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Abstract
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to the diffusion kernel, introducing a weighting function.(Fournie et al.
(1999)). Expressing the weighting function as a Skorohod integral, we show
how to characterize the integrand with necessary and sufficient conditions,
giving a complete description of weighting function solutions. Interestingly,
for adapted process, the Skorohod integral turns to be the classical Ito
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1 Introduction

Since price sensitivities are an important measure of risk, growing emphasis on
risk management issues has suggested a greater need for their efficient compu-
tation. Collectively referred to as "the Greeks”, theses sensitivities are mathe-
matically defined as the derivatives of a derivative security’s price with respect
to various model parameters.

The traditional way to compute the Greeks is to take its finite difference ap-
proximation. If we denote by P (x) the price of the option with an initial under-
lying value of z, one calculate the delta with (P (z +¢) — P (z)) /e. This can pro-
duce a significant error since one takes the difference of terms which are already
approximations. When looking at Monte Carlo and Quasi Monte Carlo methods,
Glynn (1989) showed that the quality of this approximation was depending on the
way of approximating the derivative: forward difference (P (x +¢) — P (x)) /e,
central difference (P (x 4+ ¢) — P (x — €)) /2¢, or even backward difference scheme
(P (z) — P(z —¢)) /e. In the case of the forward and backward difference scheme,
if the simulation of the two estimators of P (x +¢€) and P (z) or P(z) and
P (z —¢) is drawn independently, he proved that the best theoretical conver-
gence rate is n~/%. As of the central difference scheme, the optimal rate is n=/3.
When taking common random numbers, this optimal rate becomes n~/2. This
is the best to be expected by standard Monte Carlo simulation as described by
Glasserman and Yao (1992), Glynn (1989), and L’Ecuyer and Perron (1994).
However, the finite difference method is inefficient when dealing with discontinu-
ous payoffs. This restriction applies to many of the exotic options such as digital,
corridor, Asian and lookback options.

To overcome this poor convergence rate, Curran (1994), (1998) and Broadie
and Glasserman (1996) suggested to take the differential of the payoff function
inside the expectation required to compute a price. This leads to a convergence
rate of n~/2. However, this can be applied only to simple payoff functions.
Fournie et al. (1999) extended their method to payoffs depending on a finite
set of dates, in very general conditions. The original idea comes from a result
by Elworthy (1992) which suggests, in a probabilistic framework, to shift the
differential operator from the payoft functional to the diffusion kernel, introducing
a weighting function. They came to the central result that the common Greeks
could be written as an expected value of the payoff times a weighting function.

Greek = B¢ [e_ Jo "8 f(Xr).weight (1)

The theoretical tool used was the stochastic calculus of variations, traditionally
called Malliavin calculus. Their results were given for particular examples of
weighting functions. However, a natural question, starting point of this research
was to examine all the weighting functions and to determine which conditions a
weighting function should satisfy. That is precisely the motivation of this paper.



The contributions of this paper are to characterize by necessary and sufficient
conditions the weighting functions in the Malliavin weighted scheme. Expressing
weighting functions as Skorohod integral, we introduce the wrighting function
generator defined as the Skorohod integrand. We show that these functions can
be characterized by necessary and sufficient conditions on their generator. We
then examine the different weighting functions and show how to find the one
with minimal variance. We then give some key examples of the weighting func-
tion generator. We finally discussed the issue of the most appropriate weighted
function.

The remainder of this article is organized as follows. In section 2, we explicit
the intuition of the methodology with the Black Scholes model as well as some
preliminary definitions and results. In section 3, we derive the necessary and
sufficient conditions for the weighting function generator. In section 4, we show
different example for the weighting function generator. We conclude in section 5.
For clarity reason, all the proofs which turned out to be quite involved are given
in the appendix section.

2 Mathematical framework and preliminary re-
sults

2.1 Intuition

In this subsection, we show by means of the Black Scholes (1973) model, how
we derive a formula that reduces the variance of the Greeks when computed by
simulation methods. The core of our methodology lies in an integration by parts
formula. This allows us to avoid taking the derivative of the payoff functional
and to shift the differential operator on the diffusion kernel.

Following Harrison and Kreps (1979), Harrison and Pliska (1981), the price
of a contingent claim is traditionally calculated as the expected value of the dis-
counted payoff value in the risk neutral probability measure () uniquely defined in
complete markets with no-arbitrage. We consider a continuous time trading econ-
omy with a finite horizon ¢t € [0, T']. The uncertainty in this economy is classically
modelized by a complete probability space (€2, F, @) . The information evolves ac-
cording to the augmented filtration {F},t € [0,7]} generated by a standard one
dimensional standard Wiener process (W;),c(o.r)- The price P (z) of our contin-
gent claims at time ¢ = 0 with expiry date T is defined by the expected value of
the discounted payoff function at expiry f (Xr7) (for a call f (X7) = (X7 — K),)
conditionally to the present information, described by o-algebra F;_q

P () = B9 [ f (Xz) e 0 7| Fy 2)

X [] is the expectation under the risk neutral measure Q, X; is the underlying
price, and r, is the risk free rate. Following Black Scholes assumptions, the
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underlying, either an equity, a commodity, an interest rate or an index price,
follows a geometric Brownian motion characterized by the following diffusion
equation:

dX,
7’5 = rdt + odW, (3)

t
Let us denote by X7 the unique continuous strong solution of (3) with initial
condition = (Xy = z). Replacing in (2) X7 by its probability density function
gives us that the price P (x) can be written as an explicit integral:

