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Abstract

Usingoneof thekey propertyof copulasthat they remaininvariantunderanarbitrarymonotonous
changeof variable,weinvestigatethenull hypothesisthatthedependencebetweenfinancialassetscanbe
modeledby theGaussiancopula.Wefind thatmostpairsof currenciesandpairsof majorstocksarecom-
patiblewith the Gaussiancopulahypothesis,while this hypothesiscanbe rejectedfor the dependence
betweenpairsof commodities(metals).Notwithstandingtheapparentqualificationof theGaussiancop-
ula hypothesisfor mostof thecurrenciesandthe stocks,a non-Gaussiancopula,suchasthe Student’s
copula,cannotbe rejectedif it hassufficiently many “degreesof freedom”. As a consequence,it may
bevery dangerousto embraceblindly theGaussiancopulahypothesis,especiallywhenthecorrelation
coefficientbetweenthepair of assetis too highasthetail dependenceneglectedby theGaussiancopula
canbeaslargeas ��� 	 , i.e., threeout fiveextremeeventswhich occurin unisonaremissed.

JELClassification:C12,C15,F31,G19

Keywords:Copulas,DependenceModelisation,Risk Management,Tail Dependence.

1 Intr oduction

Thedeterminationof thedependencebetweenassetsunderliesmany financialactivities,suchasrisk assess-
mentandportfolio management,aswell asoptionpricing andhedging.Following [Markovitz (1959)], the
covarianceandcorrelationmatriceshave, for a long time,beenconsideredasthemaintoolsfor quantifying
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thedependencebetweenassets.But thedimensionof risk capturedby thecorrelationmatricesis only satis-
fying for elliptic distributionsandfor moderaterisk amplitudes[Sornetteetal. (2000a)]. In all othercases,
thismeasureof risk is severelyincompleteandcanleadto averystrongunderestimationof therealincurred
risks[Embrechtset al. (1999)].

Althoughtheunidimensional(marginal)distributionsof assetreturnsarereasonablyconstrainedby em-
pirical dataandaremoreor lesssatisfactorilydescribedby apowerlaw with tail index rangingbetween2and
4 [De Vries (1994), Lux (1996), Pagan(1996), Guillaumeetal. (1997), Gopikrishnanetal. (1998)] or by
stretchedexponentials[Laherr̀ereandSornette(1998), GouríerouxandJasiak(1999), Sornetteetal. (2000a),
Sornetteetal. (2000b)], no equivalentresultshave beenobtainedfor multivariate distributionsof assetre-
turns. Indeed,a bruteforcedeterminationof multivariatedistributionsis unreliabledueto thelimited data
set(thecurseof dimensionality),while thesoleknowledgeof marginals(one-pointstatistics)of eachasset
is not sufficient to obtaininformationon themultivariatedistribution of theseassetswhich involvesall the� -pointsstatistics.

Someprogressmaybeexpectedfrom theconceptof copulas,recentlyproposedto beusefulfor financial
applications[Embrechtsetal. (2001), FreesandValdez(1998), Haas(1999), KlugmanandParsa(1999)].
This concepthasthedesirablepropertyof decouplingthestudyof themarginal distribution of eachasset
from the studyof their collective behavior or dependence.Indeed,the dependencebetweenassetsis en-
tirely embeddedin thecopula,sothata copulaallows for a simpledescriptionof thedependencestructure
betweenassetsindependentlyof the marginals. For instance,assetscanhave power law marginalsanda
Gaussiancopulaor alternatively Gaussianmarginalsandanon-Gaussiancopula,andany possiblecombina-
tion thereof.Therefore,thedeterminationof themultivariatedistribution of assetscanbeperformedin two
steps: (i) anindependentdeterminationof themarginaldistributionsusingstandardtechniquesfor distribu-
tionsof asinglevariable; (ii) a studyof thenatureof thecopulacharacterizingcompletelythedependence
betweentheassets.This exactseparationbetweenthemarginal distributionsandthedependenceis poten-
tially very usefulfor risk managementor optionpricing andsensitivity analysissinceit allows for testing
severalscenarioswith differentkind of dependencesbetweenassetswhile themarginalscanbesetto their
well-calibratedempiricalestimates.Suchan approachhasbeenusedby [Embrechtset al. (2001)] to pro-
vide variousboundsfor theValue-at-Riskof a portfolio madeof dependrisks,andby [Rosenberg (1999)]
or [CherubiniandLuciano(2000)] to priceandto analysethepricingsensitivity of binarydigital optionsor
optionson theminimumof abasket of assets.

A fundamentallimitationof thecopulaapproachis thatthereis in principleaninfinitenumberof possible
copulas[GenestandMacKay(1986), Genest(1987), GenestandRivest(1993), Joe(1993), Nelsen(1998)]
and,up to now, no generalempiricalstudyhasdeterminedthe classesof copulasthat areacceptablefor
financialproblems.In general,thechoiceof a givencopulais guidedbothby theempiricalevidencesand
thetechnicalconstraints,i.e., thenumberof parametersnecessaryto describethecopula,thepossibility to
obtainefficientestimatorsof theseparametersandalsothepossiblityofferedby thechosenparameterization
to allow for tractableanalyticalcalculation.It is indeedsometimesmoreadvantageousto prefera simplest
copulato onethatfit betterthedata,providedthatwe canclearlyquantifytheeffectsof this substitution.

In this vein, thefirst goalof thepresentarticle is to show that, in mostcases,theGaussiancopulacan
provide anapproximationof theunknown truecopulathat is sufficiently goodsothat it cannotberejected
on a statisticalbasis.Our secondgoal is to draw theconsequencesof theparameterizationinvolved in the
Gaussiancopulain termof potentialover/underestimationof the risks, in particularfor large andextreme
events.

Thepaperis organizedasfollows.

In section2, we first recall someimportantgeneraldefinitionsand theoremsaboutcopulasthat will
beusefulin thesequel.We thenintroducetheconceptof tail dependencethatwill allow usto quantify the
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probabilitythattwo extremeeventsmightoccursimultaneously. Wedefineanddescribethetwo copulasthat
will beat thecoreof ourstudy: theGaussiancopulaandtheStudent’s copulaandcomparetheirproperties
particularlyin thetails.

In section3, wepresentourstatisticaltestingprocedurewhichis appliedto pairsof financialtimeseries.
First of all, we determinea teststatisticswhich leadsus to comparethe empiricaldistribution of the data
with a � � -distribution usingabootstrapmethod.Wealsotestthesensitivity of ourprocedureby applyingit
to syntheticmultivariateStudent’s timeseries.Thisallowsusto determinetheminimumstatisticaltestvalue
neededto beableto distinguishbetweena Gaussiananda Student’s copula,asa functionof thenumberof
degreesof freedomandof thecorrelationstrength.

Section4 presentstheempiricalresultsobtainedfor thefollowing assetswhich arecombinedpairwise
in theteststatistics:
 6 currencies,
 6 metalstradedon theLondonMetal Exchange,
 22 stockschoosenamongthelargestcompaniesquotedon theNew York StocksExchange.

Weshow thattheGaussiancopulahypothesisis very reasonnablefor moststocksandcurrencies,while it is
hardlycompatiblewith thedescriptionof multivariatebehavior for metals.

Section5 summarizesour resultsandconcludes.

2 Generalitiesabout copulas

2.1 Definitions and important resultsabout copulas

This sectiondoesnot pretendto provide a rigorousmathematicalexpositionof theconceptof copula.We
only recall a few basicdefinitionsandtheoremsthatwill beusefulin the following (for moreinformation
abouttheconceptof copula,seefor instance[Lindskog (1999), Nelsen(1998)]).

Wefirst give thedefinitionof acopulaof � randomvariables.

DEFINITION 1 (COPULA)
A function � : � ��������������� ������� is a � -copulaif it enjoys thefollowing properties:
��! #" � ������� , �%$&�'�)()()(*���'�  ���+()()('���*,.-  ,
��! �/+" � ������� , �0$  � �)()()(��  � ,1-2� if at leastoneof the  �/ equalszero,
 � is groundedand � -increasing,i.e., the � -volumeof every boxes whoseverticeslie in � ������� � is

positive.

It is clearfromthisdefinitionthatacopulaisnothingbut amultivariatedistributionwith supportin [0,1]�
andwith uniform marginals. The fact that suchcopulascanbe very useful for representingmultivariate
distributionswith arbitrarymarginalsis seenfrom thefollowing result.
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THEOREM 1 (SKLAR’ S THEOREM)
Givenan � -dimensionaldistributionfunction 3 with continuous marginal(cumulative)distributions 3 � �)()()(*�43 � ,
thereexistsa unique � -copula � : � ������� � ���5� ������� suchthat:30$76 � �)()()(*��6 � ,8-9�%$:3 � $76 � ,;�)()()(��43 � $76 � ,�,1< (1)

This theoremprovidesbotha parameterizationof multivariatedistributionsanda constructionscheme
for copulas.Indeed,givenamultivariatedistribution 3 with marginals 3 � �)()()(��43 � , thefunction�%$  � �)()()(*�  � ,.-23>=?3A@ �� $  � ,;�)()()(B�43 @ �� $  � ,&C (2)

is automaticallya � -copula. This copulais the copulaof the multivariatedistribution 3 . We will use
this methodin thesequelto derive theexpressionsof standardcopulassuchastheGaussiancopulaor the
Student’s copula.

A very powerful propertyof copulasis their invarianceunderarbitrarystrictly increasingmappingof
therandomvariables:

THEOREM 2 (INVARIANCE THEOREM)
Consider � continuous randomvariables D � �)()()(*��D � with copula � . Then, if E � $7D � ,;�)()()(*�&E � $7D � , are
strictly increasingontherangesof D � �)()()(*��D � , therandomvariablesF � -GE � $7D � ,;�)()()(*�4F � -HE � $7D � , have
exactly thesamecopula � .

It is thisresultthatshowsusthatthefull dependencebetweenthe � randomvariablesis completelycaptured
by the copula,independentlyof the shapeof the marginal distributions. This result is at the basisof our
statisticalstudypresentedin section3.

2.2 Dependencebetweenrandom variables

The dependencebetweentwo time seriesis usuallydescribedby their correlationcoefficient. This mea-
sureis fully satisfactoryonly for elliptic distributions [Embrechtsetal. (1999)], which arefunctionsof a
quadraticform of therandomvariables,whenoneis interestedin moderatelysizeevents.However, anim-
portantissuefor risk managementconcernsthedeterminationof thedependenceof thedistributionsin the
tails. Practically, thequestionis whetherit is moreprobablethat largeor extremeeventsoccursimultane-
ouslyor on thecontrarymoreor lessindependently. This is referedto asthepresenceor abscenceof “tail
dependence”.

