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Abstract

Using oneof the key propertyof copulasthatthey remaininvariantunderan arbitrarymonotonous
changeof variable we investigateahenull hypothesighatthedependencbetweerfinancialassetganbe
modeledby theGaussiartopula.Wefind thatmostpairsof currenciesandpairsof majorstocksarecom-
patiblewith the Gaussiarcopulahypothesiswhile this hypothesiscanbe rejectedfor the dependence
betweerpairsof commoditiegmetals).Notwithstandinghe apparentjualificationof the Gaussiartop-
ula hypothesidor mostof the currenciesandthe stocks,a non-Gaussialgopula,suchasthe Students
copula,cannotbe rejectedif it hassufficiently mary “degreesof freedom”. As a consequencdt may
be very dangeroug$o embraceblindly the Gaussiarcopulahypothesisgspeciallywhenthe correlation
coeficientbetweerthe pair of assefs too high asthetail dependencagylectedby the Gaussiartopula
canbeaslargeas0.6, i.e., threeout five extremeeventswhich occurin unisonaremissed.

JEL Classification:.C12,C15,F31,G19
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1 Intr oduction

Thedeterminatiorof the dependencbetweerassetsinderliesmary financialactvities, suchasrisk assess-
mentandportfolio managemengswell asoption pricing andhedging.Following [Markovitz (1959], the
covarianceandcorrelationmatriceshave, for along time, beenconsidereagsthe maintoolsfor quantifying
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thedependencbetweerassetsBut thedimensionof risk captureddy the correlationmatricess only satis-
fying for elliptic distributionsandfor moderataisk amplitudegSornetteetal. (2000a). In all othercases,
this measuref risk is severelyincompleteandcanleadto avery strongunderestimatioof therealincurred
risks[Embrechtsetal. (1999].

Althoughtheunidimensiona(maginal) distributionsof asseteturnsarereasonablyonstrainedy em-
pirical dataandaremoreor lesssatishctorily describedy a powerlaw with tail index rangingbetweer and
4 [De Vries (1994) Lux (1996) Pagan(1996) Guillaumeetal. (1997) Gopikrishnaretal. (1998) or by
stretchedxponential§LaherereandSornettg1998) GourierouxandJasiak(1999) Sornetteetal. (2000a)
Sornetteetal. (2000b}, no equivalentresultshave beenobtainedfor multivariate distributions of assete-
turns. Indeed,a bruteforce determinatiorof multivariatedistributionsis unreliabledueto the limited data
set(the curseof dimensionality) while the soleknowledgeof mamginals(one-pointstatistics)of eachasset
is not sufiicient to obtaininformationon the multivariatedistribution of theseassetavhich involvesall the
n-pointsstatistics.

Someprogressnaybeexpectedrom theconcepof copulasrecentlyproposedo beusefulfor financial
applications[Embrechtsetal. (2001) FreesandValdez(1998) Haas(1999) KlugmanandParsa(1999].
This concepthasthe desirablepropertyof decouplingthe study of the maiginal distribution of eachasset
from the study of their collective behaior or dependencelndeed,the dependencéetweenassetss en-
tirely embeddedn the copula,sothata copulaallows for a simpledescriptionof the dependencstructure
betweenassetdndependentlyof the mamginals. For instance assetanhave power law maginalsanda
Gaussiartopulaor alternatvely Gaussiamimaiginalsandanon-Gaussianopula,andary possiblecombina-
tion thereof. Therefore the determinatiorof the multivariatedistribution of assetsanbe performedn two
steps (i) anindependendeterminatiorof the mamginal distributionsusingstandardechniquedor distribu-
tionsof asinglevariable; (ii) astudyof the natureof the copulacharacterizinggompletelythe dependence
betweerthe assetsThis exact separatiorbetweerthe mamginal distributionsandthe dependences poten-
tially very usefulfor risk managemenor option pricing andsensitvity analysissinceit allows for testing
several scenariosvith differentkind of dependencelsetweermassetshile the marginalscanbe setto their
well-calibratedempirical estimates.Suchan approachhasbeenusedby [Embrechtsetal. (2001]) to pro-
vide variousboundsfor the Value-at-Riskof a portfolio madeof dependrisks,andby [Rosenbeay (1999])
or [CherubiniandLuciano(2000] to priceandto analysehe pricing sensitvity of binarydigital optionsor
optionson the minimumof a baslet of assets.

A fundamentalimitation of thecopulaapproachs thatthereis in principleaninfinite numberof possible
copulagGenestandMacKay (1986) Genes{(1987) GenesandRivest(1993) Joe(1993) Nelsen(1998)
and, up to now, no generalempirical study hasdeterminedhe classef copulasthat are acceptabldor
financialproblems.In general the choiceof a given copulais guidedboth by the empiricalevidencesand
thetechnicalconstraintsj.e., the numberof parametersecessaryo describethe copula,the possibilityto
obtainefficientestimatorof thesegparameterandalsothepossiblityofferedby thechoserparameterization
to allow for tractableanalyticalcalculation.It is indeedsometimesnoreadwantageouso prefera simplest
copulato onethatfit betterthe data,providedthatwe canclearly quantify the effectsof this substitution.

In this vein, the first goal of the presentarticleis to shav that,in mostcasesthe Gaussiarcopulacan
provide anapproximatiornof the unknavn true copulathatis sufiiciently goodsothatit cannotberejected
on a statisticalbasis. Our secondgoal is to draw the consequencesf the parameterizatiomvolvedin the
Gaussiarcopulain term of potentialover/underestimationf therisks, in particularfor large andextreme
events.

The paperis organizedasfollows.

In section2, we first recall someimportantgeneraldefinitionsand theoremsaboutcopulasthat will
be usefulin the sequel.We thenintroducethe conceptof tail dependencéhatwill allow usto quantifythe



probabilitythattwo extremeeventsmight occursimultaneouslyWe defineanddescribehetwo copulaghat
will beatthecoreof ourstudy: the Gaussiarcopulaandthe Students copulaandcompareheir properties
particularlyin thetails.

In section3, we presenbur statisticaltestingproceduravhichis appliedto pairsof financialtime series.
First of all, we determinea teststatisticswhich leadsus to comparethe empiricaldistribution of the data
with a y2-distribution usinga bootstrapmethod.We alsotestthe sensitvity of our proceduredy applyingit
to synthetionultivariateStudents time series.Thisallows usto determingheminimumstatisticatestvalue
neededo beableto distinguishbetweera Gaussiaranda Students copula,asafunction of the numberof
degreesof freedomandof thecorrelationstrength.

Section4 presentghe empiricalresultsobtainedfor the following assetsvhich arecombinedpairwise
in theteststatistics:

e 6 currencies,
¢ 6 metalstradedon the LondonMetal Exchange,

¢ 22 stockschooseramongthe largestcompaniegjuotedon the New York StocksExchange.

We shav thatthe Gaussiartopulahypothesigs very reasonnablér moststocksandcurrenciesyhile it is
hardly compatiblewith the descriptionof multivariatebehaior for metals.

Section5 summarizesur resultsandconcludes.

2 Generalitiesabout copulas

2.1 Definitions and important resultsabout copulas

This sectiondoesnot pretendto provide a rigorousmathematicakxpositionof the conceptof copula. We
only recall a few basicdefinitionsandtheoremghatwill be usefulin thefollowing (for moreinformation
aboutthe concepiof copula,seefor instancgLindskog (1999) Nelsen(1998)).

Wefirst give the definition of a copulaof » randomvariables.
DEFINITION 1 (COPULA)
A functionC : [0, 1] — [0, 1] is an-copulaif it enjoys thefollowing properties
e Vu€l0,1],C(1,---,Lu,1---,1) =u,
e Vu; € [0,1], C(u1,---,u,) = 0if atleastoneof thew; equalszero,
e C is groundedandn-increasing,i.e., the C-volume of every boxes whoseverticeslie in [0,1]" is

positive.

It is clearfrom this definitionthata copulais nothingbut amultivariatedistribution with supporin [0,1]"
andwith uniform mamginals. The fact that suchcopulascanbe very usefulfor representingnultivariate
distributionswith arbitrarymaginalsis seenfrom thefollowing result.



THEOREM 1 (SKLAR’S THEOREM)

Givenann-dimensionatlistribution function 7' with continuous mamginal (cumulatve) distributions 1, - - -, F,,
thereexistsa unique n-copulaC : [0, 1] — [0, 1] suchthat:
F(z1,- -, 2zp) = C(Fi(21), -+, Fa(zn)) - (1)

This theoremprovidesboth a parameterizationf multivariatedistributionsanda constructionscheme
for copulas.Indeed givena multivariatedistribution F' with maginals Fy, - - -, F,, thefunction

C(u1,---,un) :F(Fl_l(ul)a"'an_l(un)) (2)

is automaticallya n-copula. This copulais the copulaof the multivariate distribution . We will use
this methodin the sequelto derive the expressionf standarccopulassuchasthe Gaussiarcopulaor the
Students copula.

A very powerful propertyof copulasis their invarianceunderarbitrary strictly increasingmappingof
therandomvariables:

THEOREM 2 (INVARIANCE THEOREM)

Considern continuous randomvariablesXy, - - -, X, with copulaC. Then,if g1(X1),---,gn(Xy) are
strictly increasingontherangef X1, - - -, X,,, therandomvariablesy; = ¢g1(X1),---, Y, = gn(X,) have
exactly thesamecopulaC.

It is thisresultthatshavs usthatthefull dependencbetweerthen randomvariableds completelycaptured
by the copula,independentlyof the shapeof the mamginal distributions. This resultis at the basisof our
statisticalstudypresentedn section3.

2.2 Dependenceébetweenrandom variables

The dependencéetweentwo time seriesis usually describedby their correlationcoeficient. This mea-
sureis fully satishctoryonly for elliptic distributions[Embrechtsetal. (1999]), which arefunctionsof a
guadraticform of therandomvariableswhenoneis interestedn moderatelysizeevents. However, anim-
portantissuefor risk managementoncernghe determinatiorof the dependencef the distributionsin the
tails. Practically the questionis whetherit is more probablethatlarge or extremeeventsoccursimultane-
ously or on the contrarymoreor lessindependently This is referedto asthe presencer abscencef “tail
dependence”.

