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Abstract

In this paper the problem of valuing corporate debt with possibility of default is
considered. It is assumed that the volatility of the value of a firm’s assets evolves
according to an Ornstein-Uhlenbeck process and default occurs only if the value of
corporate assets falls below an exogenously specified, time dependent barrier. In the
case of a particular choice of default barrier the explicit formulas for the present
value of a corporate debt, the total value of the firm, the value of equity, the expected
default time and the variation of default time are derived.

1 Introduction

Consider the following model of the value V;(t) of corporate assets:

dVi(t)

070 = mdt + dYi(t) (1)
where
dY,(t) = —=bYy(t)dt + odWr, Y (b,0) =0, (2)

W; is a Brownian motion and m,o > 0, and b > 0 are constants.
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If b = 0 process Yj(t) defined in (2) becomes a Wiener process and evolution of the
value of the firm’s assets is described by the following lognormal process:

Vi

where V; = V(0,t). This case has been extensively studied in many publications in-
cluding Black and Cox(1976), Leland(1994), Goldstein, Ju, and Leland(2001), Longstaff
and Schwartz(1995) and Briys and de Varenne(1997).

In the case of b > 0 process Y,(t) is a mean reverting Ornstein-Uhlenbeck process
with zero mean. The case of small, positive values of b seems to be an interesting
one for the following two reasons. First, in this case the volatility of the firm’s value
(although it can become arbitrarily large with appropriate choice of b) does not in-
crease infinitely when ¢ — oo. Second, small increments in the firm’s value depend
on its previous values through the autoregressive link defined in (2).

Throughout the paper we assume that the risk free interest rate r is a constant.

For simplicity we assume that the firm’s debt is a consol bond with perpetual coupon
payment, C, whose level remains constant unless the firm’s value reaches or goes
below default barrier. At that time the firm’s debtholders can realize their right to
bankrupt or force a reorganization of the firm.

Following Black and Cox(1976) we assume that default barrier is an exogenously
specified, deterministic, time dependent function of an exponential form. We de-
fine default as the first time when the value of corporate assets hits default barrier

Vpezp(a(t)) :
T,=inf{t >0: Vy(t) = Vgexp(a(t))}

where V,(0) > Vg > 0; a(0) =0, and Vg is a given constant.

Further, for simplicity of notations we use V' instead of V;(0).

The two analytically tractable choices of default barrier are a(t) = 0 studied by
Leland(1994) under assumption (3) and a(t) = r — 02 /2 studied in Section 2 below.
Therefore our primary interest is in the following default times:

r=inf{t>0: V,=Vg}, (4)

o=inf{t>0: V;=Vgexp{(r—o?/2)t} } (5)
and

n=inf{t>0: Vi(t) = Vgexp{(r—o®/2)t} }, b>0, (6)

In this paper we study corporate debt value under the framework (1)and (2) with de-
fault barrier defined by (5) (when b = 0) or (6) (when b > 0). Following Leland(1994)
we assume that standard assumptions made in that paper are held. For the sake of
clarity we study the cases b = 0 and b > 0 separately. We also demonstrate consis-
tency of our results by showing that the results of the case b = 0 can be obtained
from the case b > 0 by taking limit b — 0.
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In the case of b > 0 we are able to compute the discounted present value of an asset
that pays one dollar at time of default 7, due to the exponential family of martingales
found by Novikov(1990). This key finding allows us to compute the other values of
interest such as the value of the consol bonds, the value of tax benefits associated
with debt financing, the total value of the firm etc. Some extensions of the results,
such as the case of two-sided barrier! and the case of discrete time, are also discussed.

The structure of the paper is as follows. In Section 2 we study the case b = 0. First,
we rederive Leland’s(1994) results in our framework. Then we value corporate debt
under the assumption that default barrier is defined by (5). In Section 3 we consider
the case b > 0 and extend our results from previous section to this case with default
barrier defined in (6). Section 4 concludes. In the Appendix we study the expected
values and variations of the default times considered in this paper and present the
explicit formulas for them whenever it is possible.

2 Pure diffusion volatility

2.1 The Leland’s case

Assume that (3) holds and define risk neutral measure Q so that process
VVtQ = ==t + W, is a standard Wiener process (under Q). Then, using Ito’s lemma,
one can find the following presentation for V;:

Vi = Vexp{(r — o%/2)t + oW}
Therefore 7, defined in (4), can be rewritten as
T=inf{t>0: (r—o%/2)t+oW =log(Vs/V)}.

