63 6= 33 3 := :: 44= 3 3

� @ 43
< 6= 7; 7= <; 49= : 44= 9 49= 7 8= 36

Wkh zhdowk0zhljkwhg dyhudjh ri wkh lqglylgxdo eholhi yrodwlolwlhv lv wkhq d jrrg dssur{lpdwlrq
ri wkh h{shfwhg ydoxh ri wkh djjuhjdwh eholhi yrodwlolw|1 Wklv shuplwv d vlpsoh dqdo|vlv ri wkh
lpsdfw ri wkh lqwurgxfwlrq ri eholhi khwhurjhqhlw| rq wkh ulvn suhplxp1

Wklv lpsdfw lv gluhfwo| uhodwhg wr wkh uhodwlyh zhdowk glvwulexwlrq dprqj rswlplvwv dqg shv0
vlplvwv1 Wkh frqvhqvxv eholhi yrodwlolw| uh hfwv wkh rswlplvp2shvvlplvp ri wkh �zhdowklhu� djhqw1
Li zhdowk lv srvlwlyho| fruuhodwhg zlwk rswlplvp/ zklfk vhhpv wr eh vxssruwhg e| hpslulfdo vwxg0
lhv/4: zh rewdlq d orzhu h{shfwhg ulvn suhplxp iru dvvhwv zlwk kljk eholhi glvshuvlrq1 Sulfhv zloo
uh hfw wkh rswlplvwlf ylhz/ hyhq wkrxjk vkruw vdoh frqvwudlqwv duh qrw sduw ri rxu prgho1 Wklv
uhvxow lv frqvlvwhqw zlwk wkh hpslulfdo vwxg| ri Glhwkhu hw do1 +5335,/ zkr �surylgh hylghqfh
wkdw vwrfnv zlwk kljkhu glvshuvlrq lq dqdo|vwv* hduqlqjv iruhfdvwv hduq orzhu ixwxuh uhwxuqv wkdq
rwkhuzlvh vlplodu vwrfnv�1

Iru h{dpsoh/ ohw xv vxssrvh wkdw wkh yrodwlolw| � ri djjuhjdwh zhdowk h� lv htxdo wr 8(/ dqg
wkdw lwv guliw � lv htxdo wr 6(/ dqg ohw xv dvvxph wkdw wkh rswlplvwv* +uhvs1 shvvlplvwv*, eholhi
iru wklv guliw ghqrwhg e| �4+uhvs1 �5, lv htxdo wr 8( +uhvs1 4(,14; Ohw xv dovr vxssrvh wkdw wkh
rswlplvwv* zhdowk lv wkuhh wlphv odujhu wkdq wkdw ri shvvlplvwv1 Wkh ulvn suhplxp lv wkhq 6(
orzhu wkdq lq wkh vwdqgdug vhwwlqj iru dq dvvhw zkrvh yrodwlolw| lv htxdo wr 48(14<

Li zh qrz lqwurgxfh vrph eldv lq wkh lqyhvwruv* eholhiv/ dqg vxssrvh dv lq/ h1j1 Deho +5333,
wkdw wkh lqyhvwruv duh rq dyhudjh shvvlplvwlf +l1h1 wkdw � @ Hd

�

�l
�

? 3,/ wkhq zh rewdlq wkdw wkh

frqvhqvxv eholhi yrodwlolw| lv lq h{shfwhg ydoxh dssur{lpdwhg e| � .
�

z4�z5

z4.z5

�

%> zklfk uhpdlqv

qhjdwlyh li wkh glvshuvlrq ri eholhiv % ru ri zhdowk lv vpdoo1 Dv deryh/ wkh ulvn suhplxp lv orzhu
iru vwrfnv zlwk kljkhu eholhi glvshuvlrq1 Exw lq wklv vlwxdwlrq/ wkh ulvn suhplxp lv kljkhu dqg wkh
ulvn0iuhh udwh orzhu wkdq lq wkh vwdqgdug vhwwlqj/ zklfk lv lqwhuhvwlqj lq oljkw ri wkh ulvn suhplxp
dqg ulvn0iuhh udwh sx}}ohv1

