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1 Introduction

Basic problems of mathematical finance are the problems of pricing, hedging or optimizing some
portfolio choices, which could be formulated as the optimization problem of maximizing the ex-
pected value of some concave objective (eventually state-dependent) utility functions. The prob-
lems can be attacked by the stochastic optimal control methods as, for instance, in the papers of
Merton (1971) [41], Duffie, Flemming, Soner and Zariphopoulou (1997) [17], or by a modern, more
powerful and elegant method: the duality approaches. The difference is that, while the optimal
control methods are wedded to the dynamic programming Hamilton-Jacobi-Bellman equation and
based on the requirement of Markov state processes, the duality techniques, rather then rely on the

Hamilton-Jacobi-Bellman equation, use the stochastic duality theory and permit us to deal with



more general and non-markovian processes. The key point in this method is the duality relation
of the set of self-financed wealth processes and the set of local supermartingale measures for the
self-financed wealth process discounted by the numéraire.

Duality approaches have been used with success in treating portfolio optimization problems for
incomplete financial markets in a continuous-time diffusion model such as in Karatzas, Lehoczky,
Shreve and Xu (1991) [32], or in a more general framework, where the asset prices are semimartin-
gales, as it is showed in series of papers of Kramkov and Schachermayer (1999 - 2001) [40]. The
further extension to the case of constraints on the proportion of portfolio choice appears in Shreve
and Xu (1992) [50], Cvitanic and Karatzas (1992) [7]. The extension to the case of constraints
imposed on the amount addressed by Cuoco and Cvitanic (1998) [10], Cuoco (1997) [11].

Recently, Pham and Mnif (2002) [47] investigated the general structure of optimization financial
problems with the presense of the so-called liquidity (or American) constraints. They considered
the financial framework in a semimartingale setting, which is represented by the Follmer-Kramkov
optional decomposition under constraints in additive form (see, Follmer and Kramkov (1997) [22]).
Hence, it is general enough to incorporate many financial models, such as with constrained port-
folios, labor income as well as large investor.

Motivated by the work of Pham and Mnif (2002), Long (2003) [43] considers the case, where the
state processes have the Follmer-Kramkov optional decomposition under constraints in multiplica-
tive form (see, Follmer and Kramkov (1997) [22]). Since the problem considered in Long (2003) is
to optimize the expected utility of terminal wealth, so the problem is the simplest one in terms of
objective. It is undoubtedly an important goal to generalize the study of optimal investment and
consumption problems to the semimartingale setting used by Long (2003) [43]. This paper aims
to solve the mentioned problem.

Like the model proposed by Pham and Mnif (2002), our formulation is sufficiently general to
include as special cases the problems with constrained proportion portfolios, random endowment
and large investor, as well as with the existence of labor income, which were considered in Cvitanic

and Karatzas (1992, 1993) [7], El Karoui and Quenez (1996) [20], Cuoco and Cvitanic (1998) [10],



El Karoui and Jeanblanc-Piqué (1998) [18], Rogers (2001) [45] and Klein and Rogers (2001) [37].
Using the general optional decomposition under constraints in a multiplicative form of Féllmer and
Kramkov [22], we provide the duality characterization of the state processes in terms of a set of
suitable probability measures and a term arising from the convex constraints; this set of probability
measures is the dual set associated to the convex constraints on the family of state processes.

With this setting, under some conditions imposed on the model setting and on the utility
functions, namely the asymptotic elasticity of the utility function is strictly less than 1, we are
able then to prove an existence of an optimal solution to the original and dual problem.

The outline of the paper is organized as follows. Section 2 recalls the general framework of a
financial model in Long (2003) [43]. After formulizing the problem in Section 3, in Section 4 we
set up and analyze the properties of the dual set, which is the set of equivalent local martingale
measures for state processes, associated with the term arising from the convex constrants. In
Section 5, we provide the dual and primal sets in an abstract version and analyze the properties
of the abstract setting. The existence and uniqueness of an optimal solution to the original and

dual problem is given in Section 6.
2 The Model Setting

Let (Q, F, F, P) denote a filtered probability space with a filtration F = (F;)o<i<r satisfying
the “usual” conditions, here T' € R is a fixed time horizon and we assume that Fy is trivial.
Except for processes which appear as integrand of stochastic integrals, all processes considered in
the sequel are assumed to be real-valued, to have right-continuous paths with left limits (cadlag),
and to be adapted with respect to the given filtration; in particular they are all optional.

For the theory of stochastic integration we refer to [16], [49] and [28]. The stochastic integral
of a predictable process m with respect to a semimartingale X will be denoted by [ 7dX or me X.
We denote by L(X) the space of all predictable processes integrable with respect to X. The Emery

distance between two semimartingales X and Y is defined as:

D(X,Y) = sup (Z 2" Efmin(|(r o (X — ¥))]. 1>]),

[m|<1 n>1



where the supremum is taken over the set of all predictable processes m bounded by 1. The
corresponding topology is called the semimartingale topology.

In the sequel, for completeness, we recall some definitions and assumptions of the model setting
from Long (2003) [43].

Let R be a R?-valued semimartingale in (Q, F, P). We prescribe a convex subset I of L(R)
containing the zero element and convex in the following sense: for any predictable process ¢ € [0, 1]
and for all 7', 72 € II we have:

(rt+ (1= n? eIl

We consider a family {CN}”’ : m € 11} of adapted processes with finite variation, null at 0 and satisfying

the concavity property:
égwur(l,g),ﬁ —Ce éﬂ'l —(1-()e éﬂ'Q €7, (1)

where 7 is the set of all (optional) nondecreasing adapted processes with initial value 0 and null
at 0.

Now we consider the following family:
XO = {71' [ ] R + éﬂ—}
We shall make the following standing assumption:

Standing Assumption 2.1 Under the condition (1), the set Xy is closed for semimartingale

topology.

Given X9 € §~§0, we define the set
Xt = {X' - X% Xe §~§0 and X — X0 is locally bounded from below}

so that X is locally bounded from below, closed for the semimartingale topology null at 0, and

containing the constant process 0.

Remark 2.1 Under the relation (1), the family of semimartingales 320 is a predictable convex set

in the sense of Follmer and Kramkov (1997)[22], i.e., for Xt € Xg fori = 1,2, and for any



predictable process ¢ € [0,1] we have:
CoeX'+(1-()eX2eX, -1

Now let us introduce the set P(Xb) of all nonnegative P-local martingales Z with Zy = 1 such
that there exists a process A € Z, — the set of nondecreasing predictable processes, null at 0 —
satisfying

Z(X" — A) is a P-local supermartingale for any X° € X". (2)

The next definition of the upper variation process is adopted from the one in Follmer and

Kramkov (1997) [22].

