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1 Introduction

Binomial trees have become a workhorse of applied finance. Prominent examples
in the term-structure literature include Ho and Lee (1986), Black, Derman and
Toy (1990), and Black and Karasinski (1991). In addition to providing a sim-
ple computational algorithm for approximating arbitrage-free prices implied by an
equilibrium asset-pricing model, they are used extensively by practitioners to price
complex, path-dependent derivative securities for which analytical forms are un-
available. Most binomial trees used in the finance literature are recombining due to
its appealing properties. That is, event I followed in time by event 2 leads to the
same point in the statespace as event 2 followed by event 1. Therefore, the states-
pace grows linearly in time (rather than the exponential growth of the statespace
implied by non-recombining trees), greatly reducing the computational burden of
solving the model.

One significant drawback of this approach becomes evident when the state vari-
able exhibits mean reversion. The recombining property of the state space is not
as natural in this case, and ad hoc methods of capturing mean reversion while re-
stricting states to recombine must be developed. For example, the trinomial tree
approach of Hull and White (1990) has become a standard approximation for this
situation.

In this paper, we develop a time-homogeneous markov chain approach for prob-
lems of discrete approximation of term-structure models. This approach provides a
somewhat more systematic treatment of approximation and is easily generalized to
more complex models. In addition, there is a well-developed literature on conver-
gence of these approximations to the true process. The drawback of this approach
is the large number of parameters that must be calibrated. An N-state markov
chain has N + N(N — 1) free parameters: N states and N(N — 1) transition prob-
abilities. Since in many applications, accuracy demands a large value for IV, the
number of free parameters to fit seems daunting. To address this problem, we rely
heavily on the quadrature-based methods of Tauchen and Hussey (1991). As we will
see, this provides a very general method of efficiently choosing states and transition
probabilities given the underlying continuous-state process.

For term structure models of interest rates, where interest rates and bond yields
exhibit significant mean-reversion, a markov chain representation may be a more
natural way to go. Traditionally, markov chains have been used to model stationary
processes. Interest rates and bond yields fit perfectly into this category. In contrast,



trees are more appropriate for random walk processes. Hull and White (1990) use
trinomial trees to model the term structure of interest rates. Due to the stationarity
of interest rates, the tree cannot grow infinitely over time with positive probability.
To avoid negative probability, the tree has to be truncated, rather arbitrarily, up to a
certain stage. The calibration of such a truncated tree can be very messy, especially
at the edges: Depending on whether a state is at or near the edge or not and when
the tree is truncated, that state can be linked to 1, 2, 3, 4, or 5 branches from
the previous period. When computing state prices, therefore, extreme care must be
taken on where the state lies on the tree. Yet with the markov chain representation,
multiperiod state prices are merely simple powers of the transition matrix. The
time-homogeneity of the representation releases us from the burden of step-by-step
calibration.

Using the interest rate cap as an example, we find that, with the same number of
final states, the markov chain representation yields the cap price much faster than
the trinomial tree approach. The speed gain comes from several sources. First, par-
ticular in languages such as matlab and GAUSS which handles matrix efficiently,
power computation are much faster than loops. Since the state price at each pe-
riod can be represented as simple powers of the adjusted transition matrix, we can
compute the state price efficiently. In the trinomial tree approach, however, several
conditional arguments needed in the program to take care of the edges. Secondly,
since the number of states in recombining tree increases linearly with number of
periods, to obtain a finer grid for the final period, we need use finer time intervals
even if all we care is the final period. The number of states is therefore linked
closely to the number of periods of the tree. In case of the trinomial tree, due to the
truncation at the edge, we generally need even finer intervals to obtain the desired
number of states. This implies a waste of computing time for these middle steps.
With the markov chain representation, however, the specification of the number of
states and the number of periods are independent. We can freely choose the num-
ber of states to satisfy the precision requirement and choose the number of periods
based on the specification of the option. For example, to price a single Furopean
option with maturity 7, we only need to specify a one-step markov chain which is
calibrated to the 7-period conditional distribution. The pricing accuracy does not
depend on the number of steps in this case, but just depend on the approximation of
the conditional distribution, which is determined by the separately-chosen number
of states. To price a cap with tenor 7, on the other hand, we only need to calibrate
the markov chain to the conditional density with intervals no finer than the tenor 7.
Pricing with trees generally need much finer intervals to obtain the required number
of states needed for accurate pricing.



The markov chain representation not only leads to faster pricing but also yields
more accurate results. First, trees have to be equally spaced to be able to recom-
bine. For mean-reverting processes, equal-spaced trees will eventually come up with
negative probabilities at a certain stage and that is where arbitrary truncation is
needed. It is obviously more efficient to put finer grids at higher probability areas
and coarser ones at low probability areas. The quadrature-based method of markov
chain calibration just does that. As a result, while tree calibration is fitting merely
the mean and variance of the innovation, a N-state markov chain calibrated using
Gauss quadrature fits up to 2N — 1 moments. Since a tree has less states at the
beginning periods and more in later periods, it can be regarded as a markov chain

with many zero constraints.

Yet another advantage of the markov chain representation is its extreme flexibil-
ity in modeling complex dynamics such as conditional non-normality, heteroskedas-
ticity, and multiple factors, all of which are salient features of the interest rates.
As mentioned above, a N-state markov chain calibrated using Gauss quadratures
can fit up to 2V — 1 moments and can therefore readily capture most types of non-
normality specifications, as long as the underlying distribution has finite moments
and converges in the sense that the distribution can be relatively well captured by
its first 2N — 1 moments. Trees, on the other hand, are very limited. Binomial trees
only have two free parameters and can therefore only capture conditional mean and
variance. Trinomial trees have one more degree of freedom and can in principle fit
another moment, say, the fourth cumulant.! Yet, even this is stretched. Fatter tail
(leptokurtosis) implies a wider grid and a smaller branching probability, both of
which lead to early truncations of the tree. As shown in the paper, trinomial trees
begin to exhibit unstable behavior as we try to incorporate very moderate kurtosis.
It has been well known that skewness and excess kurtosis induce pricing biases for
options compared with Black’s log-normal assumption. The markov chain repre-
sentation can capture these biases without any extra difficulty. In this paper, we
derive an analytical pricing formula for caps when the underlying interest rate fol-
lows an eztended Vasicek (1977) model, where the innovation exhibits non-normality,
captured by a Gram-Charlier A-type distribution. We then illustrate how we can
readily calibrate the markov chain on such a Gram-Charlier density and price caps
on it.

Empirical evidence has also indicated that generally two or more factors are
needed to model the term structure of interest rates. While multi-factor modeling
on a tree can be extremely complicated, it can relatively easily be done on a markov

'"Due to the symmetric feature of the tree, it cannot be used to fit a non-zero third moment.



chain. Tauchen and Hussey (1991) provide examples on how to calibrate a VAR
process and GARCH process on a markov chain. We calibrate a two-factor affine
model with conditional heteroskedasticity and price a series of interest rate caplets to
illustrate the wide applicability and flexibility of this procedure in pricing derivatives
with complex dynamics.