Lq rughu wr fdoleudwh wkh prgho zlwk pdunhw gdwd/ ohw xv dvvxph wkdw �h @ 6=9(> �h @ 4=;(
dqg �U @ 49=;(= Wkhvh �jxuhv fruuhvsrqg wr wkh revhuyhg yrodwlolw| dqg guliw iru wkh XV
frqvxpswlrq gxulqj wkh odvw fhqwxu| dqg wr wkh pdunhw sruwirolr yrodwlolw| gxulqj wkh vdph
shulrg +Jurvvpdq dqg Vkloohu/ 4<;4,1 Lq Wdeoh 6/ zh surylgh iru wkhvh vshfl�fdwlrqv dqg iru

4:Iru lqvwdqfh/ wkh lqgh{ ri frqvxphu vhqwlphqw sxeolvkhg e| wkh Xqlyhuvlw| ri Plfkljdq lv v|vwhpdwlfdoo|
kljkhu iru idplolhv zlwk lqfrph deryh '83 333 wkdq iru idplolhv zlwk lqfrph xqghu '83 3331

4;Wklv fruuhvsrqgv wr d qrqv|vwhpdwlf eldv vlwxdwlrq +B ' f� zlwk { ' k43k5
2q

' f�e�

4< Lqghhg/ lw lv lpphgldwh wkdw wkh lpsdfw 3j-B� rq wkh ulvn suhplxp lv htxdo wr 0 jU
q

�

k4�4nk5�5
�4n�5

3 k
�

�
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gl�huhqw ydoxhv ri wkh zhdowk glvwulexwlrq sdudphwhu z4

z4.z5
/ ri wkh fdxwlrxvqhvv sdudphwhu �/ ri

wkh dyhudjh eholhi � dqg ri eholhi glvshuvlrq %/ wkh htxloleulxp ulvn suhplxp dqg ulvn0iuhh udwh1
Li �� @ % @ 3/ wkhuh lv qr eholhi khwhurjhqhlw| dqg wkh frpprq eholhi fruuhvsrqgv wr wkh wuxh
suredelolw| +udwlrqdo h{shfwdwlrqv,1 Lq wkdw fdvh/ wkh hvwlpdwhg ulvn suhplxp lv wrr orz1 Zkhq
� ghfuhdvhv/ lw lv srvvleoh wr rewdlq kljkhu ydoxhv iru wkh ulvn suhplxp> krzhyhu/ wkh ulvn0iuhh
udwh ehfrphv wkhq wrr kljk1 Wkhvh revhuydwlrqv fruuhvsrqg wr wkh fodvvlfdo ulvn suhplxp dqg
ulvn0iuhh udwh sx}}ohv +vhh Nrfkhuodnrwd/ 4<<9/ iru d vxuyh| rq wkhvh �sx}}ohv�,1

Li zh qrz lqwurgxfh vrph eholhi glvshuvlrq zlwkrxw djjuhjdwh eldv +�� @ 3,> zh rewdlq d
ghfuhdvh ri wkh ulvn suhplxp dqg d srvvleoh lqfuhdvh ri wkh ulvn0iuhh udwh1 Li zh lqwurgxfh vrph
shvvlplvp +�� ? 3, zlwkrxw eholhi glvshuvlrq/ zh rewdlq kljkhu ulvn suhpld dqg orzhu ulvn0iuhh
udwhv= wkh lqwurgxfwlrq ri vrph shvvlplvp pljkw eh d srvvleoh sduwldo h{sodqdwlrq ri wkh sx}}ohv
+vhh h1j1 Deho/ 5333,1