_ e —rT rT+ovVTy—%02T L 2
P(a:)—/ooe f(ze 2 )me > dy
To calculate a Greek based on this formula, and for the clarity of the proof,
we chose the delta, sensitivity of the price with respect to the underlying initial
price z, traditional methods compute numerically the finite difference between
two shifted priced, which leads in the case of a centered scheme to:

Pe+35)-P(z—35)
€
Its continuous limit leads then to take the derivative of the payoff function since

() s ()

f XT 7f XT

the expression . inside the expectation operator in (4) tends to
the derivative of the function f as ¢ tends to zero.

delta ~

EQ | e~ S rads / (X;J“%) —f (X;_%> |Fy (4)

9 9

Pla+5) - P(e-3)

The driving idea of this article is to avoid taking the derivative of the function,
by doing an integration by parts. Assuming that f(.) is a.s. differentiable with
derivatives with polynomial growth!, we can show that the derivative with respect
to z is proportional to the derivative with respect to y:

O iyt L 0w i
— f(geTHo 50 — — f(gpe™TtovTy—30
el )= gy )
leading to the following integration by parts:
0 9, [T 12 1 W2
_-p = = —rT rT+oVTy—Lic2T —7d
ox ax(/_m e flae ’ )\/27r6 7 dy)
1 1 1 2
_ —rT rT4+ov/Ty—1a2T 4140
= e — f(xe 2 e 7| %
— Vs f el

—rT oo 1 rT4+ovVTy—102T 1 i
+e f(ze T2

e zyd
—00 ma\/T 2T vy

!These are assumptions that justify the interchange of the integration and the differential
operator by dominated convergence.




This enables us to write the delta as the expectation of the discounted payoff
times a weighting function:

8_P - EQ(e "

Ox xoT
In the above formula, the differential operator has disappeared. Instead, this
methodology has introduced a weighting function %WT. The weight is not
depending on the pay-off function and is easy to simulate. This indicates that the
efficiency of this method does not depend on the payoff type. On the contrary,
the standard way to compute the Greeks relies on the payoff function since it
takes the finite difference approximation of the derivative of the payoff function
(4). Since this integration by parts method smoothens the payoff function with
a weight independent from the payoff function, it is all the more efficient that
the payoff function is discontinuous. This is the case of digital, simple, double
barrier and many other exotic options. Furthermore, we can conjecture that this
method should be more efficient for second order Greeks, like gamma, than first
order one, like delta. Moreover, this methodology should provide us equivalent
rate of convergence for the Greeks as for the price. The only difference between
the price simulation and the Greek simulation comes from a weighting function
to simulate.

Wr f(Xr))

2.2 Notations and hypotheses

To avoid heavy notations, and for clarity reason, we present our results in one
dimension. However, our results can easily be extended to the multi-dimensional
case. Following the traditional literature on continuous time option pricing, the
evolution of the underlying price, Ito process (Xt>te[0,T} , is described by a very
general stochastic differential equation (SDE):

dXt =b (t, Xt) dt + U(t, Xt>th (5)

with the initial condition Xy = z, € R. The function b : R xR — R represents
the determinist drift of our process and the function o : Rt xR — R its volatility.
The risk free interest rate is denoted by r (¢, X;). We assume that:

e the functions b and ¢ are continuously differentiable with bounded deriva-
tives and verify Lipschitz conditions, i.e., there exists a constant K < +o0
such that

b8, 2) = b(t,y)| + |o (t,2) — o (t,y)]
bt 2)| + o (t,y)]

Kz —yl (6)

<
< K(1+|2)) (7)

Inequalities (6) and (7) are classical conditions to ensure the existence and
unicity of a continuous, strong solution of the SDE (5) with its initial condition.
We denote by X[ the continuous, strong solution X, starting at x.
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e the diffusion function o (¢, ) is uniformly elliptic?:

Je>0, Vtel0,T],VzeR |o(t,x)]>¢ (8)

We denote by (V)¢ 7 the first variation process of (Xy),c(o 7y, which is char-
acterized as the unique strong continuous solution of the linear stochastic differ-
ential equation (9) with initial condition (Y;—o = 1):

av;

% = b/(t, Xt)dt + U/(t, Xt)th (9)
t

where the prime stands for the derivatives with respect to the second variable.
We can show that the first variation process is the derivative of (X¢),c( 1) With

respect to x, (Yt = %Xt). Malliavin calculus theory proves that the Malliavin
derivative can be written as an expression of the first variation process as well as
the volatility function:

DXy =Y, Y 'o(s, Xs)1{s<nya-s. (10)

To be as general as possible, we assume that our payoff is depending on a finite set
of payment dates: ti,ts, ..., t,, with the convention that ¢, = 0 and ¢,, = T. The
price P (x) of the contingent claim given an initial value of the underlying price
x is traditionally computed as the expectation under the risk neutral probability
measure of discounted future cash flow:

T
P(ZL‘) = Eﬂ? |:e_f0 T(S7X$)dsf (thvtha “‘7Xtm>

with the traditional shortcut notation E¢[] = E9[.|X,=z]. The function
f : RxRx...xR — R denotes the payoff, and is supposed to be first order
differentiable with a derivative with polynomial growth. We denote by F' the
discounted payoff F' = e~ I s Xo)ds £ (X, Xy, . Xy,). If we need to specify
that the underlying is a function of the initial value z, we denote the discounted
payoff by F*.