Thetail dependencis alsoaninterestingconcepin studyingthe contagion of crisesbetweermarketsor
countries.Theseguestionhave recentlypeemaddressetly [Ang andCheng(2001) Longin andSolnik (2001)
Starica(1999] amongseveralothers.Large negatve movesin a countryor market areoftenfoundto imply
large negative movesin others.

Technically we needto determinethe probability thata randomvariable X is large, knowing thatthe
randomvariableY is large.

DEFINITION 2 (TAIL DEPENDENCE 1)
Let X andY be randomvariableswith continuous mamginals F'x and Fy. The (upper)tail dependence
coeficientof X andY is, if it exists,

lim Pr{X > Fl(w)|Y > Fyt(w)} =X €0,1]. (3)

In words, giventhatY is very large (which occurswith probability 1 — u), the probability that X is very
large atthe sameprobabilitylevel v definesasymptoticallythetail dependenceoeficient A.
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It turnsoutthatthistail dependences a purecopulapropertywhichis independenof themamginals.Let C
bethecopulaof thevariablesX andY’, then

THEOREM 3
if the bivariatecopulaC' is suchthat

lim S0 _ (4)

u—=1 1 —u

exists(whereC'(u,u) = 1 — 2u — C(u, u)), thenC hasanuppertail dependenceoeficient \.

If A > 0, the copulapresentdail dependencand large eventstendto occursimultanously with the
probabiltyA. Onthecontrary whenA = 0, the copulahasno tail dependence this senseandlarge events
appeato occuressentiallyindependentlyThereis however a subtletyin this definition of tail dependence.
Tomaleit clear first considetthe casewherefor large X andY thedistribution function F'(z, y) factorizes

suchthat
m (z,9)
T,Yy—00 FX (J,')FY (y)

This meanghat,for X andY suficiently large, thesetwo variablescanbe consideredsindependentlt is
theneasyto shav that

—1. (5)

. -1 -1 o _ -1
lim Pr(X > Fy' )Y > Fy'(w) = lm 1 Fy(F5' () ©)
= liml—-—u=0, (7
u—1

sothatindependentariablesreally have notail dependencegsonecanexpect.

Unfortunatly the corversedoesnot holds: avalue\ = 0 doesnot automaticallyimply trueindepen-
dencenamelythat F'(z,y) satisfiesequation(5). Indeed thetail independenceriterion A = 0 maystill be
associatedavith an absencef factorizationof the multivariatedistribution for large X andY'. In awealer
sensetheremaystill beadependence thetail evenwhen = 0. Suchbehaior is for instanceaxhibited
by the Gaussiarcopula,which haszerotail dependencaccordingto the definition 2 but neverthelessloes
not have a factorizablemultivariatedistribution, sincethe non-diagonaterm of the quadraticform in the
exponentialfunction doesnot becomenggligible in generalas X andY go to infinity. To summarizethe
tail independence, accordingto definition 2, is not equivalentto the independence in the tail asdefinedin
equation(s).

After this brief review of the main conceptaunderlyingcopulaswe now presentwo specialfamiliesof
copulas. the Gaussiarcopulaandthe Students copula.

2.3 The Gaussiancopula

The Gaussiarcopulais the copuladerived from the multivariate Gaussiardistribution. Let & denotethe
standardNormal (cumulatve) distribution and®,, ,, the n-dimensionalGaussiardistribution with correla-
tion matrix p. Then,the Gaussiam-copulawith correlationmatrix p is

Cp(u1, Sy Up) = Qpn ((I’_l(ul)a T 'aé_l(un)) ) (8)
whosedensity
0C,(u1,---,u
CP(ub aun) = ap’lill . 8’U,nn) (9)



reads
1

1 _
cp(ula e 7uTL) = \/m €Xp (_iy?(tu)(p T Id)y(u)> (10)

with yi(u) = ®~1(uy). Notethattheoreml andequation(2) ensurethatC,,(u1, - - -, uy,) in equation(8) is
acopula.

As we saidbefore the Gaussiarcopuladoesnot have atail dependence

Jim Zo(%)

u—=1l 1 —u
This resultsis derived for examplein [Embrechtsetal. (2001). But this doesnot meanthatthe Gaussian
copulagoesto theindependenfor product)copulall(u, us) = u1 - us When(uy,us) goesto one.Indeed,
consideradistribution F'(x, y) with Gaussiarcopula:

=0, Vpe(-1,1). (11)

F(z,y) = Cp(Fx(z), Fy (y)). (12)
Its densityis
f(zy) = ¢p(Fx(2), Fy (y)) - fx(@) - fr(y), (13)
wherefx and fy arethedensitiesof X andY. Thus,

. f(z,y) :

lim ——————— = lim c¢,(Fx(z),F , 14

(,) 00 fX(x) fY(y) (,)—00 ,0( X( ) Y(y)) ( )

whichshouldequall if thevariablesX andY wereindependenin thetail. Reasoningn thequantilespace,
wesetz = Fy'(u) andy = Fy ' (u), whichyield

flzyy) m
B Txla) frly) o o) (1)

Usingequation(10), it is now obviousto shaw thatc,(u, u) goesto onewhenu goesto one,if andonly
if p = 0 whichis equialentto C,—q(u1,u2) = II(u1,usz) for every (uy,uz). Whenp > 0, ¢,(u, u) goesto
infinity, while for p negatie, c,(u, u) goesto zeroasu — 1. Thus,the dependencstructuredescribedy
the Gaussiarcopulais very differentfrom the dependencstructureof the independentopula,exceptfor

p=0.
The Gaussiartopulais completlydeterminedy the knowledgeof the correlationmatrix p. The param-

etersinvolved in the descriptionof the Gaussiarcopulaarevery simpleto estimate aswe shall seein the
following.

In our testspresentedelow, we focuson pairsof assetsi.e., on Gaussiarcopulasinvolving only two
randomvariables.Testingthe Gaussiarropulahypothesigor two randomvariableggivesusefulinformation
for a larger numberof dependenvariablesconstitutinga large baslet or portfolio. Indeed,let usassume
thateachpair (a, b), (b, c¢) and(c, a) have a gaussiarcopula. Then,thetriplet (a, b, ¢) hasalsoa Gaussian
copula.Thisresultgeneralizeso anarbitrarynumberof randomvariables.

2.4 The Student's copula

The Students copulais derved from the Students multivariatedistribution. Givena multivariateStudents
distribution T}, , with v degreesof freedomanda correlationmatrix p

(16)

1 u+n
T, ,
pu(x) = VdetpT (%) (mv) N/2/ / U e\

1 + w‘pw




the correspondingstudents copulareads
CP,V(ula U ,Un) = TP,V (t;l(u1)7 Tt 7t;1(un)) ) (17)

wheret, is the univariate Students distribution with v degreesof freedom. The densityof the Students
copulais thus

2 e (18)
] .

wherey, = ¢, (ug).

Sincethe Students distribution tendsto the normaldistribution whenv goesto infinity, the Students
copulatendsto the Gaussiarcopulaasy — +o0. In contrastto the Gaussiarcopula,the Students copula
for v finite presents tail dependencgivenby :

M\ (p) = lim M = 20,41 vrtlyl—p , (19)
u—=l 1 —wu V1i+p

wheret,, ;1 isthecomplementargumulatve univariateStudents distribution with » + 1 degreesof freedom
(see[Embrechtsetal. (2001} for the proof). Figure 1 showvs the uppertail dependenceoeficient asa
function of the correlationcoeficient p for differentvaluesof the numbery of degreesof freedom. As

expectedirom thefactthatthe Students copulabecomesdenticalto the Gaussiarcopulafor v — +oo for

all p # 1, A, (p) exhibits aregular decayto zeroasv increasesMoreover, for v sufiiciently large, the tail

dependencés significantlydifferentfrom 0 only whenthe correlationcoeficient is suficiently closeto 1.

Thissuggestshat,for moderateraluesof thecorrelationcoeficient, a Students copulawith alargenumber
of degreesof freedommay be difficult to distinguishfrom the Gaussiarcopulafrom a statisticalpoint of

view. This statementvill be madequantitatve in the following.

Figure 2 presentghe sameinformationin a differentway by shaving the maximumvalue of the cor
relation coeficient p asa function of v, belav which the tail dependence,, (p) of a Students copulais
smallerthana givensmallvalue,heretaken equalto 1%, 2.5%, 5% and10%. Thechoice),(p) = 5% for
instancecorrespondso 1 eventin 20 for which the pair of variablesare asymptoticallycoupled. At the
95% probabilitylevel, valuesof A, (p) < 5% areundistinguishablérom 0, which meanghatthe Students
copulacanbe approximatedy a Gaussiartopula.

The descriptionof a Students copularelieson two parameters the correlationmatrix p, asin the
Gaussiarcase,andin additionthe numberof degreesof freedomv. The estimationof the parameter
is ratherdifficult andthis hasanimportantimpacton the estimatedvalue of the correlationmatrix. As a
consequencehe Students copulais moredifficult to calibrateandusethanthe Gaussiarcopula.

3 Testingthe Gaussiancopula hypothesis

In view of the centralrole that the Gaussiarparadigmhasplayedandstill playsin particularin finance,
it is naturalto startwith the simplestchoiceof dependencketweendifferentrandomvariables,namely
the Gaussiarcopula. It is alsoa naturalfirst stepasthe Gaussiarcopulaimposesitself in an approach
which consistsin (1) performinga nonlineartransformationon the randomvariablesinto Normal ran-
domvariables(for the mamginals)which is alwayspossibleand(2) invoking a maximumentrogy principle



(which amountsto add the leastadditionalinformationin the Shannonsense)o constructthe multivari-
able distribution of theseGaussianizedandomvariables[Sornetteetal. (2000a) Sornetteetal. (2000b)
AnderserandSornettg2001].

In thesequelwe will denoteby H thenull hypothesisaccordingo whichthedependencbetweertwo
(or more)randomvariablesX andY canbedescribedy the Gaussiarcopula.