Definition 2.1 The upper variation process of Xt corresponding to Z € P(Xb), defined as the
element g;gb(z) in I, satisfying (2) and is minimal with respect to this property, i.e. such that

(A— ﬁxb(Z)) €1, for any A € I,, satisfying (2).
In the remainder of this paper, we shall make the following standing assumptions

Standing Assumption 2.2 The upper variation process /TX!)(Z) erists.

On the set P(Xb), we define the set

PR = Z € P(XY):  Zis a P-supermartingale and
AX’ (Z) is a continuous process with finite variation

and its subset

PH(XP) = {Z € P*(X®): Z is a positive and P-martingale}.

In the sequel, we identify a Z € ﬁ(gb) with a probability measure @ ~ P whose density
process is

Z = (Z)o<t<r =E [% ‘ft}

and the upper variation process ZX})(Z ) with Z € ﬁ(gb) is frequently denoted by AX (Q).

We assume that

Standing Assumption 2.3 P*(X?) # ()



Let us introduce a strictly positive process S°. In what follows, we assume that X° can be

chosen so as:

Standing Assumption 2.4 X% isa finite variation process with continuous paths and null at 0.

We now define the family W as follows:

W o= {W:g()?—é);)?eii, andéez} 3)
W = {W 6% -0 KB ana Gt} (1)
where £(+) is the exponential semimartingale of Doléans-Dade.

Recall that for any semimartingale X null at 0 the Doléan-Dade exponential £(X) is a solution

of the following stochastic differential equation:
Z=1+7Z_eX, Zy=1. (5)

Moreover any solution of this equation coincides with £(X) on the set {(w,t): £(X)_ # 0}.

For any x > 0, we define
W, £ aW = {aW: W € W},
We are now interested on the family of state processes:
W 2 {W=85W:WeW},
= {WSO<1+W_.)?’VI7_.5>:)?6X,CGI}, (6)
with
W, £ 2W = {zW: W € W}
We suppose that the process W_ e C can be represented by the formula:

t
0

t
/ W,_dC, :/ Cuds, Yt €[0,T]
0

We now define a consumption process:

Definition 2.2 A consumption process c(+) is an Fi-adapted nonnegative process, which is related

to the accumulated proportion process by the formula

t t . -
/ csds = / SOW,_dCs, 0<t<T. (7)
0 0



Put Ay = t, then in the standard notation of the stochastic calculus for semimartingales (7)
can be written as follows:

COA:SOW_Oé,

or equivalently, we have ¢; = SV¢;, for any t € [0, T].
Given z > 0 and X° € Xy, we denote by A(x) the set of the pairs of processes (W, ¢), where
W € W, and c satistfying (7).

One of the families of examples we have in mind for applications is described below.

Example (Cuoco and Liu (2000), Rogers (2001)).

This is an important example, generalizing a number of other papers in the subject: Cvitanic
and Karatzas (1992, 1993) [7], El Karoui, Peng and Quenez (1997) [20], Cuoco and Cvitanic (1998)
[10], Rogers (2001) [45], El Karoui and Jeanblanc-Piqué (1998) [18], for example. The numéraire

S0 and the wealth process W of the agent satisfies:

dVII/‘//t = |:7“tdt + ¢ (O'tdBt + (bt — ’I"t].)dt) + g(t, Wt)dt + etdt — Ctdt (8)
t

W() = X

sy = rSPat, Sy=1

where m; € II, B is an n-dimensional Brownian motion, b, r, V. = oo’, V1, e are all bounded

processes, and there is a uniform Lipschitz bound on g: for some 6 < oo,

|g(t,w,w) - g(t,y,OJ)‘ < 9|l‘ - y|

for all z, y, t and w. In our model the agent receives an income with a proportional (eventually
stochastic) rate e; per unit time.

The unconventional term in the dynamics (8) is the term involving g about which we assume:

o for z € R", (t,w) — g(t,z,w) is an optional process;

e foreach t € [0,7] and w € Q, x — g¢(¢,x,w) is concave and upper semicontinuous.

e g(t,0,w) =0 for all t € [0,7] and w € Q.



Suppose that ¢; = V?,—z, and D, is a nonnegative process. Now let W
have:

2w

50

by It6 Lemma we
AW, = W, [m <atdBt + (b — m)dt) + g(t,m)dt — Dydt + egdt
In this case, we choose

t
X0 =70 :/ esds
0
so that X? = {7 @« R+ G}, with

th =

O'tdBt + (bt — Ttl)dt
dGT

g(t, Wt)dt

By the martingale representation theorem for Brownian motion (see, e.g. Karatzas and Shreve

(1991)), any probability measure equivalent to P has a density process in the form:

v B dB¥

dB
where v € M:

= 5(—/0’;‘/;1(1% — Tt]. + V)dBt)

T
MA { [ ottt < oo, ana Bz =1}
0

Now by Girsanov’s Theorem, the Doob-Meyer decomposition of )?b = reR+G™ € X’ under
PY=ZP,veM,is:

dX,, = modBY + dAVT

where B” is a n-dimensional Brownian motion under P¥ and A" is the predictable compensator
under PY:

dAY™
Now denote

(g(t, ) — mw)dt

Gt v) = /0 "sup <g(s, ) — W) ds

mell
the convex conjugate of —g(t, —7) and let G = {v € R™: §(t, ) < oo} its effective domain.

We deduce that P*(Xb) consists of all probability measures P”,v € M(G):

MG 2{veM:ve G and g(t,v) is a continuous process with finite variation}



Moreover, the upper variation process is given by:
AX(PY), :/ g(s,v)ds
0

Since all coefficients are bounded, it is straightforward to verify that the model satisfies the
Standing Assumption 2.1. Moreover, the closure property of X may also be proved in this model
under a Liptschitz condition on function g and the invariance of the Emery distance under trans-

lation, see Pham (2002) [48] for details.

Remark 2.2 In the paper of Cuoco and Cvitanic (1998) [10], they preassummed that g is bounded

on its effective domain.

Remark 2.3 Recall that in our framework, the labor income is restricted to be a continuous process
with finite variation. Therefore our framework is not applicable to the general case considered by
El Karoui and Jeanblanc-Picqué, where the income process e is of the general Markovian form

dey = p(t,er)dt + o(t, er)dBy.

3 The Dual Set

We define the family Y of nonnegative semimartingales Y as follows

_ _ . * (b
Y= {Y T E(AR(2))E(X0)80 Zerix )}

and denote

Y, £yY, y>0

In the sequel, let us denote by Y;j C Y, the subset containing all positive ¥ € Y,. We also
suppose that any Z € P*(Xb) can be written as Z = £(N), where N is some P-local martingale
null at 0. Since X° and ;pzb(Z) are continuous processes of finite variation, by using Proposition
1.4.4.69 in Jacod and Shiryaev (1987) [28] we have [X?,Y] = 0 and [Afxb(Z) + X%, Y] =0 for any
semimartingale Y~ with Yy = 0, therefore any Y € Y, can be rewritten as:

Ry d %0
Y:yS(N AS(()Z) X9 )

The following Lemma is taken from Long (2003) [43], we include it for completeness.