2.3 Generalizing Greeks

We take the common definition of the delta and gamma as the first respectively
the second order derivative of the price with respect to the underlying process.
However for the rho and vega since by assumptions, the drift and volatility terms
are functions of the underlying and time, we need to develop a more robust
framework than the common Black Scholes one. The meaning of the rho and
vega is to quantify the impact of small perturbation, in a specified direction, on

2This is to ensure that we can find some solutions for the weighting functions, since it often
requires to take the inverse of the volatility function.
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either the drift term or the volatility term. We therefore define an ”extended”
rho as well as an "extended” vega defined as the derivative function of the price
along a specified perturbation direction either on the drift term or the volatility
term. _

Let denote by b : Rt x R — R a direction function for the drift term and
d:R xR — R for the stochastic term. We assume that, for every € € [—1,1],

b(.,.), (b + 55) (,.),0(.,.)and (o +€0) (.,.) are continuously differentiable with
bounded derivatives and verify Lipstick conditions and moreover that o (.,.) and
(0 4+¢€0)(.,.) satisfy the uniform ellipticity condition (11). Ve € [—1,1],Vt €
[0, 7]

I >0,|(c+eo)(t,z))>n Ve eR (11)

We then define two different perturbed underlying processes, with their re-
spective prices. The drift-perturbed process is the stochastic process {Xf ’Tho, t€0,7] }3

solution of the perturbed diffusion equation, in the direction E, defined by (12)

and the unmodified initial condition (X&' = )

dXoThe = [b (t, Xf”“’w) +eb (t, Xf"“’w)] dt + o (t, Xf”"’“)) aw,  (12)

Similarly, the volatility-perturbed underlying process is the stochastic process
{X["9 t € [0,T]} solution of the perturbed diffusion equation in the direction
o defined by (13) and the unmodified initial condition (X" = x)

dXta,vega _ b (t, Xf,vega> dt + [O' (t7Xt£,vega> + 53 (t, Xf,vega)] th (13)

The above definitions of these two perturbed processes lead to perturbed price
< () and P, . (z) defined by

vega

r =) ds g, € €,
P(z) = BQ[enlorlX)h g (i i, X5

with ¢ = rho or vega

The physical meaning of the above definitions is to set an appropriate frame-
work so as to see the impact of a structural change of either in the drift or the
volatility term on the underlying process as well as on the price function in itself.
The extended rho and vega quantify this effect. They are therefore defined by
the following definitions:

3we put vega in upperscript so as to be able to distinguish the two perturbed process X; ho
and X;"9“. One is corresponding to a perturbation on the drift term whereas the other one
on the stochastic term.



Definition 1 The extended rho is the Gateau derivative of the perturbed price
function PS5, (x) in the direction given by the function b(.):

rho = £ P5, (2

9% (14)

5:0,3 given

Similarly, the extended vega is the Gateau derivative of the perturbed price func-

tion Pg,,, (z) in the direction given by the function o (.,.):

vega = QP‘E (x) (15)

Oe

e=0,0 given

2.4 Results on the first variation process

This section shows that the first variation process (Yt>te[O,T] is at the core of the
extended Greeks theory. In this section, we introduce Gateau derivatives im-
plied by our the extended Greeks. We show that these two Gateau derivatives
can be expressed as simple function of the first variation process Y;. We denote

by (Z;™) sy and (Z¢%)1cjoy the Gateau derivative of the drift-perturbed

underlying process {X;E rho e [0, T]} , respectively the volatility-perturbed un-
derlying process {X;"“ ¢t € [0,T]} along the direction b,respectively &. These

two quantities are defined as the limit in L2, uniformly with respect to the time
t:

Xa,rho _ X
zrho — lim = — 1% (16)
L2,e—0 5
respectively
Xf—:,vega - X
79 = lim —t—=1 (17)
L2,e—0 S

Interestingly, these two processes can be expressed in terms of the first vari-
ation process (Y;):cjo,7] as the following proposition states:

Proposition 1 The process (Z[ h") can be expressed in terms of the first

t€[0,T]
variation process by

Ly, X
Zzho:/ wdbﬁ (18)
s=0 S

Similarly, the process (Z; ega)te[o 7] can be expressed in terms of the first variation
process (Yi)iep,r) by

t =~ XS ¢ o Xs
70697 — / Y;des — / Yo' (s, X,) Mds (19)
0 Y:e 0 sz



Proof: in the appendix section, section 6.1, page 17.0]

The proposition above explains intuitively why the Malliavin weights for the
rho and vega can be expressed in terms of the first variation process. The dif-
ference between the volatility-perturbed framework and the drift-perturbed one
comes from an additional term in the case of the volatility-perturbed one.

3 A New Method for Computing the Greeks:
the Malliavin Weighted scheme

This section shows the necessary and sufficient conditions for a function to serve as
a weighting function. We first give the state of the art, then give the necessary and
sufficient conditions and finally show how to extend these conditions to models
where the risk free interest rate is a function of the underlying as in interest rates
models for the spot rate (model of Vasicek, Cox Ingersoll Ross, Black Derman
Toy and so on.).

3.1 State of art

Fournie et al. (1999) were the first to suggest that the three Greeks delta, vega
and rho could be computed as an expected value of the discounted payoff times
a suitable weighting function (20)

Greek = EQ e~ Jo rsds f( X weight (20)

The paper of Fournie et al. brings to mind many questions. First, a general
formula for the gamma is missing. It is only in the particular case of the Black
Scholes equation that they are able to provide one. This attempt indicates that
the gamma is not a special case. The only difference comes from the fact it is a
second order derivatives with respect to the initial underlying level.

Second, it is worth noticing that all their weighting function could be ex-
pressed as a Skorohod integral, since Ito integral is only a subset of the Skorohod
one. Going the other way round, a new problem is to examine the set of functions
expressed as a Skorohod integral and to determine which condition(s) these func-
tions should satisfy to serve as a weighting function. This is precisely the aim of
this paper. We restrict ourself to weighting functions that can be expressed as a
Skorohod integral. We call the integrand of the Skorohod operator the weighting
function generator and denotes it by w,. The following subsections shows that the
weighting function generator should satisfy necessary and sufficient conditions.
Interestingly, these conditions are different for each Greek but independent of the
payoff function. Therefore, the Malliavin weight is independent from the payoff
function.