Ilqdoo|/ li zh lqwurgxfh vrph shvvlplvp +�� ? 3, dv zhoo dv vrph eholhi glvshuvlrq/ zh vhh �uvw
wkdw zh rewdlq d kljkhu ulvn suhplxp dqg d orzhu ulvn0iuhh udwh wkdq lq wkh vwdqgdug vhwwlqj/
dqg vhfrqg wkdw dvvhwv zlwk kljk eholhi glvshuvlrq kdyh d orzhu ulvn suhplxp wkdq wkrvh zlwk
orz eholhi glvshuvlrq1 Wklv shuplwv xv wkhq wr sursrvh dq h{sodqdwlrq ri Glhwkhu hw do1 +5335,
�qglqjv +dw ohdvw lq wklv vlpsoh wzr0djhqw prgho dqg iru vrph sdudphwhu vshfl�fdwlrq,/ wkdw lv
frpsdwleoh zlwk d �uhvroxwlrq� ri wkh ulvn suhplxp dqg ulvn0iuhh udwh sx}}ohv1

WDEOH 6

Lq wklv wdeoh/ iru �h@ 6=9(> �h@ 4=;( dqg �U@ 49=;(> zh uhsruw wkh ydoxhv ri wkh ulvn suhplxp

dqg ri wkh ulvn0iuhh udwh iru gl�huhqw ydoxhv ri wkh fdxwlrxvqhvv sdudphwhu �/ wkh dyhudjh eholhi �� dqg

wkh eholhi glvshuvlrq %1

+US (> u(, �� @ 3 �� @ �3=58
� z4

z4.z5
% @ 3 % @ 3=43 % @ 3 % @ 3=43 % @ 3=53 % @ 3=63

3=8 3=8 +5=4> 6=5, +5=4> 5=<, +<=9> 4=7, +<=9> 4=4, +<=9> 3=7, +<=9> �3=;,
3=< +5=4> 6=5, +�3=5> 6=:, +<=9> 4=7, +:=5> 4=<, +7=;> 5=5, +5=7> 5=6,

3=< 3=8 +4=5> 4=;, +4=5> 4=;, +;=:> 3=;, +;=:> 3=;, +;=:> 3=9, +;=:> 3=7,
3=< +4=5> 4=;, +�4=5> 5=4, +;=:> 3=;, +9=6> 4=4, +6=<> 4=7, +4=8> 4=9,

4=4 3=8 +3=<> 4=8, +3=<> 4=8, +;=7> 3=:, +;=7> 3=:, +;=7> 3=<, +;=7> 4=4,
3=< +3=<> 4=8, +�4=7> 4=;, +;=7> 3=:, +9=3> 3=<, +6=9> 4=6, +4=5> 4=9,