Thetail dependenceis alsoaninterestingconceptin studyingthecontagion of crisesbetweenmarketsor
countries.Thesequestionshaverecentlybeenaddressedby [Ang andCheng(2001), LonginandSolnik (2001),
Starica(1999)] amongseveralothers.Largenegativemovesin acountryor marketareoftenfoundto imply
largenegative movesin others.

Technically, we needto determinetheprobability thata randomvariable D is large, knowing that the
randomvariable F is large.

DEFINITION 2 (TAIL DEPENDENCE 1)
Let D and F be randomvariableswith continuous marginals 3JI and 3LK . The (upper)tail dependence
coefficient of D and F is, if it exists,M�N�OPBQ �SR.T)U DWVX3A@ �I $  ,)Y FZVX3A@ �K $  ,\[]-_^ " � �������`< (3)

In words,given that F is very large (which occurswith probability �a�  ), theprobability that D is very
largeat thesameprobabilitylevel  definesasymptoticallythetail dependencecoefficient ^ .
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It turnsout thatthis tail dependenceis apurecopulapropertywhich is independentof themarginals.Let �
bethecopulaof thevariablesD and F , then

THEOREM 3
if thebivariatecopula � is suchthat M�N�OPBQ � b�%$  �  ,�c�  ->^ (4)

exists(where
b�d$  �  ,.-e�f�hg  �h�0$  �  , ), then � hasanuppertail dependencecoefficient ^ .

If ^>VZ� , the copulapresentstail dependenceandlarge eventstendto occursimultanously, with the
probabilty ^ . On thecontrary, when ^i-_� , thecopulahasno tail dependencein thissenseandlargeevents
appearto occuressentiallyindependently. Thereis however a subtletyin this definitionof tail dependence.
To make it clear, first considerthecasewherefor large D and F thedistribution function 30$76J��jk, factorizes
suchthat M�N�Ol � m Q]n 30$76J��jk,3LIA$76o,p3LKq$7jr, -s�t< (5)

This meansthat,for D and F sufficiently large,thesetwo variablescanbeconsideredasindependent.It is
theneasyto show thatM�N�OPBQ � R8T)U DWVX3 @ �I $  ,)Y FuVX3 @ �K $  ,\[ - MvN�OPwQ � �c�x3LIA$:3 @ �I $  ,�, (6)- MvN�OPwQ � �c�  -_��� (7)

sothatindependentvariablesreally have no tail dependence,asonecanexpect.

Unfortunatly, theconversedoesnot holds: a value ^�-y� doesnot automaticallyimply true indepen-
dence,namelythat 3z$76J��jk, satisfiesequation(5). Indeed,thetail independencecriterion ^i-_� maystill be
associatedwith anabsenceof factorizationof themultivariatedistribution for large D and F . In a weaker
sense,theremaystill bea dependencein thetail evenwhen ^{->� . Suchbehavior is for instanceexhibited
by theGaussiancopula,which haszerotail dependenceaccordingto thedefinition2 but neverthelessdoes
not have a factorizablemultivariatedistribution, sincethe non-diagonalterm of the quadraticform in the
exponentialfunctiondoesnot becomenegligible in generalas D and F go to infinity. To summarize,the
tail independence, accordingto definition2, is not equivalentto the independence in the tail asdefinedin
equation(5).

After thisbrief review of themainconceptsunderlyingcopulas,we now presenttwo specialfamiliesof
copulas: theGaussiancopulaandtheStudent’s copula.

2.3 The Gaussiancopula

The Gaussiancopulais the copuladerived from the multivariateGaussiandistribution. Let | denotethe
standardNormal (cumulative) distribution and |~} � � the � -dimensionalGaussiandistribution with correla-
tion matrix � . Then,theGaussian� -copulawith correlationmatrix � is� } $  � �)()()(*�  � ,.->| } � � =p| @ � $  � ,;�)()()(*�;| @ � $  � ,&C�� (8)

whosedensity � }�$  � �)()()(��  � ,1-Z� � } $  � �)()()(*�  � ,�  � ()()( �  � (9)
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reads � }�$  � �)()()(*�  � ,.- �� �k�)� � �����#� � �g j��� PB� $7� @ � � Id ,�j � PB��� (10)

with jS��$  ,8-�| @ � $  ��, . Notethattheorem1 andequation(2) ensurethat � } $  � �)()()(��  � , in equation(8) is
acopula.

As we saidbefore,theGaussiancopuladoesnothave a tail dependence:M�N�OPBQ � b��}�$  �  ,���  -_��� � � " $&�]�'���*,;< (11)

This resultsis derived for examplein [Embrechtset al. (2001)]. But this doesnot meanthat theGaussian
copulagoesto theindependent(or product)copula��$  � �  � ,.-  � (  � when $  � �  � , goesto one.Indeed,
consideradistribution 30$76J��jk, with Gaussiancopula:30$76J��jk,8->��}�$:3JId$76`,;�43�Kt$7jk,�,;< (12)

Its densityis � $76L��jr,1- � }�$:3LId$76`,;�43�Kt$7jk,�,�( � I�$76o,�( � Kf$7jk,;� (13)

where
� I and

� K arethedensitiesof D and F . Thus,MvN�O� l � m �vQ]n � $76L��jr,� IA$76`,�( � K�$7jk, - M�N�O� l � m �vQ�n � }�$:3JId$76`,;�43�Kt$7jk,�,;� (14)

whichshouldequal1 if thevariablesD and F wereindependentin thetail. Reasoningin thequantilespace,
we set 6{-23A@ �I $  , and j%-23A@ �K $  , , whichyieldM�NvO� l � m ��Q]n � $76J��jk,� I $76o,�( � K $7jk, - M�NvOPBQ � � }�$  �  ,;< (15)

Usingequation(10), it is now obviousto show that

� }�$  �  , goesto onewhen  goesto one,if andonly
if �d-H� which is equivalentto ��};�`�S$  � �  � ,8-2��$  � �  � , for every $  � �  � , . When �iVX� , � }�$  �  , goesto
infinity, while for � negative,

� } $  �  , goesto zeroas  ��� . Thus,thedependencestructuredescribedby
theGaussiancopulais very differentfrom thedependencestructureof the independentcopula,exceptfor�A-_� .

TheGaussiancopulais completlydeterminedby theknowledgeof thecorrelationmatrix � . Theparam-
etersinvolved in thedescriptionof theGaussiancopulaarevery simpleto estimate,aswe shall seein the
following.

In our testspresentedbelow, we focuson pairsof assets,i.e., on Gaussiancopulasinvolving only two
randomvariables.TestingtheGaussiancopulahypothesisfor two randomvariablesgivesusefulinformation
for a larger numberof dependentvariablesconstitutinga large basket or portfolio. Indeed,let us assume
thateachpair $: ¡�\¢),;�*$£¢B� � , and $ � �4 r, have a gaussiancopula.Then,thetriplet $: ¡�\¢B� � , hasalsoa Gaussian
copula.This resultgeneralizesto anarbitrarynumberof randomvariables.

2.4 The Student’s copula

TheStudent’s copulais derivedfrom theStudent’s multivariatedistribution. Givena multivariateStudent’s
distribution ¤ } � ¥ with ¦ degreesof freedomandacorrelationmatrix �¤`} � ¥ $7§L,8- �� �r�)� � ¨ = ¥)© �� C¨ = ¥ � C�$:ª«¦�,&¬J­ ��®

l'¯
@ n ()()( ®

l*°
@ n ± §² ��³ l�´ } l¥¶µf·&¸S¹º � (16)
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thecorrespondingStudent’s copulareads:� } � ¥ $  � �)()()(B�  � ,.-»¤ } � ¥ =£¼ @ �¥ $  � ,;�)()()(B��¼ @ �¥ $  � ,&C.� (17)

where ¼ ¥ is the univariateStudent’s distribution with ¦ degreesof freedom. The densityof the Student’s
copulais thus � } � ¥ $  � �)()()(B�  � ,.- �� �r�)� �q¨ = ¥)© �� C]½ ¨ = ¥ � C�¾ � @ �½ ¨ = ¥)©L�� C�¾ � ¿ � � � �

² ��³ m ºÀ¥fµ ·&¸ ¯º² �Á³ m ´ } m¥ µ ·&¸�¹º � (18)

wherejS�q-2¼ @ �¥ $  ��, .
SincetheStudent’s distribution tendsto the normaldistribution when ¦ goesto infinity, the Student’s

copulatendsto theGaussiancopulaas ¦{�5³]Â . In contrastto theGaussiancopula,theStudent’s copula
for ¦ finite presentsa tail dependencegivenby :

^ ¥ $7��,8- M�N�OPBQ � b� } � ¥ $  �  ,�c�  -_g b¼ ¥)©L� � � ¦�³2� � �f�Ã�� �8³Ä� � � (19)

where
b¼ ¥)©L� is thecomplementarycumulativeunivariateStudent’sdistributionwith ¦.³�� degreesof freedom

(see[Embrechtsetal. (2001)] for the proof). Figure 1 shows the uppertail dependencecoefficient as a
function of the correlationcoefficient � for different valuesof the number ¦ of degreesof freedom. As
expectedfrom thefactthattheStudent’s copulabecomesidenticalto theGaussiancopulafor ¦z�Å³]Â for
all �ÇÆ-Z� , ^ ¥ $7�r, exhibits a regulardecayto zeroas ¦ increases.Moreover, for ¦ sufficiently large, thetail
dependenceis significantlydifferentfrom � only whenthecorrelationcoefficient is sufficiently closeto � .
Thissuggeststhat,for moderatevaluesof thecorrelationcoefficient,aStudent’s copulawith a largenumber
of degreesof freedommay be difficult to distinguishfrom the Gaussiancopulafrom a statisticalpoint of
view. This statementwill bemadequantitative in thefollowing.

Figure2 presentsthesameinformationin a differentway by showing themaximumvalueof thecor-
relationcoefficient � asa function of ¦ , below which the tail dependencê ¥ $7�r, of a Student’s copulais
smallerthana givensmallvalue,heretakenequalto �*Èi�\gÉ<ËÊSÈÌ�\ÊSÈ and �)��È . Thechoice ^ ¥ $7��,f-eÊSÈ for
instancecorrespondsto � event in g'� for which the pair of variablesareasymptoticallycoupled. At theÍ ÊSÈ probabilitylevel, valuesof ^ ¥ $7��,�ÎHÊSÈ areundistinguishablefrom � , which meansthat theStudent’s
copulacanbeapproximatedby aGaussiancopula.

The descriptionof a Student’s copularelies on two parameters: the correlationmatrix � , as in the
Gaussiancase,and in addition the numberof degreesof freedom ¦ . The estimationof the parameter¦
is ratherdifficult andthis hasan importantimpacton the estimatedvalueof the correlationmatrix. As a
consequence,theStudent’s copulais moredifficult to calibrateandusethantheGaussiancopula.