Lemma 3.1 Given x > 0, for allY € Y and (W,c) € A(x), the process (YW +YceA) is a

P-supermartingale.

Proof. Without loss of generality, we may focus to the set A(1).
Since (X° + zzl/gb(Z )) is a continuous process with finite variation, by It6’s lemma and after

straightforward calculations, from (9) we get:
YW+YC.A:1+YW.()?—ﬁb(Z)—)?MNHN,)?]) (10)
By some algebras we also get
Z(X-X - A (2) = 147 (X -X"— A% (2))+ (2, X] +
+(X-X"— A% (2))_ez
147 ()?—5(0 _g%b<z>+w,;a) +

(X -X'—A%(2))_e2z,
Since Z(X — X — /Al/fgb(Z)) is a P-local supermartingale. The last term on the right-hand side of
the above equality is a P-local martingale, it follows then

Z_e (f( — X~ A"(2) + [N, X})

is also a P-local supermartingale.

Moreover, since Z_ is positive and predictable, we deduce that
(X — X°— A(2) + [N, X]) (11)

is a P-local supermartingale. Since Y, W are nonnegative, by Remark VI.53.d in Dellacherie and
Mayer (1982) [16], we deduce from (11) that the processes on the both sides of (10) is a P-local
supermartingales. Furthermore, since Y > 0, W >0, ce A € 7 we have YIW 4+ Yce A is bounded
from below. We then deduce by Fatou’s lemma that in fact, YW + Yc e A is a nonnegative

P-supermartingale. This completes the proof of the lemma. O

Remark 3.1 Since Y > 0, ¢ > 0, then from the last lemma, we deduce that, for any x > 0,

W e W, the product YW is a P-supermartingale.

10



From Lemma 3.1 we deduce that the process

ZW Zc

__Z b o A
E(XOE(AR(Z))S0  E(X0)E(AR (Z))S0

is a P-supermartingale for any Z € P*(gb), and the budget constraint

ZT WT Ztctdt

T
Ve S B 5(ﬁb(Z)T)5()?%)S%+/o S @ens)

is satisfied for any (W, c) € A(x).

4 The Utility Maximization from Terminal Wealth and
Consumption

In this paper, our goal is to generalize the study of optimal investment and consumption problems
to the aforementioned semimartingale setting.

We first recall some classical definitions and properties of utility function.

Definition 4.1 A wutility function U: (0,00) x & — R U {—o00} is a strictly increasing, strictly

concave, continuously differentiable function and satisfies the Inada conditions:

U'(0)=lim U'(z) =00, U'(c0)= lim U'(x) =0 (13)

x—0 r—00

We now introduce the conjugate function of U:

Uly) = ilig[U(m) —zyl, y>0 (14)

Recall that if U(z) is defined as in Definition 4.1, then U(y) is a continuously differentiable,

decreasing, strictly convex function satisfying:
(7'(0) = —o00, U'(x)=0, U(0)=U(x), U(co)=U(0) (15)

and the following bidual relation:

U(r) =inf[U(y) +zy], >0 (16)

y>0
We also note that the derivative of U(x) is the inverse function of the negative of the derivative of
ﬁ(y), which we denote by I

T2 =) (17)

11



It is well-known that

U'ly)=—I(y), y>0, as., (18)

and I(y) attains the supremum in (14), i.e.

Uly) =U((y) —yl(y), y>0, as. (19)
The agent in our model has time-seperable utility structure as follows

Definition 4.2 A (time-seperable, von Neumann-Morgenstern) preference structure is a pair of
utility functions Uy: R x [0,T] — [—o00,00] and Uy: R — [—00,00), which measure the investor’s

utility from consumption and wealth, respectively.

Definition 4.3 Given an initial endowment x € R, the consumption plan (Wr,c), here Wr is the
terminal wealth, and c the consumption rate process throughout the liftetime investment, is called
x-affordable if they are financeable from an initial wealth less or equal to x, i.e., the pair of a wealth

and consumption process (W, c) belong to the set A(x*) with 0 < 2* < x.

Recall that a necessary condition for (W, c) € A(z) is the budget constraint (12).
The agent’s total expected uility from consumption over the period and expected utility of

investment at the end of the period [0, 7] is defined as

/T Ul(Ct,t)dt + UQ(WT) . (20)

J(x; W,c) 2 E

The z-affordable consumption plan is said to be z-feasible if it satisfies:

T
/ Ul(Ct,t)idt+U2(WT)7 < o0
0

J(x; W,e)” =E

we denote the set of z-feasible consumption plans (Wr,c¢) by A*(x). By misuse of notation, we
shall write (W, ¢) € A*(x) instead of (Wr,c) € A*(x).

Given an initial endowment z and income stream X°, an investor wishes to choose a consump-
tion profile and investment policy so as to to maximize his total expected uility from consumption
over the period and expected utility of investment at the end of the period [0, 7], with the value
function:

U(I) = sup J(l‘, VVaC)7 T E R+7 (21)
(W,e)eA*(z)

12



using feasible policies.

To ensure that (21) is meaningful, we impose the following assumption:

Assumption 4.1

u(z) < oo, for some x>0

Following Kramkov and Schachermayer (1999) [39], we require an asymptotic elasticity condi-

tion on U; and Us:

! !/
AE(Uy(t,z)) = limsup 2Ui(t,z) <1, Vte[0,T] and AE(Us(x)) £ limsup 2Ua(@) <1l (22)
z—o0 Ui(t,x T—00 Uz(l‘)

5 The Abstract Setting

The main goal of this section is to provide a dual sets and their basic properties. With respect to
the classical utility maximization from fixed terminal wealth, we have now to consider the whole
path of the consumption process on the support of £[0, T], here £[0, T'] stands for Lebesgue measure
on [0, 7.

We now introduce some definitions and notations that will be useful in the rest of the paper.

Define the finite measure space (5, S, i) as follows:
S=[0,T]xQ, S=B0TI®F, wn=(0,T]+r)xP

Let £9 denote the cone of non-negative functions on £°(S,S, 1), a closed convex set usually
abbreviated to ES)F.

Notice that, for Y1, Y2 € £9, we have:
T
/(Yl, Y3 du=E UO Y Y2dt + YV (23)
Here and in what follows we denote
t
YLy?,, = / YIV2du+ Y Y 1—r, t€0,T] (24)

and let

(YLY?) £ (YLY%)0s, (VLY 2L Y0 (25)

13



For Yy, Y, € LY, we shall say that

Yi=Y, if i1=Y pu—ae
On LY, we define a partial ordering by:

YI<Y?2eVYI<Y? pu-—ae

We say that a subset C of Eg is solid if
Yoel, Y1 Y,=Y,€C
We define £! as the Banach space of elements Y = (Y); € L%, equipped with the norm
T
Vi =8| [ 1¥lade+ VI

We also denote E}s- = ES’F NLL.