The paper is structured as follows. The next section formally introduce the
markov chain representation including the quadrature-based method of calibration
and the markov chain representation of the state prices in the term structure of
interest rates. In Section 3, we review the Hull and White (1990) trinomial tree rep-
resentation for comparison. In Section 4, we derive the analytical pricing formula
for caplets when the underlying interest rate follows an extended Vasicek model
and the innovation is captured by a Gram-Charlier A-type distribution. Section 5
compares, through numerical examples, the pricing accuracy and efficiency of the
markov chain representation and the trinomial tree approach. Section 6 demon-
strates the flexibility of the markov chain approach in pricing derivatives when the
underlying interest rate has (i) conditional non-normality and (ii) multiple factors.
Section 7 concludes.

2 Markov Chain Representation

Markov chains provide a natural way to approximate stationary processes. In a
markov chain representation, the number and the values of states are fixed, as are
the transition probabilities. As an example, consider the state variable z that follows
the process

dz = —kzdt + odW,

where dW is a standard Brownian motion. Its discrete-time equivalent can be

At 1— e—QHAt
—K
ZtyAt = € Zt+o T&?HA:&

=z + oV At AL, (1)

written as

where ¢ = 1 — kAt and € ~ N(0,1). The second line represents a first order
approximation. An N-state markov chain approximation to this process is given by
a set of values for the state {z1,29,...,2x} and a matrix of transition probabilities
mw, with

T = P(ziyar = Zj|Zt = z).
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The role of quadrature is to calibrate the states and probabilities from the condi-
tional distribution of z;4 A¢.

2.1 Transition matrix: The quadrature-based methods

Tauchen and Hussey (1991) proposed a quadrature-based methods for the calibra-
tion of a markov chain. It greatly eases the burden of the calibration of the tran-
sition matrix. The grid points and transition probabilities in the markov chain are
determined by the conditional density function f(y|z) together with a numerical
quadrature rule. The method can handle large problems and complex dynamics.

A N-point quadrature rule for integration of function g (u), v € RM, against a
density w (u) is a set of N abscissa uy € RM and weights wy € RM such that

[ o (@ du= 3" g () w, 2

with convergence for each function g (under regularity conditions) of the approxi-
mating sum to the integral as N — oo. The abscissa uy and the weights wy depends
only on the density w and not directly on the function g. For most good rules,
the weights are nonnegative and the rules integrate the constant function exactly;
i.e. the weights sum to unity. Thus a quadrature rule can be viewed as a discrete
probability model that approximates the density w.

For a classical N-point Gaussian rule along the real line, u € R, the abscissa uy
and the weights wy are determined by forcing the rule to be exact for all polyno-
mials of degrees less than or equal to 2N — 1. See Davis and Rabinowitz (1984) for
details. Gaussian rules are close to minimum norm rules and possess several opti-
mum properties. They are the best that can be done with N points using moments
as a criterion, because if two probability distributions have the same moments up
through 2N, and if one of the distribution is a discrete distribution concentrated on
N points, then the two distribution must coincide (Norton and Arnold, 1985).

Specifically, Tauchen and Hussey (1991) approximates the conditional density

function f (y|z) by a N-state markov chain [m-j =7l (yj|yz)] with

f (yjlyi)

" S ) w ()

wy, lajzlaaN



where

provides a normalization. The transition probability is obtained by replacing inte-
gration against w (y;) with summation using the quadrature rule, and then normal-
izing so that the weights add to unity. The Nystrom extension of the solution to
the entire domain of x is

¥ (yjle) =

with N
oSS k)
( ) Z y]) J*

e
w (y) is some strictly positive weighting function. There is great latitude in the selec-
tion of the weighting function, though clearly one would want to select a weighting
function such that the resulting sums are very close to exact integration against
f (y|z). One reasonable choice for the weighting function is w (y) = f (y|0), i.e., the
conditional density given that the process is at the unconditional mean. Another
reasonable choice is w (y) = f (y) where f (y) is the unconditional or stationary den-
sity of the process. The density f (y|0) places relatively more weight in the central
part of the distribution and less weight in the tails than does f (y). Tauchen and
Hussey (1991) find that w(y) = f (y|0) gives much better approximations except
when the maximum magnitude of the characteristic roots of the autoregression is
close to zero, in which case there is little difference between f (y|0) and f (y) and
the approximations are essentially equivalent.

2.2 Gaussian Quadrature rules

Gaussian quadrature rules build on the orthogonal polynomial approach to func-
tional approximation. For any fixed nonnegative weighting function w (z), Gaussian
creates approximations of the form

b N
[ t@w@dz =Y wif @) (3
@ i=1

for some nodes z; € [a, b] and positive weights w; and the approximation (3) is exact
whenever f is a degree 2N —1 polynomial. Specifically, given a nonnegative function



w (z) and the 2N-dimensional family Fyn_1 of degree 2N — 1 polynomials, we can
find N points {z;}Y; C [a,b], and N nonnegative weights {w;}; such that

b N
[ f@ @) do =Y wif (@) (@
@ i=1

for all f € Fon—_1. The following theorem from Judd (1998) summarizes the discus-
sion in Davis and Rabinowitz (1984).

Theorem 1 Suppose that {¢y, (x)}72, is an orthogonal family of polynomials with
respect to w (z) on [a,b]. Furthermore, define qi so that ¢y (z) = qpz® +---. Let
Zi, 0 =1,...,N be the N zeros of ¢n (). Then a < 21 < x2 < --- < xy < b, and if
f € C®N)[a,b], then

b (2N)(6)
/a f(z)w dx—Zwa x;) + ]; 2 2N)!

for some ¢ € [a,b], where?

QN+1/QN

Py (i) dn 11 (75)

w; = — > 0. (5)
Furthermore, the formula Ef\;l wif (z;) is the unique Gaussian integration formula
on n nodes which exactly integrates fab f (z)w (z)dz for all polynomials in Fon_1.

We can develop a Gaussian quadrature scheme over any interval [a, b] using any
weighting function. A key result in Theorem 1 is that Gaussian quadrature uses
the zeros of the orthogonal polynomials, and that they lie in the interval [a, b]. Fur-
thermore, the weights w; are always positive, avoiding the precision problems of
higher-order Newton-Cotes formulas. The formulas in Theorem 1 tell us how to
compute the necessary nodes and weights. Typically one does not do the computa-
tion indicated in Theorem 1. Instead, there are some Gaussian quadrature formulas
which are particularly useful, and the values of the nodes and weights are kept in
tables.

>The weight w; generally needs to be normalized by
w; = £ )
2 wi
where po is the zero-th moment of the weight function. For example, for the Hermite weighting
2
~*" we have po = /7.

function w(z) =e



2.2.1 Gauss-Hermite Quadrature

Gauss-Hermite quadrature arises naturally because normal random variables are
. . _p2 . .

used often in economic problems. To evaluate [0 f (z) e~ dz using N points, the

Gauss-Hermite quadrature rule uses the weights w; and the nodes z;, ¢t = 1,---, N

that are defined by

> S N7 V) (¢)
| f@e o =3 wif (@) + S5 oy

for some £ € (—00,00). The hermite polynomials are given by

() = (1) [

dz™

and the orthogonality relation is

m#n

/_0:0 e*z2¢m($)¢n($)d$ = { (\)}7_1_271”!, o

¢n(x) can be generated by the following recursive relation,

bn+1(z) = 22¢n(2) — 2ndp—1(2),

starting from ¢p(xz) = 1 and ¢1(x) = 2z. As is clear from this recursive equation,
Gn+1/Gn = 2 for all n in equation (5). Therefore, the nodes z; can be solved from a
polynomial equation and then the weights w; is given by equation (5). w; and x; are
often listed in tables. However, in the numerical exercise later in this paper, we did
compute the Gauss-Hermite quadrature rules using matlab programs adapted from
Elhay and Kautsky (1982)’s IQPACK FORTRAN program, available from Netlib.