3 Testingthe Gaussiancopulahypothesis

In view of the centralrole that the Gaussianparadigmhasplayedandstill plays in particularin finance,
it is naturalto startwith the simplestchoiceof dependencebetweendifferent randomvariables,namely
the Gaussiancopula. It is alsoa naturalfirst stepas the Gaussiancopulaimposesitself in an approach
which consistsin (1) performinga nonlineartransformationon the randomvariablesinto Normal ran-
domvariables(for themarginals)which is alwayspossibleand(2) invoking a maximumentropy principle
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(which amountsto add the leastadditionalinformation in the Shannonsense)to constructthe multivari-
able distribution of theseGaussianizedrandomvariables[Sornetteet al. (2000a), Sornetteetal. (2000b),
AndersenandSornette(2001)].

In thesequel,wewill denoteby Ï%� thenull hypothesisaccordingto whichthedependencebetweentwo
(or more)randomvariablesD and F canbedescribedby theGaussiancopula.

3.1 TestStatistics

We now derive the teststatisticswhich will allow us to rejector not our null hypothesisÏ%� andstatethe
following proposition:

PROPOSITION 1
Assumingthat the Ð -dimensionnalrandomvector §Z-�$76 � �)()()(*��6 ¬ , with distribution function 3 and
marginals 3 / , satisfiesthenull hypothesisÏ0� , then,thevariable

Ñ � - ¬ÒÓ � / � � | @ � $:3 / $76 / ,�,Á$7� @ � , / Ó | @ � $:3 Ó $76 Ó ,�,;� (20)

wherethematrix � is � / Ó -9ÔÁÕBÖJ�×| @ � $:3 / $76 / ,�,;�;| @ � $:3 Ó $76 Ó ,�,?��� (21)

follows a � � -distribution with Ð degreesof freedom.

To proove thepropositionabove, first consideran Ð -dimensionnalrandomvector §»-Ø$76 � �)()()(���6 ¬ , .
Letusdenoteby 3 itsdistributionfunctionandby 3 / themarginaldistributionof each6 / . Letusnow assume
thatthedistribution function 3 satisfiesÏ � , sothat 3 hasaGaussiancopulawith correlationmatrix � while
the 3 / ’s canbeany distribution function.Accordingto theorem1, thedistribution 3 canberepresentedas:30$76 � �)()()(*��6 ¬ ,.-9| } � ¬ $�| @ � $:3 � $76 � ,�,;�)()()(*�;| @ � $:3 ¬ $76 ¬ ,�,�,8< (22)

Let usnow transformthe 6 / ’s into Normalrandomvariablesj / ’s :j / -9| @ � $:3 / $76 / ,�,8< (23)

Sincethemapping| @ � $:3 / $p(Ù,�, is obviously increasing,theorem2 allows us to concludethat thecopulaof
thevariablesj / ’s is identicalto thecopulaof thevariables6 / ’s. Therefore,thevariablesj / ’s have Normal
marginaldistributionsandaGaussiancopulawith correlationmatrix � . Thus,by definition,themultivariate
distribution of the j / ’s is themultivariateGaussiandistribution with correlationmatrix � :Ú $7Û�,Ü- |Á} � ¬ $�| @ � $:3 � $76 � ,�,;�)()()(*�;| @ � $:3 ¬ $76 ¬ ,�,�, (24)- |Á} � ¬ $7j � �)()()(*��j ¬ ,;� (25)

and Û is aGaussianrandomvector. Fromequations(24-25),we obviously have� / Ó -9ÔÁÕBÖJ�×| @ � $:3 / $76 / ,�,;�;| @ � $:3 Ó $76 Ó ,�,?��< (26)

Considernow therandomvariableÑ � -HÛoÝ;� @oÞ Û�- ¬Ò/ � Ó � � j / $7� @ � , / Ó j Ó � (27)
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where( � denotesthetransposeoperator. Thisvariablehasalreadybeenconsideredin [Sornetteet al. (2000a)]
in preliminarystatisticaltestsof thetransformation(23). It is well-known thatthevariableÑ � follows a � � -
distributionwith Ð degreesof freedom.Indeed,sincey isaGaussianrandomvectorwith covariancematrix1� , it follows thatthecomponentsof thevector ßÛà-H� @ � ­ � Û.� (28)

areindependent Normalrandomvariables.Here,� @ � ­ � denotesthesquarerootof thematrix � @ � , whichcan
beobtainby theCholevsky decomposition,for instance.Thus,thesum áÛ Ý áÛx- Ñ � is thesumof thesquares
of Ð independentNormalrandomvariables,which follows a � � -distribution with Ð degreesof freedom.

3.2 Testingprocedure

The testingprocedureusedin the sequelis now described. We considertwo financial series( Ð -Åg )
of size ¤ : U 6 � $&�*,;�)()()(w��6 � $7¼4,;�)()()(*��6 � $�¤a,\[ and U 6 � $&�*,;�)()()(B��6 � $7¼4,;�)()()(*��6 � $�¤a,\[ . We assumethat thevectors§8$7¼4,.-s$76 � $7¼4,;��6 � $7¼4,�, , ¼ " U �'�)()()(*�&¤�[ areindependentandidenticalydistributedwith distribution 3 , which
implies that the variables6 � $7¼4, (respectively 6 � $7¼4, ), ¼ " U �'�)()()(B�&¤][ , arealsoindependentandidenticaly
distributed,with distributions 3 � (respectively 3 � ).

Thecumulative distribution â3 / of eachvariable6 / , which is estimatedempirically, is givenby

â3 / $76 / ,1- �¤ ãÒ� � �¡ä�å l�æ:çkl�æ � � �7è � (29)

where ä å\é è is the indicatorfunction,which equalsoneif its argumentis true andzerootherwise.We use
theseestimatedcumulative distributionsto obtaintheGaussianvariables âj / as:

âj / $£êk,.-9| @ � ² â3 / $76 / $£êk,�, µ ê " U �'�)()()(w�&¤][ë< (30)

Thesamplecovariancematrix ì� is estimatedby theexpression:

ì�d- �¤ ãÒ / � � ìÛ~$7íp,�(¡ìÛ�$7í&,�� (31)

whichallows usto calculatethevariable

âÑ � $£êk,.- �Ò/ � Ó � � âj / $£êk,Á$7� @ � , / Ó âj Ó $£êk,.� (32)

asdefinedin (27) for ê " U �'�)()()(*�&¤�[ , which shouldbe distributed accordingto a � � -distribution if the
Gaussiancopulahypothesisis correct.

Theusualway for comparinganempiricalwith a theoreticaldistribution is to measurethedistancebe-
tweenthesetwodistributionsandtoperformtheKolmogorov testor theAnderson-Darling[AndersonandDarling (1952)]
test(for a betteraccuracy in thetails of thedistribution). TheKolmogorov distanceis themaximumlocal
distancealong the quantilewhich most often occur in the bulk of the distribution, while the Anderson-
Darling distanceputs the emphasison the tails of the two distributions by a suitablenormalization. We

1Up to now, thematrix î wasnamedcorrelation matrix. But in fact,sincethevariablesï æ ’shave unit variance,theircorrelation
matrix is alsotheir covariance matrix.
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proposeto complementthesetwo distancesby two additionalmeasureswhicharedefinedasaveragesof the
Kolmogorov distanceandof theAnderson-Darlingdistancerespectively:ð Õ M�O Õ�ñ�Õ T ÕBÖ�ò ± � - O%ó �ô Y 3 ô º $ Ñ � ,+�x3Lõ º $ Ñ � ,)Y (33)ó Ö � T ó ñ � ð Õ M�O Õ�ñ�Õ T ÕBÖ�ò ± � - ® Y 3 ô º $ Ñ � ,��x3 ô º $ Ñ � ,)Y ± 3 õ º $ Ñ � , (34)öq÷ �r� T;ø Õ ÷ �xù ó T M�N ÷ ñAò ± � - O%ó �ô Y 3 ô º $ Ñ � ,+�x3Lõ º $ Ñ � ,)Yú 3 õ º $ Ñ � ,��û���x3 õ º $ Ñ � ,?� (35)

ó Ö � T ó ñ � öq÷ �r� T;ø Õ ÷ �xù ó T M�N ÷ ñAò ±�ü - ® Y 3 ô º $ Ñ � ,1�x3Jõ º $ Ñ � ,)Yú 3Lõ º $ Ñ � ,��û�f�x3Lõ º $ Ñ � ,?� ± 3Jõ º $ Ñ � , (36)

TheKolmogorov distance± � andits average± � aremoresensitive to thedeviationsoccurringin thebulk of
thedistributions. In contrast,theAnderson-Darlingdistance± � andits average±Sü aremoreaccuratein the
tails of thedistributions. We presentour statisticaltestsfor thesefour distancesin orderto beascomplete
aspossiblewith respectto thedifferentsensitivity of thetests.

Thedistances± � and ±�ü arenotof commonusein statistics,solet usjustify ourchoice.Oneusuallyuses
distancessimilarto ± � and ± ü but whichdiffer by thesquareinsteadof themodulusof 3 ô º $ Ñ � ,*�a3Lõ º $ Ñ � , and
leadrespectively to the ý -testandthe þ -test,whosestatiticsaretheoreticallyknown. Themainadvantage
of the distances± � and ±Sü with respectto themoreusualdistancesý and þ is that they aresimply equal
to theaverageof ± � and ± � . This averagingis very interestingandprovidesimportantinformation.Indeed,
thedistances± � and ± � aremainly controlledby thepoint thatmaximizestheargumentwithin the

O%ó � $p(Ù,
function.They arethussensitive to thepresenceof anoutlier. By averaging,± � and ± ü becomelesssensitive
to outliers,sincetheweightof suchpointsis only of order �*ÿ*¤ (where ¤ is thesizeof thesample)while
it equalsone for ± � and ± � . Of course,the distancesý and þ alsoperforma smoothingsincethey are
averagedquantitiestoo. But they arethe averageof the squareof ± � and ± � which leadsto an undesired
overweightingof the largestevents. In fact, this weight function is chosenasa convenientanalyticalform
thatallows oneto derive explicitely the theoreticalasymptoticstatisticsfor the ý and þ -tests.In contrast,
usingthemodulusof 3 ô º $ Ñ � ,+�h3Jõ º $ Ñ � , insteadof its squarein theexpressionof ± � and ±Sü , no theoretical
teststatisticscanbederivedanalytically. In otherwords,thepresenceof thesquareinsteadof themodulusof3 ô º $ Ñ � ,)�q3Jõ º $ Ñ � , in thedefinitionof thedistancesý and þ ismotivatedby mathematicalconveniencerather
thanby statisticalpertinence.In sum,thesoleadvantageof thestandarddistancesý and þ with respectto
the distances± � and ±Sü introducedhereis the theoreticalknowledgeof their distributions. However, this
advantagedisappearsin ourpresentcasein which thecovariancematrix is not known a priori andneedsto
beestimatedfrom theempiricaldata:indeed,theexactknowledgeof all theparametersis necessaryin the
derivationof thetheoreticalstatisticsof the ý and þ -tests(aswell astheKolmogorov test). Therefore,we
cannotdirectlyusetheresultsof thesestandardstatisticaltests.As aremedy, weproposeabootstrapmethod
[Efron andTibshirani(1986)], whoseaccuracy is provedby [ChenandLo (1997)] to beat leastasgoodas
thatgivenby asymptoticmethodsusedto derive thetheoreticaldistributions.For thepresentwork, wehave
determinedthatthegenerationof 10,000synthetictimeserieswassufficient to obtainagoodapproximation
of thedistribution of distancesdescribedabove. Sincea bootstrapmethodis neededto determinethetests
statisticsin everycase,it is convenientto choosefunctionalformsdifferentfrom theusualonesin the ý andþ -testsasthey provide animprovementwith respectto statisticalreliability, asobtainedwith the ± � and ±Südistancesintroducedhere.