3.1 TestStatistics

We now derive the teststatisticswhich will allow usto rejector not our null hypothesisH, andstatethe
following proposition:

PROPOSITION 1
Assumingthat the N-dimensionnarandomvectorx = (z1,---,zy) with distribution function F and
maginals F;, satisfieghe null hypothesisH, then,thevariable

N
2= 07N (Fii) (07 )iy 7 (Fj(ay)), (20)
jii=1
wherethematrix p is
Pij = Cov[q)il(}?i (LKZ)), o1 (FJ (:L.J))]a (21)

follows a y2-distribution with N degreesof freedom.

To proove the propositionabove, first consideran N-dimensionnatandomvectorx = (z1,---,zn).
Letusdenoteby F its distribution functionandby F; themaginaldistribution of eachz;. Letusnow assume
thatthedistribution function F’ satisfiesH, sothat F' hasa Gaussiartopulawith correlationmatrix p while
the F;’s canbeary distribution function. Accordingto theoreml, thedistribution F' canberepresenteds:

F(z1,--,on) = ®pn (D (Fi(z1)), -, ® " (Fn(an))) - (22)
Let usnow transformthe z;’s into Normalrandomvariablesy;’s :
yi = N (Fy(z)) - (23)

Sincethe mapping® ! (F;(+)) is obviously increasingtheorem? allows usto concludethatthe copulaof
the variablesy;’s is identicalto the copulaof the variablesz;’s. Therefore the variablesy;’s have Normal
maiginal distributionsanda Gaussiarcopulawith correlationmatrix p. Thus,by definition,the multivariate
distribution of they;’s is the multivariateGaussiardistribution with correlationmatrix p :

Gly) = ®,n(@ '(Fi(z1)), -, (Fn(zn))) (24)
= (bva(yla"'ayN)a (25)

andy is a Gaussiamandomvector Fromequationg24-25),we olviously have

pij = Cov[® (Fi(z;)), @' (Fj(x;))]- (26)
Considemow therandomvariable

N
Z=yoly=> Ny, (27)
=1
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where-! denoteshetransposeperator Thisvariablehasalreadybeenconsideredn [Sornetteet al. (2000a)
in preliminarystatisticaltestsof the transformatior(23). It is well-known thatthe variablez? follows a x?-
distributionwith N degreesof freedom.Indeed sincey is aGaussiamandomvectorwith covariancematrixt
p, it follows thatthe component®f the vector

y =p Y, (28)

areindependent Normalrandomvariables Here,p—1/2 denoteshesquareoot of thematrix p—!, whichcan
be obtainby the Cholevsky decompositionfor instance Thus,thesumyty = 22 is the sumof thesquares
of N independenNormalrandomvariableswhich follows a x2-distribution with V degreesof freedom.

3.2 Testingprocedure

The testingprocedureusedin the sequelis now described. We considertwo financial series(N = 2)
of sizeT: {z1(1),---,z1(¢), -, z1(T)} and{z2(1),- - -, z2(t),---,z2(T)}. We assumehatthe vectors
x(t) = (z1(t), z2(t)), t € {1,---, T} areindependenéndidenticalydistributedwith distribution F, which
implies that the variablesz (t) (respectiely z4(t)), t € {1,---,T}, arealsoindependenandidenticaly
distributed,with distributions F (respectiely F5).

Thecumulatie distribution £} of eachvariablez;, which is estimatedempirically is givenby

T
A 1
Fi(z;) = T E g, <oih))s (29)
k=1

wherel, is theindicatorfunction, which equalsoneif its agumentis true and zerootherwise. We use
theseestimateccumulatize distributionsto obtainthe Gaussiarvariablesj; as:

A

Gilk) = 7' (Fi(ai(k)) ke {1,-,T}. (30)

The samplecovariancematrix g is estimatedy the expression

T
.1 N at
p=r Z;y(%) 9(i) (31)
which allows usto calculatethevariable
2
(k) =Y 9ilk) (p Vi 95(k) (32)
3,j=1

asdefinedin (27) for k¥ € {1,---,T}, which shouldbe distributed accordingto a x2-distribution if the
Gaussiartopulahypothesiss correct.

Theusualway for comparinganempiricalwith atheoreticaldistribution is to measurehe distancebe-
tweenthesewo distributionsandto performtheKolmogorw testor theAnderson-DarlingAndersonandDarling (1952)
test(for a betteraccurag in thetails of the distribution). The Kolmogorw distances the maximumlocal
distancealongthe quantilewhich mostoften occurin the bulk of the distribution, while the Anderson-

Darling distanceputs the emphasison the tails of the two distributions by a suitablenormalization. We

1Up to now, the matrix p wasnamedcorrelation matrix. But in fact,sincethevariablesy;’s have unit variancetheir correlation
matrix is alsotheir covariance matrix.



proposdo complementhesetwo distancedy two additionalmeasuresvhich aredefinedasaveragef the
Kolmogorw distanceandof the Anderson-Darlinglistancerespeciiely:

Kolmogorov : di = max|F,(z%) — Fy2(2°)| (33)
z
average Kolmogorov : dy = / |F,2(2%) — F,2(2%)] dF» (2?) (34)
: |F,2(2%) — Fya(2%)]
Anderson — Darling: d3 = max (35)
: ¢F <z2)[1 — Fo(22)]

|F,2(2%) — Fya(22)|
\/F 2(22) [1 — F\2(22)]

TheKolmogorw distancad; andits averaged, aremoresensitve to thedeviationsoccurringin the bulk of

thedistributions. In contrastthe Anderson-Darlinglistanceds andits averaged, aremoreaccuratén the
tails of the distributions. We presenbur statisticaltestsfor thesefour distancesn orderto beascomplete
aspossiblewith respecto thedifferentsensitvity of thetests.

dF,: (%) (36)

average Anderson — Darling: dy = /

Thedistancesdl, andd, arenotof commonusein statisticssolet usjustify ourchoice.Oneusuallyuses
distancesimilarto d, andd, but whichdiffer by thesquarensteacbf themodulusof F,2 (z%) — F, 2 (z*) and
leadrespecirely to the w-testandthe Q2-test,whosestatiticsaretheoreticallyknown. The mainadwantage
of the distancesl, andd, with respecto the more usualdistancesv and(2 is thatthey aresimply equal
to the averageof d; andds. This averagingis very interestingandprovidesimportantinformation. Indeed,
the distancesl; andds aremainly controlledby the point that maximizesthe agumentwithin the max(-)
function. They arethussensitve to thepresencef anoutlier. By averaging ds andd, becomdesssensitie
to outliers, sincethe weight of suchpointsis only of order1/T (whereT is the sizeof the sample)while
it equalsonefor d; andds. Of course,the distancesv and ) also performa smoothingsincethey are
averagedquantitiestoo. But they arethe averageof the squareof d; andds which leadsto an undesired
overweightingof the largestevents. In fact, this weightfunctionis chosenasa corvenientanalyticalform
thatallows oneto derive explicitely the theoreticalasymptoticstatisticsfor the w and{2-tests.In contrast,
usingthemodulusof F,2(z?) — F,2(z*) insteadof its squarein the expressiorof d, anddy, notheoretical
teststatisticccanbederivedanalytically In otherwords,the presencef thesquarensteaddf themodulusof
F,2(2%)—F,2(2?) inthedefinitionof thedistances, and(2 is motivatedoy mathematicatorvenienceather
thanby statisticalpertinenceIn sum,the soleadwantageof the standarddistancesv and{2 with respecto
the distancesi, andd, introducedhereis the theoreticalknowledgeof their distributions. However, this
adwantagedisappeari our presentasein which the covariancematrixis notknown a priori andneedgo
be estimatedrom the empiricaldata:indeed the exactknowledgeof all the parameterss necessaryn the
derivation of the theoreticalstatisticsof the w andQ2-tests(aswell asthe Kolmogorw test). Thereforewe
cannotdirectly usetheresultsof thesestandardstatisticatests.As aremedywe proposeabootstrapmethod
[Efron andTibshirani(1986), whoseaccurag is proved by [ChenandLo (1997] to be atleastasgoodas
thatgiven by asymptotianethodusedto derive thetheoreticaldistributions. For the presenwork, we have
determinedhatthegeneratiorof 10,000synthetictime seriesvassufiicient to obtainagoodapproximation
of the distribution of distanceglescribedabore. Sincea bootstrapmethodis neededo determinethe tests
statistican every caseijt is corvenientto choosdunctionalformsdifferentfrom theusualonesin thew and
Q-testsasthey provide animprovementwith respecto statisticalreliability, asobtainedwith theds andd,
distancesntroducedhere.

To summarizepurtestproceduras asfollows.

1. Giventhe original time seriesx(¢), ¢t € {1,---,T}, we generateghe Gaussiarvariablesy (t), t €

{]_’...’T}.
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2. Wethenestimatehe covariancematrix g of the Gaussiarvariablesy, which allows usto computethe
variablesz? andthenmeasurehe distanceof its estimatedlistribution to the y2-distribution.

3. Giventhis covariancematrix g, we generatenumericallya time seriesof T' Gaussiamandomvectors
with the samecovariancematrix p.

4. Forthetime seriesof Gaussiarvectorssyntheticallygeneratedvith covariancematrix g, we estimate
its samplecovariancematrix p.

5. To eachof the T vectorsof the syntheticGaussiartime serieswe associate¢he correspondingeal-
izationof therandomvariablez2, calledz?(t).

6. We canthenconstructhe empiricaldistribution for thevariablez? andmeasurehedistancebetween
this distribution andthe x2-distribution.

7. Repeatingl0,000times the steps3 to 6, we obtain an accurateestimateof the cumulatve distri-
bution of distancedetweenthe distribution of the syntheticGaussiarvariablesandthe theoretical
x2-distribution.

8. Then,thedistanceobtainedatstep2 for thetruevariablescanbetransformednto a significancdevel
by readingthevalueof this syntheticallydeterminedlistribution of distancedbetweerthedistribution
of the syntheticGaussiarvariablesandthe theoreticaly-distribution asa function of the distance:
this providesthe probability to obsere a distancesmallerthanthe chosenor empirically determined
distance.