3.2 Generalization of the method: Exact determination
of the Malliavin Weights

Writing the weighting function weight as a Skorohod integral, we call weighting
function generator w the Skorohod integrand

weight = 6 (w) (21)
We will assume as well that the weight is L? squarable that is
E [weight?] Y2 < %0 (22)

Since the Skorohod integral is at the core of the Malliavin integration by part
formula, the weighting function is better characterized by its weighting function
generator. We first examine the most common case where we assume that the
instantaneous risk-free interest rate does not depend on the underlying process
' (s, Xs) = 0. Denoting by Eg Xoy oo Xem the conditional expectation with respect

to Xy, .oy X, 1€ Efxtl x,. ] =E¢[Xy,...,Xs,] , we show that this gen-
erator should satisfy necessary and sufficient conditions given by the following
theorem:

Theorem 1 Malliavin formula for the Greeks

There exits necessary and sufficient conditions for a function w to serve as a
weighting function generator for the simulation of the Greeks. The first condition
18 the Skorohod integrability of this function. The second condition, different
for each Greeks and summarized in table 1, is depending only on the underlying
diffusion characteristics and is independent from the payoff function.
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Groeks Necessary and Sufficient conditions
on the Malliavin Weights
EQ |:Y ti U(tvxt) delta t dt:|
delta (M1) ;5 KXo [ Jo' 5w (@)
= Ew,th,...,Xtm [Yzz]
EQX x,,, [0 (womme)]
M2) : Bt ttm
gamma ( ) ngtl,...,xtm [6 (wdelta6 (wdelta) + 8%Cu}delta)}
i o(t, Xy wrho
”extended” (M3) : ngtl, o Xtm |:}/;fz fo (tt Lyt ()dt}
rho ’ — k¥ [Y ti b(t, Xt)dt}
2, Xty 0oy Xty |t Y:
ded E?th X [Y;e . G(t Xt) w9 (t )dt]
”extended” _ T s a(t X0)Ys
vega (M4) — EQX [ fo Y Z(dlj(/ v ]
1 fo (s, X,) Tsds

Table 1: Necessary and Sufficient conditions for the Weight-
ing Function Generators in a model with interest rates inde-
pendent of the underlying. The proof for the equations (M1),
(M2), (M3 ) and (M4) are given in the appendix section, re-
spectively in section 6.2, 6.3, 6.4 (skeleton of the proof for
(M3) and (M4))

3.3 Extension to models with stochastic interest rates

When we assume that the risk free interest rate is a function of the underlying, we
need to take into account the dependency of the risk free rate from the underlying
process. The necessary and sufficient conditions given in table 1 are not valid
any more. We need to include in the expectation operator the discount factor
e~ Jo 7. XD)ds  term which is stochastic and complete them by a second condition.
The second conditions are obtained by the same way the first one were derived.
However, since these expressions does not bring any new intuition and are tedious
rephrasing of the simpler results of table 1, we have put them in the appendix
section, section 6.6, page 25 as table 6.

3.4 The minimal variance weighting function

If we want the weighting function with the minimal variance, we have to under-
stand the way the Greeks are calculated. We have found that the Greeks are
expressed as the expectation of a weighting function times the discounted payoff.
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The only information we have about the payoff function is its measurability with
respect to the filtration Fr. It means that the product inside our expectation
can be seen as the scalar product of the weighting function with any function Fr
measurable. It is then pretty intuitive that the weighting function with minimal
variance is the conditional expectation of any weighting function with respect to
the filtration F7r by means of the theorem of projection. More precisely, we have
the following proposition

Proposition 2 The weighting function with minimal variance denoted by mq is
the conditional expectation of any weighting function with respect to the filtration
Fr

7o = B [weight|Fr|

Proof: Let m be a weighting function. The Greek ratio can be expressed
as the expected value of the scalar product of the discounted payoff denoted by
F with this weighting function time Greek = E[F.r|. The variance V of this
estimator is given by the quadratic variation of our estimator of the Greek minus
the true value of the Greek.

V =E [(F.r — Greek)’]
We can introduce the conditional expectation 7, leading to

V = E[(F.(r —m) + F.mo — Greek)’]
= E[(F. (7 —m))’] +E[(F.r — Greek)?]
+2E [(F. (r — 7)) . (F.mg — Greek)]

But indeed the last term in the equation above is equal to zero since

E[(F.(m —m)) . (F.mo — Greek)] = E[E[(F. (7 —m)). (F.mo — Greek) |Fr]|
= E[E[(F.(r —m))|Fr]. (F.mo — Greek)]
=0

where we have used first the fact that (F.mg — Greek) and F' are Frr measurable
and therefore E [(F. (7 — 7)) |Fr] = 0.0

This is a strong result. It indicates that the best weighting function should
always be the one Fpr measurable. It indicates as well that without any more
specification on the pay-off function, the variance is lower-bounded by the vari-
ance of the particular weighting function my. This indicates as well that with
more information on the pay-off function, we can have more efficient estimators.
This is the case when for example, we have a payoff-function which can be ex-
pressed in terms of some particular points of the Brownian motion trajectory.
In this case, the best weighting function would be the one expressed in terms of
these particulars points.
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4 Examples of Malliavin weights

In this section, we give examples of weighting functions generator. Instead of us-
ing the necessary and sufficient conditions derived above, expressed as an equality
of conditional expectations, we look for solutions that satisfy the equality of the
two terms inside the expectation. Of course, these conditions are stronger and
are only sufficient but not necessary.