To summarize,our testprocedureis asfollows.

1. Given the original time series§8$7¼�, , ¼ " U �'�)()()(B�&¤][ , we generatethe Gaussianvariables ìÛÁ$7¼4, , ¼ "U �'�)()()(w�&¤][ .
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2. Wethenestimatethecovariancematrix ì� of theGaussianvariablesìÛ , whichallowsusto computethe
variables âÑ � andthenmeasurethedistanceof its estimateddistribution to the � � -distribution.

3. Giventhis covariancematrix ì� , we generatenumericallya time seriesof ¤ Gaussianrandomvectors
with thesamecovariancematrix â� .

4. For thetimeseriesof Gaussianvectorssyntheticallygeneratedwith covariancematrix ì� , weestimate
its samplecovariancematrix á� .

5. To eachof the ¤ vectorsof thesyntheticGaussiantime series,we associatethecorrespondingreal-
izationof therandomvariableÑ � , called

ßÑ � $7¼4, .
6. Wecanthenconstructtheempiricaldistribution for thevariable

ßÑ � andmeasurethedistancebetween
thisdistribution andthe � � -distribution.

7. Repeating10,000times the steps3 to 6, we obtain an accurateestimateof the cumulative distri-
bution of distancesbetweenthe distribution of the syntheticGaussianvariablesandthe theoretical� � -distribution.

8. Then,thedistanceobtainedatstep2 for thetruevariablescanbetransformedinto asignificancelevel
by readingthevalueof thissyntheticallydetermineddistribution of distancesbetweenthedistribution
of thesyntheticGaussianvariablesandthe theoretical� � -distribution asa function of the distance:
this providestheprobabilityto observe a distancesmallerthanthechosenor empiricallydetermined
distance.

3.3 Sensitivity of the method

Beforepresentingthestatisticaltests,it is importantto investigatethesensitivity of our testingprocedure.
More precisely, canwe distinguishfor instancebetweena Gaussiancopulaanda Student’s copulawith a
largenumberof degreesof freedom,for a givenvalueof thecorrelationcoefficient? Formaly, denotingbyÏ ¥ thehypothesisaccordingto which thetruecopulaof thedatais theStudent’s copulawith ¦ degreesof
freedom,we wantto determinetheminimumsignificancelevel allowing usto distinguishbetweenÏ%� andÏ ¥ .
3.3.1 Importance of the distinction betweenGaussianand Student’scopulas

Thisquestionhasimportantpracticalimplicationsbecause,asdiscussedin section2.4,theStudent’s copula
presentsasignificanttail dependencewhile theGaussiancopulahasno asymptotictail dependence.There-
fore, if our testsareunableto distinguishbetweena Student’s anda Gaussiancopula,we may be led to
choosethe later for the sake of simplicity andparsimony and,asa consequence,we may underestimate
severely the dependencebetweenextremeeventsif the correctdescriptionturns out to be the Student’s
copula.This mayhave catastrophicconsequencesin risk assessmentandportfolio management.

Figure1 providesaquantificationof thedangersincurredby mistakingaStudent’scopulafor aGaussian
one.Considerthecaseof a Student’s copulawith ¦�- g'� degreesof freedomwith a correlationcoefficient� lower than ��< ��� ��<�� ; its tail dependencê ¥ $7��, turnsout to be lessthan ��<���È , i.e., theprobability that
onevariablebecomesextremeknowing that the otheroneis extremeis lessthan ��<���È . In this case. the
Gaussiancopulawith zeroprobability of simultaneousextremeeventsis not a badapproximationof the
Student’s copula.In contrast,let ustake a correlation� larger than ��<��]����<	� for which thetail dependence
becomeslarger than �)��È , correspondingto a non-negligible probability of simultaneousextremeevents.
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The effect of tail dependencebecomesof coursemuch strongeras the number ¦ of degreesof freedom
decreases.

Theseexamplesstresstheimportanceof knowing whetherourtestingprocedureallowsusto distinguish
betweena Student’s copulawith ¦X- g'� (or less)degreesof freedomanda given correlationcoefficient�A-_��<ËÊ , for instance,andaGaussiancopulawith anappropriatecorrelationcoefficient ��
 .
3.3.2 Statistical teston the distinction betweenGaussianand Student’scopulas

To addressthisquestion,wehavegenerated1,000pairsof timeseriesof size¤2-e��g�Ê'� , eachpairof random
variablesfollowing aStudent’sbivariatedistribution with ¦ degreesof freedomandacorrelationcoefficient� betweenthe two simultaneousvariablesof thesamepair, while thevariablesalongthe time axisareall
independent.Wehave thenappliedtheprevioustestingprocedureto eachof thepairsof time series.

Specifically, for eachpair of time series,we constructthe marginals distributions and transformthe
Student’s variables6 / $£êk, into their Gaussiancounterpartsj / $£êk, via the transformation(23). For eachpair$7j � $£êk,;��j � $£êk,�, , ê " U �'�)()()(*�&¤][ , we estimateits correlationmatrix, thenconstructthe time serieswith ¤
realizationsof the randomvariable Ñ � $£êk, definedin (27). The set of ¤ variables Ñ � then allows us to
constructthedistribution of Ñ � (with ÐØ-_g ) andto compareit with the � � -distribution with two degreesof
freedom.Wethenmeasurethedistances± � , ± � , ± � and ±�ü definedby (33-36)betweenthedistribution of Ñ �
andthe � � -distribution. Usingthe1,000pairsof suchtime serieswith thesame¦ and � , we thenconstruct
the distribution � / $ ± / , , í " U �'�\gÉ� � �
��[ of eachof thesedistances± / . Using the previously determined
distribution of distancesexpectedfor the syntheticGaussianvariables,we can translateeachdistance±obtainedfor theStudent’s vectorsinto acorrespondingGaussianprobability � : � is theprobabilitythatpairs
of Gaussianrandomvariableswith thecorrelationcoefficient � have a distanceequalto or larger thanthe
distanceobtainedfor theStudent’s vectortime series.A small � correspondsto a cleardistinctionbetween
Student’s and Gaussianvectors,as it is improbablethat Gaussianvectorsexhibit a distancelarger than
found for the Student’s vectors. The “distribution of probabilities” ��$��`,�����$���$ ± ,�, thenassesseshow
oftenthis “improbable”eventoccursamongthesetof 1,000Student’s vectors,i.e.,attemptsto quantifythe
raretyof suchlargedeviations.In otherwords,the“distribution of probabilities” �à$��`, givesthenumberof
Student’svectorsthatexhibit thevalue� for theprobabilitythatGaussianvectorscanhaveasimilaror larger
distance.Then,fixing a confidencelevel ��� , this procedureallows us to rejector not thenull hypothesis
that theempiricalvectorof returnsis describedby a Gaussiancopula:this will occurwhentheobserved �
givesa “distribution of probabilities” �à$��`, largerthan ��� .

The“distributionsof probabilities” �à$��`, for eachof thefour distances± / , í " U �'�\gÉ� � �
��[ areshown in
figure3 for ¦Ì-�� degreesof freedomandin figure4 for ¦�->g'� degreesof freedom,for Ê differentvalues
of thecorrelationcoefficient �z-���<��'�4��< � �4��<ËÊÉ�4��<�� and ��< Í . Thevery steepincreaseobservedfor almostall
casesin figure 3 reflectsthe fact that mostof the 1,000Student’s vectorswith ¦Ç-�� degreesof freedom
have a small � , i.e., their copulais easilydistinguishablefrom the Gaussiancopula. The samecannotbe
statedfor Student’s vectorswith ¦X- g'� degreesof freedom. Note alsothat the distances± � , ± � and ±Sügiveessentiallythesameresultwhile theAnderson-Darlingdistance± � is moresensitive to � , especiallyfor
small ¦ .

Fixing for instancetheconfidencelevel at � � - Í ÊSÈ , we canreadfrom eachof thesecurvesin figures
3 and4 theminimum ���
��� -valuenecessaryto distinguishaStudent’s copulawith agiven ¦ from aGaussian
copula. This ���
��� is the abscissacorrespondingto the ordinate�à$����
���c,]-u��< Í Ê . Thesevalues���
��� are
reportedin table1, for differentvaluesof thenumber¦ of degreesof freedomrangingfrom ¦0- � to ¦z-_Ê'�
andcorrelationcoefficients � -s��<�� to ��< Í . Thevaluesof ���
���q$£¦����r, reportedin table1 arethemaximum
valuesthat theprobability � shouldtake in orderto beableto rejectthehypothesisthata Student’s copula
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with ¦ degreesandcorrelation� canbemistakenwith aGaussiancopulaat the95%confidencelevel.

Theresultsof thetable1 aredepictedin figures5-6 andrepresenttheconventional“power/size”statis-
tics. Thestatistical“power” is usuallydefinedastherejectionof null hypothesiswhenfalse.Whenthenull
hypothesisÏ%� andthealternative hypothesisÏ ¥ areidentical,thepower shouldbeequalto - ��<×�SÊ , corre-
spondingto the

Í ÊSÈ confidencelevel. In ourframework, thisamountsto plot theabscissaastheinverse¦ @ �
of thenumber¦ of degreesof freedom,which providesa natural“distance”betweentheGaussiancopula
hypothesisÏ%� andtheStudent’s copulahypothesisÏ ¥ . In theordinate,the “power” is representedby the
minimum significancelevel ( ����� �
��� ) necessaryto distinguishbetweenÏ%� and Ï ¥ . The typical shape
of thesecurves is a sigmoid,startingfrom a very small valuefor ¦ @ � � � , increasingas ¦ @ � increases
andgoingto 1 as ¦ @ � becomeslargeenough.This typical shapesimply expressesthefact that it is easyto
separatea Gaussiancopulafrom a Student’s copulawith a smallnumberof degreesof freedom,while it is
difficult andevenimpossiblefor too largeanumberof degreesof freedom.