3.3 Sensitwvity of the method

Before presentinghe statisticaltests,it is importantto investigatethe sensitvity of our testingprocedure.
More precisely canwe distinguishfor instancebetweena Gaussiarcopulaanda Students copulawith a
large numberof degreesof freedom,for a givenvalueof the correlationcoeficient? Formaly denotingby
H,, thehypothesisaccordingto which the true copulaof the datais the Students copulawith v degreesof
freedom,we wantto determinethe minimum significancdevel allowing usto distinguishbetweenH, and
H,.

3.3.1 Importance of the distinction betweenGaussianand Student’s copulas

This questiorhasimportantpracticalimplicationsbecauseasdiscussedh section2.4,the Students copula
presents significanttail dependencwhile the Gaussiarcopulahasno asymptotictail dependencelhere-
fore, if our testsare unableto distinguishbetweena Students and a Gaussiarcopula,we may be led to
choosethe later for the sale of simplicity and parsimony and, asa consequenceye may underestimate
severely the dependencdetweenextreme eventsif the correctdescriptionturns out to be the Students
copula.This mayhave catastrophiconsequencas risk assessmemndportfolio management.

Figurel providesaquantificatiorof thedangersncurredby mistakinga Students copulafor aGaussian
one. Considerthe caseof a Students copulawith » = 20 degreesof freedomwith a correlationcoeficient
p lowerthan0.3 ~ 0.4 ; its tail dependenca, (p) turnsoutto belessthan0.7%, i.e., the probability that
onevariablebecomesxtremeknowing that the otheroneis extremeis lessthan0.7%. In this case.the
Gaussiarcopulawith zero probability of simultaneousextremeeventsis not a bad approximationof the
Student copula.In contrast)et ustake a correlationp largerthan0.7 — 0.8 for which thetail dependence
becomedarger than 10%, correspondingo a non-ngligible probability of simultaneousxtremeevents.
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The effect of tail dependencéecomesof coursemuch strongeras the numbery of degreesof freedom
decreases.

Theseaxamplesstressheimportanceof knowing whetherourtestingprocedureallows usto distinguish
betweena Students copulawith v = 20 (or less)degreesof freedomand a given correlationcoeficient
p = 0.5, for instanceanda Gaussiartopulawith anappropriatecorrelationcoeficient p'.

3.3.2 Statistical teston the distinction betweenGaussianand Student’s copulas

To addresshis questionwe have generated,,000pairsof time seriesof sizeT = 1250, eachpairof random
variabledollowing a Students bivariatedistribution with v degreesof freedomanda correlationcoeficient
p betweenthe two simultaneouwvariablesof the samepair, while the variablesalongthe time axisareall

independentWe have thenappliedthe previoustestingprocedurdo eachof the pairsof time series.

Specifically for eachpair of time series,we constructthe maiginals distributions and transformthe
Students variablesz; (k) into their Gaussiarcounterpartg; (k) via the transformation(23). For eachpair
(y1(k),y2(k)), k € {1,---,T}, we estimateits correlationmatrix, then constructthe time serieswith T’
realizationsof the randomvariable z2(k) definedin (27). The setof T variablesz? then allows us to
constructhedistribution of 22 (with N = 2) andto comparet with the y2-distribution with two degreesof
freedom.We thenmeasurahedistancesl,, do, d3 andd, definedby (33-36)betweerthedistrikbution of 22
andthe x?-distribution. Usingthe 1,000pairsof suchtime serieswith the samer andp, we thenconstruct
the distribution D;(d;), i € {1,2,3,4} of eachof thesedistancesi;. Using the previously determined
distribution of distancesexpectedfor the syntheticGaussiarvariables,we can translateeachdistanced
obtainedfor the Students vectorsinto a correspondingsaussiarprobabilityp: p is the probabilitythatpairs
of Gaussiarandomvariableswith the correlationcoeficient p have a distanceequalto or larger thanthe
distanceobtainedfor the Students vectortime series.A smallp correspondso a cleardistinctionbetween
Students and Gaussiarvectors,asit is improbablethat Gaussiarnvectorsexhibit a distancelarger than
found for the Students vectors. The “distribution of probabilities” D(p) = D(p(d)) thenassessekown
oftenthis “improbable” eventoccursamongthe setof 1,000Students vectors,.e., attemptgo quantifythe
raretyof suchlarge deviations. In otherwords, the “distribution of probabilities” D (p) givesthe numberof
Student vectorsthatexhibit thevaluep for the probabilitythatGaussiarvectorscanhave asimilaror larger
distance.Then,fixing a confidencdevel D*, this procedureallows usto rejector not the null hypothesis
thatthe empiricalvectorof returnsis describedy a Gaussiarcopula:this will occurwhenthe obsered p
givesa “distribution of probabilities” D (p) largerthanD*.

The*“distributions of probabilities” D(p) for eachof thefour distancesl;, : € {1, 2, 3,4} areshavnin
figure 3 for v = 4 degreesof freedomandin figure4 for v = 20 degreesof freedom for 5 differentvalues
of the correlationcoeficient p = 0.1,0.3,0.5,0.7 and0.9. Thevery steepincreaseobseredfor almostall
casedn figure 3 reflectsthe fact that mostof the 1,000 Students vectorswith v = 4 degreesof freedom
have a smallp, i.e., their copulais easilydistinguishabldrom the Gaussiarcopula. The samecannotbe
statedfor Student vectorswith v = 20 degreesof freedom. Note alsothat the distances!;, dy andd,
give essentiallythe sameresultwhile the Anderson-Darlinglistanceds is moresensitve to p, especiallyfor
smallv.

Fixing for instancethe confidencdevel at D* = 95%, we canreadfrom eachof thesecurvesin figures
3 and4 theminimumpysy, -valuenecessaryo distinguisha Students copulawith agivenv from aGaussian
copula. This pgsy, is the abscissaorrespondindo the ordinateD (pgs5,) = 0.95. Thesevaluespgsy, are
reportedn tablel, for differentvaluesof thenumbern of degreesof freedomrangingfromv = 3tov = 50
andcorrelationcoeficientsp = 0.1 t0 0.9. The valuesof pgs9, (v, p) reportedin table1 arethe maximum
valuesthatthe probability p shouldtake in orderto be ableto rejectthe hypothesighata Students copula
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with v degreesandcorrelationp canbe mistalenwith a Gaussiarcopulaatthe 95% confidencdevel.

Theresultsof thetable 1 aredepictedin figures5-6 andrepresenthe corventional“power/size”statis-
tics. The statistical‘power” is usuallydefinedastherejectionof null hypothesisvhenfalse.Whenthenull
hypothesisH, andthe alternatve hypothesisH,, areidentical,the power shouldbe equalto = 0.05, corre-
spondingo the95% confidencedevel. In ourframavork, thisamountgo plot theabscissastheinversey !
of the numberv of degreesof freedom,which providesa natural“distance”betweernthe Gaussiarcopula
hypothesisH andthe Students copulahypothesis,,. In the ordinate,the “power” is representetby the
minimum significancelevel (1 — pgs%,) Necessaryo distinguishbetweenH, and H,,. The typical shape
of thesecurvesis a sigmoid, startingfrom a very small valuefor v=! — 0, increasingasv~! increases
andgoingto 1 asy—! becomedarge enough.This typical shapesimply expresseshefactthatit is easyto
separat@ Gaussiarcopulafrom a Students copulawith a smallnumberof degreesof freedom while it is
difficult andevenimpossiblefor too large a numberof degreesof freedom.

Thefigure 5 shavs usthatthe distancesl, d» andds arenot sensitve to the value of the correlation
coeficient p, while the discriminatingpower of d3 increasesvith p. On figure 6, we notethatd, andd,
have the samediscriminatingpower for all p’s (which makesthemsomevhatredundantpandthatthey are
themostefficientto differentiateH,, from H, for smallp. Whenp is about0.5,d,, d3s andd, (andmaybed;)
areequialentwith respecto the differentialpower, while for large p, ds becomeghe mostdiscriminating
onewith high significance.

This studyof thetestsensitvity involvesanon-parametri@pproachandthe questionmay arisewhy it
shouldbe preferedto a direct parametrictestinvolving for instancethe calibrationof the Studentcopula.
First, a parametridestof copulaswould facethe “curseof dimensionality”,i.e., the estimationof functions
of severalvariables.With the limited datasetavailable,this doesnot seemareasonabl@approachSecond,
we have takenthe Studentcopulaasanexampleof analternatve to the Gaussiarcopula.However, ourtests
areindependenbf this choiceandaim mainly at testingthe rejectionof the Gaussiarcopulahypothesis.
They arethusof a more generalnaturethanwould be a parametricdestwhich would be forcedto choose
onefamily of copulaswith the problemof excluding others.The parametridestwould thenbe exposedto
the criticism thattherejectionof a givenchoicemight not be of agenerahature.

In the sequelwe will choosethe level of 95% asthe level of rejection,which leadsusto neglectone
extremeevent out of twenty This is not unreasonablén view of the other significantsourcesof errors
resultingin particularfrom the empiricaldeterminatiorof the mamginalsandfrom the presencef outliers
for instance.

4 Empirical results

We investigatethe following assets

¢ foreignexchangerates,
¢ metalstradedon the LondonMetal Exchange,

¢ stockstradedonthe New York StocksExchange.
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4.1 Currencies

Thesamplewe have considereds madeof thedaily returnsfor thespotforeignexchangesor 6 currencie$ :

the SwissFranc(CHF), the GermanMark (DEM), the Japanes&en (JPY),the MalaysianRinggit (MYR),

the Thai Baht (THA) andthe Bristish Pound(UKP). All the exchangeratesare expressedagainstthe US
dollar. Thetime intenal runsover tenyears,from January25, 1989to Decembei31, 1998, so thateach
samplecontains2500datapoints.

We apply our test procedureo the entire sampleandto two sub-samplesf 1250 datapointsso that
thefirst onecoversthetime interval from January25, 1989to Januaryll, 1994 andthe secondonefrom
Januaryl2, 1994to DecembeB1, 1998. Theresultsarepresentedn tables2 to 4 anddepictedn figures7
to 9.

Tables2-4 give, for thetotal time interval andfor eachof the two sub-interals, the probability p(d) to
obtainfrom the Gaussiarhypothesisa deviation betweerthe distribution of the 22 andthe x2-distribution
with two degreesof freedomlargerthanthe obsered onefor eachof the 15 pairsof currenciesaccordingo
thedistancesl; -d4 definedby (33)-(36).