We show that the solutions given by Fournie et al. (1999) are particular
solutions for generator functions. But we exhibit other solutions. This raises the
interesting question of the choice of the weighting function generator.

4.1 Fournie et al. solutions
Let us define T, = {a € L2[0,T)| [ a(t)dt =1 Vi = 1...m} and

T, = {ae120,7)] [} a(t)dt =1Vi=1..m} . Rewriting all the weight-
ing functions of Founie et al. (1999) as Skorohod integral, we can see that of
course these functions satisfies the necessary and sufficient conditions. Indeed,
an easy way to check that the conditional expectations of the equations (M1),
(M3) and (M4) are equal is to verify that the terms inside the expectations are
equal. That is precisely what we can do in the case of the Fournie et al. weights.
The table 2 summarizes the different weighting function generator of Fournie et
al.

Weighting Function Generators
of Founie et al.

delta a(t) %

Greeks

"extended” rho mb (t, X1)

"extended” vega mﬁ () >0 (2079 — ZP9%) Li, <ty

Table 2: Summary of Particular Malliavin Weights given by
Fournie et al.

4.2 Other examples

In fact, there many other judicious weighting function generators that can be
used. We only need to find functions that satisfies the necessary and sufficient
conditions and are element of the Skorohod operator domain denoted by D2,
We can prove that the piecewise constant solution given below satisfies the
necessary and sufficient conditions and is an element of the Skorohod operator
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domain denoted by D'2. It is therefore an other example of a weighting function
generator.

wietta (t) = Za?elmlti,lgtgti (23)
i=1

with Z de““/ tXt =1 Vi=1l.m (24)

It is interesting as well to examine the case of the gamma Greek. Even if
in some special cases, there is a link between gamma and vega when the first
variation process is proportional to the underlying which leads to the Geometric
Brownian motion (Benhamou (2000c)), for a general model the calculation of the
formula for gamma cannot be avoided. Without an abstract framework, formulae
becomes soon complicated. This might be the reason why gamma calculation is
missing in previous works like Broadie and Glasserman (1996) and Fournie et al.
(1999). We needs to assume for this calculation that b and o are continuously
differentiable up to the second order with bounded first and second order deriva-
tives. These conditions are to justify the existence of the weighting function.
We can then show that one particular solution of the weighting function of the
gamma is given by:

()5 o t) 7% th) o l( —ty;%)ﬂ "

— [T a (1) 2 LX0 gy,

weightr = vy 0 o2(t,X)
f[) s<s9 aaii)z,;(i;)l (b// (31; Xs1> — 0 (31; X51> o’ (31; )) dsldW52
a(s2)Ys,Ys
| + fO:slgsg 5(1)2,)(252)1 U// (31, X81> dW51dWsz ]
(25)

Proof: given in the appendix section, section 6.3.2 page 23.[J

We can as well define piecewise solutions for the other Greeks : rho and vega:

m m

rho _ rho vega _ vega
w™ (t) = E oy <a<ty,  WYN(E) = E Ly <i<t,

=1 i=1

We have seen that the generator has to satisfy some necessary and sufficient

conditions. Indeed, when taking a stronger assumption of these conditions which

is the equality of the terms inside the conditional expectations, we get that the

generator satisfy some technical conditions, which can be expressed in terms of
delta vega rho

the different elements af***, o, ", o] We have summarized these conditions
fin the table 3.
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Conditions for the generator

Greek
Feeks in terms of the elements agreek
delta Z;Zl adetta o ) —U(g’/‘f{t)dt =1
i
99 99 7 T’hO t; t X ) b(t X )
extended” rho | >7°_; af ft]—] Lt = - dt

vega

) ” ( vega (tj o(tXt) Zy;
extended” vega | >°_ o] ftj Tyt = =

Table 3: Conditions for piecewise constant generator

We can as well define weights which emphasizes the role of the first variation
process by writting it as a linear combination of the first variation process, where
the linear components 37°* are stochastic:

wgreek: (t) — Z ﬁfreeknl{ti71§t<ti}

=1

where the index greek stands for either delta, vega or rho. Like in the previous
case, we can express the sufficient conditions of the generator in terms of these
elements. Like in the previous case, we have summarized all these results in the

table 4.

Conditions for the generator

Grecks in terms of the elements ﬁ?”ek
delta S B3 [ ot Xy)dt = 1
”extended” rho 1 ﬁr’w ft olt, X,)dt = t; b(tyi(t)dt

Zvega

"extended” vega Z] 1ﬂ”eg“ft o(t, Xy)dt = 5

Table 4: Conditions for piecewise constant generator

4.3 Choice of the generator

When dealing with Malliavin weight, the true question is the choice of the best
generator. Since the Skorohod integral coincides with the Ito integral for adapted
processes, it is very interested to find an adapted generator. A second feature
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is to base the choice on a variance minimization criterium as well. However,
this problem is extremely difficult to treat in its general framework. To tackle
this issue, one needs to specify our diffusion parameters : drift and volatility
term. The problem is then to determine the adapted generator with the lowest
formula variance. However, this problem cannont be solved in this too general
framework. We need stronger assumptions on the diffusion of the underlying for
a fruitful discussion about the choice of the generator.

5 Conclusion

This article gives the theoretical skeleton for many future research for the simu-
lation of the Greeks with no differentiation of the payoff function. Its innovation
can be classified into two parts:

e We have taken very general model hypotheses. We have broadened the
assumptions of Fournie et al. to a stochastic risk-free interest rate, function
of the time and the underlying process. We have given proper definitions
for extended Greeks and examined the particular case of the gamma, which
was missing in works like Broadie and Glasserman (1996) and Fournie et
al. (1999).

e However, the main interest of the paper lies in its second innovation. We
have seen that introducing the weighting function generator as the Skorohod
integrand of the weighting function, we can characterize this generator. The
conditions hereby derived enables us to find the ones given by Fournie et
al. (1999) as particular solutions of our general conditions. We have shown
that there exists many more solutions.