Thefigure5 shows us that thedistances± � , ± � and ± � arenot sensitive to thevalueof thecorrelation
coefficient � , while the discriminatingpower of ± � increaseswith � . On figure 6, we notethat ± � and ±Sühave thesamediscriminatingpower for all � ’s (which makesthemsomewhat redundant)andthat they are
themostefficient to differentiateÏ ¥ from Ï%� for small � . When � is about0.5, ± � , ± � and ±�ü (andmaybe± � )areequivalentwith respectto thedifferentialpower, while for large � , ± � becomesthemostdiscriminating
onewith high significance.

This studyof thetestsensitivity involvesa non-parametricapproachandthequestionmayarisewhy it
shouldbe preferedto a direct parametrictest involving for instancethe calibrationof theStudentcopula.
First,aparametrictestof copulaswould facethe“curseof dimensionality”,i.e., theestimationof functions
of severalvariables.With thelimited datasetavailable,this doesnot seema reasonableapproach.Second,
wehave takentheStudentcopulaasanexampleof analternative to theGaussiancopula.However, our tests
areindependentof this choiceandaim mainly at testingthe rejectionof the Gaussiancopulahypothesis.
They arethusof a moregeneralnaturethanwould be a parametrictestwhich would be forcedto choose
onefamily of copulaswith theproblemof excludingothers.Theparametrictestwould thenbeexposedto
thecriticism thattherejectionof agivenchoicemight notbeof ageneralnature.

In thesequel,we will choosethe level of
Í ÊSÈ asthe level of rejection,which leadsus to neglect one

extremeevent out of twenty. This is not unreasonablein view of the othersignificantsourcesof errors
resultingin particularfrom theempiricaldeterminationof themarginalsandfrom thepresenceof outliers
for instance.

4 Empirical results

Weinvestigatethefollowing assets:
 foreignexchangerates,
 metalstradedon theLondonMetal Exchange,
 stockstradedon theNew York StocksExchange.
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4.1 Curr encies

Thesamplewehaveconsideredis madeof thedaily returnsfor thespotforeignexchangesfor 6 currencies2 :
theSwissFranc(CHF), theGermanMark (DEM), theJapaneseYen(JPY),theMalaysianRinggit (MYR),
the Thai Baht (THA) andthe Bristish Pound(UKP). All the exchangeratesareexpressedagainstthe US
dollar. The time interval runsover ten years,from January25, 1989to December31, 1998,so that each
samplecontains2500datapoints.

We apply our testprocedureto the entiresampleandto two sub-samplesof 1250datapointsso that
thefirst onecoversthe time interval from January25, 1989to January11, 1994andthesecondonefrom
January12,1994to December31,1998.Theresultsarepresentedin tables2 to 4 anddepictedin figures7
to 9.

Tables2-4 give, for thetotal time interval andfor eachof thetwo sub-intervals, theprobability ��$ ± , to
obtainfrom theGaussianhypothesisa deviation betweenthedistribution of the Ñ � andthe � � -distribution
with two degreesof freedomlargerthantheobservedonefor eachof the15pairsof currenciesaccordingto
thedistances± � - ± ü definedby (33)-(36).

Thefigures7-9 organizethe informationshown in the tables2-4 by representing,for eachdistance± �to ±Sü , thenumberof currency pairsthatgive a test-value � within a bin interval of width ��<×�SÊ . A clustering
closeto theorigin signalsasignificantrejectionof theGaussiancopulahypothesis.

At the 95% significancelevel, table2 andfigure 7 show that only 40% (accordingto ± � and ± � ) but
60% (accordingto ± � and ±�ü ) of the testedpairsof currenciesarecompatiblewith the Gaussiancopula
hypothesisover theentiretime interval. During thefirst half-periodfrom January25, 1989to Januray11,
1994(table3 andfigure8),47%(accordingto ± � ) andupto about75% (accordingto ± � and ± ü ) of thetested
currency pairsarecompatiblewith theassumptionof Gaussiancopula,while duringthesecondsub-period
from January12, 1994to December31, 1998(table4 andfigure 9), between66% (accordingto ± � ) and
about75%(accordingto ± � , ± � and ±Sü ) of thecurrency pairsremaincompatiblewith theGaussiancopula
hypothesis.Theseresultsraiseseveralcommentsbothon astatisticalandaneconomicpointof view.

We first notethat the mostsignificantrejectionof the Gaussiancopulahypothesisis obtainedfor the
distance± � , which is indeedthemostsensitive to theeventsin thetail of thedistributions.Theteststatistics
givenby this distancecanindeedbevery sensitive to thepresenceof a singlelargeevent in thesample,so
muchsothattheGaussiancopulahypothesiscanberejectedonly becauseof thepresenceof thissingleevent
(outlier). Thedifferencebetweentheresultsgivenby ± � and ±�ü (theaveraged± � ) areverysignificantin this
respect.Considerfor instancethecaseof theGermanMark andtheSwissFranc.During thetime interval
from January12,1994to December31,1998,wecheckontable4 thatthenon-rejectionprobability ��$ ± , is
verysignificantaccordingto ± � , ± � and± ü (��$ ± ,�� � �*È ) while it is verylow accordingto ± � : ��$ ± ,.-2��<×�SÊSÈ ,
andshouldleadto therejectionof theGaussiancopulahypothesis.This suggeststhepresenceof anoutlier
in thesample.

To checkthishypothesis,we show in theupperpanelof figure10 thefunction� � $7¼4,.- Y 3 ô º $ Ñ � $7¼�,1�x3Jõ º $7� � $7¼4,�,)Yú 3 õ º $7� � ,��û���x3 õ º $7� � ,?� � (37)

usedin thedefinitionof theAnderson-Darlingdistance± � - O%ó � ô � � $ Ñ , (seedefinition(35)),expressedin
termsof time ¼ ratherthan Ñ � . Thefunctionhave beencomputedover thetwo timesub-intervalsseparately.

Apart from threeextremepeaksoccurringon Juneg'� , 1989,August � Í , 1991andSeptember��� , 1992
2Thedatacomefrom thehistoricaldatabaseof theFederalReserve Board.
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duringthefirst time sub-interval andoneextremepeakon September�)� , 1997duringthesecondtimesub-
interval, the statisticalfluctuationsmeasuredby

� � $7¼�, remainsmall andof the sameorder. Excludingthe
contribution of theseoutlier eventsto ± � , thenew statisticalsignificancederived accordingto ± � becomes
similar to thatobtainedwith ± � , ± � and ±Sü on eachsub-interval. From theupperpannelof figure10, it is
clearthat theAnderson-Darlingdistance± � is equalto theheightof the largestpeakcorrespondingto the
event on August � Í , 1991for the the first periodandto the event on September�)� , 1997for the second
period.Theseeventsaredepictedby a circleddot in thetwo lower panelsof figure10,which representthe
returnof theGermanMark versusthereturnof theSwissFrancover thetwo consideredtimeperiods.

Theeventon August � Í , 1991is associatedwith thecoupagainstGorbachev in Moscow: theGerman
mark (respectively the Swissfranc) lost 3.37%(respectively 0.74%)in daily annualizedvalueagainstthe
US dollar. The3.37%dropof theGermanMark is the largestdaily move of this currency againsttheUS
dollar over thewholefirst period.On September�)� , 1997,theGermanMark appreciatedby 0.60%against
theUS dollar while theSwissFranclost 0.79%which representsa moderatemove for eachcurrency, but a
largejoint move. Thiseventis relatedto thecontradictoryannouncementsof theSwissNationalBankabout
themonetarypolicy, whichputanendto arally of theSwissFrancalongwith theGermanmarkagainstthe
US dollar.

Thus,neglectingthe large movesassociatedwith majorhistoricaleventsor eventsassociatedwith un-
expectedincominginformation,which cannotbe taken into accountby a statisticalstudy, we obtain, for± � , significancelevelscompatiblewith thoseobtainedwith theotherdistances.We canthusconcludethat,
accordingto the four distances,during the time interval from January12, 1994to December31, 1998the
Gaussiancopulahypothesiscannotberejectedfor thecoupleGermanMark / SwissFranc.

However, thenon-rejectionof theGaussiancopulahypothesisdoesnotalwayshaveminorconsequences
andmay even leadto seriousproblemin stressscenarios.As shown in section3.3, the non-rejectionof
theGaussiancopulahypothesisdoesnot exclude,at the95%significancelevel, that thedependenceof the
currency pairsmaybeaccountedfor by aStudent’scopulawith adequatevaluesof ¦ and � . Still considering
thepair GermanMark / SwissFranc,we seein table1 that,accordingto ± � , ± � and ±Sü , a Student’s copula
with aboutfivedegreesof freedomallows to reachthetestvaluesgivenin table4. But, with thecorrelation
coefficient �0- ��< Í g for theGermanMark/SwissFranccouple,theGaussiancopulaassumptioncould lead
to neglecta tail dependencecoefficient ^ � $:��< Í gS,�-�� � È accordingto theStudent’s copulaprediction.Such
a largevalueof ^ � $:��< Í gS, meansthatwhenanextremeeventoccursfor theGermanMark it alsooccursfor
theSwissFrancwith a probabiltyequalsto ��<	� � . Therefore,a stressscenariobasedon a Gaussiancopula
assumptionwould fail to accountfor suchcoupledextremeevents,which may representasmany astwo
third of all theextremeevents,if it would turn out that the truecopulawould betheStudent’s copulawith
fivedegreesof freedom.In fact,with suchavalueof thecorrelationcoefficient, thetail dependenceremains
highevenif thenumberof degreesof fredomreachtwentyor more(seefigure1).

Thecaseof theSwissFrancandtheMalaysianRinggit offersa striking difference.For instance,in the
secondhalf-period,the teststatistics��$ ± , aregreaterthan70% andeven reach91% while thecorrelation
coefficient is only �z- ��<���� , sothata Student’s copulawith 7-10degreesof freedomcanbemistakenwith
theGaussiancopula(seetable1). Evenin themostpessimisticsituation ¦Ì- � , thechoiceof theGaussian
copulaamountsto neglectinga tail dependencecoefficient ^ � $:��<����S,f-!��È predictedby theStudent’s cop-
ula. In this case,stressscenariosbasedon the Gaussiancopulawould predictuncoupledextremeevents,
whichwouldbeshown wrongonly onceoutof twentyfive times.

Thesetwo examplesshow that, morethanthe numberof degreesof freedomof the Student’s copula
necessaryto describethedata,thekey parameteris thecorrelationcoefficient.