We define the abstract version of the primal and dual sets A*(z) and Y, as follows:

Cc. = geﬁi;g:S—>R+ such that ¢ <¢, (26)
S and gr < Wrp for some (W,c) € A*(x)
D, = {heﬁi:hjy, YeYy} (27)

We denote by D;‘ the subset of D, consisting of all h such that h > 0 u-a.e., and D, the closure in
Lg_ of D,,. From Standing Assumption 2.3 we deduce that ]D);r # () for any y > 0.
For later use, we summarize some of the basic properties of the set C and D, as well as kind of

“bipolar” relation between the these sets in the Lemma 5.1 below.

Lemma 5.1 Let g € E(jr, then g € C if and only if

v(g) £ igg/<h79>du <1, (28)

Proof. First of all, notice that by Fatou’s lemma we have:

Sup/<h79>dl~b = sug/<hag>du (29)

hebD heD

so all we need to confirm (28) is to check the statement for h € D.

14



The “if part” of the relation (29) is obvious, since YW is a P-supermartingale (Remark 3.1)
and the fact that h, g are nonnegative and dominated by Y, W in a sense of (26) and (27). What
remains now is to prove the converse assertion.

Consider an adapted, nonnegative Fpr-measurable random variable A defined as

T
A:/ 9t gy 9T
o E(XP)SY  E(X9)SY

Since ;ﬁgb(Z ) is nondecreasing for any Z € P* (Xb). Hence we have

A
v(A) £  su EQ|—
“ Qeﬁ%@) [5(Axb(Q))T]

T
< sup E[/ — 219 = dt + ———=; Zrgr —
zep-@n Lo E(AX(2))£(XP)SY  E(AX(2))rE(X7)Sy
= sup / (Y,g)dp < 1 (30)
Yey

where the first inequality follows from the inclusion P*(X?) C P*(X?). where the last equality by
(28) and (29) and the definition of the set Y. Then by the stochastic control lemma of Féllmer and
Kramkov (1997) [22] (see proof in Long (2003) [43]), there exists a cadlag version of the nonnegative
process:

Wtb = esssup E(AXb(Q))tEQ L;( A 0<t<T (31)

X ’ft] ’

QeP™(X?) AF(Q)r)
Moreover, for any Q € P*(X?), the process W /E(AX" (Q)) is a Q-supermartingale. By the optional
decomposition under constraints theorem in multiplicative form in Féllmer and Kramkov (1997)

[22], the process W' admits a decomposition:
WP =0(A)EX, —C)=v(A)+ W e X, — W’ o C (32)
where )Z'b € §~§b, C € I. We now consider the process
W2 S08(XOYWP = v(A)EX"+ X —C) =v(A)+ W_eX —W_eC

with X 2 X0 + X, € X.

15



Let us define W = S9 (W —Zne A). Using the definition of Xo, (31) and (32) we get

w

50 <U(A)5()? ~-C)— % . A)

= SO(U(AHW.X—W@—%.A)
= SO<1+W-)?—(W-6+1—U(A)+i-/\))

It is not hard to show that Wp > gp, and W belongs to the set W, with the cumulated

consumption process defined as

c i ~ g g
§OAéW,OC+1—v(A)+§OAE§OA,

Hence, (W,c) € A(1) is a pair of wealth process its corresponding consumption rate process that
dominates g in a sense of (26). O

As it can be seen, the value v(A) is the least initial state value, which allows to dominate in
the almost sure sense the Fr random variable A by a state process. In the financial context, v(A)
is usually called the superreplication cost of the European option Ar. Notice in particular that

the expression of v(A) does not depend on the choice of X©.
Lemma 5.2 Given x > 0 The set C, is convez, solid and closed under convergence in p-measure.

Proof. Note that the solidity of C, is rather obvious. It remains to prove its convexity.
Let (SOW1, S°1) and (SOW2, S9¢2) are two pair of processes in A* (x). Taking any €} = 1—€2 €
(0,1) and defining the convex combinations

wW* = W'+ Ew?
o= dd 2

By the predictable convexity property on the set XO and the associativity of the stochastic integral

(see, e.g. Theorem 19 in Protter (1990) [49]), we find immediately that:

W* = 2+ (W e X'+ W2 0 X2)—C e A
N 17l 2172
= x—l—W*O(e,KI/OXl—i—iOXQ)—E*OA
W wx

T+ W e X — (CeA+W*eC)

16



where X € XO, DeZ. Weseethat ¢* e A <c* e A £ ¢* oA+ W* e D, and deduce that
[

Since the utility functions are nondereasing, then (SOW*, S9*) is a pair of a wealth and a con-
sumption process in A*(z) (corresponding to X). By the definition of C,., the convex combination
(S%Wji, S9¢r) is also in Cy, hence C, is convex.

Now let (¢")nen € LY be a sequence in C, converging in p-measure; we may (and shall) by
passing to a subsequence and suppose that the sequence converges p-almost everywhere to limit g.

We will use lemma 5.1 to prove that f belong to the sets C,.

Since all processes under consideration are nonnegative, and all A € D are dominated by some

Y €Y p-a.e., by Fatou’s lemma and by (29), we have:

swp [(hgdn < sup [(v. )
heD Yey
Z
= sup /< = =——.g)dp
zep-@n ) E(AX(2))E(X0)SO
Z
< supliminf/( — = , g™ )dp
hed n—o | E(AR(Z2))E(X0)S0
< =z

This proves the closeness property of C,. [

The next lemma is taken from Long (2003) [43], we include it for completeness.

Lemma 5.3 The set D is convez, solid and closed with respect to the topology of convergence in

H-measure.

Proof. First note that the closeness of D follows immediately from its definition and the solidity
of D is rather obvious. We now prove the remaining assertion.

Since 0 already belongs to the set D, and the convexity is preserved under weak convergence,
so all we need to verify the convexity for h € D

We first show the convexity of YT, which then implies the the convexity of D by the the

solidity property of D

17



First, let us recall the following properties of the exponential semimartingales of Doléans-Dade

(see, e.g. Kallsen and Shirayev (2002) [29])

£(X)

I
+
S
>
|
[ )
b
o
&

X = Xo+ =

Let Y'! and Y2 be processes in Y+, which have the following decompositions:

vl o_ Z1 _ S(Nl)
O E(AR(Z1)E(X0)S0  E(AR(Z1))E(XP)SO
v o z? _ E(N?)