Gauss-Hermite quadratures are used in connection with normal random vari-
ables. In particular, if Y is distributed N (u,0?) then

00 _w-w?

B )= (2n0?) " [ rwye S oay

—00

However, one must remember that to use Gauss-Hermite quadrature to compute
such expectations, it is necessary to use the linear change of variables, z = (y — i) /v/20,
and use the identity

/OO f(v) ef(yz;‘;)2 dy = /0:0 f (\/50:1: + u) e’ 20dz.

—00 —




Hence, the general Gauss-Hermite quadrature for expectations of functions of Nor-
mal variables is

B = (20?) [T re Hoay

— 00
LN
= 72 szf (\/50:132- + ,u) )
i=1
where the w; and z; are the Gauss-Hermite quadrature weights and nodes over
[—O0,00].

In the applications below, we set w(y) = f(y|0), unless otherwise noted, and use
a Gauss-Hermite quadrature rule.

2.3 State price construction

We use the quadrature {xi,wi}i]\il to provide an approximation of the stationary
process z in (1). Recall the discrete-time approximation of the process,

Ziy At = 9z + oV Ateag,

where €;4 ¢ is a standard normal variable. Later we incorporate conditional non-
normality by replacing the standard normal assumption with a Gram-Charlier type-
A distribution.

Since the Gauss-Hermite quadrature nodes {%}f\;l are based on the distribution
w(z) = e_’”z, the corresponding nodes for the stationary process z based on the

L2
conditional density w (zt+a¢|0) = mef 2024t is thus

2 = V20V Atz
The transition matrix is given by

f (zlz)

s f e I TN

T35 =

where
) — 1 (Zj — pz;) .
TGl = e Tm ™ ( 27t )

2
f(zj|0) = M%\/—exp <—ﬁ> :



At each state, we set the interest rate r (t) = z (¢)+« (¢), where « (¢) is calibrated

to match the current term structure of the yield curve. This yields the so-called

extended Vasicek (1977) model due to the time-dependent specification of a(t). 3

For notational convenience, we assume that the current state is the first state
z1, then from the one-period bond price,

N N
P (1) = e_r(l)At — e_(a(1)+zl)At Z'f(l] e Z Qlj,
j=1 j=1

we obtain the drift parameter,

a(l):—ilnP(l)—zl,

and one-period ahead state price density
Q1 = exp (= (a (1) + z1) At) m ; = P (1) myy,

where m; denotes the transition probability from state z; (the current state) to
state j. The one-period ahead state price ()1, is today’s price of an instrument
which pays $1 next period if state j occurs and nothing if any other states occur.
Any state-contingent claim with a maturity of one period can therefore be priced
by the state price density.

For two-period ahead state prices, we consider a two-period bond,

N

N N
P(2) =) Queexp (= (@ (2) +2k) At) Y mij = Y Quj,
j=1

k=1 j=1

from which we can solve for « (2),

1 R
a(2) = “ A7 InP(2) + A In >~ Q1 exp (—2;At).
k=1

3To avoid negative interest rate, Hull and White (1994) also proposed to do the following trans-
formation,
logr = z (t) + a(t),
which results in the Black-Karasinski (1991) lognormal model with constant volatility,

dlogr =k (0(t) — alogr) + adW.

This specification of interest rates, however, may lead to infinite prices for Eurodollar futures (Hogan
and Weintraub, 1993).
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Define 3 (i) = 3% @ (j) + 21, we have

N

1 1
B(2) = Y InP(2) + Az lnkz::lmk exp (—z,At)

1 1
= 5 InP(2) + A Inm exp (—zAt),
where exp (—zAt) is a vector with ith element given by exp (—z;At) and 7 the first
row of the transition matrix. The two-step ahead state prices are then given by

N
Qaj = Y Queexp(—(a(2) +2) At) mj
k=1

N
= exp(—B(2) At) Y ik (efzkm) Tkys
k=1
or in matrix notation,

Qs = exp(—B(2)At)mD (e—zm) -

= P(2) e #A0)

1 (

z

where D (e‘ At) denotes a diagonal matrix with the sth diagonal element given by

exp (—z;At). In general, we have

1

Bli) = P (i) + 5

A7 In7i ™' exp (—2zAt) .

a (i) can be obtained from 8 by sheer difference. The state price density (a 1 x N
row) at period i is
P (i) (@)

7T1j,

Qij = =
Y WEZ b exp (—zAt)
: . i—1
where (¥ = [W(Z*I)D (e*ZAt) 7T:| = [7TD (e*ZAt)r 7. The interest rate at period
1 is given by
r (1) = a(i) + 2
Again, @);; is today’s price of a claim to one dollar in case state 7 happens in ¢

periods and zero otherwise. Therefore, once the transition matrix is calibrated, the
state price @Q;; can be computed easily from simple matrix manipulation.

11



3 Hull and White Trinomial Trees

For comparison, we present in this section a review of the trinomial tree approach
of Hull and White (1990). As discussed above, once the state price densities are
computed, contingent claims can be priced easily as functions of the state prices.
In what follows, we illustrate how the trinomial tree is calibrated and how the state
prices are constructed on the tree.

Let z(7, j) denote the state variable at period ¢ and state j. Conditional on z(3, j),
the state variable at next period can only happen in its three neighboring states:
{z(i+1,7—1),2(:+1,7),2(i + 1,7+ 1)}, with probabilities {my, (), 7m (j), 74(j)}-
This trinomial tree structure essentially assumes that from state (4,7) to time 7+ 1,
the probability of reaching any states other than the three neighboring ones is
zero. For the tree to recombine, the tree has to be equal spaced. Let J denote
the distance between two adjacent states, then starting from z (0,0) = 0, we have
z(i,j) = jo, which does not depend on the time period i, but just depend on
the state index j. To avoid negative probability, the tree needs to be truncated
at a certain point. At the upper bound of the truncation, the branching con-
figuration changes to {z(i + 1,5 —2),z(i + 1,57 —1),2(i + 1,7)}, and at the lower
{z(i+1,7),2(1+ 1,7+ 1),2(: + 1,5+ 1)}. In what follows, we will detail on how
the tree is calibrated and how the state prices are constructed on the tree.

3.1 Probabilities

Recall the discrete-time approximation of the state variable process,
Zir At = pzp + oV Al g

The probabilities are picked to match the mean and variance of the increment Az =

Rt+At T 2t

EAz(i,g) |2 (1,5)] = —(L—9)z(i,j) = M(jé);
Var[Az(i,5) ]2 (4,7)] = o*At=V.

However, since we have three parameters (two probabilities and ), we need one
extra moments to nail them down. Due to the symmetric nature of the tree, the
third cumulant k3 of the increment has to be zero by construction. We can therefore

12



use the condition on the fourth cumulant x4 of the increment. The three parameters
(7y, ™4, d) can be solved from the following moment conditions:

mu (§) 0+ 74 (§) (—6) = M (jo);
mu (§) 0% + 70 (§) 6% = V+M?(j6)%;
T (7) 6+ 7a () (=0)" = Ky +3V2+6VM (§6) + M* (5)*,

With the Brownian motion assumption in (1), we have k4 = 0. Then at j = 0, we
have
T = Ty (0) = mq (0) = V/26% = 3V?/26%,

from which we have the grid
5% = 3V.