Thefigures7-9 organizethe informationshavn in the tables2-4 by representingfor eachdistanced;
to dy, thenumberof curreng pairsthatgive atest-waluep within a bin internval of width 0.05. A clustering
closeto the origin signalsa significantrejectionof the Gaussiarcopulahypothesis.

At the 95% significancelevel, table 2 andfigure 7 shav that only 40% (accordingto d; andds) but
60% (accordingto d» andd,) of the testedpairs of currenciesare compatiblewith the Gaussiarcopula
hypothesiver the entiretime interval. During thefirst half-periodfrom January25, 1989to Janurayll,
1994(table3 andfigure8), 47%(accordingo ds) andupto about75% (accordingo d, andd,) of thetested
curreny pairsarecompatiblewith the assumptiorof Gaussiarcopula,while duringthe secondsub-period
from Januaryl2, 1994to December31, 1998 (table 4 andfigure 9), between66% (accordingto d;) and
about75% (accordingto ds, d3 andd,) of the curreng pairsremaincompatiblewith the Gaussiarcopula
hypothesisTheseresultsraiseseveralcommentdothon a statisticalandaneconomigpoint of view.

We first note that the most significantrejectionof the Gaussiarcopulahypothesiss obtainedfor the
distancels, whichis indeedthe mostsensitve to the eventsin thetail of thedistributions. Theteststatistics
givenby this distancecanindeedbe very sensitve to the presencef a singlelarge eventin the sample so
muchsothatthe Gaussiamopulahypothesi€anberejectedonly becausef thepresencef thissingleevent
(outlier). Thedifferencebetweertheresultsgivenby ds andd, (theaveragedis) arevery significantin this
respect.Considerfor instancethe caseof the GermanMark andthe SwissFranc. During the time interval
from Januaryl2,1994to DecembeB1, 1998,we checkontable4 thatthe non-rejectiorprobabilityp(d) is
verysignificantaccordingo di, d2 andds (p(d) > 31%) while it is verylow accordingods: p(d) = 0.05%,
andshouldleadto therejectionof the GaussiarcopulahypothesisThis suggestshe presencef anoutlier
in thesample.

To checkthis hypothesiswe shav in the upperpanelof figure 10 thefunction
F(22(t) — B (xX2(t
f3(t) = |F2 (27(8) — Fya (X"(2))] ’
VP 0N = B (32)]

(37)

usedin thedefinitionof the Anderson-Darlinglistanceds = max, f3(z) (seedefinition(35)), expressedn
termsof time ¢ ratherthanz2. Thefunctionhave beencomputedbver thetwo time sub-interals separately

Apart from threeextremepeaksoccurringon June20, 1989,August19, 1991andSeptembeti 6, 1992

2Thedatacomefrom the historicaldatabasef the FederaResere Board.
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duringthefirst time sub-interal andoneextremepeakon Septembet 0, 1997duringthe secondime sub-

intenal, the statisticalfluctuationsmeasuredy f5(¢) remainsmall and of the sameorder Excludingthe

contritution of theseoutlier eventsto ds, the new statisticalsignificancederived accordingto ds becomes
similar to that obtainedwith d1, do andd, on eachsub-interal. Fromthe upperpannelof figure 10, it is

clearthatthe Anderson-Darlingdistanceds is equalto the heightof the largestpeakcorrespondingo the

eventon August19, 1991 for the the first periodandto the eventon Septembeil0, 1997 for the second
period. Theseeventsaredepictedby a circleddotin thetwo lower panelsof figure 10, which representhe

returnof the GermanMark versusthereturnof the SwissFrancover thetwo consideredime periods.

The eventon August19, 1991is associatedvith the coupagainstGorbache in Moscav: the German
mark (respectiely the Swissfranc) lost 3.37% (respectrely 0.74%)in daily annualizedvalue againstthe
US dollar. The 3.37%drop of the GermanMark is the largestdaily move of this curreny againsthe US
dollar over thewholefirst period. On Septembet 0, 1997,the GermanMark appreciatedby 0.60%against
the US dollar while the SwissFranclost 0.79%which representss moderatemove for eachcurreng, but a
largejoint move. Thiseventis relatedto thecontradictoryannouncementsf the SwissNationalBankabout
themonetarypolicy, which putanendto arally of the SwissFrancalongwith the Germanmarkagainsthe
USdollar.

Thus, ngylectingthe large movesassociateavith major historicaleventsor eventsassociatedavith un-
expectedincominginformation, which cannotbe taken into accountby a statisticalstudy we obtain, for
ds, significancdevels compatiblewith thoseobtainedwith the otherdistancesWe canthusconcludethat,
accordingto the four distancesduring the time intenval from Januaryl2, 1994to Decembei31, 1998the
Gaussiartopulahypothesisannotberejectedfor the coupleGermanMark / SwissFranc.

However, thenon-rejectiorof the Gaussiarcopulahypothesigloesnotalwayshave minor consequences
and may even leadto seriousproblemin stressscenarios.As shavn in section3.3, the non-rejectionof
the Gaussiarcopulahypothesigioesnot exclude,at the 95% significancdevel, thatthe dependencef the
curreng pairsmaybeaccountedor by a Student copulawith adequatealuesof v andp. Still considering
the pair GermanMark / SwissFranc,we seein table1 that,accordingto di, ds andd,, a Students copula
with aboutfive degreesof freedomallows to reachthetestvaluesgivenin table4. But, with thecorrelation
coeficient p = 0.92 for the GermanMark/SwissFranccouple,the Gaussiarcopulaassumptiorcouldlead
to neglectatail dependenceoeficient A5(0.92) = 63% accordingto the Students copulaprediction.Such
alargevalueof A\5(0.92) meanghatwhenanextremeeventoccursfor the GermanMark it alsooccursfor
the SwissFrancwith a probabiltyequalsto 0.63. Therefore a stressscenaridbasedon a Gaussiarcopula
assumptionwould fail to accountfor suchcoupledextremeevents,which may represenas mary astwo
third of all the extremeevents,if it would turn out thatthe true copulawould be the Students copulawith
five degreesof freedom.In fact,with suchavalueof thecorrelationcoeficient, thetail dependenceemains
highevenif thenumberof degreesof fredomreachtwenty or more(seefigure1).

The caseof the SwissFrancandthe MalaysianRinggit offers a striking difference.For instancejn the
secondhalf-period,the teststatisticsp(d) aregreaterthan70% andevenreach91% while the correlation
coeficientis only p = 0.16, sothata Students copulawith 7-10 degreesof freedomcanbe mistalenwith
the Gaussiarcopula(seetablel). Evenin themostpessimisticsituationy = 7, the choiceof the Gaussian
copulaamountgo neglectingatail dependenceoeficient A5(0.16) = 4% predictedby the Students cop-
ula. In this case,stressscenariodasedon the Gaussiarcopulawould predictuncoupledextremeevents,
which would be shavn wrongonly onceout of twentyfive times.

Thesetwo examplesshav that, more thanthe numberof degreesof freedomof the Students copula
necessaryo describehedata,the key parameters the correlationcoeficient.

¢ Fromaneconomiqgoointof view, theimpactof regulatorymechanismbetweercurrencieor monetary
crisiscanbewell identifiedby therejectionor absencef rejectionof our null hypothesisindeed,consider
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the coupleGermanMark / British Pound. During the first half period, their correlationcoeficient is very
high (p = 0.82) andthe Gaussiarcopulahypothesiss strongly rejectedaccordingto the four distances.
Onthecontrary duringthe secondhalf period,the correlationcoeficient significantlydecreaseé = 0.56)
andnoneof the four distancesllows usto rejectour null hypothesis Sucha non-stationaritycanbe easily
explained. Indeed,on Januaryl, 1990,the British Poundenterecthe EuropearMonetarySystem(EMS),
so that the exchangerate betweenthe GermanMark andthe Bristish Poundwas not allowed to fluctuate
beyondamanmgin of 2.25%.However, dueto astrongspeculatie attack the British Poundwasdevaluatedon
Septembel992andhadto leave the EMS. Thus,betweenJanuaryl990andSeptembel 992 theexchange
rateof the GermanMark andthe British Poundwasconfinedwithin anarrav spreadjncompatiblewith the
Gaussiarcopuladescription. After 1992,the British Poundexchangeratefloatedwith respecto German
Mark, the dependencéetweerthe two currenciesdecreasedasshavn by their correlationcoeficient. In
this regime,we canno morerejectthe Gaussiarcopulahypothesis.

Theimpactof majorcrisison the copulacanbe alsoclearlyidentified. Sucha caseis exhibited by the
coupleMalaysianRinggit/ThaiBaht. Indeed,during the periodfrom Janurayl989to Januaryl994,these
two currenciehave only undegonemoderatendweaklycorrelatedp = 0.29) fluctuationssothatour null
hypothesisannotberejectedatthe 95%significancdevel. Onthecontrary duringthe periodfrom January
1994to Octoberl998,the Gaussiarcopulahypothesiss stronglyrejected.This rejectionis obviously due
to the persistentand dependen{p = 0.44) shocksincuredby the Asian financialand monetarymarkets
during the seven monthsof the Asian Crisis from July 1997 to Januaryl1998[Baig andGoldfajn (1998)
Kaminsky andSchimukler(1999].

Thesetwo caseshawv thatthe Gaussiartopulahypothesisanbe consideredeasonabléor currencies
in absencef regulatorymechanismsndof strongandpersistentrises.They alsoallows usto understand
why the resultsof the testover the entire sampleare so muchwealer thanthe resultsobtainedfor the two
sub-interals: thetime seriesarestronglynon-stationnary

4.2 Commodities: metals

We considera setof 6 metalstradedon the LondonMetal Exchange:aluminium,copper lead, nickel, tin
and zinc. Eachsamplecontains2270 datapoints and covers the time intenal from January4, 1989to
DecembeB0, 1997. Theresultsaresynthetizedn table5 andin figure11.