E(AX"(Z2)E(X0)S0  E(AX"(Z2))E(X0)SO

where Z¢ = £(N') € P*(XP). Taking any ¢! = 1— €2 € [0, 1] and defining the convex combinations
Y =yl 4 2y?

Define a process A € Z,, and a P-local martingale N as follows:

lyl - 2y2 s

A = e AN (7Y + i e AX (27 (35)
i i
1yl 2y2

N = o= eN'+ = enN? (36)
Y. i

We now check whether Z £ £(N) belongs to the set P*(X?).

Fix any X, € X°, we need to show that Z(X, — A) is a P-local supermartingale. Since AX' (Z9)
with ¢ = 1, 2 is a continuous process with finite variation, we deduce from 1.4.34 ¢, and 1.4.36 in
Jacod and Shirayev (1987) [28] that A is also a continuous process with finite variation. We first
prove that:

etZ1 27> Z

E(A™(ZY)) " g(AT (72))  E(A) (37)

For convienience, we denote Y§ = YS0& ()? V). Without loss of generality assume that S§ = 1.

Hence, by (34) we have

Yi = &N — A¥(Z) = 1+Yie(N' — AX'(27)), i=1,2 (38)
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Therefore,

Yo = EN—A) = 1+Y,e(N—A)
= 1+ o (N — AT (Z1)) + Y o (N2 - AT (22)
— 61%1 +€2}/02

where the third equality follows from (38), and we get (37).

From (37) and using the properties of the Doléans-Dade exponential semimartingales, we deduce

that:
~ vz 1 2Y27_ 9
7 = — o/ 4+ — o/ (39)
Y 71 Y 72
For convinience, we denote
a2 ylz
Y Z1
2 2 e2Y?7
Y 72
From (39) we have
Z,X,—A] = eo[Z',X,— A (ZY)] + 2 o[22, X, — AX (22)] +
+ e [Z AX(2Y)] + 2 o[22, AX (22)] - |Z, A] (40)
Recall that we have:
Zi(Xy — A% (Z7)) = (Xp— AX(Z7))_eZi+ 71 (X, — A (Z1)) +

+ (20, Xy — A (2]
- oo 22 o
Xy—A = 6?— o (X — AX" (7)) + E?— o (X, — AX"(72))
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Using Ito’s lemma and after some straightforward calculations we obtain:

Z(Xy—A) = (Xp—A)_eZ+Z_o(Xy—A)+[Z,X,— A
= (X,—A)_ eZ+¢ 7" o(X, — AX'(ZY)) -

(X, - AX(ZY)_ ezt +

+ 2272 o (X, — AX (2?)) -

(X, — A (Z22))_ e Z2 + & o [Z, AX (ZY)] +

+ & o[22 AX (2%) - [Z, 4] (41)
By the definition of P*(X?) then we have Z¢(X}, — AX’ (ZY), i =1, 2 is a P-local supermartingale.
Moreover, since Z°, 7 are P-local supermartingale, AX (Z%) and A are predictable processes with fi-
nite variation, then Theorem VII.36 in Dellacherie and Mayer (1982) [16] implies that [Z7, AX" (Z7)]
and [2 , A] are P-local martingale. Therefore (41) imples that Z (X, — A) is a P-local supermartin-
gale.

We conclude that Z belongs to the set P*(Xb) with the uppervariation process A/Xb(f), which

is continuous and satisfies

A7y < A
Since then, we have:
= el Z1 272
7 o- ( _ R — _ )
E(AX"(Z1))E(X0)S0  E(AX"(Z2))E(X0)S0
B Z
E(A)E(X0)S0
<Y & —— AZ = €Y cCD
E(AX"(Z))E(X0)S0

As a result, we have proved the convexity property of ID. This completes the proof of the lemma.

O
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6 Existence results and characterization of the optimal so-
lution

In the newly established finite measure (S, S, i), we define a S-measurable function U: S x R —

R U {—o0} such that:
U((t,w),z) =Ui(t,x), te€[0,T], U(T,w),z)="Us(x), a.s. (42)
and with the basic properties:
1. s +— U(s,x) is S-measurable for all > 0;

2. x — U(s,x) is again a utility function in a sense of Definition 4.1 and satisfying (22) for

every s € S.

We slightly abuse notation and omit the dependence in the state s € S and write U(x) in place
of U(s,x) henceforth.
We shall denote by I: (0,U’(0)) — (0,00) the continuous, strictly decreasing inverse of the

marginal utility function U’. we set I(y) = 0 for y > U’(0). Notice that:

T
(1) = [ Bt + Bler). gLl
Following Pham and Mnif (2002), we formulate the next result.

Lemma 6.1

T
u(x) = sup /U(g)du = sup E[/ Ui(ge, t)dt + Us(gr)| x>0 (43)
geCy, geCy, 0

1. If (W*,c*) € A*(x) solves (21), then g, = ¢ fort € [0,T] and gr = W7 solves (43),

2. Conversely, if g* € C, solves (43), then (W, c) € C,, such that g5 < Wr, g* < ¢, solves (21).

Proof. From (23) and the definition of U (42), then clearly we have the second equality in (43).

Moreover, since A*(x) C C,. Hence we already have:

ua) < sup / U (g)dy (44)
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Now let g € C,, there exists a pair of (W, ¢) € A*(x) dominating ¢ in a sense of (26). Since Uy, Us

are nondecreasing, we deduce that

T
/U(g)du <E / Ui(e, t)dt + Uy (W) (45)
0
and so by (21):
sup / U(g)dp < u(z) (46)

From (46) and (44) we have (43).
1. Suppose that (W*, c*) € A*(x) solves (21). Then g = ¢* + W*dr € C,, and we have

w(@) = B /OT UL (¢t )t + Us (W)

- [v@an
which shows that g solves (43).

2. Suppose that g* € C, solves (43), then there exists (W, c¢) € A*(z) dominating ¢g* in a sense

of (26). Since Uy, U, are nondecreasing, then

T
u(x) = /U(g*)dﬂ <E /0 Ui(e, t)dt + Uy (W)

which shows that (W, ¢) solves (21). O

We now define the conjugate function U: S x R — R U {oo}:

U(Svh) = SI;IO)[U(S,Q) - <gvh>]7 h e ‘C(-)‘r

To alleviate notations, we omit the dependence in the state s € S.
Clearly, Uisa continuously differentiable, decreasing, strictly convex function satisfying (15),
(17), (18) and (19), and

T~ ~
Uﬂw»zllmmﬁﬁ+%wﬂ

where

ﬁl (y7 t) = Supo[Ul (CE, t) - {ITyL Yy > 0
x>
ﬁg(y) = sup[Us(z) —xy], y>0

x>0
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We now formulate dual problem:

T
~ . . i~ . A . = _ . =7 7
uy) = hlélﬂgy J(y;h) = hlélﬂgy / U(h)dp = hlélﬂgy E [/0 Ui (he, t)dt + Uy (hy) (47)

In order to proceed, we shall need the following assumption

Assumption 6.1

u(y) < oo, for some y >0
Assumption 6.2 A&b(Z)T is bounded for any Z € P*(X?)
Assumption 6.3 S° and X are bounded from below.