The start-up probability m is hence given by
m = V/26% = 1/6.

For arbitrary j, the probabilities are

™ (j) = mo +% [jM—i— (jM)Q] :
™ (j) = (1-2m)— (jM)?;
mali) = mo+ g [~M+ (M.

In discrete time, the Gaussian variable £ can be replaced by any other distri-
butions that best fit the data. Using monthly data on U.S. Treasuries, we run a
simple AR(1) type regression on the one-month yield (the short rate) and find that
residuals departure profoundly from normality. The skewness (y; = k3/ /ﬁg/ 2) of the
residual is —0.48 and the kurtosis (72 = k4/k3) 9.10. Both measures are zero for
normal distribution.

The current trinomial tree structure cannot accommodate non-zero skewness
but, at least in theory, it can capture the observed positive kurtosis by using a
larger value for the grid § and a smaller value for the branching probability 7.
With k4 = ’}’2V2, we have

mo = V/26% = (2 + 3) V2/26%,

from which we have the grid

d=1/(r2+3)V,

13



and the start-up probability mg
1
2(y2+3)

A kurtosis of v = 9 greatly reduces the branching probability from 1/6 to about

T = V/26% =

4%. Once 7 is determined, w(j) can be determined as before.

One problem with this tree specification is that after a few nodes, we start to
get negative probabilities. The intuition underlying this phenomenon is that since
the process for z is stationary, the state can not expand forever. In the case of
r = z, the stationarity of the interest rate implies that interest rates cannot be too
large with positive probabilities. Specifically, let jpnax and jmin denote the upper
and lower bound of states. They can be proved to satisfy the following condition:

o If mg > 1/8, mp(j) becomes negative first when either jmax > —v/1 — 2w/ M
OF jmin < /I — 210 /M.

o If my < 1/8, my,(7) hits zero first when jmax > (—1 + /1 — 8mg) /2M, and 74(j)
hits zero first when jmin < (1 — /1 —8mp) /2M.

As can be seen from these conditions, the smaller the initial probability g is, the
narrower the bounds are, that is, truncations have to be made at an earlier stage.
Incorporating positive kurtosis reduces 7y and hence causes earlier truncation. Also,
not surprisingly, stronger mean-reversion, as captured by a larger absolute value for
M, leads to early truncation.

The tree configuration is modified at the two bounds. At the upper bound, the
tree can stay put, go down one step, or go down two steps. Similarly, at the lower
bound, the tree can stay put, go up one step, or go up two steps. If we call these by
the same names (up, middle, and down), the probabilities at the upper bound solve
the following equations:

BIA=(i,§)|2(.7)] = mh(i)(~0) + m(i)(~20) = M(jo);
VarlAz(i, )z )] = mh()(=0) +m4(~20)> = V + (j0)2M>.
The solution is
RUG) = 1mot g [3M + (MY
mh(G) = —2m —2iM — (M)
RG) = o+ [IM+ MY,

At the lower bound, we have 7d(j) = 7%(j), 7% (j) = 7% (j), and 74(5) = 7%(j).
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3.2 State-price density

Once the probabilities are set, we can derive the state-price density based on the
current term structure. The process is similar to that in Section 2.3. The only differ-
ence is that, due to the restricted structure of the trinomial tree and its boundaries,
the notation is messier and several conditional arguments have to incorporated in
the process.

Similarly, given the current price for the one-period bond, we have

1

1
P (1) =exp (~a(1)At) 3 m(0) = Y Qu (6)

k=—1 k=—1
where 7 (0) = {7,(0), 7, (0), m4(0)}, and Q;; is the price of the state j at period i.
The shift parameter a(1) can be solved from (6),

a(l) = —Aitlnpu),

and the one-period state price can be written as
Qlj = eXp (—a (1) At) ’/Tj(O).

Similarly, from the two-period bond price,

1

1 2
P(2)= Y Queexp(—(a(2)+kd)At) > (k) = > Qo

k=-—1 j=-—1 1=—2

we can derive the two-period drift o (2) and the state price Qg :

|
> Qurexp (—koAt)

k=—1

)

1 1
a(2) = —KtlnP(Q)—l—Ktln

Q2 = Y Qurexp(—(a(2) + kd) Ab) mj(k),
K

where the summation over k is over all intermediate states that leads to the final
branch j. Special care needs to be applied at the edges where irregularities arise.

In general terms, we have

min[i—1,jmax]

> Qi—1,k exp (—kIAtL)

k=max[—i+1,jmin]

Qij = Y Qi—1pexp(— (o (i) + ko) At) m(k).
p

1 1
a(i) = —ElnP(i) -i—Eln

Y
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4 Cap Pricing

In this section, we derive the analytical pricing formula for caps when the underlying
interest rate process is represented by the extended Vasicek model:

dr = —k (r —0(t)) dt + odW

The extension here comes from the time-dependent specification of 6(t). Such a
model can be calibrated to match the current term structure perfectly, as we did in
the state price construction. For ease of comparison, we rewrite the process in the
discrete-time version:

rien = — (1 — ) 0(t) + ory + oV Ategrn (7)

where ¢ ~ 1—kAt captures the autocorrelation of the interest rate. €44 is assumed
to be i.i.d. standard normal in the Vasicek model. We further extend the model
by incorporating the well-documented non-normality in the innovation. Specifically,
we replace the normal ¢ with a Gram-Charlier density:

D% () + 1t DUf (e,

9(e) =1 (=) -y 7

where f (¢) = (2r) " exp (—€%/2) is the standard normal density and D’ denotes
the jth derivative of what follows. As a standardized variable, y; and 7» capture,
respectively, the skewness and kurtosis of ¢.

An interest rate cap is composed of a series of caplets. The payoff function of a
typical (ith) caplet can be written as

7L (Ryyir — K)T,

where 7 is the tenor of the caplet, which dictates the payment interval, L is the
principal, K is the strike price, and R is the simply compounded interest rate given
by

Rt = l (67—” — 1) .

T

To price the caplet, we need to know the conditional density of interest rates
multiple periods ahead. From the interest rate process in (7), we have the n-period
ahead interest rate process as

n—1
Ternat = (1 — ") 0(t) + ¢"ry + oV AL Z P’ et (n—j)at-
=0
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The conditional cumulants of riy,As are

pn = 0(t) (1 —¢") + "1

1— (p2n
2 _ 2 .
On = T e o At; (8)
1—¢™ 5 3
Kan = T > o (AL)* =y
1 — in
Fan = 7 (’04 ot (At)%ys;
- P
kjn = 0 forj>4.

The conditional skewness and kurtosis of r.y,a¢ are, respectively, the variance-
normalized third and fourth cumulants:

1_(103n 1_(102n 3/2
Yn = N7 /(1_2> ;

— ¢ @
2
1 — (p4n 1— (p2n
’YQTL = 72 1 _ §04 / ( 1 _ (pz 9 (9)

both of which decreases monotonically with n while 72, decreases in a faster pace
than 7y does. In the extreme case when ¢ = 1 (no mean-reversion), skewness 7y,
decreases linearly with 1/4/n while kurtosis v, decreases with 1/n.

Define the standardized variable

Tt4nAt — Un
w=nat _fn
On

the Gram-Charlier density for w is then given by

9(9) = £ (@)~ yngrD*f () + pon gy Df ().