81 Frqfoxglqj dqg dgglwlrqdo uhpdunv

Lq wklv sdshu/ zh surylgh dq djjuhjdwlrq surfhgxuh zklfk shuplwv xv wr uhzulwh lq d vlpsoh
zd| wkh htxloleulxp fkdudfwhulvwlfv +vwdwh sulfh ghqvlw|/ pdunhw sulfh ri ulvn/ ulvn suhplxp/
ulvn0iuhh udwh, lq d khwhurjhqhrxv eholhiv iudphzrun dqg wr frpsduh wkhp zlwk dq rwkhuzlvh
vlplodu vwdqgdug vhwwlqj1 Zh suryh wkdw lq pdq| fdvhv/ wkh lpsdfw ri eholhi khwhurjhqhlw| rq wkh
pdunhw sulfh ri ulvn fdq eh hdvlo| dssur{lpdwhg zlwk d uhodwlyho| jrrg suhflvlrq e| frqvlghulqj
wkh zhdowk0zhljkwhg dyhudjh eholhi1 Rxu uhvxowv shuplw xv wr h{sodlq wkh �qglqjv ri Glhwkhu
hw do1 +5335,1 Ixuwkhupruh/ lw vhhpv srvvleoh wr frqvwuxfw vshfl�f sdudphwul}dwlrqv ri wkh
khwhurjhqhrxv eholhiv prgho/ wkdw ohdg wr joredoo| kljkhu ulvn suhpld/ orzhu ulvn0iuhh udwhv/ dqg
ulvn suhpld wkdw duh orzhu iru dvvhwv zlwk kljkhu eholhi glvshuvlrq1
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Rxu djjuhjdwlrq surfhgxuh fdq dovr eh xvhg iru wkh vwxg| ri prghov zlwk frqvwudlqwv1 Lqghhg/
ohw xv frqvlghu d prgho zkhuh lqyhvwruv vkduh frpprq eholhiv exw duh vxemhfwhg wr srvvleoh vkruw
vdoh frqvwudlqwv1 Wkh htxloleulxp sulfhv dqg doorfdwlrqv lq vxfk d prgho duh wkh vdph dv lq d
prgho zlwkrxw vkruw vdoh frqvwudlqw/ zkhuh wkh lqlwldoo| xqfrqvwudlqhg lqyhvwruv* eholhiv uhpdlq
xqfkdqjhg dqg zkhuh wkh lqlwldoo| frqvwudlqhg lqyhvwruv* eholhiv duh uhsodfhg e| zhoo0fkrvhq/
pruh rswlplvwlf rqhv1 Wkh frqvhqvxv frqvxphu lv wkhq pruh rswlplvwlf +ru pruh suhflvho|/
klv2khu frqvhqvxv eholhi lv pruh rswlplvwlf, dqg wkh lpsdfw rq wkh PSU dqg ulvn0iuhh udwh
iroorzv= wkh vkruw vdohv frqvwudlqwv ohdg wr d orzhu pdunhw sulfh ri ulvn dqg wr d kljkhu ulvn0iuhh
udwh1

Lq Edvdn dqg Fxrfr +4<<;,/ wkh dxwkruv frqvlghu d wzr0djhqw htxloleulxp prgho zlwk uh0
vwulfwhg pdunhw sduwlflsdwlrq1 Wkh �uvw djhqw grhv qrw kdyh dffhvv wr wkh ulvn| dvvhw pdunhw dqg
wkh vhfrqg rqh lv qrw uhvwulfwhg1 Zlwkrxw pdunhw uhvwulfwlrqv/ wkh �uvw djhqw zrxog ex| vkduhv ri
wkh ulvn| dvvhw1 Lw lv wkhq hdv| wr vhh wkdw wkh htxloleulxp sulfhv dqg doorfdwlrqv lq vxfk d prgho
duh wkh vdph dv lq d prgho zlwkrxw pdunhw uhvwulfwlrqv/ zkhuh wkh vhfrqg djhqw*v eholhi uhpdlqv
xqfkdqjhg dqg zkhuh wkh �uvw djhqw*v eholhi lv uhsodfhg e| d zhoo0fkrvhq/ pruh shvvlplvwlf rqh1
Wkh djjuhjdwh suredelolw| lv wkhq shvvlplvwlf/ zklfk ohdgv wr d kljkhu ulvn suhplxp dqg d orzhu
ulvn0iuhh udwh1

Wkh fdvh ri eruurzlqj frqvwudlqwv fdq eh dqdo|}hg vlploduo| dqg ohdgv wr wkh vdph uhvxowv1
Lqghhg/ wkh eholhiv ri wkh frqvwudlqhg djhqwv kdyh wr eh uhsodfhg e| pruh shvvlplvwlf rqhv lq rughu
wr pdlqwdlq wkh htxloleulxp sulfhv dqg doorfdwlrqv xqfkdqjhg1 Wklv ohdgv wr pruh shvvlplvwlf
frqvhqvxv eholhiv dqg frqwulexwhv wr d kljkhu pdunhw sulfh ri ulvn dqg d orzhu ulvn0iuhh udwh1
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Uhihuhqfhv