There are many possible extensions and applications of this theoretical article.
One area of research is to extend the previous results to other option types (Asian
and lookback options Benhamou (2000a)). Another domain of interest is to
find specific examples of weighting function, according to a certain criterium.
The question of the choice of generator needs to refer to stronger hypotheses
on the diffusion of the underlying. Another question is a comparison study of
the efficiency of Malliavin weights compared to traditional methods. Fournie
et al. (1999) and Benhamou (2000b) examined the particular case of the Black
diffusion. They concluded that Malliavin formulas are very efficient for non-linear
payoffs but not for vanilla options. Their main conclusion is that one should be
cautious when using the Malliavin formulae. As a suggestion, one should use
locally the Malliavin formulae at region of discontinuity and the finite difference
method elsewhere as suggested by Fournie et al. (1999) and Benhamou (2000b).
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6 Appendix

6.1 Proof of proposition (1)

The proof is only given for the Z"° process. It is identical for Z;**. To prove

proposition (1), we first show that the process (Z;"°) relo] verifies a stochastic dif-

: : : rho t —17
ferential equation (26). Since the two process (Z; )te[o,T} and (fo V.Y, 'b (s, Xs) ds) elo
verify the same SDE (26) and have the same initial conditions, they are equal

according to the stochastic version of the Cauchy Lipschitz theorem.[]
We now prove the lemma about the stochastic differential equation (26):

Lemma 1 Under the assumption of continuous differentiability of b, o with bounded
derivatives, the process (Zt” h") +[0.7] defined by (16) is the unique solution of the
following stochastic differential equation

47, = (Z(t, X,)+ Z (¢, Xt)) dt + Z,0' (£, X,) AW, (26)
with initial condition Zy = 0,,.

Proof: Solving the diffusion equation (12) with the initial condition (Xf:’“[;l ’= a:)

gives

¢ _ t
Xp™ = a4 / [b (s, X5™) + eb (S,ng”'h")] ds + / o (s, X)) dW,
0 0

For ¢ # 0
Xta,rho_Xt
39
t [ _ Xa,rho _ X, t Xa,rho _ X,
_ /(b(s,Xg"hO)er(s’ : )6 bls, >>ds+/g(s’ : )5 75 %) gy,
0 0

Using the hypothesis that b, o are continuously differentiable with bounded deriva-
tive, as well as the continuity of X" in e with its limit equal to the non-
perturbed process (Xt)te[O,T]’ we can show that the Gateau derivative (Z[ ho) te0.7]

of the drift-perturbed underlying process {Xf rhe e [0,T ]}along the direction

b can be expressed as:
t t
Zrhe — / (b (5, X,) + Z7y (s,XS)> ds +/ Z™eo" (s, X,) dW,
0 0

which in its differential form is exactly equal to the result. The unicity is then
given by the stochastic version of the Cauchy Lipschitz theorem.[]
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6.2 Proof of the delta formula (M1)

In this section, we prove that the weighting function for the delta should satisfy
necessary and sufficient conditions. The proof is given for the case of a stochastic
interest rate depending both on time and the underlying. As a special case, we
derive the necessary and sufficient condition given in table 1 when the interest
rate is only a function of time. For the sake of simplicity, we denote in this
section w* by w,and denote by a prime the derivative with respect to the
second variable. The part of the proof based on integration by parts is quite
short and follows the one of Elworthy (1992). The technical difficulty here is to
justify rigorously the use of weaker assumptions. It can be divided into three
major steps:

1. first preliminary: weaker conditions on the payoff function f: show that
if the result holds for any function of C% (set of infinitely differentiable
functions with compact support), it also holds for any element of L?.

2. second preliminary: interchange of the order of differentiation and expec-
tation: show that one can interchange the order of differentiation and ex-
pectation.

3. integration by parts:

(a) necessary condition.

(b) sufficient condition.

6.2.1 First preliminary: Weaker assumptions

The idea of the first technical point is the following: taking f as an element of L?
is the same as assuming f infinitely differentiable with a compact support. It is
based on a density argument using Cauchy Schwartz inequality and the continuity
of the expectation operator.

More precisely, let assume the result is true for any function of C% (set of
infinitely differentiable functions with compact support). Let f be now only in
L?. Using the density of Cf[0,T] in L?, there exits a sequence (fy),cn of CF
elements that converges to f in L2. Let ’s denote u (z) = E@ [F] and u,, = E@ [F,)]
the prices associated with the discounted payoff functions F' and F), and x as the
starting point of the underlying security price. Since L? convergence implies
L' convergence, we know that the set of functions u, converges simply to the
function wu.

VeeR wu,(x) o (x)
Since the result is true for payoff functions element of C%°, the derivative of the
u, function can be written as the expectation of the discounted payoff function
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fn times a suitable ”Malliavin” weight ¢ (w) defined as the Skorohod integral of
a function w:

0
Ox
Let ’s denote by g the function obtained as the expectation of the discounted

payoff function f times the Malliavin weight & (w) : g (z) = E@ [F§ (w)]. By
Cauchy Schwartz inequality

up, () = Eg [F30 (w)]

9(2) = 5-tn (2)| = |BZ [(F — Fo) 8§ ()]] < h(2) e (2) (27)

with

P e @ =2 [(F- R

h(z) = EZ [(8 (w))’]
By definition, the L? convergence of u, means €, (x) converges simply to zero
as n tends to infinity. Therefore we already know that the function sequence
(%un)nE n converges simply to the function g. By property of Lebesgue com-
pacity and the fact that the functions F' and F), are continuous and that h (x) is
bounded (non-explosive condition (22)), inequality (27) proves that this conver-
gence is uniform on any compact subsets K of R..