Let n =47 /At and m = (i + 1)7/At denote the number of periods from today
(time t) to the ith and (i + 1)th payment, then the value of the ith caplet can be

written as
cit = TLE [Myi1mat (Riynar — K) +]

where My 1ma¢ is a multi(m)-period stochastic factor (“the pricing kernel”). Note
that caplets are paid in “rears,” that is, the ith caplet is settled at period n but the
payment is made at period m, one tenor later. Redefine the probability space such
that M and R are independent under such a probability measure, which we label,
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as most others do, as the “risk-neutral” measure. The caplet can then be priced

under the “risk-neutral” measure E*[-]:
ci = LP(m)E] |[(rRipna — 7K)"]
o0 *
= Pt(m)/ (eT(“nJ“””“’) -1 TK) g (w) dw (10)
@
where P;(m) is the current price of a zero-coupon bond with maturity of m peri-

ods, p; is the risk-adjusted drift over n periods and @ is the standardized variable

evaluated at K,
Iln(1+7K)—p

On

W=
Moneyness d is defined as —@.

Repeated integration of (10) and application of the parity conditions:

1
1+7F"™ = exp <T,u,’; + 57202 + %7302 + %T‘lafl) ;
1+7K = exp(tp, — 1o,d);

yield the following caplet pricing formula

ci = P(m)[(1+7E"™)N(d+70,)— (1+7K) N (d)]

_Pym) (1+ 7K) f (d) 7o P?)L'” (d —70,)

2
+4—!n (1—d2+70nd—720%)} . (11)

The moneyness measure d can be rewritten as

In[(1+7F)/(1+7K)] — %720721 — 731—!"7'30'2 — 742—!"7'407%

TOnp

d=

F;"™ is the simply compounded forward rate between period n and m and is given

by
Py(n) — Py(m)

Frm —
t Pt(n)

The conditional variance o2 and the conditional skewness and kurtosis (yin,Y2n)
are given, respectively, in (8) and (9). When the innovation is conditionally normal,
we have

cii = P(m)[(1+7E"™)N (d+ 70,) — (1 + 7K) N (d)], (13)

a close analogy to the Black formula.
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5 Calibration

To examine the pricing accuracy and efficiency of our markov chain approximation,
we calibrate the markov chain to the one-month yield of U.S. Treasury bonds and
use it to price a series of five-year caplets with a tenor of 1 month. We assume,
for now, that the one-month yield, or the short rate, follows the extended Vasicek
model specified in (7). Since we have obtained analytical solutions to the price of
caplets under such a specification, we can use the analytical solution as a natural
benchmark and gauge the accuracy of our approximations. For comparison, we also
calibrate the data to the Hull and White trinomial tree and use it to price the
caplets. We compare the accuracy and efficiency of both approaches.

5.1 Data and calibration

For that purpose, we calibrate the one-month yield of U.S. government bonds to an
AR(1) process as specified in (7) to obtain the following parameter values:

0 = 6.68%
x = 0.49
c = 221 x10°3

The data are not observed but computed with the Smoothed Fama-Bliss method
using programs supplied by Robert Bliss. The data are monthly, from January 1972
to December 1995.

For simplicity, we assume constant drift: 6(¢) = € and zero market price of risk
(A =0) and then derive bond yields with maturity n analytically:

y(n) = ﬁ (A + Byr(t)]

with r(¢) being the one-month yield, or short rate, and A,, and B,, can be computed
readily through the following iteration

Apy1 = Ap+ Bp(l — )AL — (Bpo)?At/2

Byy1 = 1+ By
starting with Ay = By = 0. Recall that the autocorrelation is given by ¢ =
exp(—rAt) =~ 1 — kAt. Refer to Backus, Foresi, and Telmer (1999) for an ex-
cellent review on discrete-time bond pricing. Bond prices can be computed from the

yields by
Py(n) = exp (—y(n)nAt)
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In reality, of course, we can use bond prices observed from the market. Indeed, in
the same data set, we do have bond prices of maturities ranging from one-month to
10 years. Using the hypothetical bond prices just simplifies the computation. We
further assume that the current interest rate is equal to its long run mean: r(t) = 6.
With the assumption of zero market price, the yield curve is rather flat.

We calibrate both the markov chain and the Hull and White trinomial tree
to this yield curve. Assuming conditional normality, the initial probability in the
trinomial tree is myp = 1/6 and, based on the parameter given above with a monthly
interval: At =1/12, the maximum number of up states and the maximum number
of down states are jmax = Jmin = 20. Therefore, the maximum number of states in
the trinomial tree is 41.

Recall that the maximum number of states before truncation is given by
jma.x = _jmin <+V1- 271—0/(1 - (P)

Hence, given 7y, the number of states depends crucially on the autocorrelation: the
smaller ¢ is, the stronger the mean-reversion of the process, the earlier truncation
has to be taken place. To increase the number of states in a trinomial tree, we need to
use smaller time intervals At such that we can have a bigger ¢ = exp(—kAt). Table
1 lists, among other things, the maximum number of states that can be achieved in
a trinomial tree with different time intervals.

The number of states in a markov chain, on the other hand, can be arbitrarily
chosen independent of the time-interval choice. While the number of states decides
the precision of the approximation, the time interval choice is solely determined
by the derivative pricing needs. For comparison, we also use N = 41 states to
calibrate the markov chain. We also choose a monthly interval for the markov
chain in accordance with the tenor of the caplet. With the conditional normality
assumption, we calibrate the transition matrix using the Gauss-Hermite quadrature.

We proceed to price a series of 5-year caplets with a tenor of 1 month and with
different strike prices. The cap contract has a principal of $1,000. Under such a set-
up, the price of a caplet can be easily obtained analytically from equation (13). For
simplicity, we also discretize the process using monthly interval: A¢ = 1/12. Since
the maturity of the caplet is 5 years, we have n = 5/At = 60 and m = (n+7)/At =
61.

The caplet price can also be computed from the calibrated markov chain or the
trinomial tree:

7L6Q, max [R], — K,0],
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where K is the strike price of the caplet. § = I;t((%) is a discount factor adjustment

since the caplet price is settled at period n while paid at period m. @, denotes
the state price row (1 x N) at period n and R, is the simply compounded (over 7
period) interest rate state vector (1 x N) at period n. L = 1,000 is the principal of
the contract.

The pricing accuracies of the two approximations are measured by their respec-
tive percentage pricing bias, defined as

Biasy, = 100XM;
Ca

Biasy = 100 x M.
Ca

where subscript M denotes the option price obtained by markov chain, 7" denotes
the trinomial tree, and A, the analytical solution.

5.2 Computational efficiency

All the computations are done on a Pentium IT personal computer (450 MHz, 64MB
RAM). Computing a 41-state Gaussian quadrature requires about 1 second. In-
creasing the number of states increases the computational time exponentially, as
shown in Table 1. However, once the quadrature is computed, it can be saved in
the computer for future use and need not to be re-computed. Indeed, some books
about numerical techniques provide tables for quadratures with smaller number of
states.

With the quadrature rule given, calibrating the markov chain (41 states) and
computing state prices and interest rates up to 120 periods (10 years) cost about
0.72 seconds. Calibrating the trinomial tree and computing the same require 2.86
seconds.

To have better precision, we may need to increase the number of states. This
can be easily done with the markov chain approximation by just using Gaussian
quadrature rule with the required number of states. To obtain more states in the
trinomial tree, however, we need to increase the number of time steps. To save
computational time, we will just use time steps fine enough to generate the required

In(1 = VT =279/ jmax)
K

number of states:
At =

21



We round off At such that 1/At is the smallest allowable integer:
Int[1/At] > 1/At.