^4` Deho/ D1/ 4<;<1 Dvvhw sulfhv xqghu khwhurjhqhrxv eholhiv= lpsolfdwlrqv iru wkh htxlw| suh0
plxp1 Plphr/ Xqlyhuvlw| ri Shqqv|oydqld1

^5` Deho/ D1/ 53331 Dq h{sorudwlrq ri wkh h�hfwv ri shvvlplvp dqg grxew rq dvvhw uhwxuqv1
Plphr/ Xqlyhuvlw| ri Shqqv|oydqld1

^6` Dqghuvrq/ H1/ O10S1/ Kdqvhq dqg W1 Vdujhqw/ 53331 Urexvwqhvv/ ghwhfwlrq dqg wkh sulfh ri
ulvn1 Plphr/ Vwdqirug Xqlyhuvlw|1

^7` Edvdn/ V1/ 53331 D prgho ri g|qdplf htxloleulxp dvvhw sulflqj zlwk khwhurjhqhrxv eholhiv
dqg h{wudqhrxv ulvn1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 57/ 960<81

^8` Edvdn/ V1 dqg G1 Fxrfr/ 4<<;1 Dq htxloleulxp prgho zlwk uhvwulfwhg vwrfn pdunhw sduwlfl0
sdwlrq/ Uhylhz ri Ilqdqfldo Vwxglhv/ 44/ 63<06741

^9` Euhhghq/ G1 dqg U1 Olw}hqehujhu/ 4<:;1 Sulfhv ri vwdwh frqwlqjhqw fodlpv lpsolflw lq rswlrq
sulfhv1 Mrxuqdo ri Exvlqhvv/ 84/ 95409841

^:` Fdoyhw/ O1/ Judqgprqw/ M10P1/ dqg L1 Ohpdluh/ 53351 Djjuhjdwlrq ri khwhurjhqrxv eholhiv
dqg dvvhw sulflqj lq frpsohwh �qdqfldo pdunhwv1 Zrunlqj Sdshu1

^;` Fhffkhwwl/ V1/ Odp/ S1 dqg Q1 Pdun/ 53331 Dvvhw sulflqj zlwk glvwruwhg eholhiv= duh htxlw|
uhwxuqv wrr jrrg wr eh wuxhB Dphulfdq Hfrqrplf Uhylhz/ <3/ :;:0;381

^<` Frqvwdqwlqlgëv/ J1/ 4<;51 Lqwhuwhpsrudo dvvhw sulflqj zlwk khwhurjhqhrxv frqvxphuv dqg
zlwkrxw ghpdqg djjuhjdwlrq1 Mrxuqdo ri Exvlqhvv/ 88/ 586059:1

^43` Fudjj/ M1 dqg E1 Pdonlho/ 4<;51 H{shfwdwlrqv dqg wkh Vwuxfwxuh ri Vkduh Sulfhv1 Xqlyhuvlw|
ri Fklfdjr Suhvv/ Fklfdjr1

^44` Ghwhpsoh/ M1 dqg V1 Pxuwk|/ 4<<71 Lqwhuwhpsrudo dvvhw sulflqj zlwk khwhurjhqhrxv eholhiv1
Mrxuqdo ri Hfrqrplf Wkhru|/ 95/ 5<706531

^45` Glhwkhu/ N1/ F1 Pdoor| dqg D1 Vfkhuelqd/ 53351 Gl�huhqfhv ri rslqlrq dqg wkh furvv vhfwlrq
ri vwrfn uhwxuqv1 Mrxuqdo ri Ilqdqfh/ yro1 OYLL+8,/ 5446054741

^46` Gx!h/ G1/ 4<<91 G|qdplf Dvvhw Sulflqj Wkhru|1 Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq1

^47` Hsvwhlq/ O1 dqg W1 Zdqj/ 4<<71 Lqwhuwhpsrudo dvvhw sulflqj xqghu Nqljkwldq xqfhuwdlqw|1
Hfrqrphwulfd/ 95 +5,/ 5;606551