Also note that, due to the Novikov’s condition, process
2r 212 2r
My = e:vp{—;WtQ - ?t} = exp{—rt — ;[(r — 02 /2)t + o W2}

is a Q-martingale. Now one can use the following identity? EOQ [M;,] = EdQ[Mw] =1
to find

EQlexp(—r7)] = (V/V5) 2.

Here and further Ef? stands for the mathematical expectation under probability mea-
sure () and information available at time ¢. Using this identity one can derive formulas
(7), (9), (11)-(13) of Leland(1994). For example, at time ¢ = 0 the value D(V') of debt,

n this case, when the value of the firm riches the upper bound, capital restructuring occurs. Optimal
upward dynamic capital structure strategy with two sided barriers, when firm value evolves according to a
lognormal distribution, is considered in Goldstein, Ju and Leland (2001).

2This and the other analogous identities presented further follow from the optional stopping theorem for
martingales (see, for example, Liptser and Shiryaev(1989))
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that promises a perpetual coupon payment C (unless the firm declares bankruptcy)
and a fraction 1 — « of firm’s value if bankruptcy occurs, equals

r

D) = B[ e Cat + (1~ a)Vi] = < +[(1— Vi — )V Vi) H,

2.2 Time dependent default barrier

Now consider default time 5. Under Q-measure, defined above, 75 can be rewritten
as

10 = inf{t: oWE = log(Vg/V)}
Using Q-martingale My, = exp{—@WtQ—rt} and the identity Ef)? [Msr,] = E(? [Mso] =
1 one can find that

EZleap(—rmo)] = (V/Vi) 7. (7)

Therefore, when default time is given by 7, the price of a consol bond By(V'), with
perpetual coupon payments C unless the firm is bankrupt, equals

- v,

Assuming that in the case of bankruptcy a fraction 0 < a < 1 of value will be lost to
bankruptcy costs we can express the value of bankruptcy cost BCy(V) as

Bo(V) = EY| / " e "tCdt] =

0 r

2

BCy(V) = EQ[aVyexp{—rmn}] = aVzEX [e:cp{—%m}].
Since process Mz = e:vp{—UWtQ — ";t} is a -martingale, one can find that
Q o’
Elexp{—— 0} = Vs/V. (8)
Therefore
BCy(V) = aVE/V.

Due to the protective covenant the bondholders get the following value in the case of
bankruptcy

EZ[(1 — a)Vyexp{—rn}] = (1 — a)BCy(V) = (1 — a)VE/V.

Therefore the value of debt, that promises a perpetual coupon payment C (unless the
firm declares bankruptcy) and a fraction 1 — « of firm’s value at time of bankruptcy,
can be expressed as

Dy(V) = EtQ[/OTO e "Cdt + e (1 — a)Vp] = O[l — (V/VB)_%'Q_T] +(1—a)V3/V.

r
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Following Leland(1994) assume that tax benefits associated with debt financing pay
a constant proportion of interest payments (6C, where 0 < § < 1) as long as the firm
is solvent and pay nothing in bankruptcy. Then the value of this security T'By (V)
equals

e

r

TBy(V) = E9| /0 " §Cexp{—rt}dt] = 6By(V) 1 (V/Ve)F].

Now, the total value of the firm, vo(V'), defined as the firm’s asset value (V') plus the
value of tax deductions of coupon payments (7'By(V')) less the value of bankruptcy
costs (BCy(V)), can be expressed as

w(V) =V + L[ — (V/Vp) %] - o 2.

The value of equity, Ey(V'), then equals

Eo(V) = w(V) = Do(V) =V — (1 = §)E[1 — (V/Vis) %] — o2

3 Ornstein-Uhlenbeck volatility

Further assume that b > 0 and the firm’s assets value V;,(t) evolves according to (1)
and (2). The debtholders receive perpetual continuous coupon payments at rate C as
long as the firm remains solvent and default time 7, is defined by (6). In Section 3.3
under the above given assumptions we present the explicit formulas for the values of
corporate debt, equity and the firm’s total value. But, before that, as in the previous
section, first we need to find an appropriate risk neural probability measure Q(b)
under which all assets have the same risk free payoff r (Section 3.2). Second, we need
to find the appropriate QQ(b)- martingales that enable us to price an asset that pays
$1 at time of bankruptcy (E ®) [e="™]) and a claim for the firm’s assets value at time
of bankruptcy (E(?(b) [e="V (b, 7,)]). This is done in Section 3.2. In Section 3.4 we
demonstrate the consistency of our results by showing that findings of Section 2.2 is
the limit case of the findings of Section 3.3 as b — 0.