Table5 gives,for eachof the 15 pairsof commaoditiesthe probabilityp(d) to obtainfrom the Gaussian
hypothesisadeviation betweerthedistribution of the z? andthe y?-distribution with two degreesof freedom
largerthanthe obsered onefor thecommoditypair accordingo the distancesl; -d, definedby (33)-(36).

Thefigure11 organizegheinformationshavn in table5 by representingfor eachdistancethenumber
of commoditypairsthat give a test-\alue p within a bin intenal of width 0.05. A clusteringcloseto the
origin signalsa significantrejectionof the Gaussiarcopulahypothesis.

Accordingto thethreedistancesl;, d; andd,, atleasttwo third andup to 93% of the setof 15 pairsof
commoditiesareinconsistenwith the Gaussiarcopulahypothesis.Surprisingly accordingto the distance
ds, atthe95% significancdevel, two third of the setof 15 pairsof commoditiesemaincompatiblewith the
Gaussiarcopulahypothesis.This is the reverseto the previous situationfound for currencies.Thesetest
valuesleadto globally rejectthe Gaussiarcopulahypothesis.

Moreover, the largestvalue obtainedfor the distanceds is p = 65% for the pair coppettin, which is
significantlysmallerthanthe 80% or 90% reachedor somecurrenciesver a similar time intenal. Thus,
evenin thefew casesvherethe Gaussiartopulaassumptions notrejectedthetestvaluesobtainedarenot
really sufficient to distinguishbetweerthe Gaussiartopulaanda Students copulawith v = 5 ~ 6 degrees
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of freedom.In suchacasewith correlationcoeficientsrangingbetweer(.31 and0.46, thetail dependence
neglectedby keepingthe Gaussiartopulais no lessthan10% andcanreachl15%. Oneextremeeventout of
sevenor tenmightoccursimultaneouslynbothmaginals,whichwould be missedby the Gaussiartopula.

To summarizethe Gaussiarcopuladoesnot seema reasonnablassumptiorfor metals,andit hasnot
appearechecessaryo testthesedataover smallertime intenal.

4.3 Stocks

We now studythe daily returnsdistibutionsfor 22 stocksamongthe largestcompagniesjuotedon the New
York StockExchang@: Appl. Materials(AMAT), AT&T (T), Citigroup(C), CocaCola(KO), EMC, Exxon-
Mobil (XOM), Ford (F), GeneraElectric(GE), GeneraMotors(GM), Hewlett Packard(HPW), IBM, Intel
(INTC), MCI WorldCom (WCOM), Medtronic (MDT), Merck (MRK), Microsoft (MSFT), Pfizer (PFE),
Procter&GambléPG),SBC Communicatior{SBC),SunMicrosystem(SUNW), TexasInstrumentgTXN),
Wal Mart (WMT).

Eachsamplecontains®2500datapointsandcoversthetime interval from February8, 1991to December
29,2000andhave beendividedinto two sub-samplesf 1250datapoints,sothatthefirst onecoversthetime
intenal from February8, 1991to Januaryl8, 1996andthe secondonefrom Januaryl9, 1996to December
20, 2000. Theresultsof fifteen randomlychosenpairs of assetsare presentedn tables6 to 8 while the
resultsobtainfor the entiresetarerepresenteth figures12to 14.

At the 95% significancdevel, figure 12 shaws that 75% of the pairsof stocksarecompatiblewith the
Gaussiarcopulahypothesis.Figure 13 shavs that over the time interval from February1991to January
1996, this percentagdecomedarger than99%for d;, d; andd, while it equals94% accordingto ds. It
is striking to notethat, during this period, accordingto d;, d> andd,, morethana quarterof the stocks
obtaina test-alue p larger than90%, so thatwe canasserthatthey are completelyinconsistentith the
Students copulahypothesidor Students copulaswith lessthan 10 degreesof freedom. Among this set
of stocks,not a single one hasa correlationcoeficient larger than 0.4, so that a scenariobasedon the
Gaussiarcopulahypothesideadsto neglectinga tail dependencef lessthan5% aswould be predictedby
the Students copulawith 10 degreesof freedom. In addition,about80% of the pairsof stocksleadto a
test-waluep largerthan50% accordingo thedistancesl;, d2 anddy, sothatasmuchas80% of the pairsof
stocksareincompatiblewith a Students copulawith anumberof degreesof freedomlessthanor equalto 5.
Thus,for correlationcoeficientssmallerthan0.3, the Gaussiarcopulahypothesideadsto neglectinga tail
dependencéessthan10%. For correlationcoeficientssmallerthan(.1 which correspondso 13% of the
total numberof pairs,the Gaussiarcopulahypothesideadsto neglectingatail dependenciessthan5%.

Figure 14 shaws that, over thetime intenal from Januaryl996to Decembe2000,92% of the pairsof
stocksare compatiblewith the Gaussiarcopulahypothesisaccordingto d;, ds andd, andmorethan79%
accordingto d3. About a quarterof the pair of stockshave atest-\aluep largerthan50% accordingto the
four measuresndthusareinconsistentvith a Students copulawith lessthanfive degreesof freedom.

For completenessye presentin table9 the resultsof the testsperformedfor five stocksbelongingto
thecomputerarea: Hewlett Packard,IBM, Intel, MicrosoftandSunMicrosystem.We obsenre that,during
thefirst half period,all the pairsof stocksqualify the GaussiarcopulaHypothesisat the 95% significance
level. Theresultsareratherdifferentfor the seconchalf periodsinceabout40% of the pairsof stocksreject
the Gaussiarcopulahypothesisaccordingto d, d, andds. Thisis probablydueto the existenceof a few
shocksnotablyassociatedavith the crashof the“new economy”in March-April 2000.

Onthewhole,it appearsioweverthatthereis no systematicejectionof the Gaussiarcopulahypothesis

3Thedatacomefrom the Centerfor Researclin SecurityPrices(CRSP)database.
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for stockswithin thesamendustrialareanotwithstandinghefactthatonecanexpectstrongercorrelations
betweersuchstocksthanfor currenciedor instance.

5 Conclusion

We have studiedthe null hypothesighatthe dependencéetweernpairsof financialassetsanbe modeled
by the Gaussiarcopula.

Our testprocedureis basedon the following simpleidea. Assumingthat the copulaof two assetsX
andY is Gaussianthenthe multivariatedistribution of (X, Y) canbe mappednto a Gaussiammultivariate
distribution, by a transformationof eachmaiginal into a normal distribution, which leaves the copulaof
X andY unchangedTestingthe Gaussiarcopulahypothesids thereforeequivalentto the morestandard
problemof testinga two-dimensionamultivariateGaussiardistribution. We have useda bootstrapmethod
to determineand calibratethe test statistics. Four differentmeasure®f distancesdbetweendistributions,
more or lesssensitve to the departurein the bulk or in the tail of distributions, have beenproposedto
qguantifythe probability of rejectionof our null hypothesis.

Ourtestshave beenperformedover threetypesof assetscurrenciescommoditiegmetals)andstocks.
In mostcasesfor currenciesand stocks,the Gaussiarcopulahypothesiscan not be rejectedat the 95%
confidencdevel. For currenciesaccordingo threeof thefour distancestleast,

e 40%of the pairsof currenciespver a 10 yearstime intenal (dueto non-stationnargata),
e 67%o0f the pairsof currenciespverthefirst 5 yearstime interval,

e 73%o0f the pairsof currenciespverthesecond yearstimeintenal,
arecompatiblewith the GaussiarcopulahypothesisFor stockswe have shavn that

e 75%o0f the pairsof stocks,overa 10 yearstime interval,
¢ 93%o0f the pairsof stocks,overthefirst 5 yearstime intenal,

e 92%o0f the pairsof stocks,overthe secondb yearstime intenal,

arecompatiblewith the Gaussiarcopulahypothesisin constrastthe Gaussiartopulahypothesicannote
consideredisreasonabléor metals. betweer66%and93% of the pairsof metalsrejectthenull hypothesis
atthe 95% confidencdevel.

Notwithstandingheapparentjualificationof the Gaussiartopulahypothesigor mostof thecurrencies
and the stockswe have analyzed,we mustbearin mind the fact that a non-Gaussiarcopulacannotbe
rejected.In particular we have shavn thata Students copulacanalwaysbe mistalenfor a Gaussiarcopula
if its numberof degreesof freedomis suficiently large. Then,dependingon the correlationcoeficient, the
Students copulacanpredicta non-ngligible tail dependencehich is completelymissedby the Gaussian
copulaassumption.In otherwords, the Gaussiarcopulapredictsno tail dependenceandthereforedoes
notaccountor extremeeventsthatmay occursimultaneoushbut neverthelesgoo rarelyto modify thetest
statistics. To quantify the probability for neglectingsuchevents,we have investigatedhe situationswhen
oneis unableto distinguishbetweenthe Gaussiarand Students copulasfor a given numberof degreesof
freedom.Our studyleadsto the conclusionthatit may be very dangerouso embraceblindly the Gaussian
copulahypothesisvhenthecorrelationcoeficientbetweerthepairof assets toohighasthetail dependence
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negglectedby the Gaussiarcopulacanbe aslarge as0.6. In this respectthe caseof the SwissFrancand
the GermanMark is striking. Thetestvaluesp obtainedarevery significant(about33%), sothatwe cannot
mistale the Gaussiarcopulafor a Students copulawith lessthan5-7 degreesof freedom. However, their
correlationcoeficientis sohigh (p = 0.9) thata Students copulawith, sayr = 30 degreesof freedom still
hasa largetail dependence.