Clearly, the model described in Section 2.2 satisfying Assumptions 6.2 and 6.3.

We now state the main result of this paper.
Theorem 6.1 Assume that Assumptions 4.1, 6.1, 6.2, 6.3 and (22) hold true. Then we have
1. Ezistence to the dual problem (47)

(a) For all y > 0, u(y) < oo and there exists a unique (in the sense of =) optimal solution

hY € Dy, to problem (47). Moreover, h¥ € ID);.
(b) Given any x > 0, there exists a unique y* solution of inf,~o[u(y) + zy] and characterized by
T
E[/ Lk} )t + (k) | = ay*
0
where h* is the optimal solution of u(y*).

2. Existence to the primal problem: Given any x > 0. There exists a unique (in the sense of =)

optimal solution g* to problem (43). This solution satisfies:
g: Ell(h:,t)ltST-i-IQ(h;«)lT, te [O,T]
and the solution to problem (21) (W*,c*) satisfies:
T
E{hi}W} +/ hfc?dt} = ay*
0
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3. We have the duality relation:

u(z) = nflu(y) +2y]
u(y) = suplu(z) —zy]
x>0

The proof to Theorem 6.1 is broken into several lemmas.

Lemma 6.2 Under Assumptions 6.2 and 6.3. Let (y",h"), be a sequence in Ry x Dyn such
that y™ is bounded. Then, there exists a sequence (y',h7) € conv{(y*, h*), k > n} that converges

p-almost everywhere, to some (y*, h*) € Ry x Dy-.
Proof. First, notice that from the definition of Y, and (27), it is not hard to show that the set
{(y7h’) Y€ R+a h e Dy}

is convex.
The sequence of nonnegative y™ being bounded, it converges (up to a subsequence) to some

nonnegative y*. Moreover, h € D, is bounded in L', Indeed, we have

T
/hdu _ yE[/ _ zdi oz
0o EAX(Z))EXD)SY  E(AX(Z)r)E(X2)S.
< yC’l, C, e R+ (48)

where by Assumptions 6.2, 6.3 and the fact that Z is a P-supermartingale.

Using Lemma A1.1 of Delbaen and Schachermayer (1994) [13], we can find a sequence h} €
conv {(y*,h¥), k > n}, which converges p-a.e. to a function h* taking values in [0,00]. Notice
also that the limit 2* must be almost everywhere finite because (48). Moreover, h* € D, by the

convexity of the set

{(y.h): ye Ry, h €Dy}

and Fatou’s lemma. [J

Lemma 6.3 Under Assumptions 6.2, 6.3. Let C > 0, then the family
{ﬁ(h): heD,, ye [O,C]}

is uniformly integrable under L.
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Proof. Notice that
T
/U(h)‘du =E [/ Ui(he, t)~dt + Us(hr)~ (49)
0
We closely follow the proof of Lemma 5.2 in Bouchard and Pham (2002) [4]. Assume that

Uy (00,t) < 0 for all ¢ € [0,T] and Us(co) < 0 (otherwise there is nothing to prove).

First, we suppose that Uy (00, t) = —oo for all t € [0,T], and Uy (00) = —co. Let
$1(,t) = (=U1(0,t),00) — [0,00), VY te€[0,T]
¢2() : (_62(0)7 OO) - [07 OO),

denote the inverse functions of U;. The function ¢; are convex and strictly increasing. Since
U1(0,t) = Uy(oo,t) > 0 for any ¢ € [0,T] and Uy(0) = Us(co) > 0 hence ¢ (0,1) and ¢2(0) are

well-defined and finite for any ¢ € [0, T]. It follows that for y > 0:
$1(U1(he,t)",1) < 61(0,8) + he, €[0T, do(Ua(hr)”) < ¢2(0) + b, (50)
Hence, because of (48) we obtain
T B T B B
E[/ ¢1(Ui(he,t)™, t)dt + ¢2(U2(hT)_)] < E[/ 1 (=Ur(he, t),t)dt + ¢o(—Uaz(h7)) | +
0 0

T
+ /0 $1(0,t)dt + ¢=2(0)

T
= E[/ htdt+hT]+Cz
0

< yCi+Cy Yy=>0, heD, (51)
with Cy is some constant such that
T
| on0t1at 4+ 6a(0) < G2 < 0 62)
0
By (17) and the 'Hospital rule:
t 1
im 28D g Y o L eqo,T) (53)
30 T v =Ui(y,t) v =U{(y, 1)
1
im 20 g Y i =00 (54)

The uniformly integrability under P of the sequence ﬁl(ht,t)* and l?g(hT)’ now follows from

(51), (53), (54) by the de la Vallée-Poussin theorem. This proves the required results.
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Now, we suppose that Uy (0o,t) > —oo for any ¢ € [0,T] and Us(co) > —oo. We may reduce

the problem to the first case by defining the functions:

a (=U) " Y(x,t) for —Uy(0,t) <z < —Uj(oo,t),
di(@,8) = {wl(x,t) for x> —U1(00,t), tel0.7]
bolz) 2 (~U2)7Hz) for —05(0) < & < —Us(o0),
o () for x> —Us(c0),

where 1; is chosen so that

lim Yi(r)

T— 00 X

and ¢1(0,t) < oo for any t € [0, 7], ¢2(0) < co. Finally, by the same arguments as in the first case,
we obtain the required result. [.
The next Corollary is a useful result from the last lemma. We denote the domain of any function

U by dom(U) = {x > 0: U(x) < oo}.

Corollary 6.1 For each y € dom(u), there is some h¥ € D(y) for which the infimum defining
in (47) is attained. Differentiability of Uy, Us implies strict convexity of (717 (72, which in turn

implies uniqueness of the minimizing h¥Y. Moreover, hY € DZ‘!".
Proof. We take a minimizing sequence A" € D, such that:

T
i) < [Omau=8| [ G ar+ Galhp)] < o)+ (55)
0
By lemma A.1.1 of Delbaen and Schachermayer in [13], there exists a sequence (up to subsequence)
h? € conv(h™ h" Tt .. .), >, that are y—almost everywhere convergent to limit h¥. We may suppose
that hY still satisfies the inequality (55). Since D, is convex and closed in p-measure, hence hY € D,,.
By lemma 6.3 and by applying Fatou’s lemma to the sequence ((7 (h})")n>1, and to the right-hand

side of the inequality (54) we obtain:

i(y) > lim inf / 0 (h™)dp > / O (h")dp > ii(y)

n—oo
The uniqueness assertion is immediated by general duality results (see Theorem V.26.3 in [44]).
We now prove that h¥ € D). Fix any h € D}, which is possible by Standing Assumption 2.3.