¿Fromaneconomicpointof view, theimpactof regulatorymechanismsbetweencurrenciesor monetary
crisiscanbewell identifiedby therejectionor absenceof rejectionof ournull hypothesis.Indeed,consider

15



thecoupleGermanMark / British Pound.During thefirst half period,their correlationcoefficient is very
high ( �Ä- ��<	��g ) andthe Gaussiancopulahypothesisis stronglyrejectedaccordingto the four distances.
On thecontrary, duringthesecondhalf period,thecorrelationcoefficient significantlydecreases( �A-_��<ËÊ"� )
andnoneof thefour distancesallows usto rejectour null hypothesis.Sucha non-stationaritycanbeeasily
explained. Indeed,on January1, 1990,theBritish PoundenteredtheEuropeanMonetarySystem(EMS),
so that the exchangeratebetweenthe GermanMark andthe Bristish Poundwasnot allowed to fluctuate
beyondamargin of 2.25%.However, dueto astrongspeculativeattack,theBritish Poundwasdevaluatedon
September1992andhadto leave theEMS.Thus,betweenJanuary1990andSeptember1992,theexchange
rateof theGermanMark andtheBritish Poundwasconfinedwithin anarrow spread,incompatiblewith the
Gaussiancopuladescription.After 1992,theBritish Poundexchangeratefloatedwith respectto German
Mark, thedependencebetweenthe two currenciesdecreased,asshown by their correlationcoefficient. In
this regime,wecanno morerejecttheGaussiancopulahypothesis.

Theimpactof majorcrisison thecopulacanbealsoclearly identified. Sucha caseis exhibitedby the
coupleMalaysianRinggit/ThaiBaht. Indeed,during theperiodfrom Januray1989to January1994,these
two currencieshaveonly undergonemoderateandweaklycorrelated( �%-2��<Ëg Í ) fluctuations,sothatournull
hypothesiscannotberejectedat the95%significancelevel. Onthecontrary, duringtheperiodfrom January
1994to October1998,theGaussiancopulahypothesisis stronglyrejected.This rejectionis obviously due
to the persistentanddependent( �X-Ø��<��"� ) shocksincuredby the Asian financialandmonetarymarkets
during the seven monthsof the Asian Crisis from July 1997to January1998[Baig andGoldfajn (1998),
Kaminsky andSchlmukler(1999)].

Thesetwo casesshow that theGaussiancopulahypothesiscanbeconsideredreasonablefor currencies
in absenceof regulatorymechanismsandof strongandpersistentcrises.They alsoallows usto understand
why theresultsof the testover theentiresamplearesomuchweaker thanthe resultsobtainedfor the two
sub-intervals: thetimeseriesarestronglynon-stationnary.

4.2 Commodities: metals

We considera setof 6 metalstradedon theLondonMetal Exchange:aluminium,copper, lead,nickel, tin
and zinc. Eachsamplecontains2270 datapoints and covers the time interval from January4, 1989 to
December30,1997.Theresultsaresynthetizedin table5 andin figure11.

Table5 gives,for eachof the15 pairsof commodities,theprobability �+$ ± , to obtainfrom theGaussian
hypothesisadeviationbetweenthedistributionof the Ñ � andthe � � -distributionwith two degreesof freedom
largerthantheobservedonefor thecommoditypair accordingto thedistances± � - ± ü definedby (33)-(36).

Thefigure11organizestheinformationshown in table5 by representing,for eachdistance,thenumber
of commoditypairs that give a test-value � within a bin interval of width ��<×�SÊ . A clusteringcloseto the
origin signalsasignificantrejectionof theGaussiancopulahypothesis.

Accordingto thethreedistances± � � ± � and ±�ü , at leasttwo third andup to
Í"� È of thesetof 15 pairsof

commoditiesareinconsistentwith theGaussiancopulahypothesis.Surprisingly, accordingto thedistance± � , at the
Í ÊSÈ significancelevel, two third of thesetof 15pairsof commoditiesremaincompatiblewith the

Gaussiancopulahypothesis.This is the reverseto theprevious situationfound for currencies.Thesetest
valuesleadto globally rejecttheGaussiancopulahypothesis.

Moreover, the largestvalueobtainedfor the distance± � is �X-#��ÊSÈ for the pair copper-tin, which is
significantlysmallerthanthe �'��È or

Í ��È reachedfor somecurrenciesover a similar time interval. Thus,
evenin thefew caseswheretheGaussiancopulaassumptionis not rejected,thetestvaluesobtainedarenot
really sufficient to distinguishbetweentheGaussiancopulaanda Student’s copulawith ¦0->Ê � � degrees
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of freedom.In suchacase,with correlationcoefficientsrangingbetween��< � � and ��<���� , thetail dependence
neglectedby keepingtheGaussiancopulais no lessthan �)��È andcanreach��ÊSÈ . Oneextremeeventoutof
sevenor tenmightoccursimultaneouslyonbothmarginals,whichwouldbemissedby theGaussiancopula.

To summarize,theGaussiancopuladoesnot seema reasonnableassumptionfor metals,andit hasnot
appearednecessaryto testthesedataover smallertime interval.

4.3 Stocks

Wenow studythedaily returnsdistibutionsfor 22 stocksamongthelargestcompagniesquotedon theNew
York StockExchange3: Appl. Materials(AMAT), AT&T (T), Citigroup(C),CocaCola(KO),EMC,Exxon-
Mobil (XOM), Ford(F), GeneralElectric(GE),GeneralMotors(GM), Hewlett Packard(HPW),IBM, Intel
(INTC), MCI WorldCom(WCOM), Medtronic(MDT), Merck (MRK), Microsoft (MSFT), Pfizer(PFE),
Procter&Gamble(PG),SBCCommunication(SBC),SunMicrosystem(SUNW),TexasInstruments(TXN),
Wal Mart (WMT).

Eachsamplecontains2500datapointsandcoversthetime interval from February8, 1991to December
29,2000andhavebeendividedinto two sub-samplesof 1250datapoints,sothatthefirst onecoversthetime
interval from February8, 1991to January18,1996andthesecondonefrom January19,1996to December
20, 2000. The resultsof fifteen randomlychosenpairsof assetsarepresentedin tables6 to 8 while the
resultsobtainfor theentiresetarerepresentedin figures12 to 14.

At the95%significancelevel, figure12 shows that75%of thepairsof stocksarecompatiblewith the
Gaussiancopulahypothesis.Figure13 shows that over the time interval from February1991to January
1996,this percentagebecomeslarger than99%for ± � , ± � and ±�ü while it equals94%accordingto ± � . It
is striking to note that, during this period,accordingto ± � , ± � and ±�ü , more thana quarterof the stocks
obtaina test-value � larger than90%,so thatwe canassertthat they arecompletelyinconsistentwith the
Student’s copulahypothesisfor Student’s copulaswith lessthan10 degreesof freedom. Among this set
of stocks,not a single one hasa correlationcoefficient larger than ��<�� , so that a scenariobasedon the
Gaussiancopulahypothesisleadsto neglectinga tail dependenceof lessthan ÊSÈ aswould bepredictedby
the Student’s copulawith �)� degreesof freedom. In addition,about �'��È of the pairsof stocksleadto a
test-value� largerthan Ê'��È accordingto thedistances± � , ± � and ±Sü , sothatasmuchas �'��È of thepairsof
stocksareincompatiblewith aStudent’s copulawith anumberof degreesof freedomlessthanor equalto Ê .
Thus,for correlationcoefficientssmallerthan ��< � , theGaussiancopulahypothesisleadsto neglectinga tail
dependencelessthan �)��È . For correlationcoefficientssmallerthan ��<�� which correspondsto � � È of the
totalnumberof pairs,theGaussiancopulahypothesisleadsto neglectinga tail dependencelessthan ÊSÈ .

Figure14 shows that,over thetime interval from January1996to December2000,
Í gSÈ of thepairsof

stocksarecompatiblewith theGaussiancopulahypothesisaccordingto ± � , ± � and ±Sü andmorethan � Í È
accordingto ± � . About a quarterof thepair of stockshave a test-value � larger than Ê'��È accordingto the
four measuresandthusareinconsistentwith aStudent’s copulawith lessthanfivedegreesof freedom.

For completeness,we presentin table9 the resultsof the testsperformedfor five stocksbelongingto
thecomputerarea: Hewlett Packard,IBM, Intel, Microsoft andSunMicrosystem.Weobserve that,during
thefirst half period,all thepairsof stocksqualify theGaussiancopulaHypothesisat the95%significance
level. Theresultsareratherdifferentfor thesecondhalf periodsinceabout�S��È of thepairsof stocksreject
theGaussiancopulahypothesisaccordingto ± � , ± � and ± � . This is probablydueto theexistenceof a few
shocks,notablyassociatedwith thecrashof the“new economy”in March-April 2000.

Onthewhole,it appearshowever thatthereis nosystematicrejectionof theGaussiancopulahypothesis
3Thedatacomefrom theCenterfor Researchin SecurityPrices(CRSP)database.
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for stockswithin thesameindustrialarea,notwithstandingthefactthatonecanexpectstrongercorrelations
betweensuchstocksthanfor currenciesfor instance.

5 Conclusion

We have studiedthenull hypothesisthat thedependencebetweenpairsof financialassetscanbemodeled
by theGaussiancopula.

Our testprocedureis basedon the following simple idea. Assumingthat the copulaof two assetsD
and F is Gaussian,thenthemultivariatedistribution of $7D#�4Fd, canbemappedinto a Gaussianmultivariate
distribution, by a transformationof eachmarginal into a normaldistribution, which leaves the copulaofD and F unchanged.TestingtheGaussiancopulahypothesisis thereforeequivalentto themorestandard
problemof testinga two-dimensionalmultivariateGaussiandistribution. We have useda bootstrapmethod
to determineandcalibratethe teststatistics. Four differentmeasuresof distancesbetweendistributions,
more or lesssensitive to the departurein the bulk or in the tail of distributions, have beenproposedto
quantifytheprobabilityof rejectionof ournull hypothesis.

Our testshave beenperformedover threetypesof assets:currencies,commodities(metals)andstocks.
In mostcases,for currenciesandstocks,the Gaussiancopulahypothesiscannot be rejectedat the 95%
confidencelevel. For currencies,accordingto threeof thefour distancesat least,
 40%of thepairsof currencies,overa10 yearstime interval (dueto non-stationnarydata),
 67%of thepairsof currencies,over thefirst 5 yearstime interval,
 73%of thepairsof currencies,over thesecond5 yearstime interval,

arecompatiblewith theGaussiancopulahypothesis.For stocks,we have shown that
 75%of thepairsof stocks,overa10 yearstime interval,
 93%of thepairsof stocks,over thefirst 5 yearstime interval,
 92%of thepairsof stocks,over thesecond5 yearstime interval,

arecompatiblewith theGaussiancopulahypothesis.In constrast,theGaussiancopulahypothesiscannotbe
consideredasreasonablefor metals: between66%and93%of thepairsof metalsrejectthenull hypothesis
at the95%confidencelevel.