Table 1 illustrate the time (in seconds) required to calibrate the markov chain and
the trinomial tree and to compute up to ten years of state prices and interest rates.
The listed time is an average of 10 identical runs for each case. In all cases, the
markov chain approach is about twice as fast in the trinomial tree approach.

5.3 Pricing accuracy

Figure 1 compares the interest rate configurations obtained from the markov chain
approach and the trinomial tree approach, with the same final number of states
(N = 41). The configurations have three major differences. First, for the markov
chain representation, the number of states are constant across periods while for the
trinomial trees, the number of states increases linearly from 3 to 41, until which the
tree is truncated to avoid negative probability. Actually, the trinomial tree can also
be regarded as a 41-state markov chain, but with zero probabilities for transitions to
non-neighboring states. Second, the distance between neighboring states is set to be
equal in the trinomial tree so that the trees are recombining. In the markov chain,
however, the choices of nodes are also free and are optimized. As a result of the
density distribution, we have more states in the middle and fewer in the tails. Third,
over long periods, the trinomial tree covers a bigger domain than that of the markov
chain. The interest rate domain for the markov chain is [5.81,7.41] (in percentage)
over the calibrated period while that for the trinomial tree is [4.36,8.82]. As shown
later in this section, the range of the interest rate in the markov chain approach
depends crucially on the choice of the weighting function. These differences will be
reflected in their pricing accuracy on the caplets.

The pricing results for a series of 5-year caplets at different strike prices are listed
in Table 2. Within reasonable moneyness, both trinomial trees and the markov chain
(with N = 41) result in fairly accurate option prices. Figure 2 depicts the percentage
pricing bias of both approaches on a wider range of strike prices. First, we see that
for close-to-the-money options, pricing biases from trinomial trees oscillate widely
due to the wide equal-distance state spacing. That problem is relatively small for
markov chain pricing due to its efficient spacing.

Secondly, big pricing bias mainly comes from far out-of-the-money options for
both approaches. While markov chain tends to underprice far out-of-the money
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options, trinomial trees tend to do the opposite. It implies that the trinomial tree
assigns a over-heavy density to the tail while the markov chain does the opposite.
The heavy tail of the trinomial tree is the result of the arbitrary truncation and
restricted configuration at the edge. Once the tree hits the edge, it is forced to
stay in the neighbor. In contrast, the quadrature method, based on optimal inte-
gration consideration, assign less weight and fewer states at the tail and results in
underpricing for fare out-of the money options.

Lastly, due to the finite range of the states, neither the tree nor the markov chain
is incapable of pricing far out-of-the-money options with strike price beyond their
minimum states. Since the markov chain has a narrower range ([5.81,7.41]) when
using the conditional density (conditional on the long-run mean) as the weighting
function, such failure comes at a earlier stage (when d < —3) while the failure for
the trinomial tree comes at a much more extreme moneyness (d > —8). However,
due to the increasingly over weights at the tail, the trinomial tree grossly overprices
far out-of-the-money options and works no better than simply assigns a zero value
to these options.

In short, for close-to-the-money options, e.g. for moneyness within the range
[—2,2], both the markov chain and the trinomial tree approach do a passable job
in terms of pricing accuracy. Among them, the markov chain approximation does a
better job in terms of reducing oscillation. The markov chain approach is not only
faster but also more accurate for near at-the money options.

Although at-the-money options are the most liquid ones in the market, far out-
of-the-money options can become very useful, yet inexpensive hedging instruments.
The pricing accuracy of neither method is satisfactory for far out-of-the-money op-
tions. In what follows, we propose three ways to improve the pricing accuracy and
evaluate their relative efficiency.

5.3.1 Increasing number of states

Increasing number of states is the most straightforward way to increasing the pric-
ing accuracy of all options. Increasing the number of states not only increase the
fineness of the grid but also increases the range of the interest rate state for both
methods. For example, when we use N = 141, the interest rate domain for the
markov chain approach extends to [5.08,8.13], the pricing bias of the markov chain
method is reduced to within 1% for moneyness d < —4. Similar effects happen to
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the binomial tree approximation. The computational cost, however, has been shown
to be increasing very fast (exponentially) with increasing number of states for both
methods.

5.3.2 Changing the weighting function

One way to increase the pricing range of the markov chain method without sacrificing
the computational time is to change the weighting function w(z). Instead of using
the conditional density at the mean w(z) = f(z|0), using the unconditional density
w(z) = f(z) should greatly increase the range of the states due to its larger variance.

The states for z are now
202
Z; = X4 1_7()02
Due to the much bigger unconditional variance, the interest rate range is widened
to [3.91,9.31], even wider than that of the trinomial tree. The pricing bias result is
illustrated in Figure 3. Now the markov chain model can price options as far out of
the money as d < —12, an extremely small probability of happening (P(z < —12) =
1.78 x 10733) under the normality assumption. Also, as the moneyness decreases,

the pricing bias is not increasing as much as in the trinomial tree case.

Nevertheless, when we use the unconditional density as the weighting function,
we are essentially spreading out the states to a wider range. While that enables us
to price far out-of-the money options, it also reduces the number of states in the
middle and therefore the pricing bias for close-to-the-money options are bigger and
the oscillation becomes as severe as in the trinomial tree approach, at least for close-
to-the-money options. As found by Tauchen and Hussey (1991), using conditional
density (conditional on the long-run mean) as the weighting matrix performs better
for integration purposes. But to price far out-of-the-money options, we need a
wider range of interest rate states and hence using the unconditional density as the
weighting function performs better. This is especially true when the mean-reversion
is small.

5.3.3 Moneyness-efficient quadrature

The original choice of the quadrature nodes and weights are from the consideration
of performing an efficient integration. When applying to the option pricing, say a
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European call option, we have the integral
o
C = / (S — K)f*(S)dS (14)
K

where f*(5) is the risk-adjusted density of the underlying asset price S. The quadra-
ture approximation of the density function in general does not depend on the in-
tegrand function S — K but does depend on the range of the integration. The
Gauss-Hermite quadrature we have been using is chosen on the range S € [—o0, o0]
while the integration in (14) is on S € [K, c0].

Therefore, for options with given strike price (or given moneyness), we can ob-
tain a better approximation of the integral by choosing quadratures on the interval
[K,00]. By approximating the integral within the range S € [K, oo], we can allocate
all the quadrature points to the relevant range and hence increase the efficiency and
pricing accuracy of the markov chain approximation.

6 Further Applications

In this section, we illustrate the extreme flexibility of the markov chain approach
in pricing derivatives when the underlying interest rate follows complex dynamics,
such as conditional non-normality, heteroskedasticity, and multiple factors, all of
which are salient features of the interest rates.

6.1 Conditional non-normality

It is well-documented that interest rates possess pronounced conditional non-normality.
Section 4 illustrates how to capture conditional non-normality, particularly, skew-
ness and kurtosis, using a Gram-Charlier A-type distribution. As illustrated in
Section 3, under the original Hull and White trinomial tree set-up, one cannot cap-
ture non-zero skewness. Excess kurtosis can be captured by using a smaller initial
branching probability (mp) and a larger grid (¢):

1
2(7y2 +3)

d = J(r+3)V

Ty =

This, however, bring in other problems to the calibration. Using the one-month
treasury yield data as described before, the conditional kurtosis of the AR(1) residual
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is o = 9.10. Correspondingly, if we want to match this fourth moment in the
trinomial tree, the initial probability m has to be reduced to 4.13%. But then, with
a monthly interval, the maximum number of states are reduced t0 5 (jmax = —Jmin =
2). The small number of states severely limits the pricing accuracy of the trinomial
tree. Actually, as illustrated in Figure 4, the interest rates configuration is no longer
well-behaved when the conditional kurtosis is too big. The key problem is that it is
difficult to capture conditional higher moments with just three equal-distance nodes.