We conclude using the fact that if a sequence of functions (u,),, .y converges
simply to a function u and the sequence of function’s derivative (a%un)neN con-
verges uniformly to a function g on any compact subsets of R, the limit function
u is continuously differentiable with its derivative equal to the limit function of
the sequence of function’s derivative (a%un)neN leading to the final result:

9 e [F] = E2 [Fé (w)]
or * S

O

6.2.2 Second preliminary: Interchanging the order of expectation and
differentiation

The second technical point is to show that we can interchange the order of ex-
pectation and differentiation (using the dominated convergence theorem).

More precisely, since because of the first preliminary, f is assumed to be ele-
ment of C'%¥ and therefore is continuously differentiable with bounded derivative,
we have

r+h _ Iz 9
F F o <31:F7 h> - 0
A IRl linl—o.
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An elementary calculation gives us

m — [T r(s,X7)ds T T T T
QF: < S e o T XDy, f(XE XE L XE ) 2 X )

oz —F fOT (s, X2) ZX2ds
. - (Z£Fh) . . . .
Since f has bounded derivative,first, G\Thu is uniformly integrable in h and

second, by Taylor Lagrange theorem,

- XET — X
T 7

<MY

i=1

HF:r+h _ F=
17l

Xeth_xe
X2

Using the result that Y ", T i is uniformly integrable in h (See Theorem

2.4 pp 362 Chapter IX Stochastic Differential Equations, Revuz and Yor (1994))

Fz+h7Fz
Il

leads to the uniform integrability in h of

. @ o (ZFh) . . : . .
This in turn tells us that £ H}JF — <B\ThH ) is uniformly integrable in h. Since

\
it converges to zero a.s., the Aomlnated convergence theorem gives us that it
converges also to zero in L'. We conclude that

%u (X*) =E¢ {%F] (28)

0

6.2.3 Integration by parts:

Necessary condition: In this subsection, we examine the necessary condition
to be satisfied by the weighting function. The delta is defined as the derivative
of the price function with respect to the initial condition z

0 v
delta = =B |l X0 f (X7 X7 X )| (29)
x
Assuming the delta can be written with a weighting function leads to
T .
delta = EZ [e_ Jo' e X)ds g (xz xwxE ) (w)]
= BQ[(D, (e WXt (xp Xz X7 ) w ()]

Using the property of Malliavin derivatives for compound functions, this can be
written as:

— [T r(s,X7)ds m T T T T T
el s XDds ™ g f (xz xe X ) [T, Xgw (t) dt ]

E?
—F ftio fsi[) %7’ (5, X7) Dy Xw (t) dsdt

T
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Using the relationship between the Malliavin derivative and the first variation
process (10), we can replace the expression of D; X, u > t in the equation above,
leading to

T TVds m T T x
e Jo ;X Js S O f (XL XE, LX)
E9 I Y; Y;lo—(t XP)w () sy dt

—Ff ft o (8, X)) VY o (t, XP)w (t) tly<qdtds

On the other hand, the delta is defined as the derivative of the price function
with respect to the initial condition . Using (10) and the second preliminary’s
results (28), we can change the LHS of (29)

delta
i T ZYds m T T T
_ EQ e~ fo r(s,X2%)d 21?1 8zf (th,th, “‘7Xtm) %th
* —F [ 7' (5, X%) £ X,ds
i T ZYds m T T T
_ e | et X D:Tl Of (X&, X2, ... XL )Y,
‘ —F [, ' (s,X7)Yds

At this stage, equalling the two expressions of delta gives us:

r TVds m x T T
e o T(;,Xs )d Zi:l Oif (X2, X2,... XE)
EQ fo Yt Y, o(t, Xo)w (8) Liper,ydt

—Ff ft o7 (8, XE) Y, Y, o (t, Xp)w (t) tl<sydids

e~ Jo T XDds S g p (XE L XE L XE )Y,

= ES T
—Ffo r' (s, X%)Y,ds

Using the fact that this should hold for any f and any function (., .), we get that
the following two quantities should be equal on any functions measurable,leading
to conditions expressed with conditional expectations (where to simplify notations
the 2 in superscript have been omitted):

ovgs [ Ye0(t X
Eg |:6_f0TT(S7Xs)dS/ Mw (t) dt!th,---,Xtm}
0

Y,
— ]Efg [e* fOTr(s,X;”)dsYMth, ...,Xtm} Vi=1..m (30)
T T
EY V / ' (s, X,) VY, lo(t, Xy)w (t)tl{t<s}dtds|Xt1,...,Xtm}

s=0 Jt=0
T

— Eg [/ 'r’ (S;Xs> YSdS’XtI, ...,Xtm:| (31)
0

this is exactly (M1) when the interest rate is a only function of the time [J
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Sufficient condition: If we know a function w that verifies two equations (30)
and (31) and its Skorohod integral; is L, squarable, the above proof can be
conducted backwards:

0
delta = %EQ [(effOTr(s’Xs)dsf (Xty, Xi, ...,Xtm)>]
EQ Zgl e fOT T(S7xs)dsaif (tha th: sy Xtm) (%Xti
I (e*foTr(s,Xs)de (X4, Xy, ...,Xtm)) fOT (s, Xs) & X ds

then using the necessary conditions, we get

Z?il ;{_ fOT T(S7X8)dsaif (thvthv LR Xtm)
= E7 Jo Yt Y; o(t, Xpw (1) Ly<r,ydt
—Ff ft oT )Y Y, ot X)) w (t) tl<sydtds
B IS dsz Vv, f(th,th, s Xi) [ Lo DeXoyw (t) dt
’ Fft of o7 (8, Xs) DX w (t) dsdt

which then using the expression of the Malliavin derivative in terms of the first
variation process, leads to

ES [<Dt <eif0T T(S’XS)dsf (Xt17Xt27 3] Xtm)> , W (t)>]
leading to the final result:
delta = EY [F§ (w)]

where in the last step, we made use of the integration by parts formula.[]

6.3 Proof of the gamma formula (M2)
6.3.1 Necessary and sufficient condition

The proof goes along the same lines as for the delta case, so we omit to give all
details of it. We assume that f is continuously twice differentiable with bounded
first and second order derivatives. To remind that the generator w!® does
depend on z, we adopt an explicit notation wde!e,

r = AEQF
- & (s
= 47 (B2 7 (u)))

— x |:%F5 delta :| +Eg

2 delta
{F &E(S (w? )}
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using the fact that one could invert the Skorohod integral operator ¢ (.) and the
differential operator a% (thanks to a mathematical argument based on dominated
convergence theorem), we get

r = ES |:F (5 (wzelta) § (wzelta) + § (%wgelta)>:|

— Eg |:F5 <wdelta6 (w:crlelta) + %wgelta>:|

where in the last inequality we used the linearity of the Skorohod integral op-
erator. Since this should hold for any F, the necessary and sufficient condition
is

Egth Xy, [0 (W7)] = ngtl ..... X [5 (wde”aé (we) + %wde“a)]

..... m

6.3.2 Particular solution

In this section, we prove the formula for the particular form of weight, we have
already encountered, namely:

wi'® = Yo (£, X;) A

with
T
0

Using result on the Gamma weighting function, a sufficient condition on the
Malliavin weight is the equality:

) (wgamma) =6 <%wdelm> + § (wdelta) § (wdelta)

with

5 () s ) = (

=0

T

T
Mo, Xt>Ytth) ( / Ao (Xy) Yuqu)
u=0

which can be expressed in terms of the square of the simple integral:

T
§ (wiite) § (weite) = (/ )\tgl(t,Xt)Yith)
0

2

— /OTE [()\tafl(t,Xt)Y})ﬁ ds
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The term %wde“a can be calculated as the sum of two terms:

, 0
%wdelm — A\ (82 (7h) t, X))V + 07 (t, Xy) &EY)

we use then the following equation:
0 (071) (t, X)) = —072(t, Xy)o' (1, X)) Vs

and we use for the second term that

t t
Dy, - / VY. (s, X.) ds + / YiYeo! (s1, X,) dW,
ox 0 0

t
—/ Yo' (s, X,) Yo" (s, X,) ds
0

giving then

( delta)

/ / )\ O' 82, )}/;2}/;1 (b/, (Slqul) — O', (Slqul) 0'” (SlaXsl)) dSldW32
$90 Js=0

Ep)
/ M, 0 1 (52, X5, )Y, / Y, 0" (51, Xs,) dW,, dW,,
s2=0 51=0

we conclude that the Malliavin weight is given by (25).00

6.4 Proof of the rho and the vega formulae (M3) and (IM4)

These proofs are similar to the one given for the delta (M1) and are available
upon request. The only difference between the delta and the rho or vega formula
lies in the fact that we derive with respect to = in the case of the delta, and
with respect to the e associated with the drift-perturbed or volatility-perturbed
in the case of the rho or vega. We therefore need to change in the proofs that the
derivative of X, With respect to the initial condition z, %Xt =Y, is changed by
L X7ho = Zhe and £ X = Z** and then to use the proposition (1).00

6.5 Summary of Fournie et al. particular solutions

Founie et al. proved that the weighting function could be writen in the case of
adapted processes as some Ito i tegral. Let us define

T = {a € *0.T]| fy a(t)dt = 1Vi = 1..m |

and T, = {a € L*[0,T] ]ft t)dt =1Vi=1. m} Their results are sum-

marized in the table 1, where the symbgl 6 stands for the Skorohod integral and
a is an element of T,,, a an element of T,,.
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Greeks Weighting Function
delta [T a(t) =XeedW,

0 O'(t,Xt)

"extended” tho | [ siie5b (£ Xp) AW,

- zpe9e 2yt
"extended” vega | § <%a t)> (g,—t — Y:i) l{ti1<t<ti}>

Table 5: Summary of Fournie et al. Results.

6.6 Second conditions for interest rate dependent solu-

tions
Greeks Supplementary conditons
Q T Ysg(t’X ) delta
e B2, [ et (5, ) BEEXD et (1) s
_ W@ T
- E:r,th,...,Xtm |:f0:s T’, (Su Xs) szd8:|
the extension to this case
gamma, is included in the equality
of the delta
T Yso(t,X rho
”extended” Egth,...,Xtm [fo:tgs r' (s, Xs) —(Yt oy (t) dt ds]
_ mQ T Y.b(t, X
rho = Ew,th,---7Xtm |:f0:t§s (s, X5s) —(Yt t)dtds}
T Yso(t,X vega
E?,th,...,xtm [f[):tgs ' (s, Xs) —% t)yyyveg (t) dtds
” 9 T
extended . on:tgs (s, Xs)
vega =B x,, ... X0, < . o (¢, Xi) AW, ) ds
-0’ (t, Xy) o (¢, Xy) ds

Table 6: Supplementary conditions for models with risk free
rate depending on the underlying
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