Notwithstandingtheapparentqualificationof theGaussiancopulahypothesisfor mostof thecurrencies
and the stockswe have analyzed,we must bearin mind the fact that a non-Gaussiancopulacannotbe
rejected.In particular, wehaveshown thataStudent’s copulacanalwaysbemistakenfor aGaussiancopula
if its numberof degreesof freedomis sufficiently large. Then,dependingon thecorrelationcoefficient, the
Student’s copulacanpredicta non-negligible tail dependencewhich is completelymissedby theGaussian
copulaassumption.In otherwords,the Gaussiancopulapredictsno tail dependencesandthereforedoes
notaccountfor extremeeventsthatmayoccursimultaneouslybut neverthelesstoo rarelyto modify thetest
statistics.To quantify theprobability for neglectingsuchevents,we have investigatedthesituationswhen
oneis unableto distinguishbetweentheGaussianandStudent’s copulasfor a givennumberof degreesof
freedom.Our studyleadsto theconclusionthat it maybevery dangerousto embraceblindly theGaussian
copulahypothesiswhenthecorrelationcoefficientbetweenthepairof assetis toohighasthetail dependence
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neglectedby the Gaussiancopulacanbe aslarge as ��<	� . In this respect,the caseof the SwissFrancand
theGermanMark is striking. Thetestvalues� obtainedarevery significant(about

�"� È ), sothatwe cannot
mistake theGaussiancopulafor a Student’s copulawith lessthan5-7 degreesof freedom.However, their
correlationcoefficient is sohigh( �d-2��< Í ) thataStudent’s copulawith, say ¦0- � � degreesof freedom,still
hasa largetail dependence.

Thisremarkshowsthatit ishighlydesirabletodevelopteststhatarespecificto thedetectionof apossible
tail dependencebetweentwo timeseries.This taskis very difficult but we hopeto reportusefulprogressin
thenearfuture.Anotherapproachis to testfor othernon-Gaussiancopulas,suchastheStudent’s copula.
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Figure3: Cumulative “distribution of probabilities” �à$��`,@�A�à$���$ ± ,�, obtainedasthefractionof Student’s
pairs with ¦e-B� degreesof freedomthat exhibit the value � for the probability that Gaussianvectors
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Figure4: Sameasfigure3 for Student’s distributionswith ¦0-_g'� degreesof freedom.
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¦z- � � 0.1 0.3 0.5 0.7 0.9
d � 0.07 0.08 0.07 0.04 0.07
d� 0.03 0.03 0.07 0.04 0.06
d� 0.22 0.17 0.08 0.03 0.01
dü 0.03 0.03 0.08 0.03 0.04

¦0-C� � 0.1 0.3 0.5 0.7 0.9
d � 0.28 0.26 0.32 0.30 0.29
d� 0.18 0.17 0.21 0.21 0.24
d� 0.36 0.33 0.26 0.15 0.03
dü 0.18 0.17 0.23 0.21 0.21

¦z-_Ê � 0.1 0.3 0.5 0.7 0.9
d � 0.46 0.47 0.46 0.52 0.52
d� 0.36 0.34 0.39 0.44 0.43
d� 0.52 0.54 0.47 0.30 0.14
dü 0.37 0.36 0.43 0.45 0.45

¦0-�� � 0.1 0.3 0.5 0.7 0.9
d � 0.78 0.81 0.81 0.81 0.86
d� 0.71 0.78 0.76 0.77 0.82
d� 0.80 0.81 0.82 0.73 0.52
dü 0.75 0.81 0.79 0.80 0.83

¦z-�� � 0.1 0.3 0.5 0.7 0.9
d � 0.85 0.86 0.87 0.88 0.89
d� 0.85 0.84 0.86 0.87 0.88
d� 0.91 0.91 0.91 0.81 0.70
dü 0.86 0.85 0.90 0.89 0.90

¦0-s�)� � 0.1 0.3 0.5 0.7 0.9
d � 0.92 0.93 0.96 0.95 0.94
d� 0.93 0.92 0.95 0.96 0.94
d� 0.96 0.96 0.96 0.95 0.88
dü 0.94 0.94 0.96 0.97 0.95

¦0-_g'� � 0.1 0.3 0.5 0.7 0.9
d � 0.97 0.99 0.97 0.99 0.99
d� 0.99 0.99 0.97 0.99 0.99
d� 0.99 0.99 0.98 0.99 0.97
dü 0.99 0.99 0.98 0.99 0.99

¦0-9Ê'� � 0.1 0.3 0.5 0.7 0.9
d � 0.99 0.99 0.99 0.99 0.99
d� 0.99 0.99 0.99 0.99 0.99
d� 0.99 0.99 0.99 0.99 0.99
dü 0.99 0.99 0.99 0.99 0.99

Table1: Thevalues� �
��� $£¦r����, shown in this tablegive themaximumvaluesthat theprobability � should
take in orderto beableto rejectthehypothesisthata Student’s copulawith ¦ degreesandcorrelation� is
undistinguishablefrom a Gaussiancopulaat the95%confidencelevel. � �
��� is theabscissacorresponding
to the ordinate �à$����
���Á,à-Å��< Í Ê shown in figures3 and 4. � is the probability that pairs of Gaussian
randomvariableswith thecorrelationcoefficient � have a distance(betweenthedistribution of Ñ � andthe
theoretical� � distribution) equalto or larger than the correspondingdistanceobtainedfor the Student’s
vector time series.A small � correspondsto a cleardistinctionbetweenStudent’s andGaussianvectors,
as it is improbablethat Gaussianvectorsexhibit a distancelarger than found for the Student’s vectors.
Differentvaluesof thenumber¦ of degreesof freedomrangingfrom ¦z- � to ¦z-_Ê'� andof thecorrelation
coefficient ��- ��<�� to ��< Í areshown. Let us take for instancetheexamplewith ¦Ã-D� and �à- ��< � . The
tableindicatesthat � shouldbelessthanabout��< � (resp. ��<Ëg ) accordingto thedistances± � and ± � (resp. ± �and ±Sü ) for beingableto distinguishthis Student’s copulafrom theGaussiancopulaat the95%confidence
level. Thismeansthatlessthan g'�Á� � ��È of Gaussianvectorsshouldhaveadistancefor their Ñ � largerthan
theonefoundfor theStudent’s. Seetext for furtherexplanations.
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Figure5: Graphof theminimunsignificancelevel ( ���E� �
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â� d� d� d� düCHF DEM 0.92 1.01e-02 6.70e-03 0.00e+00 7.20e-03
CHF JPY 0.53 3.44e-01 2.71e-01 2.32e-02 2.83e-01
CHF MYR 0.23 7.27e-01 8.71e-01 5.77e-01 9.26e-01
CHF THA 0.21 3.08e-02 9.47e-02 3.31e-02 9.52e-02
CHF UKP 0.69 2.80e-03 1.80e-03 6.00e-04 1.30e-03
DEM JPY 0.54 2.26e-02 1.33e-01 1.00e-01 1.51e-01
DEM MYR 0.26 4.25e-01 6.77e-01 6.22e-01 7.35e-01
DEM THA 0.24 6.53e-02 1.35e-01 3.26e-02 1.32e-01
DEM UKP 0.72 1.70e-03 4.00e-04 0.00e+00 4.00e-04
JPY MYR 0.31 2.45e-02 6.34e-02 2.26e-01 6.86e-02
JPY THA 0.34 0.00e+00 0.00e+00 3.24e-02 0.00e+00
JPY UKP 0.41 2.85e-02 3.72e-02 5.22e-02 3.09e-02

MYR THA 0.40 0.00e+00 0.00e+00 2.22e-02 0.00e+00
MYR UKP 0.21 6.94e-01 7.94e-01 6.23e-01 8.31e-01
THA UKP 0.15 5.22e-01 6.23e-01 3.21e-02 7.05e-01

Table2: Eachrow gives the statisticsof our test for eachof the 15 pairs of currenciesover a 10 years
time interval from January25, 1989to December31, 1998. Thecolumn â� givestheempiricalcorrelation
coefficient for eachpair determinedasin section3.1 anddefinedin (31). The columns ± � � ± � � ± � and ±Sügivesthe probability to obtain, from the Gaussianhypothesis,a deviation betweenthe distribution of theÑ � andthe � � -distribution with two degreesof freedomlarger thantheobserved onefor thecurrency pair
accordingto thedistances± � - ±�ü definedby (33)-(36).

28



â� d� d� d� düCHF DEM 0.92 1.73e-02 1.33e-02 0.00e+00 1.31e-02
CHF JPY 0.55 1.34e-01 1.49e-01 3.83e-01 1.41e-01
CHF MYR 0.32 8.47e-01 7.00e-01 3.56e-01 7.40e-01
CHF THA 0.17 4.40e-01 7.10e-01 3.53e-02 7.11e-01
CHF UKP 0.79 3.10e-03 1.00e-03 0.00e+00 5.00e-04
DEM JPY 0.56 2.46e-02 9.43e-02 1.63e-01 9.26e-02
DEM MYR 0.35 9.32e-01 7.95e-01 3.51e-01 7.95e-01
DEM THA 0.21 4.36e-01 8.77e-01 3.47e-02 8.74e-01
DEM UKP 0.82 0.00e+00 0.00e+00 0.00e+00 0.00e+00
JPY MYR 0.34 4.90e-01 5.49e-01 3.66e-01 5.94e-01
JPY THA 0.27 3.89e-01 3.06e-01 3.37e-02 3.59e-01
JPY UKP 0.53 9.00e-04 1.66e-02 6.72e-02 1.67e-02

MYR THA 0.29 1.08e-01 8.71e-02 3.42e-02 9.30e-02
MYR UKP 0.33 1.12e-01 2.86e-01 3.54e-01 3.45e-01
THA UKP 0.21 4.34e-01 8.62e-01 3.13e-02 8.67e-01

Table3: Sameastable2 for currenciesover a 5 yearstime interval from January25, 1989to Januay11,
1994.
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â� d � d� d� düCHF DEM 0.92 3.15e-01 3.11e-01 5.00e-04 3.41e-01
CHF JPY 0.52 5.84e-01 6.44e-01 1.98e-02 6.74e-01
CHF MYR 0.16 7.11e-01 9.15e-01 8.83e-01 9.22e-01
CHF THA 0.25 1.10e-02 3.87e-02 1.05e-01 3.34e-02
CHF UKP 0.53 9.75e-02 1.03e-01 2.33e-01 9.29e-02
DEM JPY 0.53 3.63e-01 5.40e-01 1.77e-02 6.54e-01
DEM MYR 0.18 3.55e-01 5.00e-01 5.84e-01 5.67e-01
DEM THA 0.28 1.28e-02 2.18e-02 1.08e-01 1.51e-02
DEM UKP 0.56 1.15e-01 1.10e-01 3.02e-01 1.06e-01
JPY MYR 0.29 7.63e-02 2.14e-01 6.67e-02 2.23e-01
JPY THA 0.38 0.00e+00 2.00e-04 3.09e-02 2.00e-04
JPY UKP 0.28 4.62e-01 2.30e-01 1.23e-01 2.07e-01