Thisremarkshavsthatit is highly desirabldo developteststhatarespecificto thedetectiorof apossible
tail dependencbketweeriwo time series.This taskis very difficult but we hopeto reportusefulprogressn
the nearfuture. Anotherapproachs to testfor othernon-Gaussiagopulas suchasthe Students copula.
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Figurel: Uppertail dependenceoeficient )\, (p) for the Students copulawith v degreesof freedomasa
functionof the correlationcoeficient p, for differentvaluesof v.
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Figure2: Maximumvalueof thecorrelationcoeficient p asafunctionof v, belov whichthetail dependence
Av(p) of a Student’copulais smallerthana given smallvalue,heretaken equalto A, (p) = 1%, 2.5%, 5%
and10%. Thechoice), (p) = 5% for instancecorrespondso 1 eventin 20 for which the pair of variables
areasymptoticallycoupled.At the1 — X\, (p) probability level, valuesof A < A, (p) areundistinguishable
from 0, which meanghatthe Students copulacanbe approximatedy a Gaussiarcopula.
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Figure3: Cumulatve “distribution of probabilities” D(p) = D(p(d)) obtainedasthefraction of Students
pairswith v = 4 degreesof freedomthat exhibit the value p for the probability that Gaussianvectors
canhave a similar or larger distance. Seethe text for a detailleddescriptionof how D(p) is definedand
constructed.Eachpanelcorrespondso one of the four distancesi;, i € {1,2, 3,4}, definedin the text
by equationg33-36). In eachpanel,we constructhe cumulatve “distribution of probabilities” D(p) for 5
differentvaluesof the correlationcoeficient p = 0.1,0.3,0.5,0.7 and0.9 of the Students copula.
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p| 01 03 05 07 09 p| 01 03 05 07 09
d; | 0.07 0.08 0.07 0.04 0.07 d; | 0.28 0.26 0.32 0.30 0.29
v=3 dy | 0.03 0.03 0.07 0.04 0.06| v=4 d, | 0.18 0.17 0.21 0.21 0.24
d; | 0.22 0.17 0.08 0.03 0.01 d; | 0.36 0.33 0.26 0.15 0.03
ds | 0.03 0.03 0.08 0.03 0.04 ds | 0.18 0.17 0.23 0.21 0.21
p| 01 03 05 07 09 pl 01 03 05 07 09
d | 046 047 0.46 0.52 0.52 d | 078 0.81 0.81 0.81 0.86
v=>5 dy | 0.36 0.34 039 044 043| v=T7 d | 0.71 0.78 0.76 0.77 0.82
d; | 0.52 0.54 0.47 0.30 0.14 d; | 0.80 0.81 0.82 0.73 0.52
ds | 0.37 0.36 0.43 0.45 0.45 ds | 0.75 0.81 0.79 0.80 0.83
p| 01 03 05 07 09 p| 01 03 05 07 09
d, | 0.85 0.86 0.87 0.88 0.89 d; | 0.92 093 0.96 0.95 0.94
v=_ d, | 0.85 084 086 0.87 0.88| vr=10 | dy | 093 0.92 0.95 0.96 0.94
d; | 091 091 091 0.81 0.70 d; | 0.96 0.96 0.96 0.95 0.88
ds | 0.86 0.85 0.90 0.89 0.90 ds | 094 0.94 0.96 0.97 0.95
p| 01 03 05 07 09 p| 01 03 05 07 09
d; | 0.97 0.99 0.97 0.99 0.99 d; | 0.99 0.99 0.99 0.99 0.99
v=20 || dp 099 099 097 099 099| v=50 | dy|0.99 099 0.99 0.99 0.99
d; | 0.99 0.99 0.98 0.99 0.97 d3 | 0.99 0.99 0.99 0.99 0.99
ds | 0.99 0.99 0.98 0.99 0.99 ds | 0.99 0.99 0.99 0.99 0.99

Tablel1: Thevaluespgsy (v, p) shavn in this table give the maximumvaluesthat the probability p should
take in orderto be ableto rejectthe hypothesighata Students copulawith v degreesandcorrelationp is
undistinguishablérom a Gaussiarcopulaat the 95% confidencdevel. pqsy is the abscissaorresponding
to the ordinate D(pgs,) = 0.95 shavn in figures3 and4. p is the probability that pairs of Gaussian
randomvariableswith the correlationcoeficient p have a distance(betweerthe distribution of z? andthe
theoreticaly? distribution) equalto or larger thanthe correspondinglistanceobtainedfor the Students
vectortime series. A smallp correspondso a clear distinction betweenStudents and Gaussiarvectors,
asit is improbablethat Gaussianvectorsexhibit a distancelarger than found for the Students vectors.
Differentvaluesof thenumberv of degreesof freedomrangingfrom v = 3 to v = 50 andof thecorrelation
coeficient p = 0.1 to 0.9 areshown. Let ustake for instancethe examplewith » = 4 andp = 0.3. The
tableindicateghatp shouldbelessthanabout0.3 (resp.0.2) accordingto thedistancesl; andds (resp.ds
andd,) for beingableto distinguishthis Students copulafrom the Gaussiartopulaat the 95% confidence
level. This meanghatlessthan20 — 30% of Gaussiarvectorsshouldhave a distancefor their 22 largerthan
theonefoundfor the Students. Seetext for furtherexplanations.
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ﬁ d1 d2 d3 d4

CHF DEM | 0.92 1.01e-02 6.70e-03 0.00e+00 7.20e-03
CHF JPY | 0.53 3.44e-01 2.71e-01 2.32e-02 2.83e-01
CHF MYR | 0.23 7.27e-01 8.71e-01 5.77e-01 9.26e-01
CHF THA | 0.21 3.08e-02 9.47e-02 3.31e-02 9.52e-02
CHF UKP | 0.69 2.80e-03 1.80e-03 6.00e-04 1.30e-03
DEM JPY | 0.54 2.26e-02 1.33e-01 1.00e-01 1.51e-01
DEM MYR | 0.26 4.25e-01 6.77e-01 6.22e-01 7.35e-01
DEM THA | 0.24 6.53e-02 1.35e-01 3.26e-02 1.32e-01
DEM UKP | 0.72 1.70e-03 4.00e-04 0.00e+00 4.00e-04
JPY MYR | 0.31 2.45e-02 6.34e-02 2.26e-01 6.86e-02
JPY THA | 0.34 0.00e+00 0.00e+00 3.24e-02 0.00e+00
JPY UKP | 041 2.85e-02 3.72e-02 5.22e-02 3.09e-02
MYR THA | 0.40 0.00e+00 0.00e+00 2.22e-02 0.00e+00
MYR UKP | 0.21 6.94e-01 7.94e-01 6.23e-01 8.31e-01
THA UKP | 0.15 5.22e-01 6.23e-01 3.21e-02 7.05e-01

Table 2: Eachrow givesthe statisticsof our testfor eachof the 15 pairs of currenciesover a 10 years
time interval from January25, 1989to Decembef31, 1998. The column givesthe empiricalcorrelation
coeficient for eachpair determinedasin section3.1 anddefinedin (31). The columnsdy, ds,ds anddy
givesthe probability to obtain, from the Gaussiarhypothesisa deviation betweenthe distribution of the
2% andthe y2-distribution with two degreesof freedomlarger thanthe obsered onefor the curreny pair
accordingo thedistancesl; -d4 definedby (33)-(36).
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P o d ds ds
CHF DEM | 0.92 1.73e-02 1.33¢-02 0.00e+00 1.31e-02
CHF JPY | 055 1.34e-01 1.49e-01 3.83e-01 1.41e-01
CHF MYR | 0.32 8.47e-01 7.00e-01 3.56e-01 7.40e-01
CHF THA | 0.17 4.40e-01 7.10e-01 3.53e-02 7.11e-01
CHF UKP | 0.79 3.10e-03 1.00e-03 0.00e+00 5.00e-04
DEM JPY | 0.56 2.46e-02 9.43e-02 1.63e-01 9.26e-02
DEM MYR | 0.35 9.32e-01 7.95e-01 3.51e-01 7.95e-01
DEM THA | 021 4.36e-01 8.77e-01 3.47e-02 8.74e-01
DEM UKP | 0.82 0.00e+00 0.00e+00 0.00e+00 0.00e+00
JPY MYR | 0.34 4.90e-01 5.49e-01 3.66e-01 5.94e-01
JPY THA | 0.27 3.89e-01 3.06e-01 3.37e-02 3.59e-01
JPY UKP | 0.53 9.00e-04 1.66e-02 6.72e-02 1.67e-02
MYR THA | 0.29 1.08e-01 8.71e-02 3.42e-02 9.30e-02
MYR UKP | 0.33 1.12e-01 2.86e-01 3.54e-01 3.45e-01
THA UKP | 0.21 4.34e-01 8.62e-01 3.13e-02 8.67e-01

Table3: Sameastable 2 for currenciesover a 5 yearstime intenal from January25, 1989to Januayll,
1994.
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P d; d ds dy
CHF DEM | 0.92 3.15e-01 3.11e-01 5.00e-04 3.41e-01
CHF JPY | 0.52 5.84e-01 6.44e-01 1.98e-02 6.74e-01
CHF MYR | 0.16 7.11e-01 9.15e-01 8.83e-01 9.22e-01
CHF THA | 0.25 1.10e-02 3.87e-02 1.05e-01 3.34e-02
CHF UKP | 0.53 9.75e-02 1.03e-01 2.33e-01 9.29e-02
DEM JPY | 0.53 3.63e-01 5.40e-01 1.77e-02 6.54e-01
DEM MYR | 0.18 3.55e-01 5.00e-01 5.84e-01 5.67e-01
DEM THA | 0.28 1.28e-02 2.18e-02 1.08e-01 1.51e-02
DEM UKP | 0.56 1.15e-01 1.10e-01 3.02e-01 1.06e-01
JPY MYR | 0.29 7.63e-02 2.14e-01 6.67e-02 2.23e-01
JPY THA | 0.38 0.00e+00 2.00e-04 3.09e-02 2.00e-04
JPY UKP | 0.28 4.62e-01 2.30e-01 1.23e-01 2.07e-01
MYR THA | 0.44 5.00e-04 1.20e-03 5.34e-02 1.20e-03
MYR UKP | 0.11 5.94e-01 7.44e-01 6.95e-01 7.82e-01
THA UKP | 0.12 1.26e-02 7.66e-02 1.19e-01 6.51e-02

Table4: Sameastable2 for currencieverab yearstime intenal from Januaryl2, 1994to DecembeB1,
1998.
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Figure7: For eachdistanced;-d, definedin equationg33)-(36),this figure shavs the numberof curreng
pairsthatgive a givenp (shavn on the abscissavithin a bin intenal of width 0.05 for differentcurrencies
overalOyearstime internal from January25,1989to Decembef31,1998.p is the probability that pairsof
Gaussiamandomvariableswith the samecorrelationcoeficient p have adistancebetweerthedistribution
of 22 andthe theoreticalchi? distribution) equalto or larger thanthe correspondinglistanceobtainedfor
eachcurreny pair. A clusteringcloseto the origin signalsa significantrejectionof the Gaussiarcopula
hypothesis.
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Figure8: Sameasfigure7 for currenciesover a5 yearstime intenval from January25, 1989to Januaryll,
1994.