The markov chain modeling, on the other hand, can handle non-normality easily
because it can be calibrated to match the conditional distribution up to 2N — 1
moments. And in most scenarios, we can still use a normal distribution and thus
the Gauss-Hermite quadrature as the weighting function. The only thing we need
to change is to replace the normal conditional density function with any conditional
density function we intend to use. That is, in the transition matrix specification,

g (2i]2)
s (zi) w(zj)

we replace the normal density f(-) for any density function g(-) we want while keep-

7r[zj|z,~] = wj,j = 1,...,N

ing the weighting function w(z) as Gauss-Hermite, matching the first two moments
of either the conditional density conditional on the long-run mean or the uncondi-
tional density. In the case of Gram-Charlier type-A distribution, we have

1 1
(i) = Flzla) (1+ gnHa+ 5t (15)

where f(z]z;) is the normal density function with mean and variance equal to the
conditional mean and variance of z; conditional on z;. H3 and Hy are two hermite
terms of the standardized variable:

H; = (II3—3£E;

Hy = z*—622+3;

2] — P
pa—

Tr =

Figure 5 depicts the impact of conditional non-normality on option pricing. In
the analytical valuation, we match the conditional skewness and kurtosis to that
of the short rate: vy = —0.48, v2 = 9.10, which are estimated from the AR(1)
regression residual. The solid line depicts the percentage bias between the markov
chain pricing ignoring non-normality and the analytical price with non-normality
(in equation (11)):

Cr(normal) — Cx(GC)
Ca(GO) ’

Bias = 100 x
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where GC denotes the Gram-Charlier representation of the non-normality. The
dashed line depicts the percentage bias between the markov chain pricing and the
analytical pricing, both considering non-normality:

Cu(GC) — Ca(GO)

Bias =1
108 00 x CA(GO)

The solid line indicates that ignoring non-normality overprices at-the-money op-
tions while under-prices out-of-the-money options. Positive kurtosis implies higher
probabilities at the tails than implied by a normal distribution. Ignoring it will
under-estimate the tail probability and hence the price of out-of-the-money options.
The dashed line illustrates that taking non-normality into account in the markov
chain calibration significantly reduces these biases.

6.2 Multi-factor models

Empirical evidence has indicated that two or more factors are needed to model
the term structure of interest rates. While multi-factor modeling on a tree can be
extremely complicated, it can relatively easily be done on a markov chain. Tauchen
and Hussey (1991) provide examples on how to model a VAR process and GARCH
process. In what follows, we illustrate how the markov chain representation can be
applied to the general class of affine models.

In affine models, bond yields are linear functions of a vector of state variables.
This class of models include popular examples developed by, among others, Balduzzi,
Das, Foresi, and Sundaram (1996), Brennan and Schwartz (1979), Chen and Scott
(1993), Cox, Ingersoll, and Ross (1985), Dai and Singleton (1997), Duffie and Kan
(1996), Longstaff and Schwartz (1992), Pearson and Sun (1994), and Vasicek (1977).
The ease of deriving implications for long maturities makes this class extremely
attractive for applied work.

Our version of the class of affine models is taken from Duffie and Kan (1996),
which we translate into discrete-time. A vector of state variables z follows

Zi4AL — 2t = — (I — (I)) (9 — Zt) + V(Zt)l/z\/ At6t+At

where {e¢} ~ NID(0,) but can be easily extended to incorporate conditional non-
normality. V(z) is a diagonal matrix with typical element

Uz(z) = Qj +B;Tz7
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Bi has nonnegative elements, and ® is table with positive diagonal elements. The
pricing kernel is

—logmirar =0+ 2+ NV (2) V2V Ater s ar
The process for z requires that the volatility functions v; be positive.

The examples listed earlier are special cases of this structure. In the Vasicek
(1977) model, z is a scalar, 83 =0, v = 1, and § = A?a/2. In the Cox-Ingersoll-Ross
(1985) model, z is also a scalar, & = 0, v = 1 + A?3/2 and § = 0. In both cases,
z is the short rate. Since e ~ NID (0,1), we can approximate the process using a
multivariate product rule by combining a set of one-dimensional Gauss rules with
N = H]K:lnj where K is number of factors and n; is the number of nodes used for
the jth factor.

n
Let {xf, wf} ,kl denote the Gauss rule for the kth standardized innovation e*,
]:

use the conditional density conditional on the long run mean (zero) as the weighting
function for each factor w (zk) =f (zk|9), we have the nodes for 2"

{zf}:; = 0 + 1\/2v; (0) At {x?}jil ,

K N
from which we can form N = IIX n; nodes of K-tiples, {Zj = {zk} } . The

transition probability of the matrix (HN ) is then given by

f(Z;|Z;)
ny = L=y .

7T s@Zyw(z)
where w; = (Hfilwi) L, w(Z) = [Hfilw (z’)} ~and f(Z;|Z;) is a multivariate

J J

normal density with mean (I — ®)6 + ®Z; and variance V (Z;) At. This normality
assumption can be easily relaxed to include higher moments, as we did on the Vasicek
model.

Once the nodes for state variables are constructed, so are the nodes for interest
rates (yields) and bond prices, which are, respectively, linear and exponential-linear
functions of the state variables:

J nAt '
P! = exp(—A, - B,Zj),
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where A,, and B,, are given by the following iterations:

k

1
Apy1 = Ap 406+ BI(I— )AL — 5 >N+ Bjn)? ajAt;
j=1
T T T 1 i 2 T
Bn+1 = v +B,®- EZ()‘] +Bj,n) 5]' )
j=1

which can be easily computed starting with the initial condition: Ay = 0 and By = 0.
Furthermore, given the current bond prices or yields, the current values of the state
variables can be figured out by affine transformation.

Similarly, let state 1 denote the current state, state prices (at period i and state
7) can be solved recursively from the current bond prices:
P} ;
o= i I .
Qi I Lexp (—B|ZAt)
exXp (_Az — B;Zl) i .
" exp (—B|ZAt) Y

) , i—1
where IT* = [HD (e*BIZAt)]Z II. An extended version of this is to allow § be

time-dependent so that we can fit the whole current yield curve.

In what follows, we price the same series of five-year caplets on the short rate
with a tenor of one month. As an example of the above affine class, we adopt a
two-factor model from Backus, Telmer, and Wu (1999), the parameters of which are
also estimated from the same monthly U.S. Treasury yield data described above.
The model has been shown to be able to account for a number of stylized evidence
of the bond yields. The parameters are:

T
0 = [334% 3.34% |
o — [ 0.4941 0.8114
- 0 0.9591
T
o = [ 1.4252(-6) 0]
5 — [0 0
= |0 2.6096(—5)
T
A= [ 25903 —261.28 |
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~v and § are set:

<
Il

such that the short rate is a sum of the two-factors: r(t) = z1(t) + 22(t). Parameters
(mean and variance) are annualized with At = 1/12. This example captures the
key features of the affine class. The second factor follows a square-root process as
in the Cox-Ingersoll-Ross model (1985), the first factor is in the spirit of Vasicek
with constant conditional volatility. The two factors are correlated through the non-
zero off-diagonal element of the ® matrix. In such a model, we have incorporated
not only multiple factors but also a heteroskedasticity: the conditional variance of
the second factor is proportional to its current level: Vari(z2:1a:) = B(2,2)z2.
Conditional non-normality can also be added to the first factor without changing
the basic affine structure and, as has been shown in the previous section, without
posing any extra extra difficulty in the markov chain calibration.