MYR THA 0.44 5.00e-04 1.20e-03 5.34e-02 1.20e-03
MYR UKP 0.11 5.94e-01 7.44e-01 6.95e-01 7.82e-01
THA UKP 0.12 1.26e-02 7.66e-02 1.19e-01 6.51e-02

Table4: Sameastable2 for currenciesovera 5 yearstime interval from January12,1994to December31,
1998.
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Figure7: For eachdistance± � - ±�ü definedin equations(33)-(36),this figureshows thenumberof currency
pairsthatgive a given � (shown on theabscissa)within a bin interval of width ��<×�SÊ for differentcurrencies
overa10 yearstime interval from January25,1989to December31,1998. � is theprobabilitythatpairsof
Gaussianrandomvariableswith thesamecorrelationcoefficient � have adistance(betweenthedistribution
of Ñ � andthe theoretical

�
$ í � distribution) equalto or larger thanthecorrespondingdistanceobtainedfor

eachcurrency pair. A clusteringcloseto the origin signalsa significantrejectionof the Gaussiancopula
hypothesis.
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Figure8: Sameasfigure7 for currenciesover a 5 yearstime interval from January25,1989to January11,
1994.
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Figure9: Sameasfigure7 for currenciesover a 5 yearstime interval from January12, 1994to December
1998.

33



â� d � d� d� düaluminium copper 0.46 6.46e-02 4.48e-02 1.45e-02 4.00e-02
aluminium lead 0.35 1.14e-01 5.01e-02 1.70e-01 4.59e-02
aluminium nickel 0.36 3.30e-03 5.10e-03 3.41e-02 6.20e-03
aluminium tin 0.34 1.34e-01 1.38e-01 1.25e-02 1.59e-01
aluminium zinc 0.36 2.30e-03 2.20e-03 6.21e-02 2.30e-03

copper lead 0.35 4.71e-02 1.74e-02 1.79e-01 1.34e-02
copper nickel 0.38 4.91e-02 4.60e-02 1.48e-01 3.80e-02
copper tin 0.32 1.94e-01 1.35e-01 6.53e-01 1.47e-01
copper zinc 0.40 3.24e-02 2.05e-02 1.75e-01 1.94e-02
lead nickel 0.32 6.71e-02 3.78e-02 2.74e-01 3.62e-02
lead tin 0.33 7.86e-02 4.04e-02 4.91e-02 3 .31e-02
lead zinc 0.42 2.00e-04 1.00e-04 4.59e-02 3.00e-04

nickel tin 0.35 9.10e-03 9.20e-03 8.70e-02 7.60e-03
nickel zinc 0.33 8.00e-04 3.40e-03 8.91e-02 3.50e-03

tin zinc 0.31 5.30e-03 2.02e-02 1.03e-01 1.75e-02

Table5: Sameastable2 for metalsovera9 yearstime interval from January4, 1989to December30,1997.
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Figure10: Theupperpanelrepresentsthegraphof thefunction FHGHIKJ�L definedin (37) usedin thedefinition
of thedistanceM G for thecoupleSwissFranc/GermanMark asa functionof time J , over thetime intervals
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lowerpanelsrepresentthescatterplot of thereturnof theGermanMark versusthereturnof theSwissFranc
duringthetwo previoustime periods.Thecircleddot, in eachfigure,shows thepair of returnsresponsible
for thelargestdeviation of FHG duringtheconsideredtime interval.
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Figure11: Sameasfigure7 for metalsover a 9 yearstime interval from January4, 1989to December30,
1997.
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NO d P dQ dG dR
amat pfe 0.15 7.41e-02 1.12e-01 8.40e-03 1.14e-01

c sunw 0.28 2.56e-01 4.87e-01 1.09e-01 5.39e-01
f ge 0.33 2.52e-01 2.74e-01 1.15e-01 2.90e-01

gm ibm 0.21 1.49e-01 3.85e-01 1.62e-01 4.18e-01
hwp sbc 0.12 4.23e-01 1.69e-01 2.52e-01 1.72e-01
intc mrk 0.17 2.48e-01 1.09e-01 6.46e-01 1.04e-01
ko sunw 0.14 1.41e-01 1.01e-01 2.12e-01 9.35e-02

mdt t 0.16 1.21e-01 2.81e-01 8.41e-02 2.98e-01
mrk xom 0.19 1.54e-01 1.50e-01 1.12e-01 1.45e-01
msft sunw 0.44 3.40e-02 1.85e-02 2.60e-03 1.74e-02
pfe wmt 0.27 4.24e-02 4.12e-02 1.54e-01 3.74e-02
t wcom 0.27 5.67e-02 8.02e-02 5.44e-02 9.07e-02

txn wcom 0.28 4.79e-01 3.77e-01 1.52e-01 3.75e-01
wmt xom 0.20 3.20e-03 0.00e+00 6.02e-02 0.00e+00

Table6: Sameastable2 for stocksover a 10 yearstime interval from February8, 1991to December29,
2000.
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NO d P dQ dG dR
amat pfe 0.10 5.83e-01 5.81e-01 1.18e-01 6.38e-01

c sunw 0.23 4.66e-01 5.94e-01 4.34e-01 6.16e-01
f ge 0.31 8.73e-01 7.87e-01 1.54e-01 8.48e-01

gm ibm 0.21 6.00e-01 6.53e-01 1.03e-01 5.27e-01
hwp sbc 0.11 8.73e-01 8.06e-01 2.84e-01 8.59e-01
intc mrk 0.13 8.59e-01 8.21e-01 5.48e-02 8.65e-01
ko sunw 0.20 3.53e-01 5.98e-01 4.51e-01 6.79e-01

mdt t 0.14 9.09e-01 8.98e-01 1.68e-01 9.15e-01
mrk xom 0.12 5.36e-01 6.21e-01 1.20e-01 6.18e-01
msft sunw 0.40 2.68e-01 1.38e-01 1.60e-01 1.39e-01
pfe wmt 0.23 2.94e-01 4.66e-01 1.41e-01 5.23e-01
t wcom 0.19 7.92e-01 9.36e-01 4.95e-02 9.49e-01

txn wcom 0.23 9.10e-01 9.83e-01 1.00e-01 9.93e-01
wmt xom 0.22 7.16e-01 6.71e-01 7.35e-02 6.89e-01

Table7: Sameastable2 for stocksovera 5 yearstime interval from February8, 1991to January18,1996.
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NO d P dQ dG dR
amat pfe 0.19 2.96e-01 3.39e-01 3.10e-02 3.95e-01

c sunw 0.31 7.12e-01 6.58e-01 9.47e-01 7.08e-01
f ge 0.34 3.80e-01 2.36e-01 3.22e-01 2.18e-01

gm ibm 0.21 3.05e-02 1.79e-01 2.37e-01 2.19e-01
hwp sbc 0.11 3.47e-01 6.13e-01 7.17e-01 6.40e-01
intc mrk 0.20 1.31e-01 2.06e-01 5.57e-01 2.05e-01
ko sunw 0.10 6.89e-01 3.44e-01 8.59e-01 3.52e-01

mdt t 0.19 4.28e-01 6.11e-01 5.01e-01 5.79e-01
mrk xom 0.23 3.57e-01 6.64e-01 1.13e-01 7.38e-01
msft sunw 0.46 5.79e-02 7.60e-02 8.00e-04 8.07e-02
pfe wmt 0.30 2.31e-01 2.12e-01 5.59e-01 1.98e-01
t wcom 0.33 1.20e-01 1.37e-01 1.73e-01 1.40e-01

txn wcom 0.31 5.63e-01 4.06e-01 4.64e-01 4.17e-01
wmt xom 0.19 1.61e-01 5.38e-02 3.78e-02 4.94e-02

Table8: Sameastable2 for stocksover a 5 yearstime interval from January19, 1996to December29,
2000.
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Figure12: Sameasfigure7 for stocksovera10yearstime interval from February8, 1991to December29,
2000.
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Figure13: Sameasfigure 7 for stocksover a 5 yearstime interval from February8, 1991to January18,
1996.
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Figure14: Sameasfigure7 for stocksover a 5 yearstime interval from January19,1996to December30,
2000.
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Time interval from
Frebruary8, 1991
to January18,1996

NO d P dQ dG dR
hwp ibm 0.34 3.36e-01 2.26e-01 3.33e-01 2.35e-01
hwp intc 0.46 3.01e-01 4.73e-01 5.12e-01 5.21e-01
hwp msft 0.41 7.63e-01 4.72e-01 3.23e-01 4.53e-01
hwp sunw 0.40 2.96e-01 2.98e-01 7.66e-01 3.54e-01
ibm intc 0.30 4.81e-01 3.54e-01 4.18e-02 3.34e-01
ibm msft 0.24 3.93e-01 6.61e-01 5.88e-01 7.07e-01
ibm sunw 0.29 9.65e-01 9.71e-01 3.46e-01 9.86e-01
intc msft 0.47 2.59e-01 1.45e-01 4.50e-02 1.53e-01
intc sunw 0.40 4.81e-01 3.86e-01 4.47e-02 3.95e-01
msft sunw 0.40 2.68e-01 1.38e-01 1.66e-01 1.39e-01

Time interval from
January19,1996to
December29,2000

NO d P dQ dG dR
hwp ibm 0.46 2.02e-02 3.21e-02 9.60e-03 3.96e-02
hwp intc 0.44 2.88e-02 4.89e-02 6.00e-04 5.80e-02
hwp msft 0.37 5.23e-02 9.88e-02 3.36e-01 1.18e-01
hwp sunw 0.45 5.66e-01 5.65e-01 1.08e-01 6.23e-01
ibm intc 0.43 5.34e-02 3.31e-02 1.68e-02 2.44e-02
ibm msft 0.39 1.00e-02 9.50e-03 2.28e-02 8.80e-03
ibm sunw 0.46 2.35e-01 1.56e-01 3.38e-01 1.49e-01
intc msft 0.57 3.18e-01 1.61e-01 1.15e-01 1.71e-01
intc sunw 0.50 6.68e-02 3.55e-02 1.00e-04 4.37e-02
msft sunw 0.46 5.79e-02 7.60e-02 8.00e-04 8.07e-02

Table9: Sameastable2 for stocksbelongingto theinformaticsector, over two time intervalsof 5 years.
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