3.1 Change of measure

Using Ito’ lemma one can find the following solution to (1):
Vil(t) = Veap{ (m—o02/2)t+Y;(6)} (9)

Now we define the risk neutral probability measure Q(b). Let Q(b) be chosen so that
the process VVtQ(b) defined by

m—r

(bt+1)dt, (10)



is a Q(b)- Brownian motion.
Note that when b = 0 measure Q(b) becomes ) measure defined in Section 2.
Define the following process

Z, = o—/ot exp{—b(t — s)}awl?,  with Zy=0. (11)
Due to its definition and Ito’s lemma Z; satisfies the following stochastic differential
equation
dZ, = —bZ,dt + cdW 2.
From (10) and (11) it is easy to see that
Zy = (m—nr)t+Y,(t). (12)
From (9) and (12) we find

Vi(t) = Ve:vp{(r—%aQ)HZt}. (13)

The last presentation shows that under Q)(b) measure Vj,(t) is a solution to the fol-
lowing stochastic differential equation

dVi(t)
Vi (t)

Earlier Ergashev(2002a) used probability measure defined in (10) to find the price of
an European call option with the value of underlying security evolving according to

(1).

= rdt + dZt

3.2 An exponential family of martingales

The following Corollary immediately follows from Proposition 3 of Novikov(1990).

Corollary 1.
The processes

0.2

Ni(p) = exp{—but} /OOO exp{—uZ; — 4—bu2}u“*1du, p>0 (14)

are the Q(b)-martingales.

Note 1. One can check the martingale property of N;(u) directly using the formula

ou?

4b

that is based on the following integral presentation of Z;:

E9Olexp{—uZ;}] = exp{—uZ,e"™" + (1 —e®6=0)}

Z, = Z,e"5) 4 o / t g e®), s <t

s
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The properties of the exponential family of martingales, that includes N;(u) defined
in (14) as a particular case, are studied in Novikov(1989). Some applications of this
family of martingales are studied in Novikov(1990) and Novikov and Ergashev(1994).

3.3 Corporate debt and equity values

Using (13) we can rewrite 7, as

n=inf{t>0: Z =In(Vs/V)}.

For simplicity of further notations we denote G(u, ) = u“’lemp{—i—qu}.
Now we formulate and prove our main result.

Proposition 1. Under assumptions made in the Introduction the followings are true

Jo° G(u, r/b)du
I (V/ V) G (u,r/b)du’

EgVe ™) = (15)

and

Jo° G(u,v)du

QM) —rr, —
Eg e ™ V()] = Vi [ (V/ V) G(u, v)du’

(16)

where v = o2 /(2b).

Proof.
From the Corollary and the optional stopping theorem for martingales we have:

E§ Y [Ny ()] = B [No().
Due to the definition of 7, this identity can be rewritten as

Joo G(u, p)du

B = T Ve, i "
Now (15) follows from (17) with u = r/b.
To prove (16) we note that

Vi(m) = Veexp{(r — 02/2)77,}. (18)
Therefore

9Vl ™V (n)] = VaEfle 7). (19)

Now (16) follows from (19) and (17) with u = v. Q.E.D.

Due to Proposition 1 we are able to derive the following explicit formulas for bank-
ruptcy cost (BCy(V')), corporate debt value (D,(V)), the value of tax benefits (T'B,(V)),
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the total value of the firm (v,(V')) and the value of equity (Ey(V)):
BCy(V) = af)(v),

Dy(V) = S[1=Q(r/b)] + (1 — a)VQ(v),

T

TBy(V) = &1 - Q(r/b)],
w(V) =V + 201 -Q(r/b)] — aVpQ(v),
E,(V)=V —(1-08)%[1—Q(r/b)] — aVsQ(v),

where Q() = 5 Glu, p)du/ J5°(V/ V) G u, p)du.

3.4 The link between cases b=0and b > 0

Since by definition  limy_om, = 70 and  limy_oVi(t) = Vi we should expect
the formulas of Section 3.3 to be consistent with those of Section 2.2.

Since all findings of Section 2.2 are based on (7) and (8), to show this it is sufficient
to prove that

, =
limy, o B [eap(—rn)] = (V/Vp) 5.

and
limb_@Eg?(b) lexp(—rm)Vi(m)] = Vi /V.

For that purpose we use the Laplace’s formula described below (for more details about
the Laplace’s method see, for example, Chapter 2 of Wong(1989)).