32



5 T T T T T T T T T
KA
Bl C
3 9,
19
4 — - —
3 —
2 - - - -
1 —
0 | | | |-|-| |
0 01 02 03 0.4 05 06 07 038 09 1

Figure9: Sameasfigure 7 for currenciesover a5 yearstime intenval from Januaryl2, 1994to December
1998.

33



p dy dy ds ds
aluminium copper| 0.46 6.46e-02 4.48e-02 1.45e-02 4.00e-02
aluminium lead | 0.35 1.14e-01 5.01e-02 1.70e-01 4.59e-02
aluminium nickel | 0.36 3.30e-03 5.10e-03 3.41e-02 6.20e-03
aluminium  tin 0.34 1.34e-01 1.38e-01 1.25e-02 1.59e-01
aluminium  zinc | 0.36 2.30e-03 2.20e-03 6.21e-02 2.30e-03
copper lead | 0.35 4.71e-02 1.74e-02 1.79e-01 1.34e-02
copper  nickel | 0.38 4.91e-02 4.60e-02 1.48e-01 3.80e-02
copper tin 0.32 1.94e-01 1.35e-01 6.53e-01 1.47e-01
copper zinc | 0.40 3.24e-02 2.05e-02 1.75e-01 1.94e-02
lead nickel | 0.32 6.71e-02 3.78e-02 2.74e-01 3.62e-02

lead tin 0.33 7.86e-02 4.04e-02 4.91e-02 3.31e-02
lead zinc | 0.42 2.00e-04 1.00e-04 4.59e-02 3.00e-04
nickel tin 0.35 9.10e-03 9.20e-03 8.70e-02 7.60e-03
nickel zinc | 0.33 8.00e-04 3.40e-03 8.91e-02 3.50e-03
tin zinc | 0.31 5.30e-03 2.02e-02 1.03e-01 1.75e-02

Table5: Sameastable2 for metalsover a9 yearstime intenal from January4, 1989to DecembeB0,1997.
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Figure10: The upperpanelrepresentshe graphof the function f3(¢) definedin (37) usedin the definition
of the distanceds for the coupleSwissFranc/GermamMark asa function of time ¢, over thetime intenals
from January25, 1989to Januaryll, 1994 andfrom Januaryl2, 1994to December31, 1998. The two
lower panelsrepresenthe scattemplot of thereturnof the GermanMark versushereturnof the SwissFranc
duringthetwo previoustime periods.Thecircleddot, in eachfigure,shaws the pair of returnsresponsible
for thelargestdeviation of f3 duringthe consideredime intenal.
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Figurell: Sameasfigure 7 for metalsover a 9 yearstime intenal from January, 1989to Decembei30,
1997.
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ﬁ d1 d2 d3 d4

amat pfe | 0.15 7.41e-02 1.12e-01 8.40e-03 1.14e-01
c sunw | 0.28 2.56e-01 4.87e-01 1.09e-01 5.39e-01
f ge | 0.33 252e-01 2.74e-01 1.15e-01 2.90e-01
gm ibm | 0.21 1.49e-01 3.85e-01 1.62e-01 4.18e-01
hwp sbc | 0.12 4.23e-01 1.69e-01 2.52e-01 1.72e-01
intc mrk | 0.17 2.48e-01 1.09e-01 6.46e-01 1.04e-01
ko sunw | 0.14 1.41e-01 1.01le-01 2.12e-01 9.35e-02
mdt t 0.16 1.21e-01 2.81e-01 8.41e-02 2.98e-01
mrk  xom | 0.19 1.54e-01 1.50e-01 1.12e-01 1.45e-01
msft sunw | 0.44 3.40e-02 1.85e-02 2.60e-03 1.74e-02
pfe wmt | 0.27 4.24e-02 4.12e-02 1.54e-01 3.74e-02
t wcom | 0.27 5.67e-02 8.02e-02 5.44e-02 9.07e-02
txn  wcom | 0.28 4.79e-01 3.77e-01 1.52e-01 3.75e-01
wmt xom | 0.20 3.20e-03 0.00e+00 6.02e-02 0.00e+00

Table6: Sameastable 2 for stocksover a 10 yearstime intenal from February8, 1991to December29,
2000.
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p dy dy ds ds
amat pfe | 0.10 5.83e-01 5.81e-01 1.18e-01 6.38e-01
c sunw | 0.23 4.66e-01 5.94e-01 4.34e-01 6.16e-01
f ge | 0.31 8.73e-01 7.87e-01 1.54e-01 8.48e-01
gm ibm | 0.21 6.00e-01 6.53e-01 1.03e-01 5.27e-01
hwp sbc | 0.11 8.73e-01 8.06e-01 2.84e-01 8.59e-01
intc mrk | 0.13 8.59e-01 8.21e-01 5.48e-02 8.65e-01
ko sunw | 0.20 3.53e-01 5.98e-01 4.51e-01 6.79e-01
mdt t 0.14 9.09e-01 8.98e-01 1.68e-01 9.15e-01
mrk xom | 0.12 5.36e-01 6.21e-01 1.20e-01 6.18e-01
msft  sunw | 0.40 2.68e-01 1.38e-01 1.60e-01 1.39e-01
pfe wmt | 0.23 2.94e-01 4.66e-01 1.41e-01 5.23e-01
t wcom | 0.19 7.92e-01 9.36e-01 4.95e-02 9.49e-01
txn  wcom | 0.23 9.10e-01 9.83e-01 1.00e-01 9.93e-01
wmt xom | 0.22 7.16e-01 6.71e-01 7.35e-02 6.89e-01

Table7: Sameastable2 for stocksover a5 yearstime intenval from February8, 1991to Januaryl8,1996.
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p d dy ds ds
amat pfe | 0.19 2.96e-01 3.39e-01 3.10e-02 3.95e-01
c sunw | 0.31 7.12e-01 6.58e-01 9.47e-01 7.08e-01
f ge | 0.34 3.80e-01 2.36e-01 3.22e-01 2.18e-01
gm ibm | 0.21 3.05e-02 1.79e-01 2.37e-01 2.19e-01
hwp sbc | 0.11 3.47e-01 6.13e-01 7.17e-01 6.40e-01
intc mrk | 0.20 1.31e-01 2.06e-01 5.57e-01 2.05e-01
ko sunw | 0.10 6.89e-01 3.44e-01 8.59e-01 3.52e-01
mdt t 0.19 4.28e-01 6.11e-01 5.01e-01 5.79e-01
mrk  xom | 0.23 3.57e-01 6.64e-01 1.13e-01 7.38e-01
msft sunw | 0.46 5.79e-02 7.60e-02 8.00e-04 8.07e-02
pfe wmt | 0.30 2.31e-01 2.12e-01 5.59e-01 1.98e-01
t wcom | 0.33 1.20e-01 1.37e-01 1.73e-01 1.40e-01
txn wcom | 0.31 5.63e-01 4.06e-01 4.64e-01 4.17e-01
wmt xom | 0.19 1.61e-01 5.38e-02 3.78e-02 4.94e-02

Table8: Sameastable2 for stocksover a 5 yearstime intenal from Januaryl9, 1996to December29,
2000.
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Figurel2: Sameasfigure7 for stocksover a 10 yearstime intenal from February8, 1991to Decembeg9,
2000.
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Figure 13: Sameasfigure 7 for stocksover a 5 yearstime interval from February8, 1991to Januaryl8,
1996.
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Figure14: Sameasfigure 7 for stocksover a5 yearstime intenal from Januaryl9, 1996to Decembe0,
2000.
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p d; dy ds d,

hwp ibm | 0.34 3.36e-01 2.26e-01 3.33e-01 2.35e-01
hwp intc | 0.46 3.0le-01 4.73e-01 5.12e-01 5.21e-01
hwp msft | 0.41 7.63e-01 4.72e-01 3.23e-01 4.53e-01
hwp sunw| 0.40 2.96e-01 2.98e-01 7.66e-01 3.54e-01
Time interval from | ibm intc | 0.30 4.81e-01 3.54e-01 4.18e-02 3.34e-01
Frebruary8, 1991 | ibm msft | 0.24 3.93e-01 6.61e-01 5.88e-01 7.07e-01
toJanuaryl8,1996 | ibm sunw| 0.29 9.65e-01 9.71e-01 3.46e-01 9.86e-01
intc  msft | 0.47 2.59e-01 1.45e-01 4.50e-02 1.53e-01
intc sunw| 0.40 4.81e-01 3.86e-01 4.47e-02 3.95e-01
msft sunw| 0.40 2.68e-01 1.38e-01 1.66e-01 1.39e-01
p di dy ds d,

hwp ibm | 0.46 2.02e-02 3.21e-02 9.60e-03 3.96e-02
hwp intc | 0.44 2.88e-02 4.89e-02 6.00e-04 5.80e-02
hwp msft | 0.37 5.23e-02 9.88e-02 3.36e-01 1.18e-01
hwp sunw| 0.45 5.66e-01 5.65e-01 1.08e-01 6.23e-01
Time internval from | ibm  intc | 0.43 5.34e-02 3.31e-02 1.68e-02 2.44e-02
Januaryl9,1996to | ibm msft | 0.39 1.00e-02 9.50e-03 2.28e-02 8.80e-03
Decembef9,2000 | ibm sunw| 0.46 2.35e-01 1.56e-01 3.38e-01 1.49e-01
intc msft | 0.57 3.18e-01 1.61e-01 1.15e-01 1.71e-01
intc  sunw| 0.50 6.68e-02 3.55e-02 1.00e-04 4.37e-02
msft sunw| 0.46 5.79e-02 7.60e-02 8.00e-04 8.07e-02

Table9: Sameastable2 for stocksbelongingto theinformatic sectoy over two time intervals of 5 years.
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