Define the convex combination:
h? =6h+ (1 —6)hY, 6€(0,1/2)
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Note that as ¢ tends to 0, we have h® — hY.

Recall that for any convex function U we have

U(z) > Uly) + (x —y)U' (),

By the optimality of h¥ and the convexity of U then we have:

1 - -
> = Yy —U(R°
04,5/(Um) Wh»@
> (=110 (56)
First, we shall show that the family
((h—h¥),I(h%))~ is integrable under . (57)

or equivalently,
T _ _
[ (= mynwdn) e+ (i - 1) 106)
0
is integrable under P.

Indeed, since I, I are decreasing on non-negative, we have:

((he=B)R(ED) < BEL((L - 0)hY.),
((hr = WB(S)) < BRI = 6)h)

Applying Lemma 6.3 in Kramkov and Schachermayer (1999) [39], it follows that we can find

some constants ¢;, with ¢ = 1, 2.., and some positive y;, y2 such that:

((n=mHRMED) <l DLy, + AL = DAY, D14y,
((hr = WLAS)) < cla(ih) Ly <y, + R = 6Ly 5

Notice that since ¢ € (0,1/2) hence

1 1

From (15) it follows that I, I are bounded on [%(yl A Ya), 00 [ Hence we can find some ¢; such

that
Qm—wﬂm&ﬂy’g e Or (B, )1y <y, + G1hY
((hT - h?)b(h%)y < lUs(B)1hy<y, + Chl
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By (48) and since u(y) < oo, we get the desired result:

Jin=w100) . = E[/ <<ht—h?)h(hf,t»—dm(ht—h%'m(h%))-}

IA

E{/OT (clﬁl(hi/7t)1hggyl +Elh§/)dt} +
+ E{Cgﬁg(h%)lh%<y2 +52h%] <

Now, to prove that hY € ]D);‘ we assume the contrary. Notice that as ¢ tends to 0, we have
h — 0 everywhere. Moreover, we have I (0,t) = oo for any ¢ € [0,7] and I2(0) = co. Therefore, by

sending J to 0, (56) implies the contradition, since the right-hand side term goes to co by Fatou’s

lemma. O

Lemma 6.4 Under Assumption 6.1, 6.2 and 6.3. Let the optimal solution to the problem (47) for

somey >0, is hY € ]D);‘. Then u(y) is differentiable in y and we have:
T
it = B[ [ wenna - )| (58)
0
Moreover, if in addition hY € ﬁ: then
T
i) = B[~ [ v nda - vno) (59)
0
for any Y¥ € Y, that dominates h¥ in a sense of (27).

Proof. From Corollary 6.1 we know that the optimal solution to the problem (47) exists under

Assumption 6.1. Now fix any § > 0 sufficiently small, we will show that

~ =~ T
11%nf—“(y(l +0) —uly) E[ / hYIL(hY, t)dt + h%fg(h%)} (60)
0
and
~ o~ T
i sup 4 ‘?) W g { /0 WY I, (hY, t)dt + h%Ig(h%)} (61)

Let 6 > 0. By using successively the definition of u(y), the convexity of [717 Us and its properties

we obtain:

(y(1 +9) - (y) T (14 O)h ) = i)
- 5 > E{/o 5 dt +
, Dal+ 0003 = D)
—6

Vv

T
E U YL (14 8R!, t)dt + h%I>((1 + &)hY.)
0
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We then deduce by monotone convergence theorem:

limint WA +9)) —aly
510 1)

) >E { /0 ! RYIy(RY, t)dt + h%lg(h%)} (62)

Now, without loss of generality we assume that ¢ € (—%, 0). By the same arguments in the case

6 > 0, we obtain:

a(y(L+ )
5

)~ _ g {/T WYT((1+ O)hY, t)dt + h4Io((1 + 5)h%)} (63)
0

Same arguments as in the proof of Corollary 6.1 prove the the right-hand side of (63) is inte-
grable under P.
Since the right-hand side in (63) is integrable under P. Therefore we can apply the dominated

convergence theorem to (63) and obtain:

Jim sup _a(y(1+6)) —uly)
510 0

T
<E { / WYLV (RY, 0)dt + W2 T (h) (64)
0

From (62), (64) and the convexity of u(y) we get (58).
Now suppose that hY € ﬁ;—. Since there exists a process YY € Y, such that h¥Y <X Y'Y, we then
have:
T
) <B| [ Ot ) (65)
0

To prove the converse inequality, we take an arbitrary element h € D, § € (0, %) and consider the

process:

R’ = (1 —06)hY + 6h

which also belongs to the set I, by the convexity of D,. Notice also that lims_.o ho = hY. Since

h¥ solves u(y), then we have:

E [/OT T (h?, )t + ﬁg(hg)} <E UOT T (kS )dt + Ta(h2-) (66)
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Then by the convexity of 171 and 172, we have:

T T
/Ul(h?g,t)dHUg(hzfp) > /Ul(hf,t)dt
0 0

T
+/<w—@nm@ﬁﬁ+
0

+ Uz (h) + (h — h3)US (k%)

v

T
/ Ur(h{,t)dt + Us(hY) + (67)
0
T
+ 5(/ (hy — WYL (RS, )t +
0
+ (hr — W) L(hh5) )
Plugging (67) to (66) and dividing by 4, we obtain:

T T
E [/ hYI (RS, t)dt + h%[g(h%)} >E U heIy (B, t)dt + hng(h(;)} (68)
0 0

Since h® > (1 —&)hY, by the decrease and nonnegative of I; and I we have:

o
IA

T
E U RYIL (RS, t)dt + h%]g(h‘%)}

0

IN

T
EUO BT (1= 8)AY, £)dt + Wi Io((1 —5)h§)} (69)

By the same arguments as in proof of Corollary 6.1 we deduce that the right-hand side of (69)
is integrable under P.
Therefore by applying the dominated convergence theorem to the left-hand side of (66), and

Fatou’s lemma to the right-hand side we get:

Y

T
—u'(y) E [/ hely(RY t)dt + hTIQ(h%)], vV heD, (70)
0

Y

T
E [/ YYI (kY t)dt + Y;’Iz(h%)} (71)
0
where the last inequality follows from the fact that Y belongs to D,. From (65) and (71) we get

the desired result. (J

The following lemma is adopted from Lemma 5.3 in Bouchard and Pham (2002) [4].