Specifically, we calibrate the markov chain by using a n; = 11 state Gaussian
quadrature rule for each factor. The total number of states for the markov chain is
therefore N = 121. We also set the current state to the long-run mean. Calibrating
such a markov chain with monthly interval and up to 10 years takes about 14.4
seconds. Table 3 presents the pricing results for a series of five-year caplets. We
use the same definition for moneyness (d) as in (12). The conditional variance and
higher moments of the short rate over n periods are now given by

n—1
on = Y BI®VBy;
§=0

n—1

kan = Y. BT @IV *diag(y1)Bu;
=0
n—1 )

kan = Y Bl ®/V?diag(v2)Bu,
j=0

where v; and 7, are the skewness and kurtosis of the innovation vector. In the
example, we assume zero for both.

Since now we do not have an analytical form for the caplet price under the multi-
factor set-up. The pricing accuracy of the markov chain for this multi-factor model
cannot be readily gauged and will be left for future research. Also, in practice, it is
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still up to debate on, among others, (i) how to estimate the parameters of such a
multi-factor model and (ii) whether one should estimate the market price of risk A or
extend the model with a deterministic but time-varying d(¢) to fit the whole current
yield curve. Nevertheless, regardless of what one does with the model, the exercise
fully illustrates that the markov chain approach provides a flexible, efficient, and
easy-to-apply method in pricing options on underlyings with complex dynamics.

7 Concluding Remarks

Unlike the popular trees used in the financial world, the markov chain approximation
proposed in this paper provides a much more natural way of modeling stationary
processes. It has been shown to be efficient, accurate, and extremely flexible. Its
advantage is all the more pronounced when dealing with complex dynamics such as
conditional non-normality, heteroskedasticity and multiple factors, all of which are
salient features of interest rates.
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Table 1
Computational Cost Comparison

N Markov Chain Trinomial Tree

to ta At trw
41 0.99 0.72 1/12 2.96
61 2.14 2.80 1/18 7.52
81 3.46 6.42 1/24 15.16
101 5.32 12.20 1/30 26.53
121 7.41 20.93 1/36 43.22
141 10.11 32.90 1/42 63.38
161 13.41 51.80 1/48 91.78

tg, tm, and tgw denote, respectively, the computational time, in seconds, of com-
puting a Guassian quadrature, calibrating a markov chain and interest rate states
up to 10 years, and calibrating a trinomial tree and interest rate states up to 10
years, with the maximum number of states equal to N. All numbers are averages
of 10 identical runs. At denotes the time interval, in fraction of a year, required to
achieve the maximum number of states in the trinomial tree. The computation is
done on a Pentium IT personal computer with 64MB RAM and 450 MHz. Model pa-
rameters are from the estimates of the one-month yield of the U.S. Treasury bonds:
0 =6.68%, 0 =2.21 x 1073, and k = 0.49. We assume conditional normality on the
interest rate such that mo = 1/6.
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Table 2
Caplet Pricing Comparison

Strike Moneyness Analytical Markov Chain HW Tree
(K, %) (d) (Ca) (Cm) (Cr)
7.03 —2.00 0.001 0.001 0.001
6.91 —1.50 0.004 0.004 0.004
6.80 —1.00 0.011 0.011 0.011
6.68 —0.50 0.027 0.027 0.026
6.57 0.00 0.054 0.054 0.053
6.46 0.50 0.095 0.095 0.094
6.34 1.00 0.147 0.147 0.147
6.23 1.50 0.208 0.208 0.208
6.11 2.00 0.273 0.273 0.273

Entries are caplet prices under different strike prices (moneyness). Caplets have a
maturity of 5 year and a tenor of a month 7 = 1/12. Both the markov chain and
the trinomial tree have an interval of a month: At = 1/12. The number of states for
the markov chain is the same as the maximum number of states for the trinomial
tree N = 41. The interest rate process is calibrated to the one-month yield of the
U.S. Treasury bonds: # = 6.68%, 0 = 2.21 x 1072, and x = 0.49. We assume that
the current interest rate is at its long-run mean: r(¢) = 6 and that the market price
of risk is zero. The principal for the option is L = 1,000.
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Table 3
Markov Chain Pricing of Caplets Under Multi-factor Models

Strike Moneyness Caplet Price
(K, %) (d) (Cu, $)
9.17 —2.00 0.394
9.06 —1.50 0.419
8.96 —1.00 0.445
8.85 —0.50 0.471
8.75 0.00 0.498
8.64 0.50 0.527
8.53 1.00 0.556
8.43 1.50 0.586
8.32 2.00 0.618

Entries are caplet prices under different strike prices (moneyness). Caplets have a
maturity of 5 year and a tenor of a month 7 = 1/12. The markov chain is calibrated
to a two-factor model described in the Backus, Telmer, and Wu (1999). The number
of states used for each factor is 11. We assume that the current state is at its long-run
mean: Z(t) = 6. The principal for the option is L = 1,000.
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Figure 1
Interest Rate Configuration
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Figures illustrate the development of the one-month interest rate starting at r =
6.68%. Parameters are the same as in Table 1.
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Figure 2
Pricing Bias
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Solid lines illustrate the percentage pricing bias of the markov chain approach while
dashed lines denote that of the trinomial tree. Parameters are the same as in Table
1. The bottom graph is an extension of the top graph to far out-of-the-money

options.
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Figure 3
Pricing Bias
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Solid lines illustrate the percentage pricing bias of the markov chain approach while
dashed lines denote that of the trinomial tree. The bottom graph is an extension
of the top graph to far out-of-the-money options. Parameters are the same as in
Table 1, except that the weighting function is changed from the conditional density
conditional on the long-run mean to the unconditional density.
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Figure 4
The Ill Behavior of The Trinomial Tree With Non-normality
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Figures depict the interest rate configuration implied by Hull and White trinomial
tress when incorporating different degrees of conditional non-normality. From (a) to
(d), the conditional kurtosis 7y, is set to 0, 3, 6, 9, respectively. Conditional skewness
is set to zero. The maximum number of states is 41, 11, 7, 5, respectively. Other
parameters are the same as in Table 1.

40



Figure 5
Option Pricng Bias With Non-Normality
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The solid line depicts the percentage bias between the markov chain pricing without
considering non-normality and the analytical price with non-normality (in equation
(11)):
Cr(normal) — Cx(GC)

CA(GC)
The dashed line depicts the percentage pricing bias between the markov chain pricing
and the analytical pricing in (13), both considering non-normality:

Bias = 100 x

Cu(GC) — C4(GO)

Bias = 100
ias X CA(GO)

N = 141. Conditional non-normality parameters are: v; = —0.48 and v = 9.10,
which are estimated from the AR(1) regression residuals of the one-month yield.
Normal density conditional on the long-run mean is used as the weighting function
w(z). All other parameters are the same as in Table 1.
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