^48` Jdooph|hu/ P1/ 53331 Eholhiv dqg yrodwlolw|1 Zrunlqj sdshu/ Fduqhjlh Phoorq Xqlyhuvlw|1

^49` Jdooph|hu/ P1 dqg E1 Krool�hog/ 53351 Dq h{dplqdwlrq ri khwhurjhqhrxv eholhiv zlwk d vkruw
vdoh frqvwudlqw1 Zrunlqj sdshu/ Fduqhjlh Phoorq Xqlyhuvlw|1

^4:` Jhqrwwh/ J1/ 4<;91 Rswlpdo sruwirolr fkrlfh xqghu lqfrpsohwh lqirupdwlrq1 Mrxuqdo ri Il0
qdqfh/ 74/ :660:791
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^4;` Jrqhghv/ Q1/ 4<:91 Fdslwdo pdunhw htxloleulxp iru d fodvv ri khwhurjhqhrxv h{shfwdwlrqv lq
d wzr0sdudphwhuv zruog1 Mrxuqdo ri Ilqdqfh/ 64/ 40481

^4<` Jurvvpdq/ V1 dqg U1 Vkloohu/ 4<;41 Wkh ghwhuplqdqwv ri wkh yduldelolw| ri vwrfn pdunhw
sulfhv/ Dphulfdq Hfrqrplf Uhylhz/ :4+5,/ 555055:

^53` Kduulv/ P1 dqg D1 Udyly/ 4<<61 Gl�huhqfhv ri rslqlrq pdnh d kruvh udfh1 Uhylhz ri Ilqdqfldo
Vwxglhv/ 9+6,/ 7:608391

^54` Kdqvhq/ O10S1/ W1 Vdujhqw dqg W1 Wdoodulql/ 4<<<1 Urexvw shupdqhqw lqfrph dqg sulflqj1
Uhylhz ri Hfrqrplf Vwxglhv/ 99/ ;:60<3:1

^55` Kxdqj/ F10I1/ dqg U1 Olw}hqehujhu/ 4<;;1 Irxqgdwlrqv ri Ilqdqfldo Hfrqrplfv/ Suhqwlfh
Kdoo/ Hqjohzrrg Fol�v/ QhzMhuvh|1

^56` Lqjhuvroo/ M1/ 4<;:1 Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj/ Urzpdq dqg Olwwoh�hog/ Wrwrzd/
QhzMhuvh|1

^57` Mduurz/ U1/ 4<;31 Khwhurjhqrxv h{shfwdwlrqv/ uhvwulfwlrqv rq vkruw vdoh/ dqg htxloleulxp
dvvhw sulfhv1 Mrxuqdo ri Ilqdqfh/ 68/ 4438044461

^58` Ndudw}dv/ L1 dqg V1 Vkuhyh/ 4<;;1 Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/ Vsulqjhu0
Yhuodj1

^59` Nrfkhuodnrwd/ Q1 U1/ 4<<91 Wkh htxlw| suhplxp= Lw*v vwloo d sx}}oh1 Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ 67/ 750:41

^5:` Olqwqhu/ M1/ 4<9<1 Wkh djjuhjdwlrq ri lqyhvwru*v glyhuvh mxgjhphqwv dqg suhihuhqfhv lq sxuho|
frpshwlwlyh vhfxulw| pdunhwv1 Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 7/ 67:07331

^5;` Pd|vkdu/ M1/ 4<;41 Wudqvdfwlrqv frvwv dqg wkh sulflqj ri dvvhwv1 Mrxuqdo ri Ilqdqfh/ 69/
8;608<:1

^5<` Pd|vkdu/ M1/ 4<;61 Rq Glyhujhqfh ri rslqlrq dqg lpshuihfwlrqv lq fdslwdo pdunhwv1 Dphulfdq
Hfrqrplf Uhylhz/ :6/ 447045;1