Lemma 6.5 Let Assumptions 6.1, 6.2 and 6.3 hold true. Given any x € dom(V') defined in (72),

there exists a unique optimal solution y* > 0 to the problem

V(z) £ inf [a(y) + zy] (72)

y>0
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Proof. Let (y"), € dom(u) be a minimizing sequence of the problem inf,s¢[u(y) + zy]. By
Corollary 6.1 for any 3™ there exists an optimal solution h¥" € Dy~ of u(y™). Let us now fix any

€ > 0 and xq such that

x € x €
for x > xzg, where ¢;, i =1, 2 are defined as in Lemma 6.3.
From (73) it follows that:
~ n T ~ n ~ n
iy = /U(hy Vdy = EV Ty (hY" )~ dt + T (hY )—}
0
T T . _ .
< E[/ wodt + l‘o} +¢eE [/ o1 (Ur(h{ 1), t)dt + 2 (Ua (i )_)]
0 0
< 20C3 + 6(02 + y”Cl) (74)
or equivalently, we have:
a(yn) > —x9C3 — E(CQ + y”Cl) (75)

Now we take n large enough, such that
u(y") +zy" <V(z)+1

Hence by choosing ¢ = /2 it follows from (75) that (y™), is bounded.
By Lemma 6.2 there exists a sequence (y},ht) € conv{(y*, h*), k > n} that converges p-a.e.
to some (y*,h*) € Ry x Dy-. By the convexity of Ui, i =1, 2 we have:
O(h7) < sup O ()
m>n
so that

lim [ U(hY)dp+ zy} = V(x) (76)

Hence we have:

uy*) +ay* = /U(hw)+du*/U(hI)’du+x"y*

< liminfURY)tdp — lim UY) " du + zy*

< lim [ UMBY)dp+zy? = V(z)

n—oo
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where the first inequality follows from Lemma 6.3 and Fatou’s lemma. The last inequality follows
from (76).

To prove that y* > 0, we assume the contrary, then:

T
ﬂ@z/U@@S/wa+w:EU1m@ﬁﬁ+%@ﬂ+w (77)
0
for all y > 0 and h € D,. Using the properties of utility functions, we have:
T ~ ~
EU‘@Mmﬁ+MAmmDﬁ+%mﬂ+MQWﬂ]§M® (78)
0
Plugging (78) into (77) and dividing by y > 0, we obtain:
T
E[/ htll(ht,t)dt + hTIQ(hT):| <z V y >0, h e Dy (79)
0

As y — 0, h tends to 0 everywhere. Moreover, by the model setting we have I;(0,t) = oo for
any t € [0, 7] and I3(0) = co. Therefore, by sending y to 0 and using Fatou’s lemma, (79) implies
the contradiction since x < co. Finally, the uniqueness of y* follows from the strict convexity of u

on {u < occ}. O

Lemma 6.6 Given x € dom(V') and let y* be an optimal solution of (70). Then for ally > 0 and

heD,

[t —ey < [ 10— 97 =0 (30)

Proof. Fix y > 0, h € D, and define the convex combination:
(v, h%) =ely,h) + (1 —)(y", h"), €€(0,1/2)

Note that as € tends to 0, we have (y¢, h¢) — (y*, h").
By the optimality of (y*,h*) and the convexity of U then we have:

2[00 =00 )du 0ty - )

€

o
Y

Y

[t = 1), 10+ 2ty ) 1)
By the same arguments as in Corollary 6.1 it is not hard to show that the family
((h—h*),I(h))~ is integrable under p. (82)
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Sending € to 0 in (81), using (82) and Fatou’s lemma again, we obtain:

0> /((h — W), (W) + (y* —y)

and (80) by choosing (y,h) = 3(y*,h*) and then (y, h) = 2(y*,h*). O

Proof of Theorem 6.1

1. By Lemma 6.3 in Kramkov and Schachermayer (1999) [39], we deduce that there exists some
yo > 0 such that u(y) < oo for all y > yo. On the other hand, by using Lemma 6.3 in Kramkov
and Schachermayer (1999) again, there exists y; > 0 such that for all y € (0,y0) and h € D we

obtain

Ui(yhet) < C(y)ﬁ(y()htyt)lyoht<y1+ﬁ(yht7t)1yoht2y1

IA

= ~, Y
(W)U (yoht, 1) Lygn, <y, + U(y%at)lyghtz,ylv c(y) < oo

where the last inequality follows from the decrease of U 1- Asregards [72, the same assertion follows.
This proves that u(y) < oo for y < yo and so u(y) < oo for all y € (0, 00).

The rest of the assertion 1(a) follows from Corollary 6.1, and by the same arguments as in the
proof of Lemma 6.5.
1(b) Quite clearly that dom(V) = (0, 00) whenever dom(@) # (). Then the assertion 1(b) follows
from Lemma 6.5.

2. Moreover, as a result of the last lemma, w is differentiable at y* and we shall have:
T
) =B [ nin o )| = o (53)
0

Let us define

g9t = Li(h}, )< + Ip(h3) 1

We will show that ¢g* is a unique solution to the optimization problem (46).

Lemma 5.1, (71), 81 and (83) we deduce that g* belong to the set C_g/(,+) = C,.
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Now, for an arbitrary g € C,, by the convexity of ﬁi, we have:

T T
/Ul(gtvt)dt-f—UQ(gT) < /Ul(hrvt)dt—FUé(hi})_"
0 0
T
+/ hgedt + higr
0
T
< / Us (L (k). Dt + Us(Ia(h) +
0
T
+/ higidt + hpgr —
0
T
= [ v d - ny )
0

T
< / Us (g7 )it + Us(g5) +
0

T
+(/ ht*gtdt+hi}gT)—
0
T
—(/ h:gz‘dt+h*Tg;)
0

Taking expectation, we obtain:

IA

Jvtn - x| ' Gitgn )it + Ualm)] < B [ : U )it + Uala)] +

T
+ E {/ gehidt + grhy — wy*]
0

IN

E{ /0 gt + U2<g;>}

[ utgan

IN

The second inequality follows from Lemma 5.1 and the fact that g € C;, h* € D,«. This proves
the optimality of g*.
Now let (W*,c*) € A*(z) be any element that dominates g* in a sense of (26). By (83) and

from Lemma 5.1, we have:

T
o = [ 1 nau = [wayn < B [ niciars v
0

IN

Ty

and hence:

T
E{/ hfcfdt—khi}W}} = ay*
0
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3. For any fixed > 0, by the definition of the dual set D, we have:

u() < influ(y) + 2] (84)

Moreover, we have:

we) = [vte) = B[ TU1<g:,t>dt+U2<g;>}

T
E [/ Oy (bt t)dt + Ug(h*T)} + oy
0

/ﬁ(h*)du = u(y") +ay”
This proves that:

u() = influ(y) + ] (85)

The second formula of assertion (3) follows from (85) and the general bidual property of the

Legendre-transform (see, e.g. Theorem II1.12.2 in Rockafellar (1970) [44]).0
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