Suppose ¢ and h are continuous functions and A is also twice differentiable in interval
(¢,d). Assume that h has the maximum point £ in (¢, d) such that h'(§) = 0 and
R"(€) < 0. Then according to the Laplace’s formula

(E)eAh(g) as A — oo. (20)

d Ah(u) 7., —2m
/c d(u)e™ " du ~ A

We take ¢ = 0; d =o00; A =1/b; ¢i(u) = 1/u;  ¢o(u) = (V/Vp)*/u and

h(u) = rlog(u) — Zu?.

Then obviously

/OOO G(u, p)du = /OOO b1 (u)e ™™ du, (21)
and
/0 TV V)“Glu, ) du = /0 ~ ba(w)e @ dy, (22)
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Since in our case & = argmaro<y<ooh(u) = V2r $1(€) =0/+v/2r, and

$2(§) = (a/\/ﬂ)(V/VB)@, using Laplace’s formula (20) we can find from (21)

and (22) that

_\er

limy—oQ2(r/b) = ¢1(§)/$2(€) = (V/VB) "7
Analogously one can show that  lim,_oQ(v) = Vi /V.

4 Conclusion and Discussions

Under the assumptions described in the Introduction we have derived the exact for-
mulas for corporate debt value, the value of equity and the total value of a corporate
firm when default barrier has the form Vgexp{(r — o%/2)t}.

The results can easily be extended to the case of disctere time. It should be noted,
however, that in that case firm’s value at default time not exactly equals the level of
default barrier. The difference between them begins playing a significant role. Erga-
shev(2002) discusses the ways of dealing with this problem in a different setting.
Following Goldstein, Ju, and Leland(2001) one can consider a two sided default bar-
rier. This allows one to capture the possibility of capital structuring when firm’s
value reaches the upper barrier. However, it seems that when b > 0 the closed
form solutions can be obtained in the case of upper and lower barriers of the form
Viexp{(r — 0?/2)t}, i=1,2 only.

5 Appendix: The default times’ expected values and varia-
tions

Here we study the expected value and variation of the default times presented in the
Introduction. These two variables are important since they can partially characterize
the distribution of default time.

If r < 02/2 then one can use @ - martingales W& and (WtQ)2 —t to find the following
formulas for the expected value and variation of default time 7 :

log(V/V) log(V/V)
EQ(r) = = LB Var@(r) = o? =L B2
7 (7) o?/2 —r i) =o (02/2 —1)3
If r > o2 /2 then obviously both the expected value and variation of 7 do not exist.
Default time 7y also does not have finite expected value and variation. In contrast,
at it is shown below, both the expected value and variation of 7, (b > 0) are finite.
But, one can show (using asymptotic expansions of the below given formulas) that

EY ® (1) and Vary ® (15) become infinitely large as b — 0.



Now we present the explicit formulas for the expected value and variation of default
time 75, when b > 0. These formulas are given in Proposition 2.

First, the appropriate martingales are presented in Corollary 2. Then the explicit
formulas of Proposition 2 are derived from the optional stopping theorem applied to
those martingales.

Corollary 2.
The processes

o 2
Hy = [~ u " (ewp{—uZi}—1)exp{-T-utdu—br (41

o 2
F, = /0 u” (exp{~uZ;} — 1)63329{—2—[)“2}109(“)65“

—bt/ Yexp{—uZ;}— 1)exp{——2u2}du Clt—l—%t(t—i-l) (A.2)

where

2 2

_ [T 07 9 oy 07 9
C’l—/o u - [exp{ Ble }—exp{ Y Hiog(u)du,

are the Q(b)-martingales.

Note 2: The prove of the martingale property of H; is given in Proposition 4 of
Novikov(1990). One can check the martingale property of H; directly, as explained
in Note 1 of Section 3. However, here one also needs the identity

2 2 02U2

& _ou o2b(s—0)y _ B
| u enp{-T b ean{- 2

This identity is a particular case of the well-known Frullani identity.

The martingale F} is a particular case of martingale given by formula (1.10) in Novikov
and Ergashev(1994). The precise prove of the martingale property of F; is given in
Ergashev(1991) and available from the author upon request.

Hdu = —b(s —t).

Proposition 2
When default time is defined by 1, the expected default time equals

EQ®(z,) :% / (V) —1]emp{—a WY, (A3)

and the variation of the expected default time equals

Vard® (n,) = [EGY ()P~ [1-2C1 /0P| EC® (1) —205 /17, (A4)
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where

00 2
Cy = / u (V) V)" — 1]e$p{—%u2}log(u)du.
0
Formulas (A.3) and (A.4) follow (after some algebraic rearrangements) from the op-
tional stopping theorem for martingales applied to (A.1) and (A.2), correspondingly.
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