^63` Phkud/ U1/ dqg H1 Suhvfrww/ 4<;81 Wkh htxlw| suhplxp= d sx}}oh1 Mrxuqdo ri Prqhwdu|
Hfrqrplfv/ 48/ 47804951

^64` Ploohu/ H1 P1/ 4<::1 Ulvn/ Xqfhuwdlqw|/ dqg glyhujhqfh ri rslqlrq1 Mrxuqdo ri Ilqdqfh/ 65/
44840449;1

^65` Qhjlvkl/ W1/ 4<931 Zhoiduh hfrqrplfv dqg h{lvwhqfh ri dq htxloleulxp iru d frpshwlwlyh
hfrqrp|1 Phwurhfrqrplfd/ 45/ <50<:1

^66` Uxelqvwhlq/ P1/ 4<:71 Dq djjuhjdwlrq wkhruhp iru vhfxulwlhv pdunhwv1 Mrxuqdo ri Ilqdqfldo
Hfrqrplfv/ 4/ 55805771

^67` Uxelqvwhlq/ P1/ 4<:81 Vhfxulw| pdunhw h!flhqf| lq dq Duurz0Gheuhx hfrqrp|1 Dphulfdq
Hfrqrplf Uhylhz/ 98/ ;450;571
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^68` Uxelqvwhlq/ P1/ 4<:91 Wkh vwurqj fdvh iru wkh jhqhudol}hg orjdulwkplf xwlolw| prgho dv wkh
suhplhu prgho ri �qdqfldo pdunhwv1 Mrxuqdo ri Ilqdqfh/ 64/ 88408:41

^69` Vkdush/ Z1 I1/ 4<971 Fdslwdo dvvhw sulfhv = d wkhru| ri pdunhw htxloleulxp xqghu frqglwlrqv
ri ulvn/ Mrxuqdo ri Ilqdqfh/ 4</ 75807751

^6:` Yduldq/ K1/ 4<;81 Glyhujhqfh ri rslqlrq lq frpsohwh pdunhwv1 Mrxuqdo ri Ilqdqfh/ 73/ 63<0
64:1

^6;` Yduldq/ K1/ 4<;<1 Gl�huhqfh ri Rslqlrq lq Ilqdqfldo Pdunhwv1 Lq Ilqdqfldo Ulvn= Wkhru|/
Hylghqfh/ dqg Lpsolfdwlrqv1 Vwrqh F1 F1 +Hg1,/ Noxzhu/ Gruguhfkw/ Wkh Qhwkhuodqgv1

^6<` Zhlo/ S1/ 4<;<1 Wkh htxlw| suhplxp sx}}oh dqg wkh ulvn0iuhh udwh sx}}oh1 Mrxuqdo ri Prqhwdu|
Hfrqrplfv/ 57/ 73407541

^73` Zhofk/ L1/ 53331 Ylhzv ri �qdqfldo hfrqrplvwv rq wkh htxlw| suhplxp dqg rq surihvvlrqdo
frqwuryhuvlhv1 Zrunlqj sdshu/ \doh Xqlyhuvlw|1

^74` Zlooldpv/ M1 W1/ 4<::1 Fdslwdo dvvhw sulfhv zlwk khwhurjhqhrxv eholhiv1 Mrxuqdo ri Ilqdqfldo
Hfrqrplfv/ 8/ 54<056<1

^75` ]dsdwhur/ I1/ 4<<;1 H�hfwv rq �qdqfldo lqqrydwlrqv rq pdunhw yrodwlolw| zkhq eholhiv duh
khwhurjhqhrxv1 Mrxuqdo ri Hfrqrplfv/ G|qdplfv dqg Frqwuro/ 55/ 8<:09591

^76` ]lhjohu/ D1/ 53331 Rswlpdo sruwirolr fkrlfh xqghu khwhurjhqhrxv eholhiv1 Hxurshdq Ilqdqfh
Uhylhz/ 7/ 404<1
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